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We investigate the Wigner distributions for # and d quarks in a light-front quark-diquark model of a
proton to unravel the spatial and spin structure. The light-front wave functions are modeled from the soft-
wall AdS/QCD prediction. We consider the contributions from both the scalar and the axial vector
diquarks. The Wigner distributions for unpolarized, longitudinally polarized, and transversely polarized
protons are presented in the transverse momentum plane as well as in the transverse impact parameter
plane. The Wigner distributions satisfy a Soffer-bound-type inequality. We also evaluate all the leading-
twist GTMDs and show their scale evolution. The spin-spin correlations between the quark and the proton

are investigated.
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I. INTRODUCTION

The quark and gluon Wigner distribution introduced by
Ji [1,2] have been studied extensively in recent times to
understand the three-dimensional structure of the proton.
The Wigner distributions encode spatial as well as partonic
spin and orbital angular momentum structures. The Wigner
distributions are six-dimensional phase-space distributions
and are not directly measurable. But after some phase-space
reductions, they reduce to the generalized parton distribu-
tions (GPDs) and transverse-momentum-dependent distri-
butions (TMDs). The Wigner distributions integrated over
transverse momenta reduce to the GPDs at zero skewness,
and on integration over the transverse impact parameters
with zero momentum transfer, they reduce to the TMDs. It
is well known that GPDs and TMDs encode information
about the three-dimensional partonic structure of hadrons.
Recently, generalized transverse-momentum-dependent
PDFs or GTMDs have been introduced [3-5]. Gluon
GTMDs have been discussed in Ref. [6]. GTMDs are
related to the Wigner distributions, and they again in certain
kinematical limits reduce to GPDs and TMDs. The Wigner
distributions, after integrating over the light-cone energy of
the parton, are interpreted as a Fourier transform of corre-
sponding generalized transverse-momentum-dependent
distributions (GTMDs), which are functions of the light-
cone three-momentum of the parton as well as the momen-
tum transfer to the nucleon. The spin-spin and spin-orbital
angular momentum (OAM) correlations between a nucleon
and a quark inside the nucleon can be described from the
phase-space average of Wigner distributions. The angular
momentum of a quark is extracted from Wigner distributions
taking the phase-space average. The Wigner distributions
have been studied in different models: e.g. in the light-cone
constituent quark model [7-10], the chiral soliton model
[8,11,12], the light-front dressed quark model [13—15], the
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light-cone spectator model [16], and the light-cone quark-
scalar-diquark model [17].

In this work, we study the quark Wigner distributions in
a light-front quark-diquark model [18] for the proton where
the diquark can be either scalar or vector. We have studied
the distributions for unpolarized as well as longitudinally
and transversely polarized protons. The leading-twist
GTMDs are evaluated from the Wigner distributions.
The we study the spin and OAM correlations between
the quarks and the proton. We find that the quark OAM
tends to antialign with the quark spin for u and d quarks but
to align with the proton spin.

This paper is organized as follows: We first introduce the
light-front quark-diquark model in Sec. II. The Wigner
distributions and GTMDs are introduced in Sec. III, and
Sec. IV discusses how the OAM spin can be extracted from
Wigner distributions and GTMDs. Then, the results in our
model are discussed in Sec. V for unpolarized, longitudi-
nally polarized and transversely polarized protons in
Secs. VA, VB, and V C, respectively. The spin-spin and
spin-OAM correlations are discussed in Sec. V D. A very
brief description of the scale evolution of GTMDs is given
in Sec. VI. Some inequalities satisfied among the GTMDs
and also among the Wigner distributions in our model are
shown in Sec. VII. Finally, we conclude the paper with a
summary and discussion in Sec. VIIL

II. LIGHT-FRONT QUARK-DIQUARK
MODEL FOR NUCLEON

In this model [18], the proton state is written as a
superposition of the quark-diquark states allowed under
SU(4) spin-flavor symmetry. Thus, the proton can be written
as a sum of the isoscalar-scalar diquark singlet state |uS°),
the isoscalar-vector diquark state |uA°) and the isovector-
vector diquark |dA!) state [19,20], and the state is written as
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|Pi£) = Cs|uS®)* + Cy|uA®)* + Cyy|dAT)*, (1)

where S and A represent the scalar and axial-vector diquarks,
with the isospin in their superscripts.

We use the light-cone convention x* = x° + x>. We
choose a frame where the transverse momentum of the
proton vanishes, i.e. P = (P*,g—f,O 1). In this symmetric
frame, the momentum of the struck quark is p = (xP™,

224pif b ), and that of the diquark is Py = (1 — x)P™,
Px,—p. ). Here x = p™ /P is the longitudinal momentum
fraction carried by the struck quark. The two-particle Fock-
state expansion for J* = £1/2 with a spin-0 diquark is

given by

dXdsz_ |: +(u) 1
uSi:/ “(x, +—s5;xPT,
| > 2(271_)3 x(l —)C> ll/"r ( pJ_)| 2 pJ_>

1
)| =g )| ©)
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and the LF wave functions with q spin-0 diquark, for
J = +£1/2, are given by [21]

w (e pL) = Nso\ (x,p.),
1 -2
. P +in?\
w1 (x,p,) = Ng (—7“4 )tp(z (2 pL),

1_:2
—(u p —1ip u
‘l/+( )(3@ p.)=Ng (7xM >(Pé )(X,PL),

w=W(x,py) = NS(p(lu><x7 PL) (3)

where [1,4s;xP",p,) is the two-particle state having a
struck quark of helicity 4, and a scalar diquark of helicity
Ag = s (the spin-0 singlet diquark helicity is denoted by s to
distinguish it from the triplet diquark). The state with a
spin-1 diquark is given as [22]

dxd’p | [ () 1
’/Ai—/ e (. + =+ 1;xP™,
| > 2(27[>3 x(l _x) l//++ ( pl)‘ 2 pJ_>

)

1 +(v 1
Tyt (o po)| =5 Bl py) ) (e p) 45 0P p)

v 1 v 1
Ty (o po)| =5 0:xP ) 9 (L) 45 = 1P py)

1
+y/jf£”>(x,pL)|—§—l;xP’L,pL)}, 4)

where [1,4p;xP",p ) represents a two-particle state
with a quark of helicity 4, = :I:% and an axial-vector
diquark of helicity 1p = £1,0(triplet). The LFWFs are,
for J =+1/2

v y 2 Pl—iP2 v
y Y (x.py) =N —<7 oy (x.pL),

3 xM
14 12 2 14
wfi)(x,m) = NE ) gﬁ”g )(x, PL).

14 v 1 12
WL() J(x,p1) = =N} >\/§(p§ J(x.pL).

v v 1 Pl + iP2 v
l//f(() )(x,PL) = NE)) §<7 @g )(X, pPL)
yi¥(x,py) =0, (5)

and for J = —1/2

[

y Y (xpL) =0,
y Y (x.pL) =0,
—(v y /] pl - ip2 v
II/+E))(X’PL):N(()) §<x—M (Pé)(X,PL),
—\v v 1 14
l//_<() >(x, p)= Né) gfﬂg )(x, PL)

—(V v 2 v
yi¥ (x,pL) = —N| >\/§fﬂ(1 (%, L),

0 » 2(p"+ip?\ o
W—(—>(X,pL):N§) 5(7 (ﬂé)(&m), (6)

having flavor index v = u, d. The LEWFs ¢\ (x,p ) are a

i

modified form of the soft-wall AdS/QCD prediction

(v) _4_” log(l/x) al (1 — )\
p(5,p1) = [P (1 - x)

ﬁlog(l/x)]

X exp [—5” 2 (1 —27 ] (7)
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The wave functions ¢*(i = 1,2) reduce to the AdS/QCD
prediction [23,24] for the parameters a) = bY =0 and
0 =1.0. We use the AdS/QCD scale parameter x =
0.4 GeV as determined in Ref. [25], and the quarks are
assumed to be massless.

ITII. WIGNER DISTRIBUTIONS

In the same way as the impact-parameter-dependent
parton distributions (IPDs) are obtained by the two-
dimensional Fourier transforms of the generalized parton
distributions (GPDs), one can map out the Wigner dis-
tributions as the two-dimensional Fourier transforms of

|

1 [dz d*z
W858 =3 [ Gy

PP S|P~/ DTW o (22| )
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the so-called generalized transverse-momentum-dependent
parton distributions (GTMDs). In the light-front frame-
work, one defines the five-dimensional quark Wigner
distributions as [7,8]

d*A |
(27)?

e—iAl.bl WD[F] (AJ_v PL. X S)

(8)

The correlator W relates the GTMDs [3,4], and in the
Drell-Yan-West frame (A* = 0) and fixed light-cone time
zF =0, it is given by

pM(b,,p,.x;8) = /

7t=0-" (9)

The I’ denotes the twist-2 Dirac y-matrices y*,yTy> and ic/Ty> (withj = 1, 2) corresponding to unpolarized,
longitudinally polarized and transversely polarized quarks respectively. The gauge link Wilson line, W__/, . /5, ensures
the SU(3) color gauge invariance of the Wigner operator. P’'(P”) and S represent the proton momentum of the initial (final)
state of the proton and the spin of the proton state, respectively. We use the light-front coordinates v* = [v*, v™, 7], where
vE = (v° £ %) and D, = (v', v?). The kinematical variables are defined as

(P/ + P//)y

P = > , A#* = (P" = P~ (10)
Depending on the various polarization configurations of the proton and the quark, there are 16 independent twist-2 quark

Wigner distributions. In an unpolarized proton, the quark Wigner distributions for unpolarized, longitudinally polarized, and

transversely polarized quarks are defined as [8,26]

1 N N " N
Puu(b,pL.x) = i[py[}' by, pr.x;+8)+p (by.py.x;=8,)], (11)
| R - gy A
P (b.pl.x) = QWV Pl py.xi+8) +p (b, py.x;=S,)), (12)
vj L oty Q Uiy 3
Pir(bL.pL.x) =5 Pl p.x;+8,) 4+ p (b p L x-S, (13)

For a longitudinally polarized proton and different polarizations of the quark, the distributions are given by

1. ) R
PZU(bLPLJ) = B [Py[y ](bJ_v P, X +Sz,> —P”W (bbpr?ﬁ _SZ)}’ (14)
1. . . .
Pi(bL.pL.x) =3[ Pib, . po.x+8) —p (b py.x;=8.)). (15)
vj 1 io)* Q vlic’* Q
pir(b,py,x) = 5[/)”["’ Piby.po.x+8,) = p (b pyLx;=8.)). (16)

Again, the Wigner distributions for a transversely polarized proton with various quark polarizations are identified as

. 1 . o N o
P?’U(bbpl»x) = ELOU[Y ](vavaX;+Si) —Py[y ](bj_va_vX; _Si)]’ (17)

» 1 ny - e -
P'TUL(bL»ppx) = E[P”[y ’ ](bpppxé +Si) —PU[Y ’ ](bbpp)ﬁ _Si)]’ (18)
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1 i sj+5 & io/ity’ Q
Prr(b.pi.x) = Q%W’” Plb,py.x;+8;) — pli ys](bl’pL»X;_Si)]v (19)

and the pretzelous Wigner distribution is defined as

1 i+ 3 ot 2
by pl.x) = E%Lo”[“’ Plby . por.x;+8;) = p el (by p o x; =5)). (20)

Here the first subscript denotes the proton polarization,
and the second one represents the quark polarization. The
Wigner distributions are directly connected to the gener-
alized parton correlation functions [3,8]. At z, _, integrat-
ing over momentum p |, the Wigner distributions reduce to
impact-parameter-dependent parton distributions (IPDs)
which can be interpreted as quark densities in the transverse
position space. Again, the b integration of the distribu-
tions gives the transverse-momentum-dependent parton
distributions (TMDs), which can be interpreted as quark
densities in transverse momentum space. In the Drell-Yan-
West frame, the Wigner distributions may have a quasi-
probability interpretation [8], but the interpretation is lost
when one defines a six-dimensional Wigner distribution,
p!M(b . & p . x;8), by including a longitudinal momen-
tum transfer [£ = —AT/(2P*)]. One can also obtain the
three-dimensional quark densities by integrating over two
mutually orthogonal components of transverse position and
momentum, e.g. b, and p, (b, and p,), which are not
constrained by the Heisenberg uncertainty principle, as [8]

/ dbydp (b ... x:S) = P (be pyxiS)  (21)

with Ay =z, =0 and

/ db,dp,p*"'(b . p,.x;S) =p'"N(by. p.x;S)  (22)

with A, =z, = 0. For unpolarized and longitudinally
polarized protons, the distributions f)”m(by, Py, X3 S) and
(b, —py.x;§) are same. The Wigner distribution of
quarks with longitudinal polarization 4 in a longitudinally

polarized proton A is defined for ' = y* % and S = AS .
as [8]

pyA/l(bJ_, PL.X)
T ) X .
=S P7I(bLpr s AS) + A ”I(b,,py.x;AS.)],
(23)

which can be decomposed as

1
Pﬁu(bb pL.x) = B [ﬂ%}U(bL,PL,X) + AplL/U(bL7vax)

+4pY (b, pr.x) +Adph (b, py,x)],
(24)

|
corresponding to A =1, | and A = 1, | (where 1 and |
correspond to +1 and —1, respectively, for longitudinal
polarizations). Similarly, the Wigner distribution for a
quark with transverse polarizations 4; = I, |} in a proton
with transverse polarizations A; = 1, |} can be written as

) 1. .
/’Krﬂr(bbpbx) =3 [/’U[y ](bLPL7X; ArS;)

+ AgpHlic" 7] (b1.pL.x; ATSi)L (25)

which can be decomposed as

. 1 .
PR, (DL pL,x) = 2 Py pi.x) + Arpfy(br,py, x)

+ Arp4ip(b L P, x)
+ Apdrpip(b . po.x)]. (26)

The distribution p4 (b, ,p,.x) in the transverse plane is
shown in Figs. 12 and 13 for u and d quarks, respectively.
The transverse Wigner distribution pf\”r 4, (PLpy,x) is
shown in Figs. 14 and 15 with i =1 (i.e. polarization
along the x-axis). pi;(b.,py,x) and p¥ , (b, p.,x)
provide information about the correlations between proton
spin and quark spin in the longitudinal direction and in the
transverse direction, respectively. We also can define the
Wigner distributions for longitudinally polarized quarks
in a transversely polarized proton pj(T 2(b,py.x), and for
transversely polarized quarks in a longitudinally polarized

proton pf\jﬁr(bb pP..x),as

. 1 .
PR (bl pL.x)= 5 Pyu(bL.pL.x)+ Arpfy(bL,py.x)

+4pyL(b1.p 1. x) + Ardpiy (b .py.x)].
(27)

i 1
ﬂAng(bLPL,x) ) oy (b, pi,x) + Appy(br,pi.x)
+ Arpr(bL.pL.x)
+ Agprr(by,po,x)]. (28)

The Wigner correlator, Eq. (8), can be parametrized in
terms of GTMDs [4]
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(i) for unpolarized protons as

Py pr.x) =FY (x,0,p3.p..by.bY), (29)

v 1 9 v 2 2

Pur(bL,pL,x) = M2€Lpi b G11(x.0.p1.p1.b . b7). (30)
il

IJ- 1 1 i v ] a v
pU]T(bJ_’pJ_’ ) = —lﬁel’pﬂ-{“(x,O,pi,pl.bl,b ) +_ Labl Hl.2(x’ 0, pi»PJ_-bJ_’biﬁ (31)

(i1) for longitudinally polarized protons as

0
Pry(bL,pL.x) = Y J_pJ_ 8b’ Fi4(x.0.p1.p1by.bY), (32)
pll/,L(bL’ pl’x) = glf,4(x? 0’ pﬁ_’ pL'bL’bi)’ (33)
uj PjL v 2 2 1o, 2 2
pLT(bL’pJJx) :ﬁHlﬂ(x’O’pJ_’pl'bL’bJ_)+1M@ lng(x,O,pJ_,pl.bL,bJ_); (34)

(iii) and for transversely polarized protons as

. 0
i (7% (x.0,p7.p1.-b . bT) —2F% ;(x,0.p7.p,.b . bT)]

P?U(bppp) 2M (91)/

TN,
+lﬁeipifz,zu,o,pi,m.m,bix (35)

| 1 B
P (b, pi.x) = STV ele ]ilpliab] 819’ G.1(x,0,p7,pL.by,bT)

PL

+ﬁ (x’ 0’ pi?pl'bL?bi) + g13(‘x O pJ_’pL bJJb )? (36)

1
M@b’

) . ; p, 0 1 &
Prr(bL,pL,x) =€’ (=1)" |- 21‘;2 6b’ Hy,(x,0, PL’PL bJ_’bJ_) M2 81)’2 Hia(x,0, pl’pl bl’bl)]

i
v PP,
+ HY5(x,0,p7.pL.by . bT) + 6 ;4; HY 4(x,0,p3.pL.b,.b?)

1 0 0

1.0, 2 2
+— —AHLS(xy 09 va pJ_‘bJ_7bl) _W@@

szLab,

Hlfﬁ(x,O,pzl,pl.bl,bi)]. (37)
1

The pretzelous distribution is parametrized as

lJ

0
2M2 p 87( l{_l(x’o’ pi_a pl'bl’bi) +2Hl]/.5(x’ Oapi’ plblsbi))

N d
b’ abf

p%#(bl» pJJ )

(Hl Z(x O pj_’ P.- bJ_v ) 2H ()C, O, pﬁ_v pJ_bJJbi))

+2p'pIHY 4(x,0,p7.pL.b . bY)], (38)

where y* = F1 |, F14,911,914 and H,;, (n =1,2,3...8) can be expressed as the Fourier transforms of the GTMDs

X' =F1,,F{4,G,,GY,, and H, ,, respectively:
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)(”(x, 0, pi’pl_'bl_’ bi)

d?A .
-/ Gt X (e 0.phpuAL AT (39)

There are altogether 16 GTMDs at the leading twist.
At A =0, the GTMDs reduce to transverse-momentum-
dependent distributions (TMDs), which are functions of the
|

1

bt = [

-2
dZ d 7, —ipz

(27)*

The OAM density operator can be expressed in terms of the
Wigner operator as

7%= (by xp )W, (41)

Thus, in light-front gauge, the average canonical OAM for
the quark is written in terms of Wigner distribution as

dA* A
= /—L (P";S

2
: 2P*(2n)? ¢

P’ S)
= /dx‘{zpldzbl(bj_ X PL)ZP"W (bL,PLX,Sz),
(42)

where the distribution p*'I(b . p . x,S,) can be written
from Eqgs. (11) and (14) as

py[;/*] (bj_’ PL,X, +‘§z) = pl[/]U(bJ_v PL, .X) + pZU(bJ_’ Pi, .X').

(43)
|

1

dz=d? .
C{(bm by p*opL) = & / CALL pmip:

1) 22y ¢

The correlation between quark spin and quark OAM can be
expressed with Wigner distributions p¥,, , and equivalently
in terms of GTMD as

v = / dxd®p b (b, x p1).pty, (bi.p1.x)

2
Pl
= /dxdzplﬁlsz(X, 0, pi, Os O)a (47)

where CY > 0 implies that the quark spin and OAM
tend to be aligned and CY <O implies that they are
antialigned.

The spin contribution of the quark to the proton spin is
defined [8] as

PHYSICAL REVIEW D 95, 074028 (2017)

longitudinal momentum fraction x and transverse momen-
tum p, carried by the quark. There are altogether eight
TMDs at the leading twist.

IV. ORBITAL ANGULAR MOMENTUM

The canonical orbital angular momentum (OAM) oper-
ator for the quark is defined as

(b~ b )yt (b x (=0, )y (b~ —z7,by). (40)

[
From Eq. (29), we see that

/dXdszdsz(bL X pi)zpll/]U(bL’pL’x) =0, (44)

which satisfies the angular momentum sum rule for un-
polarized protons—the total angular momentum of the
constituents sums up to zero. From Egs. (32) and (39), the
twist-2 canonical quark OAM in the light-front gauge is
written in terms of the GTMDs as

2
v p H
= —/dxdszA/[J‘zFlA(x, 0,p1.0,0).  (45)

The correlation between proton spin and quark OAM is
understood from £%. If £% > 0, the quark OAM is parallel to
the proton spin, and % < 0 indicates that the quark OAM is
antiparallel to the proton spin.

The spin-orbit correlation of a quark is given by the
operator

@ (b= b )y y (b x (=id )" (b~ —z7.by). (46)

1 1 -~
sY 259’1’4 _E/dXH (x,0,0)
1
= z/ddepLGﬁA(x, 0,p%.,0,0), (48)
where ¢/ is the axial charge.

V. RESULTS

The quark Wigner distributions are evaluated in the light-
front quark-diquark model constructed from the AdS/QCD
correspondence. Using the two-particle Fock states expres-
sion of the proton for both the scalar and vector diquarks
in Eq. (9), we can express the quark-quark correlator
WI(A |, p,.x;S) in terms of LFWFs. For the scalar

diquark, the expansion of W] (A,p..x;S) is given by

074028-6



QUARK WIGNER DISTRIBUTIONS AND SPIN-SPIN ... PHYSICAL REVIEW D 95, 074028 (2017)

it . 1
W (AL prx£8) = s i (e p i (e p) + v (e D (e ), (49)
WAL p L £8) = sy (e v (e p) — v (e i (P (50)
v]ic/ty? d 1 ij N A=
WAL pL e £8) = el (=) i (v () + ()i (e p! i (). (51)

For the vector diquark, the expressions read as

WAL L 48 = — il v (e p) + v p)wi (v D)

1
1673
+7 "y, + / £ "y, + /
+ o PDW o (6 P+, o (x, P (%, P'))

+y (Dl (x,p)) vl (x pwi (. p!)], (52)

.5 n 1 . .
WAL pL 6 £8) = — i (e p v (P — v (v (D))

- l6x°
+ ’//izo(x’ Pl)’l/yio(x’ p))— ll/fj()(xv v o(x, )
Fy (o p D (xp!) —wil (e p! i (. p)). (53)

ity A 1 i o 4 Np A
WA AL p xS = s e =)yl (e p Dy () + (09 (P Dwi ()

+ (=D (e P Do (e ) + (1) 5o (e D)W o (6 L)
+ (=) (e Dy (e pl) + () el (e v (P, (54)

with the Dirac structures I' = y*,y*y> and io/*y°, and where the initial and final momenta of the struck quark are

A A
plzpl—(l—x)%, p’i=p¢+(1—X)7l, (55)

respectively. Using the light-front wave functions from Egs. (3), (5), and (6) in Egs. (49)—(54) at the initial scale y, we
explicitly calculate all the quark-quark correlators, which give the expressions of Wigner distributions in the following

forms:

o = Npi(bLply). Pl = G NG + %Nﬁ”z)pﬂbl, p.L.x). (56)
0 = Misbupin), = (SN SN )bipn), (57)
P =Ny bpx).  p = G Ny + %N 5”2)/)?’ (bi.pi.x). (58)
W =Npsbopx). P = (;Ném - iNﬁy)z)pZ(bb pL.x). (59)
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P = Niggbrprx). o = (%Né”” - %N&”ﬂ)pz(bl,m,x), (60)
il =Nyt i), ol == (5867 SN ) 0p L) (o1
P = N3 (bpix). o = ;Né) p(bL.p1.x). (62)

prY =Ny (bpix). ) = %Né) pE(bL.pi.x). (63)
PUT(;) = N%ﬂlé(bbpbx)» p;"(?) = —%Néb)zﬂg(bbpbx% (64)
pri = -Nips(b,po.x). it = %Né”zﬂ%(bbpbx), (65)

where the label S represents the scalar and A denotes the isoscalar-vector (V) diquark corresponding to the u quark and the
isovector-vector (V'V) diquark corresponding to the d quark. Combining the contributions from the scalar and vector parts,
one can write the distributions for u and d as

Py (b, pi.x) = CspN(]J CVAON(N’)7 (66)

P%Nr(bm pL.Xx)= CVV,DNN’)’ (67)

where N(N’) implies the proton (quark) polarization. Now, integrating over the light-front momentum fraction x, we display
the behavior of the Wigner distributions in the remaining four dimensions; i.e. in the transverse coordinate space with a
definite transverse momentum and in the transverse momentum space with a definite coordinate.

The distribution functions p%(b,,p, ., x) are given by

1 dA o~ A’ 1
pbLpe) = oy [ G ALl D exp(-250) 5P + (81 =51 =02 s asoP). (68
) 1 ;. 01 [dA o, (=),
a0 pi) = et o o [ G auntiasibab exn(-2i008) U5 st (69)
y 8 1 [dA | —x )
p0ps) = el i [ S (8.b. ) expl=230050) E S Aoy o) (70)
1 [dA ) A i
PP n) = 1o [ G (81 ]) exp(- 2B IATWF = (0]~ 50 = o) s s ()
y 1 [dA T o
P01 ) = s [ B84 22 A5 )50 exp(-2i002). 72)
(1) = s [R5 nn fiagr + (- 55007 ) s 0P
PePLPLY =63 | (22 ! Pi 7y 2z
S AN 2 - N~
—5,»j(plpf— o (1=07 ) s WS exp(-2a000) 73)
{010 0) = s [ st (ppr = 2 (1 07) 2 As(0R expl-2a(05) 74
107 JJpL’x _1677.'3 (271') € pp 4 X X2M2 2x Xp apr_ )
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AY(x) = 4?”, /%ﬂ?(l —x)", (75)

- log(1/x
a(x) = 2;55 —/x))2 ’

with

(76)

) A2
pi=pl +—( - x)%. (77)
Note that there is no implicit sum over i and j in the

expression of pg and pY.

A. Unpolarized proton

We plot the first Mellin moment of the unpolarized
Wigner distribution, p¥,,(b,,p,,x), and mixing distribu-
tions, pyy;(by. py, x) for the u and d quarks in Fig. 1. The
first Mellin moment of the unpolarized Wigner distribu-
tions represents the transverse phase-space distribution of
the unpolarized quark in an unpolarized proton. Figs. 1(a)
and 1(d) show the distributions in the transverse momen-
tum plane for the u quark and d quark, respectively, with
a fixed impact parameter b, along § and b, = 0.4 fm,
whereas the variation of the distributions in the transverse
impact parameter plane are shown in Figs. 1(b) and 1(e),
with a fixed transverse momentum p, along 9 for
py = 0.3 GeV. Figures 1(c) and 1(f) represent the mixing
distributions for the u quark and d quark, respectively.

The average quadrupole distortions Q;(p,) and

J(b ) are defined as [8]

i b | (2b' b, = 57D )pyy(bi.p.)
Qb](m)=f S, e (78)
f 1bipyy(by,py)

i d*p . (2p' p) = 8'p})pyu(bi.p1)
Q}!(bj_):f 1 dzi Lz t vu\Vl1-P1 ) (79)
f p.pirvu(bi.pL)

Since the wave functions in the soft-wall AdS/QCD model
are of Gaussian type, the average quadrupole distortion is
found to be zero for p¥,,,. Similarly, p, has zero quadru-
pole distortion. Therefore, the distributions pf,;; in the
transverse momentum plane as well as the transverse
impact parameter plane are circularly symmetric, but the
distributions in mixed space are axially symmetric. Thus,
there is no favored configuration between b, Lp, and
b, ||p, in mixed space, unlike with the light-cone con-
stituent quark model (LCCQM) [7] or the chiral quark
soliton model (yQSM) [8]. Comparing the behaviors of the
u quark and the d quark, one finds in this model that for
both u and d quarks, the distributions have positive maxima
at the center (p, = p, = 0), (b, = b, = 0) in both planes,
and they gradually decrease towards periphery. The peaks
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of the distributions for the u quark are large compared
to those for the d quark, but the u-quark distributions
have little concentration in the center relative to the
d-quark distributions in both planes. The distributions have
similar spread behaviors in the mixed plane for u and d
quarks.

In Fig. 2, we plot the unpolarized longitudinal Wigner
distribution, which represents the transverse phase-space
distribution of the longitudinally polarized quark in an
unpolarized proton. The transverse Wigner distributions
Py (by,py) in the transverse momentum plane with
a fixed impact parameter b, along J are presented in
Figs. 2(a) and 2(d) for u and d quarks, respectively.
Figures 2(b) and 2(e) show the same distributions in the
transverse impact parameter plane for u and d quarks with
fixed p, = p,9 = 0.3 GeV. We find in this model that in
both planes p¥;, exhibits dipolar structures having the same
polarity for u and d quarks, but the polarity in momentum
space is opposite from that for coordinate space for each
quark. p%,; in the transverse momentum plane is more
concentrated in the center than in the transverse coordinate
plane. The mixing distribution p{;; (b, p,) in the transverse
mixed plane is shown in Figs. 2(c) and 2(f) for # and d
quarks, respectively, displaying the quadrupole structures
with the same polarity for both quarks. These distributions
essentially reflect quark spin-orbit correlations. From
Eq. (47), we calculate C¥ at 4> = 1 GeV?, and the values
are C*=—0.55 and C? = —-0.75 for u and d quarks,
respectively. C¥ < 0 implies that the quark OAM is anti-
parallel to the quark spin, as observed in the scalar diquark
model [17], whereas in the light-cone constituent quark
model [8], the C¥ values are found to be positive for both u
and d quarks.

The Wigner distribution py7(b,,p,) and the mixing
distribution py7(by, p,) are shown in Fig. 3. From Eq. (58),
it is clear that this distribution vanishes if the quark
transverse coordinate is parallel to the polarization. Here
the plots are shown for j = 1, and the quark is polarized
along the x direction. Figures 3(a) and 3(d) represent the
distributions in the transverse momentum plane for u and d
quarks, respectively, with b, = 0.49 fm. This is circularly
symmetric in transverse momentum space. Figures 3(b)
and 3(e) show the distributions in the transverse impact
parameter plane for u# and d quarks, respectively, with
p. = 0.3% GeV. We see a dipolar distribution in the impact
parameter plane. The mixing distribution py7(by, p,) is
shown in Figs. 3(c) and 3(f) for u and d quarks, respec-
tively. Since this distribution is symmetric in the transverse
momentum plane, it shows a dipolar behavior in the mixed
plane [unlike pyy (by, py), which shows a quadrupole
distribution]. Because of the dipolar symmetry in the
impact parameter plane, the other class of mixing distri-
butions, pyr(b,., py), vanishes.

In a certain kinematical limit [see Eq. (31)],
pur(b,p.,x) reduces to the Boer-Mulders function
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FIG. 1. The distributions py; are shown in the transverse momentum plane, the transverse coordinate plane, and the mixed plane for u
and d quarks. The distributions in the mixed plane are given in GeV® fm°.
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FIG. 2. The distributions p;;; are presented in the transverse momentum plane, the transverse coordinate plane, and the mixed plane
for u and d quarks. The distributions in the mixed plane are given in GeV® fm’.
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The distribution pyr is shown in the transverse momentum plane [(a) and (d)] with b; = 0.49 fm, in the transverse coordinate

plane [(b) and (e)] with p; = 0.3% GeV, and in the mixed plane [(c) and (f)] for u and d quarks. The distributions in the mixed planes are
given in GeV’ fm®. The quark is transversely polarized along the x-axis.
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hi(x,p.), which is one of the T-odd TMDs at leading
twist. Here we consider the T-even leading-twist TMDs only.
The one-gluon final-state interaction (FSI) is needed to
calculate the T-odd TMDs. So, here we have no contribution
from this distribution at the TMD limit. At the impact
parameter distribution limit, the distribution is related to H T
GPD together with some other distributions [4].

B. Longitudinally polarized proton

In Fig. 4, we show the longitudinal unpolarized
Wigner distributions p4 (b, ,p,) and mixing distri-
butions p7 (b, py) which describe the unpolarized
quark phase-space distributions in a longitudinal polarized
proton. Figures 4(a) and 4(d) display the variation of
Py y(by,py) in the transverse momentum plane for u
and d quarks, respectively, with fixed b, along  and
by = 0.4 fm; and the variation of pj,(b,,p,) in the
transverse impact parameter plane is shown in Figs. 4(b)
and 4(e) with fixed p, along §, p, = 0.3 GeV. In this
model, the distributions pY (b ,p ) are quite similar to
P4 (b, p,) in both transverse momentum and transverse
impact parameter planes, but the polarity of the dipolar
structures of p7 ; is opposite to the polarity of pf,; . Again,
the quadrupole structures appear when we plot the
distribution in the transverse mixed plane, as shown in
Figs. 4(c) and 4(f) for u and d quarks, respectively, which
are very similar to pY; (b, p,) with opposite sign. These
distributions essentially reflect the correlations between
quark OAM and proton spin. In this model, the quark OAM
£" = 0.49 for the u quark and #¢ = 0.58 for the d quark at
u? =1 GeV?. Therefore, the quark OAM is parallel to the
proton spin for both u and d quarks. Note also that in a
scalar diquark model with AdS/QCD wave functions, the
OAMs are found to be positive for both quarks. This result
is model dependent and may be due to the particular form
of the AdS/QCD wave functions.

The longitudinal-longitudinal Wigner distributions
pir(bi.p.) and mixing distributions pY; (b,, p,) are
presented in Fig. 5. These Wigner distributions describe
the phase-space distributions of longitudinal polarized
quarks in a longitudinal polarized proton, and after inte-
grating over transverse variables they correspond to the
axial charge (Ag), which is positive for the u quark but
negative for the d quark at large scales. The distributions
P4, (b, p, ) in the transverse momentum plane for u and d
quarks are plotted in Figs. 5(a) and 5(d), respectively,
whereas pY, (b, p_ ) in the transverse coordinate plane are
shown in Figs. 5(b) and 5(e). In this model, we find that in
two planes the distributions are positive for the u quark in
consistence with the sign of Au; but for the d quark, the
distributions are also positive, whereas the axial charge Ad
is known to be negative. One should note that the axial
charges are highly scale dependent and are measured only
at high energies, whereas the models here have a very low
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initial scale of uy = 0.313 GeV. So, we need to consider
the scale evolution of the distributions before comparing
with the measured data. For the d quark, the axial charge is
known to be negative at larger scales. The scale evolutions
of axial charges in this model are shown in Ref. [18], where
it is shown that the axial charge for the d quark becomes
negative for y> > 0.15 GeV2. At u?> = 1 GeV?, the axial
charges for the quarks are found to be g4 = 0.73 and
g4 = —0.54, which are values consistent with the measured
data. The distributions are circularly symmetric for u and d
quarks in both the planes, and they are more concentrated in
the center in the b, plane relative to the p, plane. The
peaks of the distributions in the p, plane are larger than
those in the b | plane. The mixing distributions p5; (b, py)
for u and d quarks are shown in Figs. 5(c) and 5(f), res-
pectively. They are axially symmetric in the mixed plane.
P71 (by. py) show quite similar behavior to py;(b,. py),
but with opposite sign and with a much lower peak at
the center.

The Wigner distribution with a transversely polarized
quark in a longitudinally polarized proton, p; (b, ,p), is
shown in Fig. 6. Figures 6(a) and 6(d) represent the
distribution in the transverse momentum plane, with b, =
0.49 fm, for u and d quarks, respectively. We see a dipolar
distribution, as expected from Eq. (61). Figures 6(b)
and 6(e) show the distribution in transverse coordinate
space, with p, = 0.3x% GeV, for u and d quarks, respec-
tively. The distribution is circularly symmetric with a
negative peak at the center of the coordinate space. The
distribution vanishes if the quark transverse momentum is
perpendicular to the polarization. This reflects that there is a
strong correlation between the quark transverse momentum
and quark transverse polarization. The mixing distribution
prr(by. py) is shown in Figs. 6(c) and 6(f) for u and d
quarks, respectively. Because of the dipolar structure in the
transverse momentum plane, the other class of mixing
distributions p,(b,, py) vanishes for the quark with a
polarization along the x-axis.

At the TMD limit, p; 7(b,, p ., x) reduces to h{; (x,p.)
[4], one of the eight T-even TMDs at leading twist. At the
impact parameter distribution limit, the distribution is
related to the Hy and I:IT GPD together with some other
distributions.

C. Transversely polarized proton

The Wigner distribution pzy(b,,p,) in transverse
planes and the mixing distribution pr¢ (b,, p,) are shown
in Fig. 7. From Eq. (62), it is clear that this distribution
vanishes if the quark transverse coordinate is parallel to the
polarization. Here the plots are shown for j = 1; i.e. the
quark is polarized along the x direction. Figures 3(a)
and 3(d) represent the distribution in the transverse
momentum plane, with b, = 0.4 fm, for u and d quarks,
respectively. This is circularly symmetric in transverse
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FIG. 4. The distributions p; ;; are shown in the transverse momentum plane, in the transverse coordinate plane, and in the mixed plane
for u and d quarks. The distributions in the mixed plane are given in GeV® fm’.
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The distributions p; ; are shown in the transverse momentum plane, in the transverse coordinate plane, and in the mixed plane

for u and d quarks. The distributions in the mixed plane are given in GeV® fm’.
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FIG. 6. The distributions p;; are shown in the transverse momentum plane [(a) and (d)] with b; = 0.4y fm, in the transverse

coordinate plane [(b) and (e)] with p;, = 0.3% GeV, and in the mixed plane [(c) and (f)] for # and d quarks. The quark is polarized along
the x-axis. The distributions in the mixed planes are given in GeV? fm®.
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FIG. 7. The distributions pyy(b,,p,) are presented in the transverse momentum plane [(a) and (d)] with b, = 0.49 fm, in the
transverse coordinate plane [(b) and (e)] with p; = 0.3% GeV, and in the mixed plane [(c) and (f)] for # and d quarks. The distributions

in the mixed planes are given in GeV? fm°.
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FIG. 8. The distributions py; (b, p ) are shown in the transverse momentum plane [(a) and (d)] with b, = 0.49 fm, in the transverse

coordinate plane [(b) and (e)] with p; = 0.3% GeV, and in the mixed plane [(c) and (f)] for u and d quarks. The polarization of the
proton is taken along the x-axis. The distributions in the mixed planes are given in GeV® fm°.

074028-18



QUARK WIGNER DISTRIBUTIONS AND SPIN-SPIN ...

momentum space. Figures 7(b) and 7(e) show the distri-
bution in transverse coordinate space, with p; = 0.3y GeV,
for u and d quarks, respectively. We see a dipolar
distribution in the impact parameter plane. The mixing
distribution pr (b, p,) is shown in Figs. 7(c) and 7(f) for
u and d quarks, respectively. Since this distribution is
symmetric in the transverse momentum plane, it shows a
dipolar behavior in the mixed plane [unlike pyy (by, p,),
which shows a quadruple distribution]. Because of the
dipolar structure in coordinate space, the other class of
mixing distributions pry (b, py) vanishes.

At the TMD limit, pyy (b, p ., x) reduces to the Sivers
function f{7(x,p,), one of the T-odd TMDs at leading
twist. Since we consider T-even contributions only, the
TMD limit of pyy (b, p,) vanishes here. At the impact
parameter distribution limit, the distribution is related to the
H and E GPDs together with some other distributions.

The Wigner distribution with a longitudinally polarized
quark in a transversely polarized proton, pz; (b, ,p,), is

phr [GeV =2 fm ™2

T b, =04 fm

N
J
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A
W

pL =03 GeV

by [fm]
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shown in Fig. 8. Figures 8(a) and 8(d) represent the
distribution in the transverse momentum plane, with
b, =0.49 fm, for u and d quarks, respectively. We
see a dipolar distribution as expected from Eq. (63).
Figures 6(b) and 6(e) show the distribution in transverse
coordinate space, with p; = 0.3% GeV, for u and d quarks,
respectively. The distribution is circularly symmetric at the
center of the coordinate space with a positive peak for the u
quark and a negative peak for the d quark.

The distribution vanishes if the quark transverse
momentum is perpendicular to the polarization. This
reflects that there is a strong correlation between the
quark transverse momentum and quark transverse polari-
zation. The mixing distribution p7 (by, p,) is shown in
Figs. 8(c) and 8(f) for u and d quarks, respectively.
Because of the dipolar structure in the transverse
momentum plane, the other class of mixing distributions
pri(by, py) vanishes for the quark with a polarization
along the x-axis.
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FIG. 9. The distributions p7r(b,,p.) are shown in the transverse momentum plane [(a) and (c)] with b, = 0.49 fm and in the
transverse coordinate plane [(b) and (d)] with p; = 0.3x% GeV for u and d quarks. The proton polarization and the quark polarization are

taken along the x-axis.
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proton both are polarized along the x-axis. The distributions are given in GeV° fm?.

At the TMD limit, p7; (b, p,) reduces to g;7(x,py)
[4], one of the eight T-even TMDs at leading twist.
At the impact parameter distribution limit, the distribution
is related to H and E GPDs together with some other
distributions.

The Wigner distribution with a transversely polarized
quark in a transversely polarized proton, pyr(b,,p,), is
shown in Fig. 9. Figures 9(a) and 9(c) represent the
distribution in the transverse momentum plane, with
b, =0.49 fm, for u and d quarks, respectively. The
distribution in the transverse impact parameter plane is
shown in Figs. 9(b) and 9(d), with p, = 0.3%x GeV. We
observe that the peaks of the distribution in both the planes
are positive for the u quark and negative for the d quark. In
Fig. 10, we plot p77(b |, p, ) in the mixed transverse plane
for u and d quarks. The distributions are not symmetric in
the mixed plane. This is due to the quadrupole contribu-
tions p'p/ and A’A/ appearing in the expressions for
p¢ [Eq. (73)].

The pretzelous distribution, p#,(b,,p,), is shown in
Fig. 11. This distribution is found when the quark is
transversely polarized along the perpendicular direction
to the transversely polarized proton. We find quadruple
distributions in the transverse momentum plane as well as
in the transverse impact parameter plane. It is also observed
that the polarity of quadruple distribution changes sign for
the d quark in both the planes. Due to the pure quadrupole
contribution in p% [Eq. (74)], the pretzelous distribution is
identically zero in the mixed plane.

D. Spin-spin correlations

The longitudinal Wigner distributions p (b, p, ), with
proton polarization A = 1 and quark polarization 1 = 1, |
[Eq. (24)], are shown in Figs. 12 and 13 for the u and d
quarks, respectively. One can observe that the distributions
P4, (b, py) in the transverse momentum plane as well as
in the transverse impact parameter plane look circularly
symmetric for A = A, whereas for A # 1 the distributions
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FIG. 11. The distributions p7,(b, p_ ) are shown in the transverse momentum plane and in the transverse coordinate plane for u and
d quarks. The quark is polarized along the y-axis, and the proton is polarized along the x-axis.

get distorted along p, or b, for both u# and d quarks. Since
the polarity of pf7;; is opposite to that of p7, and the
magnitudes of the distributions are more or less the same, in
Eq. (24), the contributions from p;; and py; are almost
canceled for A = 4, and the only dominating contributions
come from py;;; and p; ., which are circularly symmetric in
both planes. Again, for A # A the contributions from p; ;
and py; add up and cause the distortion. Note that the
distortions from the circular symmetry in the transverse
momentum plane and in the transverse impact parameter
plane are in opposite directions to each other. Here we have
shown the distributions for A = 1; the other possible spin
combinations in the transverse momentum plane and in the
transverse impact parameter plane can be found from
Py(br.pepy)=p5,(bi,—p..py) and p|, (b by.p1) =
p’%l(—bx,by,p 1), respectively, where A’ # A. The mixed
transverse densities p,(b,, p,) are shown in Figs. 12(c)
and 12(f) for the u quark, and in Figs. 13(c) and 13(f) for
the d quark. pj,(by, p,) exhibits the similar axially

symmetric nature of py (by, p,) with a lower magnitude
for A = A. This is because of the other contribution,
prr(by, py), which is opposite to that of pyy(b,. py).
For A # A, although there are additional quadrupole con-
tributions from py; and p,y in py ) (b, py), the contribu-
tions from pyy and p;; are very large compared to the
quadrupole contributions, and thus p; | (b, p,) effectively
show the similar behavior of p;;; with larger magnitude for
both u and d quarks.

We observe that the quark OAM tends to be aligned
with the proton spin and antialigned with the quark spin
for both u and d quarks. The difference in correlation
strength between the quark OAM—proton spin correlation
and the quark OAM-spin correlation is very small (see
Figs. 2 and 4). Therefore, if the quark spin is parallel to
the proton spin, i.e. A= 1,4 =1, the contributions of
pyr and p; interfere destructively, resulting in circular
symmetry for the u# and d quarks; see Figs. 12(a), 12(b),
13(a), and 13(b). If the quark spin is antiparallel to the
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FIG. 12. The distributions p,; are shown in the transverse momentum plane, the transverse impact parameter plane and the mixed
plane for the u quark [Eq. (24)]. The distributions in the mixed plane are given in GeV® fm".
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FIG. 13. The distributions p,, are shown in the transverse momentum plane, the transverse coordinate plane and the mixed plane for d
quarks. The distributions in the mixed plane are given in GeV® fm®.
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FIG. 14. p,,,, in the transverse momentum plane, the transverse impact parameter plane and the mixed plane for the u quark
[Eq. 26)]. Ay = 1, I and 17 = 1, |} represent the transverse polarization along the x-axis for protons and quarks, respectively. The
mixed plane distributions are given in GeV? fm°.
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FIG. 15. p,,,, in the transverse momentum plane, the transverse impact parameter plane and the mixed plane for the d quark
[Eq. 26)]. Ay = 11, |} and 2; = 1, |} represent the transverse polarization along the x-axis for proton and quarks, respectively. The
distributions in the mixed plane are given in GeV° fm".
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proton spin, i.e. A= 1,4 = |, the contributions of p
and p;y interfere constructively, resulting in a dipolar
distribution for the u and d quarks; see Figs. 12(d), 12(e),
13(d), and 13(e).

From Eq. (26), we plot the transverse Wigner distribu-
tion py ;. (b .p, ) in Fig. 14 for the u quark and in Fig. 15
for the d quark to understand the transverse spin-spin
correlations. Figure 14 represents the distribution of a u
quark with transverse polarization A = f}, || (along the
x-axis) in a proton with transverse polarization Ay = {}
along the x-axis. In the transverse momentum plane, we see
an elliptical distribution for both the quarks [Figs. 14(a),
14(d), 15(a), and 15(d)] because the distortions pry, pyr
are circularly symmetric and pz7 is elliptically symmetric.
In the transverse impact parameter plane, we observe that
significant deviation comes from the dipolar nature of the
distortions pY,; and p%,. For Ardr = {1, they interfere
|

PHYSICAL REVIEW D 95, 074028 (2017)

constructively and cause a large deviation, as seen in
Figs. 14(b) and 15(b). We also observe that the distributions
change axis with the flip of transverse polarization of
quarks.

VI. GTMDS AND THEIR EVOLUTION

The generalized transverse-momentum-dependent dis-
tributions can be extracted from the different Wigner
distributions as shown in Egs. (29)—-(38). The GTMDs
reduce to the TMDs and GPDs at certain kinematical limits.
Fi4 and G;; contribute to the spin-OAM correlation, as
discussed in Sec. IV. F;4 and the OAM in the MIT bag
model have been calculated in Ref. [27]. There are
altogether 11 nonzero GTMDs at the leading twist in this
model. In this model, comparing Egs. (29)-(38) with
Eq. (56)-(65), the explicit forms of the GTMDs are

1 A? PN
P AT p0) = M oy |IATOP + (9 = S0 =07 ) s WP expl-2a0i]. (80
Pl (6 43.p1) = 0. (81)
FY o (x. A e (el Moy (= vy ~2a(x)p? 82
[ 5( i) = 5 L1 (s 1.p1) + Uies | x “(x)A5(x) | exp[—2a(x)p7], (82)
FY L, (x. A Ny — =9 s (2] expl—2ai()5 83
14, 1.p1) = LUT6 | 2 A5 (x)[* | exp[—2a(x)p7]. (83)
, , 1L [(1=x)
G (0,81, 82) = M 5 | A0 expl-2a(0 ). (54)
1 (2 PN
G0, A7, B3) = Ny 1 250500 expl-2a(03 . (55)
T | X
G 5(x,A7.p1) =0. (86)
1 A3 8
Gt y(x. A1 81) = M s (WP = (92 = S 0107 g S0P expl-2aoit], 67
HY,(x,A7.p7) =0 (88)
v v 1 (1_x) v v ~ ~
Hl,2(x’ Ai’pi) = NUT@ |:TA1 (X)Az(x)} exp[—2a(x)pi] (89)
Hy e A2 B3) = My s [15G0F + (02~ 5L (01— 07) s
13V =1 P 1 TT1671'3 1 1 4 M2X2 2
PN 1
< expl-2a(x)B ] - 3 41 5 (A% 93, (90)
1 PN
(0 AL 03) = Nif s | 8P expl-2a(032 o1)
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FIG. 16.  Scale evolution of GTMDs with x = 0.3 and A? = 0.1 GeV? for u and d quarks. The continuous lines are at > = 2.4 GeV?
(the average u? value of the HERMES experiment), and the dotted lines are at 4> = 20 GeV? (the highest bin average y> value of the
COMPASS experiment).

HY J(x.A2.p2) =0, (92)
1 08292 = Ny — [C22 o) explmaa(p? | + L (A2 p2). (93)
1,6 1 1 T 1677.'3 2x2 2 1 2 1,2 1 1
v 2 2 v 1 1 v v ~ ~72
H1’7(x, Al,pl) = LT T6.3 ;AI(X)A2(X) exp[—2a(x)p7], (94)
HY y(x.A2.p2) = 0. (95)
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The normalization constants N, are
v 272 (Lo 2,0\

Ny, = | CsNy + Cy, 3N +3N

3

1 v
Ny, = (_cgzvg_cz (3N2+ 2N )

)
)
)
)
)

1 2 v
Ny <C2N2 + <3 N} + 5N%) :
v 2 AT2 2 1 2 2 2 .
1 2 v
Ny, = <C2N2+C2 <§N —§N%> :

where Ng = 0 for the d quark.

The scale evolution of the GTMDs is modeled by
considering the evolution of the parameters that repro-
duce the correct scale evolution of the PDFs [18]. The
LFWFs are defined at the initial scale xy = 0.313 GeV,
and the hard scale evolution of the distributions are
modeled by making the parameters in the distribution
scale dependent. The scale evolution of the parameters is
determined by the DGLAP evolution of the PDFs:

) = a o) + AL, @)
v v Y CF as(ﬂz)
Brt) = bt )~ ) 1 (1)), (o9

(1) = explst(In(s2/43)%). (99

where a¥(uy) and bY(uo) are the parameters at y = .
The parameter 6 becomes unity at y, for both u# and d
quarks. The scale-dependent parts AY(x) and BY(u)

evolve as
2 v
y U Vp.i
P (p) = ot [1 (—2)]
Ho

Pl
M2

. (100)
i=1.2

|HY 5(x, A7.pi) +

|FYy (x. AT, p1)| >|HY 5
[Fi 1 (x AL pY)| > HY
Fy\(x,A%,p1) >0,

F(x, A7.pl) > GY 4(x, A7 p).

2

HY 4(x. A7, p3)| <

p v 1 v v
2—]‘;2 |H1’4(x, Aipiﬂ < ) |F1’1(x, Ai»l’i) + G1.4(x, Ai’ Pi)\
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1 2 v
M= (-am - (33-3m))

Nt = <C2N2 +C% 3N2)

Ny, = (C§N2 el V3 )
Ny = <C§N2 a2 3N2>
wh = (-

C2N2+C V3 > , (96)

[
where the subscript P on the right-hand side of the above
equation stands for P = A, B, corresponding to P¥(u) =
A¥(u), BY(u), respectively. The detail of the scheme and
the values of the parameters are given in Ref. [18].
Our model predictions for the GTMDs Ff |, GY,, G,
4%, H{ ;, H{ , and HY , are shown in Fig. 16 at the scale
u> = 2.4 GeV?, which is the average u> value of the
HERMES experiment, and at 4> = 20 GeV?, which is the
highest bin average y? value of the COMPASS experiment.
At the TMD limit, the GTMDs FY |, GY,, G 4, H 3, HY,
and HY , give the leading-twist TMDs f*. ¢, ¢, . h 7, hif
and hﬁ” , respectively. We plot the GTMDs for x = 0.3 and
A% = 0.1 GeV?. We notice that the GTMD G| 4 for the d
quark approaches negative values at higher scales. This
causes a negative axial charge for the d quark, as found
experimentally. The scale evolution of GTMDs is considered
in Ref. [5] and shown to be the same as for TMDs.

VIL. INEQUALITIES

It is interesting to express the transverse GTMDs in
terms of the unpolarized and longitudinal GTMDs at the
leading twist. Some inequality relations for GTMDs with

2 AL 2 L thi
p7 > 5 (1 —x)* found in this model are

1

SIFYL(x.A.p3) + Gy (. A2 R, (101)
Pl .

(v, A3 BR) + oy HY 4 (x, A3 p2)], (102)
S(r AL pY), (103)
(104)
(105)
(106)
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Equation (101) represents the Soffer bound [28] for
GTMDs. We observe that at the TMD limit, i.e. at
A | = 0, the above relations reduce to the relations discussed
in Ref. [29] for the light-front quark-scalar-diquark model.

We can also find some inequalities for Wigner distribu-
tions given by

Phy(bL.py.x) >0, (107)

pll/]U(blf PLX) >p2L(bL’ plvx)’ (108)

1
Prr(b,pi.x) < 3 Py, pi.x) +pi (b, pL,x).
(109)

Equation (109) can be regarded as a generalized Soffer
bound for the Wigner distributions. It will be interesting to
check if other models also satisfy similar inequalities.

VIII. CONCLUSIONS

We calculated the Wigner distributions of quarks in a
nucleon using a diquark model. The light-front wave

PHYSICAL REVIEW D 95, 074028 (2017)

functions are modeled using ADS/QCD predictions. We
examined both scalar and vector diquarks [18]. We have
presented results of the Wigner distributions in transverse
position and momentum space as well as mixed position
and momentum space for unpolarized, longitudinally
polarized, and transversely polarized quarks and protons
and compared them with other model predictions. We
have noted a few inequalities among pyy, prr and prr in
this model. It will be interesting to check if such
inequalities are present in other models, particularly in
models with gluonic degrees of freedom. The scale
evolutions of the parton distribution functions are mod-
eled by making the parameters scale dependent in accord
with DGLAP equation. We have used the same evolution
of the parameters in our calculation for the GTMDs.
Relations of the Wigner distributions and GTMDs with
the quark orbital angular momentum and spin-spin
correlations are discussed.
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