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The transition between a Minkowski space region and a parity breaking medium domain is thoroughly
discussed. The requirement of continuity of the field operator content across the separating boundary of the
two domains leads to Bogolyubov transformations, squeezed pairs states and squeeze operators that turn
out to generate a functional SU(2) algebra. According to this algebraic approach, the reflection and
transmission probability amplitude across the separating boundary are computed. The probability rate of
the emission or absorption of squeezed pairs out of the vacuum (generalization of the Sauter-Schwinger-
Nikishov formula) is obtained.
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I. INTRODUCTION: POSSIBLE PHYSICS
OF TIME- OR SPACE-DEPENDENT
PSEUDOSCALAR CONDENSATE

During the last decades the available bounds for validity
of fundamental laws in physics have been attracting more
and more attention following succeeding experimental
improvements, both in the laboratory research and in
astrophysics [1–6]. More specifically, in quantum electro-
dynamics the interest towards possible Lorentz and CPT
invariance violations (LIV for short) was raised up after the
seminal paper [1], where the very possibility to deal with a
parity odd vector background in the large scale universe
was conjectured. The latter was employed to modify QED
by supplementing it with the Chern-Simons (CS for short)
term in the action. Later on the various aspects of its
signatures were discussed [7–17] although it has not yet
been detected [18–20].
In particular, spontaneous Lorentz symmetry breaking

may cause LIV after condensation of massless axionlike
fields [7,18–23]. Cold relic axions resulting from vacuum
misalignment [24,25] in the early universe is a popular and
so far viable candidate to dark matter. If we assume that
cold axions are the only contributors to the matter density
of the Universe apart from ordinary baryonic matter its
density must be [26] of the order

ρ≃ 10−30 g cm−3 ≃ 10−46 GeV4: ð1Þ

Of course dark matter is not uniformly distributed, its
distribution traces that of visible matter (or rather the other
way round). As well, on stellar scales, the emergence of

spontaneous Lorentz symmetry breaking in bubbles of
pseudoscalar condensates (of pions or axions) may be
detected in neutron stars making influence on their cooling
rate [27].
Last decade several experiments in heavy ion collisions

have indicated an abnormal yield of lepton pairs of invariant
mass < 1 GeV in the region of small rapidity and moderate
transverse momenta [28–30] (reviewed in [31]). This effect
is visible only for collisions that are central or nearly central.
Most studies refer to eþe− pairs but dimuon pairs have also
been found to be produced in excess above the dimuon
threshold. The explanation of this enhancement is outlined
in [32] complementing the more conventional thermal
effects. We conjecture that the effect may be a manifestation
of local parity breaking in colliding nuclei due to generation
of pseudoscalar, isosinglet or neutral isotriplet, classical
background whose magnitude and profile depends on the
dynamics of the collision. Recently a possibility to generate
an isotriplet pseudoscalar condensate at large baryon
densities has been argued for in [33]. In [34] it has been
suggested that for peripheral interactions a complementary
effect should occur, namely, an isosinglet pseudoscalar
background could appear as the result of large-scale
fluctuation of topological charge leading to the so-called
chiral magnetic effect (CME) studied also by lattice QCD
simulations [35] and seemingly detected in the STAR
experiments on Relativistic Heavy Ion Collider [36].
The phenomena of generating pseudoscalar, isosinglet or

neutral isotriplet, classical background can be related to the
so-called disoriented chiral condensate conjectured some
decades ago by A. Anselm, J. Bjorken and collaborators
[37]. It is based on the assumption of formation of the thin,
rather hot shell separating a colder interior from the vacuum.
If baryon density is not high the quark condensation in the
fireball is similar to the outer vacuum with associated quark
condensate. However the quark condensate in the interior
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might be misaligned with the cold vacuum orientation.
When the hot shell freezes out the disoriented interior aligns
with the outer space [38].
All above mentioned phenomena are situated in bounded

volumes and a specific parity violating effect, namely, the
gradient of isosinglet pseudoscalar condensate can be
formed near the volume boundary separating from a
parity-even Maxwell QED vacuum. In the static situation
this gradient is orthogonal to the boundary and it may
generate spatial parity breaking in QED interacting to
photons or more generally to vector mesons via the
Chern-Simons interaction presumably induced by fermion
polarization effects [16].
In this paper we present a thorough analysis of the

quantum theory of massive vector fields on a flat space-
time in the presence of a boundary. Specifically, the boundary
corresponds to a three-dimensional hyperplane which sep-
arates twohalf-spaces of theMinkowski space, on one side of
which a Chern-Simons interaction is active. We restrict
ourselves with the CS dynamics generated by a CS vector
orthogonal to the flat boundary which perfectly guaranties
the gauge invariancewhile it provides the Lorentz symmetry
violation in the Maxwell-Chern-Simons (MCS) part coher-
ent with boundary implementation. On the other half-space
wehave amassive quantumvector field invacuum.Section II
is devoted to definitions, namely, realmassiveAbelianvector
fields are put within a pseudoscalar background with a
constant gradient on a half-space, while in the complemen-
tary half-space they propagate in an emptyMinkowski space.
Then the quantum theory for such a kind of configuration
for the vector fields is briefly outlined. In Sec. III the
Bogolyubov transformations connecting the operator alge-
bras of creation and destruction operators are derived (in a
full analogy with their usage for quantization of matter in
curved spaces or accelerated frames, see [39]), which are
related to the presence of a boundary between a parity
breaking Chern-Simons background medium and an empty
Minkowski space. In Sect. 4 the functional squeeze operator
algebra is obtained and discussed, which allows for a
description and implementation of the transmission and
reflection through a boundary in terms of a purely algebraic
approach.A short description of this algebrawas presented in
[40]. In Sec. V the rate of squeezed pairs emission and
absorption in thepresence of a parity breakingChern-Simons
background medium is evaluated, i.e. the calculation of the
probability to find any number of squeezed pairs of vector
particles of the Proca-Stückelberg or Chern-Simons kind in
crossing the boundary between the empty space-time and the
parity breakingmedium is performed. It is an extension of the
Sauter-Schwinger-Nikishov formula [41–43]. TheAppendix
contains some further technical details concerning the above
mentioned computation of the emission-absorption rate.
Throughout this paper we shall use a Minkowski metric
tensor gμν ¼ gμν ¼ diagðþ1;−1;−1;−1Þ and a natural sys-
tem of units ℏ ¼ c ¼ 1, unless explicitly stated.

II. MASSIVE VECTOR FIELDS IN A
PSEUDOSCALAR BACKGROUND

We start from the Stückelberg-type Lagrangian [44,45]
which describes the propagation of an Abelian massive real
vector field in the presence of a pseudoscalar, or axionlike,
background field [1], viz.,

L ¼ −
1

4
FαβðxÞFαβðxÞ −

1

4
gηclðxÞFμνðxÞ ~FμνðxÞM−1

þ 1

2
m2AνðxÞAνðxÞ þ AμðxÞ∂μBðxÞ þ

1

2
ϰB2ðxÞ ð2Þ

where Aμ and ηcl stand for the vector and background
pseudoscalar fields respectively, ~Fμν ¼ 1

2
εμνρσFρσ is the dual

field strength, while B is the auxiliary Stückelberg scalar
field [44] with ϰ ∈ R. The positive dimensionless coupling
g > 0 and the (large) mass parameterM ≫ m do specify the
intensity and the scale of the pseudoscalar-vector interac-
tion. For example, axions or axionlike particles arise
generically from stringlike models or Standard Model
extensions, with a natural size of the decay constant M,
often also denoted by fa, typically varying between 109 and
1017 GeV [46], a pretty large scale that will be suitably used
and recognized in the sequel as an effective UV cutoff
regulator which characterizes the adiabatic approximation
of a constant LIV background vector ζμ as we shall see
hereafter. Notice that we have included the Proca mass term
for the vector field because, as it is discussed in [32], the
latter is required to account for the strong interaction effects
in heavy ion collisions supported by massive vector mesons
(ρ;ω;…) in addition to photons. Moreover, as thoroughly
debated in [16,17], themass term for the vector field appears
to be generally necessary to render the dynamics self-
consistent in the presence of a Chern-Simons Lagrangian
and is actually induced by the radiative corrections from the
LIV fermionic matter. The auxiliary part of the Stückelberg
Lagrangian, which further violates gauge invariance beyond
the mass term for the vector field, has been introduced to
provide—just owing to the renowned Stückelberg trick—
the simultaneous occurrences of power counting renorma-
lizability and perturbative unitarity for a general interacting
theory. Its presence allows for a smoothmassless limit of the
quantum vector field. Here we shall consider the adiabatic
limit of a slowly varying classical pseudoscalar background
of the kind

ηclðxÞ≃M
g
ζλxλθð−ζ · xÞ ð3Þ

where θð·Þ is theHeaviside step distribution, inwhich a fixed
constant four-vector ζμ with the dimensions of an inverse
length has been introduced, in a way to violate Lorentz and
CPT invariances in the Minkowski half-space ζ · x < 0. In
what follows we shall suppose that ζ2 ≠ 0. If we now insert
the specific form (3) of the pseudoscalar background in the
pseudoscalar-vector coupling Lagrangian we can write
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−
1

4
FμνðxÞ ~FμνðxÞζλxλθð−ζ · xÞ

¼ 1

2
ζμAνðxÞ ~FμνðxÞθð−ζ · xÞ

− ∂μ

�
1

2
AνðxÞ ~FμνðxÞζλxλθð−ζ · xÞ

�
: ð4Þ

Thevery last term in the rhs of the above equality is evidently
a boundary term, its contribution to the action being reduced
for the Gauß theorem to

Z
Ω
d4x∂μ

�
1

2
AνðxÞ ~FμνðxÞζλxλθð−ζ · xÞ

�

¼ 1

2

Z
∂Ω

dσμAνðxÞ ~FμνðxÞζλxλθð−ζ · xÞ

whereΩ is an arbitrary domain of the Minkowski space that
is bounded by the initial and final three-dimensional space-
like oriented surfaces ∂Ω ¼ Σ{∪Σf. Hence the boundary
term will not contribute to the Euler-Lagrange field equa-
tions if and only if

AνðxÞ ~FμνðxÞζλxλθð−ζ · xÞjΣ{

¼ AνðxÞ ~FμνðxÞζλxλθð−ζ · xÞjΣf
≡ 0

which entails a particular fall down of the vector potential
and field strength for large spacelike separations in the

half-space ζ · x < 0. In such a circumstance we can derive
the field equations from the equivalent Lagrangian

L ¼ −
1

4
FαβðxÞFαβðxÞ þ

1

2
ζμAνðxÞ ~FμνðxÞθð−ζ · xÞ

þ 1

2
m2AνðxÞAνðxÞ þ AμðxÞ∂μBðxÞ þ

1

2
ϰB2ðxÞ ð5Þ

in which the gauge invariance is explicitly broken by all the
terms but the first one, i.e. the Maxwell’s Lagrangian for the
radiation fields. Then the Euler-Lagrange field equations
read

8<
:

∂λFλν þm2Aν þ ζα ~F
αν þ ∂νB ¼ 0 for ζ · x < 0

∂λFλν þm2Aν þ ∂νB ¼ 0 for ζ · x > 0

∂νAν ¼ ϰB

: ð6Þ

After contraction of the first pair of the above set of field
equations with ∂ν we find

ð□þ ϰm2ÞBðxÞ ¼ 0 ð7Þ

where it follows that the auxiliary Stückelberg field is always
a decoupled nonphysical real scalar field, which is never
affected by the pseudoscalar classical background ∀ϰ ∈ R.
From now on we shall select the simplest choice ϰ ¼ 1 that
leads to the Klein-Gordon equation for the auxiliary field,
together with

8>><
>>:

□AνðxÞ þm2AνðxÞ ¼ εναρσζα∂ρAσðxÞ for ζ · x < 0

□AνðxÞ þm2AνðxÞ ¼ 0 for ζ · x > 0

∂νAνðxÞ ¼ BðxÞ ð□þm2ÞBðxÞ ¼ 0

: ð8Þ

In order to find the general solution of the above linear equations (6) we turn to the momentum space

AνðxÞ ¼
Z

d4k

ð2πÞ3=2 a
νðkÞe−ik·xBðxÞ ¼

Z
d4k

ð2πÞ3=2 bðkÞe
−ik·x

so that

8>><
>>:

½gλνðk2 −m2Þ − kλkν þ iελναβζαkβ�aλðkÞ þ ikνbðkÞ ¼ 0 for ζ · x < 0

½gλνðk2 −m2Þ − kλkν�aλðkÞ þ ikνbðkÞ ¼ 0 for ζ · x > 0

kλaλðkÞ ¼ ibðkÞ ðk2 −m2ÞbðkÞ ¼ 0

: ð9Þ

The general solution for the auxiliary field operator is well known, viz.,

BðxÞ ¼
Z

dk½bkukðxÞ þ b†ku
�
kðxÞ� ð10Þ

ukðxÞ ¼ ½ð2πÞ32k0�−1=2 expf−ikνxνg k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
ð11Þ
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with ghostlike canonical commutation relations

½b†k; bp� ¼ δðk − pÞ ½bk; bp� ¼ 0: ð12Þ

The general solutions on the two half-spaces separated by
the hyperplane ζ · x ¼ 0 have to be set in a more convenient
form to the purpose of our discussion. It turns out that the
Proca-Stückelberg and the Maxwell-Chern-Simons mas-
sive vector fields face one each other at the boundary
ζ · x ¼ 0. Hence, continuity of the quantum fields does
require equality on the surface separating the parity break-
ing medium from the Minkowski space, namely,

δðζ · xÞ½Aμ
PSðxÞ − Aμ

CSðxÞ� ¼ 0 ð13Þ
while the auxiliary nonphysical field BðxÞ is by no means
affected by the presence of the hyperplane ζ · x ¼ 0, as
already noticed.

A. The Proca-Stückelberg quantum field
in the presence of a boundary

On the half-space ζ · x > 0, the general solutions of the
field equations are the well-known Proca-Stückelberg
vector and auxiliary ghost scalar free quantum fields. In
order to write the general solutions in the presence of the
infinite hyperplane separation boundary ζ · x ¼ 0, from
now on it is convenient to use a slightly different notation,
namely, we set x ¼ ðx0; x1; x2; x3Þ ¼ ðt; x; y; zÞ in natural
units. Consider the case of the spatial Chern-Simons
constant vector ζμ ¼ ð0; ζ; 0; 0Þ with ζ > 0 and the corre-
sponding spacelike hyperplane x1 ≡ x ¼ 0, in such a
manner that δðζ · xÞ ¼ ζ−1δðxÞ. Let us define the following
quantities:

k̂≡ ðk0; ky; kzÞ; x̂≡ ðt; y; zÞ;
k̂ · x̂ ¼ tk0 − yky − zkz; k0 ¼ ωk ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
:

Then we can write the Proca-Stückelberg solution in form

Aμ
PSðx; x̂Þ ¼

Z
dk

X3
r¼1

½ak;ruμk;rðx; x̂Þ þ a†k;ru
μ�
k;rðx; x̂Þ�

uνk;rðx; x̂Þ ¼ θð−xÞ½ð2πÞ32ωk�−1=2eνrðkÞ expfiKx − ik̂ · x̂g;
ðr ¼ 1; 2; 3Þ ð14Þ

with x ≤ 0; K ≡ k1 ¼ kx, where the creation destruction
operators fulfill the canonical commutation relations

½ak;r; a†k0;s� ¼ δðk − k0Þδrs ð15Þ

all the remaining commutators being equal to zero.
The three linear polarization real vectors do satisfy the
orthogonality and closure relations on the mass shell
K2 ¼ k̂2 −m2, namely,

kμe
μ
rðkÞ ¼ 0; −gμνe

μ
rðkÞeνsðkÞ ¼ δrs;X3

r¼1

eμrðkÞeνrðkÞ ¼ −gμν þ kμkν

m2
:

It is physically motivated to split the Proca-Stückelberg
vector field into the so-called progressive (or incident)
and regressive (or reflected) parts, that corresponds to
positive and negative longitudinal momenta K ¼ k1 ¼
kx ≷ 0 respectively, namely,

Aμ
→ðx; x̂Þ≡

Z
∞

0

dK
Z

∞

−∞
dky

Z
∞

−∞
dkz

×
X3
r¼1

½ak;ruμk;rðx; x̂Þ þ a†k;ru
μ�
k;rðx; x̂Þ�

Aν
←ðx; x̂Þ≡

Z
∞

0

dK
Z

∞

−∞
dky

Z
∞

−∞
dkz

×
X3
r¼1

½a−k;ruν−k;rðx; x̂Þ þ a†−k;ru
ν�
−k;rðx; x̂Þ�

where we understand −k≡ ð−K; ky; kzÞ. Of course we
have

uν−k;rðx; x̂Þ ¼ θð−xÞ½ð2πÞ32k0�−1=2eνrð−kÞ
× expf−iKxþ iyky þ izkz − itk0g

≡ ūνk;rðx; x̂Þ

½a−k;r; a†k;s� ¼ ½a−k;r; ak;s� ¼ 0 ð16Þ

in such a manner that if we set

a−k;r ≡ āk;r ∀ k ¼ ðK; ky; kzÞ with K > 0;

ky; kz ∈ R ð17Þ

we can eventually write the normal modes expansions for
x ≤ 0

Aμ
→ðx; x̂Þ≡

Z
∞

0

dK
Z

∞

−∞
dky

Z
∞

−∞
dkz

×
X3
r¼1

½ak;ruμk;rðx; x̂Þ þ a†k;ru
μ�
k;rðx; x̂Þ� ð18Þ

Aν
←ðx; x̂Þ≡

Z
∞

0

dK
Z

∞

−∞
dky

Z
∞

−∞
dkz

×
X3
r¼1

½āk;rūνk;rðx; x̂Þ þ ā†k;rū
ν�
k;rðx; x̂Þ� ð19Þ

where
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½āk;r; a†k0;s� ¼ ½āk;r; ak0;s� ¼ 0 ð20Þ

so that

½Aμ
→ðx; x̂Þ; Aν

←ðx0; x̂0Þ� ¼ 0: ð21Þ

Now it is expedient to change the integration variable into
the normal modes expansions (18), (19) from K > 0 to the

positive frequency ωðKÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ k2y þ k2z þm2

q
≥ m.

After setting k̂ ¼ ðω; ky; kzÞ we get

Aμ
→ðx; x̂Þ≡

Z
∞

m
ωdω

ZZ
∞

−∞
dkydkz

θðk̂2 −m2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2

p
×
X3
r¼1

ak;ru
μ
k;rðx; x̂Þ þ H:c:

¼
Z

∞

m
dω

ZZ
∞

−∞
dkydkzθðk̂2 −m2Þ

×
X3
r¼1

½ak̂;ruμk̂;rðx; x̂Þ þ a†
k̂;r
uμ�
k̂;r
ðx; x̂Þ�

where

uμ
k̂;r
ðx; x̂Þ ¼ θð−xÞeμrðk̂Þp½ð2πÞ32Kðk̂Þ�

× exp
n
−iωtþ iyky þ izkz þ ix

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2

p o
ð22Þ

with

eμrðk̂Þ ¼ eμrðKðk̂Þ; ky; kzÞ ðr¼ 1;2;3Þ ak;r

ffiffiffiffi
ω

K

r
¼ ak̂;r

ð23Þ

in such a manner that we come to the canonical commu-
tation relations

½ak̂;r; ak̂0;s� ¼ 0 ½a†
k̂;r
; a†

k̂0;s
� ¼ 0

½ak̂;r; a†k̂0;s� ¼
ω

K
δðK − K0Þδðky − k0yÞδðkz − k0zÞ

¼ δðω − ω0Þδðky − k0yÞδðkz − k0zÞ

with ω;ω0 ≥ 0. Notice that the incident or progressive wave
functions uμ

k̂;r
ðx; x̂Þ are tempered distributions satisfying

the nonhomogeneous Klein-Gordon equation

ð□þm2Þuμ
k̂;r
ðx; x̂Þ ¼ −

n
δ0ðxÞ þ iδðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2

p o

×
eμrðk̂Þp½ð2πÞ32Kðk̂Þ� expf−ik̂ · x̂g:

By repeating the very same manipulations to the regressive
part Aμ

←ðx; x̂Þ of the Proca-Stückelberg vector field, we
eventually come to the normal modes expansion for x ≤ 0

Aν
←ðxÞ ¼

Z
∞

m
dω

ZZ
∞

−∞
dkydkzθðk̂2 −m2Þ

×
X3
r¼1

½āk̂;rūνk̂;rðxÞ þ ā†
k̂;r
ūν�
k̂;r
ðxÞ�

where the reflected or regressive wave functions have the
form

ūμ
k̂;r
ðxÞ ¼ θð−xÞ½ð2πÞ32Kðk̂Þ�−1=2ēμrðk̂Þ

× expf−ixKðk̂Þ − ik̂ · x̂g ð24Þ

ēμrðk̂Þ ¼ eμrð−Kðk̂Þ; ky; kzÞ ðr ¼ 1; 2; 3Þ ð25Þ

and do fulfill the nonhomogeneous Klein-Gordon equation

ð□þm2Þūμ
k̂;r
ðx; x̂Þ

¼ −
n
δ0ðxÞ − iδðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2

p o

×
ēμrðk̂Þp½ð2πÞ32Kðk̂Þ� expf−ik̂ · x̂g

while the corresponding creation and annihilation operators
satisfy canonical commutation relations

½āk̂;r; ak̂0;s� ¼ ½a†
k̂;r
; āk̂0;s� ¼ 0 ½āk̂;r; ā†k̂0;s� ¼ δðk̂ − k̂0Þδrs:

ð26Þ

It is worth noticing that all the wave functions are
normalized in order to reproduce the constant vector
current: for example, for incident or progressive wave
functions we find

ð2πÞ3gμνuμ�k̂;sðxÞi∂
↔

λuνk̂;rðxÞ ¼ δrs
kλ
K

kμ ¼ ðω; K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2

p
; ky; kzÞ: ð27Þ

The normalization of the incident or progressive vector
plane waves is such that

gμν

Z
dx̂uμ�p̂;rðx; x̂Þi∂

↔

λuνk̂;sðx; x̂Þcx¼0¼δðk̂− p̂Þδrs
kλ
K

ð28Þ
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gμν

Z
dx̂uμp̂;rðx; x̂Þi∂

↔

λuν�k̂;sðx; x̂Þcx¼0 ¼ δðk̂ − p̂Þδrs
�
−
kλ
K

�
ð29Þ

gμν

Z
dx̂uμp̂;rðx; x̂Þi∂

↔

λuνk̂;sðx; x̂Þcx¼0 ¼ 0 ð30Þ

in which υ ¼ ω=K is the (phase) velocity of the vector
plane wave uν

k̂;r
ðxÞ. Now, concerning the reflected or

regressive plane waves, it is convenient to set

uμ−k̂;rðxÞ ¼ θð−xÞ½ð2πÞ32Kðk̂Þ�−1=2eμrð−k̂Þ
× expf−ixKðk̂Þ þ ik̂ · x̂g ð31Þ

eμrð−k̂Þ ¼ eμrð−Kðk̂Þ;−ky;−kzÞ ðr ¼ 1; 2; 3Þ ð32Þ

in such a manner that we can recast the normal modes
expansion of the Proca-Stückelberg vector field in the
simple form

Aμ
PSðx; x̂Þ ¼ Aμ

→ðx; x̂Þ þ Aμ
←ðx; x̂Þ

¼
Z

dk̂
X3
r¼1

ak̂;ru
μ

k̂;r
ðx; x̂Þ þ H:c: ð33Þ

Z
dk̂≡

Z
∞

−∞
dωθðω2 −m2Þ

ZZ
∞

−∞
dkydkzθðk̂2 −m2Þ

ð34Þ

with the canonical commutation relations

½ak̂;r; ak̂0;s� ¼ 0 ½a†
k̂;r
; a†

k̂0;s
� ¼ 0 k̂ ∈ R3

½ak̂;r; a†k̂0;s� ¼ δðω − ω0Þδðky − k0yÞδðkz − k0zÞ
ω2 ≥ m2 ∨ ky; kz ∈ R:

On the other hand, the general solutions for ζ · x < 0,
concerning the Maxwell-Chern-Simons free quantum field,
have been extensively discussed and applied in [16,47,48]
for the massive case and in [49] for the massless case.
However, in the light of the present applications, it is better
to shortly overview this important topic.

B. Maxwell-Chern-Simons quantum field

In the following we shall review and extend the main
tools developed in [50], which are necessary to understand
the squeezed pairs emission and absorption in the presence
of a parity breaking background medium. Let us first recall
the construction of the so-called chiral or birefringent
polarization vectors for the MCS vector field. Here we
aim to develop a rather general frame which could allow for
an understanding of the kinematics of massive vector

particles in the presence of a spacelike Chern-Simons
LIV vector. The starting point is the rank-two symmetric
matrix [16]

Sνλ ≡ εμναβζαkβεμλρσζρkσ

¼ δνλDþ kνkλζ2 þ ζνζλk2 − ζ · kðζλkν þ ζνkλÞ ð35Þ

where

D≡ ðζ · kÞ2 − ζ2k2 ¼ 1

2
Sνν:

It is convenient to introduce the two orthogonal, one-
dimensional, Hermitian projectors

πμν
� ≡ Sμν

2D
� i
2
εμναβζαkβD−1

2 ¼ ðπνμ
� Þ� ¼ ðπμν∓ Þ�ðD > 0Þ

ð36Þ

A couple of chiral polarization vectors for the Maxwell-
Chern-Simons free vector field can be constructed out of
some tetrad of constant quantities ϵν, taking into account
that we have

πμλ
� ϵμϵλ ¼ Dϵ2 þ ζ2ðϵ · kÞ2

¼ ½ðζ · kÞ2 − ζ2k2�ϵ2 þ ζ2ðϵ · kÞ2: ð37Þ

For example, for the spatial Chern-Simons vector ζμ ¼
ð0; ζx; 0; 0Þ we can always build up a pair of spacelike,
complex, chiral polarization vectors

εμ�ðkÞ ¼ πμλ
� ϵλ½ðk2y − k20Þ=ðk2z þ k2y − k20Þ�−

1
2: ð38Þ

By the very construction, for D > 0 this couple of chiral
polarization vectors satisfy the conjugation and orthogon-
ality relations

εμ�� ðkÞ ¼ εμ∓ðkÞ; −
1

2
gμνε

μ�
� ðkÞεν�ðkÞ þ c:c: ¼ 1;

1

2
gμνε

μ�
� ðkÞεν∓ðkÞ þ c:c: ¼ 0

as well as the closure relations

εμ�þ ðkÞενþðkÞ þ εμ�− ðkÞεν−ðkÞ
¼ εμ−ðkÞενþðkÞ þ εμþðkÞεν−ðkÞ ¼ D−1Sμν: ð39Þ

In order to obtain the normal modes expansion of the MCS
quantum field, let us introduce the kinetic 4 × 4 Hermitian
matrix K with complex entries

Kλν ≡ gλνðk2 −m2Þ þ iελναβζαkβ ð40Þ

which satisfy
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Kλν ¼ K�
νλ:

Now we are ready to find the general solution of the free
field equations (9) for ζ · x < 0. From the relationships (40)
and (38) we readily obtain

Kμ
νε

ν
�ðkÞ ¼ ½δμνðk2 −m2Þ þ ffiffiffi

D
p ðπμ

þν − πμ
−νÞ�εμ�ðkÞ

¼ ðk2 −m2 � ffiffiffi
D

p Þεμ�ðkÞ ð41Þ

which shows that the polarization vectors of positive and
negative chirality are solutions of the vector field equations
for ζ · x < 0 if and only if

kμ� ¼ ðωk;�;kÞ εμ�ðkÞ ¼ εμ�ðk�Þ ðk0� ¼ ωk;�Þ ð42Þ

ωk;� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2 þ 1

2
ζ2x � ζx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þm2 þ 1

4
ζ2x

rs

for ζμ ¼ ð0; ζx; 0; 0Þ: ð43Þ

To complete our construction of a basis we introduce
the further pair of orthogonal and suitably normalized

polarization vectors, respectively the so-called scalar and
longitudinal polarization real vectors

εμSðkÞ≡ kμffiffiffiffiffi
k2

p ðk2 > 0Þ ð44Þ

εμLðkÞ≡ ðDk2Þ−1
2ðk2ζμ − kμζ · kÞ ðk2 > 0 ∨ D > 0Þ ð45Þ

which fulfill by construction

kμε
μ
LðkÞ ¼ 0 kμε

μ
SðkÞ ¼

ffiffiffiffiffi
k2

p
ðk2 > 0Þ ð46Þ

gμνε
μ
SðkÞενSðkÞ ¼ 1 gμνε

μ
LðkÞενLðkÞ ¼ −1 ð47Þ

gμνε
μ
SðkÞενLðkÞ ¼ gμνε

μ
SðkÞεν�ðkÞ ¼ gμνε

μ
LðkÞεν�ðkÞ ¼ 0:

ð48Þ

Hence we have at our disposal ∀kμ with k2 > 0 ∨ D > 0 a
complete and orthogonal chiral set of four polarization
vectors, namely,

εμAðkÞ ¼

8>><
>>:

kμ=
ffiffiffiffiffi
k2

p
for A ¼ S

ðk2ζμ − kμζ · kÞ=
ffiffiffiffiffiffiffiffi
Dk2

p
for A ¼ L

εμ�ðk�Þ for A ¼ �
− ðk2 > 0 ∨ D > 0Þ: ð49Þ

In order to fully implement the canonical quantum theory
of the MCS massive vector field for the simple choice
ϰ ¼ 1, it is convenient to introduce the polarized plane
waves according to

vνkAðxÞ ¼ ½ð2πÞ32ωkA�−1
2ενAðkÞexpf−iωkAtþ ik ·xg ð50Þ

where the dispersion relation for the scalar and longitudinal
frequencies is the covariant one, viz.,

ωkS ¼ ωkL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
≡ ωk

so that we can write

kνενSðkÞ ¼ m i∂νvνkSðxÞ ¼ ukðxÞ: ð51Þ

It follows therefrom that the general solution of the Euler-
Lagrange field equations (8) for the quantum massive
vector field when ϰ ¼ 1 and ζ · x < 0 takes the form

AνðxÞ ¼ Aν
CSðxÞ − ∂νBðxÞ=m2 ð52Þ

Aν
CSðxÞ ¼

Z
dk

X
A¼�;L

½ck;AvνkAðxÞ þ c†k;Av
ν�
kAðxÞ� ð53Þ

BðxÞ ¼ m
Z

dk½bkukðxÞ þ b†ku
�
kðxÞ� ð54Þ

where the canonical commutation relations holds true, viz.,

½ck;A; c†k0;A0 � ¼ −gAA0δðk − k0Þ ck;S ¼ bk ð55Þ
all the other commutators being equal to zero. According to
Eqs. (8) and (9) we obtain

BðxÞ ¼ −i
Z

dkkν½ckSvνkSðxÞ − c†kSv
ν�
kSðxÞ�k0¼ωk

ð56Þ

¼ m
Z

dk½bkukðxÞ þ b†ku
�
kðxÞ�k0¼ωk

ð57Þ

in such a manner that the physical Hilbert spaceHphys, with
a positive semidefinite metric for all the MCS massive
quantum states, is selected out from the Fock space F by
means of the customary subsidiary condition

Bð−ÞðxÞjphysi ¼ 0 ∀ jphysi ∈ Hphys ⊂ F: ð58Þ

On the other side, the physical MCS massive quanta are
created out of the Fock vacuum by the creation part of the
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quantum physical massive MCS vector field Aν
CSðxÞ, with

the standard nonvanishing commutation relations

½ck;A; c†k0;A0 � ¼ δAA0δðk − k0ÞA; A0 ¼ L;�

all the other commutators being equal to zero. Notice that
the MCS massive 1-particle states of definite spatial
momentum k do exhibit three polarization states, i.e.
one linear longitudinal polarization of real vector ενLðkÞ
with dispersion relation k2 ¼ m2 and two chiral transverse
states with complex vectors εν�ðk�Þ and dispersion relations
(43), the negative chirality states εν−ðk−Þ being well defined
only for jζλ · kλ−j < m=ζ ⇔ k2− > 0.

III. THE BOGOLYUBOV TRANSFORMATIONS

An equivalent rearrangement can be pursued in the right
region R, where the parity breaking medium is present. As
a result we shall obtain the following normal modes
expansion of the Chern-Simons vector field for x ≥ 0,
namely,

Aν
CSðxÞ ¼

Z
dk̂

X
A¼�;L

½ck̂;Avνk̂;AðxÞ þ c†
k̂;A

vν�
k̂;A

ðxÞ� ð59Þ

in which, in full analogy with the Proca-Stückelberg plane
wave solution (22), the incident or progressive plane wave
solution for the Chern-Simons classical field equations is
provided by

vν
k̂A
ðxÞ ¼ θðxÞ½ð2πÞ32KA�−1

2ενAðk̂Þ expfixKAðk̂Þ − ik̂ · x̂g
ð60Þ

KA ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2 �

ffiffiffiffiffiffiffiffiffi
ζ2xk̂

2

qr
for A ¼ �

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2

p
for A ¼ L

ð61Þ

while the canonical commutation relations still hold true,
viz.,

½ck̂;A; ck̂0;B� ¼ ½c†
k̂;A

; c†
k̂0;B

� ¼ 0

½ck̂;A; c†k̂0;B� ¼ δðk̂ − k̂0ÞδAB: ð62Þ

Coming back to the boundary conditions, it turns out that
the matching condition for the vector fields at the hyper-
plane x ¼ 0 does take the form

Z
dk̂

�X
A

½ck̂;Avμk̂;Aðx̂Þ þ c†
k̂;A

vμ�
k̂;A

ðx̂Þ� ð63Þ

−
X3
r¼1

½ak̂;ruμk̂;rðx̂Þ þ a†
k̂;r
uμ�
k̂;r
ðx̂Þ�g ¼ 0 ð64Þ

which can be implemented if we perform a Bogolyubov
transformation

vν
k̂;A

ðx̂Þ ¼
X3
s¼1

½αsAðk̂Þuνk̂;sðx̂Þ − βsAðk̂Þuν�k̂;sðx̂Þ� ð65Þ

where the complex numerical coefficients αsAðk̂Þ; βsAðk̂Þ
will be determined below. On one hand we find

huμp̂;rjvνk̂;Ai≡
Z

dx̂uμ�p̂;rðx; x̂Þð−iÞ∂
↔

xvνk̂;Aðx; x̂Þcx¼0

¼ δðk̂ − p̂Þeμrðk̂Þ KA þ K
2
pðKAKÞ

ενAðk̂Þ ð66Þ

and on the other hand we evidently obtain

huμp̂;rjuλk̂;si ¼ δðk̂ − p̂Þeμrðk̂Þeλsðk̂Þ ¼ −huμ�p̂;rjuλ�k̂;si;
huμp̂;rjuλ�k̂;si ¼ 0 ð67Þ

and thereby

huμp̂;rjvνk̂;Ai ¼ δðk̂ − p̂Þeμrðk̂Þ
X3
s¼1

αsAðk̂Þeνsðk̂Þ ð68Þ

huμ�p̂;rjvνk̂;Ai ¼ δðk̂ − p̂Þeμrðk̂Þ
X3
s¼1

βsAðk̂Þeνsðk̂Þ: ð69Þ

A comparison yields—by omitting the argument k̂

KA þ K
2
pðKAKÞ

ενA ¼
X3
s¼1

αsAeνs
KA − K

2
pðKAKÞ ε

ν
A ¼

X3
s¼1

βsAeνs

ð70Þ

the solution of which is provided by

αsA ¼ 1

2
es · εA

KA þ KpðKAKÞ
βsA ¼ 1

2
es · εA

KA − KpðKAKÞ
ð71Þ

as it can be readily checked by direct inspection, where the
wave vectors K;KA are positive functions of k̂ as given by
Eq. (61). Let us evaluate the quantity

X3
s¼1

½αsAðk̂Þα�sBðk̂Þ − βsAðk̂Þβ�sBðk̂Þ� for A; B ¼ L;�:

First we find
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1

2
gμνε

μ
Aðk̂Þ

1

2
gρσε

ρ�
B ðk̂Þ

X3
s¼1

eνsðk̂Þeσsðk̂Þ

¼ 1

4
εμAðk̂Þερ�B ðk̂Þ

�
−gρμ þ

kρkμ
m2

�

¼ −
1

4
gρμε

μ
Aðk̂Þερ�B ðk̂Þ ¼ 1

4
δAB

where use has been made of the transverse-like condition,
as well as the orthogonality relations, together with the fact
that the covariant linear polarization vectors have been
chosen to be real. Hence we eventually obtain

X3
s¼1

αsAðk̂Þα�sBðk̂Þ ¼ δAB
ðKA þ KÞ2
4KAK

X3
s¼1

βsAðk̂Þβ�sBðk̂Þ ¼ δAB
ðKA − KÞ2
4KAK

:

Subtraction of the above expressions yields the customary
relation

X3
s¼1

½αsAðk̂Þα�sBðk̂Þ − βsAðk̂Þβ�sBðk̂Þ� ¼ δAB ½A;B ¼ L;��

ð72Þ

and by making quite analogous manipulations one can
readily check that the further Bogolyubov relations

X3
s¼1

½αsAðk̂Þβ�sBðk̂Þ − βsAðk̂Þα�sBðk̂Þ� ¼ 0 ½A;B ¼ L;��

ð73Þ

X3
s¼1

½αsAðk̂ÞβsBðk̂Þ − βsBðk̂ÞαsAðk̂Þ� ¼ 0 ½A;B ¼ L;��:

ð74Þ

Turning back to the boundary condition (64) and taking
the Bogolyubov transformation (65) into account, we can
write the operator equality

ak̂;r ¼
X

A¼�;L

½αrAðk̂Þck̂;A − β�rAðk̂Þc†k̂;A� ð75Þ

ck̂;A ¼
X3
r¼1

½α�Arðk̂Þak̂;r þ β�Arðk̂Þa†k̂;r�: ð76Þ

From the canonical commutation relations (62) we obtain

½ak̂;r; a†p̂;s� ¼ δðk̂ − p̂Þδrs
¼

X
A;B¼�;L

½αrAðk̂Þck̂;A − β�rAðk̂Þc†k̂;A; α�sBðp̂Þc
†
p̂;B

− βsBðp̂Þcp̂;B�
¼

X
A¼�;L

½αrAðk̂Þα�sAðp̂Þ − βrAðk̂Þβ�sAðp̂Þ�δðk̂ − p̂Þ

and consequently

X
A¼�;L

½αrAðk̂Þα�sAðk̂Þ − βrAðk̂Þβ�sAðk̂Þ� ¼ δrs: ð77Þ

Finally, the null commutators ½ak̂;r; ap̂;s� ¼ ½a†
k̂;r
; a†p̂;s� ¼ 0

lead to the further relations

X
A¼�;L

½αrAðk̂Þβ�sAðk̂Þ − βrAðk̂Þα�sAðk̂Þ� ¼ 0 ð78Þ

X
A¼�;L

½αrAðk̂ÞβsAðk̂Þ − βrAðk̂ÞαsAðk̂Þ� ¼ 0: ð79Þ

There are two different Fock vacuum states, namely,

ak̂;rj0i ¼ 0 ck̂;AjΩi ¼ 0

where from (76)

ck̂;Aj0i ¼
X3
r¼1

β�Arðk̂Þa†k̂;rj0i

and consequently

h0jc†p̂;Bck̂;Aj0i ¼
X3
r;s¼1

h0jap̂;sa†k̂;rj0iβBsðp̂Þβ�Arðk̂Þ

¼ δðk̂ − p̂Þ
X3
r¼1

βBrðk̂Þβ�Arðk̂Þ

¼ δðk̂ − p̂ÞδAB
ðKA − KÞ2
4KAK

:

In turn we evidently obtain

�
ak̂;r þ

X
A¼L;�

β�rAðk̂Þc†k̂;A
�
jΩi ¼ 0 ð80Þ

that yields

hΩja†p̂;sak̂;rjΩi ¼
X

A;B¼L;�
hΩjcp̂;Ac†k̂;BjΩiβBsðp̂Þβ�Arðk̂Þ

¼ δðk̂ − p̂Þ
X

A¼L;�
βAsðk̂Þβ�Arðk̂Þ:
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Moreover we get

h0jap̂;sck̂;Aj0i ¼ h0jap̂;s
X3
r¼1

½α�Arðk̂Þak̂;r þ β�Arðk̂Þa†k̂;r�j0i

¼
X3
r¼1

β�Arðk̂Þh0jap̂;sa†k̂;rj0i ¼ δðk̂ − p̂Þβ�Asðk̂Þ

h0jap̂;sc†k̂;Aj0i ¼ h0jap̂;s
X3
r¼1

½αArðk̂Þa†k̂;r þ βArðk̂Þak̂;r�j0i

¼
X3
r¼1

αArðk̂Þh0jap̂;sa†k̂;rj0i ¼ δðk̂ − p̂ÞαAsðk̂Þ:

The latter quantity αAsðk̂Þ can thereof be interpreted as the
relative probability amplitude that a particle of mass m,
frequency ω, wave vector ðKA > 0; ky; kzÞ and chiral
polarization vector εμAðk̂Þ is transmitted from the left face
to the right face through the hyperplane x ¼ 0 by an
incident Proca-Stückelberg particle with equal mass m and
frequency ω, wave vector ðK > 0; ky; kzÞ but polarization
vector eμsðk̂Þ. As an effect of this transmission, the first
component of wave vector of a birefringent massive particle
changes from K to K�, while the longitudinal massive
quanta do not change their wave vectors.

IV. THE FUNCTIONAL SQUEEZE
OPERATOR ALGEBRA

In this section we aim to apply the general method
developed in [41] to the present context, in order to
calculate the squeezed pairs production in the presence
of a parity breaking medium. To start with, consider e.g. the
pair annihilation and production squeeze operators for the
Chern-Simons vector quanta arising in the presence of a
parity breaking background medium, namely,

ΠðzÞ≡X
j∈Q

1

2
zjc2j ¼

X
j∈Q

1

2
zjΠj ð81Þ

Π†ðz̄Þ≡X
{∈Q

1

2
z̄{c

†2
{ ¼

X
{∈Q

1

2
z̄{Π

†
{ ð82Þ

where we use the short notation

X
{∈Q

¼
Z

dk̂
X

A¼�;L

ðk̂ ∈ R3Þ

whereas z{ ≡ zAðk̂Þ are complex valued dimensionless
functions such that

V
X
{∈Q

z{z̄{ ¼ V
Z

dk̂
X

A¼�;L

jzAðk̂Þj2 ¼ νo

is a pure number that will be named the characteristic
number of the given squeezed pairs distribution function
zAðk̂Þ, while V is the volume of a symmetric and cubic box
in the 1þ 2-dimensional Minkowski space M2

1, since we
set as it is customary

lim
k̂→0

Z
dx̂ expf�ik̂ · x̂g

¼ ð2πÞ3δðk̂ ¼ 0Þ ¼ lim
V→∞

Z
V
dx̂ ⇔ δð0Þ ≑ V

ð2πÞ3 :

It is worthwhile to remark that the whole algebraic
construction we are going to set up in the present section
does actually live on the boundary hyperplane ζ · x ¼ 0, as
it is apparent from the above introduced notations in the
related Fourier space.
The creation and destruction operators for Chern-Simons

vector particles ðc{; c†jÞ and Proca-Stueckelberg vector

particles ða{; a†jÞ do satisfy e.g. the canonical commutation
relations (62)

½c{; c†j � ¼ δ{j ¼ ½a{; a†j � ð{; j ∈ QÞ ð83Þ

all the remaining commutators being equal to zero. The
Fock vacuum states are defined in accordance with the
Bogolyubov transformations (75) and (76), that means

ak̂;rj0i ¼ 0 ⇔
X

A¼�;L

αrAðk̂Þck̂;Aj0i ¼
X

A¼�;L

β�rAðk̂Þjk̂Ai

ð∀r ¼ 1; 2; 3 ∨ k̂ ∈ R3Þ

ck̂;AjΩi ¼ 0 ⇔
X3
r¼1

½α�Arðk̂Þak̂;r þ β�Arðk̂Þa†k̂;r�jΩi ¼ 0

ð∀A ¼ �; L ∨ k̂ ∈ R3Þ: ð84Þ

If we denote by Qaða ¼ 1; 2;…; nÞ any of the n conserved
charges of the system, which are allowed by the parity
breaking background field configuration, i.e.

Qa ¼
X
j∈Q

qajc
†
jcj ða ¼ 1; 2;…; nÞ

where e.g. qajða ¼ 1; 2;…; nÞ are the charges of the
squeezed state with definite quantum numbers j ∈ Q, then
for any squeezed state Π†

{ j0i of definite quantum numbers
we evidently find

QaΠ
†
{ jΩi ¼ 2qa{Π

†
{ jΩi ð∀ { ∈ Q ∨ a ¼ 1; 2;…; nÞ:

ð85Þ

The creation and annihilation squeeze operators satisfy the
commutation relations
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½ΠðzÞ;Π†ðz̄Þ� ¼
X
{∈Q

1

2
z{z̄{fc{; c†{ g≡ 2Nðz̄zÞ ð86Þ

in which

Nðz̄zÞ ¼ N†ðzz̄Þ ¼ 1

4
νo þ

X
{∈Q

1

2
z{z̄{c

†
{ c{: ð87Þ

Finally for ν{ ∈ R ð∀ { ∈ QÞ we get

½NðνÞ;ΠðzÞ� ¼ −
X
{∈Q

1

2
ν{z{Π{ ¼ −ΠðzνÞ ð88Þ

½NðνÞ;Π†ðz̄Þ� ¼
X
{∈Q

1

2
ν{z̄vΠ†

{ ¼ Π†ðνz̄Þ: ð89Þ

It follows therefrom that the above three operators do
satisfy the well-known commutation relations

½NðνÞ;Π†ðz̄Þ� ¼ Π†ðνz̄Þ
½ΠðzÞ;NðνÞ� ¼ ΠðνzÞ ð90Þ

½Π†ðz̄Þ;ΠðzÞ� ¼ 2Nðz̄zÞ ð91Þ

in which

ΠðzÞ ¼ J−ðzÞ ¼ J1ðzÞ − iJ2ðzÞ ð92Þ

Π†ðz̄Þ ¼ Jþðz̄Þ ¼ J1ðz̄Þ þ iJ2ðz̄Þ ð93Þ

NðνÞ ¼ J3ðzz̄Þ ð94Þ

where the threesome of operators

J1ðz; z̄Þ≡ 1

2
ðΠðzÞ þ Π†ðz̄ÞÞ

J2ðz; z̄Þ≡ 1

2i
ðΠ†ðz̄Þ − ΠðzÞÞ

J3ðzz̄Þ ¼ NðνÞ ð95Þ

are a basis of Hermitian generators obeying the well-known
SU(2) Lie algebra

½Ja; Jb� ¼ iεabcJc ða; b; c ¼ 1; 2; 3Þ: ð96Þ

Now it turns out that the quantum state jz̄i, which
represents a generic squeezed pair of Chern-Simons par-
ticles with a momentum distribution function z̄{ð{ ∈ QÞ,
does satisfy

jz̄i ¼ Π†ðz̄ÞjΩi hzj ¼ hΩjΠðzÞ ð97Þ

and exhibits the infrared regularized normalization

hzjz̄i ¼ hΩj½ΠðzÞ;Π†ðz̄Þ�jΩi ¼ −2hΩjNðz̄zÞjΩi ¼ νo:

ð98Þ

A. Transmission and reflection from the
algebraic approach

The general feature that characterizes the squeezed pairs
production and annihilation processes of massive vector
particles in the presence of a parity breaking medium is the
existence of a nonsingular Bogolyubov similarity trans-
formation S, the generator of which is acting on the Fock
space according to

a{ ¼ S−1c{S ≡X
j∈Q

ðα{jcj − β�{jc
†
jÞ ð99Þ

c†{ ¼ S−1a†{ S ≡X
j∈Q

ðα{ja†j þ β{jajÞ ð100Þ

in agreement with the previous relationships (75) and (76),
where

α{j ≡ αrAðk̂; p̂Þ ¼ αrAðk̂Þδðk̂ − p̂Þð2πÞ3
β{j ≡ βrAðk̂; p̂Þ ¼ βrAðk̂Þδðk̂ − p̂Þð2πÞ3 ð101Þ

αrAðk̂Þ ¼
1

2
erðk̂Þ · εAðk̂Þ

KA þ KpðKAKÞ
ð102Þ

βrAðk̂Þ ¼
1

2
erðk̂Þ · εAðk̂Þ

KA − KpðKAKÞ ð103Þ

together with

X
{∈Q

�
α�{jα{ϰ − β�{jβ{ϰ ¼ δjϰ

α{jβ
�
{ϰ − α�{jβ{ϰ ¼ 0

ð∀{; j; ϰ ∈ QÞ

in such a manner that the canonical commutation relations
(62)

½c{; c†j � ¼ δ{j ¼ ½a{; a†j � et cetera

keep unchanged thanks to the similarity nature of the
nonsingular transformation S. Notice that in the present
framework the Bogolyubov coefficients α{j and β{j can
always be chosen to be real—see Eq. (71) for linear
polarization.
It follows that we come to the two Fock spaces FPS and

FCS which are generated by the cyclic vacuum states
normalized to one and defined by

a{j0i ¼ 0 ¼ h0ja†{ ð∀ { ∈ QÞ ð104Þ

cjjΩi ¼ 0 ¼ hΩjc†j ð∀ j ∈ QÞ: ð105Þ
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Now we have, for example,

c{a
†
ϰj0i ¼

X
j∈Q

ðα�{jaja†ϰj0i þ β�{ja
†
ja

†
ϰj0iÞ

¼ α�{ϰj0i þ
X
j∈Q

β�{ja
†
ja

†
ϰj0i ð106Þ

so that

h0jc{a†j j0i ¼ α�{j ð∀ {; j ∈ QÞ: ð107Þ

In a quite analogous way we get

a{c
†
ϰjΩi ¼

X
j∈Q

ðα{jcjc†ϰjΩi − β�{jc
†
jc

†
ϰjΩiÞ

¼ α{ϰjΩi −
X
j∈Q

β�{jc
†
jc

†
ϰjΩi ð108Þ

and thereby

hΩja{c†j jΩi ¼ α{j ð∀ {; j ∈ QÞ ð109Þ

where it follows that, as expected, the real and dimension-
less Bogolyubov coefficients

αrAðk̂Þ ¼
1

2
erðk̂Þ · εAðk̂Þ

KA þ KpðKAKÞ

may be understood as the probability amplitudes that a
Proca-Stückelberg pair of wave vector k̂ is not created out
of the Fock vacuum j0i or, in other words, the relative
persistence probability amplitude for the Proca-Stückelberg
vacuum. In the very same manner the Bogolyubov coef-
ficient αr;Aðk̂Þ may be seen in turn as the relative persist-
ence probability amplitude for the Chern-Simons vacuum
jΩi. In a similar way, by taking the in vacuum expectation
value

h0jΠ{a
†
ϰcjj0i ¼

X
l∈Q

β�jlh0j
1

2
a2{ a

†
la

†
ϰj0i ¼ β�j{δϰ{

ð∀ {; j; ϰ ∈ QÞ ð110Þ

it is also clear that we can understand the real Bogolyubov
coefficient

βrAðk̂Þ ¼
1

2
erðk̂Þ · εAðk̂Þ

KA − KpðKAKÞ

as the relative probability amplitude that a squeezed pair of
Proca-Stückelberg quanta is created out or absorbed into
the Proca-Stückelberg vacuum.
To proceed further on, consider e.g. the Chern-Simons

quantum vector field and let us define

Sðθ; n̂Þ≡ expf−iθ · Tðz; z̄; νÞg ð111Þ

θ · Tðz; z̄; νÞ≡ Π†ðθz̄Þ þ ΠðzθÞ þ 2NðθνÞ ð112Þ

where θl ð∀l ∈ QÞ is a real functional parameter, while
the functional unit vector n̂{ is related to the functional
parameters z{; z̄{; ν{ through the relationship

n̂2
{ ¼ ν2{ − z{z̄{ ¼ 1 ð∀ { ∈ QÞ:

For example, a suitable functional parametric form is
provided by a set of hyperbolic and trigonometric variables
ðυ{;ϕ{Þ, in such a manner that

ν{ ¼ cosh υ{ z{ ¼ sinh υ{ expf−iϕ{g
ðυ{ ∈ R; 0 ≤ ϕ{ < 2π; ∀ { ∈ QÞ:

From the basic commutation relation

½Tðz; z̄; νÞ; c{� ¼ −z̄{c
†
{ − ν{c{ ½Tðz; z̄; νÞ; c†{ � ¼ z{c{ þ ν{c

†
{

ð113Þ

we readily find

½T; ½T; c{�� ¼ c{ ½T; ½T; c†{ �� ¼ c†{ : ð114Þ

As a consequence, we actually obtain the general
Bogolyubov transformations in the form

a{ ¼ ðcos θ{ − iν{ sin θ{Þc{ − ic†{ z̄{ sin θ{ ¼ α{c{ − β�{ c
†
{

ð115Þ

a†j ¼ ðcos θj þ iνj sin θjÞc†j þ icjzj sin θj ¼ α�jc
†
j − βjcj

ð116Þ

with

αj ≡ cos θj − iνj sin θj β�j ≡ iz̄j sin θj

n̂2
j ¼ ν2j − z̄jzj ¼ 1 jαjj2 þ jβjj2 ¼ 1: ð117Þ

It follows thereby that the functional unitary operator

Sðθ; z; νÞ ¼ Sðθ; n̂Þ ¼ Sðα; βÞ S−1 ¼ S† ð118Þ

does generate the Bogolyubov similarity transformations
which connect the Proca-Stückelberg and Chern-Simons
vector fields on the boundary hyperplane ζ · x ¼ 0 accord-
ing to the suitable definitions

Aν
PSðx̂Þ ¼ S−1Aν

CSðx̂ÞS jCSi ¼ SjPSi: ð119Þ

Moreover we obtain
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Aν
PSðx̂Þ ¼

X
{∈Q

S−1½c{v{ðx̂Þ þ c†{ v�{ ðx̂Þ�S

¼
X
j∈Q

½ajujðx̂Þ þ a†ju
�
jðx̂Þ� ð120Þ

Aν
CSðx̂Þ ¼

X
{∈Q

S½a{u{ðx̂Þ þ a†{ u�{ ðx̂Þ�S−1

¼
X
j∈Q

½cjvjðx̂Þ þ c†jv
�
jðx̂Þ� ð121Þ

where, in the case of the parity breaking medium and
Minkowski space in four dimensions, we have e.g.

u{ðx̂Þ≡ uν
k̂;r
ðx ¼ 0; x̂Þ vjðx̂Þ≡ vνp̂;Aðx ¼ 0; x̂Þ:

Hence, the general Bogolyubov transformation is nothing
but a functional rotation in the Fock space with parameter
functions ðθ; z; νÞ ¼ ðθ; n̂Þ ¼ ðα; βÞ, the generators of
which are the squeezed pairs emission Π†ðθz̄Þ, the
squeezed pairs absorption ΠðθzÞ and the squeezed pairs
number NðθνÞ operators, which actually fulfill the func-
tional commutation relations arising from the SU(2) Lie
algebra.

V. THE EXTENDED SAUTER-SCHWINGER-
NIKISHOV FORMULA

Suppose that at some initial time t{ our system is in a
definite state, e.g. the vacuum j0 ini as defined in Eq. (85),
so that it does not contain any Proca-Stückelberg vector
particles, and that particle detectors are homogeneously
distributed and placed within a small but finite spatial
volumeΔυ. Then the final state at some later although close
time tf, with tf − t{ ¼ Δt, has some calculable probability
to contain zero, one, two, etc. emitted squeezed pairs of
vector particles of the Proca-Stückelberg or Chern-Simons
particles. For example the LIV vacuum persistence prob-
ability amplitude, i.e. the probability amplitude of no
emission of squeezed Chern-Simons pairs at the time tf,
will be given by

hΩ outj0 ini ¼ h0 outjS†j0 ini: ð122Þ

For this interpretation to make sense, one has to actually
verify that the vacuum to vacuum transition probability

W0;f←{ ≡ jhΩ outj0 inij2

is not greater than 1. To this concern consider the Hermitian
operators which correspond to the number of CS and PS
quanta with quantum numbers { ∈ Q, namely,

NCS
{ ≡ 1

2
ðc†{ c{ þ c{c

†
{ Þ

¼ SNPS
{ S−1 ¼ NPS

{ þ α{β
�
{Π

†
{ þ α�{ β{Π{

where

Π{ ≡ a2{ 4jαjβ�j j2 þ ðjαjj2 − jβjj2Þ2 ¼ 1:

It follows that if we set

ξj ≡ 2αjβ
�
j ; wj ≡ jαjj2 − jβjj2 ð123Þ

we can write the following squeeze pair operator golden
rule [41] that actually occurs ∀{; j;l;… ∈ Q:

2NCS
{ ¼ ξ{Π{ þ ξ̄{Π

†
{ þ 2w{NPS

{ ξ̄{ξ{ þ w2
{ ¼ 1: ð124Þ

It is important to remark that the above equality (124) holds
true thanks to the similarity property satisfied by the
Bogolyubov coefficients α{; βj. Then, for any complex

distribution function φðk̂;A; rÞ ¼ φ{, we can write

2NCSðφÞ≡X
{∈Q

2NCS
{ φ{ ¼

X
{∈Q

fc†{ ; c{gφ{

¼ Π†ðξ̄φÞ þΠðξφÞ þ 2NPSðwφÞ ¼ φ · Tðξ; ξ̄; wÞ:
ð125Þ

In the application of the above general setting to the present
circumstance, it should be kept in mind that, owing to the
presence of the boundary ζ · x ¼ 0, then translation invari-
ance holds true only in the time evolution and in the
transverse foliation ζ · x ¼ constant. It follows thereby that
we can write

2NCS
{ j0 ini ¼ ½a{; a†{ �j0 ini ¼ δ{{j0 ini

¼ δð3Þð0Þj0 ini≡ ΔσΔtð2πÞ−3j0 ini ð126Þ

where Δσ denotes the small unit area in the Oyz-plane—
e.g. a section of a region in the 3-dimensional space where
the particle detectors are placed. Thus we eventually obtain

hΩ outj0 ini ¼ h0 outjS−1
φ j0 ini

¼ h0 outj exp f2iNCSðφÞgj0 ini
¼

Y
{∈Q

exp fiφ{ΔσΔtð2πÞ−3g

¼ exp
n
iΔσΔtð2πÞ−3

X
{∈Q

φ{

o
: ð127Þ

However, according to the natural interpretation which
arises from Eq. (107), it is mandatory for consistency to
identify
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φj ≡ i ln α�j ¼ Argαj þ
1

2
i ln jαjj2 ð∀ j ∈ QÞ ð128Þ

As a matter of fact, according to Nikishov [42], the
logarithm of vacuum to vacuum transition amplitude is
provided by

lnhΩ outj0 ini ¼ −ΔσΔtð2πÞ−3
X
{∈Q

ln α�{ : ð129Þ

As a consequence it is possible to express the out vacuum in
terms of the in operators in the explicit form

hΩ outj ¼ h0 outjS−1
φ

¼ h0 outj exp f2iNCSðφÞg
¼ h0 outj exp f−2NCSðln α�Þg

¼ h0 outj exp
�
−
X
{∈Q

c†{ c{ ln α�{

�
ð130Þ

where it immediately follows that, by the very construction,

cϰj0 outi ¼ 0 ð∀ ϰ ∈ QÞ: ð131Þ

Notice that the nonsingular operator Sφ is not unitary,
owing to the presence of an imaginary part in the
distribution function φ ¼ i ln α�. Furthermore, from the
golden operator identity (124) it follows that we can write

2N ðφÞ ¼ φ · Tðξ; ξ̄; wÞ≡ Π†ðφξ̄Þ þ ΠðξφÞ þ 2NðφwÞ
ð132Þ

in such a manner that the out vacuum state can be expressed
à la Dirac as an infinite sea of squeezed pairs, i.e. a
coherent-like state involving any number of squeezed pairs
of any quantum numbers, namely,

hΩ outj ¼ h0 outjS−1
φ ¼ h0 outj expf−2N ðln α�Þg

¼ h0 outj expf−Π†ðξ̄ ln α�Þ
− Πðξ ln α�Þ − 2Nðw ln α�Þg ð133Þ

in which

ξj ≡ 2αjβ
�
jwj ≡ jβjj2 − jαjj2 ð∀ j ∈ QÞ:

Finally, one can readily generalize to the present circum-
stance the case of spinor QED in the presence of a uniform
electric field on the four-dimensional Minkowski space:
actually we have

hΩ outj0 ini ¼ exp

�
−iΔσΔtð2πÞ−3

X
A

Z
dk̂φðαÞ

�

ð134Þ

with

k̂≡ ðω; ky; kzÞ αðk̂; AÞ≡ 1

2
·
KA þ KpðKKAÞ

ðA ¼ �; LÞ

whereK andKA are provided by Eq. (61), in such a manner
that we can eventually write

jhΩ inj0outij2¼ exp

�
−ΔσΔtð2πÞ−3

X
A

Z
dk̂ln jαðk̂;AÞj2

�

¼ exp
�
−2ΔσΔtð2πÞ−3

X
A¼�

Z
dk̂lnαðk̂;AÞ

�

ð135Þ

which is nothing but the suitable generalization of cel-
ebrated Sauter-Schwinger formula [43] to the present
context of a transition across a parity breaking medium
from the Minkowski space and vice versa. For example, to
the leading order in the LIV relevant scales ζ ≪ m ≪ M,
which properly characterize the present framework, explicit
evaluation shows—see Appendix—that the logarithm of
the vacuum persistence probability trough the boundary per
unit time and unit transverse area is actually approximately
given by

−1
ΔtΔσ

ln jhΩ inj0 outij

≈ ζ
mMc3

16π2ℏ2

�
1þ ℏζ

2mc

�
2 ln

M
m

− ln
ℏζ
2mc

�

þO

�
ℏζ
mc

��
: ð136Þ

Notice that, as expected, we recover the null result in the
Lorentz invariant limit ζ → 0 when a unique cyclic vacuum
state is left in the Fock space, while the vacuum persistence
probability becomes not completely negligible for
ζΔtΔσmMc3 ≃ 8π2ℏ2.

VI. CONCLUSION

The problem of propagation of vector particles through a
boundary between a parity breaking medium and an empty
vacuum is quite interesting as it may arise in heavy ion and
astrophysics. In this paper we restricted ourselves with the
Chern-Simons dynamics generated by a CS vector orthogo-
nal to the flat boundary which perfectly guaranties the
gauge invariance while it provides the Lorentz symmetry
violation in the Maxwell-Chern-Simons part coherent with
boundary implementation. On the other half-space we have
a massive quantum vector field in vacuum. We investigated
the different quantum field aspects of the model described
before at quasiclassical level. In particular, the transmis-
sion/reflection coefficients for different cases were found in
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[50,51] and the possible influence on the cooling rate of
neutron star was shown in [27].
It is remarkable that in spite of a visible reflection on the

boundary no gaps exist in the system presented in this
paper: full reflection or no transmission would correspond
to a null beta coefficient. If looking at Eq. (71) it
corresponds to K ¼ KA which means, in turn, that the
momentum is parallel to the boundary, or orthogonal
polarization. However it is easy to check that if a quantum
has a nonvanishing component of momentum orthogonal to
the boundary plane, then it undergoes both reflection and
transmission necessarily. Thus the system presented in this
paper is sensibly different from a potential barrier for a one-
dimensional quantum particle, e.g. physical effects are of a
quite different nature.
However, the results of the present work allow us to

describe the particle transition through the boundary
between areas with different field equations at quantum
level in a more general form. The fact that Bogolyubov
transformations may be rewritten as a functional rotation in
the Fock space is useful in problems not only connected
with MCS electrodynamics in a finite volume, but in other
investigations concerned with different Fock spaces for
geometrically and physically different space-time regions
and propagation between them.
We draw attention of a reader also to the probability of

inducing finite volume bubbles of distinct matter/radiation
background undertaken in the Sec. V and in the Appendix.
It looks useful for description of phase transition to and
from the parity breaking media in heavy ion collisions.
However we stress that for infinite volume subspaces the
total transition probability vanishes and the two media
coexist. This is justified by calculation of the probability to
find any number of squeezed pairs of vector particles of the
Proca-Stückelberg or Chern-Simons kind in crossing the
boundary between the empty space-time and the parity
breaking medium.
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APPENDIX: PROBABILITY FLUX

In this appendix we will calculate, to the leading
approximation in the relevant physical parameters of the
present model, the probability flux from the Proca-

Stückelberg vacuum state j0i to the Chern-Simons vacuum
state jΩi and vice versa, due to transmission and reflection
of squeezed pairs quanta through the boundary that
separates the parity breaking medium from the
Minkowski empty space. To start with, we have to invert
the Chern-Simons frequency formula for k̂2 > m2 and
ζλ ¼ ð0; ζ; 0; 0Þðζ > 0Þ: we find

ωk;� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2 þ 1

2
ζ2 � ζ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þm2 þ 1

4
ζ2

rs

k̂2 − K2 −m2 −
1

2
ζ2

¼ ζ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þm2 þ 1

4
ζ2

r
⇔ fK2 − ðk̂2 −m2Þg2

− k̂2ζ2 ¼ 0

K2 − ðk̂2 −m2Þ

¼ �
ffiffiffiffiffiffiffiffiffi
k̂2ζ2

q
⇔ K�ðk̂Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2 � ζ

ffiffiffiffiffi
k̂2

pq
:

As we have already emphasized the general requirements
k2− > 0 ∨ K−ðk̂Þ > 0 entail the conservative lower and
upper approximate bounds for angular frequency

m

�
1þ ϵ

2

�
≲ ω≲M ϵ ¼ ℏζ

mc

where, as already mentioned, the UV cutoffM is the natural
albeit model-dependent axionlike decay constant size,
typically ranging within 109 × 1017 GeV, according to
the recent estimates—see e.g. the review paper [46]. If
we suppose here that e.g. ζ ≪ m, then we have for
ϵ ¼ ðζ=mÞ ≪ 1

Kðk̂Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̂2 −m2

p
> 0 for k̂2 > m2

K�ðk̂Þ ¼ Kðk̂Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� χðk̂Þ

q
> 0

for k̂2 > m2

�
1þ ϵ2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ϵ2
þ 1

4

r ��

χðk̂Þ ¼ ζ
ffiffiffiffiffi
k̂2

p
k̂2 −m2

≲ 1 for k̂2 ≳m2ð1þ ϵÞ:

Notice that this particular function χðk̂Þ is a monotonically
decreasing function for k̂2 ≳m2ð1þ ϵÞ which is bounded
by Oð1Þ because

k̂

k̂2
·∇k̂χðk̂Þ ¼ −

ζffiffiffiffiffi
k̂2

p ·
k̂2 þm2

ðk̂2 −m2Þ2 < 0;

χðk̂ ¼ m
ffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ

p Þ ¼ ζ
ffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ

p

mϵ
¼ 1þ ϵ

2
þ…:

Then the Bogolyubov transmission coefficient can be recast
under the suitable form
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αðk̂Þ� ≡ 1

2
·
K� þ KpðKK�Þ

¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� χðk̂Þ

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� χðk̂Þ4

q
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� χðk̂Þ4

q þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� χðk̂Þ4

q

while the integration volume in Fourier space is corre-
spondingly bounded byZ

dk̂≡
Z

M

−M
dωθðω2 −m2ð1þ ϵÞÞ

×
ZZ

∞

−∞
dkydkzθðω2 −m2ð1þ ϵÞ − k2x − k2yÞ:

Then we can approximate by keeping the leading term

ln αðk̂Þ ¼ ln½1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� χðk̂Þ

q
� − ln 2 −

1

4
ln½1� χðk̂Þ�

¼ � 1

4
χðk̂Þ − 1

2
·
1

8
χ2ðk̂Þ − 1

32
χ2ðk̂Þ þ � � � ∓ 1

4
χðk̂Þ

þ 1

8
χ2ðk̂Þ þ � � �

≈
1

32
χ2ðk̂Þ for χðk̂Þ < 1

within the phase space volume. Thus, we approximately
obtain

Z
dk̂ ln αðk̂Þ ≈ ζ2

16

Z
M

0

dωθðω2 −m2ð1þ ϵÞÞ

×
ZZ

∞

−∞
dkydkzθðk̂2 −m2ð1þ ϵÞÞ

×
k̂2

ðk̂2 −m2Þ2

and if we set q ¼ k2y þ k2z after turning to planar polar
coordinates we obtain

Z
dk̂ ln αðk̂Þ ≈ πζ2

16

Z
M

0

dωθðω2 −m2ð1þ ϵÞÞ

×
Z

∞

0

dq θðω2 −m2ð1þ ϵÞ − qÞ

×
ω2 − q

ðω2 −m2 − qÞ2 :

To evaluate the above integral it is convenient to set

υ ¼ ω2 −m2ð1þ ϵÞ a ¼ ffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ

p
b ¼ M

m

in such a manner that we can write

Z
dk̂ ln αðk̂Þ

≈
πζ2

16

Z
M

0

dωθðυÞ ∂
∂ξ

Z
υ

0

dq
ω2 − q

υ − qþ ϵm2 − ξ

	
ξ¼0

¼ πζ2

16

Z
M

0

dωθðυÞ ∂
∂ξ fðm

2 þ ξÞ½lnðυþ ϵm2 − ξÞ

− lnðϵm2 − ξÞ�gξ¼0

¼ π

16
m3ϵ2

Z
b

a
dx

�
lnð1þ ϰÞ þ 1

ϵ
·

ϰ

1þ ϰ

�

where we have set

ϰ ¼ υ

ϵm2
¼ ω2 −m2ð1þ ϵÞ

ϵm2
¼ 1

ϵ
ðx2 − 1Þ − 1:

Then we find

Z
dk̂ ln αðk̂Þ ≈ π

16
m3ϵ2

Z
b

a
dx

�
lnðxþ 1Þ þ lnðx − 1Þ

− ln ϵþ 1

ϵ
þ 1

2

�
1

xþ 1
−

1

x − 1

��

so that, taking the assumption 0 ≤ ϵ ≪ 1 ≪ b properly into
account,

Z
dk̂ ln αðk̂Þ ≈ πb

16
m3ϵ2

�
1

ϵ
þ 2 ln b − ln ϵþOð1Þ

�

≈
πb
16

m3ϵ

�
1þ ϵ ln

b2

ϵ
þOðϵÞ

�

where we have neglected also by terms of order lnðϵÞ=b <
Oð1Þ. Thereby, under the assumption M ≫ m ≫ ζ, we
eventually find that, to the leading order in the relevant LIV
numbers ϵ ≪ 1 and b ≫ 1, the dominant contribution to
the vacuum to vacuum persistence probability is provided
by the flux density

1

ΔtΔσ
ln jhΩ inj0 outij

≈ −ζ
mMc3

16π2ℏ2

�
1þ ℏζ

2mc

�
2 ln

M
m

− ln
ℏζ
2mc

�

þO

�
ℏζ
mc

��

where we have taken into account a factor two, because
both LIV polarization contribute the same amount to the
leading order in this approximation.
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