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Stimulated by the exciting progress in the observation of new bottomonium states, we study the
bottomonium spectrum. To calculate the mass spectrum, we adopt a nonrelativistic screened potential
model. The radial Schrödinger equation is solved with the three-point difference central method, where the
spin-dependent potentials are dealt with nonperturbatively. With this treatment, the corrections of the spin-
dependent potentials to the wave functions can be included successfully. Furthermore, we calculate the
electromagnetic transitions of the nS (n ≤ 4), nP (n ≤ 3), and nD (n ≤ 2) bottomonium states with a
nonrelativistic electromagnetic transition operator widely applied to meson photoproduction reactions. Our
predicted masses, hyperfine and fine splittings, electromagnetic transition widths, and branching ratios of
the bottomonium states are in good agreement with the available experimental data. In particular, the EM
transitions of ϒð3SÞ → χb1;2ð1PÞγ, which were not well understood in previous studies, can be reasonably
explained by considering the corrections of the spin-dependent interactions to the wave functions. We also
discuss the observations of the missing bottomonium states by using radiative transitions. Some important
radiative decay chains involving the missing bottomonium states are suggested to be observed. We hope
our study can provide some useful references to observe and measure the properties of bottomonium
mesons in forthcoming experiments.
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I. INTRODUCTION

Heavy quarkonium is considered to be an excellent
laboratory to study quantum chromodynamics (QCD) at
low energies [1–3]. Due to a large mass of the heavy bottom
quark, the bottomonium system is essentially nonrelativ-
istic, which makes it relatively easy for us to study the
perturbative and nonperturbative QCD via the bottomo-
nium spectroscopy with a nonrelativistic approximation. In
the past few years, great progress has been achieved in the
study of the bottomonium spectroscopy [4–7]. A fairly
abundant bottomonium spectroscopy has been established
in experiments [8](see Table I). Furthermore, many new
experiments are being and/or to be carried out at LHC and
Belle. In near future, more missing bottomonium states will
be discovered and more decay channels will be observed in
experiments. Thus, it is necessary to carry out a compre-
hensive study of the bottomonium states according to the
recent progress. On the one hand we can obtain more
knowledge of bottomonium states from experimental
observations. On the other hand, the predicted properties
can provide some useful references for our search for the
missing bottomonium states in experiments.
In the past years, stimulated by the exciting progress

in experiments, many theoretical studies of bottomonium

spectrum have been carried out with different methods,
such as the widely used potential models [9–17], lattice
QCD [18–21], effective Lagrangian approach [22], non-
relativistic effective field theories of QCD [23–25], various
coupled-channel quark models [26–28], and light front
quark model [29–32]. Although some comparable predic-
tions from different models have been achieved, many
properties of the bottomonium states are still not well
understood. For example, the recent calculations with the
relativized quark model [10] obtain a successful description
of the masses for the low-lying excitations; however, the
predicted mass for the higher excitation ϒð6SÞ is about
100 MeV higher than the data if ϒð11020Þ is identified as
ϒð6SÞ; while the recent nonrelativistic constituent quark
model [11] gives a good description of the mass of ϒð6SÞ,
however, the predicted masses for the ground states ϒð1SÞ
and ηbð1SÞ are about 50 MeV larger than the experimental
values. Furthermore, there are puzzles in the electromag-
netic (EM) transitions of bottomonium states. For example,
about the M1 transitions of ϒð2S; 3SÞ → ηbð1SÞγ, the
predictions from the relativistic quark model [16] and
nonrelativistic effective field theories of QCD [25] are
about an order of magnitude smaller than the recent
predictions from the relativized quark model [10] and
nonrelativistic constituent quark model [11]; while about
the EM transitions of ϒð3SÞ → χb1;2ð1PÞγ, the predicted
partial widths in the literature [9–11] are inconsistent
with the data. Thus, to deepen our knowledge about the
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bottomonium spectrum, more theoretical studies are
needed.
In this work, first we use the nonrelativistic screened

potential model [9,33–35] to calculate the masses and wave
functions. In this model, the often used linear potential br is
replaced with the screened potential bð1 − e−μrÞ=μ. The
reason is that the linear potential, which is expected to be
dominant at large distances, is screened or softened by
the vacuum polarization effect of the dynamical light
quark pairs [36,37]. Such a screening effect might be
important for us to reasonably describe the higher radial
and orbital excitations. Considering the corrections of the

spin-dependent interactions to the space wave functions
cannot be included with the perturbative treatment, we treat
the spin-dependent interactions as nonperturbations in our
calculations. With the nonperturbative treatment, we can
reasonably include the effect of spin-dependent interactions
on the wave functions, which is important for us to gain
reliable predictions of the decays.
Moreover, using the obtained wave functions, we study

the EM transitions between bottomonium states. Difference
of our method from the often used potential models
is that the EM transition operator between initial and
final hadron states is used a special nonrelativistic form

TABLE I. Predicted masses (MeV) of bottomonium states. For comparison, the measured masses (MeV) from the
PDG [8], and the theoretical predictions with the previous screened potential model (SNR model) [9], relativized
quark model (GI model) [10], and nonrelativistic constituent quark model (NR model) [11] are also listed in the
same table.

n2Sþ1LJ name JPC PDG [8] SNR [9] GI [10] NR [11] Ours

13S1 ϒð1SÞ 1−− 9460 9460 9465 9502 9460
11S0 ηbð1SÞ 0−þ 9398 9389 9402 9455 9390
23S1 ϒð2SÞ 1−− 10023 10016 10003 10015 10015
21S0 ηbð2SÞ 0−þ 9999 9987 9976 9990 9990
33S1 ϒð3SÞ 1−− 10355 10351 10354 10349 10343
31S0 ηbð3SÞ 0−þ 10330 10336 10330 10326
43S1 ϒð4SÞ 1−− 10579 10611 10635 10607 10597
41S0 ηbð4SÞ 0−þ 10595 10623 10584
53S1 ϒð5SÞ 1−− 10865 10831 10878 10818 10811
51S0 ηbð5SÞ 0−þ 10817 10869 10800
63S1 ϒð6SÞ 1−− 11020 11023 11102 10995 10997
61S0 ηbð6SÞ 0−þ 11011 11097 10988
13P2 χb2ð1PÞ 2þþ 9912 9918 9897 9886 9921
13P1 χb1ð1PÞ 1þþ 9893 9897 9876 9874 9903
13P0 χb0ð1PÞ 0þþ 9859 9865 9847 9855 9864
11P1 hbð1PÞ 1þ− 9899 9903 9882 9879 9909
23P2 χb2ð2PÞ 2þþ 10269 10269 10261 10246 10264
23P1 χb1ð2PÞ 1þþ 10255 10251 10246 10236 10249
23P0 χb0ð2PÞ 0þþ 10233 10226 10226 10221 10220
21P1 hbð2PÞ 1þ− 10260 10256 10250 10240 10254
33P2 χb2ð3PÞ 2þþ 10540 10550 10521 10528
33P1 χb1ð3PÞ 1þþ 10516 10524 10538 10513 10515
33P0 χb0ð3PÞ 0þþ 10502 10522 10500 10490
31P1 hbð3PÞ 1þ− 10529 10541 10516 10519
13D3 ϒ3ð1DÞ 3−− 10156 10155 10127 10157
13D2 ϒ2ð1DÞ 2−− 10164 10151 10147 10122 10153
13D1 ϒ1ð1DÞ 1−− 10145 10138 10117 10146
11D2 ηb2ð1DÞ 2−þ 10152 10148 10123 10153
23D3 ϒ3ð2DÞ 3−− 10442 10455 10422 10436
23D2 ϒ2ð2DÞ 2−− 10438 10449 10418 10432
23D1 ϒ1ð2DÞ 1−− 10432 10441 10414 10425
21D2 ηb2ð2DÞ 2−þ 10439 10450 10419 10432
11F3 hb3ð1FÞ 3þ− 10355 10322 10339
13F4 χb4ð1FÞ 4þþ 10358 10340
13F3 χb3ð1FÞ 3þþ 10355 10321 10340
13F2 χb2ð1FÞ 2þþ 10350 10315 10338
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he ≃P
j½ejrj · ϵ − ej

2mj
σj · ðϵ × k̂Þ�e−ik·rj [38], which has

been well developed and widely applied to meson
photoproduction reactions [39–50]. In this operator, the
effect of binding potential between quarks is considered.
Furthermore, the possible higher EM multipole contribu-
tions to a EM transition process can be included naturally.
The paper is organized as follows. In Sec. II, we calculate

the masses and wave functions within a screened potential
model. In Sec. III, the EM transitions between the botto-
monium states are calculated, and our analysis and dis-
cussion are given. Finally, a summary is given in Sec. IV.

II. MASS SPECTRUM

As a minimal model of the bottomonium system we
use a nonrelativistic screened potential model [9,33–35].
The effective potential of spin-independent term VðrÞ is
regarded as the sum of Lorentz vector VVðrÞ and Lorentz
scalar VsðrÞ contributions [4], i.e.,

VðrÞ ¼ VVðrÞ þ VsðrÞ: ð1Þ
For the Lorentz vector potential VVðrÞ, we adopt the
standard color Coulomb form:

VVðrÞ ¼ −
4

3

αs
r
: ð2Þ

To take into account the screening effects, which might
originate from the vacuum polarization of the dynamical
light quark pairs [36,37], we replace the widely used linear
scalar potential br with a special form

VsðrÞ ¼
bð1 − e−μrÞ

μ
; ð3Þ

as suggested in Refs. [9,33–35]. Here μ is the screening
factor which makes the long-range scalar potential of VsðrÞ
behave like br when r ≪ 1=μ, and become a constant b=μ
when r ≫ 1=μ. The main effect of the screened potential on
the spectrum is that the masses of the higher excited states
are lowered. Such a screening effect might be important for
us to reasonably describe the higher radial and orbital
excitations.
We include three spin-dependent potentials as follows.

For the spin-spin contact hyperfine potential, we take [51]

HSS ¼
32παs
9m2

b

~δσðrÞSb · Sb̄; ð4Þ

where Sb and Sb̄ are spin matrices acting on the spins of the
quark and antiquark. We take ~δσðrÞ ¼ ðσ= ffiffiffi

π
p Þ3e−σ2r2 as in

Ref. [51]. The five parameters in the above equations (αs, b,
μ, mb, σ) are determined by fitting the spectrum.
For the spin-orbit term and the tensor term, we take the

common forms [4]

HSL ¼ 1

2m2
br

�
3
dVV

dr
−
dVs

dr

�
L · S ð5Þ

and

HT ¼ 1

12m2
b

�
1

r
dVV

dr
−
d2VV

dr2

�
ST; ð6Þ

where L is the relative orbital angular momentum of b and
b̄ quarks, S ¼ Sb þ Sb̄ is the total quark spin, and the spin
tensor ST is defined by [4]

ST ¼ 6
S · rS · r

r2
− 2S2: ð7Þ

In the j2Sþ1LJi basis, the matrix element for the spin-spin
operator Sb · Sb̄ is

hSb · Sb̄i ¼
1

2
SðSþ 1Þ − 3

4
: ð8Þ

For the spin-orbit operator L · S, its matrix element is

hL · Si ¼ 1

2
½JðJ þ 1Þ − LðLþ 1Þ − SðSþ 1Þ�: ð9Þ

The element of the tensor operator ST can be written in the
form [52]

hSTi ¼
4hS2L2 − 3

2
L · S − 3ðL · SÞ2i

ð2Lþ 3Þð2L − 1Þ : ð10Þ

To obtain masses and wave functions of the bottomo-
nium states, we need to solve the radial Schrödinger
equation

d2uðrÞ
dr2

þ 2μR

�
E − Vbb̄ðrÞ −

LðLþ 1Þ
2μRr2

�
uðrÞ ¼ 0; ð11Þ

with

Vbb̄ðrÞ ¼ VðrÞ þHSS þHSL þHT; ð12Þ

where μR ¼ mbmb̄=ðmb þmb̄Þ is the reduced mass of the
system, and E is the binding energy of the system. Then,
the mass of a bb̄ state is obtained by

Mbb̄ ¼ 2mb þ E: ð13Þ

In the literature, the spin-dependent interactions were
usually dealt with perturbatively. Although the meson mass
obtains perturbative corrections from these spin-dependent
potentials, the wave functions obtain no corrections from
these spin-dependent potentials. To reasonably include the
corrections from these spin-dependent potentials to both
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the mass and wave function of a meson state, we deal with
the spin-dependent interactions nonperturbatively.
In this work, we solve the radial Schrödinger equation by

using the three-point difference central method [53] from
the center (r ¼ 0) towards outside (r → ∞) point by point.
In this method, we need to know the role of uðr → 0Þ.
When r → 0 we easily obtain uðr → 0Þ ∝ rLþ1 if we
neglect the contributions of the spin-orbit and tensor terms.
However, including the spin-orbit and tensor potential
contributions, we have a term ∝ 1=r3 in the potential. In
the limit r → 0, the potential Vbb̄ðrÞ ∝ 1=r3. In this case,
we do not know the role of uðr → 0Þ, thus, we cannot
solve the radial Schrödinger equation with the three-point
differential central method. To overcome this problem, we
assume that in a small range r ∈ ð0; rcÞ, the Vbb̄ðrÞ ∝ 1=r3c,
which is a finite constant. Then, the role of uðr → 0Þ is
still ∝ rLþ1. The price of our method is that a cutoff
distance rc should be introduced in the calculation,
which is determined by fitting the spectrum. The details
of the method for solving Eq. (11) are outlined in the
Appendix.
For the model parameters, we take αs ¼ 0.368ð3Þ, b ¼

0.206ð2Þ GeV2, μ¼ 0.056ð11ÞGeV, mb ¼ 4.757ð2Þ GeV,
and σ ¼ 3.10ð25Þ GeV. This parameter set is slightly
different from that suggested in Ref. [9]. In our calculation,
the cutoff distance rc ¼ 0.060ð12Þ fm is adopted. The
uncertainties for these determined parameters mean that
if one changes one of the parameter within its uncertainty,
the mass change of one state is less than 5MeV. It should be
mentioned that the masses of the 3P0 states are sensitive to
the cutoff distance rc. Thus, in the present work, we use the
mass of χb0ð1PÞ to determine the cutoff distance rc. With
the determined cutoff distance rc ¼ 0.06 fm, the calculated

masses of the other 3P0 states are in good agreement with
the measurements and the other model predictions.
With the determined parameter set, by solving the radial

Schrödinger equation, we obtain the masses of the botto-
monium states, which have been listed in Table I. From the
table, we see that our results are compatible with the
previous screened potential model predictions [9], which
indicates that our numerical method is reliable. The recent
relativized quark model can successfully describe the low-
lying bottomonium states; however, their predicted mass
for the higher excitations ϒð6SÞ is about 100 MeV larger
than the experimental measurements [10]. Although the
recent nonrelativistic constituent quark model systemati-
cally improve the descriptions of the higher mass spectrum,
the predicted masses for the ground states ϒð1SÞ and
ηbð1SÞ are about 40–50 MeV higher than the data [11].
Interestedly, it is found that the screened potential model
obtains a fairly good description of the masses not only for
the low-lying states, but also for the higher excita-
tion ϒð6SÞ.
Furthermore, in Table II, we give our predictions

of the hyperfine splittings for some S-wave states and
fine splittings for some P-wave states. It is found that
our predicted splittings are in good agreement with the

TABLE II. Hyperfine and fine splittings in units of MeV for
bottomonium in our calculation. The experimental data are taken
from the PDG [8]. The theoretical predictions with the previous
screened potential model [9], relativized quark model [10],
relativistic two-body calculation [14], and nonrelativistic con-
stituent quark model [11,15] are also listed in the same table for
comparison.

Δm Ours [9] [10] [11] [14] [15] PDG [8]

mð13S1Þ −mð11S0Þ 70 71 63 47 76 49 62.3� 3.2
mð23S1Þ −mð21S0Þ 25 29 27 25 38 16 24.3þ4.0

−4.5
mð33S1Þ −mð31S0Þ 17 21 18 19 11
mð43S1Þ −mð41S0Þ 13 16 12 11
mð53S1Þ −mð51S0Þ 11 14 9 15
mð63S1Þ −mð61S0Þ 9 12 5
mð13P2Þ −mð13P1Þ 18 21 21 12 22 18 19.43� 0.57
mð13P1Þ −mð13P0Þ 39 32 29 19 29 48 33.34� 0.66
mð23P2Þ −mð23P1Þ 15 18 15 10 18 16 13.19� 0.77
mð23P1Þ −mð23P0Þ 29 25 20 15 24 40 22.96� 0.84
mð33P2Þ −mð33P1Þ 13 16 12 8 14
mð33P1Þ −mð33P0Þ 25 22 16 13 36 FIG. 1. Predicted radial probability density juðrÞj2 for S-,

P- and D-wave bottomonium states.
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world average data [8]. Comparing the model predictions
[9–11,14,15] with each other, we find obvious model
dependencies of the predicted mass splittings. Thus, to
better understand these nonperturbative strong interactions
in the bottomonium system, more model-independent
studies are needed.
In order to clearly see the properties of the wave

functions, we plot the radial probability density of the
states as a function of the interquark distance r in Fig. 1. It
is found that the spin-dependent potentials have notable
corrections to the S- and triplet P-wave states; however, the
corrections to the triplet D-wave states are tiny. The strong
attractive spin-spin potential HSS shifts the wave functions
of the 1S0 states towards the center, while the strong
attractive tensor potential HT shifts the wave functions
of the 3P0;1 states towards the center.

III. ELECTROMAGNETIC TRANSITIONS

Using these obtained wave functions of the bottomonium
states, we further study their EM transitions. The quark-
photon EM coupling at the tree level is adopted as

He ¼ −
X
j

ejψ̄ jγ
j
μAμðk; rÞψ j; ð14Þ

where ψ j stands for the jth quark field in a hadron. The
photon has three momentum k, and the constituent quark
ψ j carries a charge ej.
To match the nonrelativistic wave functions of the

bottomonium states, we should adopt the nonrelativistic
form of Eq. (14) in the calculations. For the EM transition
of a hadron, in the initial-hadron-rest system the non-
relativistic expansion of He in Eq. (14) becomes [38,41]

he ≃
X
j

�
ejrj · ϵ −

ej
2mj

σj · ðϵ × k̂Þ
�
ϕ; ð15Þ

where mj, σj, and rj stand for the constituent mass, Pauli
spin vector, and coordinate for the jth quark, respectively.
The vector ϵ is the polarization vector of the photon. For
emitting a photon, we have ϕ ¼ e−ik·rj , while for absorbing
a photon, we have ϕ ¼ eþik·rj . It is found that the first and
second terms in Eq. (15) are responsible for the electric and
magnetic transitions, respectively. The main feature of this
EM transition operator is that the effects of binding
potential between quarks are considered. Furthermore,
the possible higher EM multipole contributions are
included naturally. This nonrelativistic form has been
widely applied to meson photoproduction reactions
[39–50]. It should be mentioned that, at the order of
1=mj, we have neglected the contributions from the term
ejrj · ϵpj · k̂=mj as suggested in Refs. [39,40] for a strong
suppression of pj · k̂=mj.

Then, one obtains the standard helicity amplitude A of
the radiative decay process by the relation

A ¼ −i
ffiffiffiffiffi
ωγ

2

r
hfjhejii: ð16Þ

Finally, we can calculate the EM decay width by

Γ ¼ jkj2
π

2

2Ji þ 1

Mf

Mi

X
Jfz;Jiz

jAJfz;Jiz j2; ð17Þ

where Ji is the total angular momentum of an initial meson
and Jfz and Jiz are the components of the total angular
momenta along the z axis of initial and final mesons,
respectively. In our calculation, for the well-established
bottomonium states, the experimental masses are adopted
[8], while for the missing bottomonium states, their masses
are adopted from our theoretical predictions.

A. ϒð1SÞ → ηbð1SÞγ
The ϒð1SÞ → ηbð1SÞγ decay process is a typical M1

transition at tree level, which is strongly suppressed by the
constituent bottom quark mass mb. Our predicted partial
width is

Γ½ϒð1SÞ → ηbð1SÞγ�≃ 10 eV: ð18Þ

Combining this partial width with the measured total width
of ϒð1SÞ [8], we obtain

B½ϒð1SÞ → ηbð1SÞγ�≃ 2.0 × 10−4: ð19Þ

Our predictions are in good agreement with the recent
results of the relativized quark model [10] and nonrelativ-
istic constituent quark model [11] (see Table III). However,
our predicted Γ½ϒð1SÞ → ηbð1SÞγ� is larger than the value
5.8 eV from the relativistic quark model [16], while smaller
than the recent prediction 15.2 eV from the pNRQCD
approach [25]. It should be mentioned that this decay rate is
extremely sensitive to the masses of ϒð1SÞ and ηbð1SÞ. If
all of the models adopt the experimental masses, the
predictions of Γ½ϒð1SÞ → ηbð1SÞγ� from different models
might be consistent with each other.

B. Radiative transitions of 2S states

1. ϒð2SÞ
The allowed EM transitions of ϒð2SÞ are ϒð2SÞ →

χbJð1PÞγ and ϒð2SÞ → ηbð1S; 2SÞγ. The ϒð2SÞ →
χbJð1PÞγ processes are governed by the E1 transitions,
while ϒð2SÞ → ηbð1S; 2SÞγ are typical M1 transitions.
From Table IV, it is found that our predicted partial decay

widths for the ϒð2SÞ → χbJð1PÞγ processes are in good
agreement with the world average data from the PDG [8]
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and also are consistent with predictions from various
potential models [9–11,14–16].
For the M1 transitions ϒð2SÞ → ηbð1S; 2SÞγ, our

predicted partial decay widths have been listed in
Table III. From the table, it is seen that our predicted
Γ½ϒð2SÞ → ηbð2SÞγ� is in agreement with the other
model predictions. It should be pointed out that although

our predicted Γ½ϒð2SÞ → ηbð1SÞγ� is compatible with the
recent potential model predictions [10,11], it is about 5
times larger than the average value 1.25ð49Þ × 10−2 keV
from the PDG [8] and the recent lattice NRQCD result
1.72ð55Þ × 10−2 keV [18]. More studies of the M1
transition ϒð2SÞ → ηbð1SÞγ are needed in both theory
and experiments.

TABLE III. Partial widths of the M1 radiative transitions for some low-lying S- and P-wave bottomonium states. For comparison, the
measured values from the PDG [8], and the theoretical predictions with the relativistic quark model [16], nonrelativistic effective field
theories of QCD (EFT model) [25], relativized quark model (GI model) [10], and nonrelativistic constituent quark model (NR model)
[11] are also listed in the same table.

Initial meson Final meson Eγ (MeV) ΓM1 (eV) ΓM1 (eV)

state state Ref. [16] GI [10] ours Ref. [16] GI [10] EFT [25] NR [11] Ours PDG [8]

ϒð13S1Þ ηbð11S0Þ 60 62 62 5.8 10 15.2 9.34 10
ϒð23S1Þ ηbð21S0Þ 33 24 24 1.4 0.59 0.67 0.58 0.59

ηbð11S0Þ 604 606 606 6.4 81 6þ26
−6 56.5 66 12.5� 4.9

ηbð21S0Þ ϒð13S1Þ 516 524 524 12 68 ∼80 45.0 64
ϒð33S1Þ ηbð31S0Þ 27 18 18 0.8 0.25 0.66 3.9

ηbð21S0Þ 359 350 350 1.5 0.19 11.0 11 < 14

ηbð11S0Þ 911 913 913 11 60 57.0 71 10� 2

ηbð31S0Þ ϒð23S1Þ 301 309 309 2.8 9.1 9.20 8.7
ϒð13S1Þ 831 840 840 24 74 51.0 60

χb2ð13P2Þ hbð11P1Þ 13 13 9.6 × 10−2 0.12 8.9 × 10−2 9.5 × 10−2

hbð11P1Þ χb1ð13P1Þ 6 6 1.0 × 10−2 9.0 × 10−3 1.15 × 10−2 9.4 × 10−3

χb0ð13P0Þ 40 40 0.89 0.96 0.86 0.90
χb2ð23P2Þ hbð11P1Þ 363 363 0.24 1.78 4.5
χb1ð23P1Þ 350 350 2.2 0.17 0.18
χb0ð23P0Þ 329 329 9.7 2.39 16
hbð21P1Þ χb2ð13P2Þ 342 342 2.2 6.91 × 10−3 1.1

χb1ð13P1Þ 360 360 1.1 1.28 2.5
χb0ð13P0Þ 393 393 0.32 36.4 10

TABLE IV. Partial widths of the radiative transitions for the nS- and nP-wave (n ¼ 2, 3) bottomonium states. For comparison, the
measured values from the PDG [8], the predictions from the relativistic quark model [16], relativized quark model (GI model) [10],
nonrelativistic constituent quark model (NR model) [11], and the previous screened potential model (SNR model) [9] are listed in the
table as well. SNR0 and SNR1 stand for the results calculated by the zeroth-order wave functions and the first-order relativistically
corrected wave functions with the screened potential model [9], respectively.

Initial Final Eγ (MeV) ΓE1 (keV) ΓEM (keV)

state state Ref. [16] SNR0;1 [9] GI [10] ours Ref. [16] SNR0 [9] SNR1 [9] GI [10] NR [11] Ours PDG [8]

ϒð23S1Þ χb2ð13P2Þ 109 110 110 110 2.46 2.62 2.46 1.88 2.08 2.62 2.29� 0.20
χb1ð13P1Þ 130 130 129 129 2.45 2.54 2.08 1.63 1.84 2.17 2.21� 0.19
χb0ð13P0Þ 162 163 163 163 1.62 1.67 1.11 0.91 1.09 1.09 1.22� 0.11

ηbð21S0Þ hbð11P1Þ 98 83 99 99 3.09 6.10 5.57 2.48 2.85 3.41
ϒð33S1Þ χb2ð23P2Þ 86 86 86 86 2.67 3.23 3.04 2.30 2.56 3.16 2.66� 0.27

χb1ð23P1Þ 100 99 100 100 2.41 2.96 2.44 1.91 2.13 2.61 2.56� 0.26
χb0ð23P0Þ 123 122 121 121 1.49 1.83 1.23 1.03 1.21 1.21 1.20� 0.12
χb2ð13P2Þ 433 434 434 434 0.097 0.25 1.26 0.45 0.083 0.14 0.20� 0.03
χb1ð13P1Þ 453 452 452 452 0.067 0.17 0.14 0.05 0.16 0.0005 0.018� 0.010
χb0ð13P0Þ 484 484 484 484 0.027 0.07 0.05 0.01 0.15 0.097 0.055� 0.010

ηbð31S0Þ hbð21P1Þ 73 74 77 78 2.78 11.0 10.1 2.96 2.60 4.25

(Table continued)
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2. ηbð2SÞ
The ηbð2SÞ resonance can decay into hbð1PÞγ and

ϒð1SÞγ channels by the E1 and M1 transitions, respec-
tively. Our predicted partial decay width of Γ½ηbð2SÞ →
hbð1PÞγ�≃ 3.41 keV is in good agreement with the
predictions of the relativistic quark model [16], potential
model [10], and nonrelativistic constituent quark model
[11] (see Table IV). However, it is about a factor 1.8 smaller

than the previous SNR model prediction [9]. This
difference might come from the corrections of the spin-
dependent potentials to the wave function of ηbð2SÞ.
Furthermore, from Table III, it is seen that our predicted

partial decay width for the M1 transition ηbð2SÞ → ϒð1SÞγ
is compatible with the recent predictions of potential
models [10,11] and with the pNRQCD approach
[25]. However, our prediction is notably larger than

TABLE IV. (Continued)

Initial Final Eγ (MeV) ΓE1 (keV) ΓEM (keV)

state state Ref. [16] SNR0;1 [9] GI [10] ours Ref. [16] SNR0 [9] SNR1 [9] GI [10] NR [11] Ours PDG [8]

hbð11P1Þ 427 418 429 429 0.348 1.24 5.68 1.30 0.0084 0.67
χb2ð23P2Þ ϒð13D3Þ 108 113 97 101 2.35 3.33 3.13 1.5 2.06 2.51

ϒð13D2Þ 111 117 104 104 0.449 0.66 0.58 0.3 0.35 0.42
ϒð13D1Þ 117 123 113 111 0.035 0.05 0.04 0.03 0.021 0.026
ϒð23S1Þ 243 243 243 243 16.7 18.8 14.2 14.3 17.50 15.3 15.1� 5.6
ϒ13S1Þ 776 777 777 777 8.02 13.0 12.5 8.4 11.38 12.5 9.8� 2.3

χb1ð23P1Þ ϒð13D2Þ 98 104 91 91 1.56 2.31 2.26 1.2 1.26 0.50
ϒð13D1Þ 104 110 100 98 0.615 0.92 0.84 0.5 0.41 0.56
ϒð23S1Þ 230 230 229 229 14.7 15.9 13.8 13.3 15.89 15.3 19.4� 5.0
ϒð13S1Þ 764 764 764 764 7.49 12.4 8.56 5.5 9.13 10.8 8.9� 2.2

χb0ð23P0Þ ϒð13D1Þ 81 87 78 78 1.17 1.83 1.85 1.0 0.74 1.77
ϒð23S1Þ 207 207 208 208 11.0 11.7 11.6 10.9 12.80 14.4
ϒð13S1Þ 743 743 744 744 6.79 11.4 4.50 2.5 5.44 5.54

hbð21P1Þ ηb2ð11D2Þ 102 104 95 95 2.43 7.74 7.42 1.7 5.36 2.24
η0bð21S0Þ 262 266 258 258 21.4 24.7 15.3 14.1 17.60 16.2
ηbð11S0Þ 820 831 826 826 9.36 15.9 18.0 13.0 14.90 16.1

χb2ð33P2Þ ϒð23D3Þ 97 73 93 5.05 4.69 1.5 4.16 4.60
ϒð23D2Þ 101 79 97 1.02 0.89 0.32 0.79 0.78
ϒð23D1Þ 107 87 103 0.08 0.07 0.027 0.18 0.049
ϒð13D3Þ 377 350 365 0 0.05 0.046 0.21 0.12
ϒð13D2Þ 358 0.044 0.068
ϒð13D1Þ 366 0.0034 0.047
ϒð33S1Þ 183 172 173 15.6 11.1 9.3 10.38 10.8
ϒð23S1Þ 504 493 494 6.00 6.89 4.5 5.62 6.72
ϒð13S1Þ 1024 1014 1014 7.09 6.76 2.8 5.65 8.17

χb1ð33P1Þ ϒð23D2Þ 86 67 84 3.10 2.98 1.1 3.34 0.94
ϒð23D1Þ 92 75 90 1.26 1.13 0.47 1.26 1.07
ϒð13D2Þ 366 346 346 0 0.09 0.08 0.11 0.015
ϒð13D1Þ 372 355 355 0 0.00 0.007 0.048 0.010
ϒð33S1Þ 167 160 160 12.0 9.97 8.4 9.62 10.3
ϒð23S1Þ 489 481 481 5.48 5.39 3.1 4.58 5.63
ϒð13S1Þ 1010 1003 1003 6.80 3.39 1.3 4.17 6.41

χb0ð33P0Þ ϒð23D1Þ 59 68 1.0 3.50 2.20
ϒð13D1Þ 351 339 341 0 0.17 0.20 0.036 0.15
ϒð33S1Þ 146 144 135 7.88 7.67 6.9 8.50 7.95
ϒð23S1Þ 468 466 458 4.80 3.67 1.7 2.99 2.55
ϒð13S1Þ 990 988 980 6.41 0.86 0.3 1.99 1.87

hbð31P1Þ ηb2ð21D2Þ 69 88 1.6 4.72 4.21
ηb2ð11D2Þ 370 348 360 0 0.24 0.081 0.35 0.17
ηbð31S0Þ 196 180 194 19.2 11.6 8.9 12.27 14.1
ηbð21S0Þ 528 507 508 6.89 10.3 8.2 6.86 7.63
ηbð11S0Þ 1078 1061 1062 8.27 9.46 3.6 7.96 10.7
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Γ½ηbð2SÞ → ϒð1SÞγ�≃ 12 eV predicted with a relativistic
quark model [16] (see Table III).

C. Radiative transitions of 1P states

The typical radiative transitions of χbJð1PÞ are
χbJð1PÞ → ϒð1SÞγ. From Table V, it is found that the
partial widths Γ½χbJð1PÞ → ϒð1SÞγ� predicted by us are
in agreement with the predictions in [9–11,15,16].
Combining our predicted partial widths with the measured
branching ratios B½χb0ð1PÞ → ϒð1SÞγ�≃ ð1.76� 0.48Þ%,
B½χb1ð1PÞ → ϒð1SÞγ�≃ ð33.9� 2.2Þ%, and B½χb2ð1PÞ →

ϒð1SÞγ�≃ ð19.1� 1.2Þ% [8], we easily estimate the total
widths for χb0ð1PÞ, χb1ð1PÞ, and χb2ð1PÞ, which are

Γtotal
χb0ð1PÞ ≃ 1.56þ0.59

−0.33 MeV; ð20Þ

Γtotal
χb1ð1PÞ ≃ 94� 7 keV; ð21Þ

Γtotal
χb2ð1PÞ ≃ 166þ12

−9 keV; ð22Þ

respectively. It is interesting to find that the estimated width
for χb0ð1PÞ is consistent with the recent measurement

TABLE V. Partial widths of the radiative transitions for the 1P-, 1D-, and 2D-wave bottomonium states. For comparison, the
predictions from the relativistic quark model [16], relativized quark model (GI model) [10], nonrelativistic constituent quark model (NR
model) [11], and previous screened potential model (SNR model) [9] are listed in the table as well. SNR0 and SNR1 stand for the results
calculated by the zeroth-order wave functions and the first-order relativistically corrected wave functions with the screened potential
model [9], respectively.

Initial meson Final meson Eγ (MeV) ΓE1 (keV) ΓEM (keV)

state state Ref. [16] SNR0;1 [9] GI [10] ours Ref. [16] SNR0 [9] SNR1 [9] GI [10] NR [11] Ours

χb2ð13P2Þ ϒð13S1Þ 442 442 442 442 40.2 38.2 32.6 32.8 39.15 31.8
χb1ð13P1Þ 422 423 424 424 36.6 33.6 30.0 29.5 35.66 31.9
χb0ð13P0Þ 391 391 391 391 29.9 26.6 24.3 23.8 28.07 27.5
hbð11P1Þ ηbð11S0Þ 480 501 488 488 52.6 55.8 36.3 35.7 43.66 35.8
ϒð13D3Þ χb2ð13P2Þ 244 240 257 253 24.6 26.4 24.5 24.3 24.74 32.1

χb1ð13P1Þ 271 0 1.1 × 10−2

χb0ð13P0Þ 304 0 9.2 × 10−5

ϒð13D2Þ χb2ð13P2Þ 241 236 249 249 6.35 6.29 5.87 5.6 6.23 7.23
χb1ð13P1Þ 262 255 267 267 23.3 23.8 19.8 19.2 21.95 21.8
χb0ð13P0Þ 300 0 0.83 × 10−2

ϒð13D1Þ χb2ð13P2Þ 235 230 240 242 0.69 0.65 0.61 0.56 0.65 1.02
χb1ð13P1Þ 256 249 259 261 12.7 12.3 10.3 9.7 12.29 13.3
χb0ð13P0Þ 280 282 292 294 23.4 23.6 16.7 16.5 20.98 19.8

ηb2ð11D2Þ hbð11P1Þ 254 246 263 262 28.4 42.3 36.5 24.9 17.23 30.3
ϒð23D3Þ χb2ð13P2Þ 517 529 511 4.01 3.73 2.6 3.80 5.22

χb1ð13P1Þ 535 0 0.16
χb0ð13P0Þ 567 0 0.08
χb2ð23P2Þ 172 184 166 18.0 15.9 16.4 10.70 17.0
χb1ð23P1Þ 185 0 0.34 × 10−2

χb0ð23P0Þ 207 0 0.66 × 10−3

ϒð23D2Þ χb2ð13P2Þ 513 523 507 0.98 0.68 0.4 0.80 1.11
χb1ð13P1Þ 531 541 525 3.26 4.46 2.6 3.43 4.00
χb0ð13P0Þ 555 0 0.89 × 10−2

χb2ð23P2Þ 168 178 162 4.17 3.82 3.8 2.55 3.75
χb1ð23P1Þ 181 192 175 15.7 12.1 12.7 9.10 11.4
χb0ð23P0Þ 197 0 1.7 × 10−3

ϒð23D1Þ χb2ð13P2Þ 507 516 500 0.11 0.05 0.9 0.061 0.44
χb1ð13P1Þ 525 534 518 1.76 1.87 2.9 1.58 2.17
χb0ð13P0Þ 557 566 551 2.79 6.20 1.6 3.52 5.56
χb2ð23P2Þ 162 171 155 0.42 0.39 0.4 0.24 0.47
χb1ð23P1Þ 175 184 167 7.87 6.35 6.5 4.84 6.74
χb0ð23P0Þ 198 206 190 15.1 9.49 10.6 8.35 9.58

ηb2ð21D2Þ hbð11P1Þ 522 536 519 6.19 7.30 3.0 4.15 5.66
hbð21P1Þ 181 188 171 31.3 25.4 16.5 11.66 15.6
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1.3� 0.9 MeV from the Belle Collaboration [54]. It should
be mentioned that these widths predicted by us strongly
depend on the measured branching ratios. It is found that
B½χb0ð1PÞ → ϒð1SÞγ� still bears a large uncertainty. Thus,
to determine finally the width of χb0ð1PÞ, more accurate
measurements are needed.
For the singlet state hbð1PÞ, its main radiative transition

is hbð1PÞ → ηbð1SÞγ. We predict that Γ½hbð1PÞ →
ηbð1SÞγ�≃ 35.8 keV, which is consistent with the predic-
tions in Refs. [9,10] (see Table V). A relatively large partial
width was also predicted in Ref [16]. Combining the
measured branching ratio B½hbð1PÞ → ηbγ�≃ 49þ8

−7% [8]
with our predicted partial width, we estimate that the total
width of hbð1PÞ might be

Γtotal
hbð1PÞ ≃ 73þ12

−10 keV; ð23Þ

which could be tested in future experiments.
Finally, we give our estimations of the typical M1

transitions hbð1PÞ → χb0;1ð1PÞγ, which are listed in
Table III. The rates of these M1 transitions are very weak.
Our results are consistent with those obtained in the
framework of the relativized quark model [10] and non-
relativistic constituent quark model [11].

D. Radiative transitions of 1D states

In the 1D bottomonium states, only the 2−− stateϒ2ð1DÞ
with a mass of Mϒ2ð1DÞ ¼ 10164 MeV is confirmed in
experiments [55]. The other 1D states are still missing. The
discovery of the ϒ2ð1DÞ state provides a strong constraint
on the masses of the other 1D states. In our calculations,
we predict the mass splittings Mϒ3ð1DÞ −Mϒ2ð1DÞ ≃ 4,
Mϒ2ð1DÞ −Mϒ1ð1DÞ ≃ 7, and Mϒ2ð1DÞ−Mηb2ð1DÞ≃0MeV.
Combining these predicted multiplet mass splittings with
the measured mass of Mϒ2ð1DÞ ¼ 10164, one can predict
the masses for the ϒ1ð1DÞ, ϒ3ð1DÞ, and ηb2ð1DÞ states,
which are Mϒ1ð1DÞ ≃ 10157, Mϒ3ð1DÞ ≃ 10168, and
Mηb2ð1DÞ ≃ 10164 MeV, respectively.

1. ϒ2ð1DÞ
For the established 2−− state ϒ2ð1DÞ [i.e., ϒ2ð10164Þ],

the EM transitions are dominated by ϒ2ð1DÞ→ χb1;2ð1PÞγ.
We calculate their partial decay widths, which are listed
in Table V. Combining with the predicted partial
widths of Γ½ϒ2ð1DÞ → ggg�≃ 0.62 keV and Γ½ϒ2ð1DÞ →
ππϒð1SÞ�≃ 0.29 keV from Ref. [11], we estimate the total
width of ϒ2ð1DÞ, Γtot ≃ 30 keV. With this estimated
width, we further predict the branching ratios

B½ϒ2ð1DÞ → χb1ð1PÞγ�≃ 73%; ð24Þ
B½ϒ2ð1DÞ → χb2ð1PÞγ�≃ 24%: ð25Þ

Our results are in agreement with the predictions obtained
with the previous SNR model [9], relativistic quark model

[16], and nonrelativistic constituent quark model [11]. The
large branching ratios indicate the ϒ2ð1DÞ → χb1;2ð1PÞγ
transitions may be observed in forthcoming experiments.

2. The missing 1D states

According to the predicted massMϒ1ð1DÞ ¼ 10157 MeV
of ϒ1ð1DÞ, we calculate the partial decay widths of
Γ½ϒ1ð1DÞ → χb0;1;2ð1PÞγ�, which are listed in Table V.
In Ref. [11], the total width of ϒ1ð1DÞ is predicted to be
Γtot ≃ 44 keV. Using it as an input, we predict

B½ϒ1ð1DÞ → χb0ð1PÞγ�≃ 45%; ð26Þ
B½ϒ1ð1DÞ → χb1ð1PÞγ�≃ 30%; ð27Þ
B½ϒ1ð1DÞ → χb2ð1PÞγ�≃ 2%: ð28Þ

These branching ratios are consistent with those from
the recent works [10,11]. The fairly large branching
ratios indicate that the missing ϒ1ð1DÞ state is most likely
to be observed through the radiative transitions
ϒ1ð1DÞ → χb0;1ð1PÞγ.
While taking the mass of ϒ3ð1DÞ with Mϒ3ð1DÞ ¼

10168 MeV, we calculate the partial decay widths of
Γ½ϒ3ð13D3Þ → χbJð1PÞγ�. Our results are listed in
Table V. It is found that the EM decays of ϒ3ð1DÞ are
governed by the χb2ð1PÞγ channel, and the decay rates into
the χb0;1ð1PÞγ channels are negligibly small. Our predic-
tion of Γ½ϒ3ð1DÞ → χb2ð1PÞγ�≃ 32.1 keV is consistent
with the predictions from the potential models [9,10] and
relativistic quark model [16] (see Table V). According to
the predictions in Refs. [10,11], the partial widths of
Γ½ϒ2ð1DÞ → ggg� and Γ½ϒ2ð1DÞ → ππϒð1SÞ� are too
small to compare with Γ½ϒ3ð1DÞ → χb2ð1PÞγ�, thus, the
branching fraction of B½ϒ3ð1DÞ → χb2ð1PÞγ� ∼ 100%. To
establish ϒ3ð1DÞ, the decay channel χb2ð1PÞγ is worth
observing in future experiments.
For the singlet 1D state ηb2ð1DÞ, our predicted partial

width Γ½ηb2ð1DÞ → hbð1PÞγ�≃ 30.3 keV is close to the
predictions from the other potential models [9,10,16] (see
Table V). Combining with the predictions Γ½ηb2ð1DÞ →
gg�≃ 1.8 keV and Γ½ηb2ð1DÞ → ππηbð1SÞ�≃ 0.35 keV
in Ref. [10], we obtain the total width of ϒ1ð1DÞ,
Γtot ≃ 32.5 keV, with which we further estimate that

B½ηb2ð1DÞ → hbð1PÞγ�≃ 93%: ð29Þ
The large radiative transition rate indicates that the missing
ηb2ð1DÞ state is most likely to be observed in the hbð1PÞγ
channel.

E. Radiative transitions of 2P states

The 2P bottomonium states have been established in
experiments. The branching ratios of B½χb0;1;2ð2PÞ →
ϒð1S; 2SÞγ� and B½hbð2PÞ → ηbð1S; 2SÞγ� have been
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measured. These measured branching ratios give us a good
chance to study the radiative transitions of the 2P botto-
monium states, and test our model.

1. χ b0ð2PÞ
The allowed EM decay modes of χb0ð2PÞ are

ϒð1S; 2SÞγ, ϒ1ð1DÞγ, and hbð1PÞγ. We calculate their
partial widths and list them in Table IV. From the table, one
can see that our predictions are compatible with the other
model predictions. Taking the predicted total width Γtot ≃
2.5 MeV of χb0ð2PÞ from Ref. [10] as an input, we further
predict that

B½χb0ð2PÞ → ϒð1SÞγ�≃ 2.2 × 10−3; ð30Þ

B½χb0ð2PÞ → ϒð2SÞγ�≃ 5.8 × 10−3: ð31Þ
Our prediction is compatible with the recent results
obtained from potential models [10,11] and the previous
results obtained from SNR1 model [9]. However, the
predicted branching ratio B½χb0ð2PÞ → ϒð2SÞγ� is about
an order of magnitude smaller than the data from the PDG
[8]. To test our predictions, more accurate measurements
are needed in experiments.
We also study the typical M1 transition χb0ð2PÞ →

hbð1PÞγ. Our predicted partial decay width Γ½χb0ð2PÞ →
hbð1PÞγ�≃ 1.6 × 10−2 keV is close to the recent predic-
tions with the GI potential model [10] (see Table III).

2. χ b1ð2PÞ
The χb1ð2PÞ state can decay into ϒð1S; 2SÞγ,

ϒð13D2;3Þγ, and hbð1PÞγ via radiative transitions. Our
predicted partial widths for these transitions are listed in
Table IV. From the table, it is found that the decay rates of
χb1ð2PÞ into the D-wave states ϒ1;2ð1DÞ are much weaker
than those into the S-wave states. Our predicted partial
widths of Γ½χb1ð2PÞ → ϒð1S; 2SÞγ� are consistent with
observations from the CLEO Collaboration [56].
Combining our predicted partial widths with the total
width Γtot ≃ 133 keV predicted in Ref. [11], we obtain that

B½χb1ð2PÞ → ϒð1SÞγ�≃ 8.1%; ð32Þ
B½χb1ð2PÞ → ϒð2SÞγ�≃ 11.5%; ð33Þ

which are close to the measured values B½χb1ð2PÞ →
ϒð1SÞγ�≃ 9.2� 0.8% and B½χb1ð2PÞ→ϒð2SÞγ�≃19.9�
1.9% [8]. The branching fraction ratio,

Γ½χb1ð2PÞ → ϒð2SÞγ�
Γ½χb1ð2PÞ → ϒð1SÞγ�≃ 1.4; ð34Þ

is slightly smaller than the world average value 2.2� 0.4
from the PDG [8]. From Table IV, we can find that this ratio
has a strong model dependency. To test the predictions from

various models, more accurate measurements are needed in
experiments.
Furthermore, the typical M1 transition χb2ð2PÞ →

hbð1PÞγ is also studied. The predicted partial decay width,

Γ½χb2ð2PÞ → hbð1PÞγ�≃ 1.8 × 10−4 keV; ð35Þ

is about an order of magnitude smaller than the recent
prediction 2.2 × 10−3 keV in Ref. [10]. However, the
recent prediction 1.7 × 10−4 keV with a nonrelativistic
constituent quark model [11] is in good agreement with
our prediction. The Lattice QCD study may be able to
clarify this puzzle.

3. χ b2ð2PÞ
The χb2ð2PÞ state can decay into ϒð1S; 2SÞγ,

ϒ1;2;3ð1DÞγ, and hbð1PÞγ channels. In these decays, the
χb2ð2PÞ → ϒð1S; 2SÞγ processes play dominant roles.
From Table IV, it is seen that our predicted partial widths
of Γ½χb2ð2PÞ → ϒð1S; 2SÞγ� are compatible with the obser-
vations from the CLEO Collaboration [56] and other model
predictions [9–11,16]. Combining our predicted partial
widths with the estimated total width of χb2ð2PÞ according
to the CLEO observations [56], i.e., Γtot ≃ 143 keV, we
have

B½χb2ð2PÞ → ϒð1SÞγ�≃ 9.5%; ð36Þ

B½χb2ð2PÞ → ϒð2SÞγ�≃ 11%; ð37Þ

which are close to the average data from the PDG [8]. The
estimated partial width ratio,

Γ½χb2ð2PÞ → ϒð2SÞγ�
Γ½χb2ð2PÞ → ϒð1SÞγ�≃ 1.2; ð38Þ

is also close to the lower limit of the world average data
1.51þ0.59

−0.47 from the PDG [8]. This ratio has strong model
dependencies. Thus, more accurate measurements are
needed to test various model predictions.
The decay rates of χb2ð2PÞ → ϒ1;2;3ð1DÞγ are much

weaker than those of χb2ð2PÞ → ϒð1S; 2SÞγ. Our predicted
results are close to the predictions in Refs. [9,11,16] (see
Table IV). Combining the estimated total width of χb2ð2PÞ
with our predicted partial widths, we have

B½χb2ð2PÞ → ϒ1ð1DÞγ�≃ 1.8 × 10−4; ð39Þ

B½χb2ð2PÞ → ϒ2ð1DÞγ�≃ 2.9 × 10−3; ð40Þ

B½χb2ð2PÞ → ϒ3ð1DÞγ�≃ 1.7 × 10−2: ð41Þ

To look for the missing ϒ3ð1DÞ state, the three-photon
decay chain χb2ð2PÞ→ϒ3ð1DÞγ→ χb2ð1PÞγγ→ϒð1SÞγγγ
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is worth observing. The combined branching ratio can
reach up to Oð10−3Þ.

4. hbð2PÞ
The hbð2PÞ state can decay into ηbð1S; 2SÞγ, ηb2ð1DÞγ,

and χb0;1;2ð1PÞγ via EM transitions, in which the
ηbð1S; 2SÞγ decay modes are dominant. We calculate the
partial decay widths of Γ½hbð2PÞ → ηbð1S; 2SÞγ�, which
are listed in Table IV. Our results are compatible with the
other model predictions [9–11,16]. Our predicted partial
width ratio,

Γ½hbð2PÞ → ηbð2SÞγ�
Γ½hbð2PÞ → ηbð1SÞγ�

≃ 1.0; ð42Þ

is close to the lower limit of the measurement 1.0� 4.3
from the Belle Collaboration [57]. Furthermore, combining
the measured branching ratio B½hbð2PÞ → ηbð1SÞγ�≃
22.3� 3.8þ3.1

−3.3% with our predicted partial width, we
estimate the total width of hbð1PÞ, which is

Γtotal
hbð2PÞ ≃ 72þ34

−17 keV: ð43Þ

It could be tested in future experiments.
We also study the transition of hbð2PÞ → ηb2ð1DÞγ. The

predicted partial width Γ½hbð2PÞ → ηb2ð1DÞγ�≃ 2.24 keV
is compatible with the predictions from the relativized
quark model [10] and the relativistic quark model [16].
Using this predicted total width in Eq. (43) as an input, we
further predict

B½hbð2PÞ → ηb2ð1DÞγ�≃ 3%: ð44Þ
Combining this ratio with our predicted ratio of
B½ηb2ð1DÞ → hbð1PÞγ�≃ 93% and the measured ratios
of B½hbð1PÞ → ηbγ�≃ 49%, we obtain the combined
branching ratio for the three-photon cascade hbð2PÞ →
ηb2ð1DÞγ → hbð1PÞγγ → ηbγγγ:

B½hbð2PÞ → ηb2ð1DÞγ → hbð1PÞγγ → ηbγγγ�≃ 1.4%:

ð45Þ

Thus, to establish the missing ηb2ð1DÞ, this three-photon
cascade is worth observing.
Finally, we give our predictions for the typical M1

transitions hbð2PÞ → χb0;1;2ð1PÞγ. Our results are listed
in Table III. It is seen that concerning these M1 transitions,
there are obvious differences in various model predictions.

F. Radiative transitions of 3S states

1. ϒð3SÞ
ϒð3SÞ is well established in experiments. Its

mass and width are Mϒð3SÞ ¼ 10355.2� 0.5 MeV and

Γ ¼ 20.32� 1.85 keV, respectively. The EM transitions
ϒð3SÞ → χbJð1P; 2PÞγ and ϒð3SÞ → ηbð1S; 2SÞγ have
been observed in experiments. We calculate the partial
widths and compare them with the data in Table IV.
From the table, it is found that for the EM transitions

ϒð3SÞ → χbJð1PÞγ, the predicted partial widths are in good
agreement with the world average data from the PDG [8].
Note that the transition widths for ϒð3SÞ → χb1;2ð1PÞγ
calculated from the previous screened potential model [9]
are too large as compared with experimental data. These
problems have been overcome in our calculations by
considering the corrections of the spin-dependent inter-
actions to the wave functions. It indicates that the correc-
tions of the spin-dependent interactions to the wave
functions are important to understand these EM transitions,
which was also found in Ref. [58].
While for the EM transitions ϒð3SÞ → χbJð2PÞγ,

from Table IV it is found that our predicted partial
widths of Γ½ϒð3SÞ → χbJð2PÞγ� are in good agreement
with the experimental data and the predictions in
Refs. [9–11,14–16]. Combining our predicted partial
widths with the measured width of ϒð3SÞ, we estimate that

B½ϒð3SÞ → χb0ð2PÞγ�≃ 5.5%; ð46Þ
B½ϒð3SÞ → χb1ð2PÞγ�≃ 12.8%; ð47Þ
B½ϒð3SÞ → χb2ð2PÞγ�≃ 15.6%; ð48Þ

which are also in good agreement with the data from the
PDG [8].
For the typical M1 transitions ϒð3SÞ → ηbð1S; 2SÞγ, our

predicted partial widths are listed in Table III. Our results
are the same order of magnitude as the predictions from the
recent nonrelativistic constituent quark model [11].
However, our prediction of the Γ½ϒð3SÞ → ηbð1SÞγ�≃
71 eV is notably larger than the world average data 10�
2 eV [8]. To clarify this puzzle, more studies are needed.

2. ηbð3SÞ
The 31S0 state, ηbð3SÞ, is still missing. The predicted

mass splitting between 33S1 and 31S0 is about 17 MeV.
Combining it with the measured mass of 33S1, we predict
that the mass of ηbð3SÞ might be Mηbð3SÞ ≃ 10338 MeV.
Using this predicted mass, we study the E1 transitions
ηbð3SÞ → hbð1P; 2PÞγ and M1 transitions ηbð3SÞ →
ϒð1S; 2SÞγ. Our results have been listed in Tables III
and IV.
From Table IV, it is found that with the corrections

of the spin-dependent potentials to the wave functions,
our predicted partial widths for the E1 transitions
ηbð3SÞ → hbð1P; 2PÞγ are about a factor 2 smaller than
the previous screened potential model predictions [9].
Furthermore, it should be mentioned that our predicted
partial width ratio,
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Γ½ηbð3SÞ → hbð2PÞγ�
Γ½ηbð3SÞ → hbð1PÞγ�

≃ 6.1; ð49Þ

is notably different from the other model predictions
[9–11,16]. From Table III, it is found that our predicted
partial widths for the M1 transitions ηbð3SÞ → ϒð1S; 2SÞγ
are compatible with the recent predictions in Refs. [10,11];
however, our predictions are about a factor 3 larger than the
predictions with the relativistic quark model [16]. These
radiative transitions should be further studied in theory.

G. Radiative transitions of 2D states

Until now, no 2D bottomonium states have been
observed in experiments. In our calculations, their masses
are adopted from our potential model predictions.

1. ϒ3ð2DÞ
The radiative transitions ofϒ3ð2DÞ are dominated by the

χb2ð2PÞγ channel, and the partial width decaying into the
χb2ð1PÞγ channel is also sizeable. Taking the mass of
Mϒ3ð2DÞ ¼ 10436 MeV predicted by us, we calculate the
partial widths of Γ½ϒ3ð2DÞ → χb2ð1P; 2PÞγ�. The results
compared with the other model predictions are listed in
Table V, where we can see that our predictions are
compatible with the other model predictions. In
Ref. [10], the total width of ϒ3ð2DÞ is predicted to be
Γtot ≃ 25 keV. With this predicted width, we further
estimate the branching ratios:

B½ϒ3ð2DÞ → χb2ð1PÞγ�≃ 21%; ð50Þ
B½ϒ3ð2DÞ → χb2ð2PÞγ�≃ 68%: ð51Þ

To establish the ϒ3ð2DÞ state, the χb2ð1P; 2PÞγ channels
are worth observing.

2. ϒ2ð2DÞ
The radiative transitions ofϒ2ð2DÞ are dominated by the

χb1ð2PÞγ channel, and the partial widths decaying into the
χb2ð2PÞγ, χb1ð1PÞγ, and χb2ð1PÞγ channels are also size-
able. With the predicted mass Mϒ2ð2DÞ ¼ 10432 MeV, we
predict the partial widths for these radiative transitions. Our
results compared with the other model predictions are listed
in Table V. From the table, it is seen that the partial widths
predicted by us are comparable with the other model
predictions in magnitude [9–11,16]. However, it should
be mentioned that the predicted ratios from different
models are very different. In Ref. [10], the total width of
ϒ2ð2DÞ is predicted to be Γtot ≃ 23 keV. With this pre-
dicted total width, we further estimate that

B½ϒ2ð2DÞ → χb1ð2PÞγ�≃ 50%; ð52Þ
B½ϒ2ð2DÞ → χb2ð2PÞγ�≃ 16%; ð53Þ

B½ϒ2ð2DÞ → χb1ð1PÞγ�≃ 17%; ð54Þ
B½ϒ2ð2DÞ → χb2ð1PÞγ�≃ 5%: ð55Þ

Observation of the χb1;2ð2PÞγ and χb1ð1PÞγ channels may
be crucial to establish the missing ϒ2ð2DÞ state.

3. ϒ1ð2DÞ
The radiative transitions ofϒ1ð2DÞ are dominated by the

χb0;1ð2PÞγ channels, and the partial widths decaying into
χb0;1;2ð1PÞγ and χb2ð2PÞγ channels are also sizeable.
Taking the mass of Mϒ1ð2DÞ ¼ 10425 MeV, we calculate
the partial decay widths. Our predicted partial widths for
the transitions ϒ1ð2DÞ → χb0;1;2ð1P; 2PÞγ compared with
the other model predictions are listed in Table V. From the
table, it is found that most of our predictions are compatible
with the other potential predictions in magnitude. In
Ref. [10], the total width of ϒ1ð2DÞ is predicted to be
Γtot ≃ 38 keV; with this input, we estimate the branching
ratios for the dominant radiative transitions of ϒ1ð2DÞ,
which are

B½ϒ1ð2DÞ → χb0ð2PÞγ�≃ 25%; ð56Þ
B½ϒ1ð2DÞ → χb1ð2PÞγ�≃ 18%; ð57Þ
B½ϒ1ð2DÞ → χb0ð1PÞγ�≃ 15%; ð58Þ
B½ϒ1ð2DÞ → χb1ð1PÞγ�≃ 7%: ð59Þ

There may be hope for observing the missing ϒ1ð2DÞ state
in the χb0;1ð2PÞγ and χb0;1ð1PÞγ channels.

4. ηb2ð2DÞ
The main EM decay channels of ηb2ð2DÞ are hbð2PÞγ

and hbð1PÞγ. With the mass Mηb2ð2DÞ ¼ 10432 MeV pre-
dicted by us, the partial widths of the transitions ηb2ð2DÞ →
hbð1P; 2PÞγ are calculated. The results compared with the
other model predictions are listed in Table V. It is found that
the predicted partial widths roughly agree with the potential
model predictions [9–11]. Using the predicted total width
of ηb2ð2DÞ (Γtot ≃ 25 keV) from [10], we predict that

B½ηb2ð2DÞ → hbð1PÞγ�≃ 23%; ð60Þ
B½ηb2ð2DÞ → hbð2PÞγ�≃ 62%: ð61Þ

To determine the missing ηb2ð2DÞ state in experiments, its
transitions into the hbð1P; 2PÞγ channels are worth
observing.

H. Radiative transitions of 3P states

In the past several years, obvious progress has been
achieved in the observations of the 3P states. In 2011, the
ATLAS Collaboration first discovered the χbð3PÞ through
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its radiative transitions to ϒð1S; 2SÞ with ϒð1S; 2SÞ →
μþμ− at the LHC [59]. Only a few months after that, the
χbð3PÞ state was confirmed by the D0 Collaboration [60].
Recently, the LHCb Collaboration also carried out a precise
measurement of the χbð3PÞ state, identifying χbð3PÞ as the
χb1ð3PÞ state [61,62]. The measured mass of χb1ð3PÞ is
Mχb1ð3PÞ ≃ 10516 MeV. In our calculations, the mass
splittings are predicted to be Mχb2ð3PÞ −Mχb1ð3PÞ ≃ 13,
Mχb1ð3PÞ−Mχb0ð3PÞ≃25, and Mhbð3PÞ−Mχb1ð3PÞ≃4MeV.
Combining these predicted mass splittings with the
measured mass of χb1ð3PÞ, we estimate the masses of
χb2ð3PÞ, χb0ð3PÞ, and hbð3PÞ, which are Mχb2ð3PÞ ≃
10529, Mχb0ð3PÞ ≃ 10491, and Mhbð3PÞ ≃ 10520 MeV,
respectively.

1. χ b1ð3PÞ
The ϒð1S; 2S; 3SÞγ are the main EM decay channels

of χb1ð3PÞ. From Table IV, it is seen that our predicted
partial widths for these channels are close to the recent
predictions with the nonrelativistic constituent quark model
[11] and the predictions with the previous SNR potential
models [9]. Furthermore, taking the total width of χb1ð3PÞ,
Γtot ≃ 117 keV, predicted in Ref. [10] as an input, we
estimate that

B½χb1ð3PÞ → ϒð1SÞγ�≃ 5.4%; ð62Þ
B½χb1ð3PÞ → ϒð2SÞγ�≃ 4.8%; ð63Þ
B½χb1ð3PÞ → ϒð3SÞγ�≃ 8.8%: ð64Þ

These large branching ratios may explain why χbð3PÞ
is discovered through its radiative transitions into
ϒð1S; 2SÞ.

Taking the masses of 2D waves calculated by us, we
predict the partial widths for the transitions χb1ð3PÞ →
ϒ1;2ð2DÞγ. Our results are listed in Table IV. From the
table, it is found that our results are close to the potential
model predictions [9,10]. Similarly, with the predicted total
width χb1ð3PÞ from [10], we estimate that

B½χb1ð3PÞ → ϒ1ð2DÞγ�≃ 9.0 × 10−3; ð65Þ

B½χb1ð3PÞ → ϒ2ð2DÞγ�≃ 8.0 × 10−3: ð66Þ
The sizeable branching ratios of B½χb1ð3PÞ → ϒ1;2ð2DÞγ�
indicate that one may discover the missing D-wave states
ϒ1ð2DÞ and ϒ2ð2DÞ through the radiative transition chains
χb1ð3PÞ → ϒ1;2ð2DÞγ → χb1ð1P; 2PÞγγ → ϒð1S; 2SÞγγγ.
We further estimate the branching ratios for these decay
chains. The results are listed in Table VII. It is found that
the important chains involving ϒ1ð2DÞ are χb1ð3PÞ→
ϒ1ð2DÞγ→χb1ð2P;1PÞγγ→ϒð1S;2SÞγγγ [B ∼Oð10−4Þ].
While the important chains involving ϒ2ð2DÞ are
χb1ð3PÞ → ϒ2ð2DÞγ → χb1ð2PÞγγ → ϒð2SÞγγγ [B≃
4.6 × 10−4], χb1ð3PÞ→ϒ2ð2DÞγ→χb1ð1PÞγγ→ϒð1SÞγγγ
[B≃ 4.6 × 10−4], and χb1ð3PÞ→ϒ2ð2DÞγ→χb1ð2PÞγγ→
ϒð1SÞγγγ [B≃ 3.2 × 10−4].

2. χ b2ð3PÞ
With Mχb2ð3PÞ ¼ 10529 MeV for the χb2ð3PÞ state, we

calculate its radiative decay properties. Our results are
listed in Table IV. For comparison, the other model
predictions are also listed in the same table. It is found
that the radiative decay ratios of χb2ð3PÞ into the 1D-wave
states are negligibly small, while the partial widths for the
transitions χb2ð3PÞ → ϒð1S; 2S; 3SÞγ and χb2ð3PÞ →
ϒ3ð2DÞγ are sizeable. Most of our results are consistent

TABLE VI. Partial widths of the radiative transitions for the higher 4S states. For comparison, the predictions from
the relativized quark model (GI model) [10], nonrelativistic constituent quark model (NR model) [11], and the
previous screened potential model (SNR model) [9] are listed in the table as well. SNR0 and SNR1 stand for the
results calculated by the zeroth-order wave functions and the first-order relativistically corrected wave functions
with the screened potential model [9], respectively.

Initial Final Eγ (MeV) ΓE1 (keV) ΓEM (keV)

state state SNR [9] GI [10] Ours SNR0=SNR1 [9] NR [11] GI [10] Ours

ϒð4SÞ χb2ð1PÞ 646 646 0.14=0.56 0.012 0.66
χb1ð1PÞ 664 664 0.10=0.20 0.047 0.017
χb0ð1PÞ 695 695 0.04=0.001 0.059 0.14
χb2ð2PÞ 306 305 0.14=0.56 0.11 0.34
χb1ð2PÞ 319 319 0.09=0.001 0.18 0.024
χb0ð2PÞ 341 340 0.04=0.21 0.17 0.44
χb2ð3PÞ 40 51 50 0.55=0.52 1.45 0.82 4.4
χb1ð3PÞ 55 63 64 0.91=0.74 1.17 0.84 4.9
χb0ð3PÞ 77 79 89 0.82=0.54 0.61 0.48 3.4

ηbð4SÞ hcð1PÞ 669 663 0.90=5.64 1.98
hcð2PÞ 334 319 0.95=2.16 1.56
hcð3PÞ 67 48 65 1.24=5.68 1.24 17.4
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with the other predictions. Taking the total width of
χb2ð3PÞ, Γtot ≃ 247 keV, predicted in Ref. [10] as an
input, we estimate that

B½χb2ð3PÞ → ϒð1SÞγ�≃ 3.3%; ð67Þ
B½χb2ð3PÞ → ϒð2SÞγ�≃ 2.7%; ð68Þ
B½χb2ð3PÞ → ϒð3SÞγ�≃ 4.4%: ð69Þ

These fairly large branching ratios indicate the missing
χb2ð3PÞ state is most likely to be established via the
radiative decays χb2ð3PÞ → ϒð1S; 2S; 3SÞγ. Furthermore,
we find that the branching ratio,

B½χb2ð3PÞ → ϒ3ð2DÞγ�≃ 1.9%; ð70Þ
is sizeable. Thus, χb2ð3PÞ might be a good source when
looking for the missing ϒ3ð2DÞ. According to our analysis,
the important radiative decay chains involving ϒ3ð2DÞ
are χb2ð3PÞ → ϒ3ð2DÞγ → χb2ð2PÞγγ → ϒð1S; 2SÞγγγ,
and their combined branching ratios can reach up to
B≃ 1.3 × 10−3.

3. χ b0ð3PÞ
With the predicted mass Mχb0ð3PÞ ¼ 10491 MeV for the

χb0ð3PÞ state, we calculate its radiative decay properties.
Our results are listed in Table IV. It is found that the partial
radiative decay widths of χb0ð3PÞ into the S-wave states
ϒð1S; 2S; 3SÞ are comparable to those of χb1;2ð3PÞ. In
Ref. [10], the total width of χb0ð3PÞ is predicted to be
Γtot ≃ 2.5 MeV, with which we estimate that

B½χb0ð3PÞ → ϒð1SÞγ�≃ 7.5 × 10−4; ð71Þ

B½χb0ð3PÞ → ϒð2SÞγ�≃ 1.0 × 10−4; ð72Þ

B½χb0ð3PÞ → ϒð3SÞγ�≃ 3.2 × 10−4: ð73Þ

These branching ratios are about an order of magnitude
smaller than those of B½χb1;2ð3PÞ → ϒð1S; 2S; 3SÞγ�,
which may indicate that χb0ð3PÞ is relatively difficult to
observe in the ϒð1S; 2S; 3SÞγ channels.

4. hbð3PÞ
For the singlet hbð3PÞ state, with the predicted mass

Mhbð3PÞ ¼ 10520 MeV, we calculate the radiative decay
properties. Our results are listed in Table IV. The EM
decays of hbð3PÞ are dominated by the ηbð3SÞγ channel,
while the partial widths into the ηbð1S; 2SÞγ and ηb2ð2DÞγ
channels are sizeable as well. Our predicted partial decay
widths into the S-wave states are the same order of those
from various potential models [9–11] (see Table IV).
Taking the predicted width of hbð3PÞ, Γtot ≃ 83 keV, from
Ref. [10] as an input, we obtain

B½hbð3PÞ → ηbð1SÞγ�≃ 12.9%; ð74Þ
B½hbð3PÞ → ηbð2SÞγ�≃ 9.2%; ð75Þ
B½hbð3PÞ → ηbð3SÞγ�≃ 17.0%: ð76Þ

To look for the missing hbð3PÞ state, the transitions
hbð3PÞ → ηbð1S; 2SÞγ are worth observing.

I. Radiative transitions of 4S states

ϒð4SÞ is established in experiments. Its mass and width
are Mϒð4SÞ ≃ 10579 and Γ≃ 20.5 MeV, respectively.
However, the ηbð4SÞ is still missing. We predict their
radiative properties. The results compared with the other
predictions are listed in Table VI. From the table, it is found
that obvious model dependencies exist in these predictions.
Our calculations give relatively large decay rates for the
ϒð4SÞ → χbJð3PÞγ transitions. Thus, the missing χbJð3PÞ
states might be produced by the radiative decay chains of
ϒð4SÞ → χbJð3PÞγ → ϒð1S; 2S; 3SÞγγ. Combining the

TABLE VII. Three-photon decay chains of 33P2. The combined branching fractions of the chain are defined by
B ¼ B1 × B2 × B3 with B1 ¼ B½33P1 → 23DJγ�, B2 ¼ B½23DJ → m3PJγ�, and B3 ¼ B½m3PJ → ϒð1S; 2SÞγ�.
Decay chain B1 B2 B3 B

33P1 → 23D1 → 23P0 → ϒð2SÞ 9.0 × 10−3 25% 5.8 × 10−3 1.3 × 10−5

33P1 → 23D1 → 23P1 → ϒð2SÞ 9.0 × 10−3 18% 11.5% 1.9 × 10−4

33P1 → 23D1 → 23P0 → ϒð1SÞ 9.0 × 10−3 25% 2.2 × 10−3 5.0 × 10−6

33P1 → 23D1 → 23P1 → ϒð1SÞ 9.0 × 10−3 18% 8.1% 1.3 × 10−4

33P1 → 23D1 → 13P0 → ϒð1SÞ 9.0 × 10−3 15% 1.76% 2.4 × 10−5

33P1 → 23D1 → 13P1 → ϒð1SÞ 9.0 × 10−3 7% 33.9% 2.1 × 10−4

33P1 → 23D2 → 23P1 → ϒð2SÞ 8.0 × 10−3 50% 11.5% 4.6 × 10−4

33P1 → 23D2 → 23P2 → ϒð2SÞ 8.0 × 10−3 16% 11.0% 1.4 × 10−4

33P1 → 23D2 → 23P1 → ϒð1SÞ 8.0 × 10−3 50% 8.1% 3.2 × 10−4

33P1 → 23D2 → 23D2 → ϒð1SÞ 8.0 × 10−3 16% 9.5% 1.2 × 10−4

33P1 → 23D2 → 13P1 → ϒð1SÞ 8.0 × 10−3 17% 33.9% 4.6 × 10−4

33P1 → 23D2 → 13P2 → ϒð1SÞ 8.0 × 10−3 5% 19.1% 4.8 × 10−5
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predicted branching ratios of χbJð3PÞ → ϒð1S; 2S; 3SÞγ
and ϒð4SÞ → χbJð3PÞγ, we further estimate the combined
branching ratios, which have been listed in Table VIII.
From the table, one can see that the most prominent
two-photon decay chains are ϒð4SÞ → χb1ð3PÞγ →
ϒð1S; 2S; 3SÞγγ [B ∼Oð10−5Þ], followed by ϒð4SÞ →
χb2ð3PÞγ → ϒð1S; 2S; 3SÞγγ [B ∼Oð10−6Þ]. There are a
few chances for χb0ð3PÞ to be observed in the radiative
decay chains of ϒð4SÞ.

IV. SUMMARY

In the nonrelativistic screened potential quark model
framework, we study the bottomonium spectrum. The radial
Schrödinger equation is solved with the three-point differ-
ence central method, where the spin-dependent potentials
are dealt with nonperturbatively. In our calculations, the
corrections of the spin-dependent interactions to the wave
functions are successfully included as well. It is found that
the corrections of spin-dependent interactions to the wave
functions of the S-wave and 3P0;1 states are notably big. The
bottomonium spectrum predicted within our approach is in
a global agreement with the experimental data.
Moreover, using the obtained wave functions, we study

the EM transitions of nS (n ≤ 4), nP (n ≤ 3), and nD
(n ≤ 2) bottomonium states with a nonrelativistic EM
transition operator widely applied to meson photo-
production reactions, in which the effects of the binding
potential between quarks are considered, and the possible
higher EM multipole contributions are included. It is
found that (i) except for some M1 transitions, our pre-
dictions for the EM transitions are in good agreement with
the experimental data. (ii) The corrections of the spin-
dependent interactions are important to understand some
EM transitions. For example, the EM transitions of
ϒð3SÞ → χb1;2ð1PÞγ, which were not well understood in
previous studies, can be reasonably explained in the present
work by considering the corrections of the spin-dependent
interactions to the wave functions. (iii) Strong model
dependencies exist in various model predictions of some

transition widths, especially for the partial width ratios. To
test the various model predictions, more observations are
expected to be carried out in forthcoming experiments.
Additionally, we discuss the observations of the missing

bottomonium states by using radiative transitions. (i) We
suggest our experimental colleagues observe the three-
photon decay chains χb2ð2PÞ → ϒ3ð1DÞγ → χb2ð1PÞγγ →
ϒð1SÞγγγ [B ∼Oð10−3Þ] and hbð2PÞ → ηb2ð1DÞγ →
hbð1PÞγγ → ηbγγγ (B≃ 1.4%), where the missing
ϒ3ð1DÞ and ηb2ð1DÞ states are most likely to be observed.
(ii) We also suggest our experimental colleagues observe
the following three-photon decay chains: χb1ð3PÞ→
ϒ1ð2DÞγ→χb1ð2P;1PÞγγ→ϒð1S;2SÞγγγ [B ∼Oð10−4Þ],
χb1ð3PÞ→ϒ2ð2DÞγ→ χb1ð2PÞγγ→ϒð2SÞγγγ [B≃4.6×
10−4], χb1ð3PÞ → ϒ2ð2DÞγ → χb1ð1PÞγγ → ϒð1SÞγγγ
[B≃4.6×10−4], and χb1ð3PÞ→ϒ2ð2DÞγ→ χb1ð2PÞγγ→
ϒð1SÞγγγ [B≃ 3.2 × 10−4], where the missing ϒ1ð2DÞ
and ϒ2ð2DÞ states might have chances to be observed.
(iii) The missing χbJð3PÞ states might be produced via
the radiative transitions of ϒð4SÞ. The most prominent
decay chains are ϒð4SÞ → χb1ð3PÞγ → ϒð1S; 2S; 3SÞγγ
[B ∼Oð10−5Þ], followed by ϒð4SÞ → χb2ð3PÞγ →
ϒð1S; 2S; 3SÞγγ [B ∼Oð10−6Þ].
The LHC and Belle experiments have demonstrated the

ability to observe and measure the properties of bottomo-
nium mesons. In the near future, more missing bottomo-
nium states are to be discovered and more decay channels
will be measured in experiments. We expect that our
theoretical predictions in this paper will be helpful for
experimental exploration of the bottomonium mesons.
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APPENDIX: NUMERICAL METHOD FOR
SOLVING THE SCHRÖDINGER EQUATION

The method for solving Eq. (11) is outlined as follows.
Equation (11) can be rewritten as

d2uðrÞ
dr2

¼ TðrÞuðrÞ; ðA1Þ

with TðrÞ ¼ −2μR½E − Vbb̄ðrÞ − LðLþ1Þ
2μRr2

�. According to the
Gowell central difference method, we have [53]

uðriþ1Þ ¼
½2þ 5

6
h2TðriÞ�uðriÞ − ½1 − 1

12
h2Tðri−1Þ�uðri−1Þ

1 − 1
12
h2Tðriþ1Þ

;

ðA2Þ
with ri ¼ ihði ¼ 0; 1; 2…Þ. The starting conditions of the
above equation are

TABLE VIII. Two-photon decay chains of 43S1. The combined
branching fractions of the chain are defined by B ¼ B1 × B2 with
B1 ¼ B½43S1 → 33PJγ�, and B2 ¼ B½33PJ → m3S1γ�.
Decay chain B1ð10−4Þ B2ð10−2Þ Bð10−6Þ
43S1 → 33P2 → 13S1 2.1 3.3 6.9
43S1 → 33P1 → 13S1 2.4 5.4 13
43S1 → 33P0 → 13S1 1.7 0.075 0.13
43S1 → 33P2 → 23S1 2.1 2.7 5.7
43S1 → 33P1 → 23S1 2.4 4.8 12
43S1 → 33P0 → 23S1 1.7 0.010 0.017
43S1 → 33P2 → 33S1 2.1 4.4 9.2
43S1 → 33P1 → 33S1 2.4 8.8 21
43S1 → 33P0 → 33S1 1.7 0.032 0.054

SPECTRUM AND ELECTROMAGNETIC TRANSITIONS OF … PHYSICAL REVIEW D 95, 074002 (2017)

074002-15



uð0Þ ¼ 0; uðhÞ ¼ hLþ1;

Tð0Þuð0Þ ¼ lim
r→0

LðLþ 1Þ
r2

rLþ1 ¼ 2δL1: ðA3Þ

Thus, for a given binding energy E, in terms of Eq. (A2),
the radial wave function uðrÞ can be calculated from the
center (r ¼ 0) towards the outside (r → ∞) point by point.
Finally, to determine the binding energy E, we adopt the

following method. As we know, if E0 is a trial value near
the eigenvalue of the binding energy E, the asymptotic form
of the numerical solution of the radial wave function
uðr; E0Þ at large r is given by the linear combination of
the regular solution gðE0Þe−k0r and irregular solution
fðE0Þeþk0r with k20 ¼ 2μE0. Thus, we can take the radial
wave function uðr; E0Þ at large r as [53]

uðr; E0Þ ¼ fðE0Þeþk0r: ðA4Þ

Similarly, for another trial value E1, we have

uðr; E1Þ ¼ fðE1Þeþk1r; ðA5Þ

with k21 ¼ 2μE1. If fðEÞ is an analytic function, we can
expand fðE1Þ as

fðE1Þ ¼ fðE0Þ þ f0ðE0ÞðE1 − E0Þ þ � � � : ðA6Þ
If jE1 − E0j is small enough, we can only keep the first two
terms. Then, we have

f0ðE0Þ ¼
fðE1Þ − fðE0Þ

E1 − E0

¼ uðr; E1Þe−k1r − uðr; E0Þe−k0r
E1 − E0

:

ðA7Þ
Note that, if E1 is just the eigenvalue of the binding energy
E, fðE1Þ should be zero. Thus, from Eq. (A6), we have

E ¼ E0 − fðE0Þ=f0ðE0Þ: ðA8Þ
In the numerical calculations, the recurrence method is
used to calculate the eigenvalue E. Letting E1 → E0,
uðr; E1Þ → uðr; E0Þ, and E → E1, then we calculate new
uðr; E1Þ and new E with Eqs. (A2) and (A3). The
recurrence is stopped when jE − E0j ≤ ϵ, where ϵ stands
for the accuracy that we need.
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