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It is well known that conformal embeddings can be used to construct nondiagonal modular invariants for
affine Lie algebras. This idea can be extended to construct infinite series of nondiagonal modular invariants
for coset conformal field theories (CFTs). In this paper, we systematically approach the problem of
identifying higher-spin bulk duals for these kind of nondiagonal invariants. In particular, for a special value
of the "t Hooft coupling, there exist a class of partition functions that have enhanced supersymmetry, which
should be reflected in a bulk dual. As an illustration of this, we show that a partition function of an
orthogonal group coset CFT has an A/ = 1 supersymmetric higher-spin bulk dual, in the ’t Hooft limit. We
also propose that two of the series of CFT partition functions, obtained from conformal embeddings,

are equal, generalizing the well-known dual interpretation of the three-state Potts model as a

o SUG)L®SUE)

and also as SU0), L coset model.
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I. INTRODUCTION

The Wy coset conformal field theory (CFT) and its
relation with three-dimensional higher-spin Vasiliev theory
[1] is a well-tested example of the AdS/CFT correspon-
dence. This work has been extended in many directions. As
of now, there is a plethora of coset CFTs with bulk duals.
The duality has been shown to hold in the ’t Hooft limit, as
N — o0, as well as a semiclassical limit, where the central
charge ¢ — oo [2]. Recent work on this duality addresses
the embedding of the higher-spin Vasiliev theory into string
theory and the structure of the unbroken symmetry algebra
of string theory [3].

In the context of the duality between a Vasiliev higher-
spin theory and a CFT, by and large, the duality maps a
diagonal invariant of the CFT to the partition function of
the bulk theory. However, a CFT often possesses a number
of modular invariants. These come with varying spectra and
one can, therefore, expect that their bulk duals should also
be different. This is borne out by the few examples that
exist in the literature of a duality between a nondiagonal
CFT invariant and a higher-spin bulk theory [4-6].
However, so far, there has been no systematic attempt to
understand where different nondiagonal invariants of coset
CFTs fit in the duality picture. We propose to address this
question in this paper and Ref. [7].

For any coset CFT, it is a hard problem to classify all
modular-invariant partition functions [8,9]. Modular invar-
iants of a coset CFT are intimately related to modular
invariants of Wess-Zumino-Witten (WZW) models. Coset
CFTs are of the form G,/H, where the group H is
embedded in G, with s and x being the levels of the affine
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groups G and H respectively. The character of this coset
model, also known as the branching function, is the
coefficient of the expansion of the character of the affine
group G, into the characters of the affine group H,:

2§ = bl (1)

Here, b, the branching function of the coset CFT, is a
function of the modular parameter z and carries an index y
labeling the primary fields of the G; WZW model and an
index « labeling the primaries of the H, WZW model. The
problem of classifying modular invariants of a coset CFT is,
therefore, a problem of classifying the modular invariants
of WZW models. However, although a complete classi-
fication of the modular invariants of WZW models remains
elusive, it is easy to identify distinct classes of modular
invariants. All WZW models have a diagonal invariant of
the form

AR 2)

referred to in the literature as an “A”-type invariant. There is
an important class of invariants called “D”-type invariants
that can be constructed from the diagonal partition function
by modding out by a discrete symmetry of the WZW
model. We discuss them in more detail in Ref. [7]. The third
class consists of exceptional invariants or “E” type, con-
structed using a variety of methods. This class of invariants
is the one that is difficult to classify. However, there is a
subclass of E-type invariants that have a straightforward
origin. These are the E-type invariants that result from
conformal embeddings.

© 2017 American Physical Society
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An embedding H, C G, is conformal when the central
charges associated with the WZW models with gauge
groups H, and G, are equal. If H, is conformally
embedded in G, it implies that a character of G, can be
expanded in terms of the characters of H, with constant
coefficients. This means that in an expansion as in Eq. (1),
the b,, will be independent of 7. As a result of this relation
between their characters, a partition function of G, will
result in a partition function of H,. This idea has been
widely utilized [10] to construct exceptional partition
functions of many WZW models.

There is a well-known procedure to construct modular
invariants of a coset CFT once the modular invariants of
WZW models are known. We review this procedure in
Sec. II. Our aim is to study examples of modular invariants
of coset CFTs that can be constructed because a constituent
affine group of the coset is conformally embedded in a
larger group. All conformal embeddings are known. Some
conformal embeddings only appear for specific values of
the ranks of the groups G and H, however, others appear for
generic values of the rank and specific values of the levels
in terms of the rank. We are interested in the second class of
embeddings because they result in infinite series of
partition functions. Getting a series of invariants is par-
ticularly useful from the point of view of the bulk dual
because it allows one to take a 't Hooft limit. However,
since a conformal embedding always fixes the value of the
level (k) in terms of the rank (N) of the gauge group H, the
't Hooft coupling given by A = N/(N + k) is fixed at a
particular value. In all examples that we look at in this
paper A is fixed at 1/2 in the N, k — oo limit.

It also turns out that partition functions generated in this
way for different coset series are not always different. Some
of these coset series have the same central charges and by
using the method of “T equivalence” [11,12] one can find a
relation between their branching functions. In Sec. III we
give examples of such equivalences.

For identifying the bulk dual of these cosets, we need
to find the symmetry algebra of these partition functions.
In general, the symmetry algebra of a nondiagonal invariant
of a coset model is either the same as the symmetry algebra
of the diagonal invariant or an extension thereof. We show
in Sec. II that some of the partition functions constructed
using the conformal embedding technique can be inter-
preted as diagonal partition functions of a different coset
model. These partition functions, as a consequence, have a
larger symmetry algebra than the original partition func-
tions. In Sec. IV, we discuss a special case of this
phenomena, for the coset model

SO(2N),y_» ® SO(2N),
SO(2N)yn_,

(3)

Cosets with orthogonal gauge groups and their symmetry
algebras have been discussed in the literature before
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[13—18], but this particular case is new. Its importance is
related to the fact that taking a nondiagonal invariant of this
coset model, the symmetry algebra is boosted from A = 0
to A = 1 supersymmetry. This mirrors what happens for

the %W coset [5] and is part of a more general

phenomena of enlarged supersymmetry at A= 1/2 for
particular nondiagonal invariants of coset models.

This paper is organized as follows. In Sec. II, we
construct exceptional-type nondiagonal modular invariants
of coset CFTs, and identify the type of bulk duals they can
have based on their symmetry algebras. In Sec. III, we
provide evidence that two a priori distinct series of modular
invariants are actually equal. Then in Sec. IV we study a
particular nondiagonal invariant and show that it has a bulk
dual with a higher-spin symmetry algebra consisting of
supermultiplets with spin  (2k +3, 2k +2), where
k=0,1,2,.... As mentioned before, this is an analog of

the duality between a nondiagonal invariant of the coset
SU(N)y®SU(N),
SUN) y.1

algebra consisting of fields of spin (k+32, k+2)—
however, the details of these dualities are different. In
Sec. V we summarize our work and list some open
problems related to it.

and a higher-spin bulk with symmetry

II. MODULAR INVARIANTS OF THE
COSET CFT FROM EMBEDDINGS

In this section, we construct nondiagonal modular
invariants of cosets of the form

H,®H,

b
H,.,

(4)

where H denotes one of the classical Lie groups. The
“minimal model” coset

SU(N), ® SU(N),
SUN) 41

(5)

is the most studied example of this class of cosets. We will
show in Sec. I A that a particular type of nondiagonal
invariant of the coset in Eq. (4) can be reinterpreted as a
diagonal invariant of a different coset model and this
interpretation determines its symmetry algebras, which
we discuss in Sec. II B.

Modular invariants for coset models of the kind in Eq. (4)
are built up from modular invariants of the affine group H.
A general partition function of the coset CFT, for which the
level y is fixed at one, can be written as

1
z= £ Zbl‘”M(M#/)?(W/)bﬂ/U" (6)
8%

Here, # denotes the order of the outer automorphism group
of the affine algebra of H. The matrix M is given by
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M(ﬂ,ﬂ’);(v,v’) = mL;ﬂ/mify/ s (7)

such that > y,m! 7, and 3 x,m 7, are partition
functions of the WZW models H, and H, ., respectively.
For this paper, we are interested in those partition functions
for which at least one of m! or m’! is not equal to the
identity matrix so that the resultant partition function in
Eq. (6) is nondiagonal.

As stated in the Introduction, it is customary to refer to
the diagonal partition function of a WZW model as an
A-type model, while the nondiagonal partition functions are
referred to as D- or E-type models depending on their
method of construction [9]. For the coset partition function,
the same notation is adapted. Thus, the diagonal partition
function of a coset, for which the matrices m! and m!! are
both equal to the identity matrix, is denoted as the AA
partition function. A partition function for which m/ is the
diagonal matrix but m!/ is a nondiagonal matrix corre-
sponding to an E-type invariant of a WZW model is
referred to as an AE partition function.

We will construct modular invariants for the coset model
that result from conformal embeddings. For this, we first
need to know the conformal embeddings for WZW models.
In Table I, we list all conformal embeddings for the groups
SU(N), SO(N) and Sp(2n) that are present for generic
values of the group rank. Each embedding in Table I gives
rise to partition functions for two different coset models:
one for which H, can be chosen to be the embedded group
and the second for which the H, can be chosen to be the
embedded group. For example, the embeddings in rows
two and three of Table I for the SU(N) group give rise to
nondiagonal partition functions of the coset models:

SUN)y+1 ® SUN),

Series I: ’
SU(N)y,»
Series II: SUNN+1)y_; ® SUNN + 1), |
SUN+1)y
Series 11 SU(N)y.» ® SU(N), |
SU(N)y43
SUN +1 SU(N + 1
Series [v: SUN T Dua ® SUN+1),
SUN -+ Dy
TABLE I. Conformal embeddings that are present at generic

values of the rank for the classical Lie groups.
SO(N c N(N-1)
(N)ya € s0(¥0)

SU(N)y C SO(N*—1), Sp(2N)y,, C SO(N(ZI;’H))
1

SU(N)y42 C SU(N(N+1>> SO(N)y2 C 50(—(N‘1)2(N+2>)
1 1

2

SU(N)y_, C NN-1)\  Sp(2N)y_; C (N=1)(2N+1)
(N)n—2 SU( 5 )1 P(2N)y_, Sa(f)l
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Not all the partition functions obtained in this way are
distinct. The central charges for Series I and Series II are the
same, implying that there may exist a relation between the
branching functions of these cosets. In fact, we present
evidence in Sec. III that the partition functions obtained via
conformal embeddings for these two series are the same.
This kind of equivalence happens for other series of coset
models as well. The following two series,

SO(N)y_» ® SO(N),

Series V: ,
SO(N)y-
N-1 N-1
Series VI: SO( )y ® SO( h , (9)
SO(N = 1)y,

also have identical central charges.

A. Interpretation as a diagonal invariant

Of particular interest are nondiagonal partition functions
of Eq. (4) that are equal to diagonal partition functions of a
different coset model. This is possible if it is the group H,
that is conformally embedded in another group G,. In this
case, a specific partition function of Eq. (4) is equal to the
diagonal (AA) partition function of the coset model:

G, ® H,

g (10)

x+y

This comes about in the following way. A conformal
embedding implies that the characters of G, can be
expanded in the characters of H, as

x? :ny)(;lx, (11)

where the cg,’s are constants independent of 7. The
characters are, in general, functions of 7z and z where z
is in the Cartan subgroup of the associated group.
Therefore, the diagonal partition function of G,,

2 : G, G,
Zgiagonal = 4 gZ{j ’ (12)
4

results in a nondiagonal partition function of H :

H, |2
ZnHondiagonal = Z|c§yxﬂ< : (13)
¢

The branching function B, for the coset model in Eq. (10)
obeys the following equation:

G, H, Hyy
XeXo = ZB@HZD o (14)
14

Similarly, the branching function b, of the coset model in
Eq. (4) obeys
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H, H, Hepy
X de = buer (15)
14

Summing on both sides over the index y after multiplying
each side with the coefficients cg, gives

S caixy =9 Cobuets ™ (16)
H uoov

Using the relations in Eqs. (11) and (14) and the linear

+y

. H .
independence of the characters y, " results in

B§y0 = Zc‘fﬂbﬂl’e' (17)
u

As for the WZW models, the above relation implies that the
AA diagonal partition function of the coset model in
Eq. (10) yields a nondiagonal partition function of the
coset model in Eq. (4).

B. Extended symmetry algebra

The currents of the coset model are those fields of the
G, ® Hy WZW model that commute with all fields of
H, . To find the extended symmetries of the coset model
in Eq. (10), we use the method in Ref. [11]. Although this
method does not give all the currents associated with the
coset model, it allows us to quickly identify the type of
symmetry algebra associated with a model. For example, it
will allow us to determine whether the algebra is
supersymmetric.

Following the usual convention, we denote the algebra
associated with a affine group with lowercase letters, so e.g.
h, denotes the algebra associated with the group H,. The
goal is to identify a field ¢ in the representations of g, that
commutes with all fields of fzy. Such a field is denoted as an
“h scalar” and can be shown to extend the conformal
algebra. To identify such h scalars, it is convenient to
consider cases according to the integral part of the
conformal dimension A, of the field ¢. If the conformal
dimension of the field is between 0 and 1, then ¢ can just be
the vacuum state. For A to lie between 1 and 2, it is a
necessary condition that a field transforming in the adjoint
representation of / exist in the decomposition of repre-
sentations associated with g,.. If such a field exists, it has a
corresponding h scalar whose conformal weight is given by

TABLE II. Conformal embeddings that give rise to super-
symmetric models.

SO(N Cc N(N-1
(N)n-2 50( (2 ))

1

SU(N)y C SO(N?-1),

Sp(2N - N(2N+1
p( )N+l SO( 5 ))1
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Qy
— 18

where Q,, is the quadratic Casimir of the adjoint repre-
sentation of H. Using the above equation we can find the
dimension of the extra symmetry current for partition
functions associated with the conformal embeddings listed
in Table I. As mentioned above, for this symmetry current
to be present, one also needs to check that the adjoint
representation of h appears in a decomposition of the
allowed representations of g,. In Table II, we list the
conformal embeddings that result in partition functions
having a current of spin 3/2. All the groups listed in
Table II are embedded in a group of the form SO(M),
whose WZW model can be realized in terms of free
fermions.

Not all embeddings in Table I give rise to partition
functions with an extra symmetry current with conformal
dimension in the range of 1 to 2. While some of these
models have parafermionic currents at special values of the
rank N, these currents are not generic to the whole series.
Indeed, some of these partition functions may just have the
symmetry algebra of the original theory, without any
extension.

III. EQUIVALENT PARTITION FUNCTIONS

The central charges associated with Series I and Series 11
are equal and given by

(N-1)(3N +2)
C =
N 4N +2

(19)

However, in general these two series are not isomorphic. The
branching functions associated with these series, and hence
e.g. the diagonal partition functions, are known to be
different. Our claim in this section is that a particular AE
partition function of series I corresponding to the conformal
embedding SU(N)y,, C SU(N(N +1)/2), is equal to an
EA-type partition function of series II coming from con-
formal embedding SU(N + 1)y_, C SU(N(N +1)/2),.
We also propose that a similar equivalence of partition
functions takes place for Series V and Series VI. For much
of this paper, we will concentrate on Series VI, however, from
the point of view of equivalence of partition functions, Series
I'and Series II present the more interesting case. Therefore, in
this section we will focus on these series.

The equivalence is well known for the first members of

the two series, i.e. for the N =2 case. The partition
(2);®5U(2)

function of coset 3 U0, L corresponding to the embed-
ding SU(2), c SU(3), is
Zhp = Zhp = |by + B3P + |b} + by + 2|B5* + 2/b) .

5 5 3 15

(20)
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Here and subsequently, the partition function depends on
q = exp(2zit). The superscript I on the branching function
b indicates that it is a branching function of Series 1. For
ease of notation, the branching functions in this case
are labeled by the conformal weight of the coset primary
field, rather than by the weights of the primaries of
the constituent WZW models. The partition function of

the coset %&](3)‘ corresponding to the trivial embed-

ding SU(3), c SU(3), is simply the diagonal partition
function

2l = 2, = BB+ B2 + 208 P + 2B (21)

It can be shown that the branching functions of the two
coset models are related as

by =bh by, b=
P =p bl bl
5 5 5

Zl = |b})+b13|2+2|b§8+b |2+2|bI +bm|2+2|bI +b |2+|2b39
+|b} + byl® +2|by + bl + by + bl + 2|}, |
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and, therefore, that Z!,, = Z1,. In this section, we propose
that this equivalence extends to the whole series. Although we
will not provide a complete proof of this, we provide several
pieces of evidence to support this proposal. First, we show in
Sec. IIT A that this equivalence holds for N = 3, by explicitly
calculating the branching functions. Then in Sec. Il B we
show that these coset series are dual or 7" equivalent [11,12].
T equivalence implies that there exist some relations
between the branching functions of the equivalent coset
models and that, therefore, a partition function of one can be
the same as a partition function of another. In Sec. III C we
provide an exact statement of the equivalence.

A. The N =3 case
SUB),@SUB),
SU(3)s

corresponding to the conformal embedding SU(3)s C
SU(6), can be constructed using the general form in
Eq. (6) and the E-type partition function for the SU(3)s
partition function as given, for example, in [10]. The exact
form of the partition function is

The AE partition function of the coset

+ by |* + 265
21 4

+2bL, _ + bil? + 26 +2/bgs | + m|2+2|bﬂ_+b£%3|2
+ 2|bY, + bY|? +2|bL + bL > 4 2|b1, + P+MH+bM2 (23)
21 21 7 7 12
|
Here, again,'we hqve labeled the fields solely by t.he'ir cqset bg + b131 _ b%) Lpl pl=pl 4 bas, béﬁ _ bés n ng,
conformal dimension, except where we need to distinguish bl I A 84 s
the fields for the identities listed later in this section, in bH bl = b, +bg7, bg = b;ﬂLbl s b =hl +b233,
which case we have included the W3 charge denoted by =+. ® 0= B oow
The corresponding SU(3), and SU(3)s weights for the bPerH l?I +b%, bH = bL _ +bL116, bg b; +bm,
fields present in the partition function appear in Table III in I [ 0 0o
Appendix C b +b10—b +b10, blz—b%"'bg?, b%i b;i++b32a
The EA partition function of the coset % bH bﬁ = b}) + b% bﬂ = b{l + bsg, b% = bi—?’
corresponding to the embedding SU(4), C SU(6), is
PORAIng g SUM), € SU(6), DI =bl. bU=bl+bh. bY=bL, (25)
28 28

Zia = |bh + D51 +2[bY + I + 2[b5 | + [2)'?

+2|BY P+ B+ B + 2|b%[* + |bY + bl
21 7 7 84 7 7

+ 4|D1 P + 2657 + 4|b* + 2[bL[* + 2|5t
21 28 84 21 7

+ BI|* 4 2[bli|* + [205* + 2|bY[. (24)
7 12 28 3

The corresponding SU(4), and SU(4); weights for the
fields in the partition function appear in Table I'V.

The branching functions of the two coset models are
related by the following identities:

We have derived these identities by computing the branch-
ing functions for both coset models. The g-series expan-
sions for these branching functions are given in Tables III
and IV. Using these identities, we conclude that
Zl,, = Z1,. Note that identities of this type can only
work if the minimum conformal dimension of fields
associated with branching functions appearing on the lhs
is the same as the minimum conformal dimension of field
associated with branching functions appearing on the rhs.
Further, all fields appearing in a identity should have
conformal dimensions differing by integers. This observa-
tion makes it easy to predict what identities can hold for the
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N > 3 cases. We have numerically checked the equivalence
of partition functions of the two coset series up till the
N =5 case.

B. T equivalence

In this section, we show that the Series I and Series II
cosets constitute a dual pair, following the method in
Refs. [11,12]. We use lowercase letters to denote the affine
algebra associated with a WZW group, for example, §
denotes the affine algebra for the group G,. Then, the two
cosets g/ h and § J/ i’ are said to be T equivalent or dual if
there exists an affine algebra g, such that g @ i and § J e h
are both conformally embedded in §,. Because of the
conformal embedding the stress-energy tensors of these
algebras are related as

T, =Ty+Tjy =Ty +T; (26)

Ye

From this it follows that Tyi =Ty T-equivalent cosets,

therefore, have equivalent stress-energy tensors.
As an example, let us first show that Series V and Series
VI of Eq. (9) are T equivalent. For these two series we have

30(N)y_, @ 80(N);,
30(N)y_1,

Using the embeddings

§=80(N—1)y®8o(N-1),,

9=
h= W =80(N—1)y,. (27)

80(N)y_, C 80 (W) and
8o(N = 1)y, C %0 <w2w“)>l (28)

listed in Table I, we find that

g@ﬁ/cgo<w>
1

® 80 (W)l ®8o(N),.  (29)

Further using the conformal embedding 8o(M), ®
80(N), C 80(M + N), one can establish that
G@®h c8o(N2-1), (30)

is also a conformal embedding. By a similar argument one
can see that

7 ®hcso(N2-1), (31)

is also a conformal embedding. Therefore the two SO-coset
series of Eq. (9) are T equivalent.

PHYSICAL REVIEW D 95, 066015 (2017)

TABLE IIL
AE partition function of the coset

Branching functions for the primary fields of the
SUB3),®SU3),
SUB),

Weight  Conformal
(a,8) weight Branching function b,s(q)
(L1, 33 3 ‘”s(l+2q+5q2+8q3+16q4+26q5+-~-)

(12, (L3 5 @(l49+3¢2+5¢3+10¢* +1645+---)
(L4, (1.4)
(12), 43) 3 4B(1429+5¢*+10¢3+18¢* +32¢°+--*)
(1.4), 4,1)
(13), (13) & gw(1+g+3¢>+5¢°+10g* +16¢>+--)
(1,3), (1,4)
(13), @D B G&(142¢+5¢42+9¢3 +17¢* +29¢°+---)
(1,3), (4,3)

(2.2, 23)  F  gw(142g+5¢2+10¢°+19¢* + 3445 +---)
(2,2), 3,2

(2,2), (6,1)

(13, (23) 1 ge(142¢+4¢*+8¢3 +15¢* +26¢°+--)
(L3, 6.1 ¥ GR(14+2¢+5¢*+8¢3 +16¢*+26¢° +---)
gg 813 g gw(14+2q+4¢>+84° +15¢* +26¢4° +---)
22), 34 B G8(14+2¢+5¢42+9¢3 +18¢* +3145+-)
(2,2), 4,3)

22,33 3 gs(14+29+5¢*+10¢° +204* +364° +---)
22), (L) 2 G&(14+29+3¢2+643+104* +164°5+---)
(},i), (i,é) Ht @m(14+q+2¢* 3¢ +64* +9¢5+---)
(1,4), (1,6)

(1.2, 23) §.—  ¢5(1+2q+4¢>+8¢> +15¢* +264° +--)
(1,4), 2,3)

(1.2), 33) 3 gH(1+2¢+5¢2+94° +18¢*+314°+---)
(1.4), 3,2)

(},i), (g,}) U 5 (142g+4¢>+84° +14¢* +24¢° +--)
02 (8 65 |
(1,4), (1,3)

8,3;, 8,‘113 ® - E(2q+47+T4 +13¢ +21¢5+--)
8421; 53:3 19 (1 42g+ 47 1843+ 14g" +24g5 )
8421; gzg B 8142454196 + 174 +29¢5 1)
83; 8% U B(1429 1564947 + 18"+ 3145 )
(i;; (13 ¥ Go(14+q+3+43 +8¢* +12¢5+---)
E}ig égg O GB(142q+5@+9¢° +17¢" +29¢5 )

*(14+q+3¢*+5¢° +104* +16¢° +-)

82 8?; I g(14q+32+5¢43+9¢* +14¢° +--)

LD, (13) 1 8143 +4g3+8¢" +124°
nan B g (1+q+3¢>+4¢° +8¢* +12¢°+-)

(LD, 3,

83 8‘31; Y ge(142¢+5¢*+9¢> +17¢* +28¢° +--)

(1,1), (2,3) % q%(l+2q—|—4q2+7q3+13q4+21q5+...)

(1,1), (3,2)

(Table continued)
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TABLE III. (Continued)

PHYSICAL REVIEW D 95, 066015 (2017)

Series I and Series Il of SU cosets given in Eq. (8) can be

Weight
(a.6)

Conformal
weight

Branching function b,s(g)

shown to be T equivalent with an additional factor of
u(1l),. To be more precise, it can be shown that the two
cosets

(LD, (1,6) 2 & (14q+3¢*+5¢°+10g* +15¢°+---)
(1,1, (6,1)

22, 14 B g&(1+2g+4¢*+8¢3+15¢" +2645+--)

(2,2), (4,1)

(13), B, B G&(1+2¢+5¢*+8¢>+164*+264°+--)

39

(1,3), 3.4)

(1,1, (1,4 3 q%(l+q+3q2+5q3+9q4+14q5+-~)

(1,1), (4,1)

3u(N)y @ su(N); & u(l),

su(V)y and
Su(N+1)y_ ®3u(N+1), & u(l), (32)
Su(N+1)y

are T equivalent. For these two cosets we have

TABLE IV. Branching functions of primary fields of the EA partition function for the coset

NYC) ) QSUM),
SU4)s

Weight (8, )

Conformal weight

Branching function b, (q)

(1,1,1), (1,1,1)
(1,3,1), (1,1,1)
(3,1,1), 3,1,1)
(1,1,3), (1,1,3)
(3,1,1), (1,1,3)
(1,1,3), (3,1,1)
(1,2,1), (1,3,1)
(1,2,1), (1,3,1)
(1,2,1), (2,2,1)
(1,2,1), (2,2,1)
(1,3,1), (1,3,1)
(1,1,1), (1,3,1)
(2,1,2), (2,2,1)
(2,1,2), (2,2,1)
(3,1,1), (2,2,1)
(1,1,3), (2,2,1)
(2,1,2), (3,1,1)
(2,1,2), (3,1,1)
(2,1,2), (1,1,3)
(2,1,2), (1,1,3)
(1,3,1), (2,2,1)
(1,1,1), (2,2,1)
(1,2,1), (1,1,3)
(1,2,1), (1,1,3)
(1,2,1), (3,1,1)
(1,2,1), 3,1,1)
(2,1,2), (1,3,1)
(2,1,2), (1,3,1)
(1,1,1), (1,1,3)
(1,1,1), (3,1,1)
(1,3,1), (3,1,1)
(1,3,1), (1,1,3)
(1,2,1), (1,1,1)
(1,2,1), (1,1,1)
(1,1,3), (1,3,1)
(3,1,1), (1,3,1)
(2,1,2), (1,1,1)
(2,1,2), (1,1,1)
(3,1,1), (1,1,1)
(1,1,3), (1,1,1)

Ble w o

[
\O

14
®

Ll

N

oclN
£ 1\0 joe =

=3

[
—_

<% Qe

5]

Wl

B =}

g1+ q>+2¢° +4¢* +5¢° +---)
g5(1+q+4¢* +6¢° +12¢* +18¢° +---)
g% (1 +q+2¢* +4¢> +7¢* +12¢° + - )
(1429 +5¢* +9¢° + 17¢* +28¢° + - --)
g1+ g + 44> +7¢° +15¢* +25¢° + - )
qliﬁ( +2q+5¢*+ 11g° +21¢* +38¢° + -+ )

(14 g +3¢% +4¢° +9¢* + 14¢° + - -+)
(14 q+4¢*> +6¢° + 13¢* +21¢° 4 - - )
(143g+64¢* +13¢° +24¢* +44¢° + - - )

q I

18

—oc

qios
L
q1es

i(1+2q+4q +7¢> + 14¢* +24¢° + - -+)
®(1+3q+ 64> + 12¢° +22¢* + 3745 + - --)
g5 (1 +2q + 4¢* +8¢° + 15¢* +27¢° + - )

oc

q

qR(1 +2q + 4> + 8¢° + 15¢* +26¢° + - - )

g5(1 +2q +5¢* +9¢° + 18¢* +30¢° +---)

giw(1+3q + 6¢% + 12¢° +22¢* +39¢° + ---)
(1 4+ q+3¢%+5¢° +10g* +16¢° + - --)
(14 2q +5¢% + 84> + 16¢* +26¢° + - --)
qn(1+q+3¢* +4¢° +9¢* +14¢° + )
&1 +2g + 5¢* + 8¢% + 16¢* +26¢° + - - )
g8l +2q +4¢> + 74> + 13¢* +22¢° + - )

(1 4+ q+3¢* +5¢° +9¢* +14¢° +---)
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§=28u(N)y, ®su(N), & u(l),,
g =38u(N+1)y_ ®su(N+1), &u(l),
h=8u(N)y., K =38u(N+1)y. (33)

Making use of the conformal embeddings

u(N)y, ®8u(N+1)y c8u(N(N+1));, and
8u(N), ® u(l), c 8u(N +1), (34)

we see that
G® N csu(N(N+1)), ®@su(N-+1), (35

is a conformal embedding. Similarly, using the conformal
embeddings

3u(N)y.o C3u(N(N +1)/2),,
8u(N+1)y_; C3u(N(N+1)/2),,
su(M), @ 3u(N), ® u(l), C8u(M+N), (36)

we can see that
J@®hcsu(NIN+1), ®@su(N+1), (37)

is also a conformal embedding. Hence the Series I and
Series II coset models of Eq. (33) are T equivalent, albeit in
a weaker form than the Series V and Series VI cosets.

C. Proposition

The branching functions of T-equivalent coset models
are, in general, related in some way [11,12]. This can be
seen in the context of Series I and Series II coset models
as follows: as shown in the last section, combinations
of the constituent groups of the coset models are embedded
in SUNN+1)), ®@SUNN+1),. A character of
8u(N(N + 1)), @ 8u(N + 1), can be expanded in terms
of the characters of § and i’ on one hand, and g and h on
the other, with §, %', i/, h defined in Eq. (33). These
expansions results in a relation between the branching
functions of §/h and of §/ /i'. To actually find the relation
between the branching function of the Series I and Series 11
coset models using this procedure, one has to disentangle
the characters of the additional U(1) from the equations
obtained. This is somewhat complex and we leave this to
future work. We note that the Series V and Series VI coset
models do not have this problem and hence it should be
straightforward to derive the relations between their
branching functions. Our aim in this section is to write
down the identities, involving the branching functions of
the Series I and Series II cosets, that we expect to be true
based on the numerical evidence for low-lying N values.

PHYSICAL REVIEW D 95, 066015 (2017)

We first show that an exceptional-type partition function
of the SU(N)y,» WZW model is equal to a partition
function of the SU(N + 1),_, model. The character X, of

the SU (W)l model, corresponding to a primary field

of weight 4, can be split in two ways:

X; = c35P5, (38)

Here @} is the SU(N)y,, character while @ is the
SU(N + 1)y_, character, and a double index implies
summation. The coefficients ¢,; and d,; are independent
of 7. The above results in the character identities

Ciéq)lé = d/{ﬂ@lﬁl (40)

The number of these identities corresponds to the number
of characters X, of SU(M) p which is N(N +1)/2,
equal to the number of primary fields.

The diagonal partition function of the SU (W) 1

model is X,X,. Using the identities in Eq. (38), this results
in the exceptional-type partition function of SU(N) at level
N +2,

ZIE = c/{(sc/{/)'q)é(_b‘lﬂ' (41)

Similarly, there exists a partition function for SU(N + 1) at
level N — 1, given by

Because of the identities in Eq. (40), there exists the
corresponding identity

Zl = zZ1, (43)

Based on the numerical evidence for N = 3, 4, 5, our
claim is that the branching functions b}jﬁ, of Series I and b,

of Series II obey the following identities:
C/wb}sa = dﬂ’ﬁbg’/)" (44)

The coefficients c¢,5 and d;/ that appear above are the same
as in Eq. (40). We propose that there is a one-to-one map
between the indices (4, ) appearing on the lhs and the
indices (', &) appearing on the rhs. Below we show that
this statement is at least compatible with a counting of the
primary fields of the coset models that appear on either
side. The indices 4 and A’ both label the weights of

SU(M) - The index a labels a weight of SU(N)y.,

and the index o labels a weight of SU(N + 1),. Even
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though, the number of primary fields of these two WZW
models are different, a one-to-one map between them can
still exist in the coset context, because we also need to take
field identification into account. For an SU(M), WZW

model, the number of primary fields is given by %

The number of primary fields of the WZW SU(N)y,,

(2N)!

model is, thus, W= NI We can choose to restrict the set

of primary fields of the Series II coset such that we include
primary fields with no restriction on the weights of the

SU(N)y, factor, but only include 1/N of the weights of
the SU(N)y. factor. The index a then has count %
Similarly, for Series III, we can restrict the set of primaries
such that we keep fields with any weight of the

SU(N + 1)y_, factor but with 1/(N + 1) weights of the

SU(N + 1) factor. The index o again has count %

The total number of identities is 20\}_21—% These concepts
are illustrated for the N = 3 case in Appendix C.

Note the fact that the count of the index a is the same as
the count of the index ' (at the coset level) is actually a
reflection of the level-rank duality between SU(N) ., and
SU(N + 1). In fact, we can fix the set of elements «/,
given the set of elements a. For a representation «
of SU(N)y,;, the corresponding representation o of
SU(N + 1), can be determined by exchanging rows for
columns in the Young tableau for @ [19]. For the N =3
case, for instance, this maps the set in Eq. (C2) to the set
in Eq. (C4).

The reason the index 4 in Eq. (44) is not simply equal to
A is because the identities at the coset level are dependent
on the conformal dimension of the coset primary fields as
stated at the end of Sec. III A. Formally, let us denote the
weights associated with the coset primary field with a
nonzero coefficient (that is, a nonzero c;; and dyp) and
minimum conformal weight by (4;a, 8,,;,) on the lhs of
Eq. (44) and by (A'; ', frin) on the rhs. Then, a identity of
the form in Eq. (44) can only work if the conformal
dimension of the fields labeled by these weights are equal,
that is,

h[(%; @, 6min)] = R{(X's &, finin)]- (45)

The conformal dimension /# depends on the weights of the
constituent WZW models as in Eq. (C8). It is not always
necessary that the weight f.;, that solves the above
equation for fixed a and d,,;, is present in the branching
of the character of the specific representation A into
representations of SU(N + 1),_,. This is again illustrated
in Appendix C.

The statement of equivalence of partition functions for
the Series I and Series II coset models is as follows. If the
identities in Eq. (44) are satisfied, it will imply that the AE
partition function of Series I given by

PHYSICAL REVIEW D 95, 066015 (2017)
Zhg = CisCipbible (46)

and the EA partition function of Series II given by

Zhy = digdip bl bl (47)
are equal. To complete the proof one needs to prove the
identities in Eq. (44).

IV. A N'=1 EVEN-SPIN CFT ALGEBRA
AND ITS BULK DUAL

Out of the conformal embeddings listed in Table I, the
most interesting cases are the embeddings in the first row
which result in supersymmetric coset models. Of these,
the coset model corresponding to the case SU(N)y C
SO(N? — 1), has already appeared in the literature [5].
In this section, we study the coset model

SO(2N),y_, ® SO(2N),
SO(2N)ay-i ’

(48)

which we refer to as the Dy coset model at fixed level. This
coset model is a special case of a Dy coset model at a
general level k:

SO(2N), ® SO(2N),
SO(2N) 41

(49)

As stated earlier, the uniqueness of the coset model in
Eq. (48) stems from the fact that when the level
k =2N —2, exceptional invariants with extended sym-
metry algebras appear.

We quickly review the coset model in Eq. (49) and its
corresponding bulk dual which is a higher-spin theory with
gauge group hs¢(4). For details, the reader is referred to
[13]. The spectrum of the coset diagonal invariant consists
of representations specified by (A, A_), where A, and A_
are highest weight representations of SO(2N), and
SO(2N),, respectively. The vacuum sector of the theory
corresponds to both A, and A_ being identity representa-
tions. For the diagonal invariant, the vacuum sector
determines the spin content of the symmetry algebra of
the coset model. This has been shown to be a bosonic
algebra containing currents of spin 2,4, 6, ..., co, known as
WE (), which is also equivalent to the asymptotic sym-
metry algebra of the bulk theory. CFT representations of the
form (A,,0) map to a real scalar in the bulk, while
representations of the form (0, A_) map to conical defects
[2]. In the *t Hooft limit, certain states decouple on the CFT
side and the resulting partition function is exactly equal to
the bulk thermal partition function.

Our goal in this section is to identify a bulk dual for the
EA invariant of the coset model in Eq. (48). For this
purpose, we first compute the exact symmetry algebra of
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this invariant in Sec. IVA. We propose the bulk dual in
Sec. IV B and show that its partition function agrees with
the CFT theory. This serves as a proof of concept for the
existence of the bulk dual of this coset model. We leave
the finer details of this duality, for example, matching the
nonvacuum sector of the CFT partition function with a
matter sector in the bulk, to future work.

A. The Dy coset at a fixed level

As stated previously, the extended algebra for the coset
model in Eq. (48) is the algebra associated with the
diagonal invariant of the coset

SO(M), ® SO(2N),
SOQ2N)y-y

(50)

where M = N(2N — 1). From the calculation in Sec. II B,
we expect this algebra to be supersymmetric. One way to
find the symmetry algebra of this coset model is to calculate
its vacuum branching function, which we denote by Biq,),
directly. However, it is much easier to compute the
branching function of the coset model in Eq. (48) and
then sum over the relevant sectors to get Bgp). To
determine which sectors go into the summation, we find
the branching rule for the vacuum sector of the coset model
in Eq. (50) in Sec. IVA 1. Then in Sec. IVA 2 we find the
symmetry algebra.

1. Branching rules

The diagonal partition function for the coset in Eq. (50)
can be rearranged in manifestly supersymmetric form. In
the following, we denote a representation of any coset
model as (A, A_)—we hope it is clear from context which
coset model it is a representation of. The vacuum sector
(0; 0) for the supersymmetric diagonal invariant is given by
a sum of the (0; 0) and (v; 0) sectors of the coset model in
Eq. (50). These sectors, further, decompose into sectors of
the coset model in Eq. (48), according to the appropriate
branching rule.

The branching rule for the (0; 0) and (v;0) sectors of
the coset model in Eq. (50) is determined solely by the
branching rule of the 0 and v representations of the WZW
group SO(M), into representations of SO(2N),,_,. Since
we are looking at a EA-type invariant, the representation
associated with the SO(2N),,_, group remains fixed on
both sides of the branching rule for the coset model, being
in this case the identity representation.

The branching rule for decomposing the SO(M), rep-
resentations into representations of SO(2N),y_, can be
worked out explicitly for small values of N, using the
method in Ref. [20]. For example, for N = 3, the branching
rule for the vector and vacuum representations of SO(15),
into representations of SO(6), is

PHYSICAL REVIEW D 95, 066015 (2017)
(07) = (0,0,0) ® (1,0,2) @ (1,2.0) ® (4.0,0),  (51)

(1,0° = (0,0.4) @ (0,1,1) @ (0.4,0)® (2.1.1).  (52)

As a general rule, it is a necessary (but not a sufficient)
condition that only those representations A can appear in
the branching of a representation II, whose conformal
weight differs from the conformal weight of I1 by integers.
The weights of the vacuum and vector representations of
SO(M), are 0 and § respectively. Therefore, to find the set
of weights of SO(2N'),,_, that can appear in the branching
of these representations we need to find the set of weights
whose conformal dimension /%; is an integer or a half
integer. In the large N limit, the conformal dimension of a
representation A of SO(2N),y_, is given by

_ Cy(A) N B(A) n D(A) + B(A) . (53)

h
ANTAN-47 4 2(4N - 4)

Here, B(A) is the number of boxes in the Young tableaux of
the representation A and D(A) is defined in Eq. (A9). For
h; to be an integer or a half integer, both the first and
second terms in Eq. (53) should be separately integer and
half integer. Therefore, the condition that a weight appear in
the branching of B/q,), in the infinite N limit, is that B is an
even non-negative integer and that D(A) + B(A) be a
multiple of 4N — 4 (including zero). However, since in the
large N limit we only include those weights in the partition
function whose number of boxes B(A) is finite, and D(A)
being of O(1), the second condition reduces to
D(A) 4+ B(A) = 0. We now examine what Young tableau
satisfy these requirements. This is best seen in the
Frobenius notation for these diagrams, which is reviewed
in Appendix A. In the Frobenius notation, B(A) and D(A)
are given by Eqs. (A12) and (A13) respectively. Therefore,
the condition D(A) 4+ B(A) = 0 becomes

St =3 (bg) -3 (a43)" 0

i=1 i=1

It is easy to see that a representation with Frobenius
coordinates of the generic form

< a; a, . ag ) (55)
a1+1 a2+1 ad—i—l

will always satisty the condition in Eq. (54) as well as the
condition that B € 2Z,. We denote this set of Young
diagrams by X. Note that the identity representation also
belongs to this set X. In addition, there are some repre-
sentations that are not of the simple form in Eq. (55), but are
solutions of the Eq. (54). However, one can verify that they
do not appear in the branching of B at finite N and,
therefore, also do not appear in the infinite N limit. It can be
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explicitly checked that the branching rule for the vacuum
sector of SO(M),, denoted as Vac below, for small values
of N takes the following form in Frobenius notation:

1 2 1
\Y \Y 56
ac — ac+<2) + <3 2)—1— (56)

if we retain only the representations that appear in the
infinite N limit. The branching of the vector representation
takes a similar form.

2. The vacuum partition function

The vacuum branching function of the coset model in
Eq. (50) is given by

Biowo) = Y bia.0)- (57)

s>

The branching function b, o) of the coset in Eq. (48) is
worked out in Appendix B, in the 't Hooft limit. In
the following, we denote the Young tableaux associated
with a representation A as Y(A), with the transpose
denoted by Y7(A). Then, the branching function can be
written as

ba,0)(q) = gFM(q) Py 1(4)- (58)

Here, M¢(q) is the modified even MacMahon function:

Me(q) Eﬁﬁl_]qn. (59)

P y—
seven

The Pﬁ( A) (q) are the modified Schur functions

Pi

v (@) = g Wchy (Uy), (60)

where chy (U},) is the Schur polynomial defined as

chp(Uy) = Z thH’ (61)

TETab,, i€T

with U), being a diagonal matrix having matrix elements
(Up);; = g'*". The sum is over a filling of the boxes of a
semistandard Young tableau of shape A with integers i > 0.
When the level k = 2N — 2, the coupling 4 = 1. Using the
identity

g#Wchy (Uy) = chy (Uy), (62)

2
the branching function becomes

ba,0) = g7 M (q)chyr(Us). (63)

PHYSICAL REVIEW D 95, 066015 (2017)

To get the vacuum character of the supersymmetric theory
we sum over all representations that belong to the set X, as
stated in Eq. (57). The vacuum character is then

Biowy(q) = Y a7 #M*(q)chsr (Uy). (64)
AEX

To extract the higher-spin algebra from the vacuum
character, we make use of a Littlewood identity which
appears, for example, in [21,22]. [It is the identity in Eq. (4)
in Ref. [21].] The identity is

ZChA(Uh) _ H(l + qi+j+2h), (65)

Aex” i2j

where the variable j runs from 0 to co. Here, X is the set of
representations that are transposes of the representations in
2 and in Frobenius notation are of the form

a+1 a+1 ... a;+1
< I 2 d ) (66)
a ar . ag
and also include the identity representation. The vacuum
character then becomes

Boo)(q) = g5M(q) [ J(1 + ¢+7+3?)

i>j

=g [0+ @7

sodd

The spin content of the vacuum algebra is, therefore,

3 7 11 3
(5,2), (5,4), <7,6>,..., (2k+§,2k+2>,..., (68)

where k =0,1,2,.... This is a A/ =1 supersymmetric
algebra, which we denote by sW¢..

B. Bulk dual

In this section, we show that there exists a consistent
higher-spin theory in the bulk with algebra corresponding
to the spectrum in Eq. (68). An algebra of this form first
appeared in Ref. [23], for bulk dimension D = 4. In that
paper, the authors showed that the ' = 1 supersymmetric
shs, (1) algebra, where p is a parameter with values either O
or 1, contains subalgebras with fields having spin

3
s =2k+2 and s:2k+§+a, (69)

where «a is either O or 1. These algebras are denoted as
shs(1|a) = shs,(1]a), since they are independent of p. For
both values of «, these algebras are superalgebras, but the
a =1 case is not supersymmetric. Subsequently, in
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Refs. [24] and [25], it was shown that the same structure
exists in D = 3. Note that the field content of the shs(1]0)
algebra coincides with that of Eq. (68).

The general higher-spin theory in the bulk is a N' =2
supersymmetric theory which has a free parameter u related
to the masses of the matter fields. This is known as the
Prokushkin-Vasiliev theory and has a gauge group corre-
sponding to an algebra known as shs(u), with the asymp-
totic symmetry algebra of the theory being sW.. In
Sec. IVB 1, we list possible truncations of the shs(u)
algebra, from the viewpoint of the higher-spin algebra
being a wedge algebra of the N =2 sW,, algebra and
show that the shs(1|0) algebra is an allowed truncation. In
Sec. IV B 1 we show that there exists a truncation of the full
N =2 Prokushkin-Vasiliev theory associated with this
algebra, following Ref. [26].

1. Truncation of shs(u) algebra

In this section we sketch how the shs(1]0) algebra can be
constructed as a subalgebra of the N' = 2 shs(u) algebra
when u = 1/2. In fact, at this special point, the N =2
shs(u) algebra has a number of subalgebras [27].

For a general y, the standard method to construct the
shs(u) algebra is to factor the universal enveloping algebra
of 08p(1,2) by an ideal. In detail,

U(osp(1,2))
<Co§p(l.2) - %M(M - 1)1> ’

shs(u) ® C = (70)

where Cqy (1 2) is the quadratic Casimir of 08p(1,2). The
generators of the shs(y) algebra can be constructed [5,27]

in terms of Vf,f)i defined as

V™ = $ayo ) (1 £ Q) (71)

where the operators y, obey the algebra

[yaﬂjjﬂ]:2i€aﬁ{1+(2ﬂ_1)Q}’ {Q,jla}:(), QZZI
(72)

Changing the basis to
wit = vt Vi (73)

the bosonic generators of 08p(1,2), which is a subalgebra
of shs(u), can be written as follows:

The fermionic generators are

PHYSICAL REVIEW D 95, 066015 (2017)

1 in = 1 in 5
GJr% = Ze_T <W§i+>, G_% = Ze_T <W@>+> (75)

1
2

As is apparent, there is a second set of bosonic and

fermionic generators that can be constructed as WS,S)_E

VT v~ In fact, the shs(u) algebra can also be
constructed as a quotient of the universal enveloping
algebra of 08p(2|2). The algebra is, therefore, a N =2
supersymmetric algebra with field content:

33 55 77
<17§7§a2>’ <2157§a3>a (3’57574>“" (76)

The shs(u) algebra is the wedge algebra of the N = 2 sW,

algebra in the ¢ — oo limit. The generators of the sW,
(5)+ ()+

algebra are L,,’~ and G, ', where § is a integer obeying
s >2 and lel)_. The spin of the operator Lﬁf)i iss=3s§

while the spin of Gf{ai

consists of the supermultiplets (5,5 — %) corresponding to
the generators (Lﬁ,sﬁ, Gs,s)i). For this algebra one can
implement an automorphism [27], such that the generators
transform as follows:

iss=5— % Therefore, the algebra

LY (=1L 6P s i-1)6eYr (77)
Note that when y takes the value 1/2, any generator maps
to itself. The structure constants of this algebra take the
form

4(w) = Fy(u) + (=Dt po (1 — ), (78)
where FY(u) is a function of y and the spins s, ¢, u and

if uez,

u
[u] = { ] . (79)
u—-1/2 ifuez+1/2
For 4 = 1/2, many of the structure constants vanish and the
algebra closes for a reduced set of generators. It can be
shown, using, for example, Eq. (78), that the algebra can be

consistently truncated to retain the generators L,(f) -

even, L,(f)_ with § odd and the generators G,(f)i

even or odd. If one retains the fo)i with an odd 5, one gets
an algebra with no supersymmetry with the following field
content:

with §

with s either

]’27§’§7394189
22 2

N o

(80)

On the other hand, retaining the G,(f)i with an even §

preserves the A = 2 symmetry of the original theory, with
the field content
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33 77
(11555’2>5 (3,§a§74> (81)

Restricting the above )V algebra to its wedge modes, one
should get a N/ = 2 supersymmetric higher-spin algebra
which we denote by shs(2|0). As for the W algebra, for

the shs algebra, we can retain the generators Wg,‘f)+ with
s =2k+2 and s = 2k —1—% and the generators Wf,f)_ with
s =2k+1and s =2k +3, where k €0,1,2,---.

Other truncations of the shs(y) algebra are possible. In
Eq. (72), for 4 = 1/2, the commutators of the y, become
independent of Q. As a consequence, one can choose only
to retain the WOt generators [5]. In this case, the
supersymmetry reduces from N =2 to N =1 and this
algebra is known as the shs(1|2) algebra. The automor-
phism in Eq. (77) still applies, and as for the N =2

case, only the generators W,(,‘;H with s =2k +2 and
s =2k —I—% can be retained to give the truncated algebra

shs(1]0).

2. Truncation of Prokushkin-Vasiliev theory

We now show that this shs(1]|0) algebra is associated
with a truncation of the N/ = 2 higher-spin Prokushkin-
Vasiliev theory. This construction appears in Ref. [26] and
we review the salient features here.

The field equations of the higher-spin theory are written
in terms of the functions W, a space-time 1-form, and B
and S, which are space-time O-forms, with a a spinor index
taking values 1,2. These are generating functions, with W,
being the generator of the higher-spin gauge fields, B the
generator of matter fields, while S, is for auxiliary fields.
These generators are functions of the space-time coordi-
nates x, and the auxiliary variables (z,.y,:w12,0.p).
Here, z,, y, are commuting bosonic twistor variables,
while the (y,w,) and (Q,p) are two sets of Clifford
elements. The generating functions are expanded as

1

(o9
Alz.yiy12.Qoplx) = Z ZAslc,%m.ﬁl ..... b

B.C,D.E=0m.,n=0

x QBpCyPykza . zomybr yPr. (82)

The coefficients AZP%, , , carry spin s = (n+m)/
241 and commute with the generating elements
Za» Yas W12, Q. p. These generating functions obey a system
of equations and we will work with a vacuum solution of
these equations. We choose a zero-order vacuum solution
for the matter field: B = v, where v is a constant.
Simultaneously, S, can be chosen to equal S, which
is defined in Ref. [26]. For this choice of B, the vacuum
solution W = W, can be shown to depend only on
(Vs w1, Q), where 3, is called the “deformed oscillator”
and is equal to y;™ of Ref. [26]. The variables ¥, can be
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shown to obey the same form of commutation relations as
the undeformed oscillators y,:

B’av 5’/7’] = Q’leaﬂ(l + VQ)’ {S]av Q} =0. (83)

By incorporating the variable y; into projection operators,
physical fields A, A can be defined as functions of (¥,; Q)
only. Defining A, A as

vy Lmwa g (84)

W, =
0 2 2

we have the expansions

1 0
AF;0) =D D AE o o, QFF#§% x5, (85)
B=0 m=0

where x denotes the Moyal star product. Note that the
commutators in Eq. (83) are the same as in Eq. (72), with v
identified as 2u — 1. In fact, the bulk theory is a Chern-
Simons theory for the algebra generated by Q and y,,
which is the shs(u) algebra of the previous section.

We now look at the symmetries of the Prokushkin-
Vasiliev theory. We define a map o by

olA(z,y;912, Q. p)] = A (=iz,iy;y12,Q,p),  (86)

where the order of all generating elements is reversed in
A", At the level of the expansion in Eq. (85), this translates
to reversing the order of Q and y,. Also, the action of the
map o on the vacuum solution S7 " is

olSuo] = =iS20 (87)
while
[Val = i (88)

There is a Grassmann parity 7 associated with coefficients
AflCDaE 5,5, in the expansion in Eq. (82). This is determined

by the number of spinor indices as follows:

(1= (=1)mer),

(1= (=1,

ﬂ(Bal ..... A PBrse-es /3,,) =

—_— N = DN =

(Sa.an i) =5 (=1t (89)

It can be shown that the transformation

n(W,) =—=i""e(W,),  n(B)=i"(B)o(B),
”(Sa) = iﬂ(s)+10'(sa) (90)
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is a symmetry of the field equations. Applying this trans-
formation to the expansion in Eq. (82), and keeping only
the terms that are invariant results in the following gen-
erators: all terms with even spin survive corresponding to
generators of the form y, ...y, and QY, ...y, Wwhere
n €47, — 2. A single set of fermionic generators survive
corresponding to terms of the form y, ...y, when
n€d4z, -3 and Qy, ...y, when n€4zZ, —1. This
results in a A/ = 1 supersymmetric theory, which is related
to a CFT dual in Ref. [16].

For the case v = 0, additional symmetries appear. In this
case, there is an involutive symmetry

(W) = w(-0),
¢B(Q)] = -B(-0) (1)

of the field equations of the higher-spin theory. Under this
map, it is clear that only the set of generators of the N = 2
theory that are independent of Q will survive, reducing the
symmetry again from AV = 2 to A/ = 1. This is the theory
with algebra shs(1|2). However, one can further truncate
the system using the transformation in Eq. (90). The
reduced set of generators will be of the form y, ...y,
wheren € 47, —2orn € 47, — 3, since the symmetry in
Eq. (91) has already removed the Q-dependent generators.
This is the algebra shs(1]|0) of the previous section.
A non-Abelian version of this theory first appeared
in Ref. [24].

For completeness we add that applying the transforma-
tions in Eqgs. (90) and (91) simultaneously, and keeping
only the generators invariant under these transformations,
results in a bulk theory with an algebra having fields with
spins listed in Eq. (81).

V. DISCUSSION

The main result of this paper is the proposal of a new
duality between an EA-type exceptional invariant of the
orthogonal coset of Eq. (48) and a ' = 1 higher-spin bulk
theory that arises as a truncation of a N' = 2 supersym-
metric Vasiliev theory for the value of u = 1/2. This
duality can also be thought of as being between the
diagonal invariant of the coset in Eq. (50) and the bulk
theory. As evidence for this proposal, we found the vacuum
partition function of this coset CFT and demonstrated that it
agrees with the bulk spectrum, in the 't Hooft limit.

To put this proposal on a firmer footing, there is more
work that can be done. In particular, we have not shown that
the nonvacuum sector of the CFT partition function maps to
the matter sector of the bulk theory. Further, we have not
checked that the " = 1 sW¢, algebra can be independently
constructed by imposing the Jacobi identities. It would also
be nice to verify that this algebra truncates to a finite
algebra when the central charge is equal to the coset central
charge at a given value of N. One can also explicitly check
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whether the bosonic W¢, algebra is a subalgebra of sWW¢,
and whether, in turn, sW¢ 1is a subalgebra of other
algebras.

The CFT modular invariant of Eq. (48) belongs to a class
of invariants that have enhanced supersymmetry linked
with the fact that they arise from conformal embeddings.
The CFT invariant discussed in this paper and the non-
diagonal invariant of Ref. [5] both belong to this class.
Besides these, as we showed in Sec. II, one can also
construct similar nondiagonal invariants for cosets with
constituent groups of the By, and C)y series. In this paper we
have studied the Dy coset exclusively, but cosets of the By
and Cy series can also have bulk duals. We expect them to
behave as A =1 supersymmetric counterparts of the
cosets studied in Ref. [15].

Although in this paper we only discussed cases which
have A/ = 1 supersymmetry, there is no reason why the
same procedure cannot work to boost the supersymmetry of
coset CFTs from AV =1 to N’ =2 and from N/ =2 to
N = 3. Indeed, on the bulk side at 4 = 1/2, as discussed in
Sec. IV B, the N/ = 2 theory has a number of truncations
which either retain the N' = 2 supersymmetry or reduce it
to A = 1. At the same time, it has a number of extensions
with enhanced supersymmetry [26]. Clearly the p = 1/2
value is special in this regard. An open problem is the bulk
dual for the Vasiliev theory with algebra N = 2 shs(2|0).
This theory only exists for v = 0 or g = 1/2, so it follows
that the dual coset theory should be at a fixed level. Another
question of interest concerns the coset

SO(2N + 1), ® SO(2N),
SO(2N) 4y ’

(92)

which was studied in Ref. [16] and whose diagonal
invariant is dual to a bulk theory with A" =1 supersym-
metry, existing for all values of v. It would be interesting to
check whether this coset has an invariant with enhanced
supersymmetry for the value of level k at which the
SO(2N + 1), group is conformally embedded in a group
of the form SO(M),. Finally, on the bulk side there also
exist non-Abelian counterparts of the truncated theories. It
would be aesthetically satisfying to have CFT duals for
these theories, on the lines of Refs. [6,28].

From the perspective of the CFT at a fixed A = 1/2, as
we did in Sec. II, one can construct all possible series of
coset invariants that result from conformal embeddings and
look for bulk duals for these. As we demonstrated in
Sec. III, the set of distinct CFT partition functions is smaller
than the set of all possible partition functions because
partition functions of different coset models turn out to be
related. It would be good to have a complete proof of this
equivalence. In this paper, we have focused on CFT
modular invariants that have enhanced symmetry as com-
pared to the diagonal modular invariant. However, coset
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CFT theories typically also have nondiagonal modular
invariants which do not have such an enhanced symmetry.
Often, these invariants exist for all ranks and, for example,
even values of the level k, which means a well-defined
’t Hooft limit exists. It would be interesting to look at bulk
duals for these kind of nondiagonal invariants, as well.
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APPENDIX A: NOTATION FOR SO(2N)

In this appendix, we state our notation for the SO(2N)

group. We will work in an orthonormal basis: €, ..., ey. In
this basis the simple roots of SO(2N) are
a; = & — €y fOI'lSlSN—l,
ay = En_1 + &n. (Al)
The fundamental weights are
Ai=e+e+--+¢g for 1 <i<N-2,
1
AN-1 25(51 +e+ ey —en),
1
ﬂN—§(€1+€2+“'+8N-1+€N)- (A2)
The Weyl vector p is given by
N N
p= k=Y (N =ik (A3)

In terms of the fundamental weights, the weight A of a
highest weight representation (hwr) is

N
A= "Ayhy,
p=1

where A, > 0 are the Dynkin labels of A. In terms of the
orthonormal basis A can be expanded as

N
A - Z ligi'
p=1

(A4)

(AS)
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These expansion coefficients /; can be expressed in terms of
the Dynkin labels:

li: Al7+

=i

(Ay_1 +Ay) for 1<i<N-=2

| =

In-1 = 5 (An=1 + Ay), Iy =% Ay =An_1).  (A6)

N =
| =

For a highest weight representation A, the quadratic
Casimir is

Cy(A) == (A A +2p) = %EN: 2+ Zli(N —i). (A7)

N[ =

Since we are working in the large N limit, we need only
work with representations for which the quadratic Casimir
grows linearly with N. These representations satisfy
An_1 = Ay = 0. From Eq. (A6), we can see that these
representations can be labeled by [, with [; > [, for
i=1,...,N—2,and ly_; = [y = 0. Since the [; are non-
negative ordered integers, we can interpret them as the
number of boxes in the ith row of a Young tableaux. Let c;
denote the number of boxes in the jth column of such a
Young tableaux. Then the quadratic Casimir of a weight A
corresponding to this Young diagram is

1 1 N N
Ch(A) =5 (A A+2p) :521% +) LN —i)
i=1 i=1
— B(A) (N—%) +%D(A), (A3)
where
BN =0 DN =Y E-3 (A9

1. Frobenius notation

In this paper we use the Frobenius notation for Young
diagrams. In any Young diagram, let d represent the
number of boxes in the main diagonal. The Young diagram
is, then, labeled by two sets of integers a; and b;, where i
goes from 1 to d. For the ith box on the diagonal, a; is the
number of boxes to the right while b; is the number of
boxes below. This is usually represented by a 2 x d array of
integers, with the integers a; in the top row and the integers
b; in the bottom row. For example, for the Young diagram
in Fig. 1, the array is
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a; =1;,—1i, bi=c;—i wherei=1tod. (A11)

The quadratic Casimir is given by Eq. (A8), where B(A) is

B(A) = f:(a,- b+ 1) (A12)
i=1

D(A) = zd: (a,- +%)2 - Zd: (bi +%)2. (A13)

1
FIG. 1. Young diagram with Frobenius coordinates given by the '

matrix in Eq. (A10). The shaded boxes represent the main

diagonal.
APPENDIX B: BRANCHING FUNCTION
OF THE Dy COSET
(4 o ) . (A10) For completeness, we write down the branching function
4 20 of the coset in Eq. (50), in the large N limit. For details, the
reader is referred to [I13]. For the diagonal coset
SO(2N);®SO(2N)
For a representation A, for which the ith row has /; boxes so(kzzv)k+l Y, let A, and A_ denote the hwr of
and the ith column has ¢; boxes, the corresponding  SO(2N), and SO(2N),,, respectively. Then the corre-
Frobenius coordinates a; and b; are sponding branching function b, .5 ) is [29]

N Z Z qup Sl(p+D)(w(A +p)+p Y ”ia,‘v)_P(A—JF/’)‘Z’ (B1)

l’](q weWw n; EZ

i=1,....

b(AJr AL

where p is the Weyl vector of SO(2N), a are the coroots, W is the Weyl group and p = k + h where i = 2N — 2. In the
limit of large N, we can neglect the sum over the coroot lattice as the contribution of corresponding terms is exponentially
suppressed. Therefore, we are left with

L S () gl 7 A 0P 00 (B2)

b a(q) = ——
(A+,A7>( ) ’7(61) weWw

For the special case of k = 2N — 2 and in the large N limit the term in the exponential can be written as

1 1 1
C(A C(A_)+-B(AL) ——B(A_ 1+————)p* = (w(A LA , B3
(A2 CA) B = B+ (145 ) = (w4 ) A+ ) (B3)
where C(A) =1 (A, A + 2p). The branching function becomes
T
bin,ay(q) = %qC(A+)+C(A_)q£B<A+>—£B(A_)Ze(w)q—<w(m+p>$/\_+p>. (B4)
o T](T) wew
This can be rearranged to
5 g Suewe(w)g M)
ba,n)(q) = g#*) e(w W) e X ) d“INR A RS oo (BS)
e e OO LR S PR
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where we have used ¢ = N ——-25:p%. The N} , denote
the Clebsch-Gordan coefficients for SO(2N). By the Weyl
denominator formula

i—1

N
—(Ap) HH 1_ I /+l—j
2

i=2 j=1
X (1 _ qu+l,-+2N—i—j)’

Z e(w)q (w(A+p).p)

wew

(B6)

where the /;’s are lengths of the rows of the Young tableau
corresponding to the weight A. In the large N limit

X:Vt/EWe("V)q_<w(/\+p)’/J> q ~(Ae) N, (1— l; l,-+i—j)
Zwew€(w)q_<w(ﬂ),/’> = §\1:2 j:] (1 — )
(B7)
Also,
ffo- e
wew
1 =g M(q).  (BY)
s=2 p=s
Here, M¢(q) is the modified MacMahon function

defined in Eq. (59). In the large N limit, we should include
those A in the summation over A in Eq. (BS) for which
B(A) = B(A,) + B(A_). The branching function then
becomes

biaa) (@) = aFM(q)Pyr y (@)Pyriy (). (BY)

where P}, (As) (g) are the modified Schur functions defined
in Eq. (60) with A = 1/2.

APPENDIX C: BRANCHING RULES
AND SERIES EXPANSIONS

In this appendix, we construct the AE and EA partition
functions for the Series I and Series II coset models for the
N = 3 case by determining the fields that should appear in
the partition functions. We also write down the g-series
expansions for the associated branching functions of these
fields and clarify the relation between the WZW weights of
the fields that appear in the AE and EA partitions. The
SU(3)s and SU(4), WZW groups are both embedded in
SU(6),. The SU(6); WZW model has six primary fields.
The branching rules for the weights of the primary fields of
the SU(6), model, denoted by 4 in Sec. IIIC, into the
weights of the primary fields of the SU(3)5 model, denoted
by 6, are as follows:

PHYSICAL REVIEW D 95, 066015 (2017)

At (1,1,1,1,1) - (1,1) + (3.3),
A (2,1,1,1,1) = (3,1) + (3,4),
At (1,2,1,1,1) = (1,6) + (3.2),
A (1,1,2,1,1) = (1,4) + (4, 1),
Ar (1,1,1,2,1) = (6,1) + (2,3),
A (1,1,1,1,2) - (1,3) + (4,3). (C1)

To get the weights of the primary fields that constitute the
AFE partition function for the Series I coset, the weights
appearing on the right-hand side in the above equations
need to be paired with the weights of SU(3),, which are
denoted by a. However, not all pairs of weights (a,d)
will appear in the partition function—only pairs that
are distinct after field identification. We can choose the
pairs in such a way that we keep all the weights o but
restrict the weights @ when using field identification.
Then, the number of distinct weights of SU(3), appearing
in the partition function is 5 and one choice for these
weights is

ae{(1,1),(1,2),(1,3),(1,4),(2,2)}.

In Table IIT we list the weights (a, §) of the fields that arise
in the AFE partition for the N = 3 Series I coset along with
their g-series expansions. Note that there is an associated
value of A with each row that can be read off from Eq. (C1)
by matching the 6 value for a particular row with the o value
appearing in the rhs of Eq. (C1). To match with the partition
function in Eq. (23), we have included the conformal
dimension of the fields: the fields listed in Table III are in
one-to-one correspondence with those appearing in
Eq. (23). For the cases where fields with the same
conformal dimension have differing g-series expansions,
we have also included the W5 charge.

The branching rules for the weights of the primary fields
of the SU(6), model, now denoted by 4/, into the weights of
the primary fields of the SU(4), model, denoted by f, are as
follows:

(€2)

21,1111 = (1,1,1) 4 (1,3,1),
V(2.1,1,1,1) - (1,2,1),

7 (1,2,1,1,1) > (2,1,2),

7 (1,1,2,1,1) > (3,1, 1) + (1,1,3),
7:(1,1,1,2,1) > (2,1,2),

7 (1,1,1,1,2) > (1,2, 1). (C3)

To get the primary fields that constitute the EA partition
function for the Series II coset, we pair the weights
appearing on the right-hand side of the above equation
with the weights of SU(4);, denoted by o. As for the
previous case, we can again choose the pairs in such a way
that the weight § is unrestricted but the weight o is
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restricted by field identification. This constraint is auto-
matically satisfied if we choose the weights of SU(4); that
are related to the SU(3), weights in Eq. (C2) by the level-
rank duality map: that is, transpose rows of the Young
tableau for a into columns. The weights o are then
o e{(1,1,1),(3,1,1),(1,3,1),(1,1,3),(2,2,1)}.  (C4)
In Table TV we list the weights (3, a') of the fields that arise
in the AE partition for Series II along with their g-series
expansions. The associated A’ value can be read off from
Eq. (C3). These weights are in one-to-one correspondence
with those appearing in Eq. (24). Because some SU(4),
weights appear twice on the rhs of the equations in (C3),
Table IV has some degeneracies.

As noted below Eq. (44), there is a one-to-one map from
the set of weights (4, a) to the set of weights (1, ). The
corresponding branching function identities for the N = 3
case are given in Eq. (25). Note that, in general, A and A’ are
not equal. We clarify this by giving some examples. We can
read the map for the identity bil + bg = bi + bl from

Tables III and IV and Egs. (C1) and (C3). It is given by

(da): {(1,1,1,2,1),(1,3)} -

A, d): {(1,1,1,1,1),(1,3,1)}. (C5)

The identity b4 + b = bY + b, is two distinct identities
28

28 28 28
in terms of the WZW labels of the primary fields and
corresponds to the following two maps:
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(ha): {(1,1,1,1,2),(1,2)} >

(.a): {(1,1,2.1,1), (3. 1. 1)},

(ha): {(1,1,2,1,1),(1,4)} >
): ) (

Vo) {(1,1,2,1,1),(1,1,3)}. C6
(

Similarly, the identity b = b} + bl,, is also two distinct
84 81

173
]84
identities corresponding, for example, to the maps

(hoa): {(1,1,1,1,2),(1.3)} >
.): {(1,1,1,1,2), (1,3, 1)},
(hoa): {(1,1,2,1,1),(1,3)} -
W.): {(2.1,1,1,1). (1,3, 1)} (C7)

As can be seen above, the indices 4 and A’ are not always
equal. This is because as stated in Sec. III C, the identities
depend on the conformal dimensions of the fields involved.
The conformal dimension of a coset primary in terms of the
generic weights (A, A_) of the constituent WZW models
is given by

1 R
:m(KH‘ DAL +p)

—r(A-+p)P = 7).

h(A, . A_)
(C8)

where r = N + k and p and is the Weyl vector for SU(N).

[1] M.R. Gaberdiel and R. Gopakumar, An AdS; dual for
minimal model CFTs, Phys. Rev. D 83, 066007 (2011);
M. R. Gaberdiel, R. Gopakumar, T. Hartman, and S. Raju,
Partition functions of holographic minimal models, J. High
Energy Phys. 08 (2011) 077; Minimal model holography,
J. Phys. A 46, 214002 (2013).

[2] A. Castro, R. Gopakumar, M. Gutperle, and J. Raeymaekers,
Conical defects in higher spin theories, J. High Energy
Phys. 02 (2012) 096; E. Perlmutter, T. Prochazka, and
J. Raeymaekers, The semiclassical limit of Wy CFTs
and Vasiliev theory, J. High Energy Phys. 05 (2013)
007.

[3] M.R. Gaberdiel and R. Gopakumar, String theory as a
higher spin theory, J. High Energy Phys. 09 (2016) 085;
Stringy symmetries and the higher spin square, J. Phys. A
48, 185402 (2015).

[4] M. R. Gaberdiel and R. Gopakumar, Higher spins & strings,
J. High Energy Phys. 11 (2014) 044.

[5] M. Beccaria, C. Candu, M. R. Gaberdiel, and M. Groher,
N =1 extension of minimal model holography, J. High
Energy Phys. 07 (2013) 174.

[6] T. Creutzig, Y. Hikida, and P. B. Ronne, Higher spin AdS;
holography with extended supersymmetry, J. High Energy
Phys. 10 (2014) 163.

[7] M. Sharma (to be published).

[8] E. Beltaos and T. Gannon, The W, minimal model
classification, Commun. Math. Phys. 312, 337 (2012); T.
Gannon and M. A. Walton, On the classification of diagonal
coset modular invariants, Commun. Math. Phys. 173, 175
(1995).

[9] A. Cappelli, C. Itzykson, and J.B. Zuber, The ADE
classification of minimal and AI1(1) conformal invariant
theories, Commun. Math. Phys. 113, 1 (1987).

[10] M. A. Walton, Conformal branching rules and modular
invariants, Nucl. Phys. B322, 775 (1989); D. Verstegen,
New exceptional modular invariant partition functions for
simple Kac-Moody algebras, Nucl. Phys. B346, 349 (1990);
Conformal embeddings, rank level duality and exceptional
modular invariants, Commun. Math. Phys. 137, 567 (1991);
M. R. Abolhassani and F. Ardalan, A unified scheme for
modular invariant partition functions of WZW models, Int.
J. Mod. Phys. A 09, 2707 (1994).

066015-18


http://dx.doi.org/10.1103/PhysRevD.83.066007
http://dx.doi.org/10.1007/JHEP08(2011)077
http://dx.doi.org/10.1007/JHEP08(2011)077
http://dx.doi.org/10.1088/1751-8113/46/21/214002
http://dx.doi.org/10.1007/JHEP02(2012)096
http://dx.doi.org/10.1007/JHEP02(2012)096
http://dx.doi.org/10.1007/JHEP05(2013)007
http://dx.doi.org/10.1007/JHEP05(2013)007
http://dx.doi.org/10.1007/JHEP09(2016)085
http://dx.doi.org/10.1088/1751-8113/48/18/185402
http://dx.doi.org/10.1088/1751-8113/48/18/185402
http://dx.doi.org/10.1007/JHEP11(2014)044
http://dx.doi.org/10.1007/JHEP07(2013)174
http://dx.doi.org/10.1007/JHEP07(2013)174
http://dx.doi.org/10.1007/JHEP10(2014)163
http://dx.doi.org/10.1007/JHEP10(2014)163
http://dx.doi.org/10.1007/s00220-012-1473-4
http://dx.doi.org/10.1007/BF02100186
http://dx.doi.org/10.1007/BF02100186
http://dx.doi.org/10.1007/BF01221394
http://dx.doi.org/10.1016/0550-3213(89)90237-X
http://dx.doi.org/10.1016/0550-3213(90)90285-L
http://dx.doi.org/10.1007/BF02100278
http://dx.doi.org/10.1142/S0217751X94001102
http://dx.doi.org/10.1142/S0217751X94001102

CONFORMAL EMBEDDINGS AND HIGHER-SPIN BULK DUALS

[11] P. Bowcock and P. Goddard, Coset constructions and
extended conformal algebras, Nucl. Phys. B305, 685
(1988).

[12] D. Altschuler, Quantum equivalence of coset space models,
Nucl. Phys. B313, 293 (1989).

[13] M.R. Gaberdiel and C. Vollenweider, Minimal model
holography for SO(2N), J. High Energy Phys. 08 (2011)
104.

[14] C. Candu and C. Vollenweider, The A/ = 1 algebra W, [u]
and its truncations, J. High Energy Phys. 11 (2013) 032.

[15] C. Candu, M. R. Gaberdiel, M. Kelm, and C. Vollenweider,
Even spin minimal model holography, J. High Energy Phys.
01 (2013) 185.

[16] T. Creutzig, Y. Hikida, and P.B. Ronne, N =1 super-
symmetric higher spin holography on AdS;, J. High Energy
Phys. 02 (2013) 019.

[17] K. Ferreira and M. R. Gaberdiel, The 8o-Kazama-Suzuki
models at large level, J. High Energy Phys. 04 (2015) 017.

[18] C. Ahn and J. Paeng, Higher spin currents in orthogonal
Wolf space, Classical Quantum Gravity 32, 045011 (2015);
C. Ahn, The primary spin-4 Casimir operators in the
holographic SO(N) coset minimal models, J. High Energy
Phys. 05 (2012) 040; The large N 't Hooft limit of coset
minimal models, J. High Energy Phys. 10 (2011) 125.

[19] Seee.g. S. G. Naculich and H. J. Schnitzer, Duality between
SU(N)-k and SU(k)-N WZW models, Nucl. Phys. B347,
687 (1990).

[20] V. G. Kac and M. Wakimoto, Modular and conformal invari-
ance constraints in representation theory of affine algebras,

PHYSICAL REVIEW D 95, 066015 (2017)

Adv. Math. 70, 156 (1988); J. Fuchs, B. Schellekens,
and C. Schweigert, Quasi-Galois symmetries of the modular
S-matrix, Commun. Math. Phys. 176, 447 (1996).

[21] M. Yang and J. B. Remmel, Hook-Schur functions ana-
logues of Littlewood’s identities and their bijective proofs,
Eur. J. Combinatorics 19, 257 (1998).

[22] W.H. Burge, Four correspondences between graphs and
generalized Young tableaux, J. Comb. Theory Ser. A 17, 12
(1974).

[23] E. S. Fradkin and M. A. Vasiliev, Candidate to the role of
higher spin symmetry, Ann. Phys. (N.Y.) 177, 63 (1987).

[24] M. A. Vasiliev, Equations of motion for d = 3 massless
fields interacting through Chern-Simons higher spin gauge
fields, Mod. Phys. Lett. A 07, 3689 (1992).

[25] M. P. Blencowe, A consistent interacting massless higher
spin field theory in D = (2+1), Classical Quantum
Gravity 6, 443 (1989).

[26] S.F. Prokushkin and M. A. Vasiliev, Higher spin gauge
interactions for massive matter fields in 3-D AdS space-
time, Nucl. Phys. B545, 385 (1999).

[27] E. Bergshoeft, B. de Wit, and M. A. Vasiliev, The structure
of the super-W, (1) algebra, Nucl. Phys. B366, 315 (1991).

[28] T. Creutzig, Y. Hikida, and P. B. Ronne, Extended higher
spin holography and Grassmannian models, J. High Energy
Phys. 11 (2013) 038; C. Candu and C. Vollenweider, On the
coset duals of extended higher spin theories, J. High Energy
Phys. 04 (2014) 145.

[29] P. Bouwknegt and K. Schoutens, W symmetry in conformal
field theory, Phys. Rep. 223, 183 (1993).

066015-19


http://dx.doi.org/10.1016/0550-3213(88)90122-8
http://dx.doi.org/10.1016/0550-3213(88)90122-8
http://dx.doi.org/10.1016/0550-3213(89)90320-9
http://dx.doi.org/10.1007/JHEP08(2011)104
http://dx.doi.org/10.1007/JHEP08(2011)104
http://dx.doi.org/10.1007/JHEP11(2013)032
http://dx.doi.org/10.1007/JHEP01(2013)185
http://dx.doi.org/10.1007/JHEP01(2013)185
http://dx.doi.org/10.1007/JHEP02(2013)019
http://dx.doi.org/10.1007/JHEP02(2013)019
http://dx.doi.org/10.1007/JHEP04(2015)017
http://dx.doi.org/10.1088/0264-9381/32/4/045011
http://dx.doi.org/10.1007/JHEP05(2012)040
http://dx.doi.org/10.1007/JHEP05(2012)040
http://dx.doi.org/10.1007/JHEP10(2011)125
http://dx.doi.org/10.1016/0550-3213(90)90380-V
http://dx.doi.org/10.1016/0550-3213(90)90380-V
http://dx.doi.org/10.1016/0001-8708(88)90055-2
http://dx.doi.org/10.1007/BF02099557
http://dx.doi.org/10.1006/eujc.1997.0173
http://dx.doi.org/10.1016/0097-3165(74)90024-7
http://dx.doi.org/10.1016/0097-3165(74)90024-7
http://dx.doi.org/10.1016/S0003-4916(87)80025-8
http://dx.doi.org/10.1142/S0217732392003116
http://dx.doi.org/10.1088/0264-9381/6/4/005
http://dx.doi.org/10.1088/0264-9381/6/4/005
http://dx.doi.org/10.1016/S0550-3213(98)00839-6
http://dx.doi.org/10.1016/0550-3213(91)90005-I
http://dx.doi.org/10.1007/JHEP11(2013)038
http://dx.doi.org/10.1007/JHEP11(2013)038
http://dx.doi.org/10.1007/JHEP04(2014)145
http://dx.doi.org/10.1007/JHEP04(2014)145
http://dx.doi.org/10.1016/0370-1573(93)90111-P

