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We investigate a new class of scalar multi-Galileon models, which is not included in the commonly
admitted general formulation of generalized multi-Galileons. The Lagrangians of this class of models,
some of them having already been introduced in previous works, are specific to multi-Galileon theories,
and vanish in the single Galileon case. We examine them in detail, discussing in particular some hidden
symmetry properties which can be made explicit by adding total derivatives to these Lagrangians. These
properties allow us to describe the possible dynamics for these new Lagrangians in the case of multi-
Galileons in the fundamental representation of a SO(N) and SU(N) global symmetry group, as well as in
the adjoint representation of a SU(N) global symmetry group. We perform in parallel an exhaustive
examination of some of these models, finding a complete agreement with the dynamics obtained using the
symmetry properties. Finally, we conclude by discussing what could be the most general multi-Galileon
theory, as well as the link between scalar and vector multi-Galileon models.
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I. INTRODUCTION

In recent years, the attempts to investigate in a systematic
way the different classes of modified gravity theories have
been very successful. Galileon theories, describing models
involving one scalar field coupling to general relativity,
have been extensively studied [1-6]. Their most general
extension has been especially proven in Ref. [4]. This
approach to modify gravity has found multiple applications
in cosmology, for example on the subject of dark energy
[7-25] or inflation [26-36]. It has even been shown that
some Galileon models are as compatible with cosmological
data as the ACDM model [37].

Several attempts have been made to investigate theories
going beyond the standard single scalar Galileon theory. For
example, the possibility to build vector Galileon models with
vector fields propagating three degrees of freedom have been
investigated [38-43], as well as their first cosmological
applications [40,44—49]. The possibility to have several scalar
fields has also been investigated [5S0-59]. Such models are
called multi-Galileon ones, and can be considered for
arbitrary internal indices, as well as for multi-Galileons in
given group representations. A formulation of what would be
the most general multi-Galileon theory has been especially
discussed in Refs. [55,59,60]. However, it has been shown
that some models are not included in this previously derived
general action, for example the multifield Dirac-Born-Infeld
Galileons [61]. Additional terms have also been derived e.g.
in Ref. [38] for arbitrary p-forms or Ref. [62] for bi-Galileon
theory that do not enter this general class of models. All these
extra terms are included in the present construction.
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In this paper, we discuss a class of terms satisfying the
standard multi-Galileon hypotheses, but which are not
included in the general action of Refs. [55,59]. These
Lagrangians, which we call extended multi-Galileon ones,
are specific to multi-Galileon models, and identically vanish
in the single Galileon case. In the first part, we introduce these
new Lagrangians, and examine their different properties,
including hidden symmetry properties, i.e. which can be
made explicit by adding conserved currents to the
Lagrangians. Then, in Secs. III and IV, we use the previous
properties to investigate all the possible dynamics for
extended multi-Galileon Lagrangians in the fundamental
representation of a SO(N) or SU(N) global symmetry group,
and in the adjoint representation of a SU(N) global symmetry
group. A similar work has previously been done in Ref. [51]
for multi-Galileon Lagrangians with equations of motion of
order two only. For some of these models, we also perform in
parallel an exhaustive examination of all the possible
Lagrangians. The results of these systematic investigations,
mostly given in Appendices B and C, are in complete
agreement with the dynamics obtained using the complete
symmetry properties of the Lagrangians, which strengthens
our examination. This investigation also allows us to examine
the internal properties of the model, e.g. the link between the
possible alternative Lagrangian formulations. We conclude
the paper in Sec. V, in particular by discussing what could be
the most general multi-Galileon theory, as well as the link
between scalar and vector multi-Galileon models.

II. EXTENDED MULTI-GALILEON THEORY

A. Presentation

We discuss in this paper possible Lagrangian terms for
multi-Galileon theories in flat spacetime (which we assume
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is four-dimensional). These terms are built from multi-
Galileon fields only (which we also call simply multi-
Galileons), i.e. scalar fields with internal indices z“. These
fields can lie in given group representations, or only be
parts of generic nonlinear sigma models. The multi-
Galileon theories satisfy the following conditions:
(i) The Lagrangians contain up to second-order deriv-
atives of the multi-Galileons.
(ii) The Lagrangians are polynomial in the second-order
derivatives of the multi-Galileons.
(iii) The field equations contain up to second-order
derivatives of the multi-Galileon fields.
The third condition is necessary in order for the theory not
to include the Ostrogradski instability [63,64]. See also
Ref. [65] for a discussion of the instability coming from
third-order derivatives in the equations of motion, espe-
cially in the case of multifield theories. It has been proven
in Ref. [55] that the conditions i) and iii) imply the
condition ii). We however leave it as a hypothesis here.
The starting point for the study of such theories has been
the single Galileon case, which has already been examined
in detail [1-5]. The generalized Galileon theory has been
proven to be the most general one with the hypotheses
given below, when considering the case of a unique scalar
field [4]. Its construction begins from the most general
theory giving only second-order equations of motion, i.e.
Lagrangians of the form

L L
or equivalently, up to a total derivative,
E(l}al = 511':11/;1]: a/4] ﬂaylﬂaﬂZ ayz” e aﬂm 81/”‘”’ <2)

with m taking values between 1 and 4, and where
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for n running from 1 to 4 (in a four-dimensional spacetime).
Then, multiplying those terms by an arbitrary function of z
and its first derivative still gives second-order equations of
motion. This is due to the fact that all the third-order
derivatives in the equations of motion coming from the
variation of the first-order derivatives in the arbitrary
function and the second-order derivatives in the initial
Galileon Lagrangian will cancel each other out. Indeed,
both terms produce the same third-order derivative con-
tribution, but from a different number of integrations by
parts, one and two respectively, granting them an opposite
sign (see Ref. [4] for a detailed discussion of this property).

Multi-Galileon Lagrangians have been obtained in
the same way. The Lagrangians giving second-order
only equations of motion were first examined in
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Refs. [38,50,60], and consist in adding internal indices
to the Galileon Lagrangians of Egs. (1) or (2). One could
then consider the possibility to multiply these Lagrangians
by an arbitrary function of the multi-Galileons and their
first-order derivatives. However, the property of cancella-
tion of third-order derivative terms discussed in the single
Galileon case is not valid anymore, since the internal
indices can break the symmetry between the contributions
to the equations of motion coming from one or two
integrations per part, respectively. Thus, the way to over-
come this difficulty is to ensure the necessary symmetry
between these pairs of terms [55,59]. Following this
procedure, the related Lagrangians are of the form

1tiGal _ My p
LmliGal — Aar-an (X, 7 )LD, P wy, D, P,
(4)

with X, = (1/2)0,7,0°n,, and with the property that
0A“ ™~ /0X,, 1is symmetric in all of its indices
(ay,...,a,,a,b). The theory spanned by these
Lagrangians was determined to be the most general one
in Refs. [55,59].

However, some authors found that other terms verifying
the same hypotheses i)—iii) are not included in these
Lagrangians [61,62]. One could then ask if the construction
done by multiplying the Lagrangians giving second-order-
only equations of motion by such an arbitrary function,
while still verifying the above conditions 1)—iii) produce all
the possible terms. Indeed, including this arbitrary function
which satisfies the symmetry condition introduced in
Refs. [55,59] is a sufficient condition to include extra
first-order derivatives in the action, but not a necessary one.
Another way to incorporate additional first-order deriva-
tives into such a Lagrangian while keeping second-order
equations of motion, if the Lagrangian does not already
contain more than two second-order derivatives, is to
use the antisymmetry of the term given in Eq. (3). We
can indeed write the following Lagrangians, introduced
especially in Ref. [38]:

L = §220, 140, 7t 0 ¢ 0 140,,0% 7,
ext — 6’;1'522{/’33&48;“ﬂaaﬂzﬂba”'it"a”zﬂdﬁm6”37r68,448”4ﬂf,
et = 6’;1'52253%6”]7#8}42711’ 8,,3ﬂ”8”'ﬂd8”27te8”3 al D, 0%,
(5)

where we leave the internal indices totally free for the
moment. We call these particular Lagrangians extended
multi-Galileon ones.

Due to the contraction of all derivative terms with a

prefactor of the form 6{:,’ it is straightforward to

see that these Lagrangians give second-order equations
of motion. In addition, their particular structure,
implying antisymmetric properties between the internal
indices, makes them different from the Lagrangians
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of Eq. (4). To see this, one can consider the case of £5*'.
Terms of the same order from Lagrangians of the
form of Eq. (4) are £; = 0,7°0" 7”0, n?0,0’n* and
Ly, = ﬂ“aﬂﬂhﬁ"ﬂ"%l‘ﬁjaM3”37z‘15‘”43’“47£“. They have to be
symmetric in all the internal indices for the first one, and all
the internal indices but a in the second, which means that
an antisymmetry under the exchanges of two pairs of
indices is not possible. In addition, they do not vanish in the
single Galileon limit, whereas D}X‘ vanishes in this limit. It
means that they can be obtained by adding internal indices
to single Galileon models, which is not the case for L5,
making this last Lagrangian a purely multi-Galileon one.

These extended Lagrangians can be considered as a
basis, in addition to the Lagrangians giving second-order-
only equations of motion, to build the generalized multi-
Galileon models. Indeed, it is still possible to include an
arbitrary function of z“ and its first derivative in front of
them, as long as one ensures that the third-order derivatives
appearing in the equations of motion cancel each other out
thanks to additional symmetry properties of the internal
indices. Note that this kind of generalized multi-Galileon
Lagrangians was already partially written in the literature.
In the following sections, we will focus on the extended
multi-Galileon Lagrangians only.

B. General properties

Let us first consider the symmetry properties of these
extended Lagrangians. The properties of 6{1‘ l’ impose that
the Lagrangians are completely antisymmetric by exchange
of the fields with d,, derivatives only, as well as by exchange
of the fields with 0% derivatives only. They are also
symmetric by exchange of the groups of fields with 0,
derivatives only and 0" derivatives only, since the y; and v;
can be exchanged without modifying the Lagrangian.
Finally, £§}' is symmetric by exchange of the fields with
second-order derivatives. To summarize, and taking the
example of

t_ sHipHaH b d
7= Oulvsvsn, 0y, 740, 7" 0" 10" 1 8”38”37r€8”48”4nf,
(6)

this Lagrangian is

(1) antisymmetric under the exchanges a <> b or

c < d,

(i) symmetric under the exchange e <> f, and

(iii) symmetric under the exchange (a, b) <> (¢, d).
These symmetries are very restrictive, particularly for models
where there are only a few internal states. For example, in the
case of a bi-Galileon model, and for £5*, only two indepen-
dent terms are possible out of the 32 initial configurations,
ie. £, = 5’;;5;5_36,,17%8”27:28”1”‘a”znza”ﬁ%ﬂ and £, =
S0, n' 0, o x' 0?0, 0 .

Another symmetry of this Lagrangian can be seen
indirectly, with the following property:
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(a) If there is an antisymmetry between the internal
indices of fields with first- and second-order deriva-
tives in a Lagrangian £, this Lagrangian is a total
derivative. In the case of £§*, it would be for example
an antisymmetry between fields with indices a and e,
or ¢ and e.

Let us prove it in the case of £5*'. For this purpose, we can

consider the contraction of the internal indices with a

function which contains no fields. This function can be

arbitrary in a general sigma model, and has to be built from
primitive invariant tensors in the case of multi-Galileons in

a given group representation. This function has to verify the

symmetry properties detailed previously. So, we can write

?ﬁ = 5’;1]5225; 8,41ﬂaaﬂ/rba”lﬂca”nzd@mGVBnEA[abHCd]e, (7)

where the square brackets mean antisymmetrization.
Suppose that in addition to these symmetry properties,
there is an antisymmetry of A under the exchange ¢ <> e,
without loss of generality. In this case, A is antisymmetric
on the group of indices (c, d, ¢). Indeed, the antisymmetry
under the exchange b <> ¢ is forced, since the symmetric
configuration always vanishes. Then, the only possibility
for a tensor that is antisymmetric under the exchanges
¢ <> d and ¢ <> e is to be completely antisymmetric on
these three indices. It is then possible to build the following
current:

JH = u,’fjﬁzz“aﬂzﬂb@”l71"’8”27:‘10”38”371'€A[ab][cd]e, (8)

which is not vanishing if the Lagrangian is not vanishing.
Using the symmetry properties of A, one can compute that

O = L5
+ 25/;]1/;22533 P aﬂz ”haltl oM ﬂ.cauzﬂ.dam o3 ”eA[ab] (edje-

©)

However, the second term vanishes, since A is antisym-
metric by exchange of the indices ¢ <> e, which proves that
the £{% is a total derivative. Another way to prove this
property is by introducing the current

JHs = G 0,70y, g a2l me A (ab][cd]e> (10)

whose divergence gives 3 times the expected Lagrangian.
This current clearly shows that it is the contribution totally
antisymmetric here in (¢, d, e) which is a total derivative,
since this is the only one which gives a nonvanishing J#3.
A similar calculation can be done for the other extended
multi-Galileon Lagrangians.

This allows us to prove another symmetry property,
which will turn out to be very useful in the following:
(b) The extended multi-Galileon Lagrangians with a non-

trivial dynamics can be written up to a total derivative
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in a form that has a complete symmetry under the
exchange of the internal indices of one field with a single
8 _derivative, one field with a single 9/ derivative, and
all the fields with a 9, 8"+ derivative, and no other fields.
Without loss of generahty we can assume this symmetry
between the fields with 9,, , 91, 0,,0"* and 0,,,0" (if it
exists) derivatives in the Lagranglans of Eq. (5) In this
form, the other indices of fields with one derivative can
be symmetrized by pairs, e.g. the fields with 0, and 9"
derivatives, and so on.

Two independent proofs of this property are given in

Appendix A.

An important remark is that property b) does not claim that
the Lagrangians which have a nontrivial dynamics possess
these particular symmetry properties, but that they can be
written as Lagrangians with these symmetry properties plus
antisymmetric total derivatives. In other words, the complete
symmetry of a Lagrangian can be hidden by total derivatives.
It is linked to the fact that starting from such a symmetric
Lagrangian, it is always possible to add conserved currents
which do not possess these symmetries. On the other hand,
this property shows that it is sufficient to look for Lagrangians
which have these complete symmetry properties.

Finally, a last property of these extended multi-Galileon
Lagrangians can be proven:

(c) The equations of motion for the extended multi-
Galileon Lagrangians are total derivatives.

It can be shown from the fact that these Lagrangians

contain only derivatives of the scalar fields. The equations

of motion have thus the following form:

- L 3 L ext __ Ha
°C {‘9»!3” (a(aya,,na)> g <8(8ﬂﬂa>)]£ -

(11)

This last property is useful to verify the consistency of
calculations. Indeed, the generalized Galileon actions
obtained by multiplying the extended multi-Galileon
Lagrangians by functions of z¢ and its first derivative do
not verify this property anymore.

C. Extended multi-Galileon in group representations

In the following, to reduce the possible contractions
between the internal indices, we will work with multi-
Galileons lying in a given group representation. We
suppose that this group transformation describes a global
symmetry of the model, from an effective field theory point
of view. Thus, we assume that the Lagrangians behave as
singlets under the action of this symmetry group. The
representations we will take as examples will be the
fundamental representation of a SO(N) or SU(N) sym-
metry group, and the adjoint representation of a SU(N)
symmetry group. A similar work has previously been done
in Ref. [51] for multi-Galileon Lagrangians with equations
of motion of order two only.
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In these representations, it is possible to write the
Lagrangians as a contraction between the terms given in
Eq. (5) and a prefactor term which is built only from
primitive invariant tensors of the multi-Galileon represen-
tation, simply called primitive invariants in the following.
The primitive invariants of a given group representation are
the set of invariant tensors (under the action of the group)
with the minimal possible numbers of indices and from
which all invariant tensors can be built, using sums,
products, and contractions. Primitive invariants of more
than two indices are traceless, since another invariant with
less indices could otherwise be formed by contracting two
indices of the first invariant. For simple groups, primitive
invariants can be written in a form where they are either
totally symmetric or totally antisymmetric [66]. Coming
back to the extended multi-Galileon Lagrangians, the first
of them can be written as

ext _ A1 H2H3 b d
LP = AupeaeOivas Oy 70, n° 0" 2°021%0,,0% ¢, (12)

with A .4, built from primitive invariants. For example, in
the fundamental representation of a SO(N) symmetry
group in a vector representation, the primitive invariants
are only 6., and €,, . . In the adjoint representation of a
SU(N) symmetry group described with one-tensors z¢ for
a € {1,...,N? =1}, the primitive invariants are 8,5, fpc
(the structure constants tensor), and d ;. (the completely
symmetric invariant, non vanishing for N > 3) [66-68].
These results will be discussed in detail in Secs. III and IV.
In the following discussion, we will label the representa-
tions with only one internal index, to simplify the notation.

Note that when computing the equations of motion, there
is a derivation with respect to a field. It means that the
equations of motion will be in the conjugate representation
of this field." So, the equations of motion will be linear
combinations of terms with one free index in the primitive
invariant part, that we will label a, yielding

EOMS = A~ 5i1345 9, 0¥ 70, 010, 0 1,

EOMS = A~ glatsts g,z 20, 0% 0, 0% 10, 0 .,

EOMS = A~@ 845040, 70, 70" 10" 20, % 10, %,
(13)

where we did not give explicitly the other contractions
between group indices, and where in the whole paper the
equations of motion read EOM = 0. Note that the equa-
tions of motion for £ and L£5}' do not reduce to multi-
Galileon Lagrangians, since they are not in a singlet
representation of the symmetry group.

'We recall that the fundamental representation of the orthogo-
nal groups and the adjoint representation of all simple groups are
real and self-conjugate, while the fundamental representations of
SU(N) are complex conjugate and in pairs (for N > 3) [67].
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To strengthen the examination of possible Lagrangians,
we will also proceed to a systematic search of possible
terms without using property b). To study the possible
Lagrangians that can be written, one has to consider the
possible contractions between the independent primitive
invariant prefactors and the Lagrangians given in Eq. (5).
Thanks to the symmetries of these Lagrangians and to
property a), only a few possibilities will remain in most
cases. This leads us to the following useful property:

(d) If for a given primitive invariant prefactor, it is possible
to write only one nonvanishing Lagrangian £; which
is not a total derivative by contracting this prefactor to
a L™, and if it is possible to write a nonvanishing
current by taking off one of the derivatives of a second-
order derivative contribution in this Lagrangian, then
this Lagrangian is a total derivative.

To prove this result, it is sufficient to consider that the total

derivative obtained when taking the divergence of the

previously formed current only reduces to contractions
of the given primitive invariant prefactor with £*'. Thus,
the divergence of this conserved current will give £; and

Lagrangians which are either vanishing or total derivatives.

It shows that £, is also a total derivative. Using the same

method, one can show the following property:2

(e) Iffora given primitive invariant prefactor, it is possible
to write only two nonvanishing Lagrangians £; which
are not total derivatives by contracting this prefactor
with a £, and if it is possible to write a nonvanishing
current by taking off one of the derivatives of a second-
order derivative term of one of these Lagrangians, then
they imply at most one nontrivial dynamics.

Both these properties will be useful in the following.

III. EXTENDED MULTI-GALILEONS IN SO(N)
AND SU(N) FUNDAMENTAL REPRESENTATIONS

A. SO(N) fundamental representation

In this section, we consider real multi-Galileon fields
which transform in the fundamental representation of a
SO(N) global symmetry group. They are labeled as vectors
with group indices going from 1 to N. The action of the
group on them corresponds to the defining rotation matrices
of SO(N):

7% — 0% nb. (14)

The representation being self-conjugate and real, the upper
and lower indices are equivalent, and can be exchanged
with the flat metric J,,,. The only primitive invariants of the

*Let us call J/ one of these currents associated to L. Its
divergence gives £; and additional Lagrangians. Either all these
Lagrangians vanish or are total derivatives, or they contain £,. In
the first case, £; is a total derivative; in the second case, £,
implies the same dynamics as £,.
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orthogonal group in this representation are the Kronecker
delta 6,;, and the Levi-Civita tensor €, ...q, .

Following property b) and keeping in mind the
Lagrangians of Eq. (5), it is necessary to build from the
primitive invariants totally symmetric terms of rank 3 for
L5 and L)}, and of rank 4 for L£§}". It is only possible for
rank 4, yielding &(,,6.4), where the parentheses denotes a
symmetrization with the following normalization:

5(ab5cd) = 641004 T 0acOpa T Suadpe- (15)

Thus, the only viable dynamics in this representation is
described by the Lagrangian

N) _ gpikapsp b s d
L5OW) — nivavsrs Oy, 740y, 170" 10”2740, 0% 70,

X 8’“471-’[6(“554)6,”1. (16)

Note that as expected, the invariant prefactor is also
symmetric under the exchange b <> d. Its equation of
motion yields

EOMSO(N)
= 83,1430 [0, 70" 7°8,, 0" 1), 0,010, 0 7,
-20,, zzbawbaﬂzavzﬂ“am 3 1¢0,,0" .
+ 8, n* 01 7°d,,0"n"d,, 0" 1,0, 0" r.], (17)

in its simpler form, where a is the free index denoting the
fact that this equation is in the fundamental representation
of the SO(N) symmetry group. Finally, one can verify that

EOMSOW) =89, [J}* — J4?], (18)
with

My gl b .
SV =00, O 3”'ﬂ”a”zﬂh8ﬂ35”3ﬂ‘@ma”“ﬂc,

fo _ shipapzh b
J5 = Gty 0y, 7P 0 1,02 7€ 0,04 540, 0% 7., (19)

as expected from property c).

B. Exhaustive examination and
alternative formulations

In this section, we make an exhaustive investigation of
all the possible Lagrangian terms for multi-Galileons in the
fundamental representation of a SO(N) symmetry group,
i.e. without using property b). For that purpose, we consider
the prefactors built from the primitive invariants of this
representation that give nonvanishing contractions with the
L Lagrangians of Eq. (5). It allows us to verify that the
Lagrangian introduced in Sec. III A describes the only
possible dynamic for extended multi-Galileons in this
representation. It also allows us to describe in more detail
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the alternative formulations of the model and their
properties.

Let us first consider the contractions with d,,, only. These
contractions are only possible with £{}', since it is the only
Lagrangian with an even number of fields. Then, taking
into account the symmetries of this Lagrangian, the only
two independent nonvanishing contractions are

SO(N
L3OW) = g g, 140, 28 1,021,004 19,0 ..

SO(N) __ gpipapspy a b Ay .c Y. % v,
L, = 0,,7%0,,n° 0" 10" 1,0,,0" 1,0,,0" .

vivavsvy Uy,
(20)

Following property e), it is straightforward to show that
they are related by a total derivative. Indeed, taking

Ha _ siopsp b
S, = 0, 140, 70" 1,0 1,0,,0" 1 0" 7.,

(21)
we get
9,0, = L3O —2L30m) (22)

In addition, these two Lagrangians can be related to LSOW)
yielding

L£30W) = £5ON) 4 o50M), (23)

Using Eqgs. (22) and (23), we see that all three Lagrangians
imply the same dynamics. These alternative Lagrangians
illustrate the discussion following property b), since they
have a nontrivial dynamics and do not explicitly have the
set of four indices which are totally symmetric under the
exchange described in property b). However, this symmetry
can be recovered as expected by adding the total derivative
of a current with a set of three indices that are totally
symmetric under exchange, i.e., the lower indices a, b and ¢
of the current J%*_,. One can note that the most symmetric
version of the Lagrangians is not necessarily the simplest
one. For example, the equation of motion given in Eq. (17)
is easier to obtain from the alternative formulations given
in Eq. (20).

The Lagrangians that can be constructed with primitive
invariant prefactors containing antisymmetric Levi-Civita
tensors are examined in Appendix B. None of them give a
nontrivial dynamics, as expected. This concludes the com-
plete investigation of possible Lagrangian terms for extended
multi-Galileons in the fundamental representation of a SO(N)
global symmetry group, showing that only one dynamics is
possible, described by the Lagrangian of Eq. (16).

C. SU(N) fundamental representation

We discuss here the case of complex multi-Galileon
fields which transform in the fundamental representation of

PHYSICAL REVIEW D 95, 064051 (2017)

a SU(N) global symmetry group. In this case, we have to
consider also its complex-conjugate representation. For
SU(2), both representations are equivalent, but the funda-
mental representation is pseudoreal. Then, there exists no
basis in which the action of the group elements on the
fundamental representation and its complex-conjugate
representation are equal, and it is thus better to distinguish
them. For SU(N) with N > 3, which we focus on from now
on, the complex-conjugate representations are inequivalent,
and have to be distinguished.

We use vector notations with upper indices for the
fundamental representation, labeling the multi-Galileon
fields by z* with a from 1 to N. The complex conjugates
of these fields are labeled with lower indices, i.e. denoting
r, = (7%)*. With these notations, they transform under the
action of the defining matrices of SU(N) as

% = U%n’, 7, = Ul m,. (24)
It is important to keep in mind that lower and upper indices
label two different representations, and cannot be
exchanged by the application of a group metric, as in
the SO(N) case. There are three primitive invariants in this
representation: the Kronecker delta §%;, and two Levi-Civita
tensors €, ..., and e,

To obtain the possible nontrivial Lagrangians satisfying
property b) in this case, one has to consider the possible
totally symmetric terms built from primitive invariants of
ranks 3 and 4. As in the SO(N) case, it is only possible to
build such a term for rank 4, by symmetrizing two
Kronecker deltas. This symmetrization has to be done
independently of the representations of the fields. The
symmetric tensor thus yields

81,5°g) = 896° 4 + 857 + 59.8% 4 + 6.5%),
+ 89487 + 6945 (25)

In this equation, one has to pay attention to the fact that the
lower indices have to be contracted with z¢ fields, while the
upper indices have to be contracted with complex-
conjugate z, fields. Here, the alphabetical order merely
is an indication of the position of the field in the
Lagrangian. Then, the only possible Lagrangian is

SU(N) _ gH1H2H3H4 V| C AWy d 2
LSVN) — vavsts Op, a0y, 7,0 10740, 0% 1,0,

x nl s .88+ Hee., (26)

whose equations of motion are similar but more involved
than the equations of motion of the real case.

Looking for alternative formulations, one has to pay
attention to the fact that it is a priori possible to build more
Lagrangians in the SU(N) case than in the SO(N) case.
First, the necessity to distinguish fields with upper and
lower indices allows us to write several Lagrangians which
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reduce to the ones of the SO(N) case in the limit where the
fields become real (i.e. with a real representation in which
complex-conjugate fields are equivalent). For example, the
two Lagrangians

SU(N) H o3 :
L] =&l 0, 70,7 0" 1,010,043 1°0,,0" 7,

+H.c.,
[:SU(N) — Jurstag nag ooouin Gagbd Gagcd P
2 Uity Yy 2’ a M3 Ha c
+H.c., (28)

reduce to E?O(N) of Eq. (20) in the real case. Similarly, three
different Lagrangians can be written in the SU(N) case

which reduce to £§0(N> of Eq. (20). Then, dealing with two
representations which are not equivalent, it is also possible
to write down Lagrangians which would vanish due to
symmetry considerations in the SO(N) limit. One can for
example consider

SU(N)
L = A0, 10, 1,0 1,0 7°0,,0" "0, 0 x,

+ H.c., (29)

which identically vanishes in the real limit. This indicates
that the alternative formulations of £5VV) are a priori more
numerous than in the real case.

D. Summary

For the extended multi-Galileon models in the funda-
mental representation of a global SO(N) symmetry group,
the only nontrivial dynamics is given by

SO(N) __ shiHaizp b d
LS0WN) — nvsvsvy O, 840, 17 01 m¢ 0" 0ﬂ30"37zeaﬂ4

X 8y4ﬂf5(acéef>6bd. (30)

Equivalent Lagrangians are given in Eq. (20), and its
equation of motion can be found in Eq. (17). There is
also one possible nontrivial dynamics in the case of the
fundamental representation of a global SU(N) symmetry
group, where the only possible dynamics is described by

*Note that here, E?UW) to LgU(N) are written with expressions
which are already real, thanks to their symmetry properties. We
however prefer to write them explicitly with the H.c. contribution,
to remind the reader that they are built from complex-conjugate
fields. In addition, it simplifies the calculations when dealing with
other Lagrangians which do not have this property, as it is the
case e.g. for

SU(N) __ gpipiopzpia a b Qv V) 12 .
L, = Ouvawsvy O, 70y, 7" 0" 1,0" 20, 0" 1,0,,0" . + H.c.

(27)
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the Lagrangian given in Eq. (26). However, more equiv-
alent Lagrangians can a priori be written in this case.

This whole section showed that as discussed previously,
the properties of the extended multi-Galileon models are
very constraining and allow us to build only a few
independent nontrivial dynamics, even if it is possible to
write a lot of nonvanishing Lagrangians. Properly used,
these properties drastically simplify the research of possible
nontrivial Lagrangian terms.

IV. EXTENDED MULTI-GALILEONS IN THE
SU(N) ADJOINT REPRESENTATION

A. SU(N) adjoint representation

In this section, we consider multi-Galileon fields in the
adjoint representation of a global SU(N) symmetry group.
We will denote these fields with one single index going
from 1 to N?> — 1 as the dimension of the group (i.e. using
the adjoint module of the group). The action of the group
elements labeled with a on a multi-Galileon x;,, yields

7y = (T0)p e = fap’mp, (31)

where f,,¢ are the structure constants of SU(N). We chose
here to focus on the adjoint representation of a SU(N)
rather than a SO(N) symmetry group, due to the fact that
the low-rank SO(N) groups can be related to other
symmetry groups thanks to local isomorphisms. This is
for example the case for SO(3) and SU(2), SO(4) and
SU(2) x SU(2), SO(5) and Sp(4), and SO(6) and SU(4).

The metric on this representation is g, = f..’f pp> and
can be used to raise and lower the indices. It allows us to
work with the completely antisymmetric forms of the
structure constant, f,,., as well as f¢*. The primitive
invariants in this representation are g,,, f.pe>» and d,,
which is the symmetric primitive invariant for N >3
[66,68,69]. In the SU(3) case, the link between this basis
and the one of the defining matrices of SU(N) was
discussed e.g. in Ref. [70]. We choose a basis where the
group metric is proportional to the Kronecker delta 6. In
addition, we can impose the following normalizations [66]:

4
fabcfabd — Nﬁcd, dabe gabd — (N _ N) S5cd. (32)

The values of f,;,. and d,;,. in the SU(3) case can be found
e.g. in Ref. [69]. Concerning the contractions of these
primitive invariants, some properties are very useful. First,
the contractions of primitive invariants with the Kronecker
delta tensor can be omitted since this tensor only raises
or lowers the group indices. Then, the contractions between
f and d primitive invariants of ranks zero to three, i.e.
with zero to three indices not contracted together, are also
known [66,71]; they vanish for ranks zero and one, are
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proportional to the Kronecker delta for rank two, and are
proportional to f or d for rank three.*

Following property b), we will discuss the possible
independent dynamics by considering the totally symmetric
terms of ranks 3 and 4 that can be built from primitive
invariants. It will allow us to build only a few independent
Lagrangians, that we will examine in Sec. IVB. In
Appendix C, we also make an exhaustive examination
of all the possible Lagrangians at the order of £5*'. Finding
similar Lagrangians by both methods corroborates our
approach, and shows that we effectively describe all the
possible dynamics for multi-Galileon fields in the adjoint
representation of a SU(N) symmetry group. The cases of
SU(2) and SU(3) symmetry groups are then discussed in
Sec. IV C.

B. Multi-Galileon Lagrangians

To obtain the Lagrangians implying the different non-
trivial dynamics of this model, we need to discuss the
possible totally symmetric invariants of ranks 3 and 4. For
rank 3, only one such invariant is possible, d,,., which is
nonzero only for N > 3. For rank 4, two such invariants
are possible. The first one can be built from the Kronecker
delta, and gives 6(,,0.4), Where we take the normalization
of Eq. (15). The second one is the Casimir invariant at
order 4, for N >4 (see e.g. refs. [66,68]), and can be
written as

dﬁ(ubdﬁcd) = dpopd’ g + dpacd’ g + dpgad’p..  (33)

With the knowledge of these totally symmetric invariants,
one can thus investigate the possible Lagrangians with a
nontrivial dynamics, using property b) as well as the form
of the Lagrangians given in Eq. (5).

At the order of £$*, only one Lagrangian is possible,
yielding

Adj,1 b . e
Ly =830, 70,70 10" 10,0 7 d e Opa-

(34)

Note that a systematic examination of all the possible terms
at this order is presented in Appendix C, showing that the
dynamics implied by this Lagrangian is the only nontrivial
one. The equations of motion of this Lagrangian are given
in Eq. (C3). At the order of L5}, the two possible fourth-
rank totally symmetric invariants can be used. It yields the
two following Lagrangians:

*“The result is proportional to f if there is an odd number of f
and an even number of d, and to d if there is an even number of f
and an odd number of d. The case where the numbers of f and d
have the same parity is not of interest since it would not be
possible to have three indices not contracted.

PHYSICAL REVIEW D 95, 064051 (2017)
‘C;\Idj’] = 5’5,15225335?3,,1ﬂaﬁﬂzn’bal’lﬂ—cavzﬂ.damavgﬂ-eam
X ay4ﬂf5(acéef)5bd7
‘Cﬁdj'z = 5/;1'5225335:4@1ﬂaaﬂznb[)ulﬂcavzﬂdamaugﬂeam

X ab'iﬂ'fdﬂ(acdﬁef)ébd. (35)

At the order of Lf}], one needs a rank-three symmetric
tensor, which can only be d,;,.. Then, four indices still have
to be contracted, yielding the following possibilities:

Adj1 _ gupopzpg a b ¢ Ay d s e s o f
L = Gulvyvsy 0,740,770, 70" 50" n° 07! 0,

X aVAHydadgébeéc.fv
Ly)? = a9, 19, 709, 70" 207l 9,
X aUAﬂgdadgdﬂbedﬂdf. (36)

There are possible contractions with terms in d, g4, FPocf fef
and dq, FPoef sef» Which are related by the Jacobi identity. But
these terms would in fact identically vanish, since they imply
an antisymmetrical contraction between a and d. For example,
exchanging the positions of b and e thanks to a f#,, terms
shows the antisymmetry between a and e. Then, and starting
from the initial configuration, exchanging the positions of a
and e thanks to the previous antisymmetry puts the Lagrangian
in a form which involves a "' z¢9*2z¢ part which identically
vanishes due to the contractions with &/} and d,,4,.
Finally, we exactly recover the symmetries of property
b). Indeed, the Lagrangians built from £ and L$}' are
symmetric under the exchange b <> d, and the Lagrangians
built from L£5}} are symmetric by pairs for the set of indices
(b,c,e, f). These Lagrangians describe the only possible
dynamics of extended multi-Galileon models with fields in
the adjoint representation of a SU(N) symmetry group. The
model is simplified in the case of N =2 or N =3, as
discussed in Sec. IV C. Note also that the properties we
introduced drastically simplify the investigation of such a
model. For example, investigating £5}; would otherwise
imply considering the 1557 singlet configurations built
from seven adjoint fields in the case of SU(4) [67,72].

C. SU(2) and SU(3) cases

In the previous section, we investigated the case of a
general SU(N) symmetry group. However, this study can
be simplified in the case of a SU(3) or SU(2) symmetry
group. In the case of SU(3), there is only one fourth-rank
Casimir symmetric invariant. Indeed, one has the following
relations between the primitive invariants [66]:

1
dappdeqp = 5 (8acOpa + Obc0aa = OapOea)

+ facpS bap + faap bep (37)

allowing us to write as expected d,;(abd/’ cd) as a function of
the Kronecker deltas and terms implying the structure
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constant tensors which are total derivative contributions
thanks to property a). The same relation can be used to write

the Lagrangian L?,‘;J'z as a linear combination of E?ﬁj’l plus
some terms which give identically vanishing Lagrangians as
explained in the previous section. Thus, the Lagrangians
which describe the possible independent dynamics for
extended multi-Galileon models in the adjoint representa-
tion of a SU(3) symmetry group are L3, L% and £55.

The case of SU(2) is even simpler. In this symmetry
group, there is no d,;,. primitive invariant. Therefore, most
of the Lagrangians of the general SU(N) case vanish. The

only possible dynamics is thus described by the ﬁﬁdj’l
Lagrangian. One can note that as SU(2) is locally iso-
morphic to SO(3), one should recover the same results for
the three-dimensional representations of both groups. It is
indeed the case, since the result for the adjoint representa-
tion of SU(2) is exactly the one we found for the
fundamental representation of SO(3) in Sec. IIL.

V. CONCLUSION AND DISCUSSIONS

In this paper, we investigated possible terms included in
the generalized multi-Galileon theories, which we call
extended multi-Galileon Lagrangians. Some of these terms
were already introduced in the literature: the possibility for
more than two fields with first-order derivative only to be
contracted with the same &, )" was discussed in Ref. [38]
for a theory containing several p-forms, and the Lagrangian
L for biscalar theories was given in Ref. [62]. We
performed here a systematic examination of those
Lagrangians. We first discussed the general properties of
these Lagrangians, showing that they are strongly con-
strained by symmetry relations, which can be explicit or
hidden up to a total derivative. Then, using these symmetry
properties, we examined the possible dynamics for multi-
Galileons in the fundamental representation of a SO(N) or
SU(N) symmetry group, and for the adjoint representation of
a SU(N) symmetry group. In the case of the fundamental
representation of SO(N) and of certain terms of the adjoint of
SU(N), we also performed in parallel a complete inves-
tigation of the possible nontrivial dynamics. The results of
these investigations are in complete agreement with the
Lagrangians built from symmetry considerations, and also
allowed us to discuss internal properties of the model.

A next step would be to investigate what is the most
general theory for multi-Galileon fields. Following the
works of Refs. [50,55,59,60], we would expect
Lagrangians of the form

£ — Aalbl"'anbncl"'C(m—n) (Xab7 ﬂc)é,lf]lg;’,l
V1 . 2
X 8.”1”“18 ﬂbl 0/4;1 ”ana nﬂbn

Y (n+1 - 2
X a.u(ﬂ+ 8 v )”C aﬂma Mﬂc(m—n

1) 1

(38)

)

where X, = (1/2)0,7,0°x),, m goes from 1 to 4, and n
from 0 to m—1, and where we also expect
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QA br-anbrer=con /9X - to be symmetric in its indices
(€1s++vs C(m=n)» @, b) in order to have second-order equa-
tions of motion. An investigation of these Lagrangians for
multi-Galileons in group representations of a global sym-
metry group would also allow us to have a better under-
standing of their properties. It would then be interesting to
investigate this kind of models while allowing the theory to
be degenerate, with Lagrangians potentially involving
third-order-derivative equations of motion, ie. in a
beyond-Horndeski context [73-77].

The link with vector multi-Galileon models can also be
very fruitful. Vector Galileon models have been examined
in Refs. [39-43], and their cosmological applications have
been explored e.g. in Refs. [40,44-49]. Those models are
built from the same requirements as those of scalar
Galileons, in addition to the requirement that the vector
field propagate at most three degrees of freedom. Its
longitudinal component described by considering the pure
scalar part of the vector only, i.e. considering the d,7
contribution to A, in its scalar-vector decomposition,
should also have second-order equations of motion.

Recently, models of vector multi-Galileons have been
developed [78,79]. The case of vector Galileons lying in the
adjoint representation of a SU(2) global symmetry is par-
ticularly interesting since it can source or contribute to the
inflation while keeping isotropy [80,81]. In those models,
vector multi-Galileons are denoted Ay, and transform for the
group indices similarly to the scalar multi-Galileons; see
Sec. IV A. Starting from a vector Lagrangian, and considering
its pure longitudinal contribution, i.e. doing the replacement
Aj > 8”71“, one recovers a scalar multi-Galileon model. In
fact, this link is possible for the vector Lagrangians whose
derivative parts can be written as a function of its symmetric
form S5, = 0,A7 + 0,Aj only, with the antisymmetric one
vanishing in the pure scalar sector.

Thus, it is also possible to obtain vector Lagrangians
when starting from the scalar ones. Actually, at least all the
terms that are functions of Ay and Sy, can be obtained from
the scalar sector, which makes a very strong link between
both theories. For that purpose, it is sufficient to consider
the scalar multi-Galileon Lagrangian formulations given
e.g. in Eqgs. (4) and (5), and to do the replacement5
0,n* — Aj. The second-order derivative of scalars can
be promoted to §, "¢ or G, " = 0, A% — QA terms,
giving different kinds of terms. This procedure produces
viable Lagrangians in the vector sector.

5Assuming that we consider Lagrangian forms which contain
only first- and second-order derivatives of the scalar field, and no
fields without any derivatives.

®It was shown in Ref. [43] that all Lagrangians built from
contractions of one or two Levi-Civita tensors with vector Galileons
and their first derivatives propagate at most three degrees of
freedom, as desired. This result, discussed in the single Galileon
case, can be immediately extended to the multi-Galileon case.
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The important point is that Lagrangians which are
equivalent up to a total derivative in the scalar sector
can not be related anymore when doing the replace-
ment (')Mzr“ — Aj. Indeed, the divergence of the
associated currents could produce terms in 9, 0“1Aj =
(1/2)0"1Gy,,,» which vanish in the scalar sector. Several
Lagrangians in the vector sector can then be obtained
when starting from alternative equivalent formulations of a
given dynamic in the scalar sector before promoting
scalars to vectors. Such an examination was performed
in Ref. [78], where all the equivalent formulations of the
pure scalar sector were detailed at a given order, and a
comparison with the vector sector was done. Then, any
examination of a vector multi-Galileon model should be
performed in parallel to an examination of the associated
scalar multi-Galileon model. It would be interesting to
investigate this link in more detail in future works.
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APPENDIX A: PROOF OF PROPERTY B)

Before giving the proof of the property b), let us recall
some properties about the symmetry properties of a group
of indices. To consider the symmetry properties under the
exchange of an ensemble of variables, we will refer to the
states with symmetry properties associated to Young
diagrams, describing the different representations of the
permutation group [82]. These symmetrized state are such
that the symmetry cannot be higher, which means that
applying a symmetrization or anti-symmetrization on them
gives either zero or a linear combination of states whose
symmetry properties are related to other Young diagrams.
One has to pay attention to the fact that symmetrizing or
antisymmetrizing on two indices can change the symmetry
properties of both these indices. For example, starting
from a tensor that is symmetric under the exchange
a <> b, and symmetrizing the indices » and c, the result
can be not symmetric anymore under the exchange a < b.
On the other hand, a (anti)symmetry on more than two
indices implies a complete (anti)symmetry under exchange
of the group of indices. For example, if there is a
symmetry under the exchanges a <> b and b <> ¢, then
there is a complete symmetry for the (a,b,c) group of
indices.

Let us first prove the property b) in the case of the £5*,
still using the notation of Eq. (7), i.e. considering a

Lagrangian with an arbitrary A?ab][c de prefactor. We will
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proceed in two steps, introducing at each step a current
allowing us to improve the symmetry properties of the
Lagrangian we started with. In a first step, we remove the
contribution to A?ab][c de that is totally antisymmetric for
the group of indices (a, b, ¢, d), which is a total derivative.
To see it, one can take into account that the equations of
motion will be a linear combination of terms of the form
S0, oM 19,0 x70,,0"n° with internal indices
contracted with four of the indices of Apcq.. However,
due to the fact that each term in the equations of motion is
symmetric under the exchanges a <> f and y <> §, no
nonvanishing contractions can be done with such an
antisymmetric prefactor, and the equations of motion
identically vanish. We call the new prefactor obtained this
way A[lab][cd]e'

In fact, we removed in this step all the components of
A?ab][c de which are antisymmetric under the exchange of
one index of (a, b) and one index of (c, d). To see it, let us
assume for example that there is an antisymmetry on
a <> c. Then, as there is a symmetry under the exchange
(a,b) < (c,d), there is also an antisymmetry on b <> d. In
addition, permuting e.g. a and c in the Lagrangian, and
using the symmetry properties of 5,727, one can show that
the symmetric configurations in ¢ <> b and a < d iden-
tically vanish, which finally implies that there is a complete
antisymmetry for the (a,b,c,d) group of indices. This
result is due to the strong symmetry conditions imposed by
the structure of the extended multi-Galileon Lagrangians,
and will be useful in the following. It is then possible to
symmetrize two pairs of indices between the (a,b) and
(c,d) groups. Without loss of generality, we can consider
that the pairs are a <> ¢ and b < d, absorbing some minus
signs in A['ab][c de if necessary.

Let us now focus on the (a, b, e) group of indices. Using
the property a), it is possible to remove the contribution that
is totally antisymmetric in a, b and e, which is a total
derivative. The associated conserved current is obtained by
removing 03 from L£$*, and reads

1 2,
Juy = 3000303 0, 7 0y w0 O 72110, 7

1 =~
_ g /Ijlllljzzlf?aﬂl ”[uaﬂzﬂhaﬂSEe]avlﬂca zﬂdA[lah][cd]e'

(A1)
The initial symmetry of the group of indices (a, b, €) being
described by a linear combination of Young diagrams, and
the diagram corresponding to the totally antisymmetric
configuration having been removed, each other terms are
symmetric on at least two indices. This pair of indices cannot
be a and b, and we can always consider it as a and e
(permuting 0, and d,, when necessary). In addition, the
current J} , does not contain a part which is antisymmetric on
the group of indices (a, b, ¢, d). Indeed, such a part would be
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in fact antisymmetric for the group of indices (a, b, ¢, d, ¢),
and the only way to obtain it by antisymmetrizing on a <> ¢
(which entirely described the antisymmetrization done here
due to the forced antisymmetry in a <> b) would be to start
from a configuration already antisymmetric in (a, b, ¢, d),
which is excluded. In other words, and starting from a
configuration which contains two pairs of indices that are
symmetric by exchange, e.g. @ <> ¢ and b <> d, it is not
possible to obtain a completely antisymmetric configuration
by antisymmetrizing two indices.

The new prefactor obtained at this step is called A?

lab][cd]e"
This prefactor is symmetric by exchange under a <> e. As
A[Zab] fedje is a sum of two terms which do not contain any
antisymmetric part in (a, b, ¢, d), it can also be put in a
form that is symmetric by exchange under a <> ¢ and
b <> d as explained previously. The only possibility for a
term that is symmetric under the exchanges a <> ¢ and
a <> e is finally to be completely symmetric under
exchange of (a,c,e) indices, which proves property b).
It is indeed not possible to symmetrize on more indices,
since this antisymmetrization would involve indices which
are already antisymmetric by exchange. The demonstration
of property b) is similar for the other Lagrangian terms.
Note that this proof also allows us to obtain the additional
symmetries of the Lagrangian. For £{* and Lf}', we can
impose a symmetry under the exchange b <> d, and for
L)} a symmetry under the exchanges b <> e and ¢ < f
[using the notations of Eq. (5)].

Another proof of property b) can be done using Young
diagrams to describe the symmetry properties under
exchange of internal indices. Indeed, the symmetry under
permutations of indices of the Lagrangians with a nontrivial
dynamics can be associated to a Young diagram, or at least
a linear combination of them. However, some symmetries
are “forced,” due to the presence of the & term. These
“forced” symmetries impose some sub-blocks of the Young
diagrams describing the complete symmetry properties of
the Lagrangians. Then, considering the possible complete
diagrams formed from these sub-blocks, and taking into
account the property a) as well as the form of the equations
of motion, one recovers the result of property b).

Let us apply it to £5*', using the notation of Eq. (7), i.e.
studying the symmetry properties of the Aj,p)(cq prefactor.
Due to the symmetrization of this tensor under the
exchanges a <> b and ¢ <> d, the possible Young diagrams
describing Aj,p)(cq contain the following blocks:

a

Taking into account property a), the Young diagrams
describing A[yp)cqe cannot have the index e in the same
column as any other indices. Thus, the only possible Young
diagrams are
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The first configuration, which can be symmetrized on
(a, c, e), is exactly the configuration described by property
b). Note that this configuration can also be symmetrized on
(b, d), as discussed previously. The second configuration is
antisymmetric on (a, b, ¢, d), and gives identically vanish-
ing equations of motions, as explained before: it is a total
derivative and can be omitted. This proves property b).

Similar reasoning can be applied for L£§' and L5},
yielding respectively the following diagrams:

ald|g]
e

f

el f]

These Young diagrams also show the additional sym-
metry properties discussed before.

APPENDIX B: TERMS WITH LEVI-CIVITA
TENSORS IN THE SO(N) FUNDAMENTAL
REPRESENTATION

We consider in this section the possibility to build
Lagrangians in the fundamental representation of a
SO(N) symmetry group with a prefactor containing
Levi-Civita tensors. Note that property a), in addition to
the symmetry properties of the E;?X‘ Lagrangians, implies
that no such Levi-Civita tensors can be contracted with
0,,0"n" terms. Indeed, the other indices could be con-
tracted either with a similar second-order derivative term,
and the Lagrangian would identically vanish due to
symmetry considerations, or with a first-order derivative
term, and the Lagrangian would be a total derivative thanks
to property a). In addition, it is not necessary to consider
contractions of Levi-Civita tensors together, since these
contractions could be written with a Kronecker delta only.

Let us begin with the case of SO(3), with a three-index
Levi-Civita tensor €,,.. The only Lagrangian that can be
written from £ is

L300 = gang, 799, 7o 782110, x g€ gpe.  (B1)

Following property d), we expect it to be a total derivative.
It can be shown using the current

_ GHipap b - d
J,%} = Oujusu; 0y, w0, 1" 0" 10 1 8ﬂ3ﬂd€abc,

(B2)

in addition to property a). No Lagrangian can be built from
E?}“, since two Levi-Civita tensors would be involved, and
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thus there would be contractions between these tensors and
00"z terms. With Lf};, only one term can be built,

SO(3) __ gpipiopisps a b d v, ¢ A V3 €
L, = Ouvswivy 0, 140,170, 70 1€ 0”21, 0V 1

12
X 0, 0" o€ qpe-

(B3)

However, we can show following property d) that it is a
total derivative. The associated current is

4 _ i b d
J2, = O, 0y, 740,170, 70" 1€ 0”2 40”3 1 0,y T o€ e

(B4)

which gives 9":J;, = ZLEO(M.
Considering the case of SO(4), the only additional
possible contraction is with £5}', giving

SO(4) _ gipopspy a b Ay ¢ Ay ~d V3 €
L5 = Oulvavwy 0y, 740,,m° 0" 1€ 0" 10,070,

X 8"4ﬂeeabcd. (BS)
Following property d), we can show that it is a total
derivative, using the current

M3 __ SH1M2H3 a b | ¢ Ay ~d A3 € 12
IS = 83 0y, 740, 7" 0" 0" 103 7€ 0, 0" I o€ ypeas

(B6)

in addition to property a).
For SO(5), the only possible contraction is with L},
yielding

S0(5) 4 Hopi3 i b d
L = Ouvswiv, 0,780, 7”0, 70" 1w ot nl

X 8}448D4”f€abcd6' <B7)
One more time, following property d), we expect this
Lagrangian to be a total derivative. It is shown by
introducing the current

Jou, = S04 0, 70,700, 70" nl0"2n° 0" 1!

X 6144 ”feabcde ’ (BS)

in addition to property a).

APPENDIX C: EXHAUSTIVE EXAMINATION OF
L IN THE SU(N) ADJOINT REPRESENTATION

1. Introduction

We consider in this section all the possible independent
Lagrangians which can be built from £§* in the case of multi-
Galileons in the adjoint representation of a SU(N) symmetry
group, without using property b). For this purpose, it is
necessary to produce a basis of independent prefactors built
from contractions of the primitive invariants only. The
properties of the primitive invariants given in Sec. IVA are
thus very useful. One can also note that it is not necessary to
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consider too many contractions of indices. For example, the
authors of Ref. [70] showed that the rank-seven or higher
contractions of primitive invariants can be described with the
contractions of lower ranks in the SU(3) case.

These prefactors can be obtained from an explicit
construction of the product representations. We give here
an example for the singlet built from four adjoint repre-
sentations of a SU(3) symmetry group. It is possible to
build eight such singlets [67,72]. They can be identified
through the product

8x8=1+8 +8,+10, +10, +27,, (Cl)
where the subscript a or s mean that the representations are
symmetric or antisymmetric under the exchange of the two
initial adjoint representations. Denoting for example the
two initial adjoint representations as ¢“ and y”, the 8
representation is described by d*‘¢,y., and the 27,
representation by S% = ¢lay®) + c.t,, with the last term
denoting counterterms such that $¢ = 0 and d**°S,. = 0.
This product allows us to identify the singlets from the
product of four adjoint representations as those which
appear in the product (8 x 8) x (8 x8) as products of
conjugate representations, since it is the only way to build a
singlet from a product of two representations.’

This method, even if exhaustive, becomes quite involved
when high-dimensional representations appear in the prod-
ucts. In addition, it is not necessary to express the
Lagrangians in terms of the irreducible representations
which appear in the intermediate products of fields.
Another equivalent method consists in listing all the
independent prefactors built from primitive invariants at
each order. For example, the only possibility with two
fields is o,;,, and the two possibilities with three fields are
Sfave and d,.. This number grows rapidly with the number
of fields. The number of independent prefactors at each
rank can be easily computed from group-theoretical cal-
culations [67,72]. The number of such combinations at
different orders and for different SU(N) groups are given in
the following table.

5 6 7

6 15 36
32 145 702
43 245 1557
44 264 1824

# adjoint rep. 1

# SU(2) singlets
# SU(3) singlets
# SU(4) singlets
# SU(5) singlets

[N e NNl

—_— DN
NN =W
O O 0 W |

We will use a third method in this paper. We saw in
Sec. III that the properties of the extended multi-Galileon
Lagrangians are quite restrictive, particularly the symmetry

"We recall that the order of appearance of the different fields in
this construction is not important. It is due to the fact that
(denoting a given j representation as R;) if Ry x R, contains R;,
then Ry x R; contains R,, etc. [67].
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properties. Thus, contractions with only a small number of
primitive invariant prefactors will allow nontrivial dynam-
ics at first glance. We will then proceed by considering the
possible contractions for each kind of primitive invariant
prefactor. After having obtained the nontrivial Lagrangians,
we will finally verify their independence, taking into
account the relations between the primitive invariants
contractions.

2. Terms without primitive invariants
contracted together

The first possibility is to contract L' with one
Kronecker delta and one structure constant. However, this
term has already been investigated in the case of the
fundamental representation of a SO(3) symmetry group,
since the only property of antisymmetry of €,,. has been
used. One nontrivial dynamics is possible, described e.g. by
the Lagrangian given in Eq. (30) whose equation of motion
is given in Eq. (17).

The other possibility is to contract £ with one
Kronecker delta and one symmetric d,;,. invariant. Only
one such Lagrangian is possible, i.e.

L3P = gt g 799, w100 2002140, 0% 1 d gy (C2)

Property d) cannot be applied here, and this Lagrangian is
not a total derivative. Indeed, the currents that can be
formed by removing d,, or 0** from this Lagrangian
trivially vanish. The equation of motion thus gives

EOM?U(N) = Jijiaus [48#1”bab]ﬂda#zayzﬂcay3ab3ﬂdd(lhc
—-30,, zlom 7740, 0" ﬂhaﬂ3 ancde,,
- aﬂlﬂhabl”Caﬂzayzﬂd8ﬂ3ay3ﬂddahc
+ 20, 70" 7°0,,0" 70,0 7 d g

- 20, n°0"7°9,,0"1°9,,0"1°dy,.] (C3)

where « is the free group index of the equation of motion,
since this equation of motion is in the adjoint representation
of the SU(N) symmetry group. This equation of motion is a

total derivative, as expected. Indeed, introducing the
currents

Mo gy b
JT = v 0y, 70" n%0"2 17D, 0 5 d gy »

]”2 - 5Ilfllgzzll/l;aﬂlﬂbaylﬂdayzﬂcamay}”ddabc’ <C4)
ng = 5511522['?8M1ﬂd8y]”bayzﬂdaIIsaUBﬂcdabc’
one can verify that
EOM"™) = 9, 2% 4 I8 +30%]. (C5)
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3. Terms with primitive invariants contracted together

As discussed before, it is not necessary to consider the
contractions between J,;, and the other primitive invariants,
since they only raise or lower the indices. We thus focus on
the contractions of f,,. and d,,.. As L5 contains five
fields, it is sufficient to consider only the rank-five
contractions, i.e. with five indices not contracted together.
Indeed, considering the rank-four contractions, it would
then be necessary to form a singlet from the single
remaining field, which is not possible. To describe the
rank-five contractions of the primitive invariants, it is
sufficient to consider the contractions of only three f or
d. We will then consider them successively. The contrac-
tions of more primitive invariants will only reduce to those
already considered thanks to the different structure proper-
ties of the group.

Concerning the contractions with a prefactor of the form
S pav S yed " ., no contractions are possible due to symmetry
considerations. Concerning the prefactor of the form
f ﬂabdycddme, two Lagrangians can be written, yielding

LgU(N) _ 5/;]15221114; 8”1 e aﬂz Pty AR s 2 ﬂ-eam
X au3ﬂdfﬂabdycddﬁye’

ﬁgU(N) _ 5};11522533 aﬂl e aﬂz 2O b v ”eaﬂ3
X 8D3ﬂdfﬁabd},cddﬂye. (C6)

However, building currents by removing 0** from E;UW)

and 0,, from £§U(N), and using property a) as well as
symmetry properties, one can show that both Lagrangians
are total derivatives. The two Lagrangians built from the
contractions with f 4, fycdd/”e, as well as both Lagrangians
built with f ﬂabdycddﬁye, are also total derivatives for similar
reasons.

Let us turn to the contractions with a prefactor in
dpapdycq fP",. This prefactor allows us to build only one
Lagrangian,

EiU(N) _ 5/41/115221//4; aﬂl e aﬂz TV b o2 n-eaﬂ}

X 8”37rdd/jabdycdfﬁye. (C7)
This Lagrangian cannot be written as a total derivative,
since the currents obtained by removing d,, or 9*3 vanish
thanks to symmetry considerations. However, it is possible
to link this Lagrangian with other ones thanks to the
structure properties of SU(N). The primitive invariants
verify the following relations (see e.g. Ref. [66]):

fadﬂdﬂbc =+ fbdﬂdﬂca + fcdﬂdﬂab =0. (C8)

This relation implies that
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£SUW)

SUN) _ SUM) 4 pSUW),

(©9)
SU(N) . o .

and thus that £, is a total derivative. Note that this
result cannot be seen directly from the equation of motion
of EEU(N) without using Eq. (C8). It is due to the fact that
we used a basis of primitive invariant prefactors which is
convenient, but with terms which could be not linearly
independent.

Finally, one can consider the possible contraction with a
dﬁahdycdd/’ye prefactor. It is possible to build two such
Lagrangians, i.e.

SUN) _ quipiops a ¢ AW b s d
Ly =&, a”]ﬂ' 8ﬂz7r M r’om 8”3
X ab3ﬂedﬂahd},cddﬂye,

SU(N) __ gpipaps a c A b v, e
L = Oujvsw; 0y, w0, 7O 1”10,

X ay3ﬂddﬂabdycddﬁye. (ClO)

As expected from property e), they are related by a total
derivative. Indeed, the current

_ gl b s d
I = 813 0, 740,70 5”0 1 8"37redﬂabdycddﬂye,

(C11)
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gives
8, g1 = L3V 230, (C12)

Then, it is also possible to use relations between the
primitive invariants of SU(N), especially [66]

2
fabﬂfcdﬂ = N (6ac’5bd - 5b05ad) + dacﬂdbdﬂ - dadﬂdbcﬂv
(C13)
which allows us to write down

SU(N
£5U

SUN) 2 .SsUN
£ 2 g

5 (C14)

+ total derivative,

with the total derivative being obtained thanks to property

a). It implies that both ﬁgU(m and L',gU(M involve the same

dynamics as EfU(N).

This finally shows that only one nontrivial dynamics
allowed at the order of £$* is described by the Lagrangian
L?UW). It is exactly what is predicted from the construction
of Sec. IV B with a third-rank symmetric tensor as implied

by property b).

[1] A. Nicolis, R. Rattazzi, and E. Trincherini, Phys. Rev. D 79,
064036 (2009).
[2] C. Deftayet, G. Esposito-Farese, and A. Vikman, Phys. Rev.
D 79, 084003 (2009).
[3] C. Deffayet, S. Deser, and G. Esposito-Farese, Phys. Rev. D
80, 064015 (2009).
[4] C. Deffayet, X. Gao, D. Steer, and G. Zahariade, Phys. Rev.
D 84, 064039 (2011).
[5] C. de Rham and L. Heisenberg, Phys. Rev. D 84, 043503
(2011).
[6] A. Joyce, B. Jain, J. Khoury, and M. Trodden, Phys. Rep.
568, 1 (2015).
[7] N. Chow and J. Khoury, Phys. Rev. D 80, 024037 (2009).
[8] E. P. Silva and K. Koyama, Phys. Rev. D 80, 121301 (2009).
[9] C. Deffayet, O. Pujolas, 1. Sawicki, and A. Vikman, J.
Cosmol. Astropart. Phys. 10 (2010) 026.
[10] T. Kobayashi, Phys. Rev. D 81, 103533 (2010).
[11] R. Gannouji and M. Sami, Phys. Rev. D 82, 024011
(2010).
[12] S. Tsujikawa, Lect. Notes Phys. 800, 99 (2010).
[13] A.De Felice and S. Tsujikawa, Phys. Rev. Lett. 105, 111301
(2010).
[14] A. Ali, R. Gannouji, and M. Sami, Phys. Rev. D 82, 103015
(2010).
[15] A. De Felice and S. Tsujikawa, Phys. Rev. D 84, 124029
(2011).

[16] D.F. Mota, M. Sandstad, and T. Zlosnik, J. High Energy
Phys. 12 (2010) 051.

[17] S. Nesseris, A. De Felice, and S. Tsujikawa, Phys. Rev. D
82, 124054 (2010).

[18] D. A. Easson, I. Sawicki, and A. Vikman, J. Cosmol.
Astropart. Phys. 11 (2011) 021.

[19] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, J.
Cosmol. Astropart. Phys. 08 (2013) 025.

[20] G. Gabadadze and S. Yu, arXiv:1608.01060.

[21] V. Salvatelli, F. Piazza, and C. Marinoni, J. Cosmol.
Astropart. Phys. 09 (2016) 027.

[22] M. Shahalam, S. K. J. Pacif, and R. Myrzakulov, Eur. Phys.
J. C 76, 410 (2016).

[23] M. Minamitsuji, Gen. Relativ. Gravit. 48, 26 (2016).

[24] E. N. Saridakis and M. Tsoukalas, Phys. Rev. D 93, 124032
(2016).

[25] M. Biswas and U. Debnath, Commun. Theor. Phys. 65, 121
(2016).

[26] P. Creminelli, A. Nicolis, and E. Trincherini, J. Cosmol.
Astropart. Phys. 11 (2010) 021.

[27] T. Kobayashi, M. Yamaguchi, and J. Yokoyama, Phys. Rev.
Lett. 105, 231302 (2010).

[28] S. Mizuno and K. Koyama, Phys. Rev. D 82, 103518
(2010).

[29] C. Burrage, C. de Rham, D. Seery, and A.J. Tolley, J.
Cosmol. Astropart. Phys. 01 (2011) 014.

064051-14


https://doi.org/10.1103/PhysRevD.79.064036
https://doi.org/10.1103/PhysRevD.79.064036
https://doi.org/10.1103/PhysRevD.79.084003
https://doi.org/10.1103/PhysRevD.79.084003
https://doi.org/10.1103/PhysRevD.80.064015
https://doi.org/10.1103/PhysRevD.80.064015
https://doi.org/10.1103/PhysRevD.84.064039
https://doi.org/10.1103/PhysRevD.84.064039
https://doi.org/10.1103/PhysRevD.84.043503
https://doi.org/10.1103/PhysRevD.84.043503
https://doi.org/10.1016/j.physrep.2014.12.002
https://doi.org/10.1016/j.physrep.2014.12.002
https://doi.org/10.1103/PhysRevD.80.024037
https://doi.org/10.1103/PhysRevD.80.121301
https://doi.org/10.1088/1475-7516/2010/10/026
https://doi.org/10.1088/1475-7516/2010/10/026
https://doi.org/10.1103/PhysRevD.81.103533
https://doi.org/10.1103/PhysRevD.82.024011
https://doi.org/10.1103/PhysRevD.82.024011
https://doi.org/10.1007/978-3-642-10598-2
https://doi.org/10.1103/PhysRevLett.105.111301
https://doi.org/10.1103/PhysRevLett.105.111301
https://doi.org/10.1103/PhysRevD.82.103015
https://doi.org/10.1103/PhysRevD.82.103015
https://doi.org/10.1103/PhysRevD.84.124029
https://doi.org/10.1103/PhysRevD.84.124029
https://doi.org/10.1007/JHEP12(2010)051
https://doi.org/10.1007/JHEP12(2010)051
https://doi.org/10.1103/PhysRevD.82.124054
https://doi.org/10.1103/PhysRevD.82.124054
https://doi.org/10.1088/1475-7516/2011/11/021
https://doi.org/10.1088/1475-7516/2011/11/021
https://doi.org/10.1088/1475-7516/2013/08/025
https://doi.org/10.1088/1475-7516/2013/08/025
http://arXiv.org/abs/1608.01060
https://doi.org/10.1088/1475-7516/2016/09/027
https://doi.org/10.1088/1475-7516/2016/09/027
https://doi.org/10.1140/epjc/s10052-016-4254-y
https://doi.org/10.1140/epjc/s10052-016-4254-y
https://doi.org/10.1007/s10714-016-2025-6
https://doi.org/10.1103/PhysRevD.93.124032
https://doi.org/10.1103/PhysRevD.93.124032
https://doi.org/10.1088/0253-6102/65/1/121
https://doi.org/10.1088/0253-6102/65/1/121
https://doi.org/10.1088/1475-7516/2010/11/021
https://doi.org/10.1088/1475-7516/2010/11/021
https://doi.org/10.1103/PhysRevLett.105.231302
https://doi.org/10.1103/PhysRevLett.105.231302
https://doi.org/10.1103/PhysRevD.82.103518
https://doi.org/10.1103/PhysRevD.82.103518
https://doi.org/10.1088/1475-7516/2011/01/014
https://doi.org/10.1088/1475-7516/2011/01/014

NEW TERMS FOR SCALAR MULTI-GALILEON MODELS ...

[30] P. Creminelli, G. D’Amico, M. Musso, J. Norena, and E.
Trincherini, J. Cosmol. Astropart. Phys. 02 (2011) 006.

[31] K. Kamada, T. Kobayashi, M. Yamaguchi, and J.
Yokoyama, Phys. Rev. D 83, 083515 (2011).

[32] M. Libanov, S. Mironov, and V. Rubakov, J. Cosmol.
Astropart. Phys. 08 (2016) 037.

[33] S. Banerjee and E. N. Saridakis, arXiv:1604.06932.

[34] S. Hirano, T. Kobayashi, and S. Yokoyama, Phys. Rev. D
94, 103515 (2016).

[35] R. Brandenberger and P. Peter, arXiv:1603.05834.

[36] S. Nishi and T. Kobayashi, J. Cosmol. Astropart. Phys. 04
(2016) 018.

[37] J. Neveu, V. Ruhlmann-Kleider, P. Astier, M. Besancon, J.
Guy, A. Mdller, and E. Babichev, arXiv:1605.02627.

[38] C. Deffayet, S. Deser, and G. Esposito-Farese, Phys. Rev. D
82, 061501 (2010).

[39] L. Heisenberg, J. Cosmol. Astropart. Phys. 05 (2014) 015.

[40] G. Tasinato, J. High Energy Phys. 04 (2014) 067.

[41] E. Allys, P. Peter, and Y. Rodriguez, J. Cosmol. Astropart.
Phys. 02 (2016) 004.

[42] J. Beltran Jimenez and L. Heisenberg, Phys. Lett. B 757,
405 (2016).

[43] E. Allys, J. P. Beltran Almeida, P. Peter, and Y. Rodriguez, J.
Cosmol. Astropart. Phys. 09 (2016) 026.

[44] G. Tasinato, Classical Quantum Gravity 31, 225004 (2014).

[45] M. Hull, K. Koyama, and G. Tasinato, J. High Energy Phys.
03 (2015) 154.

[46] A. De Felice, L. Heisenberg, R. Kase, S. Tsujikawa, Y.-1.
Zhang, and G.-B. Zhao, Phys. Rev. D 93, 104016 (2016).

[47] A. De Felice, L. Heisenberg, R. Kase, S. Mukohyama,
S. Tsujikawa, and Y.-1. Zhang, J. Cosmol. Astropart. Phys.
06 (2016) 048.

[48] A. De Felice, L. Heisenberg, R. Kase, S. Mukohyama, S.
Tsujikawa, and Y.-l. Zhang, Phys. Rev. D 94, 044024
(2016).

[49] L. Heisenberg, R. Kase, and S. Tsujikawa, J. Cosmol.
Astropart. Phys. 11 (2016) 008.

[50] A. Padilla, P. M. Saffin, and S.-Y. Zhou, J. High Energy
Phys. 12 (2010) 031.

[51] A. Padilla, P. M. Saffin, and S.-Y. Zhou, Phys. Rev. D 83,
045009 (2011).

[52] S.-Y. Zhou, Phys. Rev. D 83, 064005 (2011).

[53] K. Hinterbichler, M. Trodden, and D. Wesley, Phys. Rev. D
82, 124018 (2010).

[54] M. Andrews, K. Hinterbichler, J. Khoury, and M. Trodden,
Phys. Rev. D 83, 044042 (2011).

[55] V. Sivanesan, Phys. Rev. D 90, 104006 (2014).

[56] S. Garcia-Saenz, Phys. Rev. D 87, 104012 (2013).

PHYSICAL REVIEW D 95, 064051 (2017)

[57] C. Charmousis, T. Kolyvaris, E. Papantonopoulos, and
M. Tsoukalas, J. High Energy Phys. 07 (2014) 085.

[58] E.N. Saridakis and M. Tsoukalas, J. Cosmol. Astropart.
Phys. 04 (2016) 017.

[59] A.Padilla and V. Sivanesan, J. High Energy Phys. 04 (2013)
032.

[60] A. Padilla, P. M. Saffin, and S.-Y. Zhou, J. High Energy
Phys. 01 (2011) 099.

[61] T. Kobayashi, N. Tanahashi, and M. Yamaguchi, Phys. Rev.
D 88, 083504 (2013).

[62] S. Ohashi, N. Tanahashi, T. Kobayashi, and M. Yamaguchi,
J. High Energy Phys. 07 (2015) 008.

[63] R.P. Woodard, Lect. Notes Phys. 720, 403 (2007).

[64] R.P. Woodard, Scholarpedia 10, 32243 (2015).

[65] H. Motohashi and T. Suyama, Phys. Rev. D 91, 085009
(2015).

[66] J. Fuchs and C. Schweigert, Symmetries, Lie Algebras
and Representations: A Graduate Course for Physicists
(Cambridge University Press, Cambridge, England, 2003).

[67] R. Slansky, Phys. Rep. 79, 1 (1981).

[68] P. Ramond, Group Theory: A Physicist’s Survey
(Cambridge University Press, Cambridge, England, 2010).

[69] J. A. de Azcarraga, A.J. Macfarlane, A.J. Mountain, and
J. C. Perez Bueno, Nucl. Phys. B510, 657 (1998).

[70] P. Dittner, Commun. Math. Phys. 27, 44 (1972).

[71] M. L. Metha, J.M. Normand, and V. Gupta, Commun.
Math. Phys. 90, 69 (1983).

[72] R. Feger and T. W. Kephart, Comput. Phys. Commun. 192,
166 (2015).

[73] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, Phys.
Rev. Lett. 114, 211101 (2015).

[74] D. Langlois and K. Noui, J. Cosmol. Astropart. Phys. 02
(2016) 034.

[75] D. Langlois and K. Noui, J. Cosmol. Astropart. Phys. 07
(2016) 016.

[76] H. Motohashi, K. Noui, T. Suyama, M. Yamaguchi, and
D. Langlois, J. Cosmol. Astropart. Phys. 07 (2016) 033.

[77] M. Crisostomi, K. Koyama, and G. Tasinato, J. Cosmol.
Astropart. Phys. 04 (2016) 044.

[78] E. Allys, P. Peter, and Y. Rodriguez, Phys. Rev. D 94,
084041 (2016).

[79] J.B. Jiménez and L. Heisenberg, arXiv:1610.08960.

[80] A. Golovnev, V. Mukhanov, and V. Vanchurin, J. Cosmol.
Astropart. Phys. 06 (2008) 009.

[81] C. Armendariz-Picon, J. Cosmol. Astropart. Phys. 07 (2004)
007.

[82] L.D. Landau and E.M. Lifchitz, Quantum Mechanics
(Butterworth-Heinemann, Oxford, 1991).

064051-15


https://doi.org/10.1088/1475-7516/2011/02/006
https://doi.org/10.1103/PhysRevD.83.083515
https://doi.org/10.1088/1475-7516/2016/08/037
https://doi.org/10.1088/1475-7516/2016/08/037
http://arXiv.org/abs/1604.06932
https://doi.org/10.1103/PhysRevD.94.103515
https://doi.org/10.1103/PhysRevD.94.103515
http://arXiv.org/abs/1603.05834
https://doi.org/10.1088/1475-7516/2016/04/018
https://doi.org/10.1088/1475-7516/2016/04/018
http://arXiv.org/abs/1605.02627
https://doi.org/10.1103/PhysRevD.82.061501
https://doi.org/10.1103/PhysRevD.82.061501
https://doi.org/10.1088/1475-7516/2014/05/015
https://doi.org/10.1007/JHEP04(2014)067
https://doi.org/10.1088/1475-7516/2016/02/004
https://doi.org/10.1088/1475-7516/2016/02/004
https://doi.org/10.1016/j.physletb.2016.04.017
https://doi.org/10.1016/j.physletb.2016.04.017
https://doi.org/10.1088/1475-7516/2016/09/026
https://doi.org/10.1088/1475-7516/2016/09/026
https://doi.org/10.1088/0264-9381/31/22/225004
https://doi.org/10.1007/JHEP03(2015)154
https://doi.org/10.1007/JHEP03(2015)154
https://doi.org/10.1103/PhysRevD.93.104016
https://doi.org/10.1088/1475-7516/2016/06/048
https://doi.org/10.1088/1475-7516/2016/06/048
https://doi.org/10.1103/PhysRevD.94.044024
https://doi.org/10.1103/PhysRevD.94.044024
https://doi.org/10.1088/1475-7516/2016/11/008
https://doi.org/10.1088/1475-7516/2016/11/008
https://doi.org/10.1007/JHEP12(2010)031
https://doi.org/10.1007/JHEP12(2010)031
https://doi.org/10.1103/PhysRevD.83.045009
https://doi.org/10.1103/PhysRevD.83.045009
https://doi.org/10.1103/PhysRevD.83.064005
https://doi.org/10.1103/PhysRevD.82.124018
https://doi.org/10.1103/PhysRevD.82.124018
https://doi.org/10.1103/PhysRevD.83.044042
https://doi.org/10.1103/PhysRevD.90.104006
https://doi.org/10.1103/PhysRevD.87.104012
https://doi.org/10.1007/JHEP07(2014)085
https://doi.org/10.1088/1475-7516/2016/04/017
https://doi.org/10.1088/1475-7516/2016/04/017
https://doi.org/10.1007/JHEP04(2013)032
https://doi.org/10.1007/JHEP04(2013)032
https://doi.org/10.1007/JHEP01(2011)099
https://doi.org/10.1007/JHEP01(2011)099
https://doi.org/10.1103/PhysRevD.88.083504
https://doi.org/10.1103/PhysRevD.88.083504
https://doi.org/10.1007/JHEP07(2015)008
https://doi.org/10.1007/978-3-540-71013-4
https://doi.org/10.4249/scholarpedia.32243
https://doi.org/10.1103/PhysRevD.91.085009
https://doi.org/10.1103/PhysRevD.91.085009
https://doi.org/10.1016/0370-1573(81)90092-2
https://doi.org/10.1016/S0550-3213(97)00609-3
https://doi.org/10.1007/BF01649658
https://doi.org/10.1007/BF01209387
https://doi.org/10.1007/BF01209387
https://doi.org/10.1016/j.cpc.2014.12.023
https://doi.org/10.1016/j.cpc.2014.12.023
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/02/034
https://doi.org/10.1088/1475-7516/2016/07/016
https://doi.org/10.1088/1475-7516/2016/07/016
https://doi.org/10.1088/1475-7516/2016/07/033
https://doi.org/10.1088/1475-7516/2016/04/044
https://doi.org/10.1088/1475-7516/2016/04/044
https://doi.org/10.1103/PhysRevD.94.084041
https://doi.org/10.1103/PhysRevD.94.084041
http://arXiv.org/abs/1610.08960
https://doi.org/10.1088/1475-7516/2008/06/009
https://doi.org/10.1088/1475-7516/2008/06/009
https://doi.org/10.1088/1475-7516/2004/07/007
https://doi.org/10.1088/1475-7516/2004/07/007

