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Motivated by potential applications to ultracold matter, we perform a theoretical study of Majorana
fermions confined to a finite volume, whose boundary conditions are characterized by self-adjoint
extension parameters. While the boundary conditions for Dirac fermions in (1þ 1)-d are characterized by a
1-parameter family, λ ¼ −λ�, of self-adjoint extensions, for Majorana fermions λ is restricted to �i. Based
on this result, we compute the frequency spectrum of Majorana fermions confined to a 1-d interval.
The boundary conditions for Dirac fermions confined to a 3-d region of space are characterized by
a 4-parameter family of self-adjoint extensions, which is reduced to two distinct 1-parameter families for
Majorana fermions. We also consider the problems related to the quantum mechanical interpretation of the
Majorana equation as a single-particle equation. Furthermore, the equation is related to a relativistic
Schrödinger equation that does not suffer from these problems. Here we restrict ourselves to theoretical
considerations without yet focusing on concrete cold matter applications.
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I. INTRODUCTION

Majorana fermions [1] result from Dirac fermions [2] by
imposing a reality condition on the Dirac spinor [3]. As a
result, Majorana fermions are neutral and are their own
antiparticles. In the minimal version of the standard model
of particle physics, neutrinos are electrically neutral left-
handed Weyl fermions [4] charged under the electroweak
SUð2ÞL ×Uð1ÞY gauge symmetry. In this case, no renor-
malizable neutrino mass terms exist, and thus, in this
minimal theoretical framework, neutrinos are massless
particles. Since the observation of neutrino oscillations,
it is known that neutrinos indeed must have a small nonzero
mass. When one extends the standard model by introducing
additional right-handed neutrino fields, one can construct
gauge invariant Dirac mass terms which involve the Higgs
field and give rise to nonzero neutrino masses via the Higgs
mechanism of electroweak symmetry breaking. Gauge
invariance then requires that the right-handed neutrino
fields are neutral under all gauge interactions. This in turn
implies that one can also construct gauge invariant renor-
malizable Majorana mass terms which do not involve the
Higgs field and thus give rise to neutrino masses, unrelated
to the energy scale of electroweak symmetry breaking.
Since the right-handed component does not participate in
the electroweak or strong gauge interactions, Majorana
neutrinos are extremely weakly interacting. In particular,
like any neutrino, they easily penetrate even dense materi-
als and can thus not be confined in any container. Still, in

some extensions of the standard model with extra spatial
dimensions, neutrinos may be confined to finite regions of
the extra-dimensional space. Majorana edge states were
first discussed in the context of the overlap [5] and domain
wall fermion [6] construction of supersymmetric Yang-
Mills theory on the lattice, which has been studied in
numerical simulations in [7].
The confinement of Majorana neutrinos in finite regions

of space is also an interesting issue in condensed matter
physics. In particular, Majorana fermions, which may
emerge as edge modes of Kitaev wires [8] or of super-
conductors [9], have been discussed in the context of
topological quantum computation [10–15]. Majorana fer-
mions may also arise in engineered systems, such as
ultracold atoms in optical lattices or ion traps [16–18].
TheMajorana fermions that arise at the edge of Kitaev wires
are essentially massless, because their mass is exponentially
suppressed with the length of the wire. The Majorana
fermions in engineered ultracold atom or trapped ion
systems, on the other hand, are in general massive. Since
the real systems are confined to a finite volume, the issue of
appropriate spatial boundary conditions arises. In particular,
when one imposes optical box trap potentials [19], one is
confronted with reflecting boundaries.
While in this paper we do not yet address concrete

problems concerning ultracold matter, we take these
systems as a motivation to investigate the (massive)
Majorana equation, restricted to a finite region in space,
using the theory of self-adjoint extensions [20,21]. In
previous work, we have analyzed the Schrödinger, Pauli,
and Dirac equations in a similar manner [22,23]. For
example, the perfectly reflecting wall of a box that confines
nonrelativistic Schrödinger particles without spin is
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characterized by a single self-adjoint extension parameter.
The most general boundary condition for relativistic Dirac
fermions (which generalizes the boundary conditions of the
MIT bag model [24–26]) is characterized by a 4-parameter
family of self-adjoint extension parameters [22]. As we will
show, imposing the Majorana reality condition on the
corresponding Dirac spinor restricts the admissible values
of the self-adjoint extension parameters. We then study the
Majorana equation both in (1þ 1) and in (3þ 1) dimen-
sions, with confining spatial boundary conditions.
The rest of this paper is organized as follows. In Sec. II

we investigate the Majorana equation in (1þ 1) dimen-
sions, review its symmetries, and relate it to a relativistic
Schrödinger-type equation with a consistent quantum
mechanical single-particle interpretation. In Sec. III we
study the self-adjoint extension parameters that character-
ize a perfectly reflecting boundary. The Majorana equation
is then solved for a particle confined to a finite interval. In
Sec. IV we extend these investigations to (3þ 1) dimen-
sions by reviewing the Majorana equation and its sym-
metries, and by again constructing an equivalent relativistic
Schrödinger-type equation. In Sec. V we construct a family
of self-adjoint extensions for (3þ 1)-d Majorana fermions,
confined to a finite region of space. Finally, Sec. VI
contains our conclusions.

II. MAJORANA FERMIONS
IN (1þ 1) DIMENSIONS

In this section we investigate the Majorana equation in
(1þ 1) dimensions. In particular, we review its symmetry
properties and investigate some problems related to its
quantum mechanical interpretation as a single-particle
equation.

A. The Majorana equation in (1þ 1) dimensions

Let us first consider the Dirac equation in (1þ 1)
dimensions

i∂tΨðx;tÞ¼ðαpcþβMc2ÞΨðx;tÞ; Ψðx;tÞ¼
�
ψ1ðx;tÞ
ψ2ðx;tÞ

�
;

α¼
�
0 1

1 0

�
; β¼

�
1 0

0 −1

�
: ð2:1Þ

Here M is the fermion mass, c is the velocity of light, and
we have put ℏ ¼ 1. A consistent choice of the γ-matrices is
provided in the Dirac basis

γ0 ¼ β ¼
�
1 0

0 −1

�
; γ1 ¼ γ0α ¼

�
0 1

−1 0

�
; ð2:2Þ

where the space-time metric is given by gμν ¼ diagð1;−1Þ.
Alternatively, we can use a Majorana basis

~γ0 ¼
�
0 −i
i 0

�
; ~γ1 ¼

�
i 0

0 −i

�
; ð2:3Þ

in which the ~γ-matrices have purely imaginary entries. The
Dirac and the Majorana basis are related by the unitary
transformation

U¼ 1ffiffiffi
2

p
�
1 −i
i −1

�
; γμ ¼U~γμU†; Ψðx;tÞ¼U ~Ψðx;tÞ:

ð2:4Þ

In the Majorana basis, the Dirac equation is consistent with
imposing the reality condition ~Ψðx; tÞ� ¼ ~Ψðx; tÞ. In the
Dirac basis, the Majorana condition takes the form

Ψðx; tÞ ¼ U ~Ψðx; tÞ ¼ U ~Ψðx; tÞ�
¼ U½U†Ψðx; tÞ�� ¼ UUTΨðx; tÞ�

¼ 1

2

�
1 −i
i −1

��
1 i

−i −1

�
Ψðx; tÞ�

¼
�
0 i

i 0

��
ψ1ðx; tÞ�
ψ2ðx; tÞ�

�
⇒

ψ1ðx; tÞ ¼ iψ2ðx; tÞ�; ψ2ðx; tÞ ¼ iψ1ðx; tÞ�: ð2:5Þ

Introducing ψðx; tÞ ¼ ψ1ðx; tÞ the 2-component Dirac
equation reduces to the 1-component Majorana equation

i∂t

�
ψðx; tÞ
iψðx; tÞ�

�
¼ ðαpcþ βMc2Þ

�
ψðx; tÞ
iψðx; tÞ�

�

⇒ i∂tψðx; tÞ ¼ Mc2ψðx; tÞ þ c∂xψðx; tÞ�: ð2:6Þ

Here we have used p ¼ −i∂x. Unlike for the Schrödinger
or Dirac equation, the right-hand side of the Majorana
equation involves both ψðx; tÞ and ψðx; tÞ�. As a conse-
quence, it cannot be interpreted as an ordinary quantum
mechanical Hamiltonian acting on a wave function ψðx; tÞ.
In any case, a quantum mechanical single-particle inter-
pretation is problematical already for the Dirac equation.
Putting this caveat aside, one can still use the Dirac
Hamiltonian as well as other quantummechanical operators
of the Dirac theory, acting on constrained Majorana wave
functions, to define expectation values for Majorana
fermions. For the expectation value of the energy one then
obtains
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hHi ¼
Z

dxðψ�;−iψÞðαpcþ βMc2Þ
�

ψ

iψ�

�

¼
Z

dxðψ�;−iψÞ
�

Mc2 −ic∂x

−ic∂x −Mc2

��
ψ

iψ�

�

¼
Z

dxðψ�;−iψÞ
�

Mc2ψ þ c∂xψ
�

−ic∂xψ − iMc2ψ�

�

¼
Z

dxðψ�i∂tψ þ ψi∂tψ
�Þ ¼ i∂t

Z
dxjψ j2 ¼ 0:

ð2:7Þ

In the last step we have used the Majorana equation. As we
will see in the next subsection, the total “probability”
2
R
dxjψ j2 is indeed conserved. As a consequence, the

energy expectation value of a Majorana fermion state,
evaluated with the Dirac Hamiltonian, always vanishes.
The same is true for the momentum operator

hpi ¼
Z

dxðψ�;−iψÞð−i∂xÞ
�

ψ

iψ�

�

¼
Z

dxð−iψ�∂xψ − iψ∂xψ
�Þ

¼ −i
Z

dx∂xjψ j2 ¼ 0: ð2:8Þ

Here we have used partial integration and we have assumed
that the wave function vanishes at spatial infinity. The
expectation values of energy and momentum vanish
because a Majorana fermion is an equal weight super-
position of positive and negative energy and momentum
states. As a consequence, the solutions of the Majorana
equation do not include stationary energy eigenstates with a
unique (positive or negative) energy.

B. Conserved “probability” current

The Majorana equation is not invariant against multipli-
cation of ψðx; tÞ by an arbitraryUð1Þ phase, but only against
a change of sign. As a result, fermion number is conserved
only modulo 2. Interestingly, the Majorana equation still
inherits the conserved current of the Dirac equation,

jμðx; tÞ ¼ Ψ̄ðx; tÞγμΨðx; tÞ ⇒
ρðx; tÞ ¼ Ψ̄ðx; tÞγ0Ψðx; tÞ ¼ Ψðx; tÞ†Ψðx; tÞ

¼ jψ1ðx; tÞj2 þ jψ2ðx; tÞj2;
jðx; tÞ ¼ cΨ̄ðx; tÞγ1Ψðx; tÞ ¼ cΨðx; tÞ†γ0γ1Ψðx; tÞ

¼ cΨðx; tÞ†αΨðx; tÞ
¼ c½ψ1ðx; tÞ�ψ2ðx; tÞ þ ψ2ðx; tÞ�ψ1ðx; tÞ�; ð2:9Þ

which, after imposing the Majorana condition Eq. (2.5),
takes the form

ρðx; tÞ ¼ 2jψðx; tÞj2; jðx; tÞ ¼ ic½ψðx; tÞ�2 − ψðx; tÞ2�:
ð2:10Þ

Indeed, by using the Majorana equation (2.6), we obtain

∂tρðx; tÞ þ ∂xjðx; tÞ
¼ 2½ψðx; tÞ�∂tψðx; tÞ þ ψðx; tÞ∂tψðx; tÞ��
þ 2ic½ψðx; tÞ�∂xψðx; tÞ� − ψðx; tÞ∂xψðx; tÞ�

¼ −2iψðx; tÞ�½Mc2ψðx; tÞ þ c∂xψðx; tÞ��
þ 2iψðx; tÞ½Mc2ψðx; tÞ� þ c∂xψðx; tÞ�
þ 2ic½ψðx; tÞ�∂xψðx; tÞ� − ψðx; tÞ∂xψðx; tÞ� ¼ 0:

ð2:11Þ

Although, just like for the Dirac equation, a quantum
mechanical single-particle interpretation of the Majorana
equation is problematical, and despite the fact that Majorana
fermion number is conserved only modulo 2, the continuity
equation implies that the total “probability”

Z
dxρðx; tÞ ¼ 2

Z
dxjψðx; tÞj2 ¼ 1 ð2:12Þ

is conserved.
C. Lorentz invariance

Let us consider a Lorentz boost

x0 ¼ x−vtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−v2=c2

p ; ct0 ¼ ct− v
cxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−v2=c2
p ⇒

�
ct0

x0

�
¼ γ

�
1 −β
−β 1

��
ct

x

�
; β¼ v

c
;

γ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−v2=c2

p ¼ coshθ⇒

�
ct0

x0

�
¼Λ−1

�
ct

x

�
; Λ¼

�
coshθ sinhθ

sinhθ coshθ

�
: ð2:13Þ

Under Lorentz boosts a Dirac spinor transforms as

Ψ0ðx; tÞ ¼
�
cosh θ

2
sinh θ

2

sinh θ
2

cosh θ
2

�
Ψðx0; t0Þ: ð2:14Þ

For a Majorana spinor this implies

ψ 0ðx; tÞ ¼ cosh
θ

2
ψðx0; t0Þ þ i sinh

θ

2
ψðx0; t0Þ�: ð2:15Þ

It is straightforward to show that the Majorana equation is
indeed invariant under this transformation.
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D. Parity, time-reversal, and charge conjugation

Let us now consider the discrete symmetries P, T, and C
for Majorana fermions in one spatial dimension. For a
Dirac fermion, the parity transformation P takes the form

PΨðx; tÞ ¼ γ0Ψð−x; tÞ ¼
�
1 0

0 −1

�
Ψð−x; tÞ ⇒

Pψ1ðx; tÞ ¼ ψ1ð−x; tÞ; Pψ2ðx; tÞ ¼ −ψ2ð−x; tÞ:
ð2:16Þ

This is inconsistent with the Majorana condition
ψ2ðx; tÞ ¼ iψ1ðx; tÞ�. However, combining the Dirac parity
operation with a Uð1Þ phase multiplication by i (which
alone is not a symmetry of the Majorana equation) we
obtain the Majorana parity transformation

Pψðx; tÞ ¼ iψð−x; tÞ; ð2:17Þ

which indeed leaves the Majorana equation invariant

i∂t
Pψðx;tÞ¼−∂tψð−x;tÞ¼ iMc2ψð−x;tÞþ ic∂−xψð−x;tÞ�

¼Mc2iψð−x;tÞþc∂x½iψð−x;tÞ��
¼Mc2Pψðx;tÞþc∂x

Pψðx;tÞ�: ð2:18Þ

As one would expect, under P the probability and current
densities transform as

Pρðx; tÞ ¼ 2jPψðx; tÞj2 ¼ 2jiψð−x; tÞj2 ¼ ρð−x; tÞ;
Pjðx; tÞ ¼ ic½Pψðx; tÞ�2 − Pψðx; tÞ2�

¼ ic½−ψð−x; tÞ�2 þ ψð−x; tÞ2�
¼ −jð−x; tÞ: ð2:19Þ

For a Majorana fermion, we define time-reversal as

Tψðx; tÞ ¼ ψðx;−tÞ�; ð2:20Þ

which again leaves the Majorana equation invariant

i∂t
Tψðx; tÞ ¼ i∂tψðx;−tÞ� ¼ −i∂−tψðx;−tÞ�

¼ Mc2ψðx;−tÞ� þ c∂xψðx;−tÞ
¼ Mc2Tψðx; tÞ þ c∂x

Tψðx; tÞ�: ð2:21Þ

Under time-reversal the probability and current densities
transform as

Tρðx; tÞ ¼ 2jTψðx; tÞj2 ¼ 2jψðx;−tÞ�j2 ¼ ρðx;−tÞ;
Tjðx; tÞ ¼ ic½Tψðx; tÞ�2 − Tψðx; tÞ2�

¼ ic½ψðx;−tÞ2 − ψðx;−tÞ�2�
¼ −jðx;−tÞ: ð2:22Þ

Finally, let us consider charge conjugation C, which for a
Dirac fermion takes the form

CΨðx; tÞ ¼
�
0 i

i 0

�
Ψðx; tÞ�

⇒ Cψ1ðx; tÞ ¼ iψ2ðx; tÞ�;
Cψ2ðx; tÞ ¼ iψ1ðx; tÞ�: ð2:23Þ

As it should, this implies that a Majorana fermion is
C-invariant

Cψðx; tÞ ¼ ψðx; tÞ: ð2:24Þ

E. Propagation of wave packets

By inserting the plane wave ansatz

ψðx;tÞ¼Aexpðiðkx−ωtÞÞþBexpð−iðkx−ωtÞÞ; ð2:25Þ

into the Majorana equation (2.6) one obtains

ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ k2c2

q
; B ¼ iA� ω −Mc2

kc
; ð2:26Þ

such that the most general wave packet solution of the
Majorana equation is given by

ψðx; tÞ ¼
Z

dk

�
AðkÞ expðiðkx − ωtÞÞ

þ iAðkÞ� ω −Mc2

kc
expð−iðkx − ωtÞÞ

�
: ð2:27Þ

The normalization condition, inherited from the Dirac
equation, then takes the form

hΨjΨi ¼
Z

dxðψ�;−iψÞ
�

ψ

iψ�

�

¼ 2

Z
dxjψ j2 ¼ 2

π

Z
dkjAðkÞj2 ωðω −Mc2Þ

k2c2
:

ð2:28Þ

We have seen that the expectation values of energy and
momentum vanish because a Majorana fermion is its own
antiparticle. Let us now calculate the expectation value of
the velocity operator

v ¼ ∂kω ¼ kc2

ω
; ð2:29Þ

which takes the form

hviðtÞ ¼ 2

π

Z
dkjAðkÞj2 ω −Mc2

k
¼ hvið0Þ; ð2:30Þ
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and hence is time-independent. It is straightforward but
somewhat tedious to calculate the expectation value of the
position operator and one obtains

hxiðtÞ ¼ hxið0Þ þ hvið0Þt

þ 1

2π
ℜ
Z

dkAð−kÞAðkÞ

×
Mc
ωk2

ðω −Mc2Þ½expð−2iωtÞ − 1�

hxið0Þ ¼ 1

2π
ℜ
Z

dkAð−kÞAðkÞ Mc
ωk2

ðω −Mc2Þ2

þ 1

π
ℑ
Z

dkAðkÞ∂kAðkÞ�
ωðω −Mc2Þ

k2c2
: ð2:31Þ

The oscillatory contribution to hxiðtÞ involving expð−2iωtÞ
is reminiscent of “Zitterbewegung”. This term is not
present for the propagation of wave packets following

the nonrelativistic free particle Schrödinger equation for
which hxiðtÞ ¼ hxið0Þ þ hvið0Þt [27].

F. Relation of the Majorana equation to a relativistic
Schrödinger equation

As we discussed before, it is well known that a quantum
mechanical single-particle interpretation of the Dirac or
Majorana equation is problematical. The right-hand side of
the Majorana equation cannot even be viewed as a quantum
mechanical Hamiltonian acting on a wave function,
because it involves both ψ and ψ�. Let us map ψ to a
Schrödinger-type wave function

Φðx; tÞ ¼ ψðx; tÞ þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
ψðx; tÞ�;

p ¼ −i∂x; ð2:32Þ
which obeys

i∂tΦðx; tÞ ¼ i∂tψðx; tÞ þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
i∂tψðx; tÞ�

¼ Mc2ψðx; tÞ þ c∂xψðx; tÞ� − i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
½Mc2ψðx; tÞ� þ c∂xψðx; tÞ�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q �
ψðx; tÞ þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
ψðx; tÞ�

�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
Φðx; tÞ: ð2:33Þ

Remarkably, Φ obeys a relativistic Schrödinger equation
with only positive energy states. In particular, the equation
for Φ has a consistent quantum mechanical single-particle
interpretation, with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
playing the role of

the Hamiltonian. In the context of point-particle relativistic
quantum mechanics it is no problem that this Hamiltonian
is nonlocal (i.e. it contains derivatives of arbitrary order).
Interestingly, while the Majorana equation allows only a

sign change of ψ , the relativistic Schrödinger equation
allows global Uð1Þ phase changes

αΦðx; tÞ ¼ expðiαÞΦðx; tÞ; ð2:34Þ
which give rise to a nonlocal conserved probability current
that was constructed in [28]. This current is not directly
related to the conserved localMajorana current of Eq. (2.10).
One can invert the relation between ψ and Φ to obtain

ψðx; tÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
þMc2

�
Φðx; tÞ

þ ipcΦðx; tÞ�
�
: ð2:35Þ

The simple Uð1Þ symmetry of Eq. (2.34) then turns into the
complicated nonlocal transformation

αψðx; tÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
þMc2

�
αΦðx; tÞ

þ ipcαΦðx; tÞ�
�

¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
þMc2

�
expðiαÞΦðx; tÞ

þ ipc expð−iαÞΦðx; tÞ�
�
: ð2:36Þ

Similarly, the simple Lorentz transformation for a Majorana
spinor of Eq. (2.15) turns into a complicated nonlocal
transformation rule for Φ, which is not very illuminating
in the present context but may be interesting to study inmore
detail in the framework of relativistic quantummechanics of
free particles (in contrast to quantum field theory) [29].
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TheSchrödinger-typewave functionΦ inherits itsP andT
symmetry properties from the Majorana “wave function” ψ

PΦðx; tÞ ¼ Pψðx; tÞ þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
Pψðx; tÞ�

¼ iψð−x; tÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
ψð−x; tÞ�

¼ iΦð−x; tÞ;
TΦðx; tÞ ¼ Tψðx; tÞ þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
Tψðx; tÞ�

¼ ψðx;−tÞ� þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
−Mc2

pc
ψðx;−tÞ

¼ Φðx;−tÞ�: ð2:37Þ

The introduction of Φ and its corresponding relativistic
Schrödinger equation may provide a consistent quantum
mechanical single-particle interpretation of the Majorana
equation. Based on this, one could evaluate new expectation
values. For example,when evaluatedwithΦ (rather thanwith
the Dirac spinor Ψ that obeys the Majorana condition), one
would obtain hxiðtÞ ¼ hxið0Þ þ hvið0Þt without any addi-
tional contribution from “Zitterbewegung”, such as theone in
Eq. (2.31).While this is interesting, it is not the subject of the
current paper. Here we stay with the original Majorana
equation by imposing the Majorana condition on a Dirac
spinor, and accept the problems of its quantum mechanical
interpretation as a single-particle equation.

III. MAJORANA FERMIONS CONFINED
TO AN INTERVAL

In this section we investigate Majorana fermions in a
1-dimensional box. In particular, we study the self-adjoint
extension parameters that characterize a perfectly reflecting
boundary condition and we solve the Majorana equation for
a particle confined to an interval.

A. Perfectly reflecting walls for Majorana fermions

It is well known to the experts, but only rarely empha-
sized in quantum mechanics textbooks, that a quantum
mechanical wave function need not necessarily vanish at a
perfectly reflecting wall [22,30–32]. In fact, the most
general perfectly reflecting Robin boundary condition is
characterized by a self-adjoint extension parameter γ ∈ R
and takes the form γΨð0Þ þ ∂xΨð0Þ ¼ 0. The standard
textbook boundary conditionΨð0Þ ¼ 0 then corresponds to
the special case γ ¼ ∞. The general Robin boundary
condition ensures that the nonrelativistic probability current
vanishes at the boundary. This implies that no probability is
leaking out of the box. More than this is not required for a
consistent unitary quantum mechanical evolution.

Let us begin by studying the (1þ 1)-d Dirac equation on
the positive x-axis with a perfectly reflecting boundary at
x ¼ 0 [22]. In order to investigate the Hermiticity of the
Dirac Hamiltonian, we consider

hχjHjΨi ¼
Z

∞

0

dxχðxÞ†½−cαi∂x þ βmc2�ΨðxÞ

¼
Z

∞

0

dxf½−cαi∂x þ βmc2�χðxÞg†ΨðxÞ

− icχð0Þ†αΨð0Þ
¼ hΨjHjχi� − icχð0Þ†αΨð0Þ; ð3:1Þ

which leads to the Hermiticity condition

χð0Þ†αΨð0Þ ¼ 0: ð3:2Þ

We now introduce the self-adjoint extension condition

ψ2ð0Þ ¼ λψ1ð0Þ; λ ∈ C; ð3:3Þ

which reduces Eq. (3.2) to

χð0Þ†
�
0 1

1 0

�
Ψð0Þ ¼ ½χ1ð0Þ�λþ χ2ð0Þ��ψ1ð0Þ ¼ 0

⇒ χ2ð0Þ ¼ −λ�χ1ð0Þ: ð3:4Þ

In order for H to be self-adjoint, the domains of H and H†

must coincide, i.e. DðHÞ ¼ DðH†Þ. To achieve this, one
must request

λ ¼ −λ�; ð3:5Þ

i.e. λ must be purely imaginary. Hence, for Dirac fermions
in 1-d there is a 1-parameter family of self-adjoint exten-
sions that characterizes a perfectly reflecting wall. The self-
adjointness condition Eq. (3.3) implies

jð0Þ ¼ cΨð0Þ†αΨð0Þ ¼ cΨð0Þ†
�
0 1

1 0

�
Ψð0Þ

¼ c½ψ1ð0Þ�ψ2ð0Þ þ ψ2ð0Þ�ψ1ð0Þ�
¼ c½ψ1ð0Þ�λψ1ð0Þ þ ψ1ð0Þ�λ�ψ1ð0Þ� ¼ 0: ð3:6Þ

Hence, as in the nonrelativistic case, the current jð0Þ
vanishes at the perfectly reflecting wall.
Majorana fermions obey the additional constraint

ψ2 ¼ iψ�
1, such that

λψ1ð0Þ ¼ ψ2ð0Þ ¼ iψ1ð0Þ� ⇒ jλj ¼ 1 ⇒ λ ¼ �i: ð3:7Þ

Hence, Majorana fermions admit only two discrete self-
adjoint extensions, no longer a continuous 1-parameter
family.
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B. Majorana fermion in a 1-d box

Let us consider a 1-d box x ∈ ½−L=2; L=2� endowed
with perfectly reflecting boundary conditions. For
Majorana fermions this means

sþψðL=2Þ ¼ ψðL=2Þ�;
s−ψð−L=2Þ ¼ ψð−L=2Þ�; sþ; s− ¼ �1: ð3:8Þ

In order to maintain parity symmetry, we demand
that the parity transformed field also obeys the boundary
condition

sþPψðL=2Þ ¼ PψðL=2Þ�
⇒ sþiψð−L=2Þ ¼ ½iψð−L=2Þ�� ¼ −iψð−L=2Þ�

⇒ s− ¼ −sþ: ð3:9Þ
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FIG. 1. Probability density ρðx; tÞ for a Majorana fermion confined to a 1-d interval x=L ¼ ½− 1
2
; 1
2
� in the parity-respecting case

(sþ ¼ −s−) withMLc ¼ 1 for various times t in units of the period T ¼ 2π=ω of the wave function. Note that ρðx; tÞ is periodic in time
with period T=2. The probability density at t ¼ T=4 is the parity image of the initial density, i.e. ρðx; T=4Þ ¼ ρð−x; 0Þ. The state of
lowest frequency is shown in the top panels, while the first excited state is shown at the bottom.
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We now make the ansatz

ψðx; tÞ ¼ A expðiðkx − ωtÞÞ

þ iA� ω −Mc2

kc
expð−iðkx − ωtÞÞ

þ B expðið−kx − ωtÞÞ

− iB� ω −Mc2

kc
expð−ið−kx − ωtÞÞ; ð3:10Þ

with ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ k2c2

p
. Imposing the boundary con-

ditions of Eq. (3.8) then implies

B ¼ A expðikLÞ ω −Mc2 − isþkc
ω −Mc2 þ isþkc

;

B ¼ A expð−ikLÞ ω −Mc2 − is−kc
ω −Mc2 þ is−kc

: ð3:11Þ

If we choose parity-violating boundary conditions with
s− ¼ sþ, this implies
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FIG. 2. Probability density ρðx; tÞ for a Majorana fermion confined to a 1-d interval x=L ¼ ½− 1
2
; 1
2
� in the parity-violating case

(sþ ¼ s−) with MLc ¼ 1 for various times t in units of the period T ¼ 2π=ω of the wave function. Note that ρðx; tÞ is periodic in time
with period T=2. Since parity is now violated, ρðx; T=4Þ ≠ ρð−x; 0Þ. The state of lowest frequency is shown in the top panels, while the
first excited state is shown at the bottom.
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expðikLÞ ¼ �1 ⇒ k ¼ π

L
n; n ∈ Z; ð3:12Þ

which is equivalent to the nonrelativistic momentum
quantization condition for the standard box boundary
condition Ψð�L=2Þ ¼ 0. On the other hand, using parity-
symmetric boundary conditions with s− ¼ −sþ, one
obtains the quantization condition

expðikLÞ ¼ �ω −Mc2 þ isþkc
ω −Mc2 − isþkc

⇒ cosðkLÞ ¼∓ Mc2

ω
: ð3:13Þ

Let us first consider the massless limit M ¼ 0, ω ¼ jkjc,
such that

cosðkLÞ ¼ 0 ⇒ k ¼ π

L

�
nþ 1

2

�
; n ∈ Z: ð3:14Þ

This solution also applies to massive fermions in the high-
energy limit ω ≫ Mc2. In the nonrelativistic limit, on the
other hand, we obtain

cosðkLÞ ¼ ∓ Mc2

Mc2 þ k2
2M

: ð3:15Þ

In the low-energy limit k2
2M ≪ Mc2 this again leads to

cosðkLÞ ¼∓ 1 ⇒ k ¼ π

L
n; n ∈ Z: ð3:16Þ

It should be noted that the discrete k-values resulting from
the quantization conditions as well as the corresponding
discrete frequencies ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ k2c2

p
do not yield

stationary energy eigenstates. This is because the solution
of Eq. (3.10) is again a superposition of states with positive
and negative energy �ω.
In the parity-respecting case (sþ ¼ −s−), the probability

density corresponding to the wave function of Eq. (3.10)
takes the form

ρðx; tÞ ¼ 2jAj2k
c2

½k2c2 þ 2kcðω −Mc2Þ sinð2kxÞ cosð2ωtÞ
þ ðkcþMc2 − ωÞðkc −Mc2 þ ωÞ
× cosð2kxÞ þ ðMc2 − ωÞ2�; ð3:17Þ

and the normalization factor is given by

1

jAj2 ¼ 2kcL½k2c2þðMc2−ωÞ2�

þ2sinðkLÞðkcþMc2−ωÞðkc−Mc2þωÞ: ð3:18Þ

The probability density of Eq. (3.17) is illustrated in Fig. 1.

In the parity-violating case (sþ ¼ s−), the probability
density is given by a more complicated expression, which
we do not display here explicitly. The corresponding
probability density is illustrated in Fig. 2.

IV. MAJORANA FERMIONS
IN (3þ 1) DIMENSIONS

In this section we extend our previous considerations
from (1þ 1) to (3þ 1) dimensions. We again consider the
Majorana equation and its symmetries as well as a mapping
to a relativistic Schrödinger equation.

A. The Majorana equation in (3þ 1) dimensions

We start out with theDirac equation in (3þ 1) dimensions

i∂tΨð~x; tÞð~α · ~pcþ βMc2ÞΨð~x; tÞ;

Ψðx; tÞ ¼

0
BBB@

ψ1ðx; tÞ
ψ2ðx; tÞ
ψ3ðx; tÞ
ψ4ðx; tÞ

1
CCCA;

~α ¼
�
0 ~σ

~σ 0

�
; β ¼

�
1 0

0 −1

�
: ð4:1Þ

For the γ-matrices we choose the Dirac basis

γ0 ¼ β ¼
�
1 0

0 −1

�
;

γi ¼ γ0αi ¼
�

0 σi

−σi 0

�
; ð4:2Þ

where ~σ are the Pauli matrices and we use the space-time
metric gμν ¼ diagð1;−1;−1;−1Þ. Next, we consider the
Majorana basis

~γ0 ¼
�

0 σ2

σ2 0

�
; ~γ1 ¼

�
iσ1 0

0 iσ1

�
;

~γ2 ¼
�

0 σ2

−σ2 0

�
; ~γ3 ¼

�
iσ3 0

0 σ3

�
; ð4:3Þ

in which the ~γ matrices again have purely imaginary entries.
In this basis, the Majorana condition takes the simple form

~Ψð~x; tÞ ¼ ~Ψð~x; tÞ�: ð4:4Þ

The Dirac and the Majorana basis are now related by the
unitary transformation
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U ¼ 1

2

0
BBB@

1 −1 −i −i
1 1 i −i
i i 1 −1
−i i 1 1

1
CCCA;

γμ ¼ U~γμU†; Ψðx; tÞ ¼ U ~Ψðx; tÞ: ð4:5Þ

In the Dirac basis, the Majorana condition reads

Ψð~x; tÞ ¼ U ~Ψðx; tÞ ¼ U ~Ψð~x; tÞ�
¼ U½U†Ψð~x; tÞ�� ¼ UUTΨð~x; tÞ�

¼ 1

4

0
BBB@

0 0 0 −i
0 0 i 0

0 i 0 0

−i 0 0 0

1
CCCA

0
BBB@

ψ1ð~x; tÞ�
ψ2ð~x; tÞ�
ψ3ð~x; tÞ�
ψ4ð~x; tÞ�

1
CCCA ⇒

ψ3ð~x; tÞ ¼ iψ2ð~x; tÞ�; ψ4ð~x; tÞ ¼ −iψ1ð~x; tÞ� ⇒�
ψ3ð~x; tÞ
ψ4ð~x; tÞ

�
¼ −σ2

�
ψ1ð~x; tÞ�
ψ2ð~x; tÞ�

�
: ð4:6Þ

Introducing the two-component Majorana spinor

ψð~x; tÞ ¼
�
ψ1ð~x; tÞ
ψ2ð~x; tÞ

�
; ð4:7Þ

the 4-component Dirac equation reduces to the 2-component
Majorana equation

i∂t

0
BBB@

ψ1ð~x;tÞ
ψ2ð~x;tÞ
iψ2ð~x;tÞ�
−iψ1ð~x;tÞ�

1
CCCA¼ð~α · ~pcþβMc2Þ

0
BBB@

ψ1ð~x;tÞ
ψ2ð~x;tÞ
iψ2ð~x; tÞ�
−iψ1ð~x;tÞ�

1
CCCA⇒

i∂tψðx;tÞ¼Mc2ψðx;tÞ−c~σ · ~pσ2ψðx;tÞ�: ð4:8Þ

B. Conserved current

Again, the Majorana equation inherits the conserved
current of the Dirac equation,

jμð~x; tÞ ¼ cΨ̄ð~x; tÞγμΨð~x; tÞ ¼ ðcρð~x; tÞ; ~jð~x; tÞÞ ⇒
ρð~x; tÞ ¼ Ψ̄ð~x; tÞγ0Ψð~x; tÞ ¼ Ψð~x; tÞ†Ψð~x; tÞ;
~jð~x; tÞ ¼ cΨ̄ð~x; tÞ~γΨð~x; tÞ ¼ cΨð~x; tÞ†γ0~γΨð~x; tÞ

¼ cΨð~x; tÞ†~αΨð~x; tÞ: ð4:9Þ

By imposing the Majorana condition Eq. (2.5), the charge
and current densities take the form

ρð~x; tÞ ¼ 2ψð~x; tÞ†ψð~x; tÞ;
~jð~x; tÞ ¼ −cψð~x; tÞ†~σσ2ψð~x; tÞ� − cψð~x; tÞTσ2~σψð~x; tÞ:

ð4:10Þ

By using the Majorana equation (2.6) it is again straight-
forward to verify the continuity equation

∂tρð~x; tÞ þ ~∇ · ~jð~x; tÞ ¼ 0: ð4:11Þ

C. Lorentz invariance, parity, time-reversal,
and charge conjugation

Just as in (1þ 1) dimensions, it is straightforward to
show that the (3þ 1)-d Majorana condition Eq. (4.6) is
again Lorentz covariant. Let us also consider the discrete
symmetries P, T, and C for (3þ 1)-d Majorana fermions.
For a Dirac fermion field Ψð~x; tÞ, parity P corresponds to
γ0Ψð−~x; tÞ. This transformation is again incompatible with
the Majorana condition, but can be combined with a Uð1Þ
phase multiplication by i, such that

PΨð~x; tÞ ¼ iγ0Ψð−~x; tÞ ¼ i

�
1 0

0 −1

�
Ψð−~x; tÞ ⇒

Pψ1ð~x; tÞ ¼ iψ1ð−~x; tÞ; Pψ2ð~x; tÞ ¼ iψ2ð−~x; tÞ;
Pψ3ð~x; tÞ ¼ −iψ3ð−~x; tÞ; Pψ4ð~x; tÞ ¼ −iψ4ð−~x; tÞ:

ð4:12Þ

Hence, for a (3þ 1)-d Majorana fermion parity takes the
form

Pψð~x; tÞ ¼
� Pψ1ð~x; tÞ

Pψ2ð~x; tÞ

�
¼

�
iψ1ð−~x; tÞ
iψ2ð−~x; tÞ

�
¼ iψð−~x; tÞ:

ð4:13Þ

This transformation is consistent with the Majorana con-
dition because

Pψ3ð~x; tÞ ¼ −iψ3ð−~x; tÞ ¼ ψ2ð−~x; tÞ� ¼ iPψ2ð~x; tÞ�;
Pψ4ð~x; tÞ ¼ −iψ4ð−~x; tÞ ¼ −ψ1ð−~x; tÞ� ¼ −iPψ1ð~x; tÞ�;

ð4:14Þ

and it indeed leaves the Majorana equation invariant. This
is straightforward to show using

σ2ð~σ · ~pÞ�σ2 ¼ −σ2~σ�σ2 · ~p ¼ ~σ · ~p: ð4:15Þ

For a Dirac fermion in (3þ 1)-d time-reversal takes the
form
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TΨð~x; tÞ ¼
�
σ2 0

0 σ2

�
Ψð~x;−tÞ�: ð4:16Þ

For a Majorana spinor this implies

Tψð~x; tÞ ¼ σ2ψð~x;−tÞ�: ð4:17Þ

It is again straightforward to check that this transformation
leaves the Majorana equation invariant.
Finally, let us consider charge conjugation C, which for a

(3þ 1)-d Dirac fermion takes the form

CΨð~x; tÞ ¼
�

0 σ2

−σ2 0

�
Ψð~x; tÞ�: ð4:18Þ

This implies that a Majorana fermion is indeed C-invariant

Cψð~x; tÞ ¼ ψð~x; tÞ: ð4:19Þ

D. Relation of the (3þ 1)-d Majorana equation to a
relativistic Schrödinger equation

Let us also consider the relation of the (3þ 1)-d
Majorana equation to a relativistic Schrödinger equation.
In this case we construct

Φð~x; tÞ ¼ ψð~x; tÞ − ~σ · ~pcσ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p
þMc2

ψð~x; tÞ�;

~p ¼ −i ~∇: ð4:20Þ

It is straightforward to show that, just as in (1þ 1)-d,
Φð~x; tÞ obeys the relativistic Schrödinger-type equation

i∂tΦð~x; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
Φð~x; tÞ: ð4:21Þ

In this case, Φð~x; tÞ is a 2-component spinor, which enjoys
a global Uð2Þ symmetry

ΩΦð~x; tÞ ¼ ΩΦð~x; tÞ; Ω ∈ Uð2Þ: ð4:22Þ

This symmetry is not manifest in the Majorana equation. In
fact, the Uð2Þ symmetry is like an internal “flavor”
symmetry, while the two components of the original
Majorana spinor are related by space-time rotations.
Again, we can invert the relation between ψ and Φ

ψð~x; tÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
þMc2

�
Φð~x; tÞ

þ ~σ · ~pcσ2Φð~x; tÞ�
�
: ð4:23Þ

The Uð2Þ symmetry of Eq. (4.22) then turns into the
nonlocal transformation

Ωψð~x; tÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
þMc2

�
ΩΦð~x; tÞ

þ ~σ · ~pcσ2ΩΦð~x; tÞ�
�

¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

p

×

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2 þ p2c2

q
þMc2

�
ΩΦð~x; tÞ

þ ~σ · ~pcσ2Ω�Φð~x; tÞ�
�

ð4:24Þ

Just as in (1þ 1)-d, Lorentz invariance, which is
manifest in the Majorana equation, is represented by a
complicated nonlinear transformation of the Schrödinger-
type wave functionΦ, which inherits its P and T symmetry
properties from the Majorana “wave function” ψ

PΦð~x;tÞ¼Pψð~x;tÞ− ~σ · ~pcσ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2þp2c2

p
þMc2

ψð~x;tÞ�

¼ iψð−~x;tÞþi
~σ · ~pcσ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðMc2Þ2þp2c2
p

þMc2
ψð−~x;tÞ�

¼ iΦð−~x;tÞ;
TΦð~x;tÞ¼Tψð~x;tÞ− ~σ · ~pcσ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðMc2Þ2þp2c2
p

þMc2
Tψð~x;tÞ�

¼σ2ψð~x;−tÞ�þ ~σ · ~pcσ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðMc2Þ2þp2c2

p
þMc2

σ2ψð~x;−tÞ

¼σ2Φðx;−tÞ�: ð4:25Þ

V. PERFECTLY REFLECTING WALLS FOR
(3þ 1)-d MAJORANA FERMIONS

In this section we study the self-adjoint extension
parameters that characterize a perfectly reflecting boundary
condition for (3þ 1)-d Majorana fermions. Let us first
consider Dirac fermions confined to a finite 3-d spatial
domainΩ [22]. In order to investigate the Hermiticity of the
Hamiltonian we consider
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hχjHjΨi ¼
Z
Ω
d3xχð~xÞ†½~α · ~pcþ βMc2�Ψð~xÞ

¼
Z
Ω
d3xχð~xÞ†½~α · ð−i ~∇Þcþ βMc2�Ψð~xÞ

¼
Z
Ω
d3xf½~α · ð−i ~∇Þcþ βMc2�χð~xÞg†Ψð~xÞ

− ic
Z
∂Ω

d~n · χð~xÞ†~αΨð~xÞ

¼ hΨjHjχi� − ic
Z
∂Ω

d~n · χð~xÞ†~αΨð~xÞ; ð5:1Þ

which thus leads to the Hermiticity condition

χð~xÞ†~nð~xÞ · ~αΨð~xÞ ¼ 0; ~x ∈ ∂Ω: ð5:2Þ

Here ~nð~xÞ is the unit-vector normal to the boundary ∂Ω.
Next we introduce the self-adjoint extension condition

�
Ψ3ð~xÞ
Ψ4ð~xÞ

�
¼ λð~xÞ

�
Ψ1ð~xÞ
Ψ2ð~xÞ

�
;

λð~xÞ ∈ GLð2;CÞ; ~x ∈ ∂Ω; ð5:3Þ

which turns Eq. (5.2) to

χð~xÞ†
�

0 ~nð~xÞ · ~σ
~nð~xÞ · ~σ 0

�
Ψð~xÞ

¼ ½ðχ1ð~xÞ�;χ2ð~xÞ�Þ~nð~xÞ · ~σλð~xÞ

þðχ3ð~xÞ�;χ4ð~xÞ�Þ~nð~xÞ · ~σ�
�
Ψ1ð~xÞ
Ψ2ð~xÞ

�
¼ 0⇒

�
χ3ð~xÞ
χ4ð~xÞ

�
¼−~nð~xÞ · ~σλð~xÞ†~nð~xÞ · ~σ

�
χ1ð~xÞ
χ2ð~xÞ

�
: ð5:4Þ

In order to guarantee self-adjointness of H, i.e. the equality
of the domains DðHÞ ¼ DðH†Þ, we demand

λð~xÞ ¼ −~nð~xÞ · ~σλð~xÞ†~nð~xÞ · ~σ
⇒ ~nð~xÞ · ~σλð~xÞ ¼ −½~nð~xÞ · ~σλð~xÞ�†: ð5:5Þ

Hence, ~nð~xÞ · ~σλð~xÞ is anti-Hermitian. For Dirac fermions,
there is thus a 4-parameter family of self-adjoint extensions
that characterizes a perfectly reflecting wall. In the MIT bag
model [24–26], the boundary condition was chosen as
λð~xÞ ¼ i~nð~xÞ · ~σ. This maintains spatial rotation invariance
around the normal ~nð~xÞ on the boundary, but is not the most
general choice.
Let us now impose the Majorana condition Eq. (4.6),

which implies

λð~xÞ
�
Ψ1ð~x; tÞ
Ψ2ð~x; tÞ

�
¼

�
Ψ3ð~x; tÞ
Ψ4ð~x; tÞ

�

¼ −σ2
�
Ψ1ð~x; tÞ�
Ψ2ð~x; tÞ�

�
⇒

λð~xÞ�
�
Ψ1ð~x; tÞ�
Ψ2ð~x; tÞ�

�
¼ σ2

�
Ψ1ð~x; tÞ
Ψ2ð~x; tÞ

�
⇒

λð~xÞσ2λð~xÞ�
�
Ψ1ð~x; tÞ�
Ψ2ð~x; tÞ�

�
¼ λð~xÞ

�
Ψ1ð~x; tÞ�
Ψ2ð~x; tÞ�

�

¼ −σ2
�
Ψ1ð~x; tÞ�
Ψ2ð~x; tÞ�

�
: ð5:6Þ

In order to be consistent with the Majorana condition
Eq. (4.6), the matrix λð~xÞ of self-adjoint extension param-
eters must hence obey

λð~xÞσ2λð~xÞ� ¼ −σ2: ð5:7Þ

How does this constraint affect the original 4-parameter
family of self-adjoint extensions? In order to answer this
question, let us perform a unitary transformation Vð~xÞ ∈
SUð2Þ that diagonalizes ~nð~xÞ · ~σ, i.e.

Vð~xÞ~nð~xÞ · ~σVð~xÞ† ¼ σ3;

Vð~xÞλð~xÞVð~xÞ† ¼ λð~xÞ0 ⇒
σ3λð~xÞ0 ¼ −½σ3λð~xÞ0�†;

λð~xÞ0σ2λð~xÞ0� ¼ −σ2: ð5:8Þ

First of all, we make the ansatz

λð~xÞ0 ¼ λ0ð~xÞ0 þ ~λð~xÞ0 · ~σ; λ0ð~xÞ0; λið~xÞ0 ∈ C: ð5:9Þ

The condition

σ3λð~xÞ0 ¼ −½σ3λð~xÞ0�†; ð5:10Þ

then implies

λ0ð~xÞ0 ¼ −λ0ð~xÞ0�; λ1ð~xÞ0 ¼ λ1ð~xÞ0�;
λ2ð~xÞ0 ¼ λ2ð~xÞ0�; λ3ð~xÞ0 ¼ −λ3ð~xÞ0�; ð5:11Þ

which indeed represents a 4-parameter family of self-
adjoint extensions. The additional relation

λð~xÞ0σ2λð~xÞ0� ¼ −σ2; ð5:12Þ

can be satisfied in two different ways. First, we assume that
λ1ð~xÞ0 ¼ λ2ð~xÞ0 ¼ 0. In that case, Eq. (5.12) implies

λ0ð~xÞ02 − λ3ð~xÞ02 ¼ 1; ð5:13Þ
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which reduces the original 4-parameter family for Dirac
fermions to a 1-parameter family of self-adjoint extensions
for Majorana fermions. Alternatively, we may assume that
λ0ð~xÞ0 ¼ λ3ð~xÞ0 ¼ 0. In that case, Eq. (5.12) implies

λ1ð~xÞ02 þ λ2ð~xÞ02 ¼ 1; ð5:14Þ

which corresponds to another 1-parameter family of self-
adjoint extensions. Hence, we conclude that the boundary
conditions for Majorana fermions confined to a finite 3-d
spatial volume are characterized by two distinct 1-param-
eter families of self-adjoint extensions.

VI. CONCLUSIONS

Motivated by potential applications to ultracold matter,
we have investigated Majorana fermions confined to a 1-d
interval or to a 3-d finite volume. This required an
understanding of the self-adjoint extension parameters
that characterize the most general perfectly reflecting
boundary conditions. In contrast to (1þ 1)-d Dirac fer-
mions, whose hard wall boundary conditions are described
by a continuous 1-parameter family of self-adjoint exten-
sion parameters, there are only two discrete types of wall
boundary conditions for (1þ 1)-d Majorana fermions. In
three spatial dimensions, on the other hand, the most
general perfectly reflecting wall boundary condition for
Dirac fermions is characterized by a 4-parameter family of
self-adjoint extension parameters, while the corresponding

boundary condition for Majorana fermions is characterized
by two different families of self-adjoint extensions, each
with only a single parameter. Based on these results, one
can derive the features of engineered systems of Majorana
fermions in a variety of confining spatial geometries,
which we did here explicitly for a 1-d interval. In addition,
we have mapped the Majorana equation in one and three
spatial dimensions to an equivalent nonlocal relativistic
Schrödinger-type equation, whose quantum mechanical
interpretation as a single-particle equation is not
problematic.
While we have developed the self-adjoint extension

theory for quantum mechanical Majorana fermions on
pure theoretical grounds, it is interesting to apply it to
ultracold matter systems such as Kitaev wires, super-
conductors, or ultracold atomic gases. In particular, one
may investigate which physical values of the self-adjoint
extension parameters are realized in concrete ultracold
matter systems. We leave such investigations for future
studies.
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