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Higher hybrid bottomonia in an extended potential model
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Using our extension of the quark potential model to hybrid mesons that fits well with the available
lattice results, we now calculate the masses, radii, wave functions at the origin, leptonic and two-photon
decay widths, and E1 and M1 radiative transitions for a significant number of bottomonium mesons. These
mesons include both conventional and hybrid ones with radial and angular excitations. Our numerical
solutions of the Schrodinger equation are related to QCD through the Born-Oppenheimer approach.
Relativistic corrections in masses and decay widths are also calculated by applying the leading-order
perturbation theory. The calculated results are compared with available experimental data and the
theoretical results by other groups. We also identify the states of Y(10860), Y'(11020), and Y,(10890)
mesons by comparing their experimental masses and decay widths to our results.
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I. INTRODUCTION

Models of QCD can be tested by numerical (lattice)
simulations of QCD or by hard experiments. Earlier, we
suggested extensions to gluonic excitations of the analytical
expressions for the quark-antiquark potential [1]. We have
good fits of the parameters in these expressions to the
lattice simulations for the ground and excited-state gluonic
field energy values available in Ref. [2] for discrete
quark-antiquark separations. In Refs. [1,3], we used these
expressions to calculate a number of measurable quantities
for possible conventional and hybrid charmonia. Now, for
the new sector of bottomonia, we provide a comprehensive
list of phenomenological implications that can be obtained
through solving the Schrodinger equation for our extended
potential model; we report results for a variety of conven-
tional and hybrid mesons. We include relativistic correc-
tions and some other refinements to this nonrelativistic
treatment. For relating the angular momenta in our model
with experimentally reported parity P and charge parity C,
we use the flux tube model [4] that is applicable to hybrid
quantum numbers as well. But the flux tube model was
suggested only for large quark-antiquark separations; we
pointed out earlier [1] that the additional potential term (%)
for hybrids resulting from this model differs significantly
from the actual lattice simulations performed [5]. Thus,
instead of the flux tube model potential, we use our
previously suggested quark potential model that has a very
good comparison with these lattice-generated numbers.
The relationship of the quark potential model to QCD
obtained through the adiabatic approximation and the
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Born-Oppenheimer formalism applies to our extended
potential model as well; the already-published [1,3,5,6]
use of the Born-Oppenheimer approach in hadronic physics
includes gluonic excitations. Using a potential model, we
are able to calculate masses, root-mean-square radii, and
radial wave functions at origin of ground state and radially
excited hybrid mesons as well. The radial wave function at
the origin is used in turn to calculate leptonic and two-
photon decay widths, and radiative transitions of these
mesonic states. A comparison of our results for bottomo-
nium mesons of specified JXC states with experimentally
known masses and decay widths with the same J©C can
help in identifying quarks and gluonic field configurations
of the observed bottomonium mesons like Y(10860),
Y(11020), and Y,(10890).

Heavy hybrid mesons have also been studied using
theoretical approaches like the constituent gluon model
[7-9], QCD sum rule [10-17], lattice QCD [6], and Bethe-
Salpeter equation [18]. Wherever possible, we compare
with these theoretical results, along with available exper-
imental numbers.

The paper is organized as follows. In Sec. II, the potential
models used for conventional and hybrid mesons are
written. Then, using these potential models, radial wave
functions for the ground and excited states of conventional
and hybrid bottomonium mesons are calculated by numeri-
cally solving the Schrodinger equation. The relativistic
corrections are subsequently included by the perturbation
theory. The formulas used to calculate leptonic and two-
photon decay widths and radiative E1 and M1 transitions
are also written in this section. Numerical results for these
quantities for a variety of conventional and hybrid mesons
are reported in Sec. III. Using our masses and leptonic
decay widths for different J©€ bottomonium states, we also
suggest possible assignments of Y'(10860), Y (11020), and
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Y, (10890) mesonic states indicated through our extension
of the quark model to hybrids.

II. CONVENTIONAL AND HYBRID
BOTTOMONIUM MESONS

A. Spectrum of conventional mesons

To study the spectrum of conventional bottomonium
states, we used the semirelativistic Hamiltonian including
the lowest-order relativistic correction,

2
p 1 4
H=2m,+—-|—= +V, (r), 1
b 2/1 <4 2)[7 qq(r) ()

where u = m,,/2 is the reduced mass of the system and m,
is the constituent mass of the bottom quark. The effective
quark-antiquark potential V ,(r) adopted from Ref. [19]
carries Gaussian-smeared contact hyperfine interaction,
one gluon exchange spin-orbit and tensor terms, and the
long-ranged spin-orbit term in addition to the linear plus
Coulombic terms. The complete expression of V. (r) is
given by

—da; Rrag (6 \3 _p
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The Coulombic term which is proportional to strong
coupling constant a, arises from the one-gluon-exchange
interaction dominating at short distance, whereas the linear
term proportional to string tension b is required to produce
confinement in the system. The Gaussian-smeared contact
hyperfine interaction proportional to S;,.S; and the short-
distance spin-orbit and the tensor interactions are also
produced by the one-gluon-exchange process, whereas the
long-ranged spin-orbit term is produced by the Lorentz
scalar confinement. The tensor operator in the |/, L,S)
basis is given by

1 _
EVESE J=L+1
T=2< +¢, J=L (3)
_6(§L+—11)’ J=L-1

Here, L and S are quantum numbers of the relative orbital
angular momentum of quark-antiquark and the total spin
angular momentum of the system, respectively. The effective
potentials defined above in Eq. (2) carries four unknown
parameters, strong coupling constant «j, string tension b,
width o, and bottom quark constituent mass m,. We fixed
them by fitting the resulting spectrum to the experimental
data composed of masses of ten well-known states of
bottomonium mesons given in Table I. The best-fitted values

PHYSICAL REVIEW D 95, 074018 (2017)

of these parameters, with relativistic correction, were found
to be a, =04, b =0.11 GeV2, 6 =1 GeV, and my, =
4.89 GeV. Without the relativistic corrections, the best-fitted
values of parameters are a, = 0.36, b = 0.1340 GeV?,
o =1.34 GeV, and m;, = 4.825 GeV. To calculate the
spectrum and the corresponding wave functions of the states
of the bb system, we numerically solved the radial
Schrodinger equation given by

U"(r) + 24 (E - V() - Q) uir)=0. (4

2ur
where U(r) = rR(r) with R(r) is the radial part of the wave
function and (L7;) = L(L + 1). Nontrivial solutions of this
equation, existing only for certain discrete values of E, were
found by the shooting method. The above Schrodinger
equation assumes that the Hamiltonian H = g—;—l— V(1)

i.e., without the constant term 2m, and the relativistic
correction. Thus, to obtain the mass of a bb state, we added
the constituent quark masses to the above energy E,
which was further corrected by the perturbation theory for
the lowest-order relativistic correction to the Hamiltonian.
That is,

myp = 2my, + E + <lP|AHrelllP>v (5)
where AH,y = —(;)p* and ¥ is the complete wave
b

function of bb obtained by solving the above Schrodinger
equation. It is noted that in the limit r — O the potential

V,q(r) ~ 2% (L.S + 27). It turns out that for § = 1, L.S +
2T is negative for / =L and J = L — 1. As a result, the
potential becomes strongly attractive at short distance, and
the resultant wave function becomes unstable in this limit. To
circumvent this problem, we calculated the meson masses by
solving the Schrodinger equation initially without the spin-
orbit coupling. The effect of spin-orbit interaction was
subsequently included through the leading-order perturba-
tive correction to the meson mass. However, calculating the
perturbative correction to the wave function is difficult, as in
this case the contribution comes from all possible mass
eigenstates. Therefore, in this case, we applied the smearing
of position coordinates, as discussed in Ref. [4], to change
the power behaviors of the potential at small distance. At
small distance, smearing makes the potential less divergent
than 1/r2. Thus, with its use, the repulsive centrifugal
potential /(! 4 1)/(2ur*) remains dominating at small dis-
tance even if L.S 4 27T is negative.

B. Characteristics of hybrid bottomonium mesons

Our study of the hybrid meson is based on the Born-
Oppenheimer (BO) approximation in which energy levels
of the gluonic field are first calculated in the presence of a
static gg pair at fixed distance r by Monte Carlo estimates
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TABLE I. Masses; root-mean-square radii; and the radial wave function at the origin for ground, radial, and orbital excited states of
bottomonium mesons. Our calculated masses are rounded to 0.0001 GeV.

Our Our
Our calculated mass Theoretical mass Experimental mass  calculated Others theor. calculated
Relativistic calculated
Relativistic [20] potential ~ NR potential V() 1221 |R(0)?
Meson [GeV]  NR [GeVv] model [GeV]  model [GeV] [21] [GeV] V(%) [fm] [fm] [GeV?]
1n,(1'Sp) 9.4926 9.5079 9.402 9.448 [23], 9.399 £ 0.0023 0.2265 i 11.8099
9.428 [24]
Y(13S,) 9.5098 9.5299 9.465 9.459 [23], 9.4603 + 0.00026 0.2328 0.23 11.4185
9.460 [24]
n,(21Sp) 10.0132 10.0041 9.976 10.006[23], 9.999128 0.5408 e 4.0509
10.190 [24]
Y(238)) 10.0169 10.0101 10.003 10.009[23],  10.02326 £ 0.00031  0.5448 0.52 4.0393
10.219 [24]
1,(3'Sp) 10.2792 10.2912 10.336 10.352 [23], 0.8018 2.9327
10.372 [24]
Y(3%5)) 10.2815 10.295 10.354 10.354 [23], 10.3552 £ 0.0005 0.8047 0.78 2.9265
10.401 [24]
1n,(4'Sy) 10.4854 10.5214 10.623 10.473 [24] 1.0273 2.4758
Y(43S,) 10.4872 10.5244 10.635 10.502 [24] 10.5794 £ 0.0012 1.0296 1.02 2.4705
n5(5'Sp) 10.6626 10.7226 10.869 e e e e 2.2167
Y(53S,) 10.6642 10.7251 10.878 e 1.2324 1.24 2.2120
1,(6'Sy) 10.8219 10.9053 11.097 e ‘e “e ‘e 2.0452
Y(6°S)) 10.8233 10.9074 11.102 e e 1.4195 1.45 2.0408
15(7'Sp) 10.9686 11.0748 e ‘e 1.9211
Y(735)) 10.9698 11.0767 1.9170
hy(1'Py) 9.9672 9.9279 9.882 9.8993 £ 0.0001 0.4347 e 0
20(13Py) 9.8510 9.9232 9.847 9.871 [23], 9.85944 £ 0.00042 0.4375 e 0
10.1160 [24] £0.00031
71(13P)) 9.9612 9.9295 9.876 9.897 [23], 9.89278 £ 0.00026 0.4379 e 0
10.190 [24] £0.00031
12(13P,) 9.9826 9.9326 9.897 9.916 [23], 9.91221 £ 0.00026 0.4375 0.42 0
10.219 [24] £0.00031
hy(2'P)) 10.2342 10.2213 10.250 ‘e 0.7114 e 0
20(2°Py) 10.2098 10.2197 10.226 10.232 [23], 10.2325 £ 0.0004 0.7132 e 0
10.343 [24] +0.0005
71 (23P)) 10.2306 10.2232 10.246 10.255[23],  10.25546 £ 0.00022  0.7139 e 0
10.372 [24] £0.00050
12(2°P,) 10.2447 10.2245 10.261 10.271[23],  10.26865 £ 0.00022  0.7139 0.69 0
10.401 [24] £0.00050
hy,(3'P}) 10.4423 10.456 10.541 10.444 [24] 0.9453 0
10(33Py) 10.4239 10.4557 10.522 10.522 [23], 0.9470 0
10.473 [24]
71(3°P) 10.4396 10.4579 10.538 10.544[23], e 0.9476 0
10.502 [24]
12(3%P,) 10.4507 10.4585 10.550 10.559(23] 10.534 £ 0.009 0.9474 0.93 0
hy(4'P)) 10.6213 10.6606 10.521 [24] 1.1541 0
20(4°Py) 10.606 10.6607 10.775 10.550 [24] 1.1557 0
11(43P)) 10.619 10.6624 10.788 10.579 [24] 1.1561 0
12(43P,) 10.6284 10.6627 10.798 e e 1.1559 0
hy(5'Py) 10.7822 10.8459 10.790 e e 1.3457 0
10(53Py) 10.7688 10.8463 11.004 e e 1.3472 0
71(5°P)) 10.7802 10.8476 11.014 e ‘e 1.3475 0

(Table continued)
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TABLE 1. (Continued)

Our Our
Our calculated mass Theoretical mass Experimental mass  calculated Others theor. calculated
Relativistic calculated
Relativistic [20] potential  NR potential V(A 221 [R(O)
Meson [GeV] NR [Gev] model [GeV]  model [GeV] [21] [GeV] (r2) [fm] [fm] [GeV?]
12(5°P,) 10.7884 10.8478 11.022 e e 1.3473 1.37 0
hy(6'P)) 10.9302 11.0176 11.016 1.5246 0
70(6°Py) 10.9182 11.0181 e e 1.5261 0
71(6°P)) 10.9284 11.0192 e e 1.5263 0
72(6°P,) 109358 11.0192 e i 1.5260 0
Ny (1'Dy)  10.1661 10.1355 10.148 e 0.5933 0
Y(1°D)) 10.1548 10.1299 10.138 0.5930 0
Y,(1°D,) 10.1649 10.1351 10.147 10.155 [6] 10.1637 £ 0.00014 0.5939 0
Y;(1°D;)  10.1772 10.1389 10.155 e 0.5942 0
Our calculated mass Relativistic potential Our calculated Others theor.
Relativistic (GeV) NR (GeV) model (GeV) [20] m (fm) calculated m (fm) [22]

Meson GeV GeV GeV fm fm
M52 (2'D5) 10.3801 10.3779 10.450 0.8447
Y(23D,) 10.3688 10.3751 10.441 0.8448
Y,(2°D,) 10.3789 10.378 10.449 0.8455 e
Y;(2°D5) 10.3864 10.3799 10.455 0.8457 0.82
N2 (3'D5) 10.5633 10.5877 10.706 1.0634 e
Y(3*D)) 10.5525 10.5861 10.698 1.0638
Y,(3°D,) 10.5621 10.5881 10.705 1.0643 e
Y;(3°D5) 10.5695 10.5892 10.711 1.0643 1.05
Ny (41D5) 10.7273 10.777 10.935 1.2612 e
Y(43D,) 10.717 10.776 10.928 1.2623
Y,(4°D,) 10.7262 10.7775 10.934 1.2626 e
Y;(4°D5) 10.7334 10.7782 10.939 1.2625 1.27
Ny (5'D5) 10.8779 10.9518 1.4455 e
Y(5°D;) 10.8681 10.9512 1.4463
Y,(5°D,) 10.8768 10.9524 1.4465 e
Y5(5°Ds) 10.8839 10.9528 14463 1.49
hy3(1'F3) 10.3116 10.2941 10.355 0.7280 e
12 (1PF») 10.308 10.2894 10.350 0.7266
73(1PF3) 10.3114 10.2937 10.355 0.728
14(1’F)) 10.3137 10.297 10.358 0.7289
hy3 (21 F3) 10.5 10.5102 10.619 0.9619
12(2°F,) 10.4956 10.5074 10.615 0.9611
13 (23F3) 10.4997 10.5101 10.619 0.9619
24(23F,) 10.5027 10.5119 10.622 0.9623
hy3(3'F3) 10.6679 10.7041 10.853 1.1688
12(3%F,) 10.6629 10.7022 10.850 1.1696
73(3%F3) 10.6676 10.7041 10.853 1.1701
14(33F)) 10.6711 10.7053 10.856 1.1702
hy3 (41 F3) 10.8216 10.8825 1.3621
12 (#F,) 10.8162 10.8811 1.3563
13(43F3) 10.8212 10.8826 1.3567
24(43Fy) 10.825 10.8835 1.3564
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of generalized Wilson loops [25]. These energy levels
modify the effective ¢g potential V ;(r) as

VZ,?(r) = Vyq(r) + Vy(r), (6)

where V(r) represents the contribution of the gluon field
to the effective potential. The functional form of V(r)
depends on the level of gluonic excitation. In this work, we
study the hybrid mesons in which the gluonic field is in its
first excited state and fit the form of V(r),

Cc .3723
V,(r)= - + A x exp B (7)

for a least difference of resulting gluonic excitation and
ground-state energies and the available lattice data [5]. We
have shown in Ref. [1] that this proposed form of V()
provides an excellent fit to the lattice data with best-
fitted values A = 3.4693 GeV, B =1.0110 GeV, and
¢ = 0.1745. Thus, for the hybrid mesons, the form of
the radial differential equation in Eq. (4) is modified as

(L)

U"(r) + 2u (E ~Vaar) =55 ) Ur)=0. (8

where the squared quark-antiquark angular momentum
(LZ;) [5.26] in the leading Born-Oppenheimer approxi-
mation is given by

PHYSICAL REVIEW D 95, 074018 (2017)
<L3ﬂ-{> =L(L+1)=2A%+ <J§>. 9)

For the first gluonic excitation, the squared gluon
angular momentum (J2) = 2 and A, which is a projection
of gluon angular momentum J, on the gg axis, is equal
to 1 [5], making —2A% + (J2) = 0.In Eq. (9), it is assumed
that L. = L ; + J,, which combines with total spin S of
the quark and antiquark to give total angular momentum
J =L + S of a hybrid meson.

Using the hybrid potential of Eq. (6), we calculated the
masses and radial wave functions of the hybrid mesons by
using the same technique as employed for conventional
mesons (mentioned above). The effect of the relativistic
correction was again determined using the leading-order
perturbation theory. The resultant wave functions are
plotted in green in Fig. 1, corresponding to the same
values of n, L, and S as used for conventional mesons. The
shape of these radial wave functions is changed by the
addition of the Vg term for hybrids, and the values of
masses are significantly increased for the same values of n,
L, and S. These normalized wave functions of conventional
and hybrid bottomonium mesons were then used to
calculate root-mean-square radii and radial wave functions
at origin. The applications of radial wave functions at origin
are mentioned above in Sec. I. The leptonic decay widths
I',, of bottomonium mesons for nS states were calculated
by the following formula [27]:

IR, 5(0) (1 - 13—6“; n A(nS)). (10)

)
4a’e;

R (fm—3/2)

00 05 1.0 15

FIG. 1.

20 2. 3.0
r (fm)

Radial wave functions for ground and excited states. Black represents conventional, and green color represents hybrid

bottomonium mesons. For L = 0, wave functions of Y and #,, are almost same. Similarly, for L = 1, wave functions of y,, , ¥, x5, and

h;, are almost the same within our numerical limits, and so on.
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Here, ¢, = —1/3 is the bottom quark electric charge, and «
is the electromagnetic fine structure constant. The second
term in parentheses is the leading-order radiative correc-
tion, and A(nS) stands for the higher-order radiative
and relativistic corrections. The value of A(nS) is state
dependent. Following Ref. [27], we fixed it using the
experimental value of I',, for Y'(4S), which is the highest
well-known excited S state. We found that for this state
A(nS) = 0.20. However, the contribution of A(nS) is
expected to be small for higher excited states, as in this
case relativistic effects are negligible [27]. So, we take it as
zero for the excited states higher than Y(4S). For the D
states, leptonic decay widths were calculated by the
formula [22]

25a%e 16 a;
2M2DM4 |RH O)F (1 a ??)‘ (11)

We calculated the two-photon decay transitions for S and P
states by using following expressions [22]:

ree (nD)

3a’e}|R,s(0) 1

L('Sy —yr) = 5 . (12)
my
27a%¢¥|R! ,(0)|?
POy — p) = 2 %lRurOF -3
my
2,4 |R 2
F(3P2 N VJ’) — M_ (14)

4
Smj,

Radiative transitions involve the emission of photon and
are important for the study of mesons because they provide
a way to access bb states with different internal quantum
numbers n, L, S, J. In E1 transitions, orbital quantum
numbers are changed, but spin remains same. We calcu-
lated the E1 radiative partial widths from meson-to-meson
transitions by using the following expression mentioned
in Ref. [20]:

FE]( 25+1L - n/25+1L/J, + y)

4aezk3
= 3b Cribp ot |(Wrlr|¥5) . (15)
Here, k,, Ej’f'_’, and M; stand for the final photon energy
M-

2 —
(E, = lzTA-/If)’ the energy of the final b meson, and the

mass of the initial state of the bottomonium, respectively,
and

C (L,L")(2J' + 1){ s J/} (16)
; = max(L, .
! L S L
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To calculate the M1 radiative partial widths for meson-to-

meson transitions, the following expression [20] was used:
o (n2SHL, = 0L, +7)

4(xebk3 2J 4+ 1

3m; 2L +1

0, S’:t1|<\Pf|]0(kr/2)|lP >| (17)

Jo(x) is the spherical Bessel function. We used Egs. (15)
and (17) to calculate both types of radiative transitions,
i.e., conventional to conventional and hybrid to hybrid.
However, E1 transition, which involves the change in L,
requires some deliberation, as L. includes the contribution
of gluon angular momentum J,. It is noted that the hybrids
involved in E1 transition are calculated using the gluon
potential belonging to the first excitation of gluon field
for which (L7;) = L(L + 1) by Eq. (9), meaning that the
change in L is caused by the corresponding change in
(LZ;). This gives, according to Eq. (8), the spatial factors of
wave functions of initial and final hybrid mesons appearing
in Eq. (15). We do not need to change Eq. (15) because
hybrid-to-hybrid transitions are between the same gluonic
state, as are the conventional-to-conventional transitions; a
flux tube model-based analysis [28] of the E1 transitions
involving hybrids replaces the quarks positions in the E1
transition operator by a separable combination of the
relative position and a raising operator for the gluonic
excitation. This raising operator gives a vanishing contri-
bution to the transition amplitude between the hybrids
belonging to same gluonic states, and only the old quarks
relative position operator, producing transitions between
conventional mesons, produces the E1 transitions between
hybrid mesons.

ITI. RESULTS AND DISCUSSION

The masses, root-mean-square radii, radial wave func-
tions at the origin, leptonic and two-photon decay widths,
and radiative transitions are calculated for conventional
and hybrid bottomonium mesons including the orbital and
radial excited JFC states. The calculated masses of botto-
monium mesons using the nonrelativistic and relativistic
Hamiltonian for the ground and excited states are given in
Table I along with the experimental and theoretical pre-
dictions of the other’s groups. Table I shows that the lowest
bottomonium meson’s mass is ~9.5 GeV. Masses for
hybrid bottomonium mesons using the nonrelativistic
and relativistic Hamiltonian for the ground state, orbital,
and radial excited states are reported in Table II. For
differentiating the symbols of conventional and hybrid
mesons, a superscript /# is used with the corresponding
conventional meson symbol having the same values
of n, L, and S. This is the same convention used earlier
in our Ref. [3]. In our calculations, the lowest hybrid
bottomonium has JP¢ = 077(0~") with mass equal to
10.8069 GeV that is comparable to results mentioned in
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TABLEII.

PHYSICAL REVIEW D 95, 074018 (2017)

1 Our calculated masses; root-mean-square radii; and radial wave function at the origin for ground, radial, and orbital excited
states bb hybrid bottomonium mesons.

Our calculated mass

Our calculated calculated +/(r?)

Our calculated |R(0)|?

Meson e=1 e=-—1 Relativistic [GeV] NR [GeV] [fm] [GeV?3]
n(1'Sy) (s 0 10.8069 10.7734 0.6215 0.1445
YH(13S)) 1+ 1=+ 10.8079 10.7747 0.6272 0.1281
nt(2'Sy) (s 0~ 10.9262 10.9187 0.874 0.3448
YH(23S)) 1+ 1=+ 10.928 10.9211 0.8801 0.3115
nt(3'So) (s 0~ 11.0459 11.0636 1.0977 0.4873
Y"(3%8)) 1= 1= 11.048 11.0664 1.1027 0.4520
7 (4150) (s 0~ 11.1642 11.2057 1.3000 0.5727
Yh(438,) 1= 1=+ 11.1662 11.2086 1.3039 0.5425
nt(5'Sy) (U 0= 11.2798 11.3442 1.4864 0.6245
Y"(5%8)) 1+ 1= 11.2817 11.3469 1.4895 0.6003
nt(6'Sy) (s 0= 11.3924 11.4789 1.6606 0.6579
Y"(6%S)) 1= 1=+ 11.394 11.4814 1.6632 0.6385
hi(1'Py) 1- 1+ 10.8561 10.8357 0.7601 0
2h(13Py) 0+ 0t 10.8534 10.8325 0.7564 0
2(13P) 1=+ 1= 10.8559 10.8354 0.7594 0
2h(13P,) 2-F 2+ 10.8569 10.8366 0.7623 0
nr2'py) 1 1+ 10.984 10.9889 1.0014 0
20(23Py) 0+ 0*- 10.9792 10.9868 0.9996 0
21(2%P) 1=+ 1+ 10.9835 10.989 1.0015 0
25 (2%P,) 2=F 2+ 10.9856 10.9897 1.0035 0
hr(3'P) 1- 1+ 11.1074 11.1363 1.2126 0
20(3%Py) 0" 0t- 11.1012 11.135 1.2115 0
2(3%P)) 1= 1~ 11.1066 11.1367 1.2131 0
24(3°P,) 27+ 2+ 11.1097 11.1372 1.2149 0
R (4'P)) 1 1+ 11.2266 11.2786 1.4048 0
20(43Py) 0 0t 11.2195 11.2777 1.4041 0
243P) 1= 1= 11.2257 11.2791 0.7564 0
24P, 2=F 2+ 11.2293 11.2795 1.4071 0
ni(5'Py) 1= 1+ 11.3418 11.4161 1.5834 0
2h(5°Py) 0~—* 0t- 11.3342 11.4155 1.5829 0
2(5°P)) 1= 1~ 11.3408 11.4167 1.5841 0
24 (5°P,) 2=F 2+ 11.3448 11.417 1.5858 0
h(6'Py) 1 1+ 11.4534 11.5493 1.7514 0
20(63Py) 0~* 0t 11.4456 11.549 17512 0
21(6°P)) - 1= 11.4524 11.5501 1.7521 0
24(6°P,) 2=+ 2+ 11.4566 11.5503 1.7538 0
m(1'Dy)  27F 27 10.9125 10.9053 0.8771 0
Y'(1°Dy) 1+ -+ 10.9119 10.9032 0.8726 0
Y4(1°D,) 2+ 2=* 10.9126 10.9052 0.8761 0
Y4(1°Ds) 3+ 3=* 10.9127 10.9063 0.8799 0
n,(2'D,) 2+ 2 11.0409 11.0583 1.1058 0
Y"(2°Dy) 1+ 1=+ 11.0395 11.0566 1.1025 0
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TABLE 1I. (Continued)
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Jre Our calculated mass Our calculated calculated v/(r2) ~ Our calculated |R(0)|?
Meson e=1 e=-—1 Relativistic [GeV] NR [GeV] [fm] [GeV?3]
Yi23D,) 2t 2+ 11.0408 11.0582 1.1051 0
Yi(23D;) 3t 3+ 11.0415 11.0591 1.1080 0
Jre Our calculated mass

Meson e=1 e=—1 Relativistic [GeV] NR [GeV] Calculated /(r?) [fm]
n,(3'Dy) PARS 27" 11.1639 11.2047 1.3087
Y"(3°D,) 1+~ 1t 11.1618 11.2034 1.3059
Y4(3°D,) 2t 2+ 11.1638 11.2048 1.3081
Y% (3°Ds) 3+ 3+ 11.165 11.2054 1.3108
1, (4'D,) 21+ 2" 11.2823 11.3457 1.4947
Y"(4°D;) 1= 1=t 11.2796 11.3446 1.4922
Y4(4°D,) 2t- 2+ 11.2821 11.3458 1.4943
Y (43D;) 3+ 3+ 11.2837 11.3463 1.4969
i, (1'Dy) 2+t 2" 11.3965 11.4818 1.6685
Y"(5°D,) 1= 1t 11.3933 11.4809 1.6661
Y4(5°D,) 2t 27" 11.3962 11.4819 1.6682
Y4(5°D;) 3+ 3=+ 11.3983 11.4823 1.6707
Rl (1'F5) 3" 3+t 10.9727 10.9787 0.9856
2H(13Fy) 27+ 2t- 10.9729 10.9774 0.9806
ZH(13F3) 3=+ 3+- 10.9729 10.9787 0.9847
2H(1PFy) 4=+ 4+- 10.9724 10.9793 0.9891
Rl (2 F3) 3~ 3+t 11.0995 11.1293 1.2029
2H(23F,) 2+ 2+ 11.0993 11.1281 1.1989
2(23F3) 3+ 3+ 11.0996 11.1293 1.2023
2H23Fy) 4=+ 4+- 11.0995 11.13 1.206
hy5(3'F3) 3 3t 11.221 11.2736 1.3983
2A(3%F,) 27+ 2 11.2204 11.2725 1.3947
2A(33F3) 37t 3t 11.221 11.2737 1.3977
2H33Fy) 4=+ 4+= 11.2212 11.2742 1.4012
Rl (4 F3) 3~ 3+t 11.3378 11.4126 1.5777
PACIN 2-+ 2+ 11.3369 114116 1.5759
PACIN 3+ 3t 11.3378 11.4126 1.5785
PACIN 4=+ 4+ 11.3383 11.4131 1.5817

Ref. [8]. A comparison of Tables I and II shows that how
much the mass of a hybrid meson is more than that of the
corresponding conventional meson with same quantum
numbers (n, L, and S). It is noted that JC of each hybrid
meson is different from the corresponding conventional
meson for the same L and S. This difference is due to
additional quantum numbers (A, &, and 7) present in the
squared quark-antiquark angular momentum term for
hybrid mesons defined in Eq. (9) and in the following

expressions for the parity P and charge parity C of hybrid
mesons,

P = 8(—1)L+A+l, C = 677(_1)L+A+S7 (18)
where A =0, 1,2, .... correspond to the states represented
by symbols Z,I1,,, A, ... in Ref. [5]. Here, X represents the
mesons with the ground-state gluonic field, I1,, corresponds
to the mesons with the first excited-state gluonic field, and
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TABLE IIL

are reported for J©€

PHYSICAL REVIEW D 95, 074018 (2017)

Masses (in GeV) of hybrid bottomonium mesons calculated by other models along with our calculated results. Our results
states with lowest orbital angular momentum (L).

Our results

Non-relativistic lattice QCD (NRLQCD)

First radial

Constituent Quark model and

JP¢ Ground excited Ground First Lattice QCD  QCD sum gluon Quark Confining
Sate  state state state [6] radial [6] (LQCD) [6]  rule [17,30] model [7] String (QCS) [31]
0™~ 10.8069 10.9262 e 11.48 £0.75 10.66

17 10.8561 10.984 10.559 10.977 + 0.041 9.7+£0.12 10.50 10.785

0~* 10.8534 10.9792 9.68 +0.29 10.68

1= 10.8079 10.928 10.559 9.79 +0.22 10.80

17 10.8079 10.928 10.70 +0.53

0"~ 10.8534 10.9792 10.159 +0.362 10.17 £0.22

1t 10.8561 10.984 10.597 + 0.065 e 11.09 £+ 0.60

0" 10.8069 10.9262 10.892 + 0.036 e 11.20 £0.48

27~ 10.8569 10.9856 e 11.323 £+ 0.257 e

2=t 10.8569 10.9856 9.93 +0.21

2t 10.9125 11.0409 10.64 £0.33

soon. n = —1, and € = +1 for the I1, state [5]. It is noted
that parameter ¢ has two possible values +1 and —1 for the
first gluonic excited state, which we include in the study of
hybrid mesons in our present work. As a result, we obtain
two degenerate hybrid states with opposite values of P
and C. (This degeneracy has been recently discussed in
Ref. [29] along with the nature of the approximation of
using this in QCD.) For ¢ = 1, the hybrid mesons are
nonexotic, whereas exotic hybrid mesons are obtained for
& = —1 as shown in the Table II.

The comparison of our calculated masses of bottomonium
hybrid mesons with those by others is given in Table I1I. We
do not get as large differences in bottomonium hybrid
masses predictions as lattice QCD-based and sum rules-
based works report. But the constituent gluon model
approach of Ref. [7] has differences comparable to ours.
For JP€ = 1=*, we almost have agreement with Ref. [7].
Our calculations give 10.8069 GeV for the mass of the
lightest hybrid in the bottomonium sector without any radial
excitation. This has J¢ = 0~~. Reference [7] reports the
lightest hybrid meson to have a mass of 10.50 GeV with
JP€ = 17, The calculations reported in Refs. [17] and [30]
using the QCD sum rule give the lightest hybrid mass as low
as 9.68 GeV with JP¢ = 0. This is part of their lightest
hybrid supermultiplet. They take corresponding positive
parity states belonging to the heavier hybrid supermultiplet
starting from 10.17 GeV. But in the leading BO approxi-
mation, the IT; potential is the same as that for IT;, [5,6],
meaning that both parity states have the same mass. We use
leading-order BO approximation and thus have the same
mass for both parities and both hybrid supermultiplets.
Reference [6] arbitrarily chose the mass of the 17~ member
of their ground-state H; multiplet, as defined in their Ref.
[46], to be the BB threshold, i.e., 10.559 GeV, and used the
splittings from their Ref. [14] to estimate the masses of the
other bottomonium hybrids in lattice non-relativistic QCD

(NRQCD). These masses remained heavier than the chosen
17~ mass of 10.559 GeV. When they repeated the same
procedure for the lattice QCD, this time choosing the 17
member of the ground-state H; multiplet, they got the light
bottomonium hybrid to be 10.159 GeV with JF€ = 0+~
having significant statistical errors of the lattice calculations
and uncertainties from setting the heavy-quark mass.
Reference [6] reports 440 MeV difference between the
masses of the 17~ states in their radially ground and excited
multiplets, which is significantly more than our correspond-
ing difference of 128 MeV. The quark confining string model
has been used [31] recently in QCD multipole expansion.
For the radially ground state (i.e., n = 1), the only value they
needed and calculated, their calculated mass was
10.785 GeV with J*€ = 17—, which is not much different
than our corresponding hybrid mass. A closely related
vibrating string (flux tube) model used in Ref. [32] has
nearly the same value, i.e., 10.789 GeV, resulting from their
model 3, but their model 1 gives a hybrid meson mass as
10.560 GeV.

Our root-mean-square radii and radial wave functions at
the origin for the ground and orbitally and radially excited

TABLE IV. Our calculated leptonic decay widths.

State  Conventional (keV)  Experimental  Hybrid (keV)
135, 1.574 1.34 £0.018 0.0135
238, 0.496 0.612+0.011 0.0322
33, 0.337 0.443 £ 0.008 0.0457
438, 0.272 0.272 +0.029 0.0537
538, 0.230 0.31 £0.07 0.0582
6S, 0.209 0.13 £ 0.030 0.0607
1°D, 0.241 e 0.0016
23D, 0.314 0.0033
33D, 0.195 0.0294
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TABLE V. Our calculated two-photon decay widths.
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bottomonium mesons using Egs. (10) to (14). Our calcu-
lated widths are given in Tables IV and V, along with the

State Conventional (keV) Hybrid (keV) o rresponding available experimental data. The annihila-
1S, 0.813 0.0119 tion of the quarks takes place at the scale defined by the
P 0.271 0.0257 Compton wavelength 1/m,, which is close to zero for
318, 0.195 0.0348 heavy quarks, and hence the decay constant of a quarko-
41, 0.165 0.0403 nium state is proportional to the square of its wave function
5150 0.148 0.0438 at the origin. Our results of wave functions at the origin for
6350 8;2 2 8832;7 conventional bottomonia given in Table I show that their
; %1}; 0 0.346 0.00216 values decrease with n, which implies that decay rates also
33P0 0' 284 0'0053 0 decrease with an increase in n as shown in Table IV. This
13P0 0: 109 0:0005 43 result is consistent with the experimental values of the
2 Pz 0.105 0.003512 decay rates given in the table.' However, ip .the' case of
3P, 0.139 0.00971 hybrid mesons, the wave function at the origin increases

states of conventional and hybrid bottomonium mesons
are also reported in Tables I and II, respectively. We used
the wave function at the origin to calculate leptonic and
two-photon decay widths of conventional and hybrid

with n as shown in Table II. It is also noted that the wave
function at the origin for a hybrid state is significantly lower
than for the same conventional states. This makes decay
widths of hybrids much lower than the conventional
bottomonium mesons as shown in Tables IV and V.
Thus, the hybrid states are characteristically different from

TABLE VI. S — P, E1 radiative transitions. Experimental results with a { sign are calculated by considering the experimental
measured branching ratio [37] and total decay width calculated in Ref. [20]. We use the experimental masses if known. Where
experimental masses are not available theoretically calculated masses are used given in Tables I and II.

Exp. [37] Others theor. [20] Our calculated
Initial Final Our calculated I'g; calculated I'y;;  calculated I'gy I'g for hybrid
Transition  meson meson  NR [keV] Relativistic [keV] keV keV NR [keV] Relativistic [keV]
28 > 1P Y(23S)) x(13Py) 292446 3.1721 2.29 +0.23 1.88 1.7016 1.1754
7i(13P)  2.8324 3.0722 2.21+0.22 1.63 1.0648 0.7353
1o(13Py)  1.8530 2.0099 1.22 +0.16 0.91 0.3919 0.2713
n(21S)  hp(1'Py)  4.5379 6.1059 2.48 2.9962 2.0837
3§ 2P Y(33S,) x.(2°P,) 3.5085 3.9429 2.66 £ 0.41 2.3 2.8476 1.8071
7i(2°P) 32114 3.60897 2.56 +0.34 1.91 1.7555 1.9948
10(2°Py)  1.9819 2.2273 1.2+£0.16 1.03 0.6362 0.4837
n,(31Se)  hp(2'P))  3.3529 1.0037 e 4.9051 3.2650
3§ = 1P Y(33S,) x.(13P,) 0.478 0.8894 0.20 +0.03 0.45 0.00082 0.0001752
7i(13P)) 03247 0.6041 0.018 £0.010 0.05 0.00050 0.0001779
xo(13Py)  0.1323 0.2461 0.055 £0.010 0.01 0.00017 0.00003697
n,(3'Se) hy(1'Py)  0.7162 1.0104 e 0.00075 0.003845
45 = 3P Y(4°S)) x»(3°P,) 16.1868 22.1972 0.82 3.7232 2.1898
71 (3°P))  9.8560 17.0252 0.84 2.2809 1.5411
10(33Py)  3.4652 7.7808 0.48 0.8152 0.6656
n(41Sy) h,(3'P))  4.6883 1.5278 1.24 6.3651 4.1018
45 = 2P Y(4°S)) x.(2°P,) 0.2995 0.5918 0.00052 0.002269
71(2°P))  0.2029 0.401 0.00031 0.002348
70(23Py)  0.0826 0.1632 0.00011 0.000503
n(4Sy) hy(2'P))  0.5538 0.5644 0.0041 0.0150
45 - 1P Y (43S)) 1.(3P,) 0.2212 0.3857 0.0033 0.006019
7GP) 0.144 0.251 0.0021 0.006076
20CCPy) 0.0549 0.0957 0.00069 0.001244
n(41S)  hy(PPy) 0.361 0.4644 0.0146 0.01693
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conventional states as their leptonic and two-photon decay
rates are smaller and also increasing functions of n as
shown in Tables IV and V. This result can be very useful in
finding the clues of hybrids in the experimental data. Our
results in Tables I and II also show that for the same
quantum numbers (n, L, and S) root-mean-square radii of
hybrid mesons are greater than conventional mesons. It is
also noted that radii of conventional and hybrid mesons
increase with radial and angular excitations.

Our calculated radiative magnetic dipole (M1) transi-
tions and electric dipole (E1) transitions are reported in
Tables VI-XI using the relativistic and nonrelativistic
masses. In the M1 transitions, the initial and final states
belong to the same orbital excitation but have different
spins, and in the FE1 transitions, the orbital quantum
numbers of initial and final states are changed, but spins
remain the same. Radiative transitions of excited bottomo-
nium states are important because they provide a way to
access bb states with different internal quantum numbers
(n,L,S,J). x,(1P) and y,(2P) states have been studied
experimentally through the radiative decays of Y(2S) and
Y (3S5) states [33]. Recently, the ATLAS Collaboration and
LHCb reconstructed the y,(1P,2P,3P) states through the
radiative decay y,(nP) — Y(1S,2S) [34]. It is noted that
E1 radiative transitions are typically of order of 1 to 10 keV,
whereas M1 transitions are reduced due to the m? factor in
the formula. Nevertheless, M1 transitions have been useful

PHYSICAL REVIEW D 95, 074018 (2017)

in observing spin singlet states that are difficult to observe
otherwise. It is also found that £ transitions are suppressed
for transition between the states that differ by two radial
nodes like 5S — 3P, 3P — 1D, 4P — 2S5, 4D — 28,
4D — 2P, and 3D — 1F [35] except the 3P — 1S. We
find same behavior in the case of radiative transitions of
hybrid bb states. Generally, both E1 and M1 transition rates
are also very small when the transitions occur between the
states with close masses because of the reduced value of E,,,
whereas the transition rates of strong decays are of order
of a few MeV [20]. As a result, the branching ratios of
radiative transitions are significantly reduced when strong
decays open at the threshold of BB states of energy
10.56 GeV. Thus, branching ratios of radiative transition
can be significantly high for the conventional 1§, 2§, 38,
1P, 2P, 3P, 1D, 2D, 1F, and 1G states having mass less
than 10.56 GeV. In the case of hybrids states, the branching
ratios of radiative transitions are expected to be small
because the mass of even the lightest hybrid states is greater
than the BB channel threshold, and hence competing strong
decays are open for all hybrids. In Tables VI-XI, the
comparison of the decay widths of radiative transitions of
conventional and hybrid bb states with the available
experimental data and results of Refs. [20,36] is provided.
For most of the transitions, the results are comparable to
available experiments and other theoretical models.
Reported values of decay widths of radiative transitions

TABLE VII. 1P and 2P, E1 radiative transitions.
Others Our calculated
Initial Final Our calculated T'g; Exp. I'g;  theor. [20] T'gy I'g; for hybrid
Transition meson meson NR [keV] Relativistic [keV] [keV] [keV] NR [keV] relativistic [keV]
IP = 1Sy (13Py)  Y(13S)) 37.2672 32.4094 34387 32.8 0.8501 0.5231
71 (13P)) 32.8195 14.0823 32.544F 29.5 0.8018 0.4918
)(0(13P0) 26.0114 11.1611 ——f 23.8 0.6928 0.4192
hy(1'Py) 1, (11Sy)  22.8589 23.0341 35.77F 35.7 0.8515 0.5217
2P =25 4, (2°P,) Y’z(2351) 18.9917 17.9986 24.6457 14.3 1.7320 1.2147
71(2°P ) 16.1418 15.2977 23.2837 13.3 1.6798 1.0871
70(23P 11.8767 11.2557 0.0001196" 10.9 1.5225 0.8543
h,(2'P ) i(2'Sy)  12.793 13.065 40.327 14.1 1.8030 1.1985
2P - 1S 4, (2°P,)  Y(13S) 14.3444 16.5078 16.275% 8.4 0.0828 0.0803
71(2°P) 13.6951 7.7764 10.7647 5.5 0.0820 0.0775
;(0(2 Po) 12.6092 7.1582 0.0000234" 2.5 0.0796 0.072
hy(2'Py)  np(1'Sy)  10.4703 12.9422 18.48" 13.0 0.0612 0.0641
2P > 1D y,(2°P,) Y5(13Ds) 2.8853 2.1582 1.5 1.6931 1.2894
Y, (13D,) 1.0543 0.5806 0.3 0.3144 0.2312
Y(1°D,) 0.07872 0.0493 0.03 0.0225 0.0158
71(23P) Y, (1°D,) 3.8710 1.9464 1.2 1.5334 1.0596
Y(13D,) 1.4630 0.8546 0.5 0.5484 0.3637
10(23Py)  Y(1°Dy) 3.2108 1.5811 1.0 2.0300 1.2093
hy(2'P)) o (1'Dy) 1.9096 1.0775 1.7 2.0379 1.4554
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TABLE VIII. 3P E1 radiative transitions.
Others theor. Our calculated 'y
Initial Final Our calculated Iz calculated I'g for hybrid
Transition meson meson NR [keV] Relativistic [keV] keV NR [keV] Relativistic [keV]
3P - 3§ 12(3%P,) Y(33S,) 2.7868 2.1708 8.2 [36] 2.5898 1.9761
71(3%P)) 2.7389 1.5024 7.4 [36] 2.5356 1.6942
20(33Py) 2.568 0.8133 6.1 [36] 2.3569 1.2692
hy(3'P)) 1, (31S) 2.53206 10.5692 8.9 [20] 2.71248 1.9078
3P - 28 12(3%P,) Y(235)) 3.8179 4.4072 3.8 [36] 0.02522 0.02428
71(3°P) 3.8027 4.0832 2.5 [36] 0.02505 0.0231
70(33Py) 3.7472 3.6518 1.2 [36] 0.02447 0.02107
hy(3'Py) 1, (2'So) 4.3418 4.45835 8.2 [20] 0.0085 0.01186
3P > 18 22(3°Py) Y(13S,) 6.5022 4.087 3.9 [36] 0.02377 0.0182
71 (3%P) 6.4914 3.9609 2.1 [36] 0.02367 0.01762
70(3%Py) 6.4517 3.7867 0.6 [36] 0.02335 0.01670
hy(3'P)) 1, (11S) 6.05386 7.4577 3.6 [20] 0.014362 0.01225
3P - 2D 12(3%Py) Y5(23D5) 2.7611 1.7238 1.5 [20] 2.9803 2.2670
Y,(2°D,) 0.5294 0.4278 0.32 [20] 0.5507 0.41735
Y(23D,) 0.03922 0.0422 0.027 [20] 0.03897 0.02942
71(3%P) Y,(2°D,) 2.5888 1.2959 1.1 [20] 2.7018 1.8188
Y(2°D,) 0.959694 0.02735 0.4 [36] 0.9565 0.6427
20(33Py) Y(2°D,) 3.5427 1.2941 0.9 [36] 3.5887 2.0013
h,(3'P;) 12 (2'D,) 3.2641 1.8727 1.6 [20] 3.5555 2.5194
3P > 1D 12(3%P,) Y;(1°D3) 0.003086 0.00995 0.046 [20] 0.01358 0.009085
Y,(1°D,) 0.0007225 0.002046 e 0.00246 0.001625
Y(13D1) 0.00005047 0.0001492 0 [36] 0.000168 0.0001094
71(3%P)) Y,(1°D,) 0.003593 0.009114 0.080 [20] 0.01222 0.0077515
Y(1°D,) 0.001255 0.0001334 7 x 1073 [36] 0.00418 0.002611
20(33Py) Y(1°D,) 0.004922 0.01129 0.2 [36] 0.01636 0.009612
hy(3'P)) 72 (11D5) 0.011687 0.01829 0.081 [20] 0.01439 0.009124

of hybrid bb states show that these values are smaller as
compared to the values for corresponding transitions for
conventional states. These differences can be attributed to
differences in the values of masses and radial wave
functions.

Using our calculated masses and reported widths of
conventional and hybrid mesons, we can identify the
Y(10860), Y(11020), and Y,(10890) with help of the
available experimental data.

A. Y(10860)

Y(10860) has mass 10891 +4 MeV, J’¢ =17, and
leptonic decay width 0.31 £ 0.07 keV [38]. The compari-
son of its experimental mass with calculated values of 17~
states shows that Y'(10860) could be the 5 or 6 state of
conventional bottomonium or the h(1P) hybrid state.
However, Table IV shows that the calculated value of
the leptonic decay width of the 5 state (0.23 keV) is closer

to the experimental value than that of the 6 state. Since the
leptonic decay widths of hybrid states are generally much
lower than the conventional states, Y'(10860) is unlikely to
be a hybrid states. Thus, we suggest that Y'(10860) is the 55
state of conventional bottomonium. Reference [31] also
assigns Y(10860) as 55 while ignoring the relativistic
corrections, which are quite significant for bottomonia. In
this reference, the parameters of potential are fitted using S
states only, whereas we include ten bottomonium mesons
with different S, P, and D states. On the other hand,
Ref. [27] assigns it 6§ state using a potential which is
screened at small distance by light gg pairs created in
hadronic vacuum. However, that analysis is merely based
on the comparison of mass values.

B. Y(11020)

Y(11020) has mass 10987.57}, MeV, JP€ = 17~ and
leptonic decay width I',, = 0.130 4= 0.030 keV [38]. The
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TABLE IX. 1D and 2D, E1 radiative transitions.

PHYSICAL REVIEW D 95, 074018 (2017)

Others theor. Our calculated T'gy

.. . Our calculated T" calculated I" for hybrid
El El y
Initial Final
Transition meson meson NR [keV] Relativistic [keV] [20] [keV] NR [keV] Relativistic [keV]
1D - 1P Y;(1°D5) 12(13P,) 31.2721 37.4118 243 2.1424 1.3347
Y,(1°D,) 12(13Py) 5.48044 8.0209 5.6 0.5108 0.3319
71 (13P)) 21.025 29.9376 19.2 1.6137 1.0501
Y(1°D,) 12(13P,) 0.568022 0.8016 0.56 0.05196 0.0355
71(1PP) 10.9584 15.0785 9.7 0.8220 0.5621
20(13Py) 21.5026 28.5597 16.5 1.2419 0.8539
hpo(11D,) h.(11P) 25.8402 37.5565 24.9 2.1301 1.3757
2D — 2P Y;(2°D5) 12(23P,) 5.066356 6.26455 16.4 2.9765 1.8549
Y,(2°D,) 12(2°P,) 1.20268 1.2878 3.8 0.7157 0.4466
71(23P)) 5.06132 5.4054 12.7 2.2132 1.4978
Y(2°D)) 12(23P,) 0.123364 0.1075 0.4 0.07410 0.04621
11(23P)) 2.61871 2.3302 6.5 1.1466 0.07770
20(23Py) 5.87955 5.3734 10.6 1.6822 1.2922
Ny (2'D5) h.(2'P,) 13.7231 11.658 16.5 2.9664 1.9484
2D — 1P Y5(2°D5) 12(13P,) 2.90251 3.9918 2.6 0.03892 0.0460
Y,(2°D,) 12(13Py) 0.717137 0.9530 0.4 0.00961 0.01137
71 (13Py)) 2.42052 3.2158 2.6 0.02930 0.0347
Y(2°D,) 12(13P,) 0.0782558 0.09939 0.02 0.001046 0.001238
71(1PP)) 1.32166 1.6815 0.9 0.01594 0.01887
20(13Py) 2.13601 2.7245 2.9 0.02208 0.02628
hyo(2'D,) h.(1'Py) 3.31247 4.3669 3 0.03686 0.04394
2D = 1F  Y3(23D;)  y4(1PF)) 1.5356 1.1737 1.7 1.5441 1.1421
13(13F3) 0.1113 0.16 0.1365 0.09658
12(1PF) 0.003629 5% 1073 0.00409 0.002759
Y,(2°D,) 13(13F3) 1.56236 0.9104 1.5 1.4778 0.9903
12(13F,) 0.13177 0.21 0.1939 0.1311
Y(2°D)) 12(13F5) 0.7497 1.6 1.6439 1.1141
N2 (2 D5) hes(11F5) 1.73254 1.0752 1.8 1.6696 1.19693
comparison of its experimental mass and J¥C with our ~ Y(10860) to the 6S state by considering the 58 state as yet

results implies that it could be the 6§ state of conventional
bottomonim or 2P hybrid state or 3P hybrid state.
However, the possibility of this being hybrid is unlikely
as the measured decay width is higher than that expected
for the hybrids. As given in Table IV, the calculated value of
I',, for the 65 state is 0.20 keV, assuming the relativistic
correction term A(nS) = 0.20 (estimated from the experi-
ment value of I, of the 4§ state). As remarked earlier, the
value of A(nS) is state dependent and expected to be small
for higher excited states. If this correction term is ignored
for the 6S state, then calculated I',, reduces to 0.128 keV,
which is very close to the experimental value.
References [22,31] also assign Y(11020) as the 6S state
of the bottomonium meson, contrary to Ref. [27]. This
reference assigns Y(11020) to the 7S state along with

undiscovered.

C. Y,(10890)

Y,(10890) has mass 10888.4 +3 MeV  [39],
JP€ =177, and the leptonic decay width is not yet
measured. The measured value of mass in this case closely
corresponds to the 5S state of the conventional bottomo-
nium and the 1P hybrid state, both having J°¢ = 17",
Since we have the 5§ state assigned to Y(10860), we
suggest that Y,(10890) could be the 1P hybrid state.
Reference [29] also suggests that ¥;,(10890) is a candidate
for the bottomonium hybrid 17~ state, and its decay to the
Y suggests that ¥,,(10890) is not a conventional bottomo-
nium meson as this decay violates the spin symmetry. In
Refs. [40,41], the estimated mass of the 1=~ bottomonium
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TABLE X. 1F and 2F, E1 radiative transitions.
Others theor. Our calculated '
Initial Final Our calculated 'z calculated I'g for hybrid
Transition meson meson NR [keV] Relativistic [keV] [20] [keV] keV [NR] Relativistic [keV]
IF - 1D 2a(13Fy) Y5(1°D5) 9.5648 10.9949 18 3.50637 2.2932
13(13F3) Y;(1°D3) 0.986547 1.1616 1.9 0.3801 0.2612
Y,(1°D,) 14.2317 12.348 16.7 3.1809 2.1002
12 (13F») Y5(1°D3) 0.0357111 0.0430 0.07 0.01441 0.0104
Y,(13D,) 2.2958 2.01672 2.7 0.5278 0.3675
Y(1°D,) 13.676 13.004 16.4 3.09214 2.0543
hys(1'F3) 5. (11D5) 15.9777 13.2407 18.8 3.5635 2.3504
2F - 2D 14(23Fy) Y5(2°D5) 14.0995 10.4506 19.6 4.2665 2.7635
13(23F3) Y5(23D5) 1.50403 1.07438 2.1 0.46022 0.3086
Y,(2°D,) 12.561 10.3987 17.9 3.8245 2.559
12(23F,) Y5(2°D3) 0.0565314 0.03851 0.08 0.01749 0.01215
Y,(23D,) 2.06744 1.6423 3 0.6361 0.4410
Y(2°D,) 11.9235 11.3486 17.5 3.6751 2.5432
hy3(2'F3) e (2'D5) 14.1418 11.3816 19.9 4.2826 2.8476
2F - 1D 14(2Fy) Y;(1°D5) 1.05143 1.1283 1.4 0.008949 0.01506
13(23F3) Y5(13D3) 0.115071 0.1220 2x 1073 0.000985 0.001676
Y,(1°D,) 1.15993 1.1003 0.007997 0.01343
12(2°F») Y;(1°D3) 0.00449888 0.004701 0.1 0.00003878 0.00006671
Y,(13D,) 0.198759 0.1858 1.4 0.001377 0.002339
Y(1°D)) 1.11751 1.0837 1.6 0.007637 0.01277
hys(2'F3) 1o (1'Dsy) 1.32504 1.2458 1.6 0.008846 0.01485
TABLE XI. M1 radiative transitions calculated by taking the experimental masses from the Particle Data Group [21].
Others theor.
calculated Our calculated ',
Initial Final Our calculated I'y;; calculated I'y,; Ty, [20] for hybrid
Transition meson meson NR [keV] Relativistic [keV] [keV] NR [keV] Relativistic [keV]
IN Y(138))  n,(1'S,) 0.0110347 0.0002302 0.010  1.01993 x 1077 4.5204 x 1078
28 Y(23S))  #,(2'Sy) 0.0006584 0.00004591 59x107*  6.4135x 1077 2.6351 x 1077
n,(11Sy)  0.01729 0.0008832 0.012 £+ 0.004 0.081 0.000022269  9.3836 x 107°
n,(2'Se)  Y(13S;) 0.0006363 0.003021 0.068 0.0002045 0.00002694
3S Y(33S,) n,(3'S,) 0.011914 0.01948 25x 107 1.01803 x 107®  4.1833 x 1077
n,(21S,)  0.0030422 0.000151 <0.12 0.19 0.00004661 0.00001922
n,(11Sy)  0.01718 0.0007183 0.01 £0.002 0.060 0.00004924 0.0000196
1, (3Sp) Y(23s,) 0.0000107 0.0001993 0.949 4+ 0.098 0.95 0.00013129 0.00005409
J/Y(13S;) 0.000116988  0.001816 1.335+0.125 1.34 0.0001390 0.00005519
2P hy(2'P))  x2(13P,) 0.0002621 0.0001772 22x 1073 41391 x 1077 3.6028 x 1077
71 (13P;) 0.0002684 0.0001261 1.1 x 1073 25419 x 1077 2.2125 x 1077
10(13Py) 0.000198333 0.00005515 32x10™*  8.9566 x 107  7.8111 x 1078
12(2°Py)  hy(1'P;) 0.001620 0.0001566 24 x107% 25471 x 1077 2.26827 x 1077
71 (2°P))  h,(1'P,) 0.001323 0.0001409 22x 1073 25129 x 1077 2.1607 x 1077
20(23Py)  hy(1'Py) 0.0009181 0.000116 9.7x 1073 24075 x 1077 1.9511 x 1077
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hybrid is compatible to the mass of ¥,(10890). However,
Refs. [42] are in favor of Y;(10890) being a tetraquark.

IV. SUMMARY

We show that our lattice-based extension of the quark
potential model to gluonic excitations allows us to con-
veniently calculate the properties of both the conventional
and hybrid bottomonium mesons without and with orbital
and radial excitations. All this is needed to actively take
part in the discussion for recognizing mesons in this sector.
Relativistic corrections are included in our work. We find
additional evidence to support the recent suggestion of
assigning Y, (10890) to be the 1P hybrid state. Our
calculated conventional and hybrid masses and leptonic
widths indicate that Y'(10860) and Y'(11020) are 5S and 6S
states of bottomonium mesons. We find how much hybrid
meson masses and radii are more than those of the
conventional mesons for the same n, L, and S quantum
numbers. Because of smaller values of the radial wave
functions at the origin for hybrids as compared to conven-
tional meson states, our leptonic and photonic decay widths
of hybrid states are much smaller than the conventional
states. It is also observed that, in contrast to the trend for the

PHYSICAL REVIEW D 95, 074018 (2017)

conventional mesons, hybrid decay rates increase with the
principal quantum number. These can be useful signatures
for recognizing hybrid mesons. Our values of M1 and E1
radiative transition for conventional bottomonium mesons
have good agreement with the corresponding experimental
data. We find that for hybrid bb states the values of the
radiative decay widths are generally smaller than for
conventional states. Given that the masses of hybrids states
are always greater than the BB threshold, we require high
statistics to detect any signal for hybrids states notable
through radiative transitions in present and future B
factories.

Overall, this implementation indicates that our extended
potential model can be used to advance predictions in a
variety of meson sectors.
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