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Transition form factors Fp,., ) of pseudoscalar mesons are studied within the framework of the domain

model of confinement, chiral symmetry breaking, and hadronization. In this model the QCD vacuum is
described by the statistical ensemble of domain wall networks which represents the almost everywhere
homogeneous Abelian (anti-)self-dual gluon field configurations. Calculations of the form factors are
performed consistently with mass spectra of mesons, their weak and strong decay constants. Influence of the

nonperturbative intermediate range gluon fields on behavior of pion transition form factor at large Q? is of
particular interest. It is found that Q>F ,,y*y(Q2) approaches a constant value at asymptotically large Q2.
However, due to the contribution of confining gluon fields this limit exceeds the standard factorization bound,
though the form factor complies with Belle data more likely than with BABAR ones. At the same time the
generally accepted factorization bound is shown to be satisfied for the case of the symmetric kinematics,
Q*F Pry (Q?). Peculiarities of description of 5, ', and 7, form factors within the model are discussed in detail.
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I. INTRODUCTION

Experimental data for pion transition form factor F,.,
obtained by the BABAR Collaboration [1] indicate growth
of Q?F -, at large O that is inconsistent with prediction of
QCD factorization theorems [2]

V2f, [V dR(x) _V2f,
F}T}'XV ~ 3Q]; [) dx¢ x(X) - Q{ ’
¢z (x) = 6x(1 - x), (1)

where f, = 131 MeV, and ¢%¥(x) is the asymptotics of
pion distribution amplitude at large Q2. Published later
experimental results carried out by the Belle [3]
Collaboration demonstrate qualitatively different behavior
at large momenta, though they still allow violation of bound
(1). These intriguing though so far incomplete experimental
results have motivated extensive theoretical investigations
of pion electromagnetic transition form factor F,,., and
QCD factorization in exclusive hadronic processes.
Transition form factors were considered within the frame-
work of light-cone [4-6] and anomaly sum rules [7,8],
local-duality version of QCD sum rules [9], modified
perturbative approach based on the k; factorization theo-
rem [10,11], dispersion relations [12], light-front holo-
graphic QCD [13-16], Dyson-Schwinger equations [17],
nonlocal chiral quark models [18-21], light-front quark
model [22], vector-meson dominance model and its mod-
ifications [23,24], within chiral effective theory with
resonances [25], instanton liquid model [26], and models
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involving physics beyond the Standard Model [27].
Contribution of Adler-Bell-Jackiw triangle anomaly to
7% — y*y process was investigated in [28].

Disagreement between bound (1) and the BABAR data
aroused discussion about validity of the latter [4,17]. The
findings demonstrate that higher local operator product
expansion and a, corrections to Eq. (1) are too small to
describe BABAR data, and one should take into account
nonlocal or non-OPE contributions [7]. These corrections
may originate from nonlocal condensates, instantons, or
short strings. Alternatively, growth of Q*F 2y at large 0?
can be described by “flat” (nonvanishing at the endpoints
x =0 and x = 1) distribution amplitude [29-31].

In this paper we consider behavior of the transition form
factors within the approach based on the description of
QCD vacuum as statistical ensemble of domain wall
networks representing an ensemble of almost everywhere
homogeneous Abelian (anti-)self-dual fields, which are
characterized by the nonzero gluon condensates, first of
all the scalar (g?F?) and the absolute value of the
pseudoscalar (|2FF|) = (¢*F2) ones. Motivation for this
approach as well as details related to the study of static and
dynamical confinement, realization of chiral SU, (N ) x
SUR(Ny) and U, (1) symmetries in terms of quark-gluon as
well as colorless hadron degrees of freedom can be found in
papers [32-38] and references therein, where also deriva-
tion of the effective meson action used in the present paper
is described in detail. Relation of the present approach to
the methods based on a combination of the Bethe-Salpeter
equation with Dyson-Schwinger equations and functional
renormalization group and models based on soft wall AdS/
QCD approach was discussed in [37]. The effective meson
action allows one to compute the mass spectrum, decay,
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and transition constants as well as form factors describing
the strong, electromagnetic, and weak interactions of
various mesons within the universal for all mesons setup.
Parameters of the model are the infrared limits of the
renormalized quark masses and strong coupling constant,
scalar gluon condensate (o, F?), and the mean domain size.
The latter can be related to topological susceptibility of
pure Yang-Mills vacuum. Overall precision of the approach
in the description of the wide range of meson phenom-
enology (masses of light, heavy-light mesons, and heavy
quarkonia, leptonic decay constants, transition constants,
all of the above including excited mesons) is about 10%—
15% with few exceptions. Throughout all calculations the
same values of parameters are used as it is supposed by
their physical meaning [37]; see Table I.

The main purpose of the present paper is to investigate
how the explicit presence of the background domain
structured gluon field affects transition form factors of
pseudoscalar mesons and strong decay constants of vector
mesons gy pp. In this context the most relevant feature of the
present approach is the invariance of meson effective action
with respect to the local gauge transformations of the
background field. The nonlocal meson-quark vertices
depend on the covariant derivatives in the presence of a
nonperturbative domain structured gluon field. Within the
formalism used in this paper, both quark propagators and
meson-quark vertices are translation invariant up to a gauge
transformation. As a result, energy-momentum is con-
served only in the entire diagram describing interaction
between mesons, leptons, and photons, but it is not
conserved in every meson-quark vertex separately.
Averaging of these diagrams over configurations of the
nonperturbative field leads to contributions that are absent
if just a global gauge invariance is assumed as it is usually
done in nonlocal models of hadronization. This is the most
relevant to our task feature of the effective meson action,
derived within the domain model, as it becomes a source
for violation of factorization properties since it may mix up
soft and hard parts of the amplitudes, short and large
distance subprocesses. It is shown that the background
gluon fields, typical for the domain model, do not cause
growth of QZF,,W at large Q7?, and calculation of the
asymptotic behavior indicates that

V2f,
Fryey ~ %y 0’ xyry = 1.23, (2)

so that Q*F =y approaches a constant value at large 0% in
qualitative agreement with factorization prediction, but the

TABLE L. Values of parameters fitted to the mass spectrum [37]
and used for calculations in the present paper.

My, g my m, my, A

MeV) MeV) (MeV) (MeV) (MeV) oy R (fm)
145 376 1566 4879 416 3.45 1.12
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value of constant -, substantially differs from unity. At the
same time, asymptotic behavior of the form factor in sym-
metric kinematics with two photons with equal virtuality Q2,

V2f,
Flry*y‘ N}f y* Q2 s }{J/*}/* = 1, (3)

calculated within the present model, matches factorization

prediction
”7 v 3Q2 3Q2 :

Within the present calculatlon, the deviation of s, from
unity manifestly originates from the nonconservation of the
energy-momentum in the quark-meson vertices and quark
propagators separately due to interaction of quarks and gluons
with the background confining gluon fields. The energy-
momentum is conserved only for the whole locally gauge
invariant amplitude of the process 7 — y*y(*). In the presence
of the vacuum gluon fields under consideration the propa-
gators and vertices are translation invariant only up to a gauge
transformation of the background gluon fields. Equivalently,
in the presence of the long/intermediate range vacuum gluon
fields, the locally gauge invariant amplitudes built of the
nonperturbative quark propagators and vertices are translation
invariant and ensure energy-momentum conservation.

For symmetric kinematics these specific effects are sup-
pressed and do not influence the asymptotic behavior, while
they directly contribute to asymptotic behavior of the form
factor for asymmetric kinematics. Relation (4) is reproduced
much better than (1). This observation looks natural because
a straightforward QCD factorization works best of all in the
former case, i.e. when both photons are highly virtual [4,39].

It is important for overall consistency of the formalism
that analogous terms originating from the local gauge
invariance of the physical amplitudes critically affect the
strong decays of vector mesons into a couple of pseudo-
scalar ones. Relaxation of the local color gauge invariance
to the global one leads to drastic disagreement between
experimental and calculated values of the decay constants
gvpp, particularly g,... In this context, strong underesti-
mation of decay constant g,,, typical for NJL-type models
of hadronization [40,41] cannot be attributed just to the
oversimplified local character of meson-quark interaction;
nonlocality itself is not sufficient for consistent description
of masses and strong decay constants. The local color
gauge invariance of the nonlocal effective meson-meson
interactions mediated by the quark-gluon interactions
appears to be of crucial importance.

The paper is organized as follows. Brief review of the
effective meson action is given in Sec. II. Details of
calculations of form factors are presented in Sec. III.
Section 1V is devoted to decay constants of vector mesons
into a couple of pseudoscalar mesons. Section V contains
conclusions and discussion of the unsolved problems.
Details of calculations are given in the appendices.
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II. EFFECTIVE MESON ACTION

Details of motivation of the domain model and derivation
of the effective action within the domain model have been
discussed from different points of view in several papers
[35,37]. A short overview of the hadronization procedure is
given in Appendix A. The Euclidean functional integral of
the domain model with the effective meson action derived
by means of the hadronization procedure has the following

structure:
A? I 1
270 / d'xp3(x)=3 Wi M»]},

(5)

Z=N / D¢Qexp{

= Z th...th/d“xl...
Q...

k
x / a5 @y, (x))... @, (x )T o (¥1. oo xp),

4 ~
9= [ GemOaa(pie r)

1

CQ:C_h Cé/PZZC%//A:§’ (6)

where condensed index Q = {aJLn} denotes all meson
quantum numbers like spin parity in the ground state
J e {S,P,V,A}, orbital momentum / contributing to the
total angular momentum (spin) for orbital excitations,
radial quantum number n, flavor SU(N) multiplets a,
and space-time indices. Transformation O relates physi-
cal meson fields ¢ to auxiliary fields ®4 introduced
during hadronization. The meson masses My and quark-
meson coupling constants hg are determined by the
quadratic part of the effective meson action via equations

2 2
Iy, = G<Q1)Q2<xl’x2) -

= (1) ~(1)
0,0, = _2()(1 _x2)GQ1 GQZ’
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AT WAL )
3 = 3 0 18) (3)

where Ig(p?|B) is two-point correlator I'g diagonalized
with respect to all quantum numbers [see Fig. (1) and
Egs. (10) and (11)] and put on mass shell p*> = —M?:

Po=PIO" (DI (D)OPog o (P)ly— s,
= Mo (~M3|B)ly(~P)do(p)] i, 9)

Masses M correspond to the poles of meson propa-
gators, while relation (8) for meson-quark interaction
constants s provides correct residue at the pole. This
relation is known also as a compositeness condition for
meson fields. Integration variables ¢ in the functional
integral (5) correspond to the physical meson fields that
diagonalize the quadratic part of the effective meson action
(6) in momentum representation, which is achieved by
means of transformation O(p). Effective action (6) is
expressed in terms of colorless composite fields @, related
to the physical meson fields through the transformation

O(p),

Do(p) = Ogo(p)po(p).

(k)

and k-point nonlocal vertex functions I" :
Q1.

(3) NG
['9,0,0, = G)0,0, (1. %2, X3)

3_ 2
- Eﬁz(xl - x3)G(Ql)Q2 (x17x2)G(Q13) (x3)

I_
+§~3(x1,x2,x3)

4)
FQI ,Q;94

(xl)G (xz) (Q]>(x3)7

®)

7 4 I
= G<Q])QZQ3Q4 (X1, %2, X3, x4) — 3= Ep(x1 — XZ)G(Q]) (XI)GQ2Q3Q4 (X2, X3, X4)

Ep(x1 — x3)G(Q21)Q2 (xl»xZ)G(szg‘ (x3,x4) + 33(X1,X27x3)G(Qll)(x1)G(le> ()Cz)G(Qi)Q4 (x3,%4)

A= N =

The vertices I'"™) are expressed via quark loops G(QZ)

— 1 1 1 1
By (1,202 23, 04)GY) (4))GY) (1) G (x3) G (). (10)

..o, averaged over the background field
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FIG. 1. Diagrams contributing to the equation for the meson masses (7) and quark-meson coupling constants (8). Light gray color
denotes averaging over configurations of the domain bulk background field. Dark gray color denotes correlation of the quark loops
directly due to the finite range correlators in the domain ensemble. The two-loop diagram is particularly important for the masses of 7
and 7.

N CTE A / dogTrV o (x1|B)S(x1,x%,|B)... Vg, (x|B)S(x¢. x1|B),

0 ®
x GQI~-QI(X1’ e xl)GQHl

,,,Qk(lerl’ cees Xp)

—/daBTr{VQI(x1|B)S(x1,x2|B)...VQk(xl|B)S(xl,x1|B)}

xTr{Vg,,, (x111|B)S(x111, X142|B)...

where the bar denotes averaging over all configurations of
the background gluon field with measure dopg; see [34,35].
There are two types of contributions to vertex functions
I'®—one-loop diagrams and n < k-loop diagrams con-
nected by the correlators of the statistical ensemble of the
nonperturbative background fields—almost everywhere
homogeneous (anti-)self-dual Abelian gluon fields.

A simplified version of the domain model which allows
one to compute the effective action analytically is based on
two main approximations. Quark and gluon propagators are
computed in the homogeneous background field, which
represents the domain bulk, while the finite size of domains
is neglected at this step. The finite mean size is taken
into account through the domain ensemble correlators
E,(x1,...,x,) which have geometrical interpretation in
terms of a volume of overlap of n four-dimensional
hyperspheres with radius R and centers at the points
X1, ..., X, according to the formalism derived in [34,35].

As it has already been mentioned, meson vertices F(le) o
are averaged over all configurations of the homogeneous
(anti-)self-dual Abelian gluon fields: (anti-)self-duality,
color, and space-time orientation. The latter is achieved
by means of generating formula

SUNCIU RN

<exp(if;4vj;4v>> =

11
s A | 12

where tensor f,, is related to the strength of the Abelian
(anti-)self-dual background field

V20Ut 10,0

A=

n .
fap :WB“‘” v= d1ag<

Vo, (x| B)S(xy. x114(B) }, (11)
|
B,=--iB,x, #=~rcosé+siné,
B;w = %eﬂmﬂBaﬂ = :I:Bm, BWBW — 402/\45’”’

n 111
foo= g 0= 8{G 53). St =0
and J,, is an arbitrary antisymmetric tensor. For example,

generating formula leads to

(5;40:51//} - 5;4/f5ua + gﬂuaﬁ)'

[OSEIEE

<fyu> = O’ <fyufaﬁ> =

In this approximation vertex V,‘j{ Z”ﬂ
formulas

o (52,

is defined by the

vl = CpMT Fn,<

[+1
%":721n'(n+l)" Fo(s)=s / dt"exp(st),
eff'
—éfD ~&D,.  D,x)= + B, (x),
(X) —iB,(x),
mf/ mf
- | g=—"t, 13
éf mf—l-mf/ é:f mf+mf/ ( )

where M¢ is the flavor matrix, I/ is a Dirac matrix with
J e {S,P,V,A}, and x is the center of mass of the quarks
with flavors f and f’ entering and exiting the vertex in (11).
The form of the radial part F,; of the vertex is determined
by the propagator of the gluon fluctuations charged with
respect to the Abelian background. The quark propagator in
the presence of the Abelian (anti-)self-dual homogeneous
field has the form
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FIG. 2. The masses of various radially excited mesons calcu-
lated with the values of parameters shown in Table II.

i,
S;(x.y|B) =exp (—EnxﬂB,wyU> H(x—y|B),

~ 1 1 ) ) 1—=s m»zf/étuA2
H.(p|B) = d (=p?/20A%)s
r(plB) 21)A2A ¥ 1+s

X [paya L isysyaf apPp

1452 i s
+mf<Pi+P¢—1_s2 —Eyafaﬂ}’ﬂ—l_sz>:|.

(14)

The values of parameters of the model given in Table I
were fitted to the masses of ground-state mesons
z,p, K, K*,J/w, Y, and were used for calculation of
the decay and transition constants as well as masses of a
wide range of mesons [37]. The results are illustrated in
Fig. 2 and Table II, respectively.

TABLE II. Decay and transition constants of various mesons
[37].

Meson n fp" (MeV) fp (MeV) Meson n gy [42] gy,
T 0 130 [42] 140 p 0 02 0.2
7(1300) 1 29 p 1 0.053
K 0 156 [42] 175 o 0 0.059 0.067
K(1460) 1 27 o 1 0.018
D 0 205 [42] 212 ¢ 0 0.074 0.071
D 1 51 ¢ 1 0.02
D, 0 258 [42] 274 J/w 0 009 0.06
D, 1 57 Jy 1 0.015
B 0 191 [42] 187 T 0 0.025 0.014
B 1 55 T 1 0.0019
B 0 253 [43] 248

By 1 68

B, 0 489 [43] 434

B 1 135

o
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III. TWO-PHOTON DECAY CONSTANTS AND
TRANSITION FORM FACTORS

Weak and electromagnetic interactions can be introduced
into meson effective action (6) by the standard requirement
of the local gauge invariance which generates two types of
gauge boson couplings—the standard one with the local
quark current and direct interaction with the nonlocal
quark-meson vertices. Detailed derivation for the model
under consideration can be found in paper [37]. In
particular, interaction of the pseudoscalar mesons with
two photons in the lowest order over quark-meson coupling
constants (or, equivalently, to the lowest order in 1/N,) is
formally described by four terms represented diagrammati-
cally in Fig. 3, where diagrams C and D include additional
meson-quark-photon coupling. However, explicit calcula-
tions show that contribution of diagrams C and D vanish.
Two other diagrams include the standard local electromag-
netic interaction of quarks. Besides the triangle diagram A
there can be an additional term B, which directly includes
the correlator of the nonperturbative gluon field. The latter
term is analogous to the direct instanton contribution
considered in paper [26] within the instanton liquid model.
A nonzero contribution of diagram B to the form factors of
z and 1 mesons necessarily requires violation of flavor
symmetry. This condition is irrelevant to " and 7, mesons,
and one may expect that these mesons are much more
sensitive to correlations of the vacuum field ensemble
crucial for the two-loop diagram B. We shall return to
discussion of this issue after studying the form factors
generated by the triangle diagram. Its contribution to the
vertex for interaction between the meson ¢ (x) and
electromagnetic fields A,(y), A,(z) has the form

TZE (X, Y, Z) = haPOnZOZZTr/ dGBejsz?fcn'OFn/O (X) 17/5
n'.f

X Sp(x,y

B)y,S(y.2|B)r,Sp(z.x|B).  (15)
Here f is the flavor index, and Tr denotes trace of the color
and Dirac matrices. The index n denotes the radial quantum
number. The quark-meson coupling constant /%,pgy is
defined by (8). The coefficients (’)ZZ, describe transforma-
tion from auxiliary meson fields @Z, to physical meson
fields ¢¢ and perform the same transformation with vertices
of physical and auxiliary fields. The coefficients depend on
momentum [see Eq. (9)], and here they are put on the mass
shell of the physical meson field with quantum numbers
aPOn. Coefficients (’)Zﬁ, and masses are calculated con-
sistently via diagonalization of the term (9) of the effective
action and solution of Eq. (7). For 5 and #' mesons (982
mixes not only the vertices F,, but also #° and #®
components of the pseudoscalar nonet (15) (see
Table III). In momentum representation, the vertex has
the following structure:

074038-5
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(@)

FIG. 3.

PHYSICAL REVIEW D 95, 074038 (2017)

(d)

Diagrams which in principle could contribute to the transition form factor. In the approximation to the quark and gluon

propagators that is used in the present calculation the only nonzero contribution comes from the diagram A.

Tan(p?, k3. k3) = ie*6) (p — ky

- k2)8uyaﬂklak2ﬂTan<p2’ k%, k%)

(16)

Below we shall use dimensionless notation for the masses and momenta: p*> = p?/A%, kT =ki/A°, k3 =k5/A°,
my =m;/A. Using expressions (14) and (13) for the quark propagator and quark-meson vertices, we arrive at

aPOn

T (p ki k) = 16z 2A vn

nn/Mfqumf/ dS]/ dSz/ dS3/

. K:z)(i;iz) G | T e

1 F F
5 Pl ¢2”2<¢2 il ¢4+k2¢3+k2¢3> Al
X exp{ k% ;b];ﬁ k%i}—];—pz 4¢Tl¢}

where g is the electric charge of a quark with flavor f in
units of electron charge. Polynomials ¢, ¢, ¢, ¢;» look as

G =s1+50+ 53+ 51553 +20t(1 + 515, + 5153 + 5253),
$1 = (51— 52+ 53— 515253) vt + 25153,
$11 = safs1 +tv(1+5153)],

h1o = 5553+ tv(1 +553)]. (18)

Exact expressions for momentum independent polynomials
F(s1, 59, 53, 1) are given in Appendix B.

-k —k3)* - 4k2k2] 7

(17)

Functions 4; originate from averaging of the triangle
diagram over the space-time direction of the vacuum field
according to Eq. (12). Before averaging, the triangle
diagram is represented by the integral over variables
S1, §2, 83, and ¢t with the integrand proportional to the
exponential factor

exp {if/w',;w}’

$2(s1.52.53.1)
= P29 0 g g
- 2U¢(51,S2,S3,t)( R

¢y = s2(s153 + (51 + 53)10).

- kluk2/4)’

(19)

TABLE III.  Matrix elements of the on-shell mixing matrix Ogg for 7, 5, 1/, and 7. For 7 and 7, mesons the quantities Oi,'/ e =

O (~

Mlzt /rl») characterize the weight of the vertices (13) with different radial number » in interaction of quarks with the physical

ground state 7 and 7, mesons. For n and # mesons mixing between octet and singlet states (a¢ = 0, 8) is taken into account

simultaneously with the radial number mixing.

Meson a OO Ol 02 03 04 OS OG

/2 - 0.7595 —-0.4510 0.3067 —0.2294 0.1826 —0.1515 0.1293

e - 0.6225 —0.47789 0.3788 -0.3079 0.2554 —0.2155 0.1846

n 0 0.244 —0.1437 0.1036 —0.0812 0.0662 —0.0553 0.0471
8 —0.6724 0.4495 —0.3189 0.2406 —0.191 0.1574 —0.1334

7 0 +0.0139 —0.5106 0.4346 —0.2968 0.198 —0.1388 0.1049
8 —0.6140 —0.0201 0.0985 —0.0664 0.0312 —0.0096 —0.0013
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This factor is directly related to the local gauge invariance
of the meson effective action with respect to the local gauge
transformations of the background field which is provided
by the covariant derivatives in the vertex (13) and the
exponential phase factor (sometimes called the Schwinger
phase) in the quark propagator (17). As a result of
averaging, the final representation contains functions

W =" h) =12 a0,
hr) = =19 (),

5 ¢
r= \/Z(Jpw']pw + J/w‘]/w) = ﬁ k%k% - (klk2)2
¢
2 VAR — (p? — K — )2, (20)
For p?> = —M?, that is relevant to the transition form

factors, the argument r becomes imaginary r = ip,

()
p= M (G- BP W ). )

and one gets

sinh p coshp sinhp
/11 = ) /12 - - 2 + -3
P P P
sinh p coshp sinh p
/13 = 3 - 7 5 . (22)
P 4 P

Unlike the exponent with the function ¢, in Eq. (17), these
factors demonstrate a manifestly nonperturbative impact of
the long range confining vacuum gluon fields on the
behavior of form factors at short distances, as meson mass
M turns out to be entangled with a highly virtual momenta
of photons.

An important observation is that the behavior of the
functions 4; at large Q2 is very different for symmetric
(k¥ =k, = Q% and asymmetric (k} =Q? k5 =0)
kinematics since

Lo aeg - &
vp

Psym = 2 ¢
for k2 = k3 = Q? > M?,
¢2 2 2 ¢2
- "y
Pasym 21}¢( +0 ) ) ¢

for k3 =0,k = Q> > M?,

which results in the linear exponential increase of 4; as a
function of |Q| in the integrand of the expression for the
form factor in the symmetric kinematics, while quadrati-
cally growing exponents in A; are characteristic for the
asymmetric one. Nevertheless, as it is shown in

PHYSICAL REVIEW D 95, 074038 (2017)

Appendix C, both regimes demonstrate 1/Q% behavior
for asymptotically large Q®. However, a qualitatively
different form of functions 4; for these kinematic regimes
results in a rather different degree of correspondence to
factorization bound for the coefficients in front of 1/Q?, as
is also illustrated in Fig. 4.
Below we use the notation P for a couple of indices (an).
The transition form factor of meson P is defined as
Fpp(Q2) = Tp(~M3. Q2.0).
and corresponds to asymmetric kinematics with one on-
shell photon. The form factor in symmetric kinematics
Frpy () = Tp(~M3., 0% 0?) (23)
corresponds to two virtual photons. The decay width into a
couple of real photons is expressed via decay constant gp,,

v
C(P—yy)=30*Mygh, 9y =Tp(=M3,0,0).  (24)

Experimental and calculated by means of triangle diagram
values of gp,, are given in Table IV. Results of numerical
computations of transition form factors for z, #, 1/, and 7,
mesons in comparison with experimental data are shown
in Figs. 5 and 6. It should be stressed again that all
calculations have been performed consistently with calcu-
lation of the masses, weak decay, and transition constants
(Fig. 2 and Table II) [37].

Two-photon decay constants of z and # mesons are
obtained with rather high accuracy, and overall behavior of
their form factors is reproduced quite well. Moreover, high
Q? asymptotics of the pion form factor looks more con-
sistent with Belle data. Figure 5 manifestly demonstrates a
qualitative difference between the asymmetric (solid line)
and symmetric (dashed line) regimes of kinematics.

The constant value of Q?F,,,(Q?) is achieved at very
large Q7. It deviates from the factorization limit by more
than 20% [see Eq. (2)]. At the same time, form factor
Q*F o (Q?) approaches the asymptotic value at quite low
momenta and fits the factorization limit identically, as has
already been indicated in Eq. (3). Appendix C contains
more detailed consideration of the asymptotic behavior
of the form factor. It is explicitly demonstrated that the

TABLE IV. Two-photon decay constants of pseudoscalar
mesons.

meson Gpyys GeVT! [42] gpyy» GeV™!
70 0.274 0.272

7 0.274 0.267

7 0.344 0.44

e 0.067 0.055
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FIG. 4. Comparison of contributions to v/2f, and large Q> asymptotics of Q>F ey (1Ef0), V/2f,/3 and asymptotics of Q> F 2y (right)
from meson-quark vertices (13) with various radial number n. For the sake of brevity, O" denotes matrix elements (9(3)2 which correspond
to the ground state of z° that diagonalizes the quadratic part of the effective meson action. The values of these matrix elements are given

in Table III.

translation noninvariant factor (19) manifestly contributes
to the constant limit of Q?F,,.,(Q*) for Q> — co. This
factor is completely irrelevant for the asymptotic value of
Q*F,,,(0?), which exactly reproduces the factorization
bound for symmetric kinematics.

At this step we conclude that the long range confining
gluon fields do not change the conventional character of the
momentum dependence of the form factor but, depending
on kinematic regime, may influence the coefficient in front
of the 1/Q? asymptotics. The coefficient coincides
identically with factorization prediction in the case of
symmetric kinematics in line with the analysis of papers
[18-20]. Contribution of the confining Abelian (anti-)self-
dual fields increases asymptotics of Q*F WW(QZ) by

[ T L T T T T T
035 m  H.-J. Behrend et al. (Cello)
03 | e J. Gronberg et al. (CLEO)
’ B. Aubert et al. (BaBar)
S. Uehara et al. (Belle)
0.25 - P
E — Y*’Y*
~ 02 vy
=
u_g 0.15
o
g
0.1
0.05 - _ - T T T T T T T
0 1 2l
1 10
02, GeV?
FIG. 5.

approximately 23% in comparison with the factorization
limit. This increase does not lead to contradiction with the
current experimental data. If we neglect the main contri-
bution of these long-range fields to F,,-, by taking p = Oin
the integrand of (17) than the asymptotics complies with
the factorization bound as well (see Appendix C). Both the
two-photon decay constant and the transition form factor of
the # meson turn out to be also described rather satisfac-
torily. These findings together with previously obtained
results for masses, decay, and transition constants of
various mesons and new results on strong decays (see
next section) take shape of a self-consistent picture.
However, consideration of 7' and 7. mesons indicates that
the approximation scheme used for the quark propagators

0.3

] H.I—J. Behrend et al. (Cello)I

e J. Gronberg et al. (CLEO)
P. del Amo Sanchez et al. (BaBar)
B. Aubert et al. (BaBar)

02 — 7y

Contribution of triangle diagram to the transition form factors of 7 and 7 mesons in asymmetric (solid line) and symmetric

(dashed line) kinematics. The experimental data are taken from [1,3,45-47]. Dot-dashed line corresponds to 7 — y*y transition
calculated without taking into account the main contribution of the background field encoded in A-functions, which agrees very well

with Eq. (1) (for details see Appendix C).
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° J. P. Lees et al. (BaBar), PDG
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FIG. 6. Contribution of triangle diagram to the transition form factor for r’ (left) and 7, (right) mesons in asymmetric kinematics (solid
line) and symmetric kinematics (dashed line). Experimental data are taken from papers [1,45-47].

in the domain wall network background has to be refined
by explicitly taking into account the inhomogeneity of the
background field at domain boundaries. Without imple-
mentation of this technically complicated enhancement, the
picture appears to be incomplete. We shall discuss this
difficult issue in the last section of the paper.

IV. STRONG DECAYS OF VECTOR MESONS

Analysis of the previous section emphasized the impor-
tant role of long range confining gluon fields and related
local gauge invariance of the meson effective action in
formation of the transition form factors. Strong decays of
vector mesons allow one to verify the validity of such an
emphasis.

The amplitude of vector meson decay into a couple of
pseudoscalar mesons includes two form factors,

|

A, =2q,A(p*. ¢*. pq) + P, A2 (P*. 4% pg).

where p, is momentum of the decaying meson, and
4, = ki, — ko, is the relative momentum of pseudoscalar
mesons. The corresponding decay constant is defined as the
on-shell form factor

p?=-Mi,
M.

gver = A1(P%. 4%, pq),
ki=-M3, k=

The diagram for the amplitude A, shown in Fig. 8 for
ground state mesons corresponds to the expressions

AI:IVJ’RCP(‘D’ kl’ kz) = haVOOthOOthOO Z Ogm (p)o(b)nz (kl)o(c)ng (k2)fZan,an2,an3 (p’ kl’ kZ)’

ninyn;

Dy bPnycpny (X595 2) = / dogTry* MF, (x)S(x,y)iysMPF,,(y)S(y. 2)iys M F, (2)S(z, x),

where we have written flavor multiplet indices (a, b, ¢) explicitly. In this case matrices O are diagonal with respect to
multiplet indices, which is denoted by a single index. The final result for the decay constant has the following general

structure:

mz
s 1—s 1—s3\#
Gvp,p, = hy hplhpq/ / / / / / dsldszds3dt1dt2dtg( +S11) (1“2) (mﬁ)

X exp <Z¢ >{,11+/1 Z:FI,M +,12<

ZFz,M + ) FayMiM? > +> F4ijkM%MfM%}

ij=12.3 ijk=123
i<j i<j<k

where M, is the mass of the vector meson, M, and M5 are masses of pseudoscalar mesons, and ¢ and F are rational
functions of integration variables s; and 7; independent of the meson masses. Quark masses m, correspond to the flavor
content of the mesons.
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TABLE V. The strong decay V — PP constants for various
decays. Here gy pp is the result of the full calculation with locally
gauge invariant meson-meson amplitudes, and gy pp is a sim-
plified, only globally gauge invariant calculation.

Decay gypp [42] gvep Gypp
pO -t 5.95 7.61 1.14
w—natn” 0.17 0 0

K** — K*z° 3.23 3.56 0.65
K** — KOz* 4.57 5.03 0.91
¢ —> K"K~ 4.47 5.69 1.11
D** - DOz* 8.41 7.94 16.31
D= — DFz0 5.66 5.62 11.53

Functions 4;({) are given by the same Eq. (20) as in the
case of two-photon decay of pseudoscalar mesons but now
with the argument

¢ =y (M3 = M3 — M2 — 403,

where y is a function of the integration variables, which
obviously differs from the corresponding function in Eq. (21).

The origin and physical content of the A-functions
discussed above in the context of the transition form factors
is completely applicable to the strong V — PP decays as
well. An important observation is that these functions turn
out to be of crucial importance for an adequate description
of the experimental results for V — PP decay constants.
The results are shown in Table V. The value of g,,, is
exactly zero in our calculation because of ideal mixing of @
and ¢ mesons and employed approximation of SU(2)
isospin symmetry (m, = m,). If one neglects translation
noninvariant phases in the quark propagator and drops the
background field dependence in the quark-meson vertices,
that means turning to just global gauge invariance of
meson-meson interaction vertices, then the argument of
A; has to vanish & — 0, and the results of the calculation

I \ R ANRL ]

1.6 = H.-J. Behrend et al. (Cello)

14 ° 4 Gronberg et al. (CLEO) 7
P. del Amo Sanchez et al. (BaBar)

1.2

B. Aubert et al. (BaBar)

2 .
Q°F, o /Fn'w(o)

o

oo
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change dramatically as is seen from comparison of the third
and fourth columns in Table V. The calculated decay
constants become strongly underestimated for light mesons
and overestimated for heavy-light mesons. This is quite a
known issue—it is difficult to get a consistent description
of both meson masses and strong decay constants. Usually
Jprr turns out to be strongly underestimated [40,41].

The main observation of this section is that the local
gauge invariance of the meson effective action is highly
important for a simultaneous description of meson masses
and the strong decay constants gypp. This conclusion
supports the analysis of the impact of the confining long
range gluon fields on P — yy transition form factors.

V. DISCUSSION AND OUTLOOK

Two-photon decay constants for 7, and, particularly, 7’
mesons turn out to deviate from experimental values by 18%
and 24%, respectively, which demonstrates much less
accuracy of description than in the case of 7 and 7 mesons.
At a glance the 7, form factor in Fig. 6, calculated by means
of Eq. (17), fits experimental data very well. However, the
normalized at zero momentum form factor shown in Fig. 7
exposes its functional form more clearly, and, though an
agreement is still quite reasonable, there is a visible excess of
the calculated form factor with respect to the experimental
points. Bearing in mind 18% underestimation of g, ,, we
conclude that a good description seen in Fig. 6 is a result of
mutual compensation of two inaccuracies. Equation (17)
leads to a strong overestimation of the normalized form
factor of the 7’ meson as the left-hand side plot in Fig. 7
demonstrates. Simultaneously the decay constant g,,,
exceeds the experimental value. The left-hand side plot in
Fig. 6 demonstrates the heavy overall disagreement of
Q*F,,-,(Q*) with experimental data.

Bearing in mind systematically good accuracy of the
present approach in the description of diverse properties of
various mesons, one gets an impression that the odd situation

12 ——— 7 T
e J.P.Lees etal (BaBar), PDG
I '

[oe]

QZF(Q%HCY«W/F(O)W
(o)}

@2 GeV?

FIG.7. Contribution of triangle diagram to the transition form factors for 7/ and 57, mesons normalized at Q* = 0 and multiplied by Q.
The experimental data are taken from [1,45-47] and [48] respectively. Such normalization allows one to present and compare the overall
shapes of calculated and experimentally measured form factors in a clear way. Mismatch of decay constants is compensated in this

representation.
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FIG. 8. Diagram for the three-point meson interaction vertex.
Gray background denotes averaging over background vacuum field.

with 7 has to be attributed to some effects, that are particularly
important for #” meson. If so then it can be plausible that the
triangle diagram A in Fig. 3 does not represent all potentially
important contributions to the transition form factor, which
are specifically large in the case of the #/ meson.

It is known that within the instanton liquid model the
analogue of diagram B gives an important contribution to
the transition form factor Fp,+,; under certain conditions it
can become as large as the contribution of the triangle
diagram. A detailed analysis of the direct instanton effects in
the pion transition form factor was performed in paper [26].
It was shown that if flavor SU(2) symmetry is broken due to
different current masses of up and down quarks then direct
instanton effects are not small and may lead to a consid-
erable increase of the pion form factor at large Q. The
addition to the form factor is equal to the difference of two
terms related to the up and down quarks, which together
with other factors define its overall sign. Obviously for
unbroken flavor SU(2) symmetry, this effect vanishes.

This approach can be extended to all pseudoscalar
neutral mesons. Contribution of the diagram B to the form
factors of the #® and 5° states is expected to be nonzero for
broken SU(3) flavor symmetry. However there is an
important difference between octet and singlet states.
Contribution to the #® form factor is given by the difference
of terms related to the light quarks and the s-quark, while
addition to the 5° form factor is given by a sum of terms and
does not vanish even for the case of unbroken SU(3). This
means that the strongest effect can be expected for the case
of ° with a sign being opposite to the sign of octet states. In
other words, contribution of diagram B may increase the
form factors of octet states and decrease the #° and #,. form
factors. The same as for the 5 state argumentation is
applicable to the 77, meson form factor but in a much more
smeared form due to the large c-quark mass.

(b)

FIG. 9. Diagrams for the weak decay constant of charged
pseudoscalar mesons.

PHYSICAL REVIEW D 95, 074038 (2017)

In the present approach, the #° and #® ground and
radially excited states are mixed with each other to form
the physical 7,  mesons and their physical radial excita-
tions. Mixing with 7, is negligible. Physical meson fields
diagonalize the quadratic part of the effective action (6).
Table III demonstrates the on-shell coefficients of the
mixing. It should be noted that on-shell singlet-octet
mixing cannot be described by one or two mixing angles
since the presence of radially excited modes requires a
much more complicated parametrization expressed in terms
of the transformation O (for details see [37]). Here it is
important to note that both diagrams shown in Fig. 1
contribute to the mixing. The right-hand side diagram
includes a two-point correlator of the background gluon
fields that is particularly crucial for the description of the 5
and 7’ masses. The diagram B in Fig. 3 is akin to the right-
hand side diagram in Fig. 1. The simplified scheme for
taking into account the finite size of domains in terms of the
background field correlators has been sufficient for esti-
mation of # and #' masses, but it appears to be unable to
catch the contribution to the form factor potentially arising
from the diagram B. Being locally (color) gauge invariant,
the quark polarization two-point subdiagram is translation
invariant despite the presence of translation noninvariant
phases in the quark propagators. As a result of this, the
tensor structure (16), generated initially by the presence of
the (anti-)self-dual background gluon field, turns out to be
eliminated by the energy-momentum conservation in the
polarization loop separately from the whole diagram.

Thus we conclude that the effect of direct correlations
of the vacuum fields encoded in diagam B in Fig. 3 is
missed in our present calculation due to the oversimplified
approximation used for the quark propagators in the
presence of the domain structured background gluon field.
Namely, the propagator in the bulk of the domain with
finite size is approximated by the propagator in the infinite
space-time. This appears to be an excessive simplification:
the latter propagator is translation invariant up to an
appropriate gauge transformation, while the lack of trans-
lation invariance in the former one relates also to the finite
size and random space-time position of a given domain. In
principle this mismatch can be improved by the use of the
quark propagator represented in terms of quark eigenmodes
inside the finite domain filled by the Abelian (anti-)self-
dual homogeneous gluon field analytically obtained in
paper [44]. At least an estimation based on the few lowest
eigenmodes (analogous to the analysis of [26]) seems to be
a technically realistic task to be tackled in due course.
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APPENDIX A: HADRONIZATION WITHIN THE
DOMAIN MODEL OF QCD VACUUM

Nonperturbative gluon fields are represented in the
model by the ensemble of domain-structured fields with
the field strength tensor [34-36]

N
= nPaBLO(1 - (x = 2,2/ R?),
k=1
(0 pk) _ o 2
Bﬂy Bﬂp - B 51//7’ B = 7§A 5
B,(,ﬁ) = :I:B,(,]y, Ak = P cos &, + Bsin &,

£ € {%(2z+ 1).1 —o,...,s},

where scale A and mean domain radius R are parameters of
the model related to the scalar gluon condensate and
topological susceptibility, respectively, B,, is a constant
(anti-)self-dual tensor for the field strength in kth domain,
and (1 — (x — z;)?/R?) is a characteristic function of the
kth domain.
The measure of integration over the ensemble of back-
ground fields is defined as
|

PHYSICAL REVIEW D 95, 074038 (2017)

d*z;
H24ﬂ/ / /d@ sin 0;
345
/ dz 6< 21+1)>
0 1=0,1,2

x/ﬂda)i 8(w; — 7k)...,
0 k=0.1

/dO'B

where angles ¢;, 6; characterize direction of the chromo-
magnetic field, w; is the angle between the chromomag-
netic and chromoelectric fields, and &; describes the color
“orientation” of the background filed in the ith domain,
centered at the space-time point z;.

Recalling the definition of the n-point Green’s functions
for QCD in the presence of the background field B,

1 5" In W[j

g 5J}ll(x1> 51/3,",()%) j:O,
where W([j] is the generating functional, one may integrate
out ghost and gluon field fluctuations and arrive at the

representation for QCD functional integral in the back-
ground gauge

Gt (51, oo, | B) =

Z= N/ dog / DyDy exp {/ dxp (id + gB — m)l//}W[J],
4
gn «a «a ay...d
Wil =exp { S5 [ dtnre [ oG 2ol

where ji(x) = y(x)y,t“w(x) is the quark current. By
construction the gauge coupling constant g here appears
to be renormalized within some appropriate renormaliza-
tion scheme, and the n-point correlators are exact renor-
malized n-point gluon Green functions of pure gauge
theory in the presence of the background field B. Needless
to say, the exact form of the Green functions is not known,
and certain reliable approximations have to be introduced.
We truncate the exponent in W[j] up to the four-fermion
interaction term and approximate the two-point correlation
function by the gluon propagator in the presence of
homogeneous Abelian (anti-)self-dual field neglecting
radiative perturbative corrections. The randomness of the
domain ensemble is taken into account implicitly by means
of averaging the quark loops over all possible configura-
tions of the homogeneous background field at the final
stage of derivation of the effective meson action [34,35].
The approximated functional integral reads

Z:/dB/Dy/Dlpexp{/d4xl/’/(i5+gB—m)y/+£},

_9 /d4 /d4yGab

B)j5i(x)j0 (v). (A1)

I

where m is a diagonal quark mass matrix. By means of the
Fiertz transformation of color, Dirac and flavor matrices,
the four-quark interaction can be rewritten as

B)J’¢(y,x|B),

2
g 4 4 ¢
e=5>c / dix / d*yD(x— y) I (x.

where numerical coefficients C; are different for different
spin-parity J = S, P, V, A. Here bilocal color neutral quark
currents

J.]C( ,

— i c aa i > i if
) = ({Sxban || i )

are singlets with respect to the local background gauge
transformations, B,w denotes background field strength in
the fundamental representation, and i, f, and a are color,
flavor, and space-time indices respectively. In the center
of quark mass coordinate system, bilocal currents take the
form
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7 (x,y|B) = 7 (x,2|B) = el (x)1, 15"
x [exp {iz, D, ()}l (x),
< fr .
D, (x) =¢&/D,(x) - ff/Dﬂ(x),
_ "y _ "y
gf mf + mf/ s éf mf + mf/ 5
and their interaction is described by the action
2
g i
—?;CJ/d“x/d“zD(z)Jh( B)J,.(x,z|B),
(A2)
1 1,
D(z) = 122 XP _ZA Fa (A3)

where x, is the center of mass coordinates, and z,
represents the relative coordinates of quark and antiquark
and A> = /3B/2. Function D(z) originates from the gluon
propagator in the presence of the homogeneous Abelian
(anti-)self-dual gluon field. It differs from the free massless
scalar propagator by the Gaussian exponent, which com-
pletely changes the IR properties of the propagator. In
momentum representation it takes the form

G(p*) = iz
p

There are two equivalent ways to derive an effective
meson action based on the functional integral (A1) with the
interaction term £ taken in the form (A2). The first one is a
bosonization of the functional integral in terms of bilocal
mesonlike fields. Another, more transparent in our opinion,
way is to decompose the bilocal currents over a complete
set of functions f4!  (z) characterized by the radial
quantum number n and orbital momentum / and orthogonal

(1 —e PN,

PHYSICAL REVIEW D 95, 074038 (2017)

with the weight determined by the gluon propagator (A3) in
Eq. (A2),

T ) = SOV @ ().

nl

The choice of functions f*(z) is unambiguously deter-
mined by the gluon propagator

1
[rll]l...ﬂ[ = Lnl(zz)Tl(ll)mlll (nz)’

n, = z/\/;,
()

where T,/ ,,, are irreducible tensors of the four-dimensional
rotational group, and generalized Laguerre polynomials L,;
obey the relation

A () Ly (1) Ly (1) = Sy

pi(u) = ule . (AS)

The weight p;(u) originates from the gluon propagator
(A3). Nonlocal quark currents J;jlj _’_’fm with a complete set of

meson quantum numbers depend only on the center of mass
coordinate x [33,35],

(A4)

i (o) — oy (D)
950100 = 2 Vgl (O o).
An explicit form of the vertex operator VZIJ ’"M is given
in (13). The four-fermion interaction takes the form

Z C, / d*xJ? 5 () g (%).
aJ,ln

Details of decomposition of bilocal quark currents and the
bosonization procedure can be found in [33,35]. By means
of bosonization, the truncated QCD functional integral
can be rewritten as the integral over composite colorless
mesonlike fields @ given in (5).

APPENDIX B: TRANSITION FORM FACTOR

Polynomial functions F;(s, s,, s3,1) in Eq. (17) have the following form:

Fy = 20258252 = (s + D (53(53 -
+ tv(s§s3 (s% —-4) -

2) + s253(s3 = 1) +853(253 - 1))
253 (s — 53+ 1) + s353(53 +3) + 25555 —

253 + 53)

— —5253(52 = 53) (52 + 53) (5253 + 1)) + 57((52 = 1) (52 + 1)tw(s3(553 + 355 — 4)

+ 55(555 — 9)s53 + 455 — 453 —
+ 2(s2(=s5353 + 2855(s3 — 1)s3 —

+ 55(3s3 +5)55 — 55(7s3 +9)s3 +

+251(s3(=53) — 5353 + 5353 + 53 —
= (52 = 1)(s2 + Dro(s3(3s3 = 1) + 55(3s3
+ 210(s3(s3 — 253) + 253 (—s3 + 53 +

2) +2(sy = 1) (sy + 1)20*(553(s3 — 1)s3 + s5(s5 + 55 —
(s3+1)s3+s54+1)+s3)) +
+2(s3 = 1)(s2 + 1)20?(s3(35% — 52+ 2) + s5(s3 — 53) —
(753 — 1153 +4)s3 + (55
2(sy = 1)(s2 + 1)20*((253 + 3) 53
—5)s3 + 55 + 253
1) + 35353 + 255(s3
—4(sy = 1)(s5 4+ 1)20%(s3(52(52(255 — 1)53 4+ 55 — 1) + 253)

2) + 653 — 4s3)
s7(25353 — 253(s% + 353 —2)

2) + 1v(4(s3 + 52)

=353 +2)s3) —dsys3(s5 — 1) + 453 -2)
—2(s3 + 1)s3 + 5255 = 52)

—4) + 25353 + 5553 — 255 + 53 — 253)
—2) +2s3(s5 —2))

—2) +2(s2 + 53)%(s283 = 1))

2s3 + 2s3
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Fy = =2(2((2(s3 = 3)s3 — (753 + 4)tvsy + 2(2 — 553)20%)s5 + (53(4s3 + 6(s3 — 1)tvs3
+6(s3 — 1)20? = 5) = 2tv)s3 + (455 + 253 + (1353 + 7)tvss +4(s3 + 2)20? + 1)s3
+ (53— 14(s3 = )03 + 2(=25% + 53 4+ 2)1v) sy — 353(53 + 10) (25310 + 1))s]
+ (253(6535 — 5)55 4 2(4s3 — 553 +2)s3 + (853 — 4s53)53 + 2(s5 — 53 — 1), — 1253
+2(=17s3(s3 = 1)s3 + 3(s5 + 53 — 2)53 + 53(11 = 553)s3 + (115§ — 353 + 14)s,
+653(s3 = 2))20% + 653 — (55 — 1) (55 + 1)(=1253 + 5,(27 — 3153) 53 + s3(55% — 1353 + 4) — 6)1v)s7
+ ((—65% + 1053 + (2553 — 1)tvs3 — 2(7s5 — 2953 + 10)20? + 2)s3
— (53 = 1)(41v + 53(31v(5s3 + 2tv) + 4))s3 — (s3(171v + 53(253 + 25tvs3 + 6(53 + 5)120? 4+ 6)) + 4)s3
+ (55 = 1)(12tv + s3(tv(Ts3 + 61v) — 8))s, — 12(s5 — 353 + 1)2v* — 653(s3 — 2) + 18s310)s7
+ 2(=5s353 + 45355 — 55353 + 55353 — 53 — 25353 + 5355 + 353 + 2(10s3(s3 — 1)s3 = 3(s5 - 1)s3
+53(53 —4)s3 + 7(s%— 1)sy — 353 + 653)20% — (55— 1) (s + 1)((s5 — 3)s% + 95555 + 2(s3 + 6)s53
— Ts3853 — $3)tv)sy + 255 (53(s255 — 1) (55 + 53)% + 2(252(53 + 2)s3 + (7 = 353)s3 — 5,(553 + 3)s3
+ (353 = 7)s3 + 25)20% + (455 — 653 + 55(253 — 1)s3 + 53(53 — 253) + 253(=s3 + 53 + 1))1v))

4
Fy = ;(51(52 —53) 4 5253 — 1)(515283 + 51 + 55 + 53) (tv(s) + 53) + 5153)5,

1
Fy= —;2s2(s1(s2 = 53) + 5255 = 1)(t0(s1 +53) + 5153) (575353 + 575353 — 2575253 + 75253 — 2553 + 5

+ 575353 + 575353 + 210(s15553 + 51+ 55 + 53) (57 (52(53(52 — 253) +2) — 53)

+ 510535 = 1)(53 = 1) = 55(s3(55 = 253) +2) +53) +2(s7 = 1) (55 = )20 (5253(s1 (53 = 3) = 357)
— 35183+ 51+ 53 — 35y + 53) — 2575555 + 575y — 25753 + 5753 — 515553 — 5153

+ 515283 + 5155 — 53 — 5353 + 5555 + 53)

1
Fs = —;2s2(s1(s2 —53) + 5353 — D) (t0(s) + 53) + 5153) (535353 + 2575353 — 575553 + 25753 — 535553

— 57— 535353 + 25753 — 525353 + 4(sT — 1)sy(s3 = )20 (s, (53 — 2)s3 — 5152 + 55 — 5253 — 2)
+ 200(sy5283 + 51 + 53+ 53) (s7(52(53(52 = 253) +2) = 53) =s51(s55 = 1)(s5 = 1)
— 55(s53(50 — 253) +2) 4 53) + 2575353 — 5750 — 5753 — 515353 — 5153 + 515,55 +5153 — 53 — 5353 + 5253 + 53)

F(s1,52,83.1) = F5(s3,55,51,1)

F; = 212 s3(tv(sy + s3) + 5153)2 (257 (5353 (s3(r0 (353 + 210) + 2) + 2tv) + 5353(1 = 2t0(3(s3 — D)rw
+ 53(53 = 2))) + 53(=253 — (553 + 3)s3tv —4(s3 — 53 + 1)i20? — 1) + 55(—s3 + 6(s3 — 1)s320> — 21v)
+ 5353+ 10) (25310 + 1)) + 57(2(s5 = 1) (53 + 1)207 (3s5353(55 — 1) = 52(553 + 53 = 6) + 253(s3 — 2))
+ (55 = 1) (s + D) tv(s3(3s% + 53) + 52(9 — 553)s3 — 455 — 2) + 2(s3s3 + 53(353 — 2) — 25353
—55(s5+ 53— 1) + 253 — 53)) + 57(s3(— (353 + 5)s3tv + 2(s3 — 1)s3 +2(s3 — 753 +2)*0* - 2)
+ 5353(s3 — 1) (tv(9s3 + 210) +4) + 53((3s3 + 11)s3tv + 2(s3 — 1)s3 +2(555 — 353 + 4)Pv? + 4)
—55(s3 = 1)tv(s3 + 25310 + 8) + 253(s3 — 2) + 4(s% — 353 + 1)20* — 65310)
+ 251 (5353 — 25553 + 5355 — 35353 + 53 + (52— 1) (s + D)ew(s3(s3 — 253 — 1) + 52(353 — 5)s3 — 53 + 453)
—2(sy = 1)(s9 4+ 1)20*(253(s3 — 1)s3 — 355(s5 — 1) + 53 — 253) + 25353 + 5253 — 53)
—25510(s55(53 — 1)s3 + 283 + 253 — 453) + 45,202 (3(53 — 1)53 + 52(53 + 3)s3 — 3(s3 — 1)s3
— 25,55 — 2855) — 25553(52 + 53)% (5283 — 1)).
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APPENDIX C: ASYMPTOTIC BEHAVIOR OF THE FORM FACTOR

In essence, calculation of the asymptotic behavior of the form factor (17) at p> = —M? is reduced to consideration of the

integral

By + kg M2¢
(M2, K2, 03) = /dsl/ dsz/ ds3/ di" — ep{ 1 70 12 41}4)1

XKH?i)(ili’i)(lIZ)} T

F, , F3 F 4
M—+2 < mi—>+ M? +k2 e )+1 (M? + k3 + k3)? 4k2k2] (C1)
¢{‘¢2 g Frg M T g ) A b ¢
in different regimes over momenta k? and k3. Here and below dimensionless notations for momenta and masses like
M = M/A are used. It is convenient to use the following representation for A,-functions (22)

1

1 /1 1 [1
M) =5 /ldxexpxp, hp) = /ld:«(KZ—l)expxp, I(p) = 1 / dx(x2 — 1) exprp,

in the integral (C1) in order to represent it as

) > 12 12 1 1 1 1 1 o
Ifn(M ’kl’k2) = dx dSl dS2 dS3 d[t”w
-1 0

K2 + i3 M?
< oxp { ¢112U¢ ¢1z N 41}21 n K2¢v2¢ VM (8 =) + 202 (3 + k%)} (C2)

A6 <iiiz>}’"”“<l_sszsg)a_sg)

1{F1 1(2 1)(F2 2 B3 gl s el
45

7 20 gy Mk
116 (K2 = 1) [(M? + k2 + k3)* — 4K3K3)] ¢4] (C3)

Below two different kinematic regimes are considered.

1. Asymmetric kinematics: k; =Q* k2=0

In this case the integral reads
" n Qpn  Mpy b
(M, 0,0 / dK/ dsl/ dsz/ ds3/ dtt exp{— 2U¢”+ 4v¢1+ ¢(M2+Q2)
1

JE)EEY) ““a e

L {1F 1, Fs , F3 , Fy o F 1 ) i 2o F7
<l -n(Zem Dl el e por s er D] o

For studying the large Q7 limit, it is convenient to separate dependence on s, and define polynomials y; which depend on
other integration variables,

Y1 =S| +tv+ 585310, X2 = s183 + (81 + 83)10,
13 = 25153(1 + 551) + to(s) — s + 53 — §15283 + 25,k(51 + 53)),

so that the expression in the exponent takes the form:
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Q¢ M2¢1
T 2up | 4w ¢ (M2+Q2>
52()(1 K)(z) 24 M2
R T e

One can see from the argument of the exponent in (C4) that
the asymptotic behavior of the integral at large Q7 is
determined by the vicinity of s, = 0, which corresponds to
the ultraviolet (short distance) regime in the translation
invariant part quark propagator (15) between two photons;
see Fig. 3. The leading short distance form of H is not
modified by the background field, it simply corresponds to

|

PHYSICAL REVIEW D 95, 074038 (2017)

the standard free Euclidean quark propagator. However the
translation noninvariant phase in full propagator (14) may
mix up the short and large distance regimes in diagram 3 as
a whole, thus leading to a modification of the asymptotic
behavior of the form factor at large momenta.

Keeping only the lowest-order terms in the expansion of
the integrand at s, = 0 one arrives at the asymptotics of the
integral,

‘n 2 N2 fn 2

with Q-independent coefficient

m2
| 1-s3\]# 1 23
1! = d/d/d/dtt" ! : M2
/ . %3 5 o | \1+5,/)\1+ 53 (1=s1)(1-53) cxp 4o
2v 1F1 > ( 2 2v 8F5> 1 2 41}2 82F7
X (K -1) — +—(1< —1)? . (Cy)
(1 —kx2)@ {2 s (1 = Kkx2)* s, (=K@ 955 |1,
The variable x can be integrated out analytically:
1 1 1
/ dic Lt +)(2
-1 X1~ K2 )(2 X=X
1 21 1
/ di :_2;(2 )(11 nton Lynto
-1 X1~ K2 X2 )(2 X1=X2 X2 X1~ X2
1 21 4
dKK—2 =—- ZX_;IHM’
N L2 P R AP TRy 2}
1 2 2
dic (k )? . —12——|—6){11 Xitx Zin X1itx
-1 =K X0 - X n—x
Xi1+x> l4s3sg+tvo+stv
){1—){2_1—5'35'1"‘“)—6'1[’1}.

After substitution of this result to Eq. (C3), the rest of the integrals can be calculated numerically. The result contributes to
coefficient x,-, = 1.23 in Eq. (2).

If we now neglect the main effect of the background field by eliminating the term xy, in Eq. (C5), then numerical
calculation of the asymptotics gives the value x,., = 1.014 which agrees with the factorization limit very well.

2. Symmetric kinematics: k% =k3 = Q?

The integral takes the form

Un(M?, Q% Q%) = / dK/ dsl/ dsz/ ds3/ dtt” 5

X eXp {_¢112+¢¢12 0? +4¢1¢

¢
X[<112>(112>< _%)]fﬂtl—ﬁxljéxl—%)

1 [1F F Fs+ F 1
<t a e (G e e BT e -

+ K M* + 4M2Q2}

+ Q?

2 14 22y F7
T 1)*(M +4MQ)¢4

(Co)
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For Q2 > M? the second term in the exponent in Eq. (C6) is subleading with respect to ¢, [see (C7)] as itis linear in |Q|. In
other words, term (19) does not contribute to the asymptotic behavior of the form factor in symmetric kinematics, that is the
crucial difference between asymmetric and symmetric kinematic regimes.

- T—s\ /1=s;\T2 1
n =2 d d dn" ‘ 3
rr ”/ sl/ s3/ K +s1> <1+s3 (T=s)(1-3)

¢1}
F 2
lrmanfee el

Taking into account the explicit form of the polynomials Fy, F,, ¢, and ¢, at s, = 0 one arrives at

2

=5\ /1=s3\1% 1
7" =3 d d dtt" ! 3
rr ”/“/%/ aA(mXHa (1-s)(1-s3)

y (1 + SISS)[(l - s1s3)(S1 + S3) + 27”(13_*9%)(1 _S%)] X exp {M2
(Sl + 53+ 2’[}t(1 + S153>)

25183 + vt(s; + s3) } )
4v(sy + 53+ 20t(1 + 5153)) )

Substituting this expression into (17), one obtains for the form factor of the ath component of the flavor pseudoscalar
multiplet with radial excitation number n

Q*Fp (02 ~ A “PO"Z o Mfqumfz ) (C8)
n fv

In particular, for the z-meson which corresponds to ¢ = 3 and n = 0 one arrives at

QzFﬂy*y* (Qz) ~ \/Tifﬂ (C9)

with the constant

T—s1\ /1 —5\12% 1
_ _r 33 n 1 3 4o\ s
! ;%/“J“JJWWK+JQHM (1= )1 —53)

% (1 + 5153)[(1 = 5153) (51 + 53) + 201(1 — 57) (1 = 53)] xexp{ M>  2sys3 4 vi(s) + 53) } (C10)
(51 + 53+ 20t(1 + 5153))° AvA? (51 + 53+ 20t(1 + 5183)) |

where we have restored dimension of the light quark and z-meson masses, m and M, respectively. Constant f, defined by
Eq. (C10) exactly coincides with the contribution of the diagram (a) in Fig. 9 to the charged pion weak decay constant, as it
can be seen from Eq. (27) in paper [37]. The contribution of the second diagram (b) typical for all nonlocal approaches to the
quark-meson vertices does not appear in the large Q? limit of the pion transition form factor.

APPENDIX D: DIAGRAMS INCLUDING NONLOCAL MESON-PHOTON VERTICES

This appendix is devoted to the calculation of diagrams C and D shown in Fig. 3. The nonlocal vertex describing meson-
photon interaction (see [37] for details) is defined as

v;ﬁ',g)( x) = / ldri a(z {e; V“””(D( ) + ikt€) —ef/vafl”(%(x) — ikté)}, (D1)

where k is the momentum of the photon, and V#/"(D(x)) is given by Eq. (13). In particular, the vertex for neutral
pseudoscalar unflavored mesons and pseudoscalar quarkonia is

) ; lde (O < i 2
Vf‘f&n) (x) = lySCO"Zf:Mffef/o 7 {a—kﬂ Fn0<<D(x) + Ek‘L') ) + (k b —k)}’

where dimensionless notation is used. The contribution of diagram C in Fig. 3 in momentum representation is given by
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Cat(p. ki ko) = hapony O CoyMye} | dxelP=his / dye~itey
n'.f

X / dog { / drt 822” Triys nO((T)(x) +;k27>2> Sr(x.)7uSp(y,x) + (ka — —kz)]

45(4) ab a“ 2 1 1 1 L o
= +(21)*6W(p — k, —kz)haponZ(’)nn,Co,,/Mffef dog| [ dsy | ds; [ de | Cdir s

1—=s 1—s g
x 1 2) " exp {if pkipkaybi + K + dskiky + pik3H(F18, + Fakiykyy + Fsky ks,
1 + S 1 + )

+ F4kluk2,u + FSkZﬂkb + F6fa;¢klaklu + F7f(wklak2u + FSfauklak]y + F9fauk1ak2;4 + F]Ofm/kZakl/A

+ FllfaukZakZﬂ + FlZf(wfﬁuklakl/i + F13fa;4f[ivklak2/5 + Fl4fuzx) + (k2 - _k2):| . (DZ)

Here =+ stays for “+” in the case of the self-dual field and “—" otherwise, and functions ¢; and F; are rational functions of
integration variables s;, s,, t, 7. Integration over the background field is given by formulas

sin \/Z(JWJW, + Jﬂyjm/)
(exp(ifud ) = -
\/Z(Jﬂl/‘lﬂl/ + JIHJJI“/)

’

1 0 . 1 o0 0
<fozﬂ exp(lfﬂ,, ;w)) 2 (9.] <exp(lf;w ;u/)>7 <fpnfaﬂ exp(lf;w‘];w» (21)2 8] 6] <6Xp(lfm, ﬂl/)>

and averaging over self-dual and anti-self-dual configurations. Here J,,, is an antisymmetric tensor. For (D2) the tensor is

1
J/,w = E (klﬂkh - kll/k2ﬂ)¢l‘
The result of integration of Cj over doy is exactly zero.

To consider diagram D in Fig. 3 one needs the vertex for neutral pseudoscalar unflavored mesons and pseudoscalar
quarkonia with two photons given by

L dr ldr < i i 2
aPOn “t1 “t2
V A, (k)A, l}/SCOnZMffef/ / {8]{ ﬁqy F,,O((D(x) +§k71 +§C]72> >

+</H—k>+<w—q>+<ka—k,qa—q>}.

The contribution of diagram D in momentum representation is given by

ldr, (ldr
n(p,k], k2) - haPOnZOnn Con/Mffef /dxe prih / 1/ 2/ "

n.f

o 0 o
X |:ak1” akzyTrl}’SFn()(<D( )+ k]TI + = k2T2) )Sf(x, x)

+ (ki = —ki) + (ka = —ka) + (ky = ki, ky = —kz)]
al’l
+(27)*6W (p —ky - kz)hangOnn Con M 2 drl / dr, / doy { / ds / dir’ =

1 —s\%& o 0
X <> Fis <8klﬂ ks, exp{psk? + dpekiky + Pp7K3} + (ki — —k;)

!

1+s
T (ks = —ka) + (ky = =1k — —k2>>].

Here ¢;, F; are rational functions in s, t, 71, 7,. Integration over dop yields zero.
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