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We discuss weak kaon decays in a scenario in which the Standard Model is extended by massive sterile
fermions. After revisiting the analytical expressions for leptonic and semileptonic decays we derive the
expressions for decay rates with two neutrinos in the final state. By using a simple effective model with
only one sterile neutrino, compatible with all current experimental bounds and general theoretical
constraints, we conduct a thorough numerical analysis which reveals that the impact of the presence of
massive sterile neutrinos on kaon weak decays is very small, less than 1% on decay rates. The only
exception is B(K; — wvv), which can go up to O(107'%), thus possibly within the reach of the KOTO,
NAG62 and SHIP experiments. Plans have also been proposed to search for this decay at the NA64
experiment. In other words, if all the future measurements of weak kaon decays turn out to be compatible
with the Standard Model predictions, this will not rule out the existence of massive light sterile neutrinos
with non-negligible active-sterile mixing. Instead, for a sterile neutrino of mass below m, one might obtain
a huge enhancement of B(K; — vv), otherwise negligibly small in the Standard Model.
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I. INTRODUCTION

The Standard Model (SM) predicts the strict conservation
of lepton flavor to all orders. The fact that neutrinos oscillate
provides clear evidence of the existence of physics beyond
the Standard Model. New physics models accommodating
massive neutrinos and their mixing open the door to many
phenomena which basically have no Standard Model back-
ground, such as lepton number violation, violation of lepton
flavor universality, or lepton flavor violation.

The experimental effort associated with the search of
new physics using observables involving leptons is impres-
sive, and is currently being pursued on all experimental
fronts: (i) neutrino dedicated experiments which aim to
determine neutrino properties, such as the Majorana/Dirac
nature, the absolute neutrino masses, the hierarchy of their
mass spectrum, leptonic mixing and the CP-violating
phases; (ii) high-intensity facilities that are studying several
low-energy processes such as & — £y, £ — ;6,6 ;, p— e
conversion in atoms, 7 and meson M decays (z - Mv,
M= v, M- Mt¢tv, M- M¢, M, ..); (i) the
Large Hadron Collider (LHC), which is the privileged
discovery ground of new particles, may also allow one to
probe leptonic mixing in the production and/or decay of the
new states. On the other hand, the recent cosmological data
have put constraints on the sum of the light neutrino
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masses, which is especially restrictive when considering
new light neutral states.

Among the several minimal possible scenarios, extend-
ing the SM with sterile fermions—which are singlets under
the Standard Model gauge group—is a very appealing
hypothesis, as their unique (indirect) interaction with the
Standard Model fields occurs through their mixing with the
active neutrinos v; (via their Yukawa couplings). Due to
their very unique nature, there is no bound on their number,
and a priori no limits regarding their mass regimes.
Interestingly, sterile fermions (like right-handed neutrinos)
are present in many frameworks accounting for neutrino
masses and the observed mixing (as is the case for fermion
seesaw mechanisms). The interest in sterile neutrinos and
their impact on observables strongly depend on their
masses. Sterile neutrinos at the eV scales were proposed
to solve neutrino oscillation anomalies in reactors [1],
accelerators [2], as well as in the calibration of gallium-
target solar neutrino experiments [3], all suggesting beyond
the three-neutrino paradigm. The keV scale for sterile
neutrinos offers warm dark matter candidates [4,5], and
explanations of some astrophysical issues such as kicks in
pulsar velocities [6]. Sterile fermion states with masses
above 10° GeV have moderate motivation other than their
theoretical appeal (grand unified theories) and the possibil-
ity to have a scenario for baryogenesis via the high-scale
leptogenesis [7]. Finally, the appeal for sterile neutrinos in
the range MeV-GeV (and even TeV) strongly resides in
their experimental testability due to the many direct and
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indirect effects in both high-energy (e.g. LHC) [8] and
high-intensity (e.g., NA62, NA64) experiments.

In order to illustrate the phenomenological effect of a
scenario which involves sterile fermions, we focus on a
minimal model which extends the Standard Model with an
arbitrary number of sterile states with masses in the above-
mentioned ranges, known as 3 + N models, without making
assumptions concerning the neutrino mass (and/or the lepton
mixing) generation mechanism, but allowing one to access
the degrees of freedom of the sterile neutrinos (their masses,
their mixing with the active neutrinos and the new CP-
violating phases). In this work, we address the phenomeno-
logical imprints of such sterile fermions on observables
involving kaon meson rare decays into lepton final states
including neutrinos, which can either be used to set (or
update) constraints to model building, or provide interesting
observables that could be used as tests of various scenarios of
new physics. Notice that the first study devoted to probe
massive neutrinos and lepton mixing using leptonic pseu-
doscalar light meson decays was done in Refs. [9,10]. These
rare and forbidden decays are being searched for at CERN
(NAG62) in the charged decay modes [11] and at the J-PARC
facility (KOTO) [12] and at CERN (NA64) [13,14] in the
neutral ones. This study might also be useful for the
TREK/E36 experiment at J-PARC, where the data analysis
is currently under way [15]. It will further test the lepton
universality in kaon two-body decays (K ,,) and search for a
heavy neutrino [16]. Finally, this study could also be of use to
the proposed SHIP experiment [17,18], where we propose to
use the large number of kaons produced in D-meson decays
to search for forbidden decays.

Having sterile neutrinos that are sufficiently light to be
produced with non-negligible active-sterile mixing angles
may induce an important impact on electroweak precision
and many other observables. Our analysis must therefore
comply with abundant direct and indirect searches that have
already allowed to put constraints or bounds on sterile
neutrino masses and their mixing with the active neutrinos.

In this work, we assume the effective case in which the
Standard Model is extended by one sterile fermion (3 4 1
case) and revisit weak kaon decays such as the leptonic K »,
(K — fv), as well as the semileptonic ones K y3 (K — n£v).
Furthermore we consider the loop-induced weak decays
K — mvvand K; — vv and derive analytical expressions for
their decay rates, which are new results. In doing the
numerical analysis, we (re)derive the expressions for various
processes which are used as constraints (4 — ey, u — eee,
T — Cwu, ...). We have chosen to present the analytical
formulas and numerical results assuming here neutrinos to be
Majorana fermions. A detailed discussion and comparison
between the Dirac and Majorana cases is also displayed (in
Appendix A 2).

Our study reveals that the influence of the presence of
massive sterile neutrinos on the K, Ky and K — awv
decay rates is less than 1%, thus fully compatible with
the Standard Model predictions. Interestingly, however, we
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find that B(K; — wv), which is zero in the Standard Model,
can be as high as O(107'°) and thus possibly within the
reach of the NA62(-KLEVER), SHIP as well as the KOTO
experiments. In other words, if all the future measurements
of weak kaon decays turn out to be compatible with the
Standard Model, the paradigm of the existence of sterile
neutrinos would still remain valid. Instead, we show that
sterile neutrinos with mass below my could generate a huge
enhancement of B(K; — wv).

Our work is organized as follows: In Sec. II we present a
generic model with one sterile neutrino added to the Standard
Model and present details concerning the parametrization
used in the ensuing analysis. Section III is devoted to a
discussion of quantities which are used to constrain the
parameter space followed by the actual scan. The expressions
for various weak decay processes of kaons are scrutinized in
Sec. IV, and the sensitivity of these processes on the presence
of massive sterile neutrinos is examined and discussed in
Sec. V. Our concluding remarks are given in Sec. VI, while
the Feynman rules for the case of Majorana neutrino have
been relegated to Appendix A 1. Appendix A 2 contains a
comparison of the analytical expressions for B(K — zwv)
when neutrinos are Majorana or Dirac fermions.

II. EXTENDING THE STANDARD MODEL
WITH STERILE FERMIONS

A. Models with sterile fermions

To discuss the phenomenological consequences of
sterile fermion states on low-energy physics observables,
it is important to have an idea of the underlying framework
which involves sterile neutrinos, and among those the
testable ones in particular. Such models are for instance
based on low-scale seesaw mechanism, e.g. extension of
the Standard Model by exclusively right-handed (RH)
neutrinos, like in the usual type I seesaw, which is realized
at the TeV scale [19-26], and for which the Yukawa
couplings are small (~Y,). They can nevertheless be made
higher if one assumes some extra input like the minimal
flavor violation [27,28]), or tiny as it is the case in
neutrino Minimal Standard Model [4]. Other than RH
neutrinos, vg, one can also consider additional sterile
fermions with the opposite lepton numbers of the RH
ones, like it is done in the case of the linear [29,30] or the
inverse [31-34] seesaw mechanisms. The two latter
scenarios are (theoretically and phenomenologically) very
appealing as they provide an extra suppression factor,
which is linked to a small violation of the total lepton
number, allowing one to explain the tininess of neutrino
masses while having large Yukawa couplings and a
comparatively low seesaw scale. Having relatively light
sterile fermions which do not decouple, since they can
have non-negligible active-sterile mixing, certainly leads
to important consequences and as a result to numerous
constraints. The most important and direct consequence is
the modification of the charged and neutral currents as
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3+N
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L;D— 4cos6WZ Zy,y [PL(U'U),; = Pr(U'U) ;.

(1)

where ¢, is the weak coupling constant, and N is the
number of sterile fermions. The modified lepton mixing
matrix, obviously nonunitary, also encodes the active-
sterile mixing. In the limit in which the sterile fermions
decouple the matrix U corresponds to the usual
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) 3 x 3 uni-
tary matrix, i.e., U, = Upyns. Moreover, if sufficiently
light, the sterile neutrinos can be produced as decay
products. Both these points might induce a huge impact
on numerous observables, which in turn can provide
abundant constraints on the sterile fermions (masses
and the active-sterile mixing angles including the new
CP-violating phases).

A useful first approach to study the impact of sterile
neutrinos on the low-energy processes relies on addition of
only one sterile fermion to the Standard Model with no
hypothesis regarding the origin of the light neutrino masses
and the observed lepton mixing (Uppns)-

B. Effective Approach: Standard
Model + one sterile fermion

In essence, since no seesaw hypothesis is made, the
physical parameters correspond to the three mostly active
neutrino masses, the mass of the mostly sterile neutrino,
and finally the mixing angles and the CP-violating phases
encoded in the mixing matrix which relates the physical
neutrino to the weak interaction basis. Due to the modi-
fication of the charged current in (1) the lepton mixing
matrix is defined as

=Y VidUs, 2)

k=1
where V and U, are the unitary transformations that relate
the physical charged and neutral lepton states £ and v to the
gauge eigenstates £/ and v/ as

R 3)

In the 3 4+ 1 model, the mixing matrix U includes six
rotation angles, three Dirac CP-violating phases, in addi-
tion to the three Majorana phases. It can thus be para-
metrized as follows:

U" = R34(034.643) - Ro4(024) - R14(014. 641)
- U - diag(a1. 31, dar) (4)
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where R;; is the rotation matrix between i and j, which
includes the mixing angle 6;; and the Dirac CP-violating
phase §;;. The Majorana CP-violating phases are factorized
in the last term of Eq. (4), where ¢;; = exp~/(#=%:). U is the
4 x 3 matrix which encodes the mixing among the active
leptons as

Uel UeZ UeS

~ U U U

7 e (5)
U‘rl U‘t'2 U‘r3
0 0 0

The upper 3 x 3 submatrix of U is nonunitary due to the
presence of a sterile neutrino and includes the usual Dirac
CP phase actively searched for in neutrino oscillation
facilities. In the case where the sterile neutrino decouples,
this submatrix would correspond to the usual unitary
PMNS lepton mixing matrix, Upynsg. The active-sterile
mixing is described by the rotation matrices Rs4, Ry, Ri4
which are defined as

1 0 0 0
Ro = 0 1 0 0 |
0 0 cos O3, sin Oy, - 1%
0 0 —sinfy, - e cos O34
1 0 0 0
0 cosByy 0 sinfy
Ryy = ,
0 0 1 0
0 —sinf,y 0 cosbOyy
cos Oy, 0 0 sinf,-e %
0 1 0 0
Ry = 0 0 1 0 (6)
—sinf €% 0 0 cos

III. SCAN OF THE PARAMETER SPACE
IN THE 3+1 EFFECTIVE APPROACH

In this section we list the quantities that are used in order
to constrain the parameter space of the scenario with three
active and one (effective) sterile neutrino.' In addition to the
current limits on the neutrino data [35], the presence of an
extra sterile neutrino requires the introduction of new
parameters: its mass, three new (active-sterile) mixing
angles and two extra CP-violating phases. Furthermore,

"The word effective is used to denote the fact that this sterile
neutrino is mimicking the effect of several fermionic singlets
usually induced when embedding the Standard Model with a
fermion-type seesaw.
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since we assume that neutrinos are Majorana fermions,
there are also three Majorana phases which, however, do
not play a significant role in the setup discussed in
this paper.

Before we list the observables used to constrain the
parameter space, we need to emphasize that a price to pay
for adding massive sterile neutrinos is that the Fermi
constant extracted from the muon decay should be rede-

fined according to Gy = G,/ /> ;|U.i[*|U |, where the

sum runs over kinematically accessible neutrinos. We
checked, however, that for the model used in this paper
Gr = G, remains an excellent approximation and thus it
will be used in the following.

(1) u — ey: An important constraint comes from the
combination of the recently established experimen-
tal bound B(u — ey) <4.2x 10713 [36]. In our
setup, the branching fraction of this decay is given
by the following expression [37]:

(i)

\/_G 5% m> 2
B _ FSwhy "U, G, (
(u—ey)= 18T,
233 +5x%2 —x 3x3
G,(x) = - - log x,
r(¥) A1—x)7 2(1—xF %

(iif)
(7)

where x; = m2 /m}, and s}, = 1 — m},/m%. We also
use the above expression, mutatis mutandis, to
derive additional constraints stemming from the
experimental limits, B(r — uy) < 4.4 x107% and
B(r — ey) < 3.3 x 1078 [38].
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W — £v: Combining the measured B(W — ev) =
0.1071(16) and B(W — ) = 0.1063(15), with the
expression

B(W — ¢v)
V2Gpmy - 12,2 2 2
- m; A2, m2, m3y)
2 2 2 21\2
+ m?, —m?
x[z—’""” 2’"'—("” 4’”‘)]|U%,-| (8)
m m
w w

yields useful constraints in the parameter space. In
the above formula A(a?, b*, ¢?) = [a* — (b + ¢)?]x
[a* — (b — ¢)?]. Since we do not include the electro-
weak radiative corrections to this formula we will
use in our scan the experimental results with 3¢
uncertainties. Notice also that unlike B(W — ev)
and B(W — uv), which have also been recently
measured at the LHC [39], the LEP result for
B(W — zv) has not been measured at the LHC.
For that reason, and despite the fact that the LEP
result for B(W — 7v) differs from the Standard
Model value at the 2.36 level, we prefer not to
include B(W — v) in our scan.

Ar, = r7?/rsM — 1: The ratio r, =I'(x = ev,)/
I'(z — pv,) provides an efficient constraint, as
recently argued in Ref. [40]. To that end one
combines the Standard Model expression for the
decay rate with the experimental values to obtain
Ar, =0.004(4), the result which is then compared
with the formula relevant to the scenario discussed in
this paper (cf. next section), namely,

2(m2 —m? U,il*[mz(mg + m; 2 m2) A2 (m2, m2 , m?
Arp,=-1+ mg(mQ mﬂ) =11Vl I )= ) 2)2] 1/2( RG] 2) . 9)
mg(myz —mg)? i:1| il [mz(mg, +mi) = (mg, = mi)*]AV2 (mz. mi  my)

In this way one gains another interesting constraint to the parameter space.

Z — vv: In addition to the active neutrinos, the sterile ones can be used to saturate the experimental Z invisible decay
width, I'(Z — invisible) = 0.503(16) GeV [38]. The corresponding expression, which we compute by using the
Feynman rules derived in Appendix A 1, reads”

-3 (9%

i<j

(iv)

V2Gp

mZ/l(m%’ mlz/[ ’ ml%/)

m2 +m2  (m2 —m?)? 6m, m,
x [|Cii]* 2 —— ’—( ' ]) Re(Cz) 1, (10)
T A "

where

*We reiterate that all along this paper we consider neutrinos to be Majorana fermions.
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S UnlUa. (1)

ac{ep.r}

(v) ¢ — ¢£¢: To implement this constraint we compare the experimental limit, B(u — eee) < 1 x 10712 [41], to the
theoretical prediction derived in Ref. [37]:

G} 1 2
B(u — eee) = 61}:1217?; l—‘” {2‘ ZFQ:(@ + FY = 2sin’0y (F) — F})| + 4sin*0y|F, — FY°)?
u
1

+16sin’0y Re { (F’; +3 F’éifxe) G’;e*} — 48sin*0Oy Re[(FY — Fy*)Gy*"]
ms 11

+32sin*0y | GY° |? [ln—g - Z} }, (12)
me

where the explicit forms of the loop functions Fi', %', F}°, Gy¢ can be found in Refs. [37,42]. Similarly, we
implement in our scan the bounds arising from the experimental limits B(z — pup) < 2.1 x 1078, and B(r —
eee) < 2.7 x 1078 [38].

(vi) The leptonic decays r — £vv (£ = e, pu) represent very useful constraints as well. We derived the relevant expression

for this process and found

dB(z = tw) & 5\ Gt . .
d—cf:z 1——] Wﬂl/z(’"wm )2 (qPmg, mE) S (|ULUg P+ (U UL )

i,j=1
i<j

x [3(q* = (mZ, = mZ )?)((m?

- 24Re(UjiUijTjU}i)m,/im,/‘/_q“(m% +m2 — qz)}. (13)

—m)* = q*) = A(mz, m, ¢*) A g m3,  mg)]

The above formula is then combined with the average of experimental results summarized in Ref. [38], namely
B(t — pwv) = 17.33(5)%, and B(z — ewv) = 17.82(5)%.

We perform a first random scan of 100000 points using
flat priors on the Dirac CP phases and logarithmic priors on
all other scan parameters, which are chosen in the following
ranges

1072 eV <m, <1eV,
0.1 GeV <m,, <1 GeV,
1076 <0y, 0y, 034 <2,
0<d13. 641, 0643 <12m, (15)

2l ev < < . . . .
107 eV <m, < leV, to which we add 40000 points with paramaters chosen in

107 GeV <m,, < 10° GeV, the ranges
< <
10 = 914’ 9247 934 = 277’ 10_21 eV < myl < 1 EV,
0<6 b41, O43 <2m. 14
=01 G4l O =T (14) 0.27 GeV < m,, <035 GeV,
10_6 S 014, 924 S 277.',
We then perform a second random focusing on the window 0.1 < 0us <2
where the heavy neutrino mass is comparable to the kaon S SU ST
mass, using flat priors on the Dirac CP phases and 0<383, 641, 043 <2m (16)

logarithmic priors on all other scan parameters. We first

generate a sample of 200000 points with parameters
chosen as

The other parameters are fixed from the best fit point in
[35], i.e.
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10°

T
my [GCV]

FIG. 1. Result of the scan in the scenario of three active and one
(effective) sterile neutrino displayed in the plane |U,4[? vs my.
Perturbative unitarity cuts the parameter space for large my,. The
red points agree with all constraints while the blue ones are
excluded by requiring the compatibility with experimental results
for the leptonic 7 decays.

sin’0;, = 0.306, sin’6,; = 0.441, sin’6,; = 0.02166,

Am3, =750 x 107 eV2,  Am3, =2.524 x 1072 eV

(17)

We then impose all of the above constraints, in addition to

those arising from the direct searches [43], and require

the perturbative unitarity condition [44] which can be
written as

2
GFm4

V2r

That last condition is important when the sterile neutrino is
very heavy as it leads to its decoupling, which can be seen
in Fig. 1. For the purpose of this paper, in which we study
the effects of an additional sterile neutrino on the kaon
physics observables, the most interesting region is the one
corresponding to my, < 1 GeV, which we show in Fig. 2.
As expected, the limits coming from the 7 leptonic decays
are the most constraining in the plane (my, |U4|?). Notice
also that the sharp exclusion of parameters around
my ~ 0.3 GeV comes from the direct searches discussed
in Ref. [43]. It is worth noticing that the bounds shown in
Fig. 2 are in agreement with those provided in Ref. [43] in
the considered mass regime, although slightly improved as
most of the constraints discussed above have been updated.

In summary, we selected the points in the parameter
space which are compatible with a number of constraints
discussed in the body of this section. We will use the results
of the above scan to test the sensitivity of the kaon physics
observables on the presence of an effective massive sterile
neutrino with a mass my; <1 GeV.

S0 <1, (18)

*Notice that we often use the notation m,, = my which should
not be confusing to the reader.
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IV. KAON PHYSICS PHENOMENOLOGY

Before discussing the results stemming from our scan,
we will introduce the kaon decays at the heart of our study
and present their analytical expressions in our effective
model. In our phenomenological discussion, we will
consider the processes for which hadronic uncertainties
are under full theoretical control by means of numerical
simulations of QCD on the lattice. Processes such as
B(Kg — puu) and B(K — muu) will not be considered,
since the corresponding Standard Model predictions
depend on large (long-distance QCD) uncertainties.

A. Leptonic decays, K.,

Sterile neutrinos in kaon and pion leptonic decays were
first studied and analyzed in [9] with the aim to probe
massive neutrinos via lepton mixing; correspondingly,
associated tests allowed one to set bounds on neutrino
masses and lepton mixing matrix elements [10]. Here we
revisit the K,, decays in light of the existing data on
neutrinos and in the framework of the simple extension of
the Standard Model by one sterile fermion with the aim to
update the latter obtained results.

The effective Hamiltonian we will be working with reads

Heff = \/EGFVMS[(I + gV)L_t]/#Sl?L]/”l/L
— (14 ga)iiy,yss€ry*vy +Huel, (19)

where g, and gy are the generic couplings to physics
beyond the Standard Model, which in our case are the
couplings to the massive sterile neutrino. The leptonic
bilinear 7Z;y*v; in Eq. (19) should be understood as
> amepr 2ot Unilay"Pry;, as in Eq. (1). In the effective
approach, the effect of the active-sterile mixing is encoded
in the effective couplings g, and gy . The relevant hadronic
matrix element for this decay is parametrized in terms of the
decay constant f via

Oty yss|K=(p)) = ifkpy- (20)
so that the decay amplitude becomes
A = =iV2GV (1 + ga)(if kp )k )y Pro(ky).  (21)
where k; and k, are the momenta of the lepton and
neutrino, respectively, and P; = (1 —y5)/2. Multiplying

this amplitude by its conjugate and after summing over the
spins we then get

D P = 2GHV PRI+ g4 P[mi (m3 + m?)

spin

= (m7 = mp)?), (22)

so that the final expression for the decay rate reads
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2
|UT4|

7 0.40

FIG. 2. As in Fig. 1 but for my <1 GeV, and for all |Uz/|*.

Git
BK = £v;) = L5 Vi PS5 (e m, i |1+ g
Ty
X [mi (mf +mi) = (mf —mi %] (23)

One can immediately see from the above equation (and the
subsequent ones for the observables under this study) that
the presence of the sterile state can have two consequences,
a phase space effect if its mass is kinematically allowed and
a modification of the coupling due to the active-sterile
mixing encoded in g,. More explicitly, and after adapting
the above formula to the scenario with an extra sterile
neutrino, we have

G%TK 242 24: 291/2( 2 102 02
|Vus| fK |Ufi| A (mK’mf’ml/[)
i=1

X [m (mG +m3) — (mG —mi ). (24)

B(K = ¢v) =
(K =) 8amy

Similarly, for the process 7 — Kv we get

Gt 4
B Kv) = F't 174 212 E U '221/2 2, 2’ 2.
(T g I/) 16ﬂm2| usl fK - | ¢1| (mr my mu,)
x [(mz = mZ)? —mi(m? +m3)].  (25)

The above expressions can be trivially extended to the case
of the pion leptonic decay by simply replacing K — z, and
Vs = V,a- Modern day lattice QCD computations of the
decay constants fx, f,, and especially of fx/f,, have
already reached a subpercent accuracy [45] so that compar-
ing the theoretical expressions (in which the effects of new
physics are included) with the experimental measurements
can result in stringent constraints on the new physics
couplings.

B. Semileptonic decays, K3

To discuss the semileptonic decays K — n£v, we again
rely on the effective Hamiltonian (19) and keep the
neutrinos massive. Due to parity, only the vector current
contributes on the hadronic side and the relevant hadronic
matrix matrix element is parametrized as

my [GCV]
_ mi — m2
& Ol R = (b + =55, )1 P)
m% — m2
+ KTqﬂfo(qz)v (26)

where the form factors f, o(¢?) are functions of
q*> = (p—k)* = (k; + k»)*> which can take the values
q* € [(my + m,)?, (mg —m,)?]. Notice that the hadronic
matrix element of the decay to a neutral pion is
related to the above one by isospin symmetry, i.e.
(200 iar,s|K=(p)) = (1/V2) (1" (K) s KO (p)). This
decay is suitably described by its helicity amplitudes. To
that end one first defines the polarization vectors of the
virtual vector boson (K — V™) as

1

& = P[O,il,—i,O]T,
q
1 - 0T
& = —=141.0,0,—¢")",
Va
1 .
e =—=[q°,0,0,—q|]", (27)

2

5

so that the only nonzero helicity amplitudes will be
ho(q*) = (1 + gy)eg, (" (k)|ay,s|K(p)). or explicitly

ho(a?) = “*—ﬁi”mm%a 2)f (@),
(g = L9 (2 2y g2, (28)

\/?

In terms of these functions the decay amplitude reads

Ay = V26V, [—ho(q?)en + h,(q)el]a(ky )y Pro(ks).
(29)

In the rest frame of the lepton pair the components of the
vectors k; and k, of the final leptons are

ki = (Ez, prsind, 0, p,cos @),
ky = (E,,—p,sin6,0,—p,cos0), (30)
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where

¢+ m =

2\/6]2 '
s

AV

A2, 2, m2
p, = N m, ). (31)

2V

and 0 is the angle between £~ (in the lepton pair rest frame)
and the flight direction of the leptonic pair (opposite to the
pion direction) in the kaon rest frame. The decay rate can
then be written as

Ef:

E, =

d*B(K - ntv)

— 2 b 2
dg*d cos @ a(q”) +blq

)cos O + c(q?) cos> 0,

(32)

where the g>-dependent functions are given by

Gt
a(q*) = 2'561:731(3 |V s PAV2 (m%, g% m2)2V2 (g% m2, m2)
my; + my
<[ (1= o
C]
m2 + m?2 (m —mz)2
e [T N CO
q 6]
2 G%TK 291/2 2 2
b(q”) ZWWM Mm%, ¢* m2)A(g*, m%, m2)
m%—m% AT
TRe[ho(q Yhi (7)), (34)
2 Gk 291/2(,2 2 2
C(Q):Z'—Egg;§—§ﬂvhs|i (mg.q”, myz)
P12 (g m%,m3)
Xvalo( 7). (35)

After integrating over 6 we obtain the usual expression
for the differential branching fraction, which is shortly
written as

dB(K — ntv)

I o) +ye)]. 66)

Finally, after integrating in ¢> and splitting up the pieces
with contributions of massless and massive neutrinos in the
final state, we have

PHYSICAL REVIEW D 95, 075023 (2017)
B(K — ntv)

— (1= 1uaP) [

+ d(mg
" /(mx-mn)z dB(K — ntvy)
( _— =

me+my)? dq2

A dB(K — ntv)
v dq2 m,=0

— My — My —7”4)|Uf4|2

(37)

Another observable relevant to K — z£v decays can be
easily obtained after subtracting the number of events in the
backward from the forward hemispheres. The resulting
forward-backward asymmetry is given by

d*B(K—ntv)
fO deosO =i dg*d cos@

1 d*B(K—ntv)
f dcos® dq*dcos @

0 d*B(K—ntv)
f dcos® dq*d cos@

Af(q’) =
(38)

Since there are three independent functions in the angular
decay distribution (32) we can define one more linearly
independent observable, in addition to dB/dg*> and
A, (¢?). We choose the third observable to be the charged
lepton polarization asymmetry. For that purpose we define
the projectors P, = (1 £ §ys)/2 where the projection is
made along the lepton polarization vector,

<|p_f &ﬂ) (39)

me npy |pr’|

The differential branching fraction can be separated into the
positive lepton helicity and the negative one, i.e.

dB(K — ntv) dB.(K — nfv)

. dB_(K — ntv)
dq? N dq?

dq? ’

(40)

or, for short, B = B, + B_. The lepton polarization asym-
metry is then defined as

dB,  dB_

2y _ dg* dg”
Pf(‘])_&_l_&

1 G%TK 2
— /11/2 2
(dBJdq?) 3845 m}(| Vis P2V (. 7. m2)

AP, m2, m? m — m?
HLmpm) [ | me =)
q 6]

+3M
C]

|Mﬂﬂ, (41)

or, in terms of form factors and by explicitly displaying the
sum over the neutrino species, we write
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1 Gtk |2/1'/2(m%(, q*, m2)
(dB/dg*) 192n°m; q*

4
X Z \Usil*2(q> m3, m3)

i=1

Pi(q*) =

2 2
nmy —ny,

< i amiy (M-

3mp—mg,
g

1) o @)P
_ m,%>2|fo<q2>|2] (42)

Measuring A% (g*) and P,(g?) is hardly possible, but
measuring the integrated characteristics might be feasible.
This is why in the phenomenological application we will be
using (A%) and (P,), which are obtained by separately
integrating the numerator and the denominator in both
Egs. (38) and (41).

C. Loop-induced weak decay K — mvv

Details of the derivation of the expressions for this
decay rate can be found in Appendix A2 of the present
paper. Here we only quote the corresponding effective
Hamiltonian that we use, namely,
|

dB(K* —>7[+1/y):§4:<1 15 >aemGFTK+Al/2(

dq® 76873

ij=
i<j

PHYSICAL REVIEW D 95, 075023 (2017)
V2Gra,
Hetr = r emZC” 5y,Prd)(viy*Pry;) + Hee.,

(43)
where

1
= Gron 2 UnbeXt+aXi]Up (44
4

ef{e.pur}

with A, =ViV.4 A, =V,V, The loop contribution
arising from the top quark amounts to X, = 1.47(2)
[46], while the box diagram with the propagating charm
depends on the lepton also in the loop, and yields
X¢ =Xt =10.0(7) x 1074, X% =6.5(6) x 107+ [47].
Notice also that the sum in the Wilson coefficient 6‘2/
runs over the charged lepton species and the one in Eq. (43)
over the neutrino mass eigenstates. Using the same decom-
position of the matrix element in terms of the hadronic form
factors, already defined in Eq. (26), and assuming all
neutrinos to be of Majorana nature, we have

/11/2(q27m2_’m2_)
%qzmi)#

2 m2 (m2 =2 )2
|cz|2[z<m%,q2,m%>(2— Iy, >|f+(612)|2

q q
2

2 2 2
3 (mvi +m1/j _ (mvi _muj

: )2)<mk 2ol

2

q
m;m;
qu 7 (mg.q? m3)|f(q%) = (mg —m3)?| fo(q?)] ]}’ (45)
where
~d7 1 ! * * *
LJ = sin4 gwff; }(chf +’11Xt)(/1ch +/11Xt) X Re[UfiUijf'iUf’j]' (46)
B ‘e et

One should be particularly careful when using the above
formula because the leptonic mixing matrix elements are in
general complex, and while the functions X% and X, are
real, the Cabibbo-Kobayashi-Maskawa couplings have
both real and imaginary parts. More specifically, and by
using the CKMfitter results [48], we obtain

Rel, = —3.31(9) x 107*,
Rel, = —0.2193(3),
Iml, = —ImA, = 1.38(5) x 1074, (47)

The above formula reduces to the Standard Model one after
setting m,, v, =0, and by using the unitarity of the
4 x 4 matrix.

If this decay occurs between the neutral mesons,
the situation is slightly more delicate. When considering
K; — 7w, one should first keep in mind that |K;) =
(K% 4 |K®))/+/2, which then means that the effective
Hamiltonian (43) between the initial and the final
hadrons will result in two hadronic matrix elements
which are related to each other by CP symmetry,
namely,

=m
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(n|dy,s|K°) = —(a|57,d|K°). (48)
Furthermore, after invoking the isospin symmetry, we have
- _ 1 _ _
(7157, d|K®) = (2°|57,ulK*) = E(ﬂ*lsmullfo% (49)

where the last matrix element (to a charged pion) is the one defined in Eq. (26). With this, we can compute the decay rate
and we obtain

dB(K; — nw) _ i L 1 agmG%TKL /11/2(m o) W2 (g m2 m,%f)
dq? o 279 ) 76875m K 7
i<j

o m2 +m?  (m2 —m2)?
x{|cof|2[<m,<,q m>(z— e >|f+(q2)|2

q
mg A+ mg (my, —mg)?
+3< : 2 - : 4 - )(m%(—m%)2|f0(q2)|2}
q q
m;nt; . .
5 ke P mIF )P = (k= 2Pl (50)
where
o 1 .
Ci = - Z Uz Im[A.X5 + A, X,|Uy;,
SIn* Gy te{eps}
P 1 ! * *
0] = W m(/chf -+ ﬂ,Xt)Im(/ICXf + /ItXt)Re[UfiUijf’[Uﬂj}' (51)
w ' ef{ent}

Like before, if we set m, = m, = 0 and use the U matrix unitarity, the above formula will lead to the familiar Standard
Model expression (see e.g. [47]).

D. “Invisible decay” K; — vv

One might also look for an “invisible decay,” such as the decay of a kaon to neutrinos only. We use the effective
Hamiltonian (43), and express the hadronic matrix element as

_ - i
<0|57,475d|KL(P)> = <0|d7,4}’ss|KL(P)> = \ﬁfxpw (52)
consistent with Eq. (20), and derive the expression for the decay rate by keeping in mind that CP|K°) = —|K?).
We obtain
4 2 2
1 Aem Gk,
B(K, = w) = ; (1 —551‘;‘) mf%“z(m%,mi,mi)
2
|| X ReXE 4+ AX)UU | O 4 3) = 0, = )
te{e.ut}
+2 ) Re(AX{ + A X Re(A X + 4 X)Re(Us,Up iU, Upymym, mk | (53)

t'efeps}

Since we consider the neutrinos to be Majorana fermions, the processes K — zvv and K; — vv can be viewed as lepton
number violating, and as such they can be used to probe the Majorana phases via the last term in Egs. (50) and (53).
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|Rk.» — 1| as afunction of the sterile neutrino mass, m4 (left panel) and of U (right panel). The full ensemble of points (red and

blue ones) correspond to Rg,, computed using Eq. (24) in the Standard Model and in our scenario, with an additional sterile neutrino, by

exp

using the parameters selected in the scan discussed in Sec. III. Blue points are in conflict with Ry,, shown by the dashed line.

Notice, however, that this term is multiplied by the
product of neutrino masses mym, and since in our
scenario only one neutrino can be massive the other ones
are extremely light so that the product of masses will be
negligibly small. The only nonzero possibility is then
i = j =4, but in this case the Majorana phases cancel
out in the product Uy, UpUy,Upy. For this reason,
the Majorana phases will not be discussed in what follows.
We should also note that Eq. (53), with the appropriate
simplifications, agrees with the one presented in Ref. [49].

V. RESULTS AND DISCUSSION

In this section we use the points selected by the constraints
discussed in Sec. IIT and evaluate the sensitivity of the kaon
decay observables on the presence of a massive sterile
neutrino. Whenever possible, and to make the situation
clearer, for a given observable O we will consider the ratio

@)
OSM ’
where in the numerator we compute a given observable in the
scenario with three active and one massive sterile neutrino
and divide it by its Standard Model prediction. Whenever
possible, those results will be compared with experimental
values, Rp)".

(i) We first examine the effects of sterile neutrinos on
the leptonic decays of a charged kaon. To that end
we define

Rp = (54)

B(K - v
Reo- gt (59)
and compute its value by employing the expressions
derived in the previous section. * To estimate RS Kf2
we need an estimate of B(K — #v)M, which we
compute by using |V,| = 0.2255(4) [48], fx =
155.6(4) MeV computed in lattice QCD [45], and

*The pioneering analysis of this ratio was made in [9,10].

075023-11

by adding the electroweak and radiative corrections
[50-52]. We thus end up with

B(K* — etv)M = 1.572(10) x 1075,
RSP, = 1.006(8),
u)SM — 63.55(39)%
1, = 09996),
B(zt - K+U)SM =7.14(4) x 1073,
RS2, = 0.980(15),

B(K™ — u

(56)

where, in evaluating the Ry}, ratios, we used the
average of the experimental results collected in
Ref. [38].

Adding a massive sterile neutrino with parameters
selected in a way discussed in Sec. III, results in
values of the branching fractions which always fall
within the experimental bounds except in the case of
the mode K — ev, where some points get outside the
range allowed by experiment. This situation is
depicted in Fig. 3 where we see that requiring an
agreement with the experimental bound on Rg,,
amounts to a new constraint in the region of
my € (400 MeV,mK). In Fig. 3 we also show the
impact of RgY, on the corresponding active-sterile
mixing angle, or better U 4.

This finding is actually equivalent to what has been
discussed in Ref. [40] where it has been shown that
Arg [defined analogously to Eq. (9) of the present
paper] provides a useful constraint when building a
viable extension of the Standard Model by including
one (or more) sterile neutrino(s). Knowing that

R
Arg = X2 1,

= (57)
Ku2

and since R, is currently constraining while Ry, is

not, it is clear that the two constraints are indeed

equivalent.
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FIG. 4. Predictions for |Rg,; — 1| and |Rg,3; — 1| computed by using the parameters obtained in Sec. III are shown as functions of the
mass of the sterile neutrino m,. All the allowed points in red remain far below the experimental limit shown by the dashed line. Blue

points correspond to those discarded by incompatibility with R¢Y,.

(i) As for the semileptonic decays, we focus on the
decays of K in order to avoid the uncertainties related
to the isospin corrections which are present in the
decays of charged kaons. The main remaining worry
is to handle the hadronic uncertainties, i.e. those
associated with the form factors f, ((g?). Those
uncertainties are nowadays under control thanks to
the recent precision lattice QCD computation with

=241+ 1 dynamical quark flavors presented
in Ref. [53]. In that paper the authors computed
the form factors at several ¢>’s which are then fitted
to the dispersive parametrization of Ref. [54]. We
use those results in our computation and obtain

B(K, — n~e*v)™ = 41.31(46)%,
RSP, = 0.980(13),
B(K, — 7)™ = 27.51(29)%,
RYY = 0.981(11), (58)

thus about 1.5¢ away from the Standard Model
prediction. Those bounds,” however, remain far too
above the results we obtain after including an extra
sterile neutrino, which is also shown in Fig. 4. In other
words, the presence of a massive sterile neutrino has a (iif)
very little impact on the branching fractions of the
semileptonic kaon decays K,5;. Even a significantly
increased precision of those measurements is very
unlikely to unveil the presence of a sterile neutrino in
these decay modes.

As for the other two observables, we first computed
them in the Standard Model and obtained

3 Although the mass of the sterile neutrino m, can in principle
have any value, we focused in Figs. 3 and 4 on the mass range
my € [0, 1] GeV. When the sterile neutrino is (not) kinematically
accessible, we sum over all the (three) four neutrino final states;
besides, the effect of the presence of the sterile neutrino is also
encoded in the modification of the neutral and charged current
[see Eq. (1)], or equivalently in the effective coupling g,. This
effect is always present even if the sterile neutrino is not
kinematically allowed, as one can see in Figs. 3 and 4.

075023-12

(59)

We then checked their values in our scenario with one
massive sterile neutrino and found that they change by
a completely insignificant amount (at the one per-mil
level). For example, we get

-2 x 1077 < ((Af) — (AR)SM) <5 x 1077,
-3.6x107° < ((P,) — (P,)*M) <23 x 1076
(60)

To understand why these quantities remain so in-
sensitive to the presence of a heavy sterile neutrino,
we checked all the constraints employed in our scan of
parameters, and found that the most severe constraints
come from the direct searches, i.e. those we took from
Ref. [43]. Once taken into account, these constraints
prevent the kaon physics observables from deviating
from their Standard Model values.

The most interesting decay modes are expected to be
the ones with two neutrinos in the final state. In the
Standard Model, we have [55]

BM(K, — nw) = (3.00 4+ 0.30) x 107",
BM(K* - zfw) = (9.11 £0.72) x 10711, (61)

where a control over the remaining long-distance
hadronic contribution to the charged mode can be
achieved through numerical simulations of QCD on
the lattice for which a strategy has been recently
developed in Ref. [56]. These two decay modes are
also subjects of an intense experimental research at
CERN (NA62) for the charged mode [11], and at
J-PARC (KOTO) for the neutral one [12]. We
therefore find it important to examine in which
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extra (massive) sterile neutrino once experimental constraints are applied.

(iv)

way their rates could be affected if the Standard
Model is extended by an extra sterile neutrino. It
turns out that experimental constraints limit the
deviation from the Standard Model prediction to
less than 1%, which in view of the Standard Model
uncertainties [cf. Eq. (61)] means that the K — zwv
decay modes remain blind to the presence of an extra
sterile neutrino. This is illustrated in Fig. 5. More
specifically, we find

Vmy <1GeV,  Rg,_m, = 1.000(9),

Rys_ =, = 1.000(8). (62)

In other words, measuring B(K; — z°ww) and
B(K* — z*wv) consistent with the Standard Model
predictions would be perfectly consistent with a
scenario in which the Standard Model is extended by
an extra sterile neutrino. Notice again that the cut
into the parameter space in the region around my =
0.29 GeV shown in Fig. 5 comes from the direct
searches [43] implemented in our scan.
Finally, a similar analysis of the “invisible kaon
decay” K; — vv shows that this mode can be
largely enhanced if the sterile neutrino is massive.
Due to the available phase space, this decay can
be studied for my, < mgo, and the result is shown
in Fig. 6. Knowing that in the Standard Model
B(K; — )M =0, the enhancement we observe is
indeed substantial and since its decay rate can be
comparable to B(K — zvv) its experimental research
becomes highly important. It has been proposed to
search for this decay at the NA64 experiment using
K; produced from a K™ beam hitting a target [13].
From our analysis we find the upper bound,
B(K; - w) <12 x 10719, (63)
which could be within the reach of the KOTO, NA62
(-KLEVER) and SHIP experiments even if the above
bound is by an order of magnitude lower. The KOTO
experiment aims to reach a sensitivity of 107!! to
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B(KL—)VV)

my [GCV]

— 1]and |Rg, _ 0, — 1| remain within 1%, which means that K — zvv decays are not sensitive to the presence of an

K; — 7w in its first phase [12] and to have 4 x

10K at the entrance of the detector in phase 2 [57].
NAG62-KLEVER is a project that would succeed
NA62 and would aim to produce 3 x 1013K, [58].
However, we would like to point out that the decay
K; — vv could also be searched for in D-meson
decays making use of the relatively large branching
ratio B(D — K, ) ~ 1% and tagging the K; via the
pion. Beam dumps experiments at the CERN SPS
like SHIP or a possible run of NA62 in a beam dump
configuration would produce copious amounts of D
mesons. A year of running in beam dump mode for
NA62 would produce ~10'3D mesons [59], which
would correspond to roughly 10 tagged K, . SHIP
would accumulate even more data, producing 6.8 x
10'7 D mesons [17], which would translate into more
than 7 x 10 tagged K, . In any case, an experimen-
tal bound on this decay mode would be of great
importance for studying the effects of physics beyond
the Standard Model in the leptonic sector. Obviously,
a nonzero measurement of B(K; — vv) would be a
clean signal of the non—Standard Model physics.

108

10—10

107" psomininins -

"'-:f:_;
0.20

32
0.30 0.40
my [GeV]

0.10

FIG. 6. B(K; — wv) as a function of mass of the sterile
neutrino for my < mgo. Notice that in the Standard Model this
branching fraction is zero while the values close to the upper
bound found here are possibly within the reach of the KOTO,
NAG62(-KLEVER) and SHIP experiments.
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Before closing this section, we should make a brief comment
on the lepton flavor violating kaon decays, which in our
scenario would be generated by the heavy neutrino running
in the loop. By using the formulas given in Ref. [60] trivially
adapted to the kaon decays, and the result of the scan of
Sec. III, we obtain that these modes are completely negli-
gible, i.e. the branching fractions of all these modes are
under 10716.°

VI. SUMMARY

In this paper we presented the results of our study
concerning the impact of a massive sterile neutrino on the
weak kaon decays such as the leptonic, semileptonic and the
decay of a kaon to neutrinos. In the effective approach adopted
in this work, one sterile neutrino is supposed to mimic the
effect of a more realistic model in which the neutrino sector is
extended to include one or more sterile neutrinos.

Although the mass of the sterile neutrino my, can in
principle have any value, we focused on the mass range
my € [0, 1] GeV, and in particular on my < mg, when the
sterile neutrino is kinematically accessible. In order to
constrain six new parameters (my, the three sterile-active
neutrino mixing angles and two new phases) we used a
number of quantities discussed in the body of the paper,
together with the perturbative unitarity requirement, as well
as the constraints arising from the direct searches [43].
After combining such selected parameters with the expres-
sions for the leptonic and semileptonic decays we derive
here, we found that only B(K — ev) can significantly
deviate from the current experimental value. That conflict
with the data is present in the interval myg > my, 2 0.4 GeV.
The other quantities, including the forward backward and
the lepton polarization asymmetries, remain unchanged
with respect to their Standard Model values with the effect
of the massive sterile neutrino remaining at the level of less
than 1%.

We also derived the expressions for the kaon decays
to two (Majorana) neutrinos in the final state, namely
B(K — mwv) and B(K; — vv). Our expressions are generic
and can be used when studying a new physics scenario in
which heavy neutrinos with no new gauge couplings are
involved. This will be increasingly relevant with the
ongoing experimental effort at CERN (NA62, NA64,
SHIP) and J-PARC (KOTO) targeting B(K* — zfwv)
and B(K; — n°w), respectively. These two decays, how-
ever, appear to be insensitive to the massive sterile neutrino
once the experimental and theoretical constraints are taken
into account. In other words, if the experimental results of
the weak kaon decays turn out to be consistent with the

®To be more specific, we get

B(KL g ye) < 10_18,
B(T — QSﬂ) < 10719,

B(T d KS:M) < 10_16,
B(K* — ntue) < 1075,
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Standard Model predictions to a 1% uncertainty, this would
not be in contradiction with the neutrino sector extended by
a massive and relatively light sterile neutrino(s). The only
kaon decay mode which appears to be sensitive to the
presence of a massive sterile neutrino is K; — vv, the
branching fraction of which can go up to O(107!?), thus
possibly within reach of the NA62(-KLEVER), SHIP and
KOTO experiments. Knowing that the Standard Model
value of this mode is zero, its observation would be a clean
signal of new physics.

Notice also that B(K — zvv) and B(K; — vv) could be
used to probe the Majorana phases in the models in which
more than one massive neutrino is considered. In the
approach adopted in this paper only one neutrino can be
heavy and therefore such a study is prohibited. If instead
one considers a realistic model with more than one heavy
neutrino then a study of the Majorana phases becomes
possible too [61].

We should mention that one can also consider the
situation with a very heavy sterile neutrino O(1 TeV).
In that case the processes discussed in this paper could be
modified by the effects of violation of the mixing matrix
unitarity; see for instance [62]. We checked that possibility
in the explicit computation and found that such effects
are indeed tiny. Importantly, however, a heavy sterile
neutrino can propagate in the loop-induced processes
and shift the values of B(Kg — up) and B(K — zuu).
We checked that the corresponding effect remains small
and completely drowned in the large (long-distance QCD)
uncertainties already present in the Standard Model esti-
mates of B(Kg — up) and B(K — muu) [52,63].

Finally, the expressions presented in this paper can be
easily extended to other similar decays, such as D-, D-, B-
and Bg-meson decays. We decided to focus on the kaon
decays because of the recent theoretical developments in
taming the hadronic uncertainties and because of the better
experimental precision.
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APPENDIX: MAJORANA VS DIRAC CASE

Being electrically neutral neutrinos can be described by
using either Dirac or Majorana spinors. A Majorana spinor
obeys the condition

w=y" =&y, (A1)
where C denotes the charge conjugation and £ an arbitrary
phase factor that can be absorbed into redefinition of yr. As a
consequence, a Majorana spinor has only 2 degrees of
freedom (whereas a Dirac spinor has 4) and can be expressed
using only the left-handed (LH) chiral component

w=y + (w)" (A2)
In the massless limit the chiral components decouple and
Dirac and Majorana spinors verify the same Dirac equation.
Since in the Standard Model only the LH component is
subject to gauge interactions, Dirac and Majorana neutrinos
will behave identically in the massless limit and only the
observables that exhibit a dependence on the neutrino mass
can probe the nature of neutrinos. This behavior is at the core
of the confusion theorem [64].

The plane wave expansion of a Dirac spinor reads

—Ip.X

= [P N (e
WDlraC( ) /\/MZ:[ S(p) S(p)

+ bl(p)vs(p)e],

and that of a Majorana spinor has the following form,

(A3)

)e—lp.x

3
l//Majorana(x) = /dipZ[a\(p)us(p
\/ (27)*2E, s

+&ay(p)vy(p)e], (A4)
where al(p) and b](p) are the particle and antiparticle
creation operators, while u,(p) and v(p) are the positive
and negative energy spinors. Since a theory with Majorana
fermions does not conserve fermion number, multiple

v
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spinor contractions are allowed, leading to possible ambi-
guities in calculations.

1. Feynman Rules

A possible modification of the Feynman rules to account
for Majorana fermions was presented in [65], nowadays
widely used and also incorporated in automated tools like
FEYNARTS [66] or SHERPA [67,68], for example. Before
giving the list of vertices that we used and their expressions
for Majorana neutrinos, let us illustrate the difference
between vertices for Dirac and Majorana neutrinos.

In the weak basis, the Zuv interactions are flavor
diagonal and given for both Majorana and Dirac neutrinos
by

g
ﬁZDI/ = 2

- A5
2 cos Oy (A3)

=/ /
v, ZP V).

The neutrino mass matrix M is put in a diagonal form using
a singular value decomposition for Dirac neutrinos

U MUy, = diag(m,), (A6)
where i = 1, ..., n with n the number of neutrinos and
v; =U, P, Vg = UgrPgu, (A7)
and the lepton mixing matrix U is given by
3
Ui = ViuUs,, (A8)

k=1

In the case of Majorana neutrinos, the neutrino mass matrix
M is diagonalized using Eq. (3). For both Majorana and
Dirac neutrinos, the Zvv interactions are given by, in the
mass basis,

%
2 cos Oy

‘CZm/ == DZUTUPLZ/ (Ag)

Using the usual Feynman rules for Dirac neutrinos gives the
following:

1
i’m(UTU)ijPL

" 2cos O (A10)
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However, we would expect the Feynman rule to exhibit
some symmetry under the exchange i <> j for Majorana
neutrinos. Using the following properties of Majorana
bispinors

l/_/}/y)( = —)?7,41//7

WY uYsK = XV uYsW, (AL1)

v

2 cos Oy
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we can rewrite the Zvv interaction term for Majorana
neutrinos in the mass basis as

9D

Ly, =—
Zw 4 cos By,

pZ|(UTU)P, — (UTU)* Pglv,  (A12)

which, keeping in mind that two contractions of the
Majorana spinors are possible, gives the Feynman rule

192 (A13)

Y [(UTU)i5 Py — (UTU);; PR)

which agrees with the prescription of [65] and can be obtained as well by writing the matrix element

o (‘—gz) 5aZ(U'U) Py 0),

2 cos Oy

and doing the Wick contractions in all possible ways.

(A14)

On the opposite, due to the presence of a charged lepton that imposes a distinction between leptons and antileptons, the
vertices involving a W+ gauge boson are identical between Majorana and Dirac neutrinos,

Vi
W

la

Vi
W+

la

tg2
— =Y UaiP
g bl (A15)
g \
= yuUsiPL (A16)

V2

2. Detailed expression for K* — z*wv

In this section, we present the complete analytical expressions for K™ — ztvv calculated for both Majorana and Dirac
neutrinos and show that they are equivalent in the limit of massless neutrinos, as expected from the confusion theorem. The
expression for the kaon decays are found in Eq. (45) for Majorana neutrinos. In the case of Dirac neutrinos, we obtain
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dB(K* > atw)| ¢ aemGFTK_* A2 (m%, 42, mZ)/ll/z(qz’m’%i’mgj)
K>
dq2 Dirac i.j 1536” m q2
- m2 +m2  (m2 —m?)?
x |CZLJ|2[/1(m%oq2,m72[) (z- S A >|f+(q2)|2
2 2 2 2\2
my, + my, (mvi - ml/»)
+3( T = w2 Pl (A7)

where C’Zj is given in Eq. (44), while f (¢*) are the form factors defined in Eq. (26).
Using the fact that for Majorana neutrinos,

dB(K" — ntvw;) dB(K" — ntvy;)

= , AlS8
we can rewrite the branching ratio summed over all neutrinos in Eq. (45) as
dB(K* —; ntuw) _ i | —151'; dB(K* —>2ﬂ+u,»1/j)
dq = 2 dq
1 4 <dB(K+ - n*y,yj) dB(KT — 7T+I/jlji)) 7% B(K™ — ntvy;)
- 2 2 2
2i’J:1i<j dq dq 24 dg
o 1 4 dB(K+ e 7[+1/in) Al19
) dq’ ’ (A19)
=1 4q
where we used the exchange symmetry v; <> v; in the last equality. Therefore,
4 1202 02 02
B ] S gy )
dq Majorana ij=1 15367°m q
m2 +m2  (m2 —m?)?
e N e o [ Ca i
m;, +my (mg —m)?
3 (M I o - P
6 M B2 2 2 2)12 2 242 2\12
0= [A(mk. ¢* mz)\f 1 (q") " = (mk —mz) [ fo(q”) ] - (A20)

It is then clear that the difference between Eqgs. (A17) and (A20) comes from the last term in Eq. (A20), which is
proportional to m;m;. As a consequence, the branching ratios for Majorana neutrinos and for Dirac neutrinos are equal in
the limit of massless neutrinos, providing a concrete example of the confusion theorem.
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