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We evaluate the Hadamard function, the vacuum expectation values (VEVs) of the field squared and the
energy-momentum tensor for a massive scalar field with a general curvature coupling parameter in the
geometry of two parallel plates on a spatially flat Friedmann-Robertson-Walker background with a general
scale factor. On the plates, the field operator obeys the Robin boundary conditions with the coefficients
depending on the scale factor. In all the spatial regions, the VEVs are decomposed into the boundary-free
and boundary-induced contributions. Unlike the problem with the Minkowski bulk, in the region between
the plates, the normal stress is not homogeneous and does not vanish in the geometry of a single plate. Near
the plates, it has different signs for accelerated and decelerated expansions of the Universe. The VEV of the
energy-momentum tensor, in addition to the diagonal components, has a nonzero off-diagonal component
describing an energy flux along the direction normal to the boundaries. Expressions are derived for the
Casimir forces acting on the plates. Depending on the Robin coefficients and on the vacuum state, these
forces can be either attractive or repulsive. An important difference from the corresponding result in the
Minkowski bulk is that the forces on the separate plates, in general, are different if the corresponding Robin
coefficients differ. We give the applications of general results for the class of a vacua in the de Sitter bulk. It
is shown that, compared with the Bunch-Davies vacuum state, the Casimir forces for a given @ vacuum may

change the sign.
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I. INTRODUCTION

The investigation of quantum effects in cosmological
backgrounds is among the most important topics of quantum
field theory in curved spacetime (see [1]). There are several
reasons for that. Due to the high symmetry of the back-
ground geometry, a relatively large number of problems are
exactly solvable, and the corresponding results may shed
light on the influence of the gravitational field on quantum
fields for more complicated geometries. The expectation
value of the energy-momentum tensor for quantum fields
may break the energy conditions appearing in the formu-
lations of the Hawking-Penrose singularity theorems. This
expectation value appears as a source for the gravitational
field in the right-hand side of the Einstein equations and,
consequently, the quantum effects of nongravitational fields
may provide a way to solve the cosmological singularity
problem. In the inflationary phase, the quantum fluctuations
of fields are responsible for the generation of density
perturbations serving as seeds for the large scale structure
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formation in the Universe. Currently, this mechanism is the
most popular one for the generation of cosmological
structures. From the cosmological point of view, another
interesting quantum field theoretical effect is the isotropiza-
tion of the cosmological expansion as a result of particle
creation.

In a number of cosmological problems, additional boun-
dary conditions are imposed on the operators of quantum
fields. These conditions may have different physical origins.
For example, they can be induced by nontrivial spatial
topology, by the presence of coexisting phases, or by branes
in the scenarios of the braneworld type. The boundary
conditions modify the spectrum of quantum fluctuations of
fields and, as a consequence of that, the expectation values of
physical observables are changed. This is the well-known
Casimir effect first predicted by Casimir in 1948 (for
reviews, see [2]). In the present paper, we consider the
influence of the cosmological expansion on the local
characteristics of the scalar vacuum in the geometry of
two parallel plates. This type of problem for various special
cases has been considered previously. In particular, the
vacuum expectation values (VEVs) for parallel plates in a
background of de Sitter spacetime were investigated in [3,4]
and [5] for scalar and electromagnetic fields, respectively.

© 2017 American Physical Society
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The problems with spherical and cylindrical boundaries
have been discussed in [6,7] (for the Casimir densities in the
anti—de Sitter bulk, see [8] and references therein). All these
investigations have been done for the de Sitter invariant
Bunch-Davies vacuum state. By using the conformal rela-
tion between the Friedmann-Roberston-Walker (FRW) and
Rindler spacetimes, the VEVs of the energy-momentum
tensor and the Casimir forces for a conformally coupled
massless scalar field and for the electromagnetic field, in the
geometry of curved boundaries on a background of FRW
spacetime with negative spatial curvature, were evaluated in
[9] (for a special case of the static background, see also [10]).
The electromagnetic Casimir effect in FRW cosmologies
with an arbitrary number of spatial dimensions and with
power-law scale factors has been considered in [11] (for the
topological Casimir densities in the corresponding models
with compact dimensions, see [12]).

The present paper generalizes the previous investiga-
tions in two directions. First, we consider a spatially flat
FRW spacetime with general scale factor and, second, the
Casimir effect will be investigated without specifying the
vacuum state for a scalar field. The boundary geometry
consists of two parallel plates on which the scalar field
operator obeys the Robin boundary conditions with, in
general, different coefficients on the separate plates. We
consider the case when these coefficients are proportional
to the scale factor. With this assumption, closed analytical
expressions are obtained for the Hadamard function
and for the VEVs of the field squared and the energy-
momentum tensor without specifying the time dependence
of the scale factor.

The paper is organized as follows. In the next section, we
describe the bulk and boundary geometries under consid-
eration and the field content. In Sec. III, the Hadamard
function is evaluated for a massive scalar field with general
curvature coupling parameter and obeying the Robin
boundary conditions on two parallel plates. The boun-
dary-induced contributions are explicitly separated for
both the single-plate and two-plates geometries. By using
the Hadamard function, in Sec. IV, we evaluate the VEVs of
the field squared and of the energy-momentum tensor.
Expressions are derived for the Casimir forces acting on the
plates. Two special cases of the general results are dis-
cussed in Sec. V. They include a conformally coupled
massless scalar field for a general scale factor and the de
Sitter bulk with a massive scalar field for the general case of
the curvature coupling. Finally, we leave for Sec. VI the
most relevant discussion of the results obtained.

II. PROBLEM FORMULATION AND THE
SCALAR MODES

As a background geometry, we take a spatially flat
(1 + D)-dimensional FRW spacetime described by the line
element
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ds® = d* — a?(1) ) (dx')?, (2.1)
i=1

with the scale factor a(¢). Defining the conformal time 7 in
terms of the cosmic time 7 by n = [ dt/a(t), the metric
tensor is presented in a conformally flat form g,, =
a*(n)n,, with the flat spacetime metric 7,,. In addition
to the Hubble function H = a/a, we will use the corre-
sponding function for the conformal time:

H=d(n)/a(n) = a(n)H.

Here and in what follows, the dot specifies the derivative
with respect to the cosmic time and the prime denotes the
derivative with respect to the conformal time.

Consider a massive scalar field ¢(x) nonminimally
coupled to the background. The corresponding action
functional has the form

(2.2)

s=2 / "Gl (N, IV — mP g — ERP). (23)

2
where V, stands for the covariant derivative and & is the
coupling parameter to the curvature scalar R. For the
background geometry under consideration, one has

D - ~
R== [2H + (D - 1)H. (2.4)
By varying the action with respect to the field, one obtains
the equation of motion

(V. V¥ +m? + ER)¢p = 0. (2.5)

Additionally, we assume the presence of two flat bounda-

ries located at z = x” = z; and z = z,, 7, > z;, on which
the field satisfies the Robin boundary conditions

(1+ﬁ;n§fvﬂ)¢:0, j=12,

=2 (2-6)

where n’; is the normal to the boundary z = z;, njﬂn’; =—1.
For the region between the plates, z; < z < z,, one has
n; = (=1)/715}, /a(n). The Robin condition is an extension
of the Dirichlet and Neumann boundary conditions and is
useful for modeling the finite penetration of the field into
the boundary with the skin-depth parameter related to the
coefficient f [13]. This type of boundary condition
naturally arises for bulk fields in braneworld models. In
the discussion below, we will consider a class of boundary
conditions for which f; = B;a(n), with p;, j = 1, 2, being
constants. This corresponds to the physical situation when,
for an expanding bulk, the penetration length to the
boundary is increasing as well. In this special case, for
the region between the plates, the boundary conditions are
rewritten as
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(1+(=1)/7'4,0.)¢ =0,

As will be shown below, the corresponding Casimir
problem is exactly solvable for a general case of the scale
factor a(n).

We are interested in the changes of the VEVs of the field
squared and the energy-momentum tensor induced by the
imposition of the boundary conditions (2.7). The VEVs of
physical observables, quadratic in the field operator, are
expressed in terms of the sums over a complete set of
solutions to the field equation (2.5) obeying the boundary
conditions. In accordance with the geometry of the prob-
lem, for the corresponding mode functions, we will use the
following ansatz:

p(x) = f(n)e™™ih(z),

xp = (xh X%, L xPh).

z=z;. (2.7)

k = (k! k2, ..., kP~1),
(2.8)

Substituting into the field equation (2.5), we obtain two
differential equations:

W(2) = —22h(2) (2.9)

and

f"(n) + (D= V)HF'(n) + [1* + a*(m® + ER)|f (n) = 0,
(2.10)

with y =V2> +k* and k=|k|. In particular, from
Eq. (2.10), it follows that

{aP ) f"(n) = f(n)f ()]} =0,

where the star stands for the complex conjugate. Note that,
introducing the function g(n) = a'®~V/2f(), Eq. (2.10) is
written in the form

(2.11)

g'(n) +{r* + m*a® + D(¢ - ép)2H' + (D — 1) H?}g(n)
=0, (2.12)

where & = (D —1)/(4D) is the curvature coupling
parameter for a conformally coupled scalar field.

The solution for (2.9) that obeys the boundary condition
on the plate z = z; reads

h(z) = cos [A(z = z;) + a;(4)]. (2.13)
with the function a;(4) defined by the relation
. ABi(—1) +1
e2ia2) ! A1) + (2.14)

i (-1 -1

From the boundary condition on the second plate, it follows
that the quantum number A obeys the restriction condition

(1 = bybyu?)sinu — (b + by)ucosu =0,  (2.15)
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where

u = Az, b; = B;/ 0.
Note that the eigenvalue equation (2.15) coincides
with the corresponding equation for parallel plates in the
Minkowski bulk [14]. We will denote the solutions of
the transcendental equation (2.15) by u = u,, n = 1,2, ....
For the eigenvalues of the quantum number /4, one
has A =4, = u,/z.

So, for the complete set of solutions, one has

{¢£;+) (x), o5 (x)}, where

0=2—21- (2.16)

0" (x) = C,f (1,7)e™ 1 cos [A,(z — z;) + a;(4,)],
(2.17)

qbf,_) (x) = ¢f,+>*(x), with C; being a normalization con-
stant and o = (n,k) representing the set of quantum
numbers specifying the modes. In (2.17), the dependence
of the function f on y is explicitly displayed.

In accordance with (2.11), we will normalize the
function f(n,y) by the condition

Fo.0)0uf*(n.y) = f*(n,7)0,f (n.y) = ia'P.

With this normalization, the constant C,, is determined from
the standard orthonormalization condition for the Klein-
Gordon equation:

(2.18)

/ dPx/|g|g™ (s (x)0, 87 (x) = b}y (x)0yps (x)]

=i5(k —K")5,,. (2.19)
By taking into account (2.18), one gets
2 sin u,, - -1
IC,? = 2072 {1 + . cosu, + 2aj(un)]} ,
(2.20)

where the function a;(u) is defined in accordance with

2ia;(u)
e lubj + 1 ’

(2.21)

for j =1, 2.

Note that the mode functions (2.17) are not yet completely
fixed. The function f(#,7) is a linear combination of two
linearly independent solutions of Eq. (2.10). One of the
coefficients is fixed (up to a phase) by the condition (2.18).
Among the most important steps in the construction of a
quantum field theory in a fixed classical gravitational
background is the choice of the vacuum state |0).
Different choices of the second coefficient in the linear
combination for the function f(, y) correspond to different
choices of the vacuum state. An additional condition could
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be the requirement of the smooth transition to the standard
Minkowskian vacuum in the limit of slow expansion. This
point will be discussed below for an example of de
Sitter bulk. —

In the limit of small wavelengths, y > ma, 1/ |H' JH,
the general solution of Eq. (2.12) is a linear combination of
the functions e and e~". For the modes which satisfy the
adiabatic condition (for the adiabatic condition see [1]), one
takes g(n7) ~ e~ and the function f(,), normalized by
the condition (2.18) has the small wavelength asymptotic
behavior:

e~irm

flny) ma=PI2—.

V2r

In the limit of slow expansion, these modes approach
the positive energy solutions for a scalar field in
Minkowski spacetime. The condition on the wavelength,
written in terms of the cosmic time ¢, is in the form

y/a > m,\/|H|, H. Note that the condition (2.22) does not

specify the vacuum state uniquely (for the discussion of
related uncertainties in the inflationary predictions of the
curvature perturbations, see, for instance, [15]).

(2.22)

III. HADAMARD FUNCTION

Given the complete set of modes, we can evaluate the
two-point functions. We consider a free field theory (the
only interaction is with the background gravitational field)
and all the information about the vacuum state is encoded in
two-point functions. As such we take the Hadamard
function G(x,x") = (0|p(x)p(x') + d(x')p(x)|0) with the
mode sum formula

G(x,x) = / dkizfpfﬁ(x)qsg”*(x’). (3.1)

n=1 s==+

Substituting the mode functions (2.17), one gets the
representation

Glxx) = / Rl S P
X, X )=— TN D1 u,wn,n,vn

o8 [An(z—2;)+a;(4,)]cos[A, (2 —z;) +a;(4,)]
U, +sinu, cos[u, +2a;(4,)]

’
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with Ax; = x) — X, 7, = /43 + k%, and

wn ' y) = fnn)f (' y) + f*ny)f(n' ). (3.3)

In (3.2), 4, = u,/zy and the eigenvalues u, are given
implicitly, as solutions of (2.15). Related to this, the
representation (3.2) is not convenient for the evaluation
of the VEVs. For the further transformation, we apply to the
series over n the summation formula [14,16],

i IC)
£~ u, + sinu, cos[u, + 2a;(4,)]

 ns(0)/2 o
=T b b +/0 dus(u)

[ s(iu) — s(—iu)
d , 3.4
—HA uCl(”)Cz(u)ezu—l (34)
where the notation
bjl/l -1
cj(u) = bt (3.5)

is introduced. In (3.4), it is assumed that the function s(u)
obeys the condition |s(u)| < e(x)e?! for |u| — oo, where
u=x+iy, c<2, and e(x) >0 for x - 0. As the
function s(u), we take

s(u) = {cos(uz_/zp) + cos[u(z,. —2z;)/zo

+ 2a;(u/z0)]}w(n. ', \/m),

(3.6)
with
(3.7)

Zi:Zﬁ:Z/.

After the application of (3.4), the Hadamard function

(3.2) (3.2) is decomposed as
|

1 oK AX) . W(ﬂ 17/ u k) e—ulz+—21,'|/zo

G(x,x)=G(x,x)+— [ dk—5 | d — 2 cosh (uz_ (u)etl==23l/20 :
(x,x") (x,x) +Z0/ 2n)? A ucl(u)cz(u)ez” 1 [ cosh (uz_/zo) 4 c;(u)e + )
(3.8)

where

WOt ) = bt 02 4 02) =l i/ 55-40)| (39)
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The part

iK-Ax
Gi(x,x') = Go(x,x') + 2/dk e(z iz / dycos[y(z; —2z;) + Zaj(y)]w<11,;7’, \/ ¥+ k2>,

comes from the first integral in the right-hand side of (3.4),
and it presents the Hadamard function for the geometry of a
single plate at z = z; when the second plate is absent. In
(3.10), the contribution

eikD»Ax
Go(x, 3') = / iy Syl k). (D)
with x = (x!,x%,...,xP), kp = (k' k?,...,kP), is the

Hadamard function in the boundary-free geometry. The
second term in the right-hand side of (3.10) is induced by
the boundary at z = z;. Consequently, the last term in (3.8)
is interpreted as the contribution when one adds the second
boundary in the problem with a single boundary at z = z;.

For the further transformation of the boundary-induced
contribution in (3.10), we present the cosine function in
terms of the exponentials and rotate the integration contour
over y by the angles 7/2 and —x/2 for the parts with the
functions 1%+l and e~71:+ =221l respectively. As a result,
for the Hadamard function in the geometry of a single plate
at z = z;, we get

lk Ax
(27)P

e_ylz+_22.f| W(]/[’ ;/I" )’207 k) .

G(x,x') = Go(x,x') + /dk
X /oo dyﬂijy +
0 ﬁjy—l

Substituting this representation into (3.8), the Hadamard
function in the region between two plates is presented in
the form

(3.12)

G( /) G ( /) N 1 /dk eik.Ax”
X, x') = X, X — —
0 Zo (2”)D

o0 k

o [ Wk
0 (u)e =1

X [2cosh uz_/zo) + ch(u)e

M|Z+—22j/20:| .

(3.13)

This expression can be further simplified by integrating
over the angular part of k. The corresponding integral is
expressed in terms of the Bessel function. In the regions
7 <z and z > 7,, the Hadamard function is given by
(3.12) with j =1 and j = 2, respectively. Note that the
dependence on the mass of the field appears in (3.13)
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(3.10)

through the function f(#,y). Equation (2.10) for the latter
contains the mass as a parameter.

IV. VEVs AND THE CASIMIR FORCE

Having the two point function we can evaluate the VEVs
of local physical observables bilinear in the field operator.

A. Field squared

We start with the VEV of the field squared. The latter is
obtained from the Hadamard function in the coincidence
limit of the arguments. Of course, this limit is divergent and
arenormalization procedure is required. An important point
is that we have separated the part of the Hadamard function
corresponding to the boundary-free geometry. For points
away from boundaries, the divergences are contained in this
part only and the remaining boundary-induced contribution
is finite in the coincidence limit. As a consequence, the
renormalization is reduced to that for the VEVs in the
boundary-free geometry. These VEVs are well investigated
in the literature and in the following we will focus on the
boundary-induced effects.

Taking the limit x’ — x in (3.13), for the VEV of the field
squared, (0[¢?|0) = (¢?), in the region between the plates

we get:
A o e W(n,n,u, k)
2 2 D D-2
= +— dkk / du
W=t / o M ewewe -1
[ Z 2u\z zj/zo] (4_1)
where
-D_—~(D+1)/2
Ap=2 T (4.2)

r(p-1)/2)°

and (¢?), is the renormalized VEV in the boundary-free
geometry. The latter does not depend on the spatial point. In
the regions z < z; and z > z,, the VEVs are obtained from
(3.12):

<¢2>j = (%) +Ap /oo dkkP=2

0
o . 1
0 p iy 1
with j = 1 and j = 2, respectively.

Alternative expressions are obtained by taking into
account that W(n,n, u, k) = 0 for u < zok and

e~ l—zl W(n, n, y2o, k)’ (4'3)
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W(n.n,u, k) = U(n, \/u* — 23k?), (4.4)
for u > zok, where
U(n. z0x) = ilw(n.n. ix) =w(n.n, —ix)].  (4.5)
By using the relation
7wt [T dupi o =)
= Am duu" f(u) Al dss(1 =571, (us),  (4.6)

the VEV of the field squared in the region between the
plates is presented as

@) = @ +5 / duuP-1Z(1y u)

0
2+ ijl’zcj(u)ezu\Z—z,-l/zo
cq (U)Cz(l/t>62” -1 s

(4.7)

with the notation
1
Z(n, u) :/ dss(1 — s2)P=32U(n,us).  (4.8)
0

In a similar way, for the regions z < z; and z > z, from
(4.3) we get

piy+1
ﬂjy -1

(@) = ()0 +AD/) dyyP~'Z(n, yzo)

(4.9)

The information on the background geometry is encoded in
the function Z(n, u).

For the modes which satisfy the adiabatic condition in
the limit of small wavelengths, one has the asymptotic
condition (2.22). In this case we can obtain simple
asymptotic expressions for the VEV of the field squared
near the boundaries. From (2.22) it follows that for large x
one has U(n, x) ~ 2zya'~P /x and, hence, for the function
Z(n,u) we get

val((D-1)/2)
r(D/2)aP'u ’

Z(n.u) = 2o (4.10)
for u > 1. In order to find the asymptotic behavior of the
VEV (4.7) near the boundary z =z;, we note that in
this region the dominant contribution to the integral comes
from large values of u. By using (4.10), to the leading order
one gets

(1 = 2805 )I((D = 1)/2)
(4”)(D+1 /2(a|Z -z |)D 1°

(9?) ~ (4.11)

This leading term comes from the single plate part (4.9) and
coincides with that for the plate in Minkowski bulk with the

e~ l=z
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distance from the plate |z — z;| replaced by the proper
distance a(n)|z — z;| for a fixed 5. The latter property is
natural, because, due to the adiabatic condition, the
influence of the background gravitational field on the
modes with small wavelengths is weak and in the region
near the plates the main contribution to the VEVs comes
from those modes.

The regularization procedure we have employed for the
evaluation of the VEV of the field squared is based on the
point-splitting technique with combination with the sum-
mation formula (3.4). Instead, we could start directly from
the divergent expression (¢?) = G(x,x)/2 with G(x,x),
obtained from (3.2) in the coincidence limit. In that
expression the integration over the angular part of k is
trivial. For the regularization, we can introduce a cutoff
function F(a,y,) with a regularization parameter o,
F(0,7,) = 1 (for example, F(x) = ¢™*, a > 0), and then
apply Eq. (3.4) for the summation over n. For points outside
the plates, the boundary-induced contribution in the VEV of
the field squared is finite and the limit @ — O can be put
directly. The corresponding result for the boundary-induced
part will coincide with the last term in Eq. (4.1). Another
regularization procedure for the VEVs is the local zeta
function technique (see, for instance, [17] and references
therein). In the formula for the VEV (¢?) we can introduce
the factor y;,*. For sufficiently large Res, the corresponding
expression is finite. For the analytic continuation to the
physical value s = 0, we can again use Eq. (3.4). Now, in the
generalized Abel-Plana formula the singular points +ik
should be excluded by small semicircles in the right-half
plane. For points away from the plates, the additional
contributions to the boundary-induced parts coming from
the corresponding integrals vanish in the limit s — 0. The
boundary-induced parts are finite for s = 0 and this value
can be directly substituted in the integrand with the results in
agreement with those we have displayed before.

B. Energy-momentum tensor
Another important characteristic of the vacuum state is the
VEV of the energy-momentum tensor, (0|7,,[0) =(T,,).
Given the Hadamard function and the VEV of the field
squared, it is evaluated by using the formula

1
(Tw) = Ei/i_rgf)ﬂf),’,G(x,x’)

+[(E-1/4)g, ViV = £V, V, = ¢R,)(¢7).
(4.12)
where for the Ricci tensor one has
Ryow=DH, R;=-H —(D-1)H>  (4.13)
withi=1,2,..., D, and the off-diagonal components vanish.

By taking into account the expression (3.13) for the
Hadamard function, the diagonal components of the
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vacuum energy-momentum tensor are presented as (no
summation over v)

A © )
(TY) = (T +—% |  dkkP? / du
20d” Jo 0
2F,(n.u. k) + G, (n,u k)" pcj(u)e? =2/
X b
ci(u)ey(u)e® — 1

(4.14)

where (%), is the corresponding VEV in the boundary-free
geometry. In (4.14), we have defined the functions

Fo(n.u, k) = Wo(n,u, k) — PW(’%’% u, k),
Fi(n.u.k) =[-P, = k*/(D = 1)]W(n.n, u,k),

Fp(nu, k) = [=Py + (u/20)|W(n. 0, u. k), (4.15)
forl=1,...,.D—1, and
G,(n,u,k)=F,(n,u,k)+b,(u/z0)*W(n,n,u,k),  (4.16)

where b, = 1—-4¢éforv # D, b = —1. For the operators in
(4.15), one has

P =(1/4)02 - D(& - &p)HO, + DEH

A 1 D—-1 -
he (=) 2502

+¢[H + (D - 1)H?), (4.17)

and

Wo(n, u, k) = llimanan/W(n,n’, u, k). (4.18)
=
Due to the homogeneity of the background spacetime, the
boundary-free contribution (7%), to (4.14) does not depend
on the spatial point (for the VEV of the energy-momentum
tensor in boundary-free FRW cosmologies see, for in-
stance, [1] and Refs. [18] for more recent discussions).
By using Eq. (2.10), it can be seen that

D—-1

1
Wo(l’[, Lt,k) = 58% + 2

HO, + k2
oo,
2 (m? + ER) | W(n.n, u. k). (4.19)

Substituting this into (4.15), we get an alternative expres-
sion for the function F(n, u, k):

Fo(n,u, k) = (Py + k2 — w?/zg)W(n,n,u, k), (4.20)
with the operator
o 1 ~
Py = Z@% +D(E+Ep)HO, + a’m?
+ DEH' + (D - 1)H?). (4.21)
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Note that one has Gp(n, u, k) = -P, W(n,n, u, k) and this
function vanishes for the Minkowski bulk. Hence, in the
latter geometry the normal stress is homogeneous. In
general, this is not the case for the FRW background.
The problem under consideration is inhomogeneous
along the ¢ and z directions. As a consequence of that, in
addition to the diagonal components, the vacuum energy-
momentum tensor has a nonzero off-diagonal component

Ap

Z0a2

S ey )Pl
Cq (M)CQ(U)GZM -1

(TP = — " dkkP-2 / " duu
0 0

Gop (1. u, k),
(4.22)

with the notation
Gop (. u, k) = [(1/2 = 28)0,, + 26HIW (.7, u, k). (4.23)

This corresponds to the energy flux along the direction
perpendicular to the plates. If the Robin coefficients for the
boundaries are the same, one has ¢ (u) = c,(u). In this
special case, the energy flux (75) vanishes at z=(z, +2z,)/2
and has opposite signs in the regions z < (z; + z,)/2 and
7> (21 + 20)/2. Note that we have the relation
0, (aP'Gop(n, u. k) = —a® ' Gp(n, u. k), (4.24)
between the functions in the expressions for the normal
stress and the energy flux.
In the regions z < z; and z > z,, for the VEV of the
energy-momentum tensor one has (no summation over v)

A [SS)
(1), = (T + 52 [ auk

X/wd Biy +1G,(n.yz. k)
0

Tpy—1 el
—l)jA oo
15y, = - CUAp / dkkP=2
< 0>/ a2 0
o0 . 1
" / dyyﬁ,y + 1 Gop(n. y2o. k) (4.25)
0 ﬁjy —_ 1 eZy‘Z_Zj‘
with j =1 and j = 2, respectively.
By taking into account that
D ~
> F,(nuk) = {D(E—¢&p)[03 + (D — 1)HO,]
v=0
+a*m*}W(n,n, u, k), (4.26)

it can be explicitly checked that the boundary-induced
contributions in (4.14) and (4.25), (T%), = (T%) — (T"),,
obey the trace relation
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(T, = [D(€ = Ep)V, V¥ + m?] (),

where (¢?), = (¢?) — (¢?), is the boundary-induced part
in the VEV of the field squared. For a conformally coupled
massless field, the boundary-induced contribution in the
VEV of the energy-momentum tensor is traceless. The trace
anomaly is contained in the boundary-free part only. As an
additional check, we can see that the boundary-induced
VEVs satisfy the covariant conservation equation
V,(T%), = 0. For the geometry under consideration, it is
reduced to the following two equations:

(4.27)

Dy (aPTHTE)y) + 0T, — I:I<TII:>b =0,

1
aP+1

aD+1

O(TD)y = 537 Oy (@’ HT)y) = 0. (4.28)
In particular, the second equation directly follows from the
relation (4.24). This equation shows that the inhomogeneity
of the normal stress is related to the nonzero energy flux
along the direction normal to the plates.

Equivalent representations for the VEVs of the energy-
momentum tensor are obtained by using the relation (4.6).
In the way similar to that we have used for the VEV of the
field squared, for the diagonal components one gets (no
summation over v)

<TU> <T”> n Ap /oo J uP-1
= —= u
‘ VO ba? ci(u)cy(u)e* — 1

. {2Zy(77, ) + [, 00.1) + by () 20)Z (1. )]

X ch(u)ez“'Z_Z-f/ZO}, (4.29)
=12
with the functions
Zo(n.u) = PoZ(n, u) — Y (n.u)/ 23,
u2/22 . uz/zz
Zi(nou) ==Y (. u) - ( Py +—=—2)Z(n.u),
-1 D-1
Zp(n.u) = (u?/23 — P1)Z(n. u), (4.30)
and

I
Y(n,u) = A dss*(1 = s2) P32y (y,us).  (4.31)

For the off-diagonal component, we find

TD _ AD ood Dijl.ij(lxt)(—l)j_lez"“z_zj‘/zo
(T§)=->53 uu -
Zpa”Jo ci(u)cy(u)e® —1

x [(1/2 = 2&)0, + 2EH|Z(n, u). (4.32)

The dependence of the VEVs on the background geometry
enters through the functions Z(n, u) and Y (i, u).
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In the regions z < z; and z > z,, the alternative expres-
sions for the VEVs are given by

A S
(1), = (12)y + 22 [
0

P+ 12,(n, uzo) + b,u*Z(n, uzy)

piu—1 e2ul==1l ’
_1)jA oo

D ,:_(40/ dudP

< 0>j a2 0 uu

B+ 11(1/2=28)0, + 26HZ(n, uz)
piu—1

’

e2u\z—z./|
(4.33)

with j =1 and j = 2, respectively. Note that for the
Minkowski bulk the normal stress in the geometry of a
single plate vanishes.

Under the adiabatic condition (2.22), we can find simple
asymptotic expressions of the VEVs near the boundaries
for general case of the scale factor. By taking into account
that the dominant contribution to the integral in (4.29)
comes from large values of u and using the asymptotic
expression (4.10), near the plate at z = z;, to the leading
order one finds (no summation over v)

Dr((D+1)/2)(§ - ¢p)

(TY) ~ (2645, — 1) 282V (a|z = 7, )P

(4.34)

for v =0,1,...,D — 1. For the normal stress, the leading
term vanishes and it is needed to keep the next-to-leading
term. It is more convenient to find the corresponding
asymptotic expression by using the second equation in
(4.28) and the asymptotic expression for the energy flux.
For the latter from (4.32) and (4.10), we get

2(-1)/D(é - ¢&p)H
(47) PV (a]z — z4))

(TD) ~ (260, — 1) _T((D+1)/2).

(4.35)

Combining this with (4.28), one obtains the asymptotic for
the normal stress:

DE-&)I((D-1)/2) a

(471.>(1)+1)/2(a|Z _ Zjl)D—l a’

(TB) ~ (1 =25y (4.36)

The leading terms in the near-plate asymptotic expansions
for the diagonal components with v # D, given by (4.34),
coincide with the corresponding expressions in the
Minkowski bulk, with the distance |z — z;| replaced by
the proper distance a(1)|z — z;|. For the Minkowski bulk,
the normal stress (75) does not depend on the coordinate z.
This property is already seen from the second equation in
(4.28), by taking into account that in the Minkowski bulk
(TB) = 0. Hence, we see that the cosmological expansion
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essentially changes the behavior of the normal stress. In
particular, near the plates the normal stress has different
signs for accelerated and deccelerated expansions.
Egs. (4.34)—(4.36) present the leading-order terms in the
asymptotic expansions of the VEVs over the distance from
the plate z = z;. These leading terms do not depend on
the field mass and vanish for a conformally coupled field. The
next-to-leading order terms, in general, will depend on the
mass they do not vanish in the conformally coupled case.
As is seen from Egs. (4.34)—(4.36), the VEV of the
energy-momentum tensor diverges on the boundaries.
These types of divergences are well known in quantum
field theory with boundaries and they have been inves-
tigated for various bulk and boundary geometries. For
cosmological backgrounds, an essential difference from the
corresponding problem in the Minkowski bulk is that the
normal stress diverges on the boundary. For the Minkowski
bulk, it remains finite everywhere. Moreover, the corre-
sponding VEV does not depend on z in the region between
the plates and vanishes in the regions z < z; and z > z,.
From Egs. (4.34)—(4.36) it follows that near the plates the
VEVs for a field with & # &y have opposite signs for
Dirichlet (f; = 0) and non-Dirichlet boundary conditions.
On the base of the results given above, we can investigate
the vacuum densities induced by a thick domain wall in the
background of FRW spacetime. This is done in the way
similar to that used in [19] for a thick brane on the anti—de
Sitter bulk. For a thick domain wall with the thickness 2b,
we write the line element for the interior geometry in the
form ds*> = a*(n)[e"Ddn* - e”(z>dxﬁ —e"9dz?), |z| < b.
In the regions |z| > b, the line element is given by (2.1).
The functions u(z), v(z) and w(z) are continuous on the
boundaries z = —b and z = b. For the symmetric domain
wall, these functions are even functions of z. It can be
shown that (the details will be presented elsewhere) the
VEVs in the region z > b are given by the expressions (4.3)
and (4.25) with z; = b and with the Robin coefficient f3;
being a function of the quantum numbers k and A. This
function is determined by the matching conditions for the
scalar field modes in the interior and exterior regions.

C. The Casimir force

In the geometry of a single plate the vacuum pressures on
the right- and left-hand sides of the plate compensate each
other and the corresponding net force is zero. Consequently,
for the two plates geometry, the resulting force per unit
surface is determined by the part in the normal stress (7'5)
induced by the second plate:

P = —((TB) = (T5))].—.,. (4.37)
where (T5) is the normal stress in the region between
the plates. By taking into account the expressions given
above, we get
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A
Pj=—2
Zoad~ Jo
X/oodu[2+cj(l/t)+1/cj(u)]Pl —2M2/Z(2)
0

ci(u)ey(u)e® —1

* dkkP-2

x W(n,n, u, k). (4.38)
The force is attractive for P; < 0 and repulsive for

P;>0. In the problem on the Minkowski bulk one has

ﬁl W (n,n, u, k) = 0 and the first term in the numerator of the
integrand in (4.38) vanishes. Hence, the Casimir force for
the Minkowski bulk is the same for both the plates,
regardless of the values of the coefficients in the Robin
boundary conditions. This is not the case for general FRW
spacetime.

An alternative representation for the Casimir force is
obtained by using the expression (4.29) for the normal
stress:

A o
P;= D—DZ duuP-1
Zoa 0

> 272

2+ ¢j(u) + 1/c¢;(w)|Py - 2u®/z5 Z0n.u), (4.39)
c(u)ey(u)e® —1

with the function Z(#, u) defined by (4.8). Depending on
the Robin coefficients and on the vacuum state, the forces
corresponding to (4.39) can be either attractive or repulsive.
In particular, one can have the situation when the forces are
repulsive at small separations between the plates and
attractive at large separation.

Assuming that the scalar modes satisfy the adiabatic
condition with the small wavelength asymptotic (2.22), we
can find the asymptotic of the Casimir force at small
separation between the plates. Under the assumption

1/(azg) > m.,\/|H|.H, the dominant contribution in

(4.39) comes from the second term in the numerator of
the integrand. By using the asymptotic (4.10), to the
leading order one gets

fim (zoa)D“F(D/z)A d ci(u)ey(u)e* =1
(4.40)

The expression in the right-hand side coincides with the
Casimir pressure for the plates in the Minkowski spacetime
for a massless scalar field.

V. SPECIAL CASES

In this section, we consider some special cases of the
general results given above. For the Minkowski bulk a(#) =
1 and for the modes realizing the standard Minkwoski

vacuum, one has f(n,y) =e™"1 /2w withw = \/y* + m?,

and w(n,n,y) =1/w. From here it follows that
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U(n, zox) = 0 for x < m and U(y, zox) = 2/Vx* — m? for
x > m. For the function appearing in the expressions (4.1),
(4.14) and (4.38), one gets W(n,n,u,k) =0 for u <

2oV k> + m?* and
2

NI

for u > zyvV/k*> + m?”. In this special case, the function
Z(n, u) in the expressions for the VEVs is simplified to

_VA(D=1)/2)
I'(D/2)u

W(n.n,u k) =

(5.1)

)Z]D/Z—l’

Z(n.u) (5.2)

[1—(zom/u

for u > zgm and Z(n, u) = 0 for u < zym. Substituting the
expression (5.2) into the general formulas given above, we
obtain the VEVs for the Robin plates in Minkowski
spacetime (see [14] for the VEVs in the massless case
and [20] for a massive scalar field. Note that in [20] the
VEVs in the Minkowski bulk are obtained as a limiting case
of the corresponding problem with two uniformly accel-
erated plates moving through the Fulling-Rindler vac-
uum state).

A. Conformally coupled massless field

For a conformally coupled massless field, one has & =
¢p and m = 0. As it follows from (2.12), the general
solution for the function f(#,y) has the form

(1-D)/2
V2r

where the factor 1/4/2y is extracted for the further conven-
ience. One of the coefficients is determined by the normali-
zation condition, whereas the second one is fixed by the
choice of the vacuum state. For a vacuum state, we will take
the state corresponding to the standard Minkowskian vac-
uum in the adiabatic limit a(57) = const. This corresponds to
the choice ¢, = 0 and from the normalization condition
(2.18) one gets |c,|* = 1.

For the function W(n, ', u, k) in the expressions of the
VEVs, we find W(n, 7', u, k) = 0 in the region u < zok and

Wi, k) — 2010 SO0 = 1)/ 25 = K]
’ Vit [z~ ’

for u > zyk and, hence, U(n, x) = 2a'~Pzy/x. From (4.7),
for the VEV of the field squared one finds

B (azy)' ™
(@%) = (#°)o +(47/7)D/(2)W

&) 2 + . ACi(U ezu‘z_zj‘/z()
~ / duuD_2 2171,2 j( )2
0 ci(u)ey(u)e™ =1

(cre™M + crem),

fln.y) =

(5.3)

(5.4)
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In a similar way, we can see that the VEV of the energy-
momentum tensor takes the form

diag(1,1,...,1,-D)
(47)P/2T(D/2 4 1) (azo)”*!

MD

“d .
XA YWy 1

In this special case the vacuum energy-momentum tensor
is spatially homogeneous and diagonal. Of course, the
boundary-induced contributions in (5.5) and (5.6) could be
directly obtained from the corresponding expressions in the
Minkowski bulk by using the standard result for confor-
mally related problems (see, for instance, [1]).

(T2) = (T¥)o =

(5.6)

B. de Sitter bulk

As a next application we consider the case of de Sitter
bulk with a(t) = ¢!, H = const (the renormalized expect-
ation value of the energy-momentum tensor for an arbitrary
homogeneous and isotropic physical initial state of a scalar
field in de Sitter spacetime, in the absence of boundaries,
has been investigated in [21]). The corresponding scale
factor in conformal time has the form a(y) = —1/(Hn)

with —co <7 <0. In this case one has H=—1/p
and R=D(D+ 1)H?. The general solution of Eq. (2.10)

is the linear combination of the functions |;|”/ 2H,(,l)(y\r]|)

and |17|D/2Hl(/2)(y|11|), with Hl(/l‘z)(x) being the Hankel
functions and

v=\/D*=4D(D + ) -m?/H2.  (5.7)
For further convenience, we write the Hankel functions in
terms of the Macdonald function K, (x) [22]:

n|P/?

a7 K1) oK, e ),

flny) =
(5.8)

where the parameter v is either positive or purely imagi-
nary. From the condition (2.18) we get the relation

d\|* = s> =1, (5.9)
between the coefficients.
By using the relation [22]
K, (yInle™™) = ™K, (yInl) F #il,(yInl),  (5.10)

for the function appearing in the expressions of the VEVs
we get W(n, 1/, u, k) =0 for u < kz, and
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W(n.n' u k) = 2HP '[P {in(d\d; — didy)1,(y)1,(y")

+ (|di[* + |da* + e idydy + e didy) [, (y) K, (Y) + 1,(y) K, ()]}

for u > kzy, where

y =/ =k, Y =\u/5 -k (5.12)
For the function in (5.11), one has
L,(K,(") + LK, (y)
_ w1l (LG) - 1L, ()1() C(5.13)

2 sin (vrr)

which shows that this function is real for both the real and
purely imaginary values for v.

Note that in the expressions of the VEVs only the relative
phase of the coefficients d; and d, is relevant and, hence,
by taking into account the relation (5.9), we can take the
parametrization
d, = ¢”sinha,

d, = cosha, (5.14)

in terms of new real parameters a and 0 < f < 2z. With
this parametrization, for the function (5.11) one gets

W(n. ', u, k) = 2HP=" | |P/*{z sinh(2a) sin B1, (y)1,(¥")
+ [cosh(2a) + sinh(2a) cos (f — vr)]
X [Io,(V)K,(Y) + 1,(Y)K, (Y]} (5.15)

The modes (5.8) correspond to the two-parameter (a, /)
family of vacuum states in de Sitter spacetime. As it has
been discussed in [23], in the absence of the plates the de
Sitter invariant vacuum states correspond to S =0.
The Bunch-Davies (or Euclidean) vacuum state [24] is a
special case of de Sitter invariant vacua and corresponds to
a = 0. In general, one has a one-parameter family of de
Sitter invariant vacuum states specified by the parameter a
(o states or a vacua in de Sitter space, for the discussion of
the role of these states in inflationary models see, for
example, [25]).

The transformations of the boundary-induced contribu-
tions in the VEVs, we have described above, are valid for
dS invariant vacua only. In this special case the function
(5.15) takes the form

W(n.n' u. k) = 2HP"b(a) gy [P/ {1, (y) K, ()
+1,(y)K, ()], (5.16)

with

b(a) = cosh(2a) + sinh(2a) cos (vz).  (5.17)

(5.11)

|

From here it follows that the VEVs of the field squared and
of the energy-momentum tensor for a dS invariant vacuum
state with a given a are obtained from the corresponding
VEVsin the Bunch-Davies vacuum state, investigated in [4],
multiplying by the factor b(a). For real values of the
parameter v, this factor is always positive. For purely
imaginary v, the factor b(a) can be negative. In this case,
compared with the Bunch-Davies vacuum state, the Casimir
forces for the corresponding @ vacuum change the sign.

VI. CONCLUSION

We have studied the scalar Casimir effect for the
geometry of two parallel plates on the spatially flat
FRW background for a general case of the scale factor.
On the plates the field obeys the Robin boundary con-
ditions (2.6) with the coefficients proportional to the scale
factor. In the model under consideration, all the properties
of the vacuum state are encoded in two-point functions and,
as the first step in the investigation of the VEV's for physical
observables bilinear in the field operator, we have evaluated
the Hadamard function. By using the Abel-Plana-type
summation formula for the eigenvalues of the quantum
number 4, the boundary-induced contribution is explicitly
extracted. This contribution in the geometry of a single
plate and in the region between two plates is given by the
last terms in (3.12) and (3.13), respectively. In the corre-
sponding evaluation we have not fixed the vacuum state. In
order to specify the vacuum state, an additional condition
should be imposed on the function f (7, y) appearing in the
expression (2.17) for the scalar modes. In particular, for the
modes obeying the adiabatic condition this function has
the small wavelength asymptotic (2.22). In the limit of a
constant scale factor, these modes approach the positive
energy solutions used for the quantization of a scalar field
in the Minkowski bulk.

As important local characteristics of the vacuum state,
we have considered the VEVs of the field squared and of
the energy-momentum tensor. The VEV of the field squared
is given by the expression (4.7) in the region between the
plates and by (4.9) in the regions z < z; and z > z,. For
points away from the boundaries the renormalization is
reduced to that for the boundary free-part (¢?),. The
information on the background geometry is encoded in
the function Z(n, u), defined by the relation (4.8). For the
vacuum state realized by the modes obeying the adiabatic
condition, the leading term in asymptotic expansion of the
field squared near the plates is given by the expression
(4.11). It is obtained from the corresponding asymptotic in
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the problem on Minkowski bulk replacing the distance
from the plate by the proper distance. Near the plates the
dominant contribution to the VEVs come from the modes
with small wavelengths, the influence of the gravitational
field on which is weak.

The diagonal components of the VEV of the energy-
momentum tensor in the region between the plates are
given by the formula (4.29), where the functions in the
boundary-induced contribution are defined by (4.30).
Unlike to the case of the Minkowski bulk, the correspond-
ing normal stress is inhomogeneous. Another feature of
the Casimir effect in the expanding bulk is the presence of
the nonzero energy flux along the direction normal to the
plates. This flux is described by the off-diagonal compo-
nent of the vacuum energy-momentum tensor, given by the
expression (4.32). Depending on the Robin coefficients and
on the vacuum state, the flux can be either positive or
negative. For boundaries with the same Robin coefficients,
the energy flux vanishes on the plane z = (z; + z,)/2 and
has opposite signs in the right-hand and left-hand regions
with respect to this plane. In the regions z < z; and z > 2,
the vacuum energy-momentum tensor coincides with that
for the geometry of a single plate and is given by the
formulas (4.33). The corresponding normal stress and
the energy flux vanish in the Minkowskian limit. Under
the adiabatic condition for the scalar modes, the leading term
in the near-plate expansion of the diagonal components (7%)
for v # D coincides with that for plates in the Minkowski
spacetime. For the energy flux and the normal stress, the
corresponding asymptotics are given by the expressions
(4.35) and (4.36). In particular, for the normal stress the
asymptotic behavior on the FRW bulk is completely differ-
ent from that for the Minkowski spacetime. In the latter case
the normal stress is finite on the plates.

The Casimir force per unit surface of the plate at z = z;
is determined by the expression (4.38). An important
difference from the corresponding result in the
Minkowski bulk is that for a scalar field with f; # fp,
the forces acting on the right and left plates, in general, are
different. Depending on the Robin coefficients and on the
vacuum state under consideration, these forces can be either

PHYSICAL REVIEW D 95, 065024 (2017)

attractive or repulsive. Assuming that the modes used in the
quantization procedure obey the adiabatic condition, for the
leading term in the asymptotic expansion of the Casimir
force at small distances between the plates one gets the
expression (4.40).

In Section V, two special cases of general results are
discussed. In the first example we have considered a
conformally coupled massless field assuming that the field
is prepared in the vacuum state that corresponds to the
Minkowskian vacuum in the adiabatic limit. In this case,
the boundary-induced contributions to the VEVs of the
field squared and of the energy-momentum tensor are
obtained from the corresponding VEVs in the Minkowski
bulk by using the standard relation for conformally coupled
problems. In particular, the vacuum energy-momentum
tensor is diagonal. In the second example, the de Sitter
spacetime is considered as a background geometry. For this
geometry, one has a one-parameter family of the de Sitter
invariant vacuum states specified by the real parameter a.
The corresponding function W(n,#', u, k), appearing in the
expressions for the VEVs, is given by the expression (5.16)
with the coefficient b(a) defined by (5.17). In the special
case a = 0, we obtain the results for the Bunch-Davies
vacuum state previously discussed in the literature. For
imaginary values of the parameter v, depending on the
parameter @, the Casimir forces for the o vacua may have
opposite signs compared with the Bunch-Davies vacuum.
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