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Vacuum instability in slowly varying electric fields

S.P. Gavrilov'”" and D. M. Gitman"**"
1Deparl‘ment of Physics, Tomsk State University, Lenin Prospekt 36, 634050 Tomsk, Russia
’P. N. Lebedev Physical Institute, 53 Leninskiy Prospect, 119991 Moscow, Russia
3Department of General and Experimental Physics, Herzen State Pedagogical University of Russia,
Moyka Embankment 48, 191186 St. Petersburg, Russia
*Institute of Physics, University of Sdo Paulo, CP 66318, CEP 05315-970 Sdo Paulo, Sdo Paulo, Brazil
(Received 3 February 2017; published 21 April 2017)

Nonperturbative methods have been well developed for QED with the so-called #-electric potential steps.
In this case a calculation technique is based on the existence of specific exact solutions (in and out
solutions) of the Dirac equation. However, there are only few cases when such solutions are known. Here,
we demonstrate that for z-electric potential steps slowly varying with time there exist physically reasonable
approximations that maintain the nonperturbative character of QED calculations even in the absence of the
exact solutions. Defining the slowly varying regime in general terms, we can observe a universal character
of vacuum effects caused by a strong electric field. In the present article, we find universal approximate
representations for the total density of created pairs and vacuum mean values of the current density and
energy-momentum tensor that hold true for arbitrary 7-electric potential steps slowly varying with time.
These representations do not require knowledge of the corresponding solutions of the Dirac equation; they
have a form of simple functionals of a given slowly varying electric field. We establish relations of these
representations with leading terms of the derivative expansion approximation. These results allow one to
formulate some semiclassical approximations that are not restricted by the smallness of differential mean

numbers of created pairs.
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I. INTRODUCTION

It is well known that in QED with strong electriclike
external fields there exists so-called vacuum instability
due to real particle creation caused by the external field.
A number of publications, reviews, and books have been
devoted to the effect of particle creation itself and to
developing different nonperturbative calculation methods
in theories with unstable vacuum, both analytical (semi-
classical and based on exact solutions) and numerical; see
Refs. [1-3] for a review. Most semiclassical and numerical
methods are applied to Schwinger’s effective action and
related formulas [4] (see Ref. [5] for a review), to calculate
the probability for a vacuum to remain a vacuum. They are
well grounded for not very strong electric fields, when the
probability for pair creation is exponentially small. There
exists the derivative expansion approximation method
which, being applied to Schwinger’s effective action,
allows one to treat effectively slowly varying strong fields
6,7]]. However, it should be noted that the probability for a
vacuum to remain a vacuum contains only a little infor-
mation about the time evolution of vacuum effects caused
by a strong electric field. It can be seen that in some
situations in astrophysics and condensed matter the time
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evolution of vacuum effects caused by strong electric fields
is of significant interest; e.g., see Refs. [2,8—11]. In the case
of strong external fields, nonperturbative methods have
been well developed for QED with two specific configu-
rations of external backgrounds, namely, for the so-called
t-electric potential steps [3,12,13] and x-electric potential
steps [14]. In both cases the calculation technique is based
on the existence of specific exact solutions (in and out
solutions) of the Dirac equation. Under this condition, all
the probability amplitudes and mean values in the back-
grounds under consideration have some nonperturbative
integral representations via these in and out solutions. At
present, only a few types of 7- and x-electric potential
steps are known when such solutions are known; we call
these cases exactly solvable cases. In QED with t-electric
potential steps, exactly solvable cases that have real
physical importance are the Sauter-like electric field; the
so-called T-constant electric field (a uniform electric field
which acts during a finite time interval 7, including the
constant electric field when 7' — o0); and exponentially
growing and decaying electric fields. Using the correspond-
ing exact solutions, different characteristics of quantum
processes related to the particle creation were calculated in
detail; see [6,8,15-22], respectively. And here we come to
the question of whether there exist physically reasonable
approximations in QED with the above described strong
backgrounds that maintain nonperturbative calculations
and allow one to go beyond dealing with the existence
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of the exact solutions. In this article, we demonstrate
that such a possibility exists in the case of QED with
the 7-electric potential steps slowly varying with time, and a
similar possibility in the case of QED with x-electric
potential steps will be presented in our next publication.
In Sec. II, we give a definition of slowly varying
t-electric potential steps and revised vacuum instability
due to such backgrounds for the existing exactly solvable
cases. In Sec. III, we stress universal features of the vacuum
instability in these examples. We derive universal approxi-
mate representations for the total density of created pairs
and vacuum mean values of current density and energy-
momentum tensor (EMT) components that hold true for
arbitrary z-electric potential steps slowly varying with time.
These representations do not require knowledge of the
corresponding solutions of the Dirac equation; they have a
form of simple functionals of a given slowly varying
electric field. We establish relations of these representa-
tions with leading terms of derivative expansion approxi-
mation. These results allow one to formulate some
semiclassical approximations that are not restricted by
the smallness of differential mean numbers of created
pairs. In the Appendix, we briefly describe a nonpertur-
bative formulation of QED with #-electric potential steps.

II. SLOWLY VARYING #ELECTRIC POTENTIAL
STEPS, EXACTLY SOLVABLE CASES

We call E(t) a slowly varying electric field on a time
interval At if the following condition holds true:

< 1, At/Atg > 1, (2.1)

E(1)
where E(7) and E(r) are mean values of E(¢) and E(7) on
the time interval At, respectively, and Az is significantly
larger than the time scale Ary, which is

’ E(t)At

AM = Atgmax {1,m?/eE(r)}, Aty = [¢E(t)]7V2.

(2.2)

Note that the time scale Arg appears in Eq. (2.1) as the
time scale when the perturbation theory with respect to the
electric field breaks down and the Schwinger (nonpertur-
bative) mechanism is primarily responsible for the pair
creation. In what follows, we show that this condition is
sufficient. We are primarily interested in strong electric

fields, m?/eE(t) < 1. In this case, the second inequality in
Eq. (2.1) is simplified to the form Af/At, > 1, in which
the mass m is absent. In such cases, the potential of the
corresponding electric steps hardly differs from the poten-
tial of a constant electric field,

U(t) = —eA(t) » U (t) = eE(t)t + Uy, (2.3)
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on the time interval A¢, where U, is a given constant. This
behavior is inherent for the fields of known exact solvable
cases with appropriate parameters, namely, the peak
field, the T-constant electric field, and the Sauter-like
electric field.

The complete sets of solutions of the Dirac equation,
given by Eq. (A4), are determined by the functions .¢ (1)
and ¢, (1), which play the role of in and out solutions of
positive ({ = +) and negative ({ = +) energy as t — +oo0,
respectively (cf. the Appendix). We assume that the electric
field is directed along the axis x. We choose that before
time f;, and after time ¢, these solutions are states with a
definite momentum p = (p,,p,) (where the index L
stands for components that are perpendicular to the electric
field) and spin polarization ¢. Then the complete set of
quantum numbers is n = (p, o). The functions ¢ () and
¢, (1) are known explicitly for the following electric fields.

(1) The Sauter-like (or adiabatic or pulse) electric field
and its vector potential have the form

E(t) = Eycosh™2(t/Ts),

Ax(t) = _TSEO tanh (I/Ts), (24)
where the parameter 75 > 0 sets the time scale.
The functions ¢ () and ¢, (t) and the number of
created pairs N¢" are given, for example, in Ref. [16].
We have the case of a slowly varying field if

VeEyTs > max (1,m/+/eEy).

In this case, the leading contribution to the total
number of pairs created from vacuum is formed in
the range of |p,| < eEyTs and small 7, < eEyTs. In
this range the differential mean numbers of created
pairs have approximately the following form,

(2.5)

NCF ~ NaS
n n
= exp{—7Ts[po(+00) + po(—00) = 2eE(Ts]}.
(2.6)
where p((Zo0) are the energies given by Eq. (A3) in
the Appendix. This distribution has a maximum at

p, = 0. This maximum coincides with the differ-
ential number of created pairs in a constant electric

field [1,17],
2
/loze—ELO, mL=\/pl +m.

(2.7)

N§T ~ Nj = e™™,

(i1)) The so-called T-constant electric field does not
change within the time interval 7" and is zero outside
of it,
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0, tel —Epty,, t€I
E(t)={ Ey, tell = A(t)=< —Eyt, t€ll,
0, rell _Eytyy, teT

(2.8)

where I denotes the in region 7 € (—o0, ;,]; I is
the intermediate region where the electric field
is nonzero f € (fy,,1,,); Ul is the out region
t € [tou, +0); and foy, £, are constants, 7y, —
tin = T. We choose t,, = —t;, = T/2. The func-
tions _¢,(¢) and "¢, (7) and the distribution N¢ are
found in Ref. [16]. The T-constant field can be
considered as slowly varying if

eEyT > max (1, m?/eE,). (2.9)

In this case, the leading contribution to the total
number of pairs created is formed in the range of

W (1) = (N exp (imvy /2)y,(m),
a(t) = TN exp (—izvy/2)yi (),
Vi(ny) = ey ®(ag, cjimy),

+9
T

_u(t) = _N exp (—inv,/2)y1 (),
“a(t) = "N exp (inv,/2)y3 (). tell
Yh(n;) = ey @(1 = a;. 2 = ¢ —n)),

PHYSICAL REVIEW D 95, 076013 (2017)

|p.| < eEgT/2 and small 7, < eEyT/2 and has a
form (2.7).

(iii) A peak electric field E(z) is composed of two parts.
One of them is increasing exponentially on the time
interval I = (—o0, 0] and reaches its maximal magni-
tude E, > Oatthe end oftheinterval # = 0. The second
part decreases exponentially on the time interval
II = (0, +o0), having at r = 0 the same magnitude
E. The vector potential A, (7) and the field E () are

E(t)=E {eklt’ rel
TN ek, rem’
kit(=ehi+1), tel
AL :Eo{ L (@10
kst(e™™'—1), tell

where k; and k, are positive constants. The functions
@, (t) and €, (1) and the distribution N are found in
Ref. [22]. In particular, in the intervals [ and I we have
the following behavior,

tel;

(2.11)

where ®(a, ¢;7) is a confluent hypergeometric function [23] and

n = ihlekl’, Ny = ihze_kzt, h/ = 2€E0k;2, J: 1,2,
1 T
ci=1+2;  a;=5(1+x)+ (1)) “+u;
2 k;
.eEU

iw;
_ _ /2 2
v = e W; = /7 + 77,

The slowly varying peak field corresponds to small
values of k; and k, and is characterized by the
following criterion,

min (hy, hy) > max (1, m?/eE,). (2.12)

In this case, the main contributions to N¢" are formed
in the ranges 7, < n; < eEy/k; and —eEy/k, <
7wy, < —r |, where they have the following forms:

2
NslrvaeXp [—k—ﬂ(a)l —77.'1):|, T <m SeEo/k],
1

2
N‘;fzexp |:—k—”(a)2+71'2):| s —€E0/k2 <, <-r.
2

(2.13)

In the examples under discussion, the switch-on and
switch-off regimes are described by nearly the same func-
tional form; that is, increasing and decreasing components of
the fields are almost symmetric. We have an essentially
asymmetric configuration in the case of the peak field, when
the field switches abruptly on at t = 0; that is, k; is
sufficiently large,

€E0k1_2 < 1, a)l/k] < 1, (214)
while the parameter k, > 0 is arbitrary and includes the case
of a smooth switching off. We refer to this configuration as
the exponentially decaying electric field; see Ref. [22] for
details. The case of a slowly varying field we have when

hy > max (1, m?/eE,).

076013-3



S.P. GAVRILOV and D. M. GITMAN

In this case, the leading contribution to the total number
of pairs created from vacuum is formed in the range
—eEy/ky, < my < —n . In this range, N5 coincides with the
form given by the second line in Eq. (2.13). Note that due to the
invariance of the mean numbers NS under the simultaneous
change k| < k, and 7; & —,, one can easily transform this
situation to the case with a large k, and arbitrary k; > 0.

As it follows from calculations in the exactly solvable
cases, for slowly varying electric fields differential mean
numbers of electron-positron pairs created from the vacuum
Ny are quasiconstant over the wide range of the longi-
tudinal momentum p, for any given transversal momenta,
although these distributions N¢' are different for different
field configurations. Furthermore, in all these cases, there
exist wide subranges, in which these distributions N
coincide with the corresponding distributions N in a
constant electric field, given by Eq. (2.7). We call this
phenomenon a stabilization of the particle creation effect.
In these subranges the mean numbers N¢" hardly depend of
the details of switching on and off of electric field.

The total number of pairs created from a vacuum by a
uniform electric field is proportional to the space volume
Via—1) as N =V _yn®, where d labels the space-time
dimensions, and the corresponding densities n°" have the form

a_ Ja

= dpN¢.

In deriving Eq. (2.15) a sum over all momenta p was
transformed into an integral and summation over spin
projections was fulfilled, J ;) = 2//2~1. In slowly varying
fields, the total increment of the longitudinal kinetic momen-
tum, whichis AU = e|A,(+o0) — A, (—0)|,is large and can
be used as alarge parameter. Then the integral in the right-hand
side of Eq. (2.15) can be approximated by an integral over a
subrange Q that gives the dominant contribution with respect
to the total increment to the mean number of created particles,

(2.15)

T ‘

The dominant contributions 72" are proportional to increments
of the longitudinal kinetic momentum, which, in general,
differ for different fields and, for example, have the following
forms in the exactly solvable cases (i), (ii), and (iii):

Q: n"xp =

(i) AUg = 2eEyTs for Sauter — like field,
(i) AUt = eEyT for
(i) AU, = eEy(ki' + k3")

T — const field,

forapeak field.  (2.17)

We note that AU, in Eq. (2.17) corresponds to the case of an
exponentially decaying field at k7! — 0.

In terms of the introduced quantities (2.17), the
densities n° in the exactly solvable cases under
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consideration have the following forms' [16,22] (see
[24] for more details):

L AUs

1) 7, Cr — 6
(1) " 2€E0 ’
AU
(i) fier = rer =T
€E0
AU d m?
133} pCr . Cr p - R 2.18
(iii) 7" = r oEy (2 . ”eEO)’ (2.18)

where

oo (BN [ m?
(Zﬂ)d_l P eEO ’

©
G((x’ x) = [ sail e—X(S—l) — exxar*(_a’ X),

5:/ dtr~V2(¢ 4 1)~/ 2 exp <—m—)

0 eEO
1 2-d m2>

e 2.19
22 Tk, (2.19)

_ ﬁl{l(
Here I'(—a,x) is the incomplete gamma function and
W¥(a, b;x) is the confluent hypergeometric function [23].
Equating the densities n" for Sauter-like field (i) and for the
peak field (iii) to the density n" for the T-constant field (ii),
we find an effective time 7. of the field duration in both
cases,

(1) Teff = TS(S’
e (d o m
(iii) Ty = (k7' + kzl)G<§ , n'e—EO). (2.20)

Note that the effective time T.; for an exponentially
decaying field is given by the second line in Eq. (2.20)
as k;! — 0. By the definition T = T for the T-constant
field. One can say that the Sauter-like field, the peak electric
field, and the exponentially decaying field with the same 7
are equivalent to the 7-constant field with respect to the pair
production. Note that the factors G and § in Eq. (2.19) for a
weak electric field (m?/eE, > 1) and for a strong enough
electric field (m?/eE, < 1) can be approximated as

d m? ek, VeE m?
Gly. 71— | "=, o~ ; —>1;
<2 ﬂeE()) om? m eE,
d m\ 2 Jal(d)2)
Glz.n—)~=, =Y m2/eE, < 1.
(2 ”eE0> d Faiz+1/2)° ™/
(2.21)

'Note that the derivation of total quantities for the Sauter-like
case in Refs. [16] is given for 1y > 1. However, the final form of

5= \/E‘P(%,%,ﬂ:%”) is given correctly for arbitrary m?/eE,,.
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Additionally, we note that one can compare the time
scales for the cases (i), (ii), and (iii), given by Egs. (2.5),
(2.9), and (2.12), for the same E; and kinetic momentum
increments, AUg = AUr = AU, (in this case 2Ts =T =
kl‘1 + k51). One can see that the condition (2.9) is stronger
than that given by Egs. (2.5) and (2.12) if fields are weak,
whereas they are equivalent if fields are strong. For this
reason, defining the scale Az in general terms, we choose
the form (2.2).

Let us turn to the vacuum-to-vacuum transition proba-
bility P, defined by Eq. (A16) in the Appendix. It is given
by similar forms for the Sauter-like field (i), the T-constant
field (ii), and the peak field (iii), respectively, with the
corresponding N [16,22]:

00 2
[ m

1=
d y m2
r—
eEO

(i) e, = 5 — 1\/_\11(

(ii)e, =€ =1,

ol o)

In the case of a weak field (m?/eE, > 1), €} ~ 71/2 for
the Sauter-like field, ¢, ~[~' for the peak field, and
exp (—mm?/eEy) < 1. Then pu~1 for all the cases in
Eq. (2.22) and we have a universal relation N = In P;;!. In
the case of a strong field (m?/eE, < 1), all the terms with
different els and ¢; contribute significantly to the sum in
Eq. (2.22) if Izm?/eE, <1, and the quantities u for the
Sauter-like and peak fields differ essentially from the case of a
T-constant field. Consequently, in this situation, one cannot
derive a universal relation between N and P,, from particular
cases given by Eq. (2.22). In addition, it should be noted that
in the case of a strong field, when known semiclassical
approaches are not applicable, the probability P, (unlike the
total number N') no longer has a direct relation to vacuum
mean values of the physical quantities discussed above.
Therefore, to study a universal behavior of the vacuum
instability in slowly varying strong electric fields one should
derive first a universal form for the total density 7.

(2.22)

ITI. UNIVERSAL BEHAVIOR OF THE VACUUM
INSTABILITY IN SLOWLY VARYING STRONG
ELECTRIC FIELDS

A. Total density of created pairs

If the electric field is not very strong, mean numbers N¢
of created pairs (or distributions) at the final time instant are
exponentially small, N§' < 1. In this case the probability of
the vacuum to remain a vacuum and probabilities of particle
scattering and pair creation have simple representations in
terms of these numbers,

PHYSICAL REVIEW D 95, 076013 (2017)
0)P~ N5, [wu(=|=)P = (1 +N5),

P,m 1= N
n

The latter relations are often used in semiclassical calcu-
lations to find N§ and the total number of created pairs

=Y ,Ng from the representation of P, given by
Schwinger’s effective action.

However, when the electric field cannot be considered
as a weak one (e.g., in some situations in astrophysics
and condensed matter), the mean numbers N¢ can
achieve their limited values N{f — 1 already at finite
time instants ¢ and the sum N cannot be considered as a
small quantity. Moreover, for slowly varying strong
electric fields this sum is proportional to the large
parameter T./Aty. In such a case relations (3.1) are
not correct anymore. However, as shown next, for an
arbitrarily slowly varying strong electric field one can
derive in the leading-term approximation a universal form
for the total density of created pairs.

Let us define the range D(r) as follows:

|Wn(+ -
(3.1)

D(P(1) <0, (P (3.2)

()| > 7).
In this range the longitudinal kinetic momentum (P (7)) =
p. — U(?) is negative and big enough. If p, components of
the particle momentum belong to the range D(¢), then the
particle energy is primarily determined by an increment
of the longitudinal kinetic momentum, U(t) — U(ty,),
during the time interval ¢ — f;, and (P,(1)) = ( x( tin)) —
[U(t) — U(t;,)]. Note that D(r) c D(¢') if t <. The
leading term of the total number density of created pairs,
1, is formed over the range D(7,,); that is, the range
D(t,y) is chosen as a realization of the subrange Q
in Eq. (2.16).

In the case when the electric field does not switch
abruptly on and off, that is, the field slowly weakens at
t - 400 and one of the time instants #;, and 7, or both are
infinite, #;, - —oo and ¢,,, — oo, one can ignore exponen-
tially small contributions to 7" from the time intervals
(tin, €] and (£5, 1,,,), where electric fields are much less
than the maximum field E,, E(£T), E(£) < E;. Thus, in
the general case it is enough to consider a finite interval
(5, ], Denoting ¢, = £ and 1, = &I, we divide this
interval into M intervals At; =t,.; —t; > 0,i=1,....,. M,
YoM At = 8 — £ We suppose that Eqs. (2.1) and (2.2)
hold true for all the intervals, respectively. That allows us to
treat the electric field as approximately constant within
each interval, E(t)~ E(t;), for t € (;,t;,1]. Note that
inside of each interval A¢; abrupt changes of the electric
field E(t), whose duration is much less than Af;, cannot
change significantly the total value of n¢, since N%' < 1 for
fermions. Using Egs. (2.17) and (2.18) for the case of a
T-constant field, we can represent n" as the following sum,
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M
=" A
i=1

o ) [eE@tan) (i
At D / ‘ / dp,NY,
(2m) " Jek(y) V<K,
NO = g g = L (3.3)
’ "eE(1)

where K| is any given number satisfying the condition
VeE(t;)At; > K% > max {1,m?/eE(t;)}. Taking into
account Eq. (3.2), we represent the variable p, as follows:

po= UM, UM = / "dreE(r) + Uty).  (3.4)

fin

Then neglecting small contributions to the integral (3.3),
we find the following universal form for the total density of
created pairs in the leading-term approximation for a slowly
varying, but otherwise arbitrary strong electric field:

~cr J d toul ni
FL (27;)‘3—1/ dteE(t)/dplN;‘I .
fin

N — exp |-z at
AR 01

(3.5)

Note that N'™ is written in a universal form which can be
used to calculate any total characteristics of the pair
creation effect. After the integration over p, we finally
obtain

Tout m2
= oty [ aenore {2 ) (0

in

These universal forms can be derived for bosons as well,
if we are restricting them to forms of external electric fields,
namely, fields that have no abrupt variations of E(z) that
can produce significant growth of N on a finite time
interval. In fact, in this case we have to include in the range
D(t) the only subranges where N§ < 1. In this case the
universal forms for bosons are the same (3.5) and (3.6),
assuming that J(, is the number of the boson spin degrees
of freedom, in particular, J; = 1 for scalar particles and
J(4) = 3 for vector particles.

Using the identity —In (1 — NU) = NUi 4 (N2, in
the same manner one can derive a universal form of the
vacuum-to-vacuum transition probability P, defined for
fermions by Eq. (A16) in the Appendix. First, we write

,}zexp[ 2” d : Z/ dteE(t / (Ngni)l].

(3.7)
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Then, performing the integration over p;, we obtain that
for fermions this universal form reads

V-t
(2ﬂ)d—l

XZ/ ld/2d/zexp[—7relEm(2t)}}. (3.8)

Taking into account that universal forms of n® for
bosons are given by formulas similar to Egs. (3.5) and

(3.6) and using the definition of the vacuum-to-vacuum
(boson)

P, ~ exp{—

transition probability P, for bosons obtained in

Refs. [3,13],

ngboson = exp { Zln + N ] (3.9)

we finally get in the Bose case the following universal
form,

P(Uboson) ~ exp { _

Vv Jin N [t
-1 3 / ™ di(=1)-1
d—
(277:) ! 1=1 fin

[eE(1)]%/? Im?
R
where J ) is the number of boson spin degrees of freedom.

Using Egs. (3.6) and (3.8), one obtains precisely
expressions (2.18) and (2.22) that are found for the total
densities and the vacuum-to-vacuum transition probabil-
ities when directly adopting the slowly varying field
approximation to the exactly solvable cases. Comparing
Egs. (3.6) and (3.10) with the exact results obtained for
bosons [16,22], one finds precise agreement too. Thus, we
have an independent confirmation of the universal forms
obtained above.

One can see that the obtained universal forms have
specially simple forms in two limited cases, for a weak
electric field (m?/eEy > 1), when the term [eE(t)]%/? can
be approximated by its maximal value [eEy]%/?, and for a
strong enough electric field (m?/eEy, < 1), when there
exist time intervals where m?/eE(t) < 1 and approxima-
tions of the type

wlm? 1 wlm? n
ex - — - ce
PI72E®D eE(1)

(3.10)

(3.11)

are available. Consider, for example, the case of a strong
Gauss pulse,
E(1) = Egexp [-(t/Tg)?], (3.12)

with a large parameter 7; — oo. In this case we do not
have an exact solution of the Dirac equation and known
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semiclassical approximations are not applicable. However,
using approximation (3.11), we find from Eqgs. (3.6) and
(3.8) the leading terms as

J(a)(eEg)*Tg
d(2x)4=2

~CT Ay
~

, P, ~exp |:—V(d_1)7~lcr E l_d/2:|.
=1
(3.13)

The representations (3.8) and (3.10) coincide with the
leading term approximation of derivative expansion results
from field-theoretic calculations obtained in Refs. [6,7] for
d =3 and d = 4. In this approximation the probability
P, was derived from a formal expansion in increasing
numbers of derivatives of the background field strength for
Schwinger’s effective action:

S = 5(0)[1:””] T 5(2)[1:” O, F,,) +

v Y

(3.14)

where S involves no derivatives of the background
field strength F,, [that is, SO is a locally constant field

approximation for S], while the first correction S§®)
involves two derivatives of the field strength, and so on;
see Ref. [5] for a review. In fact, it is the possibility to
adopt a locally constant field approximation which makes
the effect universal.

It was found that

P, = exp (—2ImS©)). (3.15)
In the derivative expansion the fields are assumed to
vary very slowly and satisfy the condition (2.1). A very
convenient formalism for doing such an expansion is the
worldline formalism (see [25] for the review), in which the
effective action is written as a quantum-mechanical path
integral.

However, for a general background field, it is extremely
difficult to estimate and compare the magnitude of various
terms in the derivative expansion. Only under the assumption
m?/eE, > 1 can one demonstrate that the derivative expan-
sion is completely consistent with the semiclassical WKB
analysis of the imaginary part of the effective action [26]. It
is shown only for a constant electric field that Eq. (3.15) is
given exactly by the semiclassical WKB limit when the
leading order of fluctuations is taken into account [27].

It should be stressed that unlike to the authors of
Refs. [6,7], we derive Eqgs. (3.8) and (3.10) in the
framework of the general exact formulation of strong-field
QED [3,13], where P, are defined by Egs. (A16) and (3.9),
respectively. Therefore we obtain Egs. (3.8) and (3.10)
independently from the derivative expansion approach and
the obtained result holds true for any strong field under
consideration. Thus, it is proven that Eq. (3.15) is given
exactly by the semiclassical WKB limit for an arbitrary
slowly varying electric field.
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B. Time evolution of vacuum instability

In this section details of the time evolution of vacuum
instability effects are of interest. In particular, the study of
the time evolution of the mean electric current, energy, and
momentum provides us with new characteristics of the
effect, related, in particular, with the backreaction. Due to
the translational invariance of the spatially uniform external
field, all the corresponding mean values are proportional to
the space volume. Therefore, it is enough to calculate the
vacuum mean values of the current density vector (j*(7))
and of the energy-momentum tensor (EMT) (T, (1)),
defined by Eq. (A17); see the Appendix. Note that these
densities depend on the initial vacuum, on the evolution of
the electric field from the initial time instant up to the
current time instant ¢, but they do not depend on the further
history of the system and definition of particle-antiparticle
at the time 7.

Let us consider the time dependence of the current
density vector (j#(¢)) and of the EMT (T,,(¢)), given by
Eqgs. (A23). Due to the uniform character of the distribu-
tions N¢, only the diagonal matrix elements of EMT differ
from zero; in particular, for d # 3 only the longitudinal
current components are not zero. In d =3 dimensions,
there are two nonequivalent representations for y-matrices,
P =0 y' =ic?, y* =—i(£l)c', where o' are Pauli
matrices, and representations with the sign 4+ or — in the
round brackets correspond to different fermion species,
the so-called 4+ and — fermions, respectively. Due to this
fact, a nonzero current component (j2(¢)) can exist. This
fact is related to the so-called Chern-Simons term in the
effective action [28,29]; see details in Ref. [8]. However,
if there are both fermion species in a model, as it takes
place, for example, in the Dirac model of the graphene,
then (j2(¢)) = 0.

It follows from Eqs. (A22) and (A23) that the nonzero
terms Re(j#(z))? and Re(T,,(t))” appear due to the
vacuum instability. These terms are growing with time
due to an increase of the number of states that are occupied
by created pairs. In any system of Fermi particles the mean
value (j%(¢)) is finite.

As a consequence of Eq. (3.2), we have

10, (1) m [P (1)) [Fep (1) (3.16)
which means that at the time ¢ we deal with an ultra-
relativistic particle and its kinetic momentum (P, (7)) can
be considered as a large parameter. Considering the time
dependence of means Re(j'(¢))? and Re(T,,(1))”, we
suppose that the time difference ¢ — ¢, is big enough to
satisfy Eq. (3.16). Using the exact relation Eq. (A10) to
express solutions Ly, via Ty,, and neglecting strongly
oscillating terms, we find that the leading contribution to
the function S” (x, x) [defined by Eq. (A22)] at t ~ 7 can be
represented by the following expression:
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§7 (') & =i NSy (6) () = (6) 0 ().
(3.17)

It is clear that for any large enough difference 7 — t;, the
sum over momentum p in the right-hand side of
Eq. (3.17) can be approximated by a sum over the range
D(t,,) that gives the dominant contribution to the mean
number of created particles with respect to the total
increment of the longitudinal kinetic momentum.
Moreover, taking into account Eqs. (3.2) and (3.4), we
see that D(t) C D(¢') C D(tyy) if t <1 <ty and for a
given difference ¢ — #;, the dominant contribution to the
|
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right-hand side of Egq.
D(t) C D(tout)‘

We recall that, according to Eq. (A4), one can choose the
corresponding in and out Dirac solutions either with y =
+1 or with y = —1. Using this possibility, we choose y =
+1 for ty,,(x) and y = —1 for ~y,,(x). With such a choice,
taking into account that p € D(r), we simplify essentially
the matrix structure of the representation (3.17). Thus, after
a summation over spin polarizations ¢, we obtain the
following result:

(3.17) is from a subrange

SP(x,x') = (yP 4+ m)AP(x,x'), (3.18)

where the function A”(x,x’) reads

AP(x,x') = =i Y NiF[(Po(1)|exp[ip(r —1')]
)

peD(t

XA+ 77 eu () ()] ,—ir + (=7 0u()0n()]] =1}

Using Eq. (3.18) in Eq. (A23) and transforming the sum over all momenta p into an integral, we find the following
representations for the vacuum means of current density and EMT components:

\% J
(VP 2e 4D ()
(J'(1)) € (2m)&

(Too(1))P = (T, (1))P ~

V-1t

(Tyu())? zW

where D =d — 1.

One can verify, taking into account Eq. (3.16), that the
functions ¢, () can be approximated by their asymptotics
(A6) in the range D(¢) if the instant value of the longi-
tudinal kinetic momentum differs slightly at the time instant
t from its final value, such that

[{(Px(tou)) = (Px(1))| < [(P(1))].

In a sense this means that the time instant 7 is close enough
to the final time instant, t — 7., We find that

(3.20)

POty = Via-) [ (Poltau) )7 (3.21)

<jl (t)>|t>toul ~ <j1(l)>p|l_,t0ul ~ 2en,

<T00(t)>|t>tom ~ <T11 (t)>|t>f0m ~

(Tu()isr, = (Tu(®)? =,

() /
~ dpNS (P, (o))~ P2,
(Zﬂ)d_l peD(t) P < ( O 1)>| pl

/PeDm dpNyp(1)[{P.(1))];

V-t
(2”)1/1—1

/ def,rp(t)plz, l=2,....D,
peD(t)

p(1) = 2PV K" @ (D)= 1 + 7 @a (D=1}

/ dpNE (1) (P (1)),
peD(1)

(3.19)

Then taking into account Eq. (2.16), we obtain from
Eq. (3.19) that

(3.22)

where 7" is given by Eqgs. (3.5) and (3.6). It means that
dominant contributions to the mean numbers N¢' of created
particles are formed before the time instant 7 that satisfies
Eq. (3.20). For t > ¢, the pair production stops, vacuum
polarization effects disappear, and quantities (3.19) for
t > t,, Maintain their values at t = #.,,. Using Eq. (3.21),
we obtain that

~ APNE (P (t0)].
it [ NI )

1=2.....D. (3.23)
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Using the universal form of the differential number of created pairs, NS ~ N, given by Eq. (3.5), making variable
change (3.4), and performing the integration over p |, we finally obtain from Eq. (3.23) the new result. At the final time
instant, EMT components have the following universal behavior:

(Too ()it ® (T11 (O sy, ® T11 ()] 12,

J(a)

~ o /tuu‘ dt[U(toy) — U(1)][eE(t)]%* exp [_”m}

. eE(1)
fout e d/2+1 m2
(T T g iy [ N e | . (3.24)

The quantity (To(2))],~,, is the mean energy density of pairs created at any time instant # with zero longitudinal kinetic
momentum and then accelerated to final longitudinal kinetic momenta from zero to its maximum AU. The quantity

(T1, (1)), /20" is the mean kinetic momentum per particle at the time instant .. The energy density (T (7))

equal to the pressure (7', (1))]

1>1 o0t

|15 18

along the direction of the electric field at the time instant ¢,,,. This equality is a natural

equation of state for noninteracting particles accelerated by an electric field to relativistic velocities.
In particular, for fields admitting exactly solvable cases [these fields are given by Egs. (2.4), (2.8), and (2.10)], we find
from Eq. (3.24) [also recall the various definitions in Eq. (2.19)] the following.

(1) For a Sauter-like field:

<T00(t)>P‘t—>t

out

out

(i) For a T-constant field:

<Tll(t)>p|t—>tom ~ ”_lrcr In [\/ eEO(tout - tin)];

(iii) For the peak field:

(Too (D) 1= @ (T1a(1)P 12,

out

d mm?
~ <T11(t)>p|t—>tom ~ €E0rch§ |:5 — G<§’6—E‘O>:| s

rr 1 d mm? d zm?
T,(1))? ~— Y -,2——;—— ——1,—|; 3.25
TV e |V (3.2- 500 ) 1 6(§- 1.2 | (3.25)
(Too (1)) |,ms,y, R AT11(0)] 12y, R €ET (ou = 1in)*s
(3.26)
~ eEyrky ! + k7!
d m? d mm?
-1 _ -1 e 1.2 -1 -/
s -a16(5 015 ) (5 ) |
2 2
kz d am
— —Gl=,— ||, 3.27
€E0> +k1 <2 €E0>:| ( )

re d
T,(1))P ~—|G[=-1
< ll(t>> |t—>t0m 271_ |:G <2 ’

where [ =2, ..., D. Densities (3.27) correspond to
the case of an exponentially decaying field as
kl_l - 0.

Note that using the differential mean numbers of created
pairs given by Eqgs. (2.6), (2.7), and (2.13) for the exactly
solvable cases, we obtain from Eq. (3.23) literally expres-
sions (3.26) (earlier obtained in Refs. [8,20]), (3.25), and
(3.27). It is an independent confirmation of universal form
(3.24). We stress that Eqs. (3.25) and (3.27) are first
obtained in this article.

It should be noted that the densities (;'(¢))”|,, ~and

(Tyu(1))"|,_,, are formed over the entire time interval

tou — tin Of the field duration. All these densities are

growing functions of the increment of the longitudinal
kinetic momentum. However, they differ, in particular,
because switching on and off conditions of the correspond-
ing electric fields are different.

In what follows we show that some universal behavior of
the densities (j'(¢))? and (T,,())? can be derived from
general forms (3.19) for any large difference ¢ — f;,, even
if t—t;, < tou — tin- We begin the demonstration of this
fact with the case of a finite interval of time when the
electric field potential can be approximated by a potential
of a constant electric field (2.3). At the same time, we
assume that (P, (7)) satisfies condition (3.2) at the time . It
is convenient to compare the cases of T-constant and
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exponentially decaying fields, which both are abruptly
switching on but their ways of switching off may be
different.

In the case of an exponentially decaying field, the
functions ¢, (#) in Eq. (3.19) are given by the second
line in Eq. (2.11) and approximation (2.3) holds if
kot < 1. Then |(P.())| < |m,|. To obtain functions
*@,(t) in such an approximation we use first the
asymptotic representation for the confluent hypergeomet-
ric function ®(a, c;n) via the Weber parabolic cylinder
functions (WPCFs) for large # and ¢ with fixed a and
t=n/c~1, given by Eq. (13.8.4) in [30]. Assuming
then |[z—1|~1 and using asymptotic expansions of
WPCFs one finds ®(a,c;n)~ (1 —7)7¢ for 1 —17> 0.
Thus, we obtain

(3.28)
|

p(t) = [V g (PO

Fu(1) m VL O, (1 + 1)),
&= (eEgt = p,)(eEy)™"2,

Then we find from Eq. (3.19) that the densities (j'(¢))? and
(T, (1))? have the same form (3.29) with #;, = —T/2.
Note that the above results are obtained by using
functions *¢, (), which have in and out asymptotics at
tou- Nevertheless, these results show also that densities
(3.29) are not affected by evolution of the functions ¢, (1)
from ¢ to t,, in the range p € D(r), assuming that the
corresponding electric field exists during a macroscopically
large time period At, satisfying Eq. (2.1). This fact is
closely related with a characteristic property of the kernel
of integrals (3.19), which will be derived from a universal
form of the total density of created pairs given by Eq. (3.5).
Let ,,, < o, be another possible final time instant. Then

i ()

(zi)d_l / " dtleE()] 4 exp {—n eZ;t) }

fin
(3.31)
|

Spn) (1) = ENUawd exp [=ig po((tw ) (£ = )],
gN(thI) = (2p0(t:)ut){p0(t:)ut) _Xg[px -

PHYSICAL REVIEW D 95, 076013 (2017)

In the range D(¢), the distribution N§' is approximately
given by Eq. (2.7). Finally we obtain

(j'(1))P ~ 2erAt,
(Too(1))? = (T11(1))?| = eEgr AL,

(Ty())? ~ a1 In (\/eEoAr) if 1=2,....D, (3.29)

where At = t — t;, is the duration time of a constant field.
In this case £, = 0.

The field potential of the T-constant field (2.8) has the
form (2.3) in the intermediate region II. For sufficiently
large times ¢ < ., when the longitudinal kinetic momen-
tum belongs to the range D(¢), the distribution N is
approximately given by Eq. (2.7). In this case, exact
expressions for the functions ¢,(t) [see Eq. (26) in
Ref. [16]] and similar expressions for the functions
~@,(t) can be approximated as the following WPCFs:

(1) m V3 CD,[(1 - i),

C = (2eEy)~"? exp (—71ly/8). (3.30)

|

Equation (3.31) corresponds to the assumption that in the
range p € D(t,,) C D(t,y), the electric field is switched
on at f, and switched off at f.,. Then instead of
functions ¢y, (x) satisfying the eigenvalue problem
(A3), we have to use solutions of the following eigen-
value problem:

H(t)oyl) (x) = S, Syl (x), 1 € [ty +00),
4“‘:n - ng(tgut)'

Using the representation

(téul)

Syltod (x) = [i, + H(O)" exp (ipr)°ol (1),

we obtain

1 € [tou, +00).

U(thu) 1}V (a=1y) ™2 (3.32)

Thus, the leading contribution to the function S” (x, x') [defined by Eq. (A22)] at#' ~ t < ., can be expressed via ¢ l//Elt,O”J (x)

as follows:

SP(xx)m—i > NSy ()t

o.peD(r)

Then p(t) in Eq. (3.19) can be represented as

77 g - tJ t 77 t{)ul
lllgltou[) (') — Wflou)(x) WSz )(x')].

(3.33)
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t
plt) = 2/(P.()){|* 9"

Taking into account Eq. (3.32), we can see that Eq. (3.28) holds for any large time difference ¢ — #;,. Using the universal
form of the differential numbers of created pairs, NS ~ N, given by Eq. (3.5), changing the variable according to
Eq. (3.4), and performing the integration over p , we find from Eq. (3.19) that the vacuum mean values of current and EMT

PHYSICAL REVIEW D 95, 076013 (2017)

! 2 _ (ty 2
Ot + mon (OF ], ).

components have the following universal behavior for any large difference ¢ — t;,:

(JH(0)P ~ 2en(t),

(Too(1))” ;
Ja) /f dt'[eE(1)]4/*!

(Ty(0)" ~ 2r)d ). [U(t)-U(7)]

Here 71°'(¢) is given by Eq. (3.31). In particular, when ¢ =
tout ONE obtains Eq. (3.22) and (3.24).

The obtained results show that the scale ArY plays
the role of the stabilization time for the densities
(j'(¢))? and (T, (r))?. The characteristic parameter

m? ] eE, can be represented as the ratio of two characteristic
lengths: c3m?/heE, = (cAty/Ac)?, where A = h/mc is
the Compton wavelength. In strong electric fields,
(cAty/Ac)? <1, inequality (2.2) is simplified to the form
At/Aty > 1, in which the Compton wavelength is absent.
We see that the scale Az plays the role of the stabilization
time for a strong electric field. This means that Az is a
characteristic time scale which allows us to distinguish
fields that have microscopic or macroscopic time change.
It plays a role similar to that of the Compton wavelength
in the case of a weak field. Therefore, calculations in a
T-constant field are quite representative for a large class of
slowly varying electric fields.

In what follows we use the example of the T-constant
field to consider the contributions Re(j*(¢))¢ and
Re(T,,(1))¢ to the mean values of the current density
(j#(t)) and the EMT (T, (1)), given by Egs. (A23).
Note that the mean current density (j#(¢)) and the
physical part of the mean value (7,,(t)) are zero for
any t < t;,. For t > t;,, we are interested in these mean
values only for large time periods At = ¢ — f;, satisfying
Eq. (2.1). In this case, the longitudinal kinetic momen-
tum belongs to the range (3.2) and distributions N are
approximated by Eq. (2.7). Using approximation (3.30),
the functions _¢, (), given by Eq. (25) in Ref. [16], and

|

flx,x',s) =exp (iga’”’Fﬂys>f(0) (x, X/, s),f(o) (x,x',s) =
. 5 1

xexp |—i(eA+m s)—l—z(x—
i

Here coth(eFs) is the matrix with the components [coth(eF's)]*,

see [4,32].

~ (T (1) N(ZJ# [ @t - v e {—

exp {—

m>
; ,

[=2,...,D.

o ] (3.34)

cE()|’

similar functions | ¢, (f), can be taken in the following
form:

(1) = V1 CD_i_,[=(1+ D)),

10u(0) = Vi heD,[=(1 - el

CD_,_
(3.35)

In the same approximation, the causal propagator S¢(x, x’)
(A21) can be calculated using solutions *,(x) and
Ly, (x) with scalar functions given by Egs. (3.30) and
(3.35) in the range (3.2). It can be shown that the main
contributions to Re(j* (1)), (j*(r)) and Re(T,,(1))¢ are
formed in the range (3.2) for a large time period Atz. It is
important that these contributions are independent of the
interval At; that is, the densities Re(j#(¢))¢, (j*(¢)), and
Re(T,,(1))¢ are local quantities describing only vacuum
polarization effects. Then we integrate in Eq. (A21) over
all the momenta. Thus, we see that in the case under con-
sideration, the propagator S¢(x,x’) can be approximated
by the propagator in a constant uniform electric field.

The propagator S¢(x,x’) in a constant uniform electric
field can be represented as the Fock-Schwinger proper-time
integral:

S(x,x') = (yP 4+ m)A¢(x,x'),

(x,x) /fxxs

(see [17] and [31]), where the Fock-Schwinger kernel
f(x,x',s) reads

(3.36)

eEos—d/2+l
* (47i)% sinh(eEys)
x')eF coth(eFs)(x —x')|.
F = Eo(8)58) — 6480), and A = (t + 1) (x; — x})Eo/2;
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It is easy to see that (j!(7)) = 0, as should be expected
due to the translational symmetry. If d =3 there is a
transverse vacuum-polarization current,

L e? 1 7m? E
4! 2 eE,) "

for each + fermion [8] (see, as well, Ref. [33]), where
y(1/2,x) is the incomplete gamma function. Note that the
transverse current of created particles is absent, (j2(¢)) = 0
if t > t,,.. The factor in the front of E, in Eq. (3.37) can be
considered as a nonequilibrium Hall conductivity for a
large duration of the electric field. In the presence of both +
fermions in a model, (j*(¢)) = 0 for any .

Using Eq. (3.36), we obtain components of the EMT for
the T-constant field in the following form,

(2(0) = (3.37)

OReL|E
Re(Too(1))¢ = —Re(T (1)) = Eo% — ReL[E],
0
Re(T,(1))¢ = ReL[E,], [=2,...,D, (3.38)
where
1 [eds
E[Eo] —2‘/(; ?trf(x,x, S),
trf(x, x,s) = 292 cosh(eEys) f© (x,x,5).  (3.39)

The quantity £[Ej] can be identified with a nonrenor-
malized one-loop effective Euler-Heisenberg Lagrangian of
the Dirac field in a uniform constant electric field E. Note
that components Re(7, (7)) do not depend on the time
duration At of the T-constant field if Az is sufficiently large.

This result can be generalized to the case of an
arbitrarily slowly varying electric field. To this end we
divide as before the finite interval (£, #!] into M intervals
At; = t; | — t; > 0, such that Eq. (2.1) holds true for each
of them. That allows us to treat the electric field as

approximately constant within each interval, E(¢) ~ E(1;)
for 7 € (;, ;1. In each such interval, we obtain expres-
sions similar to the ones (3.38) and (3.39), where the
electric field E, has to be substituted by E(z;). Then
components of the EMT for an arbitrarily slowly varying
strong electric field E(¢) in the leading-term approximation
can be represented as

Re(To(1))¢ = —Re(T(1))°
B OReL[E(1)]
= E(;) T([)
Re(Ty(1)) = ReLE(1)],  1=2,...D,

— ReL[E(1)].
(3.40)

where
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LE®)] =5 A ~ ?tr}(x, % 5),

trf(x, x,5) = 219/ cosh [eE(1)s] fV (x, x. 5).
eE(t)s~ 42 exp (—im?s)

7(0) =
9% x,5) = (47i)4/ sinh [eE(1)s]

(3.41)

Note that L[E(t)] evolves in time due to the time depend-
ence of the field E(r).

The quantity L£[E(r)] describes the vacuum polarization.
The quantities (3.40) are divergent due to the real part of the
effective Lagrangian (3.41), which is ill defined. This real
part must be regularized and renormalized. In low dimen-
sions, d <4, ReL[E(t)] can be regularized in the proper-
time representation and renormalized by the Schwinger
renormalizations of the charge and the electromagnetic
field [4]. In particular, for d = 4, the renormalized effective
Lagrangian L, [E(t)] is

LralE(0) = [

o dsexp (—im?s)

8x2s
{eE(t)coth[eE(t)s] 1 [eE(r)s]z}
x s 2 3 [
(3.42)

In higher dimensions, d >4, a different approach is
required. One can give a precise meaning and calculate
the one-loop effective action using zeta-function regulari-
zation; see details in Ref. [8]. If we are interested in the case
of a very strong field, m?/eE(t) < 1, then

[eE(1)]%/?, d+4k
[eE(1)]/In[eE(r)/M?|, d=4k, keN’
(3.43)

ReLul ()]~ {

where the quantity M is a renormalization scale. In the
framework of the on-shell renormalization of a massive
theory, we have to set M = m. Making the same renorm-
alization for (7',,(1))¢, we can see that for the renormalized
EMT the following relations hold true:

Re(Too(1))fen = —Re(T11(1))fen
OReL,., E(1)]
D=3k

Re<Tll(t)>fen = Re[’ren [E(t)] ’

_Re‘cren [E(t)]’
1=2.3,...D. (3.44)

In the strong-field case, the leading contributions to the
renormalized EMT are

o[ leED1, d # 4k
RC<TM¢(t)>ren { [EE(I)]d/zln [EE(I)/MZ], d:4k
(3.45)
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The final form of the vacuum mean components of the
EMT are

<Tm4(t)>ren = Re<T/4/4(t)>rcen =+ Re<Tﬂu(t)>p’ (346)
where the components Re(7,,(f)), and Re(T,,(1))”
are given by Eqgs. (3.44) and (3.34), respectively. For
t <ty and t > t,, the electric field is absent such that
Re<T;4;4(t)>§en =0.

On the right-hand side of Eq. (3.46), the term
Re(T,,(1))? represents contributions due to the vacuum
instability, whereas the term Re(T,,(1))s, represents
vacuum polarization effects. For weak electric fields,
m?/eE, > 1, contributions due to the vacuum instability
are exponentially small, so that the vacuum polarization
effects play the principal role. For strong electric fields,
m?/eE, < 1, the energy density of the vacuum polariza-
tion Re(To(1))S, is negligible compared to the energy
density due to the vacuum instability (To())?,

(T (1))ren = Re(T . (1)) (3.47)
The latter density is formed on the whole time interval
t — t;,; however, dominant contributions are due to time
intervals At; with m?/eE(t;) < 1 and the large dimension-

less parameters \/eE(t;)At;.

We note that the effective Lagrangian (3.41) and its
renormalized form L.,[E(f)] coincide with the leading
term approximation of derivative expansion results from
field-theoretic calculations obtained in Refs. [6,7] ford = 3
and d = 4. In this approximation, the S©) term of the
Schwinger’s effective action, given by the expansion
(3.14), has the form

SOF,] = / dxLen [E(1)]. (3.48)

It should be stressed that unlike the authors of
Refs. [6,7], we derive Eq. (3.41) and its renormalized
form in the framework of the general exact formulation of
strong-field QED [3,13], using the QED definition of the
mean value of the EMT, given by Eq. (A23). Therefore we
obtain L., [E(¢)] independently from the derivative expan-
sion approach and the obtained result holds true for any
strong field under consideration. Moreover, it is proven that
in this case not only the imaginary part of S(°) but also its
real part are given exactly by the semiclassical WKB limit.
It is clearly demonstrated that the imaginary part of the
effective action, ImS(©, is related to the vacuum-to-vacuum
transition probability P, and can be represented as an
integral of L., [E(7)] over the total field history, whereas
the kernel of the real part of this effective action,
ReL,.,[E(1)], is related to the local EMT which defines
the vacuum polarization. Obtained results justify the
derivative expansion as an asymptotic expansion that can

PHYSICAL REVIEW D 95, 076013 (2017)

be useful to find the corrections for mean values of the
EMT components. We also note that some authors have
argued that the locally constant field approximation, which
amounts to limiting oneself to the leading contribution of
the derivative expansion of the effective action, allows for
reliable results for electromagnetic fields of arbitrary
strength; cf., e.g., [34,35].

Exemplarily focusing on the 7T-constant field, in the
following we demonstrate that under natural assumptions,
the parameter eE,Af> is limited. For d >4 an exact
meaning of finite terms of the effective Lagrangian
(3.39) can be understood only from the corresponding
fundamental theory. Considering problems of high-energy
physics in d = 4, it is usually assumed that just from the
beginning there exists a uniform classical electric field with
a given energy density. The system of particles interacting
with this field is closed; that is, the total energy of the
system is conserved. Under such an assumption, the pair
creation is a transient process and the applicability of the
constant field approximation is limited by the smallness of
the backreaction, which implies the following restriction
from above:

2 3.2
(At/At,)? < j—aexp (n ;e”;()), (3.49)

on time At for a given electric field strength. Here a is the
fine structure constant and J is the number of the spin
degrees of freedom; see [19]. Thus, there is a range of the
parameters E, and Ar where the approximation of the
constant external field is consistent. For QCD with a
constant SU(3) chromoelectric field Ej (a=1,...,8)
(during the period when the produced partons can be
treated as weakly coupled due to the property of asymptotic
freedom in QCD), and at low temperatures 6 < ¢+/C, At,
the consistency restriction for the dimensionless parameter
g+/C Af? has the form 1 < ¢/C,At> < 7°/34q%, where ¢
is the coupling constant and C; = EfE] is a Casimir
invariant for SU(3).

The case of d = 3 attracts attention in recent years. It is
well known that at certain conditions (the so-called charge
neutrality point) electronic excitations in the graphene
monolayer behave as relativistic Dirac massless fermions
in 2 + 1 dimensions, with the Fermi velocity vy = 10° m/s
playing the role of the speed of light; see details in recent
reviews [36,37]. Then in the range of the applicability of
the Dirac model to the graphene physics, any electric field
is strong. There appears a time scale specific to graphene
(and to similar nanostructures with the Dirac fermions),
At = (eEyvp/h)~'/2, which plays the role of the stabi-
lization time in the case under consideration. The gener-
ation of a mass gap in the graphene band structure is an
important fundamental and practical problem under current
research. In the presence of the mass gap Ae = mv%, the
stabilization condition has a general form:
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At/AE" > 1, A" = At max {1, (Ae)?/hvgeE,}.
(3.50)

In this case, the strong-field condition reads (Ag)?/
vpheEy < 1. It has been shown [9] that the time scale
Af; appears for the tight-binding model as the time scale
when the perturbation theory with respect to the electric
field breaks down, and the dc response changes from the
linear-in- E, duration-independent regime to a nonlinear-in-
Ey and duration-dependent regime. In the experimental
situation described in Ref. [10], a constant voltage between
two electrodes connected to the graphene was applied,
V = EyL,, and current-voltage characteristics (/-V) are
measured within ~1 s, which is a very large time scale
compared with the ballistic flight time T',, = L,/vy for a
finite flake length L. In typical experiments, L, ~ 1 um,
so that T, ~ 10712 s. To match our results with these
conditions, our time At should be replaced by some typical
time scale that we call the effective time duration Af.y. In
the absence of the dissipation, the transport is ballistic; in
this case, considering a strip with a lateral infinite width, we
assume the ballistic flight time T, to be the effective time
duration, At = Tyy. In a realistic sample, placed on a
substrate, the effective time duration Az, can be many
times smaller than Ty,, because of charged impurities or
the structural disorder of the substrate. However, such an
effective time At remains macroscopically large, so that
Eq. (3.50) still holds. The external constant electric field
can be considered as a good approximation of the effective
mean field as long as the field produced by the induced
current of created particles is negligible compared to the
applied field. Then (j!(¢))? in Eq. (3.29) describes a regime
where the current behaves as j ~ V3/2. An experimental
observation of this /-V was recently reported for low-
mobility samples (the case At << Tyy) [10]. This implies
the consistency restriction At < Aty,, = At5,/4a [8]. Thus,
there is a window in the parameter range of E, and At
where the model with constant external field is consistent.
For example, let us assume that Az ~ T,. It implies that
7x 107*V < V <« 8 V. These voltages are in the range
typically used in experiments with the graphene.

IV. CONCLUDING REMARKS

In the present article, we have revised vacuum instability
effects in three exactly solvable cases in QED with
t-electric potential steps that have real physical importance.
These are the Sauter-like electric field, the so-called
T-constant electric field, and exponentially growing and
decaying strong electric fields in a slowly varying regime.
Defining the slowly varying regime in general terms, we
can observe the existence of universal forms for the time
evolution of vacuum effects caused by a strong electric
field. Such universality appears when the duration of the
external field is sufficiently large in comparison to the scale
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Aty = [em]_l/ 2 In this case the scale of the time varying
for an external field and leading contributions to vacuum
mean values are macroscopic. Here, we find universal
approximate representations for the total density of created
pairs and vacuum means of current density and EMT
components that hold true for an arbitrary r-electric
potential step slowly varying with time. These representa-
tions do not require knowledge of corresponding solutions
of the Dirac equation; they have a form of simple func-
tionals of a given slowly varying electric field. We establish
relations of these representations with leading term approx-
imations of derivative expansion results. In fact, it is the
possibility to adopt a locally constant field approximation
which makes an effect universal. These results allow one to
formulate some semiclassical approximations that are not
restricted by smallness of differential mean numbers of
created pairs. We have tested the obtained representations
in the cases of exactly solvable t-electric potential steps.
For time instants ¢ close enough to the final time ¢,
t — tou. the leading vacuum characteristics are formed due
to real pair production. One can say that we have isolated
global contributions that depend on the total history of an
electric field. Current density and EMT components of
created pairs for a T-constant electric field can be easily
extracted from the above-mentioned representations. In
such a way components of a Sauter-like field and expo-
nentially growing and decaying fields for ¢ — ¢, are
obtained for the first time. All these densities are growing
functions of the increment of the longitudinal kinetic
momentum. However, their explicit forms differ, in par-
ticular, since switching on and off conditions of electric
fields are different. It should also be noted that a universal
behavior of the vacuum mean current and EMT compo-
nents was discovered for time intervals, inside of which the
electric field potential can be approximated by a potential
of a constant electric field. We see that for such time
intervals components of vacuum means of current density
and EMT can be divided into global and local contribu-
tions. Note that the global contributions depend on the
effective time duration of the electric field, At¢, and do not
depend on switching-off manner while the local contribu-
tions do not depend on the interval Az and are functions of
slowly varying electric field, E(¢). The global contributions
define equations of state for the matter field, which is a
plasma of some kind of electron-positron excitations
created from vacuum. We show that local components of
vacuum mean EMT can be expressed via the one-loop
effective Euler-Heisenberg Lagrangian of the Dirac field
and satisfy an equation of state for electromagnetic field.

The reason for the universal behavior in the case under
consideration is the following: for total physical quantities
as current density and EMT of created pairs, a large
effective time of the field duration corresponds to a large
density of states that are occupied by created pairs if an
electric field is strong enough. One can guess that the
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universality under the question is associated with the big
state density that is a large parameter in the slowly varying
regime. Technically, we take into account only leading
terms with respect to these large parameter terms, whereas
oscillation terms are disregarded. In fact, using the approxi-
mation in question, we explicitly show that the pair creation
can be treated as a phase transition from the initial vacuum
to a plasma of electron-positron pairs.
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APPENDIX: VACUUM INSTABILITY IN QED
WITH +ELECTRIC POTENTIAL STEPS

The nonperturbative approach to the d =D 4 1-
dimensional model of Dirac fields interacting with strong
t-electric potential steps is based on the complete sets of
exact solutions of the Dirac equation. Potentials A*(x),
x=(x)=(x"=1tr), r=(x) of external electromag-
netic fields” corresponding to t-electric potential steps are
defined as

A’ =0,

t—>+oo

A (1) — A, (£o0),

A(f) = (A' = A (1).A' =0,1=2,....D),
(A1)

where A, (+o0) are some constant quantities, and the time
derivative of the potential A.(¢) does not change its
sign for any r € R. For definiteness, it is supposed that

A1) 0= A (—0) > A, (+00). We stress that homo-

geneous electric fields under consideration E(7) =

(E((1),0,...,0) are switched off as [f| = oo, E () =
|t| >0

—A(1) = E(1) > 0,E(t) — 0.
The Dirac equation reads
H(r) =y’ (yP + m),
P, =—iV,. U(r)=qA,),
(A2)

i0y(x) = H(t)y(x),
P, =—i0, - U(1),

where H(¢) is the one-particle Dirac Hamiltonian, y/(x) is a
204/2]_component spinor, [d/2] stands for the integer part of

*The greek indices span the Minkowski space-time,
u=20,1,...,D, and the latin indices span the Euclidean space,
[=1,...,D. We use the system of units where 7 =c = 1.
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d/2, m # 0 is the electron mass, and the index L stands
for components of the momentum operator that are
perpendicular to the electric field. Here, y* are the y-
matrices in d dimensions [38]. The number of spin degrees
of freedom is J (4 = 24/21=1. We choose the electron as the
main particle with the charge ¢ = —e, where e > 0 is the
absolute value of the electron charge.

The quantization of the Dirac field in the background
under consideration is based on the existence of solutions
to the Dirac equation with special asymptotics as
t — too. For instance, we let the electric field be switched
on at t;, and switched off at 7., so that the interaction
between the Dirac field and the electric field vanishes at
all time instants outside the interval 7 € (f;,, foy). We
choose that before time #;, and after time ¢,,, the spinors
wa(x), n = (p,o), are states with a definite momentum
p = (p.,pL) and spin polarization o = (oy,09,...,
0l4j2-1)> 0; = £1, and that they satisfy the following
eigenvalue problems:

t € (=00, tin], &, = Cpo(tin),
8,151//,1()6), re {toul’ +°°)’C8n = CPO(tout)’

o) = /[P~ U@ + a3, 7 = \/pd + %

(A3)

where the additional quantum number { = =+ labels states,
respectively. In these asymptotic states, { = + corre-
sponds to free electrons and { = — corresponds to free
positrons.

In what follows, we consider two complete sets .y, (x)
and “y,, (x) of solutions of Dirac equation (A2) (in and out
solutions, respectively),

v, (x) = [i0, + H(0)ly exp (ipr),, (1) v, 0.

“y,(x) = [i0, + H(1)]y’ exp (ipr)* e, (1) v . (Ad)

Here v,, is a set of constant orthonormalized spinors,
yoylvﬂ, =YVyo X = E1, v},,,v)(/_,,/ = 0,0, In dimen-
sions d > 3, one can subject the spinors v, to some
supplementary conditions determining spin polarization
o, (in the dimensions d = 2, 3 there are no spin degrees
of freedom that are described by the quantum numbers o),
and, together with the additional index y, provide a
convenient parametrization of the solutions. The scalar
functions .¢ (¢) and ¢, (r) obey the second-order differ-
ential equation

{d2 +[p— UM + 7} - ixU(t)} (g(p"(t)> =0.

dr (1)

In the asymptotic regions
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@, (1) = Nexp[-ice, (1 - tin)].
“a(t) = N exp [—ie, (1 — tou)].

t € (—o0, tiy),
t e [IOHI’ +00)’
(A6)

where .\, ¢\ are normalization constants, and there exists
an energy gap between the electron and positron states. Since
x is not a physical quantum number [the spin operator y°y!
does not commute with the Dirac Hamiltonian (A2) in the
case m # 0], we select the same y for each ,y (x) and

‘y,(x). Solutions (A4) are subject to the orthonormality
conditions [the standard volume regularization with a large
spatial box of volume V,_;) is used]. Then

(gl//n’ g/w;/) = 5n,n’6¢',§” (Clllﬂ? C/W;’) = 5n.n’5C,C’!
N = [2p0(tin)qg1v(d—l)]_l/2’

QVN = [ZPO(tout)qgutv(d—l)]_]/z (A7)

pO( 1n/out) _)(C[px - U(tin/out)]' The inner

products (. . ‘y,) are diagonal in quantum numbers n

where qm Jout

and n’,

91 =g(o ). (A8)

The corresponding diagonal matrix elements g obey the
unitarity relations

(g/‘/’nm Cl//n) = 6n’,ng(§’|§)a

Z{+8na ln
(1) = Z{*enan (out)a,
n

(out) + |~&,|b; (out)b, (out)},
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> 9C1I9G) Zg (A9)

X

9(*|o) = ¢

and relate in and out solutions {,y (x)} and {¢y,(x)} for
each n,

(x)

() = g(4 )+
| (%)

v, (x) +
W, (x) = g(t]e) Twa(x) + (A10)

Decomposing the Dirac operator ‘i’(x) in the complete
sets of in and out solutions [3,13],

P(x) = Z[ W (in) Ly, (x) + b (in)_y, (x)]
= Z (out)*

J(%) + B (out)y, (¥)].  (AL1)

we introduce in and out creation and annihilation Fermi
operators. Their nonzero anticommutation relations are

[, (in), az(in)],. = [a,(out), aj(out)], = [b,(in), by (in)].
= [b,(out), b, (out)], = . (A12)

In these terms, the Heisenberg Hamiltonian is diagonalized
at t <ty and £ >ty

t<t

m) + | 8n|bn (m)bn(in)}’ = tin»

£ > fous (A13)

where the diverging c-number parts have been omitted, as usual. The initial |0, in) and final |0, out) vacuum vectors, as well

as many-particle in and out states, are defined by

a,(in)[0.in) = b, (in)[0.in) = 0.

lin) = b;f (in)...a; (in)...

a,(out)
|0, in),

) = b, (out)|0, out) =0,

lout) = b;f (out)...a; (out)...|0, out). (A14)

Using the charge operator one can see that an, a,, are the creation and annihilation operators of electrons, whereas by, b, are

the creation and annihilation operators of positrons.

Transition amplitudes in the Heisenberg representation have the form M;,_,., = (out|in). In particular, the vacuum-to-

vacuum transition amplitude reads ¢, = (0,
and annihilation are

,in). Relative probability amplitudes of particle scattering, pair creation,

w(+|+),y, = ¢5'(0, 0ut|an/(out)ajl(in) ,in) = 8, yw, (+]+).
Ww(=|=),vn = €50, out|b, (out) by (in)[0, in) = &, ,w,(~|-),
(+ |0)n’n = C;1 <O’ Out|an’ (Out)bn(OUt> ’ i > = 5n~n’wn(+ - |0)’
Junt (

= ¢;'(0, out|b} (in)

al, (in)[0,in) = &,,w, (0] = +).

(A15)
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The in and out operators are related by linear canonical transformations,

a,(out) = g(*,)a, (in) + g(*|_)bs(in).

bu(out) = g(7|,)a,(in) + g(*|_)bu(in).

These relations allow one to calculate the differential mean numbers of electrons N¢(out) and positrons N%(out) created

from the vacuum state as

N¢(out) = (0, in|a;; (out)a, (out)

0,in) = [g(_ )P,
N2 (out) = (0, in|bj (out)b, (out) |0, in) = |g(, )|,

N¢ = N%(out) = N¢(out).

By N¢' we denote the differential numbers of created pairs. Relative probabilities (A15), the vacuum-to-vacuum transition
amplitude c,, the probability for a vacuum to remain a vacuum P, and the total number N of pairs created from vacuum can

be expressed via the distribution N¢/,

w, (+=10)] = N (1
P, =le,2 =TT =N,

n

The vacuum mean electric current, energy, and momen-
tum are defined as integrals over the spatial volume. Due to
the translational invariance in the uniform external field, all
these mean values are proportional to the space volume.
Therefore, it is enough to calculate the vacuum mean values
of the current density vector (j#(¢)) and of the energy-
momentum tensor (EMT) (T, (#)), defined as

(*(1)) = (0,in|j#|0,in), (T, (2)) = (0,in|T}, [0, in).

(A17)

Here we stress the time dependence of mean values (A17),
which does exist due to a time dependence of the external
field. We recall for further convenience the form of the
operators of the current density and the EMT of the
quantum Dirac field,

M q 3 1 1 can can
J= E [\P(x)’ yﬂlp(x)], T;w = 5 (T;w + Tuu )1
1 = ~ = ~
T = {Y(x). 7, P ¥Y(x)] + [P (x), 7, P (x)]},

4
P, =1i0,—qA,(x),

P(x) = ¥ (x)y°. (A18)

Note that the mean values (A17) depend on the definition
of the initial vacuum, |0,in) and on the evolution of the
electric field from the time #;, of switching it on up to the
current time instant ¢, but they do not depend on the further
history of the system. The renormalized vacuum mean
values (j#(f)) and (T, (1)), tiy <1t < 1oy, are sources in
equations of motion for mean electromagnetic and metric
fields, respectively. In particular, complete description of
the backreaction is related to the calculation of these mean
values for any .

_ Nf,r>_1,

wa (== = (1 =N~

N =% N = lg(_[")P

(A16)

Mean values and probability amplitudes are calculated
with the help of different kinds of propagators. The
probability amplitudes are calculated using Feynman dia-
grams with the causal (Feynman) propagator

S¢(x,x') = i(0, out|T ¥ (x)¥' (x')y°]0,in)c;!,  (A19)
where 7' denotes the chronological ordering operation. A
perturbation theory (with respect to radiative processes)
uses the so-called in-in propagator S¢ (x,x’) and the
SP(x,x") propagator,

S¢ (x,x') = 0, in|T W (x) ¥ (x')7°]0, in),

SP(x,x") = 8¢ (x,x") = S°(x,X'). (A20)

All of the above propagators can be expressed via the in
and out solution as follows:

%:*l//n(x)wn(+|+)+y‘/n(x’), t>1

S x)=i S o) B 1<
(A21)
S o). >
SalE =0 5 ), r<r
5 () = i (0] = D)adn (). (A22)

The mean values of the operator (A18) are expressed via
the latter propagators as
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(J*(1)) = Re(j*(1))" + Re{j*(1))",
(T,(2)) = Re(T (1)) + Re(T (1))

Ay = 1/4ly, (P, + P)) +7.,(P, + P;)].

PHYSICAL REVIEW D 95, 076013 (2017)

(1) = igque[y"SeP (x, x')]| v

<T/u/(t)>c’p = itr{A/u/SC'p (x’ x/)] |

x=x"?

(A23)

Here tr stands for the trace in the y-matrices indices and the limit x — x’ is understood as follows:

1
tI‘[R(X, x/)}x:x’ =5 [limt—ﬂ’—otr[R(x’ X/)] + lirnt—n’JrOtr[R(x7 x/)“x:x“

2

where R(x,x’) is any two-point matrix function.

The function S”(x,y) vanishes in the case of a stable vacuum. In this case and only in this case

(j*(1)) = Re(j (1)), (T, (1)) = Re(T), (1))°.
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