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Angular momentum conservation law in light-front quantum field theory
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We prove the Lorentz invariance of the angular momentum conservation law and the helicity sum
rule for relativistic composite systems in the light-front formulation. We explicitly show that j3, the
z-component of the angular momentum remains unchanged under Lorentz transformations generated by
the light-front kinematical boost operators. The invariance of j* under Lorentz transformations is a feature
unique to the front form. Applying the Lorentz invariance of the angular quantum number in the front form,
we obtain a selection rule for the orbital angular momentum which can be used to eliminate certain
interaction vertices in QED and QCD. We also generalize the selection rule to any renormalizable theory
and show that there exists an upper bound on the change of orbital angular momentum in scattering
processes at any fixed order in perturbation theory.
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I. INTRODUCTION

Understanding the angular momentum decomposition
and helicity sum rule for nucleons is of great interest in
hadron physics. One of the difficulties in studying this
problem is the nonuniqueness of the definition of relativ-
istic spin [1-3]. To avoid this issue, nucleons are usually
studied in a frame in which the nucleons move along the
z-direction such that helicity coincides with the z-projection
of spin, since itis generally believed that the helicity and spin
are not the same in an arbitrary frame [4]. Since constituents
in a bound state can move in different directions, it is
understood that for the Wick helicity spin states, there is no
conservation law of helicity.

Nonetheless, as we shall show in this paper, the
z-component of the relativistic spin of a particle or bound
state in the front form [5] is Lorentz invariant and always
equal to its helicity. Furthermore, we will prove that for any
composite system, helicity is conserved in any Lorentz
frame. This is related to the fact that Lorentz transforma-
tions in the front form are generated by kinematical
operators which leave the x™ = 0 plane invariant, whereas
boosts in the instant form are dynamical and the x° = 0
plane is changed under Lorentz transformations [6—8]. The
invariance of spin in the front form provides selection rules
for orbital angular momentum in interaction vertices and
scattering processes in renormalizable theories. Examples
of the selection rules have been observed in [9-11].

The paper is organized as follows: In Sec. II, we briefly
remind the readers why spin in relativistic theories is
nontrivial, and which are the different definitions of
relativistic spin states generally used in the literature. In
Sec. III, we compare the dependence of the expectation
value of spin operators on different choices of spin states,
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and show that the light-front spin choice is unique: the spin
expectation value along the z-direction is always conserved
under Lorentz transformations. We then give a general
proof for the Lorentz invariance of angular momentum
along the z-direction in the front form for both elementary
and composite particles. In Sec. IV, we present a selection
rule for the angular momentum in QED and QCD vertices by
applying the light-front angular momentum conservation
law. We also give an upper bound on the change of orbital
angular momentum in scattering processes for renormaliz-
able theories at any fixed order in perturbation theory.
Conclusions are summarized in Sec. V.

For completeness and clarity, we also include in
Appendix A light-front conventions and a glossary of
notations which we use, Appendix B derivation of light-
front spin representations, and Appendix C relations
between light-front spin operators, the covariant spin vector
and the Pauli-Lubanski pseudovector.

I1. SPIN OF RELATIVISTIC PARTICLES

In d=3+1 dimensions, the Poincaré group has
two Casimir operators, P> = m?> and W2, where W =
—%e’“’“ﬁP,,Maﬁ is the Pauli-Lubanski pseudovector. For a
fixed momentum p#, W* is the generator of the little group,
the maximal subgroup of the Lorentz group which leaves
p* invariant. According to Wigner’s theorem, elementary
particles classified with m?> and W? transform in unitary
irreducible representations of the symmetry group.

In the following, we will construct the spin representa-
tions for both massive and massless elementary particles,
respectively. In both cases, we shall start with a standard
reference frame in which the spin is unambiguously
defined, and then apply Lorentz transformations to obtain
the spin in any arbitrary Lorentz frame. Since the Lorentz
transformation between two frames is not unique, we then
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discuss the spin states defined by different choices of
Lorentz transformations.

A. Massive elementary particles

For massive elementary particles, the intuitive choice for
the standard reference frame is the rest frame, in which the
momentum is

01 2 3

[m 0 0 0]

u

P
The Pauli-Lubanski pseudovector in this frame is

0

J3

where J'= L'+ S =1e/* Mk are the total rotation
generators in 3 dimensions. S' are the spin generators,
and the orbital generators L' do not contribute when
particles are at rest.' The Casimir W2 = —m?(§')? =
—m?s(s + 1) is Poincaré invariant, and s is defined as
the spin representation of a particle in a relativistic
theory [12,13].

In the rest frame of a spin-s massive particle, the spin
is uniquely labeled by s3, the (25 + 1) eigenvalues along
the z-direction, which we will use interchangeably with
helicity A:

S3|pid=s3) = A|p;A) for
A==s,—s+1,...,0,...,s = 1,5. (2)

Although the spin is well defined in the particle’s rest
frame, the definition of spin for a particle in motion is
convention dependent, since in fact a Lorentz transforma-
tion from the rest frame |p) to a state | p) with momentum is
not unique. Generally speaking, a particle with spin in the
z-direction and s® = ] in its rest frame is not guaranteed to
have the spin aligned in the z-direction when it is moving.
Therefore, even though the helicity 4 is a Lorentz invariant
label of particles, it should not be identified with the
z-component of spin for particles in motion. Nonetheless,
as we will see in Sec. II, there is a particular choice of
Lorentz transformation under which, spin-projection
along the z-direction is invariant, and helicity is equal to
the z-component of spin in all Lorentz frames.

lThroughout this paper, we will reserve uppercase letters
for operators, and use lowercase letters to denote the value
of the operator acting on some states. For example, the momentum
operator on a momentum eigenstate is denoted by P¥|p) = p*|p).
A full glossary of symbols is given in Appendix A 1.
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There are three popular choices of Lorentz transforma-
tions in the literature which give rise to different definitions
of relativistic spin states [2,3,14,15]:

(1) Canonical spin Starting with the rest frame of a
massive particle in which the spin is projected along
the z-direction, the canonical spin states are obtained
by first performing a rotation from the direction
of p to the z-axis, followed by a boost along the
z-direction to get the desired |p|, and finally a rotation
from the z-axis back to the 3-momentum direction p:

P ). =A(p = p)lpis® =2) (3)
=R(z—p)B(p - p* =1p)
xRNz = P)|p:is® =), (4)
where
12 g3l p1
R(z—-p) = "M ho=iMT0 ¢ =tan"' |
p
SV + ()
0 =tan! Yo —m——— (5)
p
and
Blp—p =lp)=e ™. p=anh 1Bl ()
p

Note that the action of A, is equivalent to a rotationless
pure boost along the direction of the 3-momentum p.
The 4-vector representation of A, is given by

0 i
o 0 o
AS(p=p)=0 |u I (7)
. 11 i pipl
! m oY + m(p0+)n)
0 2 3
r 0 1 2 2 -
N
Ia p'p! p'p? p'p?
_ ! Tolm)  mp ) m(pP+m) | |
P’ p2p' p*p* p*p’
N e R b e B s
p3 P3pl p3p2 p?p?
3 Lm o m(pO+m) m(p®+m) 1+ m(p°+m)-

with p® = \/|p|*> + m? for particles which are
on-shell.

Using Eq. (8), we see that for a particle polarized
along the z-direction in its rest frame with the
covariant® spin 4-vector

’A detailed discussion on the covariant spin vector and its
relation to the Pauli-Lubanski pseudovector can be found in
Appendix C 1.
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st = ,
[0 0 0 m]

after performing the canonical choice of Lorentz
transformation, the spin in general will not be aligned
with the 3-momentum p.

In the low-energy limit (|p| < m), the canonical
spin defined by A, is the natural choice since A, is
smoothly connected to the identity, and the spin is
unchanged under Galilean boosts, as expected in
nonrelativistic physics.

(2) Wick helicity spin Helicity states are defined such
that the spin of the moving particle is parallel or
antiparallel to the direction of the 3-momentum p.

Starting with a massive particle in the rest frame,
helicity states are obtained by boosting along the
z-direction to obtain the desired p, followed by a
rotation from the z-axis to the direction of |pl:

P A), = Au(p = p)lpss® = 2) ©)
=Rz~ P)B(p— p* = p)lp:s* = 2).  (10)

where R(2 — p) and B(p — p> = |p|) are defined
in Egs. (5) and (6). Unlike the canonical choice, no
rotation is performed in the rest frame in the helicity
choice before boosting in the z-direction. This
ensures that the rest-frame spin vector which is
pointed along the z-direction will be aligned with the
3-momentum p after the helicity boost.

Helicity boost is related to the canonical boost® by
Aw(p = p) = Ac(p = p)R(Z = D).

The 4-vector representation of A, is given by

0 1 2 3
— 0 B
r Ip|
o [Z o o D
o 1 pt o p'pt —pt pop!
(M) (p—p)= mJpllp™l Tt el |
2 o pp pt pp?
mpllpt] |p*t|  mlp]
3 ozt g 22
- m p| m|p| |

with [p*]> = (p)* = (p')* + (p?)*.

*For elementary particles, any two choices of Lorentz trans-
formations are related to each other by a pure rotation, known as
the generalized Melosh rotation. The reason is the following.
Assume there are two boosts, A, and Ag, both of which
transform a particle at rest to a state with momentum p, and

Pr=(Ay)*,p"=(Ap)¥,p". Tt then follows that p" = (A3 p* =
(AZVF L (AR)S, p". Since p has vanishing space component, in
order for the equality to hold, AZIAB can only be a pure spatial

3
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Using Eq. (11), it is obvious that for a particle
polarized along the z-direction in its rest frame with
the covariant spin spin 4-vector

01 2 3
sH = ,
[0 0 0 m]

after the helicity boost, the spin will be aligned with
the 3-momentum p.
Light-front spin Light-front states are defined using
the light-front kinematical boost generators, M*+
and M, which leaves the x™ = 0 plane invariant;
this is in contrast to the canonical or Wick helicity
boost in the instant form, where boost generators are
dynamical and the x° = 0 plane is changed under
Lorentz transformations. Note that it is constructed
such that the direction of spin in the particle’s rest
frame coincides with the light-front direction® Z, and
as we will see, this choice makes the z-component of
spin special in Lorentz transformations.
Light-front states are obtained from the rest
frame of a massive particle by first boosting in
the z-direction to obtain the desired p™, followed by
a light-front transverse boost from the z-axis to
obtain the desired transverse momentum p-:

Ipid)L = AL(;’ - P)|;’§ s*=2) (12)
= MO o 3 ) (13)
where
1
o= 1-12 (14)
p

m
e =—. 15
o (15)

The 4-vector representation of A; is given by

+ - 1 2
+ [Z 0o o o]
m
° 12 2 1 2 2
A p—p)=— |w O E
Lz 0o 1 0
2 |Z o0 o0 1|

(16)

4Light—front conventions which we wuse are listed in

rotation. Appendix A 2.
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XL—
z
FIG. 1. Spin in the rest frame is aligned with the z-direction.

In the light-front boost, the parameters (6+, @) have
simple connections’ to the momentum p, in contrast
to the canonical or helicity boosts, where parameters
(0, ¢, p) are nonlinear functions of the momentum as
in Eq. (5) and (6).

We see that the light-front states are similar to the
Wick helicity states in the sense that the spin of
the moving particle will be parallel or anti-parallel to
the light-front 3-momentum (p*, pt).

We give a graphical illustration below on how a covariant
spin 4-vector appears under the different choices of Lorentz
transformations. In the example, we consider a massive
particle traveling along the x-direction with

01 2 3

B ]
PP=1E p oo o]

The spin is originally polarized along the z-direction in the
rest frame with

01 2 3
sH = ,
(0 0 0 m]

as shown in Fig. 1. The spin states corresponding to the
different choices of Lorentz transformations are illustrated
in Fig. 2.

B. Massless elementary particles

Unlike the massive case, for massless particles, spin is not
directly defined from the eigenvalues of W2, This is because
the little group of the Poincaré group for massless particles is
the non-compact isometry group of the 2-dimensional
Euclidean space 1SO(2), which does not admit finite-
dimensional unitary representations. However, particles
are observed to have discrete spin quantum numbers in
addition to momentum p. Thus, all noncompact generators
of ISO(2) are neglected, and the remaining generators form
a compact SO(2) group.

For each spin-s irreducible representation of the SO(2)
group, there are only two linearly independent polarization
states with eigenvalues s and —s, respectively. States
corresponding to the two eigenvalues are referred to as

>This simplification occurs because kinematical generators of
the Poincaré group on the light-front are isomorphic to the
symmetry operators of nonrelativistic quantum mechanics in d =
2 + 1 dimensions [6].
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X
A A P
P P /‘
] I
I L , R

z z +

) Canonical spin (b) Helicity spin (c) Light-front spin
sé‘( )=(0,0.0,m)  $p)=E0.0)  sip) = (5,p0%

FIG. 2. Different definitions of spin for a massive particle
moving with momentum p* = (E, p,0,0); only the spatial
components of the covariant spin 4-vector are represented in
the figures. The covariant spin vector s#(p) is written in the
(0,1,2,3) coordinates. Note that in Fig. 2(c) the horizontal axis is
the + direction.

the “4+” and “— helicity states of massless particles,
because the SO(2) generator points along the direction
of p.

Since spin states are labeled by the S operator in the
massive case, to be consistent, one defines spin in a frame
in which the massless particle moves along the z-direction
with momentum

o
w

L0102
=1 o0 0 pl

so that the SO(2) group in this frame is generated by S°.
Spin states for massless particles are then labeled by

]l
he]l

S*|p; A =s3) = A|p;A) for 1= =s. (17)
Now that we have defined the spin for massless particles
moving along the z-direction, we can construct spin states
for massless particles moving with arbitrary momentum p
as we did in the massive case. However the canonical spin
definition is not suitable for massless particles because it
requires a rest frame from which a pure boost is performed
and there is no rest frame for massless particles.
In the following, we will discuss the remaining two
choices of Lorentz transformations for massless particles.
(1) Wick helicity spin Helicity spin states for massless
particles are obtained by first boosting a state with
momentum p in the z-direction to obtain the desired
|p|, and then rotating from the z-axis to the direction
of p to have the desired the transverse momentum:

;A =M(p = p)lpss®=24)  (18)

=R(EZ—-D)B(p— p’ =p)Ip;s’ =4), (19)
where
R(% - f’) e—zM]2¢e—lM316
1 1
¢ = tan”! p—2, 0 = tan™! |p3| (20)
p p
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and

Bp—p =lph =, =P @)
p
The 4-vector representation of A; for massless particles is given by
) 0 1 2 3 )
Ip[*+(p)* lp*~(p)*
0 ol 0 0 Thp
1 P (pP=(p)) pr o =pr pelP+(B))
(A)*,(p—p) = Ip*p lpllptl It IpI*p (22)
PelP=()?)  pp*  p Pl +()?)
2 pPp P T PR
3 PeP=(p2)  -lptl o PRP+(P))
Ipl*p Ip] Ip*p

Comparing Eq. (27) with Eq. (16), we see that in

Note that in general, |p|*> # (p)* due to the non-

unitarity of the boost operation.

The above expression shows that after the helicity
boost, the spin vector in the standard reference frame
indeed transforms into a vector which points in the
3-momentum direction p.

(2) Light-front spin Light-front spin states for mass-
less particles are obtained by boosting p in the
z-direction to obtain the desired p™, followed by a
light-front transverse boost from the z-axis to obtain
the desired transverse momentum p=.

contrast to the helicity choice, the expressions of the
light-front boost are almost identical for both massive

and massless particles. The only difference is that m in

the massive case is replaced by 2 p in the massless case.
Remark A Using the explicit vector representation in
Egs. (22) and (27), one finds that for massless particles, the
spin vector defined by the Wick helicity boost points in
the direction of the 3-momentum p, and the spin vector
defined by the light-front boost points in the light-front 3-
momentum (p*, p*). This is exactly what we found in the

massive case. Therefore, we conclude that A, and A; can

p; Ay, =AML (P — p)lp;s® =) (23)  be used to define spin states for massive and massless
N particles for any momentum p.
= mIMO gt B 3 — ) (24) Remark B It is worth mentioning that the massless spin-1
representation defined by the light-front boost preserves the
where light-cone gauge condition AT = 0 under Lorentz trans-
formations® Thus, in contrast to other choices of Lorentz
. pt transformations where gauge conditions are generally not
9 = j . J_ = 1, 2 (25) +
p preserved, one can always choose the A™ =0 gauge
_ condition in all Lorentz frames. We also emphasize that
w_ 2P the light-front Lorentz transformations are kinematical and
e” = (26) g

Pt leave the x* = 0 plane invariant, unlike the canonical or
Wick helicity boosts.

The 4-vector representation of A; for massless

particles is given by IIL. CONSERVATION OF ANGULAR

MOMENTUM: A PROPERTY OF THE LIGHT-

+ - 1 2 FRONT LORENTZ TRANSFORMATION
+ [ ’;4 0 0 0] In the last section, we have defined different choices of
Z
_ PP 2 20 22 Lorentz transformations, which up to this point merely look
(ALH, (P = p) = 2ppt  pt T T like a preference of choices. However, as we will discover
1 p' 0 1 0 in this section, the light-front choice is advantageous and
b
2 J—
2 L f—,—, 0 0 1 %The explicit light-front spin representations for spin-1 and

spin- particles are given in Appendix B; the preservation of the

(27) AT = 0 condition is demonstrated in Eq. (B16).

065035-5



KELLY YU-JU CHIU and STANLEY J. BRODSKY

unique in that it provides frame-independent angular
momentum conservation rules.

We shall first study the action of different of Lorentz
transformations on the spin.

A. Spin of particles in motion—Why is light-front
special?

Let us start with a spin state pointed in the z-direction in
a massive particle’s rest frame:

oo pid=s3S|p;a=s
(s7y(p) = (A= 518 )
(p:Alps A)

i=1,203. (28)

0
=107,
1

We then wish to find the spin of the particle when it is
motion

(p: S| p; A)
(p;Alp;A)

using different choices of Lorentz transformations. Note
that (S")(p) in Eq. (29) are the expectation values of spin
operators on moving states. The 3-vector formed by
(S")(p) should not be confused with the spatial components
of the covariant’ spin 4-vector defined by the expectation
value of the Pauli-Lubanski operator. The calculation can
be done with the definitions of Lorentz transformations in
Eq. (4), (10), (13) and the commutation relation

FM).
(30)

() (p) = (29)

[ Maﬁ , MW’] — l( gm/ Mﬁu 4 gﬂy M — gau M/h/ _

Since the Lorentz algebra is representation independent,
one can pick any representation to do the computation
without loss of generality. For example, let us consider the
spin-1 representation and the matrices given in Eq. (8),
(11), and (16). We then obtain the following results®:

(1) Canonical spin

_Aps S pi A),

(89.(p) =
AP AP A),
—p1p3
B S
m(m+ p°)

m(m + p°) + |p*|?
(31)

’A detailed discussion on the definition of the covariant spin
vector can be found in Appendix C 1.

*We have verified that the analogous calculation for massless
particles using Eqgs. (22) and (27) yields the same (S'),(p) and
(8" .(p), whereas (S).(p) is well defined only for massive
particles.
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This shows the canonical spin is generally not
aligned along the direction of motion, as we have
already seen in Fig. 2(a).

(2) Wick helicity spin

; (p: AlS'ps A), A
1), (p) =D AS P Dy 2| s
S e |7,

(32)

The helicity spin points along the 3-momentum
direction. For example, a photon moving in the x-
direction has two states polarized along the x-axis;
thus, (S™=1), (p) = %1 in the helicity spin definition,
as 1illustrated in Fig. 2(b). Note however that
(8=3),(p) :/I%;éxl, and therefore one cannot

identify the z-component of spin with the helicity
A for particles in motion.
(3) Light-front spin

r
. 4187 p3 ) "

g _ (P Ll » 33

< >L(p) L<P,/1|P,/1>L p+ ( )
1

Remark C Note that for all three choices of Lorentz
transformation, the norm of the spin expectation value for
moving particles, (S')(p), is not conserved, in contrast to
the nonrelativistic case where spin is a 3-vector with unit
norm. This is a consequence of the nonunitarity of the boost
operation. Nevertheless, using the light-front definition, we
find (S"=3), (p) = A = s° and the spin projection along the
light-front direction 2 = 3 in any Lorentz frame is always
the same as in the rest frame. Thus, s° is an invariant under
the light-front choice of Lorentz transformation.

Remark D In the nonrelativistic regime where
Ip|> <m?, (S"),.(p) and (S),(p) reduces to the usual
spin definition which is frame independent:

(S.(p) = (S).(p) = A|0] =(S)(p). (34)

[pP<m?

- o O

Remark E On the other hand, in a reference frame where
the observer moves with infinite momentum in the negative
z-direction and p* ~ |p|, the Wick helicity spin is

p
]73

(Sh(p) — 4|22 (35)
pP=pl | P’
1

Applying the usual identification of p? in the infinite
momentum frame (IMF) with p* in the front form

065035-6
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[16,17], Eq. (35) becomes the same as (S’), (p) in Eq. (33).
Therefore, the Wick helicity spin in the IMF is the same as
the light-front spin, and the z-component of the Wick
helicity spin remains invariant in the IMF. This is one of the
ways that one can see the correspondence between the IMF
and the front form.

In summary, the light-front spin is powerful because:
(1) it is applicable to both nonrelativistic and relativistic
regimes; (ii) one does not need the IMF to show that the
spin along the z-direction is preserved. In the front form,
(§=3),(p) == s> is true in all Lorentz frames. The
invariance of s° in the front form provides a great advantage
for the angular momentum sum rules for composite
systems, which we will explore in Sec. IV.

B. Invariance of light-front spin
for elementary particles

In this section, we shall give a formal proof of the
invariance of spin for elementary particles under the light-
front Lorentz transformation.

Let us start by defining an operator S; (p), which when
acting on a light-front state |p; A), gives s>—the rest frame
spin projection along the z-axis:

$.(p) PiA)L- (36)

Using the definition of the light-front spin state

Pl = 53

pidy, = Ap(p = p)|p: d) (37)
and
Blp:2) = s*|p; 4). (38)
one deduces
S1(p) = Alp = p)PAL (p = p).  (39)

Furthermore, we can express S;(p) in terms of the
Poincaré generators as

S3 — ]3 _P_1M+2 P_2M+1 40
L(p) P+ +P+ ( )
3 Pl 2 P2 1 3

=J —FS’L —|—FSJr —LL(p), (41)
where
Pl P2
LY (p) = pr L2 = 5o L, “2)

and S$* and L* are the spin and the orbital part of the
Lorentz generators, respectively.

°One can repeat the same calculation for massless particles and
obtain the same expression.
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We can now compute the total angular momentum for a
moving particle

(), (p) = LA 1P ) (43)

LpiAlps ),
Rewriting Eq. (43) using Egs. (41) and (37), we have

(p; 2| L st2 — B2 g+ p: 2y,
J3 p) = S3 p +L P P
P (p) = (S0 N

(P ALY (p)|ps A)
L<P;/1|P§/1>L

(44)

We will show below that the last two terms in fact vanish,
and then since (J3),(p) = (S3(p)) = 53, we prove the
invariance of spin along the z-direction under light-front
Lorentz transformations.

In the second term, the matrix

(P AISTHp3 ), = (p:AIAL (P = p)STHAL(p = p)|pi2)

(45)

_ <;7;/1|eis+2—(uS+Le_i‘s+2-m ;7;/1>’ with e® :% (46)
= e”(p3AIS™|p;2) (47)

= 0. (48)

The second line is obtained by using the definition of light-
front boost in Eq. (13), along with [ST!, $*2] = 0, and the
fact that the spin and orbital Lorentz generators commute
[S#, L*] = 0. The third line is due to the property that in
the front form, the kinematical generators are invariant up
to a scaling under a longitudinal boost, and

st Stw

et TSI T = gt (49)

To obtain the last line, recall that the state at rest | [O); A) is an
eigenstate defined by the eigenvalues of J? as in Eq. (2).
Therefore the expectation values for all other Lorentz

generators on | E;A) vanish, and hence the last equality.
The last term can be simplified in the following way:

(L3 (p)) = (s AL} (p)|p: A)L (50)

, ) 9\,
—L<p;ﬂl<pla—m—p28—m> P (51)
= (psAIL3ps ), (52)
=(L%),(p). (53)

The second line is obtained by using the explicit form
of L3 (p) in Eq. (42) and the fact any function of generator
P* on the momentum eigenstate satisfies f(P*)|p) =
F(p*)|p). The third equality is then obvious by noting

065035-7
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that the momentum-space representation for the orbital
angular momentum operator is L* = i(p* % - p¥ %)
v "

Combining Eq. (48) and (53), We obtain a simplified
expression for Eq. (44):

(F)e(p) = (Si(p)) +(L)L(p). (54)

Comparing this with the usual expression for angular
momentum conservation:

AP P A
<‘]3>L<p> - L<P;/1‘p;/1>L (55)
_ P S+ L) psd),
= (P Alps ), (56)
= ($*)(p) + (L) (p), (57)
we deduce
($).(p) = (S (p)) = 5. (58)

Let us discuss the interpretation of (L*), (p) for elemen-
tary particles without internal structure. An elementary
particle with fixed momentum is described by a plane wave
which is spread all over the space and carries no orbital
angular momentum around a fixed point. It has also been
shown with detailed wavepacket analysis in [1] and [18]
that this term is regulated and contains no infinities and
only depends on the particle’s motion around a fixed center;
thus, this term has no applicability to the internal spin. We
can thus neglect this term and only discuss the intrinsic spin
angular momentum for elementary particles. Thus, we find

(P)p) = ($)L(p) =5> =4 (59)

This proves the invariance of spin for elementary
particles—in any Lorentz frame obtained by a light-front
Lorentz transformation from the particle’s rest frame, the
expectation value of the spin-projection operator along the
z-direction is the same as in the particle’s rest frame.

Remark F In the literature, people often say “light-front
spin” or “light-front helicity” is invariant. The accurate
statement should be: the spin along the z-direction defined
by the light-front Lorentz transformation is preserved
because (J3), (p) = s* for all momentum p. Furthermore,
since the helicity 4 is equal to s* by definition, spin and
helicity can thus be used interchangeably in the front form.
Similarly, in the operator level, since S; (p) also gives the
Lorentz-invariant z-component of spin for particles as in
Eq. (59), it is often referred to as the “light-front spin
operator” or “light-front helicity operator” [8,19,20]. In
addition to S} (p), one can also define the transverse light-
front spin operators S (p) in analogy to Eq. (36). The
relation between the light-front spin operators S (p) and the
Pauli-Lubanski vector W¥ is given in Appendix C 2.
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Remark G One may wonder whether the invariance of
the z-projection of spin also occurs in the Wick helicity
boost, which is defined similarly to the light-front boost.
The answer is yes, but only in the IMF limit [7].

To see this, we first construct S; (p) for the Wick helicity
boost analogous to the light-front S3 (p):

Sa(p)|p: Ay = Alpi ). (60)

This “Wick helicity spin operator" satisfies

Si(p) = Mu(p = p)PAT (P = p). (61)
An explicit calculation gives

JiP!
S3(p)="m, (62

which is exactly the ordinary helicity operator.

Even though s3 = 1 in the standard reference frame, in
general (S°),(p) # (S3(p)) = A for an arbitrary momen-
tum p. Nevertheless, in the IMF where p', p? < p* ~ |p|,

P2

Pl
S (p)—J3 +EM23 +F

M3, (63)
P’=lp|

Identifying p?® in the IMF with p* in the front form,
Eq. (63) becomes identical to S; (p) in Eq. (40). We see that
in the IMF the Wick helicity spin operator S3(p) is the
same as the light-front spin operator S} (p) in the front
form. Alternatively, one may take p‘, p2 — 0 in the IMF
and find Si(p)mﬁ. Both ways give

(Si(p) = (S1)(p) =21 =+’ (64)

in the IMF.
This explains why the z-projection of spin is preserved in
the IMF, which we have already seen in Eq. (35).

C. Conservation of j3> for composite systems
in the front form

In this section, we shall generalize the proof to composite
systems and show that the z-component of the total angular
momentum is conserved for any bound state in the
front form.

Bound states in the front form are defined at one instant
of light-front time x* =0. As we will see, light-front
bound state wave functions are in fact Poincaré invariant, in
contrast to instant-form wave functions defined at x° = 0.
A bound state with momentum p has the following light-
front Fock state decomposition [10]

PP =3 / (][ k 4y,

X (Xg ki, s3)nspaisiye, Y osi. (65)
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with the Lorentz invariant integral measure

- T2a(1-3)

a=1 a=1
deJ_ n
tor 3Hl6 352(;@)'

The total angular quantum number j* can be defined in the
standard reference frame in which the bound state is at rest,
analogous to the case of massive elementary particles in
Sec. 1. |n; p,;s3); denotes the n-particle Fock state; a
labels the n constituents; s is the z-projection of the light-
front spin for each of the constituents, which we have
proved to be Lorentz invariant in the previous section. The
light-front 3-momentum of constituent a is given by

a2k = (66)

P =x.p"  pr=x.pt+ ki (67)

The light-front energy of a constituent is given by

- _ (pa)+mg ; :
Pa = where m, is the mass of the constituent.
For a bound state, the light-front energy is given by
132 2
p- = (pi%, where m is the mass of the bound state.

Note that p~ # > " , p, because in light-front time-
ordered perturbation theory, particles are always on their
mass shell, but off the energy conservation shell. Thus, it is
sufficient to specify a bound state with the total light-front
3-momentum (p*, p*) of the bound state together with the
internal variables (x,, k).

It can be readily checked that (x,,k7}) are in fact
Poincaré invariant, despite that (p/, p%) transform cova-
riantly under the light-front Lorentz transformation defined
in Eq. (16). Since s is Lorentz invariant, the light-front
wave function (LFWF) y,,(x,, k2, s3), which describes the
internal structure of a bound state, is indeed independent of
the observer’s Lorentz frame as desired.

We compute the total angular momentum along z-
direction for each of the n-particle Fock state |n; p,;s3)
at arbitrary momentum p:

L passal P ns paisy)y

()(p) = (68)
- L1 o s3lms pas s3),
— <n pa’sal(S% +L3) Sa> (69)
a=1 L<n’pa’ a|n’pa’ a>L
_ Z n pa’salL2 sa> (70)
a=1 n Pa>S |n’pa’ a>L

We have used conservation of spin for elementary con-
stituents in Eq. (58) to obtain the last equality.

We shall show below that not only s) is Lorentz
invariant, but the orbital angular momentum along the

z-direction is also independent of the observer’s Lorentz
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frame. We rewrite the orbital term with the total transverse
momentum p= of the bound state and the n — 1 indepen-
dent internal transverse momentum k+ [21]:

n

D pinpasilLiln: paisi)y

a=1
n a a
_ N TPy A N
;L<n’pa’sa|l<paapcll paapg>
. 0 0
_L<n;pa;s2|l(p28pl _pl ap2>

n—1
0 0
+ZL n; pa’sa (kzw_kl ak2>|n;pa;sz>b (73)

a=1

(71)

S3>L (72)

SZ>L

The first term in Eq. (73) corresponds to the orbital angular
momentum due to total momentum of the composite
system and is thus neglected due to its irrelevance to the
internal structure. The second term depends on the frame-
independent internal transverse momentum kL, and thus it
gives the Lorentz invariant internal orbital angular momen-
tum lz for the constituents. Therefore, we deduce

n

> L pasilLiln: paisd),

a=1

—_

=

—

'S3>L- (74)

3 . c 3
laL<n’ Pas
1

a

Inserting Eq. (74) into Eq. (70), we find that the
z-projection of the total angular momentum (J3), (p)
satisfies

(F)elp

Zs +Zl3

Since s3 and I3 are Lorentz invariant, (J°),(p) = ;3
must also be Lorentz invariant. This thus completes the
proof of the Lorentz invariance of the angular momentum
conservation law.

In summary, we have proved that, in the front form the
internal angular quantum number j° is frame independent
and is determined only by the internal structure of the
composite system. This is an important consequence that
boosts are kinematical in the front form [5]. Due to its
Lorentz invariance, this conservation law is rigorous and
can be applied to any composite system at all momentum
scales.

(75)

D. Alternative proof of j° conservation
using Lorentz algebra in the front form

The conservation of angular momentum for a composite
system can be understood from another perspective using
the Lorentz algebra in the front form.
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In the front form, the action of the set of kinematical
generators (M*~,P*,M"?) on M*' is identical to its
action on P+ up to a scaling. To see this, we compare

eMPON LM — cos pMHL — sin et ML (76)

Mo M
el = M+J_e i

= ewM+J- (77)
P ML P — ptd (78)

with
eMPPple=iM — cos pPL —sin el PY (79)

Mt —w M0

er T pteT " = pt (80)

eiP*x'PLe—iP+x‘ _ PL’ (81)

where 2 = —¢2! = 1, and 1,1’ =1, 2.

The relations suggest that, when evaluating (J3), (p) for
a light-front spin state |p;j);, which depends on the
kinematical Lorentz generators M~ and M*+, the action
of M*+ on the state should be the same as the transverse
translation generator P,

Since a translation does not change a particle’s
angular momentum and the boost in the z-direction M~
commutes with J3, we deduce that the z-projection of
the angular momentum is preserved in light-front boosts,
and (/). (p) = /.

This result is again a reflection that boosts in the front
form are kinematical, in contrast to the instant form. In fact,
this statement can be generalized to all kinematical trans-
formations in the front form—any transformation generated
by the kinematical subgroup of the Poincaré group leaves
j? invariant in the front form.

IV. SELECTION RULE FOR ORBITAL ANGULAR
MOMENTUM IN THE FRONT FORM

In this section, we apply the angular momentum con-
servation law in the light-front formulation derived in
Sec. III C to present an explanation for the selection rule
of the orbital angular momentum observed in [9,10]: in the
nth order perturbative expansion of a renormalizable
theory, the change of orbital angular momentum between
the initial and final states in the front form is constrained
by |AP| < n.

Recall that in nonrelativistic quantum mechanics, a
state’s orbital angular momentum is changed by 1 unit
when it is acted on by the transverse circular momentum
operator PR = P! +iP? and Pt = P! — iP%:

PRPY « [P +1) PP« |P=1)  (82)

This is true because

[PR,J’]=-PR  [PL ] =P (83)
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and
PPRIBY =P+ 1)PRP) = PRIP) < [P +1) (84)
JPUPY = (P =1)PYP) = PYP) o« [P =1). (85)
In general,

(PR)IP) o< |P ) (PY)"[P) o[ —n).  (86)
It follows that, an interaction H; proportional to n
powers of the transverse momentum P+ = (P!, P?) can
change a state’s orbital angular momentum at most by n:
(p' . l'|H,|p.l) =0, for |AP|>n. (87)

For relativistic quantum field theories in the instant form,
the angular momentum in the z-direction generally changes
under Lorentz transformation, and thus the above selection
rule cannot be easily applied to relativistic systems in the
instant form since I is not Lorentz invariant. Nonetheless,
in the front form, the angular momentum conservation law

n n—1
P s+ 6, (88)
a=1 a=1

which we derived in Eq. (75) is frame independent. The
quantum numbers (s3, I3, j3) are in fact invariant under the
light-front Lorentz transformations, and only depend on the
internal angular structure of particles. Therefore, we can
readily apply the orbital angular momentum selection rule
in Eq. (87) to constrain the change of the orbital angular
quantum number in interactions.

Specifically, in all renormalizable theories, since
the interaction vertex H; only contains at most one power
of P+, the change of orbital angular momentum is con-
strained by

AP <1 (89)

at every vertex.

This selection rule can be used to eliminate certain
interaction vertices in QED and QCD. For example, in
e~ — e~y scattering, if the incoming electron line has

§3 = — %, then it is not possible to have outgoing lines with

Sow =S+ 83 =+5+1=+3 because A = —3 in this
case. One can also use the spin representations given in
Appendix B to explicitly verify V(-1 - +1+1)=0.
Similarly, in QCD, the 3-gluon interaction vertex
V(- - ++;APF =-2) and the 4-gluon vertices
V> +++AP =-4), V(-—-—++AF =-2)
and V(— > ———;AP =2) all vanish by the same
argument.

Furthermore, in the nth order perturbative expansion, the
change between initial and final state orbital angular
momentum is constrained by
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|AP| < n. (90)
This explains the vanishing amplitude M (+, +, - - -, +)"°
at tree level [9,11]: In 2 — n gluon scattering, the ampli-
tude M(+,+,--,+) =M(———>+---+) has As’ =n+2.
Conservation of angular momentum in the z-direction then
gives A’ = —(n + 2). At tree level, since there are only at
most 7 triple gluon vertices in this process and |AP| < n,
M(+,+, -+, +) must then vanish due to violation of the
selection rule.

V. DISCUSSION

In this paper we have proved that the z-component of the
total angular momentum of any system is invariant under
Lorentz transformations in the front form. In particular, we
have demonstrated that for abound state, the internal angular
quantum numbers (3, s, I*) which appear in the light-front
wave functions are independent of the observer’s Lorentz
frame. In contrast to [7,8,15,19,20], where ;3 is understood
as the eigenvalue of the light-front helicity operator, which
is not a charge operator of the Lorentz symmetry, we showed
explicitly that in fact, j* also corresponds to the expectation
value of the actual total angular momentum operator. This
provides an explanation to the conservation of j3, which
has been implicitly assumed in [9,10,22].

The conservation of j* is an important consequence of
the fact that the light-front boosts are kinematical, which
leave the x* =0 quantization plane invariant. These
quantum numbers can be applied to particles in the
intermediate states which are off-shell in the light-front
energy p~. Moreover, j° is conserved for any intermediate
states even though they are off-shell. In addition, we have
shown that the A" =0 light-front gauge condition is
preserved under Lorentz transformations in the front form.
Thus, one can consistently use light-front gauge in all
Lorentz frames, avoiding the redundant gauge degrees of
freedom characteristic of covariant gauges.

We applied the angular momentum conservation law and
found an upper bound for the change of orbital angular
momentum between initial and final states in scattering
processes—in a renormalizable theory, |AP’] < 1 at every
vertex and |A| < n in the nth order perturbative expan-
sion. We also showed explicitly that this selection rule can
be used to eliminate certain interaction vertices in QED and
QCD scattering processes.

In order to understand the specific features of the front
form, we analyzed the spin states defined by different
choices of Lorentz transformations and found that: (i) in the
nonrelativistic limit, light-front spin is identical to the
canonical spin, and (ii) in the infinite momentum frame
(IMF) limit, the Wick helicity spin reduces to the light-front
spin, which explains the conservation of helicity in the IMF.

"In this convention, all momenta are assumed to be outgoing.
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Thus, we conclude that the light-front spin is suitable for
describing the spin structure of particles at all momentum
scales.
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APPENDIX A: NOTATION
1. Glossary of symbols

Throughout the paper, we use uppercase letters to denote
operators, and lowercase letters to denote the value of the
operator acting on some states.

The SU(2) spin operators are S', for i = 1, 2, 3.

The average spin s’ of a particle at rest is

5! st

. 1, . .

st= | s2 | ==(s|| 8% |]s"). (A1)
53 ’ 53

The average spin of a particle in motion is denoted by

(p:AS|p: 2)
(p:Alp:4)

A relativistic spin state |p;A) defined by a Lorentz
transformation A from the standard reference frames in
which spin is labeled along the z-direction by 4 = s3. For
massive particles, the standard reference frame is the rest
frame, and

() (p) = (A2)

P =Ap = p)pss® =2).

For massless particles, the standard reference frame is in
which the particle moves along the z-direction so that the
helicity coincides with the z-component of the spin

|p:2) = A(p — p)|pss® = 4).

There are three choices of Lorentz transformations in
general use: canonical A, helicity A; and light-front A;.

Light-front spin operator or light-front helicity operators
S3 (p) are defined by

S3(p)ps Ay = 8| pid)..

(A3)

(A4)

(AS)

such that the action of S (p) on a light-front spin state
gives the rest-frame spin projection along the z-direction.
As we have shown in Sec. III, in fact (S3(p)) =
(8*).(p) = %, and the z-component of spin is conserved
under Lorentz transformations.
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2. LF conventions

Light-front coordinates are defined by the light-front
time

(A6)

= 30 4 53

and the corresponding longitudinal spacelike coordinate

X~ :XO—XS.

(A7)
The transverse components x! and x? are unchanged in the
light-front coordinates, often denoted by x*. Note that by
putting ¢ back into the expressions, in the nonrelativistic
regime when ¢ — co, the light-front time x* = x% 4 X—; -
0 is reduced to the ordinary time.

The metric tensor is

X

+

1

©c o o N
|
—

9w = — (A8)

S O O we-
[
—
o

[\
I
o oOv— © + © O N o +

For any 4-vecor v*, in the light-front coordinates

[vt o= 0! 2]

(A9)

v
2 2
Lorentz invariant scalar product is

- +
p-x= %XJF —|—p7x_ - p'x' = p2x?. (A10)
p~ is defined as the light-front Hamiltonian as it is
multiplied by x* the light-front time, p* is called the
light-front longitudinal momentum for similar reason, and
p* is the light-front transverse momentum vector. For

particles on their mass shell,

1\2 2
_ p +m
p :%- (AL1)
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Lorentz invariant integral measure is

/dZPJ_ dp+ B / d4p 9( .
earzpt ) ot
Poincaré generators can be classified into the kinematical
subgroup which leaves the quantization plane at one instant
of time invariant, and the dynamical subgroup which
involves evolution in time and depends on interactions.
In the instant form, the 6 kinematical generators which
leave x° = 0 invariant are the translation generators P and

the rotation generators Ji. In the front form, there are 7
kinematical generators under which x™ = 0:

)2m)8* (p* —m?).  (A12)

translation: P, PL, 1=1,2 (A13)

rotation in the x — yplane: M2 (A14)

longitudinal boost: M+~ = —2M% (A15)
transverse boost: M1+ = M9 4+ M3

1=12 (A16)

The remaining 3 dynamical generators in the front form are

Hamiltonian: P~ (A17)
transverse rotation: M+ = M9 — M3
1=1,2 (A18)

Note that as we have shown in Sec. IIl, any trans-
formation generated by the kinematical generators in the
front form preserves j°, the angular momentum in the z-
direction. This is in contrast to the instant form, where ;>
generally even changes under rotations generated by the
kinematical operators J'.

APPENDIX B: SPIN REPRESENTATION
IN THE FRONT FORM

In this section, we derive the front form representations
for spin-1 and spin-} particles.

Due to Wigner’s theorem, under a Lorentz transforma-
tion A, a generic field ¢,(x) with spin s transforms in the
unitary irreducible representation Aj:

¢,(x) = ¢,/ (x) = A7, (x)A (B1)
= Asps(A7'x). (B2)
The light-front mode expansion for ¢,(x) reads:
dpt dpt |
=3 [ G e Rppe
+ Rs.z(p)di(p)e"""}- (B3)

065035-12



ANGULAR MOMENTUM CONSERVATION LAW IN LIGHT- ...

Ais as defined in Egs. (2) and (17) for massive and massless
particles respectively. dz( p) is the creation operator for
particles and b,(p) is the annihilation operator for anti-
particles. R, ,(p) and 7?5’ , represent the spin dependence
for the field. For example, Rq(p) = 1 for scalar particles,
Ri.+(p) = €.(p) for massless photons, Ri+(p) = us(p)
for Dirac spinors, etc.
Under Lorentz transformation in Eq. (B2),

z:/deL dp

o (P)b;(p)e/thr)

+ AsRs,l(p) A(p)e )~x]7 <B4)
where we have used p - (A™'x) = (Ap) - x.
For a state |p; 1) = (27)3\/2p*b}(p)|0) in the second

quantized form, it has the corresponding first-quantized
wave function given by

01, (5)pid) = Ros(p)eiv™.  (BS)
Then, under a Lorentz transformation |p) — A|p) = |Ap),
(01, (x)[Ap: 2) = Ry ,(Ap)e@r. (B6)

On the other hand,
(Olgps(X)Alp: 2) = (O[AT' s (x)Alp; 2)  (BT)
= (0ls(x)[p: A) (B8)
= AR, (p)e M), (B9)

The first equality is true by assuming the vacuum is Lorentz
invariant and A|0) = |0). The second and third line are
obtained using Eq. (B1) and (B4). Equating Eq. (B6) and
(B9), we derive the Lorentz transformation rule for the spin
representation:

Rs,/l (Ap)

In the following, we shall start with the spin representa-
tions in the standard reference frame, and apply this rule to
obtain light-front spin representations for any momen-
tum p.

= AsRs.ﬂ(p)' (BlO)

1. Spin-1 with m # 0

A massive spin-1 field has the mode expansion

dzpl dp* i
Bt (x) = e~irx
(x) 4:21.“0,1 # a,(p)
+&)"(p)aj(p ) . (B11)

The standard reference frame for massive particles is the
particle’s rest frame defined in Eq. (2) with
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+ — 1 2
[m om0 0]

I%M

The polarization vectors in this frame correspond to the
eigenvectors of the little group SO(3) with 1 = £1,0:

+ 0 + 0
. _ 0 . _ 0
€ (p) = | e(p) = L
1 2 1 V2
2 \7—’5 2 %
+ T
o - 1
40)= |, (B12)
2 L0

in the light-front coordinates. Applying the vector repre-

sentation of the light-front boost (A;)*,(p — p) in
Eq. (16), we find

0 0
+ —V2pR * v2p-
—_ p+ p —_ p+
gi(p) = -1 e (p) = 1
V2 V2
2 i \;r; 2 \7—%
roo
—+ m
_ ‘pL|2+m2
8;1 _ m , B13
= | (B13)
2 2
where pR=p!'+ip? and pl=p'—ip® ¢ (p) and

e’ (p) are sometimes referred to as the right-handed and
left-handed circular polarization respectively.

2. Spin-1 with m=0

A massless spin-1 field has the mode expansion
D b
(27)* \/2p™

+&; (p)al(p)e””}-

A(p)er

=[e3(p)a

(B14)

The standard reference frame for massless particles is
defined in Eq. (17), in which a particle moves along the
z-direction with

+ = 1 2

L |
P"= 125 0 0 0]

The polarization vectors in this frame are the eigenvectors
of the little group SO(2) with 1 = +1:
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L [o . o
_ 0 _ 0
€L(p) = 1| e(p)= 1| (BIS)
1 2 1 2
2 |5 2 |5

in the light-front coordinates. Applying the vector
representation of the light-front boost (A, ), (p — p) in
Eq. (27), we find

0 0
+ i + St
— p+ —_ p+
8’1(1’): 1 -1 e (p)= 1 (B16)
V2 V2
7 SN

The above expressions are consistent with the transverse
polarizations €' (p) obtained for massive particles in
Eq. (B13).

Note that the + component of the polarization vectors
vanishes for all momentum p. Therefore, the light-front
gauge condition A" = 0 is preserved under the light-front
Lorentz transformation A;. This is in contrast to other
choices of Lorentz transformations, under which a gauge
condition is generally not preserved.

3. Spin-} Dirac spinors

A Dirac spin—% fermion has the mode expension

/d2 J_ dp
/lzi:'

+ W(P)dx(l’)elp *].

Since both massive and massless Dirac fermions have
two polarizations, the spin representations must be con-
sistent in both cases. We shall work with the massive case
|

[u,(p)by(p)e™P*

(B17)

pt4+m
. 1 pk
AL.%(P—’P): dmp* pt—m
PR

where pR = p! +ip? and p* = p' —ip?.
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and obtain the expression for massless Dirac spinors by
taking m — 0.

In a massive Dirac fermion’s rest frame, solutions
to the Dirac equation correspond to eigenvectors of the
SO(3) rotation group with A =1, —1, labeled by 1 and |

respectively:
1 0
o 0 o 1
ur(p) = v2m 0 u,(p) = V2m 0
L0 0
r 0 0
o O (e} O
UT(p) =2m 0 vi(p) =2m . (B13)
L —1 0

The spinors are defined in the Dirac representation, where

Gl P R B
(B19)

The Lorentz transformations for spin—% are generated by
S =Lly#,y*] =10". In the Dirac representation, the
light-front boost generators are

3 2 .
S+—:—i[0 0] S+1:1[” ’”1}
o 0 2 lic! o2

S”:l {—01 iaz}

2| i -o!

(B20)

Applying to the light-front boost in Eq. (13), we obtain
the spin-% representation

L + L

The light-front spinors at any momentum are thus given by [23]

pt+m
)= |
u =4/=—
A 2pt | pt—m
pR

4 p —m p
T4+ m R -pt+m
P +p praml (B21)
4 p-+m -p
-pT+m  pR pr+m
_pL
1 pt+m
u(p) = (B22)
i 2pt Pt
-pt+m
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- _pL
1 pt—m
U1 (p) = 2pt Pt
pT-m
1 pk
v (p) = 20+ P+ m (B23)
L pf

It is interesting that the light-front spinors are exactly what
have been used in the field of scattering amplitudes [11].

APPENDIX C: PAULI-LUBANSKI
PSEUDOVECTORS AND SPIN

In this section, we derive the relations between the Pauli-
Lubanski pseudovector and various relativistic expressions
of spin.

1. Covariant spin sector s*(p)

In nonrelativistic physics, for spin-s particles, the three
components of a spin vector s’ is defined as the expectation
value of the spin generators S':

5! S1

. 1 . )

st= 52| ==(s'|| $*|[s). (C1)
s ’ s3

In the main text, we have chosen to label spin in the z-
direction and set s' = s?> = 0. But labeling spin with the
other two axes will not affect the discussion as long as all
the operators are redefined accordingly.

The definition of a spin vector can be extended to
relativistic systems via the Pauli-Lubanski pseudovector

1
WH = —58"”“/3PUM0,/3. (C2)

For a particle moving with momentum p, a relativistic

spin vector s#(p) is defined as

C ol | e ol
s (p:s'|pss’)
It is easy to check that the s#(p) is consistent with the
nonrelativistic spin vector s’ by going to a massive
particle’s rest frame. In the rest frame, W* is proportional
to the SO(3) rotation generators as in Eq. (1), and

o= ]

m i
l S

(C4)

Furthermore, s#(p) transforms covariantly under
Lorentz transformations: Under a Lorentz transformation
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A, AT'PEA = (A)¥,PY and |p) — A|p) = |Ap). Since W¥
satisfies W - P = 0, W¥* must also transform as a 4-vector:

ATTWEA = (A, WP, (C5)
Then, the spin vector
1 (Ap; st |WH|Ap; st
#(p)  w(ap) = L AEIIWIAPIS) )
s (Ap;s'|Ap;s’)
_ L(pss|(A), W] ps s”) (©7)
s (Ap:si|Ap:s’)
= N, s*(p). (C8)

The last line is true because the state normalization is
Lorentz invariant and (Ap;s'|Ap;s’) = (p;s'|p;s’) =
2pt(27)35°(0).

We can thus obtain the spin vector in any frame by
transforming it as a vector from the rest frame. In the instant
form, the covariant spin vector is naturally defined with the
canonical choice of Lorentz transformation in Eq. (8) as itis
smoothly connected to identity in the nonrelativistic
regime, and

pisi

} 1
A
ms —;— N
§ p0+mp

)= [

1

(€9)

In the front form, the spin vector is defined with the light-
front boost in Eq. (16), and

+ p's’ |
L 12—m? ¥
si(p) = - [” - s%“ﬁ“} S (0
1 mst + s3pt

2. Light-front spin operator S (p)

In addition to the light-front spin operator S; (p) in the z-
direction in Eq. (36), one can also define transverse light-
front spin operators S (p) analogously such that they give
s*, the angular momentum projection along the transverse
direction defined in the standard reference frame. We then
have

St (p)p: i = Jipi i (C11)
with S (p) = AL(p = p)J'AL' (p = p).
i=1.2.3. (C12)

For an elementary particle, j' = s, and for a composite
system with n constituents, j = Y"_ % + > 12l

Let us relate the light-front spin operators to the Pauli-
Lubanski vector. Under the light-front Lorentz transforma-
tion defined in Eq. (16),
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+  [wt
W= — | W | = (A)F ALWPAT! (C13)
L | wt
mJ3
= (A M, AL | —mJ3 | AL (C14)
mJ+
mS3 (p)
= (AL, | =mSi(p) (C15)
mSt(p)
P*8;(p)
P53 (p) + 2] (C16)

mSL(P) + 81 (p)P*
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We then recover the familiar expression [8]:

W+

=5 mSt(p) = Wt —S3 (p)P+.

$i.(p) (C17)

In a similar way, one can also check that the Wick
helicity operator S5 (p) defined in Eq. (62) is related to the
Pauli-Lubanski vector by

WO
Si(p) =,

. (C18)

and the helicity operator thus always only depends on the 3-
momentum Pp.
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