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We present a newmethod to analyze upcoming results in the search forCP violating neutrino oscillations.

TheCPviolating amplitudesAkj
αβ provide parametrization independent observables, whichwill be accessible

by experiments soon. The strong prediction of a unique Akj
αβ (the Jarlskog invariant) in case of the standard

three neutrino model does not hold in models with new physics beyond the standard model. Nevertheless
there are still correlations among the amplitudes depending on the specificmodel. Due to these correlations it
is possible to reject specific new physics models by determining only 3 of the CP violating amplitudes.

DOI: 10.1103/PhysRevD.95.075004

I. INTRODUCTION

The experimental observation of neutrino oscillations
and its interpretation as a consequence of neutrino masses
provided the first manifestation of new physics beyond the
standard model (SM). The first conclusive evidence of
neutrino oscillation by SNO [1,2] and Super-Kamiokande
[3] was honored recently by the Nobel Prize of Physics in
2015. With the exception of some anomalies, almost all
current data can be well explained by a model of three
neutrinos with two mass squared differences, Δm2

31 and
Δm2

21, three mixing angles θ12, θ23, and θ31, and one CP
phase δ [4]. All parameters are measured to a relatively high
precision, except for the octant of θ23, the mass-ordering,
and the CP phase. Ongoing and upcoming neutrino experi-
ments will narrow down the viable space for these
parameters (see [5] for a review). A first hint for a maximal
δ ¼ ½−3.13;−0.39�ðNHÞ, ½−2.09;−0.74�ðIHÞ at 90% CL
has been reported by T2K [6,7].
This situation cannot be understood as a proof of the

minimal three neutrino picture, though. As has been shown
by several authors, new physics models can fake a signal at
current experiments which look like satisfying the three
neutrino paradigm [8–12].
Neutrino oscillation probabilities are described by intro-

ducing the mixing matrix U, parametrizing the trans-
formation from neutrino mass to flavor eigenstates,
jναi ¼

P
kUαkjνki:

Pνα→νβðtÞ ¼
X
k;j

U�
αkUβkUαjU�

βje
−i

Δm2
kj

L

2E ð1Þ

¼ δαβ−4
XN
k>j

ReðU�
αkUβkUαjU�

βjÞsin2
�Δm2

kjL

4E

�

þ2
XN
k>j

ImðU�
αkUβkUαjU�

βjÞsin
�Δm2

kjL

2E

�
; ð2Þ

where Akj
αβ ¼ ImðU�

αkUβkUαjU�
βjÞ. For antineutrinos the

last term switches its sign, so the CP violation Pνα→νβ −
Pν̄α→ν̄β depends only on the CP violating amplitudes Akj

αβ.
Here, N indicates the number of light neutrinos involved in
the oscillation process. If all neutrino mass eigenstates are
small compared to the relevant energy scale at production
and detection (for instance the pion mass) all eigenstates are
involved in the oscillation process and the mixing matrix U
is unitary. If, on the other hand, at least one mass eigenstate
cannot be produced due to kinematics, or the heavy flavors
can be integrated out, the resulting effective mixing matrix
U can be nonunitary. Note that in this case in addition to
neutrino oscillations zero-distance-effects can arise, which
we do not consider in this work. A common approximative
parametrization used in the literature is based on a series

expansion in α ¼ Δm2
31

Δm2
21

≪ 1:

Pνe→νμ ∼ Asin2Δþ α sin δBsin3Δþ α cos δC cosΔsin2Δ

þ α2Dsin2Δ ð3Þ

with Δ ¼ Δm2
31
L

4E and A, B, C, D are functions of the
standard mixing angles [13]. Equation (3) is only valid in
vacuum and for αΔ≲ 1 holds.
The CP violating term (proportional to sin δ) is sup-

pressed by α but the unitarity of U3×3 is implicitly used to
derive this formula. Various efforts exist in the literature to
improve the above approximation for new, more exact or
shorter parametrizations [14–22] or to include matter
effects [23–31].
Here we rely on the exact expressions given in Eq. (2)

instead, which is invariant under reparametrization. In
particular the CP violating amplitudesAkj

αβ are independent
of the parametrization [32,33] and can be determined in
various extensions to the SM case. A specific feature which
had already been pointed out by Jarlskog [34,35] is that in
the case of exactly three flavors and a unitary mixing matrix
U, all CP violating amplitudes Akj

αβ have identical absolute
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values. This observation was first exploited in the quark
sector where the famous Cabibbo-Kobayashi-Maskawa uni-
tarity triangle provides a precise test for unitarity and there-
fore for the SM itself.Analyses of the lepton sector in terms of
unitarity triangles have been worked out in [36–41], but the
insights are limited in cases where the triangle does not close,
since the source of unitary violation cannot be determined.
Inspired by previous work [32,33] we take a closer look

at sums and ratios of the CP violating amplitudes Akj
αβ and

find useful correlations among them. These correlations
depend highly on the specific model and therefore provide
a useful test for new physics in CP violating neutrino
oscillations.

II. ANALYTIC TREATMENT OF 3+ 1 ν

A popular extension of the three neutrino model is to add
an additional light sterile neutrino [42,43]. This is moti-
vated by the LSND [44], MiniBooNE [45], reactor [46],
and gallium anomalies [47] but in conflict with a recent
IceCube analysis [48]. In this model the mixing matrix U is
now a 4 × 4 unitary mixing matrix but the 3 × 3 submatrix
is not unitary anymore. Although the resulting amplitudes
are no longer unique, they are related due to the unitarity of
the complete mixing matrix. By exploiting these relations

in the context of the quark sector it has been shown for four
flavors that all amplitudes can be reduced to only three
independent CP violating amplitudes [49]. In the following
we follow these arguments translated to the notation
commonly used in neutrino physics. All relations rely on
[49] where these relations have been proven for general
unitary 4 × 4 matrices.
In total there exist 4 × 4 × 4 × 4 ¼ 256 (α; β ∈

fe; μ; τ; sg and k; j ∈ f1; 2; 3; 4g) different CP violating
amplitudes Akj

αβ ¼ ImðU�
αkUβkUαjU�

βjÞ, whereas the num-

ber is strongly reduced by the fact that Akj
αβ ¼ 0

for α ¼ β or k ¼ j and due to symmetry, Akj
αβ ¼ Akj

βα

and Akj
αβ ¼ Ajk

αβ Therefore it is sufficient to only consider

Akj
αβ where α < β and k > j. Note that the previous

relations hold due to the definition of Akj
αβ regardless of

the underlying U and are not specific for the 3þ 1ν model.
This reduces the number of CP violating amplitudes to 36.
These 36 amplitudes are not independent of each other
and can be expressed via only nine amplitudes (see
Appendix A). Again, these nine amplitudes can be
expressed by three remaining amplitudes via the following
expression

0
BBBBBBBBBB@

A32
eμ

A43
eμ

A21
μτ

A43
μτ

A21
τs

A32
τs

1
CCCCCCCCCCA

¼ M−1

0
BBBBBBBBBB@

R32
eμA21

eμ

R43
μτA43

τs

R21
μτA21

eμ

R32
τsA43

τs

ðR32
ττ þR32

eμÞA32
μτ

ðR33
μτ þR32

eμÞA32
μτ

1
CCCCCCCCCCA

; ð4Þ

with M−1 defined by the inverse of

M ¼

0
BBBBBBBBBB@

−ðR22
eμ þR21

eμÞ R22
eμ 0 0 0 0

0 R43
ττ 0 −ðR43

ττ þR43
τs Þ 0 0

0 0 −ðR21
μμ þR21

eμÞ 0 R21
μμ 0

0 0 0 0 R33
τs −ðR33

τs þR43
τs Þ

R32
ττ 0 0 0 0 −R32

μτ

0 0 −R33
μτ −R32

μτ 0 0

1
CCCCCCCCCCA

: ð5Þ

The amplitudes Rkj
αβ ¼ ReðU�

αkUβkUαjU�
βjÞ correspond to

the CP conserving amplitudes in neutrino oscillations.
These relations therefore provide a connection between
the CP violating and the CP conserving processes. To
emphasize the differences between 3ν and 3þ 1ν we want
to highlight following relations:

A31
eμ ¼ −A32

eμ þA43
eμ ð6Þ

A21
eτ ¼ −A32

μτ þA43
τs ð7Þ

A31
eτ ¼ −A32

eτ −A32
τs þA43

τs ð8Þ
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The relations reduce to the 3ν case, if no mixing with the
light neutrino takes place. This corresponds to vanishing
non diagonal elements in the fourth line and column of U.
Consequently, all amplitudes vanish if α∨β ¼ s or
k∨j ¼ 4. Due to the expected smallness of mixing with
sterile states, the deviations from uniform amplitudes in the
3 × 3 sector could be treated in a perturbation approach.

III. NUMERIC ANALYSIS OF STERILE
NEUTRINOS AND NONUNITARY SCENARIOS

The relations in the previous section rely on the unitarity
of the resulting 3þ 1νmodel. In general these relations are,
if possible, harder to find and more complicated. An easier
approach is to use a numeric analysis of the correlations of
the different amplitudes for different models. Therefore we
pick random numbers for all parameters in the specific
model. We adopt a flat distribution for the SM parameters
sin2 θ12, sin2 θ31, sin2 θ32, and the CP phase δ31 in the range
[0, 1] and ½0; 2π�, respectively. This distribution seems to be
the most general without any prior assumptions. In any
case, the exact shape of the distribution is not expected to
affect significantly the results due to the strict experimental
constraints for the elements of U. Since the elements of U
are independent of the parametrization we are free to
choose the standard parametrization from [50]. The ranges
for the model specific parameters are shown below.
To check if the generated combination of parameters

satisfy current experimental bounds, we compare the
entries of the 3 × 3 submatrix of U with the bounds
presented in [51], where a global fit is performed without
implying a unitarity of U3×3.

jUj3×33σ ¼

0
B@
0.76→ 0.85 0.50→ 0.60 0.13→ 0.16

0.21→ 0.54 0.42→ 0.70 0.61→ 0.79

0.18→ 0.58 0.38→ 0.72 0.40→ 0.78

1
CA: ð9Þ

For a viable combination of parameters all accessible
amplitudes Akj

αβ are calculated and extracted. For each
model we extracted 100,000 viable combinations. To show
the correlation we performed a kernel density estimation
for different combination of amplitudes, i.e. estimating the
underlying probability density function by summing up
Gaussian kernels placed on every data point.
We compare 4 different approaches of neutrino physics

beyond the three neutrino paradigm:
(i) a model of one additional light sterile neutrino

(3þ 1ν), motivated by LSND [44], MiniBooNE-
[45], gallium- [47], and reactor anomaly [46].
Typically the additional mass squared difference
lies in the ∼1 eV range [42,43]. Due to the low
mass the sterile state participates in the oscillation.
The sterile neutrino does not interact via SM gauge
interactions with other SM particles. The mixing
matrix is a 4 × 4 unitary matrix (see Sec. II for more

details). To generate the mixing matrix U we
sampled the additional angles sin2 θ41, sin2 θ42
and sin2 θ43 as well as the additional CP phases
δ41 and δ43 from a flat distribution in the range [0, 1]
and ½0; 2π�, respectively.

(ii) a model of two additional light sterile neutrinos
(3þ 2ν), similar to model (i) but with an extended
parameter space (additional mixing angles and CP
phases) due to the additional sterile state. The
mixing matrix is a 5 × 5 unitary matrix. The addi-
tional mixing angles and CP phases are drawn
analogue to model (i).

(iii) a scenario of nonunitarity without additional con-
straints (NU). This scenario is realized by modifying
the unitary matrix with a lower triangular matrix α

UNU ¼ ðI − αÞU3×3

¼

0
B@

1 − αee 0 0

αeμ 1 − αμμ 0

ατe αμτ 1 − αττ

1
CAU3×3 ð10Þ

where jαβγj < 1. The diagonal entries are real and
the off-diagonal entries are complex parameters (see
for instance [52–54]). In the numerical calculations
the absolute values of all elements of α and the
phases of the off-diagonal terms are sampled via a
flat distribution in the range [0, 1] and ½0; 2π�,
respectively, which are the most general distribu-
tions with least prior assumptions.

(iv) a scenario of nonunitarity where additional fermions
trigger rare decays like μ → eγ. The corresponding
constraints from rare decays and electroweak pre-
cision observables are presented in [55] [“minimal
unitarity violation” (MUV), the nonunitarity is para-
metrized as in scenario (iii)]

αee < 1.3 × 10−3; jαμej < 6.8 × 10−4;

αμμ < 2.0 × 10−4; jατej < 2.7 × 10−3;

αττ < 2.8 × 10−3; jατμj < 1.2 × 10−3: ð11Þ

For generating the mixing matrix U we picked all
absolute values of the parameters from a flat dis-
tribution in the range corresponding to the above
constraints (11). The phases of the off-diagonal
elements are drawn the same way as in model
(iii). Again we use the flat distribution to be as
general as possible.
Many new physics models can influence neutrino

oscillation in a way described by NU and MUV. For
instance heavy right handed neutrinos introduced in
seesaw models or nonstandard neutrino interaction
(NSI) at production and detection can be described
by the MUV and NU scenarios, respectively.
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IV. RESULTS

The 95% CL of the generated kernel density estimates
(KDE) for oscillations of νμ are shown in Figs. 1 and 2. We
focus on these modes since the production of νμ is well
understood and the modes are investigated by several
current experiments. We do not consider amplitudes where
sterile states are involved due to missing detection mech-
anisms. We also do not consider amplitudes with additional
mass differences beyond the solar and atmospheric Δm2

12

and Δm2
23 since these are by now not known and current

experiments are optimized for the known mass squared
differences. As can be seen clearly for the scenarios with
additional light neutrinos and nonunitarity without con-
straints the corresponding parameter spaces allow for
significant deviation from the SM prediction of uniform
CP violating. The MUV scenario albeit provides only a
comparatively small allowed region. The strong constraints
for the unitary violating parameters α [see Eq. (11)] as
priors strongly restrict deviations from the SM prediction.
The allowed regions fulfill all current bounds and display
the uncertainties in Eq. (9) and the not yet determined CP
phase(s).
The differences between the 3þ 1ν- and 3þ 2ν-model

are negligible. Due to invariance under reparametrization
the amplitudes in the 3 × 3 submatrix do not change by
rotations in the 4-5-Plane in case of a 3þ 2ν-model. To
investigate a difference between 3þ 1ν and 3þ 2ν

scenarios, amplitudes with sterile states or additional mass
squared differences have to be taken into account which are
not expected to be accessible experimentally in the near
future.
Comparing the models with additional light neutrinos

with the scenario of an unconstrained nonunitarity one can
find large deviations. The scenario of nonunitarity provides
viable parameter sets which are far outside the 95% CL of
the models with additional light neutrinos. The MUV
scenario provides only a small deviation from the SM
due to the strong constraints from electroweak precision
observables. The expected deviations are out of reach of
current experiments. Therefore a sizable measured
deviation from the SM has to have another source than
the MUV scenario.
Hence the experimental measurement of the correspond-

ingCP violating amplitudes can be a direct test for the three
neutrino paradigm and can also discriminate between
different SM extensions: If the experimental values will
turn out to lie outside a viable region of 3þ 1ν, 3þ 2ν
or the MUV scenario these models can be ruled out
consistently.
Similar plots have been fabricated for all combinations

of amplitudes and yield similar results. Whether the
best discriminators are provided by the sums or the ratios
of amplitudes will turn out once experimental data is
available.

FIG. 1. Kernel density estimates for the different scenarios:
3þ 1ν in red, 3þ 2ν in blue, Nonunitarity in yellow and minimal
unitarity violation (MUV) in green. Shown is the differences of
the 3 different CP violating amplitudes in the νe → νμ-channel.
The colored area corresponds to the 95% CL of the KDE. The
three neutrino prediction corresponds to the point at (0,0). Except
for numerical effects, the areas for the 3þ 1ν and the 3þ 2ν
model match each other. A significant deviation between NU and
new sterile states can be observed. Due to the strong constraints
for MUV, the viable regions are extremely small and deviations
from three neutrino prediction will be hard to measure.

FIG. 2. Kernel density estimates for the different scenarios:
3þ 1ν in red, 3þ 2ν in blue, nonunitarity in yellow and ninimal
unitarity violation in green. Shown is the ratios of the 3 different
CP violating amplitudes in the νμ → ντ-channel. The colored
area corresponds to the 95% CL of the KDE. The three neutrino
prediction corresponds to the point at ð1;−1Þ. Except for
numerical effects, the areas for the 3þ 1ν and the 3þ 2ν model
match each other. A significant deviation between NU and new
sterile states can be observed. Due to the strong constraints for
MUV, the viable regions are extremely small and deviations from
three neutrino prediction will be hard to measure.
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V. CONCLUSION

In this work we have developed a new method to test
and discriminate the standard three neutrino paradigm and
several extensions based on the study of various combi-
nations of CP violating amplitudes Akj

αβ. These amplitudes
are easily accessible via oscillation experiments searching
for CP violation. The amplitudes and the relations among
them have been translated into the notation commonly
used in the neutrino community. Moreover, the concept has
been generalized to scenarios with five neutrinos and
nonunitary mixing matrices. Powerful discriminators
between different scenarios of physics beyond the SM
can be exploited once experiments determine three differ-
ent amplitudes. In this case it is possible to rule out not
only the three neutrino paradigm but also models of
additional sterile light neutrinos or the scenario of MUV
in large regions of the respective parameter spaces. On the
other hand, a determination of a unique amplitude would
be in agreement with both the three neutrino model but
also with specific parameter combinations of new physics
models.
Note, that these calculations rely on the vacuum values

of neutrino properties. They are independent of specific
mass differences. The most straightforward way to deter-
mine values for the amplitudes is to rely on experiments
being capable of running both neutrino and antineutrino
mode where matter effects can be neglected. This is not the
case for current experiments where matter effects have to be

taken into account. How to include matter effects is not
trivial and will be addressed in future work. Nevertheless
the relations from Sec. II hold for a specific energy and
baselength even in matter. Therefore an intrinsic validity
check of the relations for each energy bin is possible.
Currently the experimental uncertainties are too large to
deduce a definite statement whether these relations hold but
with increasing number of events and better experimental
techniques we expect better results in the future.

ACKNOWLEDGMENTS

We thank Dennis Loose for useful discussion regarding
the numerical analysis and Mariam Tórtola and Matthias
Blennow for useful comments. This project was supported
in part by a Fulbright Program grant sponsored by the
Bureau of Educational and Cultural Affairs of the United
States Department of State and administered by the
Institute of International Education. P.S. also thanks
Vanderbilt University, Prof. Thomas Kephart and Prof.
Thomas J. Weiler for the kind hospitality.

APPENDIX: ANALYTIC RELATIONS OF CP
VIOLATING AMPLITUDES

The following analytic relations have been taken from
[49] and translated into the notations used for this paper.
All 36 amplitudes can be reduced to a linear combination of
the nine amplitudesA21

eμ,A32
eμ,A43

eμ,A21
μτ ,A32

μτ ,A43
μτ ,A21

τs ,A32
τs

and A43
τs .

A31
eμ ¼ −A32

eμ þA43
eμ; A41

eμ ¼ −A21
eμ þA32

eμ −A43
eμ;

A42
eμ ¼ A21

eμ −A32
eμ; A21

eτ ¼ −A21
μτ þA21

τs ;

A31
eτ ¼ A32

μτ −A43
μτ −A32

τs þA43
τs ; A41

eτ ¼ A21
μτ −A32

μτ þA43
μτ −A21

τs þA32
τs −A43

τs ;

A32
eτ ¼ −A32

μτ þA32
τs ; A42

eτ ¼ −A21
μτ þA32

μτ þA21
τs −A32

τs ;

A43
eτ ¼ −A43

μτ þA43
τs ; A21

es ¼ −A21
eμ þA21

μτ −A21
τs ;

A31
es ¼ A32

eμ −A43
eμ −A32

μτ þA43
μτ þA32

τs −A43
τs ; A32

es ¼ −A32
eμ þA32

μτ −A32
τs ;

A41
es ¼ A21

eμ −A32
eμ þA43

eμ −A21
μτ þA32

μτ −A43
μτ þA21

τs −A32
τs þA43

τs ;

A42
es ¼ −A21

eμ þA32
eμ þA21

μτ −A32
μτ −A21

τs þA32
τs ; A43

es ¼ −A43
eτ þA43

μτ −A43
τs ;

A31
μs ¼ −A32

eμ þA43
eμ þA32

μτ −A43
μτ ; A41

μτ ¼ −A21
μτ þA32

μτ −A43
μτ ;

A42
μτ ¼ A21

μτ −A32
μτ ; A21

μs ¼ A21
eμ −A21

μτ ;

A31
μs ¼ −A32

eμ þA43
eμ þA32

μτ −A43
μτ ; A41

μs ¼ −A21
eμ þA32

eμ −A43
eμ þA21

μτ −A32
μτ þA43

μτ ;

A32
μs ¼ A32

eμ −A32
μτ ; A42

μs ¼ A21
eμ −A32

eμ −A21
μτ þA32

μτ ;

A43
μs ¼ A43

eμ −A43
μτ ; A31

τs ¼ −A32
τs þA43

τs ;

A41
τs ¼ −A21

τs þA32
τs −A43

τs ; A42
τs ¼ A21

τs −A32
τs .
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