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We study the butterfly effect of the AdS planar black holes in the framework of Einstein’s general
relativity. We find that the butterfly velocities can be expressed by a universal formula v} = TS/(2V,P).
In doing so, we come upon a near-horizon geometrical formula for the thermodynamical volume V. We
verify the volume formula by examining a variety of AdS black holes. We also show that the volume
formula implies that the conjectured reverse isoperimetric inequality follows straightforwardly from the
null-energy condition, for static AdS black holes. The inequality is thus related to an upper bound of the

butterfly velocities.
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I. INTRODUCTION

The butterfly effect is associated with the exponential
growth of a small perturbation to a quantum system. In the
context of holography, this effect has a beautiful realization
[1-5] in terms of a gravitational shock wave near the
horizon of an AdS black hole [6]. The butterfly velocity, i.e.
the velocity for the shockwave, for the Schwarzschild-AdS
planar black hole in general D dimensions, turns out to be
constant, given by [1]

D-1

2 _
Vg = v

D=3 (1.1)

The butterfly velocities for a variety of AdS planar black
holes of various matter energy-momentum tensor were
obtained [7-14]. The study has been further generalized to
include higher-order gravities [3,15]. The expression of vg
can be simple or complicated depending on the detail
structures of the black holes.

On the other hand, based on the no-hair theorem, black
holes are supposed to be the purest and hence simplest
thermodynamical systems. The physics are specified only
by their thermodynamical quantities including mass and
charges. It is thus not unreasonable to expect that the
butterfly velocity be a dimensionless ratio of some (dimen-
sionful) thermodynamical quantities of the black holes. In
fact, based on this principle, it was shown that the holo-
graphic sheer viscosity-entropy ratio [16,17] is a simple
consequence of the generalized Smarr relation of the
thermodynamical variables [18].

In this paper, we study the butterfly effect of planar black
holes in the framework of Einstein’s general relativity, with
only minimally coupled matter. We limit the discussion to
isotropic solutions where the toroidal (or Euclidean) plane
is uniform. We find a universal formula for the butterfly
velocities
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In this formula, (7, S) are the temperature and entropy of
the black holes. For Einstein’s gravity, the entropy is simply
one quarter of the area of the event horizon. The quantity P
is the pressure associated with the cosmological constant A
[as in £ = ,/=g(R —2A)]. It is given by

A
P = & (1.3)
The quantity V, is the thermodynamical volume conjugate
to P. Treating the cosmological constant as a thermody-
namical pressure was proposed in [19,20]. The first law of
black hole thermodynamics expands to
dM =TdS + ®,dQ, + VydP + - - -, (1.4)
where the dots denote contributions from further black hole
hair, and the repeated a index implies summation. In this
picture, the mass of the black hole should be better
interpreted as the enthalpy [19]. Thus we see that the
butterfly velocity is related to the volume density of 7'S,
which is precisely the Gibbons-Hawking surface-term [21]
contribution to the action growth evaluated on the hori-
zon [22].
Assuming that the theory does not involve further
dimensionful coupling constants, the first law implies
the Smarr relation

D-2 2
M="""STS+®,0,———PV,.

D-3 D-3 (1.3)

(See [23] for the original discussion of the Smarr formula in
four dimensions.) For AdS planar black holes, there exists a
further generalized Smarr relation, associated with a new
scaling symmetry. It is given by [18,24]
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D-2
M=—(TS+,0,). (1.6)
D-1
These two relations enable us to express the butterfly
velocity in terms of mass, charges and their chemical
potentials, namely

) D -1 (D—3)<I>aQa
" T2p-2) 2(D-2)2M - ®,0,)
(D-3)M

=1-

(D= 2)(2M - 0,0,)° (L7

(Note that when the black holes involve more hair, the
Smarr relations and the above formula may involve
further terms.)

In establishing (1.2), we find an identity that relates the
thermodynamical volume to the Euclidean bounded vol-
ume. This relation is purely geometrical and it depends on
solely the metric functions of the near-horizon geometry.
We test this identity against a variety of static AdS black
holes with both planar or spherical topologies, and find no
exception. It thus provides a simple method of calculating
the thermodynamical volume even for black holes with no
analytical expressions. Interestingly, if we assume that this
formula is valid, the conjectured reverse isoperimetric
inequality [20] follows directly from the null-energy con-
dition, for static AdS black holes.

The paper is organized as follows: In Sec. II, we first
review the butterfly effects in static and isotropic AdS
planar black holes. We then obtain the universal formula
(1.2) for the butterfly velocities, by making use of the
geometrical identity that relates the thermodynamical and
Euclidean bounded volumes. We also address the subtleties
that can arise when black holes involve nontrivial scalar
hair. In Sec. III, we further elaborate the formula of
thermodynamical volume. We also point out that it is
natural to introduce the black hole volume, in addition to
(T, S) in order to fully specify the near-horizon geometry.
In Secs. [Vand V, we list a large number of AdS black holes
and test the identity against their thermodynamical volumes
that are derived from the first law. In Sec. VI, we
demonstrate that the identity, together with the null-energy
condition, imply the reverse isoperimetric inequality for
static AdS black holes. We then obtain a universal bound
for the butterfly velocities in terms of temperature and
entropy. We conclude the paper in Sec. VIIL.

II. A UNIVERSAL FORMULA FOR BUTTERFLY
VELOCITIES

A. Shockwave and butterfly effect

In this section, we consider a generic static AdS planar
black hole in general D dimensions. We focus on the
isotropic configuration in the planar directions. The metric
takes the form
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4
f(p)

In this Schwarzschild-type metric, p and ¢ have the
dimension of length, while (h, f) and X are dimensionless.
Asymptotically at large p, the functions (4, f) behave as

ds = —h(p)di* + + p2dxidx’. (2.1)

a a
e, f=g2p2+-~~— e,
pDB pD3

h:gzp2+..._
(2.2)

where £ = 1/g is the AdS radius. The mass of the black
hole is proportional to the constant a. This definition of
mass is in most cases consistent with the first law. The
situation becomes more subtle when there are nontrivial
scalar charges, which we shall clarify in Sec. I C.

We assume that the metric describes a black hole with the
event horizon located at p = py > 0. We may perform
Taylor expansions near the horizon

h=hi(p=po) + ha(p = po)* + -,
f=Filp=po) + falp—po)* +---.
In other words, hy = h'(py) and f, = f'(py). The temper-

ature and entropy can be calculated using the standard
technique, given by

(2.3)

vhif I
T = # s S = ZpOD 2"4D—27 (24)

where Ap_, is the volume of the metric dx'dx’. If this
metric is compact describing a (D — 2)-torus, we can scale
the coordinate r to set .Ap_, to be any fixed value. For
example, we can choose it to be Ap_, = 1 or be the same
as the volume of the unit round S?~2, namely

27[%(D_1)

S )

(2.5)

If dx'dx is noncompact like Euclidean, we can also choose
Ap_, to be the above values, but now with the under-
standing that the extensive quantities such as mass, charge,
or entropy describe the corresponding densities.

Before proceeding, we would like to point out the fact that
the near-horizon geometry is in general specified by three
parameters (h, f1,po). However, the well-established tem-
perature and entropy only give two parameters, leaving the
combination £;/f; unspecified. This demonstrates that
the temperature and entropy are not enough to characterize
the black hole horizon and a new quantity is called for. We
shall come back to this point in Sec. III.

To study the butterfly effects, it is convenient to
introduce the Kruskal coordinates (u, v)
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dp

Vi

Here x = 27T = %\/ hify is the surface gravity on the

horizon p = py, which corresponds to uv = 0. Near the
horizon, we have

u=e = p=—ekt)  with dp, = (2.6)

)

f
uv = (p —po) — <2+ (p=po)*+---,
fi
p—po=uv—+- (2+ )(uv)2+-~-. (2.7)
1
The metric (2.1) can now be expressed as
ds? = A(uv)dudv + B(uv)dx'dx', (2.8)

where the coordinates x' = X' /g = #X' have dimension of
length, and

Aluv) = ——, B(uv) = g*p°. (2.9)

We can expand the functions A and B on the horizon
uv =0,

A:A() +A1(M1})
B:Bo+Bl(u’U

+ Ay (uv)? 4 -+,
)+ By(uv)? + - - -. (2.10)

It is clear that the coefficients of the Taylor expansions (2.3)
and (2.10) are related. We find

_4 _(2f2 6\ T
A=z A (f1+ >f|’

3 13f5h 19h2 5h 1
Ay = <f§+&+ fohy —3>—,
4f 2f 1y AR} hy ) f
By = ¢%p3, By, = 2¢°py.
f hy
B, =g <1+f?;00+ Po (2.11)

This allows us to translate the butterfly velocity, typically
calculated using the metric of the Kruskal (u, v) coordi-
nates, in terms of variables in the more standard black hole
metric of the (7, r) coordinates.

The butterfly effect emerges if one releases a particle
from x = 0 on the boundary of asymptotical AdS black
hole at a time ¢,, in the past. As was described in [7], for late
times (i.e. t,, > f = % = 27/x), the energy density of this
particle in Kruskal coordinates is localized on the u =0
horizon and it is exponentially boosted:

STy ~ E€78(u)5(%), (2.12)
where E is the initial asymptotic energy of the particle.
Consequently, even the effects of an initially small
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perturbation cannot be neglected, and after the scrambling
time ¢, ~ #log N? the backreaction of the stress tensor on
the metric becomes significant.

This results in the formation of a shockwave geometry,
whose metric can then be written as [6]

ds> = A(uv)dudv + B(uv)dx'dx' — A(uv)d(u)h(X)du?.
(2.13)

For Einstein gravity with minimally coupled matter, one
finds that the shockwave satisfies the wave equation [6-8]

(O = m2)h(3) ~ EeF8(3).
Here [ is the Laplacian on the (D — 2)-dimensional
Euclidean metric dx'dx’ and the screening length m is
given by

(2.14)

m = (D —2)2 (2.15)

Ao’
where B and A are defined by (2.10). Thus the properties
of the shockwave are encoded in Eq. (2.14). At long
distances x > m™~! the metric is simply given by

(2.16)

One can immediately read off the Lyapunov exponent 4;
and velocity vy of these holographic theories as [3]

2 2w
= — = —. 2.17
A, 5 > UB Bm ( )

B. Butterfly velocity

As we discussed in the Introduction, we expect that the
dimensionless vg may be a ratio of some thermodynamical
quantities. It follows from (2.17) that the numerator has a
factor of T, suggestive of a dimensionless ratio of 7'S and
the product of another thermodynamical conjugate pair. In
fact, it follows from (2.17), (2.15), and (2.11) that the
butterfly velocity satisfies

h 27T 1 [h, TS
= (2.18)
1 (D=2)g’py 2\ f1VeP
where
D—1)(D=2)g . Py
P:#’ S:ZPOD QAD_Zﬂ VE:DO_IAD—Z.
(2.19)

Here Vi denotes the Euclidean bounded volume and its
terminology will be explained in Sec. III. For nondilatonic
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black holes such as Schwarzschild or Ressner-Nordstrgm
(RN) metrics, one has h = f; hence h;/f, = 1, and Vg is
precisely the thermodynamical volume. In general, we
claim that the thermodynamical volume is given by

Vlh - w [h—ivE

This then leads straightforwardly to the general formula
(1.2) for butterfly velocities. We shall elaborate this
formula further in Sec. III, and then in Secs. IV and V,
we shall verify this formula using a variety of AdS
black holes.

In the Introduction, we then made use of the Smarr
relation (1.5) and the generalized Smarr relation (1.6) to
express the v3 as (1.7). However, there is a subtlety when
the black hole contains nontrivial scalar hair.

(2.20)

C. Subtleties involving scalar hair

A rather general class of AdS black holes come from
Lagrangians with a scalar potential. For simplicity, we shall
consider only one scalar ¢, and its scalar potential is V(¢).
The existence of the AdS vacuum of radius £ =1/g
requires that }V has a stationary point, say ¢ = 0, with

V(O)=(D-1)(D-2)# (221)

Depending on the mass parameter of the scalar

m* = V"(0), at large p, the scalar behaves as

2! ¢

D—-1-0) r%(D— 14+0)

P(r) ~ +-, 0 (222)

e
where o is related to the mass parameter as

o= \/4m>g2 + (D —1)%. It was shown that the first
law of the black hole thermodynamics takes the form
[25,26]

dM =TdS+Z+ ---, (2.23)
with

2= R(D=1+0) bty ~ (D=1 =) dp)
“32z(D-1) o)A o1rap2):
(2.24)

Here the mass is given by
— %a‘ (2.25)

167

The above result is controversial owing to the fact that the
variation of the on-shell Hamiltonian
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(dH),oo =dM - Z (2.26)

is not integrable, and hence the energy is not well defined.
In this paper, we adopt the same strategy of [26], and
introduce a “gravitational mass” M that describes the
condensate of the spin-2 massless graviton. It is then clear
from the dimensional analysis that the integration constants
(¢1, @) do not involve in the Smarr relation, and hence
relation (1.5) holds even for black holes with such non-
trivial scalar hair, provided that M is defined as the
gravitational mass, satisfying (2.23). (An explicit example
will be given in Sec. IV.)

The first law (2.23) and the Smarr relation (1.5) are
independent of whether the AdS black hole is spherically
symmetric or is of the planar type. For the planar AdS black
holes with nontrivial scalar hair, it was shown in [18] that
the generalized Smarr relation (1.6) also works. In other
words, the scalar hair variables (¢, ¢,) do not enter the
Smarr nor the generalized Smarr relation. Thus the formula
(1.7) is valid even for black holes with nontrivial scalar hair
provided that M is the gravitational mass defined by (2.25).

It should be pointed out that the Hamiltonian becomes
integrable after one fixes the asymptotic boundary con-
dition for the scalar field, e.g., ¢ = ¢,(¢p;). This is
necessary for the variation principle to be well defined.
It follows from (2.23) and (2.24) that the “total energy” is
then M = M — JZ. One then recovers the standard first
law of black hole thermodynamics. However, the differ-
ential relation (2.23) is a correct mathematical statement if
one wishes to vary the parameters beyond the constraint of
the boundary condition. In fact it is a useful formula, since
one can start from (2.23) and substitute any chosen scalar
boundary condition and obtain the corresponding standard
first law of thermodynamics. Furthermore, as we have seen,

it is the gravitational mass M, rather than M , that satisfies
the Smarr and the generalized Smarr relations, which allow
us to express the (horizon) butterfly velocity in terms of
asymptotic data of a black hole, as in (1.7). It is intriguing
that the butterfly velocity is related to the gravitational mass
rather than the total energy in general scalar hairy
black holes.

III. A GEOMETRICAL FORMULA FOR
THERMODYNAMICAL VOLUMES

In the previous section, we obtained the butterfly
velocity (2.18). We find that it can be expressed universally
as a simple ratio (1.2) of thermodynamical variables,
provided that the identity (2.20) for calculating the ther-
modynamical volume is valid. In this section, we discuss
this identity in more detail. A static black hole metric may
not always be expressed analytically in terms of the
Schwarzschild-type coordinate as in (2.1). Instead it takes
a more general form
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ds* = —h(r)dt2+ +p( r)?dQ}_,,. (3.1)

f()

The statement of the identity (2.20) in this more general
coordinate system becomes

Vi _ \/? dp

Vg hdr
where r = ry is the event horizon. It is perhaps better to
express the above identity in a more abstract notation

(3.2)

r—ry

Vin 1 dp

VE - vV ~Y9u9rr E

As explained in the Introduction, the quantity Vy, is the
thermodynamical volume derived from the first law of
black hole thermodynamics

(3.3)

r—ry

dM =TdS + ®,dQ, + V@udP + - - -, (3.4)
where P is the thermodynamical pressure
A (D-1)(D-2)¢
P=——= . 3.5
87 16z (3
The quantity Vg is defined as
PP
VE O AD 2 (36)

D —

where py = p(ry) and Ap_, is the volume of the metric
dQZD_z’k which is a unit Einstein metric with
R;; = (D = 3)kg,;, k=-1,0,1. (3.7)

When k = 1, and the metric is a unit round SP—2, Vg is
precisely the volume of a ball of radius p, in the (D — 1)-
dimensional Euclidean space. For this reason, Vg was
called a Euclidean bounded volume in [20]. Here we
generalize the concept to include the k = —1, 0 topologies
as well. Thus the identity (3.2) or (3.3) provides a purely
horizon-geometric formula for calculating the thermody-
namical volume. An important advantage is that this
method does not require an exact analytical expression
of a black hole in order to calculate its thermodynamical
volume. By contrast, determining Vy, through the first law
would necessarily require that the exact solution of the
black hole be known, since the first law involves both
horizon quantities such as (7,S) and the asymptotic
quantities such as mass and charges.

For Schwarzschild-AdS or RN-AdS black holes, one has
h = f in the r = p coordinate gauge choice. The thermo-
dynamical volume is precisely the Euclidean bounded
volume. Such black holes are typically nondilatonic and
include, for examples, [27-32]. For these examples, the
formula (3.2) is thus automatically valid.
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The situation becomes more complicated when the
theory involves radially dependent scalar fields. For exam-
ple, let us consider

: ) . (3.8)

The Einstein equation of motion implies that (in the r = p

gauge)
_(D—2>ﬁ<f_”>/
p f\h)

Thus for these black holes, Vy, # Vg, but rather their ratio
satisfies the identity (3.2). In the next two sections, we shall
test this identity with a variety of black holes involving
scalar fields, by computing their thermodynamical volumes
using the first law (3.4). A formula for calculating the
thermodynamical volume based on the Wald formalism
was also obtained in [33,34]. As in the case of using the
first law to computing the volume, this formula of [33,34] is
useful only when one has an exact solution, since it requires
an integration from the horizon to asymptotic infinity,
where potential divergent terms cancel out in a intricate
fashion. This is very different from our proposed formula
(3.2) that depends only on the near-horizon data, and hence
it does not rely on the existence of an exact solution.

It is worth pointing out again that (3.2) depends only on
the near-horizon geometry, which does not, a priori,
“know” the asymptotic structure, whether it is asymptoti-
cally flat or AdS. This is suggestive that the volume Vy,
based on (3.2) may be fundamentally a quantity of black
holes in general. It may be valid even for black holes with
flat (or other unusual) asymptotics, where there is no
thermal pressure associated with the cosmological constant.
It happens that in asymptotic AdS black holes, where a
sensible pressure can be defined, the volume V;, becomes a
thermodynamical one conjugate to the pressure. In fact, as
we discussed in Sec. II A, for static black holes in the p = r
gauge, the near-horizon geometry is characterized by three
parameters (hy, f1, 7). The entropy is a function of ry,
while T = /h,f,/(4x). Thus (7,S) do not specify the
ratio / f /h,. Our definition of V, precisely makes up for
this ratio. It is thus natural to introduce three quantities
(T,S,Vy), instead of only (T,S), to specify the horizon
property fully.

Before finishing this section, we note that the thermal-
ization factor which vanishes on the event horizon cancels
out in \/f/h. Thus we have +/fi/hy = /f/h],_, . 1
follows that the ratio of (3.2) can be well defined for generic
r > ry, leading to the well-defined function

£ = vaa(R- 5007 - vie)+

¢ = (3.9)

fdp

o(r)= - (3.10)
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For the gauge choice r = p, itis clear that 6(c0) = 1. In this
gauge, we shall show in Sec. VI that o(r) is a monoton-
ically decreasing function.

IV. TESTING THE IDENTITY: KALUZA-KLEIN
DYONIC ADS BLACK HOLES

In this and the next section, we shall test the formula
(3.2) using explicit examples of AdS black holes. For
nondilatonic types of black holes, we have h/f = 1 in the
gauge choice of r = p. In this case, it is clear that Vg, = Vg
and it follows that the identity (3.2) is trivially true. Thus it
is more nontrivial to consider solutions with nonvanishing
scalar fields. Furthermore, we would also like to test the

PHYSICAL REVIEW D 95, 066001 (2017)

one-form Z in (2.24) vanishes, and the subtlety does not
arise. The only known exact solutions with nonvanishing Z
are the Kaluza-Klein dyonic AdS black holes [35] in
maximal gauged supergravity and their multicharge gen-
eralizations [36]. This may be the most nontrivial example
to test the identity.

A. Spherically symmetric black hole
It was shown in [35] that the Lagrangian

— s=alr—Lopp _Leva R
C—\/_g[R 2(845)2 ¢ 3¢F2—|—6gzcosh<\/§¢>],

Smarr (1.5) and generalized Smarr (1.6) relations when (4.1)
solutions involve nontrivial scalar hair. For almost all the
exact black hole solutions constructed in literature, the  admits the following static solution:
|
2 1% 0 (A g s
ds* = —(H|H,)2fdt* + (H|H;)? 7+r (dO6* + sin“0dyp*) |,
V3, _H . 2
¢p="FSlog 2. [=fot@rPHH  fo=1-""
2 Hl r
1=p1fo) _
A= ﬁ<(—dz+2ﬂy L\/Boyi cosOdy ).
VbiraH, g 2
Hy = 7' (1 =281 fo + 1B2S3), Hy = 73" (1 =2p2f0 + Bibaf5),
vi=1=2p1+pips, v2=1=20+ pip>. (4.2)

The solution describes a dyonic AdS black hole with the
horizon r = r( given by

n 2
Fr) =1 ‘7f+ Fr3H,(ro)Ha(rg) = 0. (4.3)

The mass and electric and magnetic charges are

M= (1 —ﬁl)(l —ﬁz)(l —ﬂlﬁz)ﬂ 0 :Mvﬁﬁ’z
Y172 ' \/5}/1 ’
p= b 4.4
V2y, #4)

The temperature, entropy, and chemical potentials are

A

f'(ro)

_ )

T = I () S = g/ Hy(ro)Ha(ro),
_ 2 . 1 —ﬂ1fo(”0))
Po = P2 (l A H,(ro) ’
]2 a1 —ﬂzfo("o))

Pr = pari (1 P2 H,(ro) (45)

The scalar hair contribution to the first law is given by

492#3(ﬁ1 _ﬂZ)\/ﬂlﬁ% VPira
Z=XdY, X= , Y=——=.
(1 _ﬂlﬂZ)V% Vi

(4.6)

The first law can then be established that [35]

dM = TdS + ®,dQ + ®@pdP + XdY + YdA, (4.7)
where
3 ~
T == (BB =y = )i
+38152-p1 - B)fo
130288 =P =P fo—2+P1+B).  (48)

and ]?0 =1—-2u/ry. Here we also corrected some sign
typos in [35]. Thus for P given in (3.5), we have
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Vi = —8z7. (4.9)
Note that the Smarr relation
M =2TS + ®yQ + ®pP -2V, P (4.10)
indeed does not involve any scalar hair.
Having obtained the thermodynamical volume,

we can now test the formula (3.2). It is clear that
we have

4z

—P(r0)3»

p=r(HH),  Vg=—

f_
S=1 @

It is now very simple to verify (3.2).

B. Toroidally symmetric black hole

As was emphasized before, once we have a spherically
symmetric solution, solutions with different topology of
the level surfaces can be easily obtained from some simple
scaling of the coordinates. The formula (3.2) is clearly
invariant under such scaling and hence valid for all
topologies. However, in the toroidal limit, a new scaling
symmetry emerges that can lead to the generalized
Smarr relation (1.6). Also in this paper, we focus on
the AdS planar black holes for studying the but-
terfly effect. For these reasons, we discuss this
example in some detail, even though the results are
already implied by the previous example. The solution
is given by [35]

2
ds® = —(H H,) " fdi* + (H,H,): (d; + 2 (dn? + dyz)),

f H 2u
d= 5 gHT f:——+92’"2H1H2’
A=+/2 < r+2h) dt+2\/ﬂ2xdy>
4 4 4 4
H,_1+ﬂ+ ﬁlﬂZ, H2—l+ﬁ+ ﬁrlﬂz_
(4.12)
The horizon is located at r = ry, with
1,5
w= =g roH (ro)Hy(ry). (4.13)

2

All the thermodynamical quantities are [35]
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M:/’t’ Q:V%a P:V//%,

_ JAC,(ro)
e H,(ro)Ha(ro) S=mrg\/H(ro)Hy(ry).
) :2Vz”ﬁl(”0+2ﬁ2) o, ZM(rOHﬁl)
¢ r(z)Hl(rO) H2 l"o ’
X:4g ﬂz W;, \/"gz

4
Vin= g”(4ﬂ1ﬂ2(ﬁ1 +B2) + 1251 foro +3(B1 4+ Ba) 15 + 1)
(4.14)

It is now straightforward to verify that the first law is again
satisfied. The usual Smarr formula takes the same form as
(4.10). In addition, there is a generalized Smarr relation
2

M =—

3

(TS + Dy0 + DpP). (4.15)

In the above discussion, we have, for convenience,
assumed that the R? coordinates (x,y) have been iden-
tified to give a 2-torus of volume 4z. One can take any
other choice for the volume, with the understanding that
the extensive quantities should be scaled by the relative
volume factor.

The quantities listed in (4.11) are the same for the
toroidal black hole, and then the formula (3.2) can be
straightforwardly shown to be true. By utilizing both the
Smarr and generalized Smarr relations, we thus have

® DpP
9,23:%— 00 + @ . (4.16)
4 42M — DyQ — ,pP)

Note that since the forms of Smarr and generalized Smarr
relations are identical to those of the dyonic RN-AdS planar
black hole, it follows that the above formula applies for the
dyonic RN-AdS planar black hole as well. (It should be
pointed out that M above is the gravitational mass rather
than the “total energy,” whose distinction was raised in
Sec. IIC.)

V. TESTING THE IDENTITY:
FURTHER ADS BLACK HOLES

In this section, we shall test the identity (3.2) with more
AdS black holes in literature that we are familiar with.
These are static black holes with spherical or more general
topologies. The list is by no means exhaustive. The
presentation will also be less detailed than that in the
previous section. Instead we shall simply present the metric
functions and the thermodynamical volumes in most cases.
It is worth pointing out that none of the examples in this
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section has nontrivial scalar hair, i.e. the 1-form Z in (2.24)
vanishes for all.

A. R-charged black holes in gauged supergravities

The thermodynamical quantities including the volumes
for R-charged black holes in gauged supergravities in
D =4, 5 and 7 dimensions were obtained in [20]. We
find that these formulas are particularly useful for our task
of verifying the identity (3.2).

1. D=4 four-charge black hole

This solution was constructed in [37] and the metric
functions are

= =110
i=1

4 1
p= rHH‘l_?,
i=1

A 2m 4
f:1—7+g2r2HHi,

> r
i=1

(5.1)

The thermodynamical and Euclidean volumes are [20]

1 4
th — gﬂ'rg HHI-(I’())
i=1

4
Vg = gﬂp(70)3-

4

j 1Hj(r0)

(5.2)

Since the thermalization factor f cancels in f/h, it follows
that in the actual verification of (3.2), r, can be treated as if
it is a generic r. This avoids the precise determination of r
which at times can be tedious. This is the case for all
examples.

2. D=5 three-charge black hole

The solution was constructed in [38]. The metric
functions are

3 2 A 3 LA 3 1
h=[1#"F.  r=]]HF. =r]]H:.

i=1 i=1 i=1
A 2m 29 qi
f—1—7+gr H,, lel—ﬁ—p. (5.3)

The thermodynamical and Euclidean volumes are [20]

1 3 S 1
Vo = —m2r§ | | Hi(ro) , Vg =z a?p(ro)*.
! 6 0.1;][ = Hj(r0> 2

(5.4)

3. D=6 two-charge black hole

This solution can be extracted from a general class of
solutions obtained in [39]. The metric functions are

PHYSICAL REVIEW D 95, 066001 (2017)
(H\Hy))"f,  p=r(H H,),

Hi=1+7

h=(H\Hy)%f, f=

A 2m
le—?Jng”zHle, ql

(5.5)

We find that the thermodynamical and Euclidean
volumes are

: — 71 (2H (ro)Ha(ro) + 3H (ro) + 3H;(ry)).

%
LT
Ve =~ 2p(r,)? (5.6)
E~ 15” pro)”. :
4. D=7 two-charge black hole
The solution was obtained in [40]. The metric
functions are
h=(HHy)f, f=(HHy)3f. p=r(HH)®,
2m
f_1——+92rH H,, _1+q’ (5.7)

The thermodynamical and Euclidean volumes are [20]

3

Vi = 55 P8 (r0) Ha (ro) + 2Hy (o) + 2Ha (1)),
P
Ve = p(ro). (5:8)

For all above D =4, 5, 6, 7 examples, it is simple algebra
to verify (3.2).

B. Charged dilatonic AdS black holes

A general class of Lagrangians involving a minimally
coupled dilaton and two Maxwell fields with some appro-
priate scalar potential were proposed [41]:

1 1
e Lp = R=3 (09 ~ 3"V F} — Lo F3 = V(§),

y= (WY Pl oy
() 2"

1 1 a; 1
W =—=N,(D-3)g( e - —6_7“2¢> , 5.9
5D = 3)g et 1 59)
where dilatonic coupling constants (a;, a,) satisfy
2(D-3)
=———". 5.10
aa D—2 ( )

One may introduce a pair of constants (N, N,), defined by

4 2(D-3) 4 2(D-3)

4 _2(b-3) 24
N D-—2 ®

5.11
N, D-2 (5.11)

ap =

The constraint (5.10) implies that
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2(D -2
N1a1+N2a2:O, N1+N2:% (512)
The charged AdS black hole is given by [41]
ds® = —(H\'HY*) 53 fdr*
+ (HY HY o= (F~ dr? 4 r2dQ3 ),
N )
4= Milet ql)Hi_ldt’
qi
1 1
¢ = ENlal IOng -+ 5N2a2 IOgHz,
H ' qi
I e
(5.13)

The solution has three integration constants (u,q,q>),
parametrizing the mass and two electric charges. The
thermodynamical quantities are

M— Ap_s

16, (P =2)p+(D=3)Nig1 + Naga)),

]"cr

dzy/HY ' HY

@, = Ni(:“"’%’)(]_i),

1
T = S = Z.AD_Q,UD_z,

qi H;
0; = % Niqi(pn +q:),
Vin = ADZ_(ZI’;O: IF)IEI])_—HZZ)Z_ (D =3)(NH, + N H,)
+[2(D=2) = (D =3)(N, + N,)|H,H>),
p_ (P-1(D-2)g (5.14)

16x
|

Ap_s

— -1
Vth - Z(D— ])(D_z)r(? (HIHZ)
Ap_
Vg = DD_zlp(’”O)D_l-

Note that Vy, is the same as (5.14) with Ny = N, = 1.

C. Scalar hairy AdS black holes

Large classes of scalar hairy AdS black holes
were constructed in [24,43-48]. In all these examples,

PHYSICAL REVIEW D 95, 066001 (2017)

These quantities satisfy the first law
dM =TdS + ®,dQ| + ®,dQ, + VydP. (5.15)

The Euclidean volume on the other hand is given by

Ve= 200 e Y (16)
The identity (3.2) is then easy to verify since
f_ | gyNy\ D=4 1
= (HY HY) (5.17)

It is of interest to note that the second condition in (5.12)
implies that the square-bracket term of Vg in (5.14)
actually vanishes. However, if we include this, then both
the first law and the identity (3.2) are valid for generic
(N, N,) without the constraints (5.14).

In [42], analogous Lagrangians inspired by bosonic
string theory were proposed. Both static and rotating (with
single rotation) AdS black holes were constructed. The
metric functions for the static black holes are [42]

h:(H1H2>_%JAcv f:(H1H2)_ﬁJA‘, p:r(Hle)ﬁ,

A 2m q;
f:l—ﬁ-l-gzrzHle, _3- (518)

Hi:1+rD

We find that thermodynamical and Euclidean volumes
are

D—4

=2(2HH, + (D = 3)(H, + H,)),

(5.19)

|
there is no nontrivial scalar hair and hence the thermo-
dynamical quantities and the first law can be completely
determined by the metric functions alone, without
needing to know the solution of the scalar field. Here
we consider the examples of [48]. The metric functions
are
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h = _H—l—ﬂj‘" f — H_%}" p= er(Dg)’ H=1 + qu_3
N D Do D-2 2(D -2
f=H+ @rH=0 — o22(H = 1)52,F, |1,—— (1 +ﬂ);g; 1-H, (5.20)
D-3 D-3
We find that the thermodynamical quantities are
(D=2)Ap_, ( L) (D-1)(D=2)g
M = D-3 s P = N
167 a\#+aq 167
[ a0 1 . (D-2)(144)
T = EH 20-3) S = ZrOD 2AD—2H -3
Ap_s (D-2)(14w)
Vi = rP T H 5 (1 - 1 H™Y). 5.21
th 2(D_1)r0 3 ( /’t—'—( +ﬂ> ) ( )
In [24] two more classes of AdS planar black holes were obtained. In the first class, the metric functions are
) g\ P! 1 q
h=f=r(r+q)lg—a - ,F, D—l,ED;D;—; , p=\r(r+q). (5.22)
The thermodynamical quantities including the volume are
(D=2)Ap, 5 Ap>(2rg +q) 1p
e — s V = s
T6n aq th 2D-1) (ro(ro +q))>
1 1
T:E(D— DagP~ (ro(ro + q))' =P, Szz(ro(roJrCI))%D_lAD—z, (5.23)
In the second class, the metric functions are
h=r g+ awd™([(v, 22¢*) = T(v))), f=e#Pp, p=r,
D-1 H q\*
=, P=—"1 =2 . 5.24
Y= oo () 524
The mass, temperature, entropy, and the volume are
(D-2)Ap_ a(D —1)gP~! 1 B
M = D 1’ T = , S =— _ D 2’
167 4zrD2 470210
Aporg”! ( ug* ) ( ug* )
Vi = ex =Vgexp| — ). 5.25
"= o1 Py o) EP\4p —2) (5:25)

To summarize, with the data provided, the formula (3.2)
can be successfully verified against all of the examples
studied in this section.

VI. REVERSE ISOPERIMETRIC INEQUALITY
AND THE vz BOUND

In the previous two sections, we have tested a large
number of AdS black holes and verified the geometric
formula (3.2) for the black hole thermodynamical volume.
In [20], a conjecture of reverse isoperimetric inequality was
proposed after having examined the relation of the

thermodynamical volume and the entropy for a large
number of AdS static and rotating black holes. For static
black holes, the inequality can be equally stated as

Vi > Vi (6.1)

Physically, this inequality implies that for a given amount
of entropy, Schwarzschild black hole requires least space
volume to store them. We now show that if we assume the

identity (3.2), the above inequality is a natural consequence
of the null-energy condition in Einstein’s theory.
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For convenience, we would like to choose a coordinate
gauge p = r, and hence the metric is
dr?

f(r)

It follows from (3.2) that the inequality is a consequence of

dsh=—h(r)di+——+r’dQ} _, .. k=—=1,0,1. (6.2)

; > 1. (6.3)

r=rp
To proceed, it is convenient to define a vielbein base

5 oo dr
O =vVhdt, el=—"—,
Vi

ei=ré¢t, i=2,3,...D—1,
(6.4)

where the barred indices denote those in the tangent
spacetime. Following from the FEinstein equation
T = G, we find the nonvanishing components of the
matter energy-momentum tensor

700 _ _(D=2)(D=3)(f=k) (D-2)f
2r? 2r
i (D=2)(D=3)(f -k —2)fH
pir_ (D )(D2r2 W=k (D 2rh)f ,
71 — ((D -3)((D - 4)2(f —k)+rf")
2r
2D =3)f +rf ) "

- s (65
e 4rh * 2h> (6:5)

The null-energy condition implies that

700 4 711 = —(D_z)h<f>/ > 0. (6.6)

2r h

[Compare this with (3.9).] Since the function i and
coordinate r are non-negative from the horizon to asymp-
totic infinity, it follows that (f/h)" < 0. In other words, f/h
is monotonically decreasing. It is conventional to scale the
time coordinate such that f/h =1 at the asymptotic
infinity. It follows that the statement (6.3) must be true
and thus we have proven the inequality (6.1) for static AdS
black holes.

Applying the inequality (6.1) to the butterfly velocity
(1.2), we have

TS 2xT

v: < = , 6.7
B =2vep (D =2)pog (67)
where we have used
1 _ Ap_ po
S = ZAD—ZP(? ’, Ve= D— 1P0D Lo (6.8)
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The bound (6.7) can be better expressed as

(4s)p= _ 2z
T¢ ~D-2

v} (6.9)
where s = §/(£P2Ap_,) is the (dimensionless) entropy
density and # = 1/gis the AdS radius. Thus we see that for
fixed entropy, the upper bound for the velocity is propor-
tional to /7. It is worth pointing out that the essence of the
bound (6.9) is (6.3) and hence the bound can be proven
without making use the reverse isoperimetric inequality.
Nevertheless, our approach shows that the bound and the
inequality are closely related.

VII. CONCLUSIONS

In this paper, we studied the butterfly effect of static and
isotropic AdS planar black holes in the framework of
Einstein’s theory of general relativity, with only minimally
coupled matter. We found a purely horizon-geometric
formula (3.2) to calculate the thermodynamic volumes of
the general static AdS black holes. This allows us to
calculate the volume even for the cases with no exact
analytical solutions. We verified this identity for a large
number of black holes, with no exception. Since the near-
horizon geometry of a black hole does not, a priori, “know”
the asymptotic structure, it follows that the volume based
on (3.2) may be fundamental and it may be valid even for
black holes with flat (or other unusual) asymptotics, where
there is no thermal pressure associated with the cosmo-
logical constant. Indeed, the near-horizon geometry of a
static black hole involves three parameters, and we showed
that they could be fully specified by (7', S, Vy,). That black
hole volume might be as fundamental as the horizon area is
both intriguing and perplexing since it contradicts the well-
established holographic nature of black holes.

We found two applications of (3.2) in this paper. One is
that the butterfly velocity can now be expressed universally
as (1.2). In other words, it is related to the volume density
of the quantity 7S, which is precisely the contribution to the
action growth from the Gibbons-Hawking surface term
evaluated on the horizon [22]. By utilizing the Smarr and
generalized Smarr relations, the butterfly velocities can also
be expressed in terms of conserved quantities including
mass, charges, their chemical potentials, etc. We derived
our results for isotropic solutions. It is of interest to
investigate whether (1.2) may be still valid for anisotropic
solutions.

Another application is that if we assume this identity, the
conjectured reverse isoperimetric inequality proposed in
[20] then follows straightforwardly from the null-energy
condition for the static AdS black holes. This may point a
possible direction of proving the conjecture in general. (It
should be mentioned that violations of the inequality were
found for some somewhat exotic black holes; see
e.g. [49,50].)
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We also found that the reverse isoperimetric inequality
was in one-to-one correspondence to an upper bound for
the butterfly velocities in AdS planar black holes. It is
fascinating to see that the purely geometric inequality is
related to the bound of a physical process.
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