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Topologically twisted renormalization group flow and its holographic dual
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Euclidean field theories admit more general deformations than usually discussed in quantum field
theories because of mixing between rotational symmetry and internal symmetry (also known as topological
twist). Such deformations may be relevant, and if the subsequent renormalization group flow leads to a
nontrivial fixed point, it generically gives rise to a scale invariant Euclidean field theory without conformal
invariance. Motivated by an ansatz studied in cosmological models some time ago, we develop a
holographic dual description of such renormalization group flows in the context of AdS/CFT. We argue
that the nontrivial fixed points require fine-tuning of the bulk theory, in general, but remarkably we find that
the O(3) Yang-Mills theory coupled with the four-dimensional Einstein gravity in the minimal manner

supports such a background with the Euclidean anti—de Sitter metric.
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I. INTRODUCTION

In introductory courses on quantum field theory, the
Lorentz invariance is a holy grail and we are not allowed to
question its origin. Equally sacred is the unitarity and we
never give it up. In the recent analysis of the renormaliza-
tion group flows, they both have played significant roles
to uncover their veils,' so it is totally legitimate that we
worship them.

However, not all statistical models and Euclidean field
theories, which are obtained as their continuum limit, have
such features. Indeed, as we will discuss in this paper,
Euclidean field theories admit more general deformations
than usually discussed in quantum field theories with the
Lorentzian signature. This is because what we mean by
the Euclidean rotation is not unique, and it may mix with
the internal symmetry. Unlike in quantum field theories
with the Lorentzian signature, we are now entitled to and
sometimes we are even forced to think about the origin
of the Euclidean rotation and unitarity (or reflection
positivity).

Let us, for example, take a lattice system as a con-
structive realization of a Euclidean field theory in the
continuum limit. Then it is not so obvious what we mean by
the Euclidean rotation because it is broken by the lattice
regularization first of all. In some cases, there are various
different realizations of the rotational symmetry. The
similar situations arise in the condensed matter physics,
in particular, in the study of the frustrated spin systems both
in the classical case [4] as well as in the quantum case [5].
The rotational symmetry that we would like to expect near
the criticality may not be the same as the geometrical
rotation of the microscopic Hamiltonian.

lSee, e.g., [1-3] for the recent developments in four
dimensions.
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In the string theory literature, different possibilities to
realize the Euclidean rotation are often called “topological
twist” [6,7]. Even if we start with a theory with the same
symmetry, the topological twist changes its interpretation
such as what we mean by the spin quantum number under
the Euclidean rotation.” In this case, it is more than the mere
interpretation: the idea of topological twist has significant
applications. By changing the spin quantum number of
operators, one may be able to preserve the symmetry on the
nontrivial manifold [6,7] or on the lattice, which has been
difficult to realize otherwise. One of the most important
applications in this direction is how to realize supersym-
metric field theories on the nontrivial manifold [6,8,9] or
on the lattice [10-14] (see, e.g., [15] for a review). By using
the technique of topological twist, we may be able to make
the supercharge singlet under the Euclidean rotation to
make it easier to preserve.

More generically, after the topological twist, nontrivial
tensors in original Euclidean field theories may become
singlet, and we may add such operators to the Lagrangian to
deform the theory. Such deformations, however, are more
or less neglected in usual quantum field theory literature
because they typically break the unitarity. Nevertheless, in
Euclidean field theories, they are as important as non-
topologically-twisted scalar deformations that we usually
study in the renormalization group analysis.

The topologically twisted scalar deformations may be
relevant under the renormalization group flow. Then they
may destabilize the criticality and may require further fine-
tuning on the lattice. The goal of this paper is to study
possible consequences. We will approach the problem both

*We understand that in order to obtain topological field
theories, we need to define the topological Becchi-Rouet-
Stora-Tyutin (BRST) charge in addition to the twisting procedure.
In this paper, we use the word “topological twist” irrespective of
the existence of the BRST charge.
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from the field theory viewpoint and the holographic
viewpoint. Our holographic analysis is motivated by
cosmological models studied in the literature. We will
see that the nontrivial fixed points, in general, require fine-
tuning of the bulk theory. Remarkably, however, we find
that the O(3) Yang-Mills theory coupled with the four-
dimensional Einstein gravity in the minimal manner sup-
ports such a background. The background provides us with
a sought-after example of scale invariant but not-conformal
invariant geometry. The construction seems ubiquitous and
we expect novel types of holographic backgrounds to be
explored in many supergravity models with the O(3) gauge
field.

II. TOPOLOGICAL TWIST AND
TOPOLOGICALLY TWISTED DEFORMATION

Let us consider a d-dimensional Euclidean field theory
with O(d);ema global symmetry, which may be a part of a
larger symmetry. By assumption, the original theory has a
symmetric conserved energy-momentum tensor as well as
the O(d);yema global current

#T,, =0
o =0, (1)

where the internal indices /,J = 1,---d are antisymme-
trized in [1J] to represent the adjoint of O(d);perna»> and
u,v=1,---d indices represent the original Euclidean
rotation.

The central idea of the topological twist is to define the
new rotational symmetry as the diagonal O(d)ised Of
O(d)oration X O(d)internar- Under the new rotational sym-
metry, various tensor transforms differently than their
original representation. We may have new scalar operators
under the twisted rotational symmetry [i.e., singlet under
O(d)wisea] and they are what we would like to use to
deform the original theory.

After the topological twist, the energy-momentum tensor
becomes

= 1 e o e o
T/w = T;w + E (a/)‘ll[l ]51115{] + apJL ]51,145{]) (2)

The new energy-momentum tensor is symmetric and
conserved, but the additional term shows that the new
rotational charge has a contribution from the original global
O(d)ipema Symmetry in addition to the original Euclidean
rotation. We should note that so far we have done nothing
to the original theory under consideration. It still possesses
two independent O(d) symmetries. From the continuum
Euclidean field theory viewpoint, what we have done is just
renaming of various tensors as irreducible representations
of O(d)

twisted*
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Things become nontrivial if we consider the deformation
of the theory after the topological twist. Let us introduce a
deformation by a topologically twisted scalar operator

58 = / dxOL 88y - - . (3)

The deformation preserves only the diagonal of O(d)yiged
but breaks O(d),opation a0d O(d)ipemar SEPATAtELY, SO it gives
rise to a novel Euclidean system that is only available
after the topological twist. In many statistical systems
based on lattice, the rotational symmetry is an emergent
symmetry, however, so a priori it is not obvious which
combinations of the rotational symmetry and the internal
symmetry are compatible with the lattice symmetry. Then
we would naturally expect that the deformations such as (3)
are induced on the lattice.

If the original untwisted theory has a reflection positivity,
the allowed deformations in (3) are limited due to the
unitarity constraint [16]. In d > 3, when the spin of the
original tensor O/ are higher than two, then such
deformations have scaling dimensions greater than d and
they are irrelevant under the perturbative renormalization
group flow near the undeformed theory. Thus, interesting
topologically twisted deformations come from the spin one
operators in the fundamental representation of O(d);yemais
the spin two operators in the symmetric traceless tensor
representation of O(d);yemar> OF the adjoint operators both
in O(d),oation AN O(d)inierma- In particular, unless we are
working at the free Gaussian fixed point, the latter choice
may not be available.

We note that d =3 is special because in O(3), the
antisymmetric tensor is equivalent to a vector. Thus the
O(3);pema Current operator itself becomes singlet after
the topological twist. Since the conserved current in d = 3
dimensions has the scaling dimension 2, it always gives rise
to a relevant topologically twisted deformation of the UV
fixed point with O(3);,ema SYmMmmetry:

5S:/d3xe”1].l””, (4)

where €,;; = €,,,0/8) is the Levi-Civita tensor.

The topologically twisted deformations so far considered
may be relevant under the renormalization group flow. We
now argue that if it reaches a nontrivial renormalization
group fixed point, it will generically give rise to a scale
invariant but not-conformal field theory. Suppose the
theory under consideration is conformal invariant before
the topologically twisted deformation so that the trace
of the original energy-momentum tensor vanishes (or is
improved to be zero):

T = 0. (5)
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After the topologically twisted deformation, the trace of the
energy-momentum tensor becomes

~ e 1J
1 — oL 85: + 0, 8, (6)

where f is the beta function for the topologically twisted
deformation. If the beta function possesses a nontrivial zero
in the weakly coupled regime, then we see that the fixed
point thus obtained is scale invariant but with a nontrivial
Virial current:

T = orJ,

1, =185, (7)
Generically, the Virial current J, is not written as a
derivative of symmetric tensors in a local manner
J, = 0L, so the nontrivial fixed point, if any, is only
scale invariant but not-conformal invariant [17-19]. It is
crucial that the zero of the beta function is nontrivial so that
O(d)ipema 1S broken here so that we cannot undo the
topological twist at such renormalization group fixed
points.

To see this point, we emphasize that the topological twist
changes the energy-momentum tensor in a different way
than the improvement considered in [17-19]

1
5Tﬂl/ = m (8,uaaLg + ayaal’/{f - DLIW - nﬂ”aaaﬂLaﬁ)
1
Famya=n WO e %0l @)

where L,, and L are arbitrary local operators but 67, is
automatically conserved. In contrast, the conservation of
the energy-momentum tensor induced by the topologically
twisted deformation’

1
T, = 3 (9,0, 5,9) + 0,076, 8))
1
= 500,061, (9)

relies on the conservation of the O(d);yema Current on the
right-hand side, so once O(d);yemar 1S broken, we cannot
undo the twist and define a different energy-momentum
tensor in this manner.’ We are going to see explicit
examples in which we cannot undo the topological twist

*In the curved space-time, the topological twisting is equiv-
alent to adding the term [ d*x+/|g|J, ,[,U] Q,, where Q) is the spin

connection. This addition makes sense only if J ,[,”] is conserved.

There is a logical possibility that the twisted renormalization
group flow generates another emergent O(d) symmetry available
only in the infrared so that we may be able to use it to undo the
topological twist, but such a possibility is unlikely and certainly
not generic.
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after the deformation and cannot either improve the energy-
momentum tensor as (8) in the next section.

III. FIELD THEORY EXAMPLES

As one of the simplest examples of topologically twisted
deformations, let us consider the three-dimensional free
massless boson with the O(d) global symmetry.

S = / dx0, @' D (10)

The idea of topological twist is to identify the global
O(d)ipemar index I with the space index u so that we regard
@', as a vector under the topologically twisted rotation.
The twisted action becomes

S = / 498, 0* I, (11)

Note that we now treat ®* = & ®! as a vector under the
new rotational symmetry.

The original energy-momentum tensor after renaming
was

5 v o Ap
Ty = =0,0,0,9" + 29,000, (12)

On the other hand, the topologically twisted energy-
momentum tensor is computed as

Ty ==0,2°9,®, - ,0,0,9" +9,°9,®, +9,,0'D,
+(0,0,00®, +©,0,0'D,)

5 v 2 o 0
+ % (0,9,00®,—0,9°0,9"
—2079,0°0, — (0V®,)?). (13)

Up to the improvement terms and the use of the equations
of motion 9”9,®" = 0, they differ by the amount given
in (2).

Now we introduce the topologically twisted deforma-
tions that are singlet under the twisted rotation. In generic
space dimensions d, the original theory has a spin one
operator with the scaling dimension A = d in the vector
representation, i.e., (®'®’)d,®; and a spin two operator in
the symmetric traceless tensor representation with the
scaling dimension A, (as well as the antisymmetric tensor
operators with the same dimension), i.e., 9,®'9,®’, so one
may consider the topologically twisted deformation:

58 = / dxg, (D' D)9, D5} + g,0,0'0,D' 5,

+ g30,0'0,0' 55 (14)
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The role of the deformations from the tensor operators is to
change the form of the kinetic term for the spin one field
®#, so they are exactly marginal (without introducing the
other terms). It is well known that such a twisted theory is
scale invariant without conformal invariance [20] (except
for a very particular parameter for the kinetic term). Note
that once we add this term to the action, we are no longer
able to undone the topological twist.

As we have discussed, the situation in d = 3 dimensions
is special. There is additional universal deformation coming
from the O(3) current operator itself:

88 = /dg’xJ{,&’; = /d3xeﬂw,¢>"8’“®/’. (15)

This operator has the scaling dimension d — 1 = 2, and it is
relevant. Once we regard ®* as a spin one field, the
topologically twisted deformation may be identified with
the Chern-Simons term although we have no gauge sym-
metry here. Therefore, we expect that the resulting theory
becomes gapped after the introduction of this deformation.

Let us briefly discuss the similar story in O(3) sym-
metric critical Heisenberg model in three dimensions. After
the topological twist, there are a couple of candidates
for the topologically twisted deformations. First of all, we
have the universal deformations from the O(3) conserved
current. What about the other possibilities? As we have
discussed, the reflection positivity at the critical Heisenberg
fixed point demands that topologically twisted scalar
deformations come only from spin one and spin two
operators. We do not know the scaling dimensions of
these operators exactly, but the current state of the art
technology of the conformal bootstrap with the extremal
functional method [21,22] gives us a reasonable estimate
of the scaling dimensions.” It turns out that the second
lowest spin one operators in the adjoint representations
of O(3);pema has the scaling dimension A} , ~ 4.1 and the
lowest spin two operators in the symmetric traceless
representations of O(3);,ema has the scaling dimension
A, 7 ~ 3.2, so the conformal bootstrap suggests that there
are no other topologically twisted scalar deformations that
are relevant in the O(3) symmetric critical Heisenberg
model.

IV. HOLOGRAPHIC REALIZATION

Within the quantum field theory analysis, it is often
difficult to follow the renormalization group flow induced
by the topologically twisted operators, and the fate of such
flow is not trivial. Instead of studying the flow in each
systems, we would like to study the generic features of the
flow in a certain class of theories realized by holography.

SAs an open source code, one may use JuliBootS [23] for this
purpose. We have used the customized version of cboot [24]
based on SDPB [25].
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In this section we construct a holographic dual description
of the renormalization group flow induced by the topo-
logically twisted operators by using the ansatz motivated
by the cosmological models studied in the literature some
time ago [26,27].6

As a minimal setup, we need the holographic counterpart
of the energy-momentum tensor, the O(d) conserved
current and a topologically twisted scalar operator. For
the corresponding minimal setup in the holographic side,
we consider an O(d) gauge theory coupled with the d + 1-
dimensional (Einstein) gravity. We may further add vector
(or tensor) fields charged under O(d) in the bulk that
play the role of the topologically twisted scalar operators.7
In d = 3, we have the universal deformations by the O(3)
conserved current itself, so the latter may not be necessary.

We assume that before the topologically twisted defor-
mation, we have the bulk solution of the d 4 1-dimensional
anti—de Sitter (AdS) space with the Euclidean Poincaré
metric:

_dZ? +§,dxtdx

Z2

ds> (16)

with no nontrivial O(d) gauge field configuration. The
configuration preserves the isometry of SO(d + 1, 1) that is
identified with the Euclidean conformal group of the dual
Euclidean field theory.

After the topologically twisted deformations, we are
going to solve the equations of motion with the ansatz for
the bulk metric

dz* + 8,,dx"dx"
ds* =f(Z)§—2 (17)

and the bulk vector field
At = g(z)dx’ﬁ?. (18)

When d = 3, we may identify the vector field with the
0O(3) gauge field itself. The nontrivial profile of f(z) breaks
the isometry corresponding to the scale symmetry, which
describes the renormalization group flow.

If the theory admits the nontrivial fixed point for the
renormalization group flow induced by the topologically
twisted scalar deformations, there must exist a solution of
the equations motion with the Euclidean AdS background8

®There is some renewed interest in this ansatz, e.g., in gauge-
flation [28,29] or chromo-natural inflation [30]. We should stress,
however, that our solution presented below does not survive in
the de-Sitter space-time without violating the reality conditions of
the O(3) gauge field.

The role of tensor fields to violate the Lorentz invariance in
the context of holography has been studied in [31].

As noted in [32-34] even without conformal invariance, the
scale invariance alone dictates that the metric must take the form
of AdS.
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B dz> + Oy dxt dx¥

ZZ

ds? (19)

and the O(d) vector field condensation with the form

dxis¢
9%

Z

A = , (20)

where c is a nonzero constant. Generically, we expect that
such a solution requires fine-tuning of the bulk equations of
motion because two of the three equations, [i.e., (zz) and
(ij) components of the Einstein equation and the Yang-
Mills equation] are independent and we have to solve the
two equations only with one adjustable variable c. The
situation should be contrasted with the usual scalar flow, in
which the extrema of the scalar potential automatically
solves the Einstein equation with the AdS background and
we need to solve only one equation with one variable.

Therefore, we suspect that the holographic renormaliza-
tion group flows with the topologically twisted deforma-
tions will end up with the confinement rather than reaching
another nontrivial renormalization group fixed point with
scale invariance without conformal invariance. However, a
miracle happens even in the simplest model.

Consider the O(3) Yang-Mills theory coupled with the
Einstein gravity in four dimensions with the minimal action

S = / d*x\/g(R + 6 + TrF,,F"). (21)

Here we do not introduce the other vector fields so we are
studying the universal deformations available only in the
three-dimensional dual conformal field theory.

It turns out that despite the general suspicion above, this
theory does support the AdS geometry with the O(3) gauge
field configuration given by (19) and (20) with ¢ = 1. A
short calculation tells us that both the Yang-Mills equation
and the Einstein equation are simultaneously solved with
the ansatz (20). The easiest way to convince ourselves of
the statement is to use the Weyl invariance of the Yang-
Mills equation in four dimensions to map the problem to
the flat space. Then use the ¢* theory ansatz [35,36]

a aal¢
A7 =F 5[7’

A? = €ianan¢ + 5ai a;5¢

0,0+ =0,
(22)

where A is an arbitrary integration constant, to confirm the
solution ¢ = 1/z with the vanishing Yang-Mills energy-
momentum tensor. We find that the field strength is self-
dual (or anti-self-dual) even though A # 0. The flat space
solution with vanishing energy-momentum tensor can be
mapped to the AdS space with no backreaction to the AdS
metric, solving all the components of the Einstein equation.
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The resulting field configuration is invariant under the
twisted rotation [i.e., the diagonal of O(3) gauge trans-
formation and the O(3) rotation] as well as scale trans-
formation. However, one may see that it is not invariant
under the original isometry that would correspond to the
special conformal transformation. In this way, we have
explicitly constructed a holographic dual description of
scale invariant but nonconformal field theories induced by
the topologically twisted deformations.

We have two comments. The first one is about the
comparison between our ansatz here and the one studied in
[32]. The ansatz discussed there for the vector field is

A= c%,

- 23)

which is not invariant under the AdS isometry correspond-
ing to the special conformal transformation but invariant
under the isometry corresponding to the scale transforma-
tion. The main difference here is that (23) also preserves the
Euclidean rotation, but our new ansatz (20) only preserves
the twisted Euclidean rotation. This distinction enables us
to regard our solution as the one corresponding to the
topologically twisted deformation discussed in the earlier
sections. Moreover, our new ansatz (20) solves the
Einstein-Yang-Mills equation, but the ansatz (23) requires
the ghostlike kinetic term for the vector field with nontrivial
potential to solve the equation of motions.

The second point is that our solution may be regarded as
the end point of the topologically twisted renormalization
group flow. As discussed in the subsequent paper [37], one
can indeed construct a holographic renormalization group
flow between the ultraviolet conformal fixed point and the
infrared topologically twisted scale invariant theory by
considering the modified ansatz

dx's¢

A =c¢ ,
Z+ 2

(24)

which can be shown to satisfy the Einstein-Yang-Mills
equation when ¢ = 1. Expanding the source around the
AdS boundary at z = 0 with the GKP-Witten prescription,
we see that the original conformal fixed point is deformed
by the relevant operator [ d*xe,;;J*, and it shows the
(holographic) renormalization group flow toward z — oo,
where we end up with the scale invariant but nonconformal
field theory holographically realized in our solution (20).

V. DISCUSSIONS

Our study of the topologically twisted deformations of
Euclidean field theories is just the beginning, and there are
many directions to go. It is important to understand the
properties of the renormalization group flow induced by the
topologically twisted scalar deformations in various inter-
acting quantum field theories. Are there any analogs of the
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c-theorem? How can we compute the beta functions and their
nontrivial zeros systematically?9 What would be the con-
sistency conditions on the local renormalization group flow?

Toward a main application of the topological twist in
supersymmetric field theories, it is important to address the
classification of the supersymmetric deformations of the
super conformal field theories under the topologically
twisted deformations. Such a classification without the
topological twist has been thoroughly discussed in a recent
paper [39], but we have seen that we have more deforma-
tions if we allow the topological twist.

Our holographic realization is ubiquitous and may be
embedded in supergravity or string theory. The natural
question, then, is what would be the dual field theory
interpretations of such a universal background? More
physically, it may be important to revisit Euclidean

The so-called vector beta functions [38] before the topologi-
cal twist directly give the beta functions of the topologically
twisted operators.
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statistical models studied in the literature to check if we
might not overlook such possibilities and the fixed points
we had obtained might or might not be affected by
topologically twisted deformations.

Our solution strongly suggests that there are infinitely
many scale invariant but not conformally invariant
Euclidean field theories that can be constructed as an
end point of the renormalization group flow induced by
topologically twisted deformations. The general properties
of such theories are poorly understood compared with the
conformal field theories. Once we found the black swan,
the new world is welcoming us.
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