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We study the cosmological evolution of a complex scalar field with a self-interaction potential V(|¢|?),
possibly describing self-gravitating Bose-Einstein condensates, using a fully general relativistic treatment.
We generalize the hydrodynamic representation of the Klein-Gordon-Einstein equations in the weak field
approximation developed in our previous paper [A. Sudrez and P.-H. Chavanis, Phys. Rev. D 92, 023510
(2015)]. We establish the general equations governing the evolution of a spatially homogeneous complex
scalar field in an expanding background. We show how they can be simplified in the fast oscillation regime
(equivalent to the Thomas-Fermi, or semiclassical, approximation) and derive the equation of state of the
scalar field in parametric form for an arbitrary potential V(|@|?). We explicitly consider the case of a quartic
potential with repulsive or attractive self-interaction. For repulsive self-interaction, the scalar field
undergoes a stiff matter era followed by a pressureless dark matter era in the weakly self-interacting
regime and a stiff matter era followed by a radiationlike era and a pressureless dark matter era in the
strongly self-interacting regime. For attractive self-interaction, the scalar field undergoes an inflation era
followed by a stiff matter era and a pressureless dark matter era in the weakly self-interacting regime and an
inflation era followed by a cosmic stringlike era and a pressureless dark matter era in the strongly self-
interacting regime (the inflation era is suggested, not demonstrated). We also find a peculiar branch on
which the scalar field emerges suddenly at a nonzero scale factor with a finite energy density. At early
times, it behaves as a gas of cosmic strings. At later times, it behaves as dark energy with an almost constant
energy density giving rise to a de Sitter evolution. This is due to spintessence. We derive the effective
cosmological constant produced by the scalar field. Throughout the paper, we analytically characterize the
transition scales of the scalar field and establish the domain of validity of the fast oscillation regime. We
analytically confirm and complement the important results of Li, Rindler-Daller, and Shapiro [Phys. Rev. D
89, 083536 (2014)]. We determine the phase diagram of a scalar field with repulsive or attractive
self-interaction. We show that the transition between the weakly self-interacting regime and the strongly
self-interacting regime depends on how the scattering length of the bosons compares with their effective
Schwarzschild radius. We also constrain the parameters of the scalar field from astrophysical and
cosmological observations. Numerical applications are made for ultralight bosons without self-interaction
(fuzzy dark matter), for bosons with repulsive self-interaction, and for bosons with attractive
self-interaction (QCD axions and ultralight axions).
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I. INTRODUCTION

There is compelling observational evidence for the
existence of dark matter (DM) and dark energy (DE) in
the Universe. The suggestion that DM may constitute a
large part of the Universe was raised by Zwicky [1] in 1933.
Using the virial theorem to infer the average mass of
galaxies within the Coma cluster, he obtained a much
higher value than the mass of luminous material. He
realized therefore that some mass was “missing” to account
for the observations. The existence of DM has been
confirmed by more precise observations of rotation
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curves [2], gravitational lensing [3], and hot gas in clusters
[4]. On the other hand, DE is responsible for the ongoing
acceleration of the Universe revealed by the high redshift of
type la supernovae treated as standardized candles [5-7].
Recent observations of baryonic acoustic oscillations pro-
vide another independent support to the DE hypothesis [8].
In both cases (DM and DE) more indirect measurements
come from the cosmic microwave background (CMB) and
large scale structure observations [9-11].

The variations in the temperature of the thermal CMB
radiation at 3K throughout the sky imply €,,~0 and
Q.o ~ 107*, while the power spectrum of the spatial dis-
tributions of large scale structures gives Q,, o ~ 0.3, where
€. o 18 the effective curvature of spacetime, €  is the present
energy density in the relativistic CMB radiation (photons)

© 2017 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.92.023510
http://dx.doi.org/10.1103/PhysRevD.92.023510
http://dx.doi.org/10.1103/PhysRevD.89.083536
http://dx.doi.org/10.1103/PhysRevD.89.083536
http://dx.doi.org/10.1103/PhysRevD.95.063515
http://dx.doi.org/10.1103/PhysRevD.95.063515
http://dx.doi.org/10.1103/PhysRevD.95.063515
http://dx.doi.org/10.1103/PhysRevD.95.063515

ABRIL SUAREZ and PIERRE-HENRI CHAVANIS

accompanied by the low mass neutrinos that almost homo-
geneously fill the space, and Q, , is the current mean energy
density of nonrelativistic matter which mainly consists of
baryons and nonbaryonic DM. These observations give a
value of €, o ~ 0.7 for the present DE density [11].

One of the most fundamental problems in modern cos-
mology concerns the nature of DM and DE. In the last
decades, various DM and DE models have been studied.
The simplest model of DM consists in particles moving
slowly compared to the speed of light (they are cold) and
interacting very weakly with ordinary matter and electro-
magnetic radiation. These particles, known as weakly
interacting massive particles (WIMPS), behave as dust with
an equation of state (EOS) parameter w = P/e = 0 [12-14].
They may correspond to supersymmetric (SUSY) particles
[15]. On the other hand, the simplest manner to explain the
accelerated expansion of the Universe is to introduce a
cosmological constant A in the Einstein equations [16]. In
that case, the value of the energy density e, = Ac?/87G
stored in the cosmological constant represents the DE.

The standard model of cosmological structure formation
in the Universe is known as the cold dark matter model with
a cosmological constant (ACDM) [17-20]. Cosmological
observations at large scales support the ACDM model with
a high precision.

However, this model has some problems at small
(galactic) scales for the case of DM [21-24]. In particular,
it predicts that DM halos should be cuspy [25] while
observations reveal that they have a flat core [26]. On the
other hand, the ACDM model predicts an overabundance
of small-scale structures (subhalos/satellites), much more
than what is observed around the Milky Way [27]. These
problems are referred to as the “cusp problem” and
“missing satellite problem.” The expression “small-scale
crisis of CDM” has been coined.

Furthermore, the value of the cosmological constant A
assigned to DE has to face important fine-tuning problems
[28-30]. From the point of view of particle physics, the
cosmological constant can be interpreted naturally in terms
of the vacuum energy density whose scale is of the order
of the Planck density pp = 5.16 x 10° gm~3. However,
observationally, the cosmological constant is of the order
of the present value of the Hubble parameter squared,
A~H} = (2.18 x 10718 s71)2 which corresponds to a
dark energy density p, = A/87G ~1072* gm™>. The
Planck density and the cosmological density differ from
each other by 123 orders of magnitude. This leads to the
so-called cosmological constant problem [28-30].

Since the ACDM model poses problems, some efforts
have been done in trying to understand the nature of
DM and DE from the framework of quantum field theory.
In particle physics and string theory, scalar fields (SF) arise in
a natural way as bosonic spin-0 particles described by the
Klein-Gordon (KG) equation [31,32]. Examples include the
Higgs particle, the inflaton, the dilaton field of superstring
theory, tachyons etc. SFs also arise in the Kaluza-Klein and
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Brans-Dicke theories [33]. In cosmology, SFs were intro-
duced to explain the phase of inflation in the primordial
Universe [34]. SF models have then been used in cosmology
in various contexts and they continue to play an important
role as potential DM and DE candidates.

For example, the source of DE can be attributed to a SF.
A variety of SF models have been inferred for this purpose
(see for example [17,35,36]). Quintessence [37,38], which is
the simplest case, is described by an ordinary SF minimally
coupled to gravity. It generally has a density and EOS
parameter w(¢) that vary with time, hence making it dynamic.
By contrast, a cosmological constant is static, with a fixed
energy density and w = —1. Phantom fields [39-42] are
associated with a negative kinetic term. This strange property
leads to an EOS parameter w < —1 implying that the energy
density increases as the Universe expands, possibly leading
to a big rip. It has also been suggested that, in a class of string
theories, tachyonic SF [43] can condense and have cosmo-
logical applications. Tachyons have an interesting EOS
whose parameter smoothly interpolates between —1 and 0,
thus behaving as DE and pressureless DM. SF models
describing DE usually feature masses of the order of the
current Hubble scale (m ~ Hyh/c*> ~ 10733 eV /c?) [44,45].

Concerning DM, it has been proposed that DM halos can
be made of a SF described by the Klein-Gordon-Einstein
(KGE) equations (see, e.g., [46—49] for reviews and [50] for
high resolution numerical simulations showing the viability
of this scenario). In general, SFDM models suppose that
DM is a real or complex SF minimally coupled to gravity.
This SF can be self-interacting but it does not interact with
the other particles and fields, except gravitationally. SFs
that interact only with gravity could be gravitationally
produced by inflation [51]. The SF may represent the wave
function of the bosons having formed a Bose-Einstein
condensate (BEC). The KGE equations describe a relativ-
istic SF/BEC. General relativity is necessary to model
compact SF objects such as boson stars [52-54] and
neutron stars with a superfluid core [55,56]. It is also
necessary in cosmology to model the phase of inflation
and the evolution of the early Universe [34]. However, in
the context of DM halos, Newtonian gravity is sufficient.
The evolution of a nonrelativistic SF/BEC is described
by the Gross-Pitaevskii-Poisson (GPP) equations. There are
several models of SFDM, e.g. noninteracting (fuzzy) DM
[57], self-interacting DM [58], or axionic DM [59—63].1

' Axions can be produced in the early Universe through two
mechanisms. At the quantum chromodynamics (QCD) phase
transition where a BEC of axions forms and these very cold
particles behave as CDM; and through the decay of strings formed
at the Peccei-Quinn phase transition [64,65]. Unless inflation
occurs after the Peccei-Quinn phase transition, strings are thought
to be the dominant mechanism for axion production [66]. Recent
analysis confirms that strings are likely to be the dominant source of
axions, even though strings will not produce an interesting level of
density fluctuations as their predicted mass per unit length is far too
small to be cosmologically interesting [67].
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Most of these models are based on the assumption that DM
is made of extremely light scalar particles with masses
between 1073 eV/c? <m <1072 eV/c?. Within this
mass scale, SFDM displays a wave (quantum) behavior
at galactic scales that could solve many of the problems of
the ACDM model. Indeed, the wave properties of bosonic
DM may stabilize the system against gravitational col-
lapse, providing halo cores and sharply suppressing small-
scale linear power. This may solve the cusp problem and
the missing satellite problem. Therefore, the main virtues
of the SF/BEC model are that it can reproduce the
cosmological evolution of the Universe for the back-
ground and behave as CDM at large scales where its wave
nature is invisible, while at the same time it solves the
problems of the CDM model at small scales where its wave
nature manifests itself.

In quantum field theory, ultralight SFs seem unnatural
but renormalization effects tend to drive these scalar masses
up to the scale of a new physics. Given the present
observational status of cosmology, and despite all the
efforts that have been made, it is fair to say that the nature
of DM and DE remains a mystery. As a result, the SF
scenario is an interesting suggestion that deserves to be
studied in more detail.

Instead of working directly in terms of field variables, a
fluid approach can be adopted. In the nonrelativistic case,
this hydrodynamic approach was introduced by Madelung
[68] who showed that the Schrodinger equation is equiv-
alent to the Euler equations for an irrotational fluid with an
additional quantum potential arising from the finite value of
7 and accounting for Heisenberg’s uncertainty principle.
This approach has been generalized to the GPP equations in
the context of DM halos by [69-71] among others. In the
relativistic case, de Broglie [72—74] in his so-called pilot
wave theory, showed that the KG equations are equivalent
to hydrodynamic equations including a covariant quantum
potential. This approach has been generalized to the Klein-
Gordon-Poisson (KGP) and KGE equations in the context
of DM halos by [75-79].% In this hydrodynamic represen-
tation, DM halos result from the balance between the
gravitational attraction and the quantum pressure arising
from the Heisenberg uncertainty principle or from the self-
interaction of the bosons. At small scales, pressure effects
are important and can prevent the formation of singularities
and solve the cusp problem and the missing satellite
problem. At large scales, pressure effects are generally
negligible (except in the early Universe) and one recovers
the ACDM model.

The formation of large-scale structures is an important
topic of cosmology. This problem was first considered by

The pilot wave theory of de Broglie [72—74] is the relativistic
version of Madelung’s hydrodynamics [68]. The works of de
Broglie and Madelung were developed independently. See the
Introduction of [79] for a short history of the early development
of quantum mechanics.
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Jeans [80] (before the discovery of the expansion of the
Universe) who studied the instability of an infinite homo-
geneous self-gravitating classical collisional gas (see [81]
for areview). This study has been generalized in the context
of SF theory. The Jeans instability of an infinite homo-
geneous self-gravitating system in a static background
was studied by [82] for a relativistic SF described by the
generalized KGP equations, using the field representation.
The same problem was studied in [70,83] for a non-
relativistic SF described by the GPP equations in the
context of Newtonian cosmology, and in [77,78] for a
relativistic SF described by the KGE equations, using the
hydrodynamic representation.

The growth of perturbations of a relativistic real SF in an
expanding Universe was considered in [84,85] using the
field representation. The same problem was addressed in
[77,83] for a complex SF using the hydrodynamic repre-
sentation. Analytical results were obtained in the (non-
relativistic) matter era where the background Universe has
an Einstein-de Sitter (EdS) evolution [77,83]. The matter era
is valid at sufficiently late times, after the radiation-matter
equality. At earlier times, the SF affects the background
evolution of the Universe so we can no more assume that the
scale factor follows the EdS solution.

The classical evolution of a real SF described by the
KGE equations with a potential of the form V() = ag" in
an isotropic and homogeneous cosmology was first inves-
tigated by Turner [86] (see also the subsequent works of
[51,87,88]). He showed that the SF experiences damped
oscillations but that, in average, it is equivalent to a perfect
fluid with an EOS P = [(n —2)/(n + 2)]e (this result is
valid if we neglect particle creation due to the time variation
of ). For n = 2 the SF behaves as pressureless matter and
for n = 4 it behaves as radiation. Turner also mentioned
the possibility of a stiff EOS. The cosmological evolution
of a spatially homogeneous real self-interacting SF with a
repulsive ¢* potential described by the KGE equations
competing with baryonic matter, radiation and dark energy
was considered by [84]. In this work, it is found that a
real self-interacting SF displays fast oscillations and that,
on the mean, it undergoes a radiationlike era followed by a
matterlike era. In the noninteracting case, the SF undergoes
only a matterlike era [89]. In any case, at sufficiently late
times, the SF reproduces the cosmological predictions of
the standard ACDM model.

The cosmological evolution a complex self-interacting
SF representing BECDM has been considered by [83,90]
who solved the (relativistic) Friedmann equations with the
EOS of the BEC derived from the (nonrelativistic) GP
equation after identifying p,,c?, where p,, is the rest-mass
density, with the energy density e. However, as clarified in
[91], this approach is not valid in the early Universe as it
combines relativistic and nonrelativistic equations. These
studies may still have interest in cosmology in a different
context, as discussed in [92,93].
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The exact relativistic cosmological evolution of a complex
self-interacting SF/BEC described by the KGE equations
with arepulsive |¢|* potential has been considered by Li et al.
[94] (see also the previous works of [95-98]). In this work,
the evolution of the homogeneous background is studied. Itis
shown that the SF undergoes three successive phases: a stiff
matter era, followed by aradiationlike era (that only exists for
self-interacting SFs), and finally a matterlike era similar to
the one appearing in the CDM model. Another cosmological
model displaying a primordial stiff matter era has been
developed in [91]. Interestingly, it leads to a completely
analytical cosmological solution generalizing the EAS model
and the (anti)-ACDM model.

In general, the SF oscillates in time and it is not clear
how these oscillations can be measured in practice because
there is no direct access to field variables such as ¢. As a
result, the hydrodynamic representation of the SF may be
more physical than the KG equation itself because it is
easier to measure hydrodynamic variables such as the
energy density e, the rest-mass density p,,, and the pressure
P. In our previous paper [77], we showed that the three
phases of a relativistic SF with a repulsive |@|* potential
(stiff matter, radiation and pressureless matter) could be
obtained from the hydrodynamic approach in complete
agreement with the field theoretic approach of Li ez al. [94].

In the present paper, we complete and generalize our
study in different directions: we formulate the problem for
an arbitrary SF potential V(|g|*), not just for a |g|*
potential; we solve the equations in the fast oscillation
regime and obtain several analytical results in different
asymptotic limits that complement the work of Li et al
[94]; we consider repulsive and attractive self-interaction
and show that the later can lead to very peculiar results. The
case of attractive self-interaction is of considerable interest
since axions, that have been proposed as a serious DM
candidate, usually have an attractive self-interaction. The
case of attractive self-interaction has been studied previ-
ously in [70,77,83,99,100]. It is shown in [77,83] that an
attractive self-interaction can accelerate the growth of
structures is cosmology. On the other hand, it is shown
in [70,99,100] that stable DM halos with an attractive self-
interaction can exist only below a maximum mass that
severely constrains the parameters of the SF.

The paper is organized as follows. In Sec. II, we
introduce the KG and Friedmann equations describing
the cosmological evolution of a spatially homogeneous
complex3 SF with an arbitrary self-interaction potential

3Complex SFs are potentially more relevant than real SFs
because they can form stable DM halos while DM halos made of
real SFs are either dynamically unstable or oscillating. If DM
halos were stable “oscillatons” [101], their oscillations would
probably have been detected. On the other hand, bosons
described by a complex SF with a global U(1) symmetry
associated with a conserved charge (Noether theorem) can form
BEC:s even in the early Universe while this is more difficult for a
boson described by a real SF (like the QCD axion).
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V(|g|*) in an expanding background and provide their
hydrodynamic representation. We show that these hydro-
dynamic equations can be simplified in the fast oscillation
regime equivalent to the Thomas-Fermi (TF), or semi-
classical, approximation where the quantum potential can
be neglected. We derive the EOS of the SF in parametric
form for an arbitrary potential V(|p[?). In Sec. III, we
consider the cosmological evolution of a spatially homo-
geneous SF with a repulsive quartic self-interaction. In
agreement with previous works [77,94], we show that the
SF undergoes a stiff matter era (w =1) in the slow
oscillation regime, followed by a radiationlike era
(w =1/3) and a pressureless dark matter era (w = 0) in
the fast oscillation regime. We analytically determine the
transition scales between these different periods and show
that the radiationlike era can only exist for sufficiently large
values of the self-interaction parameter. More precisely, the
transition between the weakly self-interacting and strongly
self-interacting regimes depends on how the scattering
length of the bosons a, compares with their effective
Schwarzschild radius r¢ =2 Gm/c?>. We determine the
phase diagram of a SF with repulsive self-interaction. We
also analytically recover the bounds on the ratio a,/m?
obtained by Li ef al. [94] by requiring that the SF must be
nonrelativistic at the epoch of matter-radiation equality and
by using constraints from the big bang nucleosynthesis
(BBN). In Sec. IV, we consider the evolution of a spatially
homogeneous SF with an attractive quartic self-interaction.
In the fast oscillation regime, the SF emerges at a nonzero
scale factor with a finite energy density. At early time, it
behaves as a gas of cosmic strings (w = —1/3). At later
time, two evolutions are possible. On the normal branch,
the SF behaves as pressureless DM (w==0). On the
peculiar branch, it behaves as DE (w = —1) with an almost
constant energy density giving rise to a de Sitter evolution.
We derive the effective cosmological constant produced
by the SF. We establish the domain of validity of the fast
oscillation regime. We argue that, in the very early
Universe, a complex SF with an attractive self-interaction
undergoes an inflation era. If the self-interaction constant is
sufficiently small, the inflation era is followed by a stiff
matter era. We determine the phase diagram of a SF with
attractive self-interaction. We also set constraints on the
parameters of the SF using cosmological observations.
Numerical applications are made for standard (QCD)
axions and ultralight axions. This is indicative because
QCD axions are real SFs while certain results of ours
are only valid for complex SFs. In Sec. V, we study the
evolution of the SF in the total potential V,(|p|?)
incorporating the rest-mass energy. A SF with repulsive
self-interaction descends the potential. A SF with attractive
self-interaction descends the potential on the normal branch
and ascends the potential on the peculiar branch. This is
possible because of the effect of a centrifugal force that is
specific to a complex SF. This is called spintessence [97].
The concluding Sec. VI summarizes the main results of our
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study and regroups the numerical applications of astro-
physical relevance. The Appendices contain additional
material that is needed to interpret our results.

II. SPATIALLY HOMOGENEOUS COMPLEX SF

In our previous paper [77], we have derived a hydro-
dynamic representation of the KGE equations in an
expanding background in the weak field approximation.
We considered a complex SF with a quartic self-interaction
potential. This study was extended to the case of an
arbitrary SF potential of the form V(|p|?) in [78,79]. In
this section, we consider the case of a spatially homo-
geneous complex SFE. For the clarity and the simplicity of
the presentation, we assume that the Universe is only
composed of a SF, although it would be straightforward
to include in the formalism other components such as
normal radiation, baryonic matter, and dark energy (e.g., a
cosmological constant).

A. The KG equation for a spatially
homogeneous complex SF

The cosmological evolution of a spatially homogeneous
complex SF ¢(t) with a self-interaction potential V (|¢|?)
in a Friedmann-Lemaitre-Robertson-Walker (FLRW) uni-
verse is described by the KG equation

1 d>¢ 3Hdep m>c? dv
—— 0, 1
car e a T P gept (m

where H = a/a is the Hubble parameter and a(¢) is the
scale factor. The second term in Eq. (1) is the Hubble drag.
The rest-mass term (third term) can be written as (p//lzc
where A- = A/mc is the Compton wavelength of the
bosons.

The energy density () and the pressure P(t) of the
SF are given by

1 d(p
1 d(p m c?

The EOS parameter is defined by w = P/e.

B. The Friedmann equations

From Egs. (1)—(3), we can obtain the energy equation

d
% L 3H(Ee+P) =0 4)
dt

This equation can also be directly obtained from the
Einstein field equations and constitutes the first
Friedmann equation [102]. From this equation we deduce
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that, as the Universe expands, the energy density decreases
when w > —1, increases when w < —1, and remains
constant when w = —1. In the second case, the Universe
is “phantom” [39]. The second Friedmann equation,
obtained from the Einstein field equations, writes

87G

2 _
H —3C2€

(5)

We have assumed that the Universe is flat in agreement
with the observations of the CMB. From Egs. (4) and (5),
we easily obtain the acceleration equation

a 4rG

which constitutes the third Friedmann equation. From this
equation, we deduce that the expansion of the Universe
is decelerating when w > —1/3 and accelerating when
w < —1/3. The intermediate case, in which the scale factor
increases linearly with time, corresponds to w = —1/3.

C. Hydrodynamic representation of a spatially
homogeneous complex SF

Instead of working with the SF ¢(r), we will use
hydrodynamic variables like those considered in our
previous works [77-79]. We define the pseudo rest-mass
density by

2
m
p =" 1ol ™

We stress that it is only in the nonrelativistic limit ¢ — +oco
that p has the interpretation of a rest-mass density. In
the relativistic regime, p does not have a clear physical
interpretation but it can always be defined as a convenient
notation [77-79]. We write the SF in the de Broglie form

(1) = —/p(t)eSal0/h, (8)
where p is the pseudo rest-mass density and S, =
(1/2)in1n(¢p* /@) is the real action. The total energy of
the SF (including its rest mass mc? energy) is

dS tot

Etot(t) = _7' (9)

Substituting Eq. (8) into the KG equation (1) and
separating real and imaginary parts, we get

1 1 dE
dp 3da _d ot _ g (10)
p dr ' adt E dt
dQ\{ﬁ d\p
El =4 4 3HR? L+ et + 2mP eV (p). (11
fot P /p ( )
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On the other hand, from Egs. (2) and (8), we find that the
Friedmann equation (5) takes the form

3H2_ n? 1 (dp\?
827G 8m2ctp \ dt

PEw |1 1
b+ Vp). (12
st TP T aVe) (12)

Equations (10)—(12) can also be obtained from the general
hydrodynamic equations derived in [77-79] by considering
the particular case of a spatially homogeneous SF
(p(x,1) = p(1), 0(x,1) =0, ®(X,1) =0, and S(X,7) =
S(t)). In that case, Eq. (10) is deduced from the continuity
equation, Eq. (11) from the quantum Bernoulli or
Hamilton-Jacobi equation, and Eq. (12) from the
Einstein equations. In this connection, we note that the
first two terms (the terms proportional to #?) in the right-
hand side of Eq. (11) correspond to the relativistic de
Broglie quantum potential

_mDOvp
72m\//_)

for a spatially homogeneous SF. We stress that the hydro-
dynamic equations (10)—(12) are equivalent to the KGE
equations (1), (2), and (5). Finally, we note that the
hydrodynamic equations (10)—(12) with the terms in 7
neglected provide a TF, or semiclassical, description of
relativistic SFs.

The continuity equation (10) can be rewritten as a
conservation law

Odp (13)

d
dr (Etotpa3) =0. (14)

Therefore, the total energy of the SF is exactly given by

Eio _ %

me?  pa’’

(15)

where Q is a constant which represents the conserved
charge of the complex SF [77,94,98,1033].4

In the hydrodynamic representation, the energy density
and the pressure of a homogeneous SF can be expressed as

n* 1 (dp\* pEL, 1 ,
S UL £ V(). (16
¢ 8m>c? p <dl> Toma T (). (16)

“The conserved charge (normalized by the elementary charge
e) of a complex SF is given by Q :E'—Cfl(e)\/:?cﬁx, where
(o), = 1 (9* 9,9 — 90,*) is the quadricurrent of charge of the
SF (see, e.g., [79] for details). The charge density is p, =
(J.)o/c. Using Egs. (8) and (9), we find that p, =
epE,/m*c?. The conserved charge of a spatially homogeneous
SF in an expanding Universe is Q = p,a’/e = pEa’/m*c?,
corresponding to Eq. (15).
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n? 1 (dp\?
P=———(2) +
8m=c*p \ dt

D. Cosmological evolution of a spatially homogeneous
complex SF in the fast oscillation regime

pE? 1
2m2t(:2 —EIJCZ =Vip). (17)

The exact equations (10)—(12) are complicated. In the
case of a quartic potential with a positive scattering length,
Li et al. [94] have identified two regimes in which these
equations can be simplified. When the oscillations of the
SF are slower than the Hubble expansion (w < H), the
SF is equivalent to a stiff fluid with an EOS P = €. This
approximation is valid in the early Universe. At later times,
when the oscillations of the SF are faster than the Hubble
expansion (@ > H), it is possible to average over the fast
oscillations in order to obtain a simpler dynamics. The
resulting equations can be obtained either from the field
theoretic approach [94] or from the hydrodynamic
approach [77]. We note that the equations obtained in
the fast oscillation regime specifically depend on the form
of the SF potential. In this section, we generalize these
results to the case of an arbitrary SF potential V(|¢|*). We
use the hydrodynamic approach. The field theoretic
approach is exposed in Appendix A.

The simplified equations valid in the fast oscillation
regime can be obtained from Egs. (11) and (12) by
neglecting the terms involving a time derivative.
Interestingly, this is equivalent to neglecting the terms
in 7. Therefore, the fast oscillation regime is equivalent to
the TF, or semiclassical, approximation where the quantum
potential (arising from Heisenberg’s uncertainty principle)
is neglected. In that case, we obtain

EL = m>c* +2m>c*V/(p), (18)

3H* _ PEw |1

1
—_— == —V(p). 19
87G  2m%ct * 2p + c2 () (19)

Keeping only the solution of Eq. (18) that leads to a positive

total energy (the solution with a negative total energy
corresponds to antibosons), we get

/ 2
Eg = me*\[1+ ?V/(P)- (20)

Combining Egs. (15) and (20), we obtain

2
o142V =22, (21)
C a

This equation determines the pseudo rest-mass density p as
a function of the scale factor a. Substituting Eq. (18) into
Eq. (19), we find
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3H?

302G (22)

1
p+ Vi) +pV'(p)]
Equations (21) and (22) determine the evolution of the scale
factor a(t) of the Universe induced by a spatially homo-
geneous SF in the regime where its oscillations are faster
than the Hubble expansion. The energy E,, of the SF is
then given by Eq. (20).

It is not convenient to solve the differential equation (22)
for the scale factor a because we would need to inverse
Eq. (21) in order to express p as a function of «a in the right-
hand side of Eq. (22). Instead, it is more convenient to view
a as a function of p, given by Eq. (21), and transform
Eq. (22) into a differential equation for p. Taking the
logarithmic derivative of Eq. (21), we get

L )
a:_p[H PV (p) }
a 3p

¢ +2V'(p)
Substituting this expression into Eq. (22), we obtain the
differential equation

(23)

(24)

c (b>2 _pct+V(p)+pV'(p)

- V//( ) B
247G 1 sz; 2Ve(p)]

For a given SF potential V(p), this equation can be solved
easily as it is just a first order differential equation for p.
The temporal evolution of the scale factor a is then
obtained by plugging the solution of Eq. (24) into Eq. (21).

In the fast oscillation regime, the energy density and the
pressure are given by

e= L Lo vip) 25)
_ ;5‘;‘2 - % 2 = V(p). (26)
Using Eq. (18), we get
e = pc* +V(p) +pV'(p), (27)
P =pV'(p) = V(p). (28)
The pseudo velocity of sound is
¢ = P'(p) = pV"(p). (29)

We note that the pressure P(7) of a spatially homogeneous
SF in the fast oscillation regime coincides with the pseudo
pressure p(x,t) = p(t) that arises in the Euler equation
obtained in the hydrodynamic representation of a complex
SF [77-79], i.e. P(t) = p(t) (compare Eq. (28) with
Eq. (38) of [78]). This extends to an arbitrary SF potential
V(|g|*) the result obtained in [77] for a quartic potential
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(we note that this equivalence is not true for a spatially
inhomogeneous SF and for a homogeneous SF outside of
the fast oscillation regime).

On the other hand, Egs. (27) and (28) define the EOS
P(¢) of the SF in parametric form for an arbitrary potential.
The EOS parameter can be written as

wo PPV =Vip)
e p+Vip)+pV'ip)

(30)

The Universe is accelerating (w < —1/3) when 4pV’(p)—
2V(p) < —pc?. Introducing the total potential V. (p) =
V(p) + pc?/2 (see Sec. V), this condition can be rewritten
as 2pVi,(p) < Vi(p). The Universe is phantom (w < —1)
when 2V’(p)/c* < —1 or, equivalently, when Vi (p) < 0.
However, this condition is never realized in the fast
oscillation regime because of the constraint imposed
by Eq. (20).

For a given EOS P(¢), we can obtain the potential
V(p) as follows (inverse problem [104]). Equations (27)
and (28) can be rewritten as € = Vo (p) + pVie(p) and
P =pViu(p) = Via(p) leading to € —P =2V,y(p) and
€+ P =2pVi,(p). From these equations, we obtain

/l;l)l(e)dezlnp

1
e+ Pe) Vialp) = 5 [e = P(e)].

] (31)
The first equation determines the relationship between p
and e. The second relation then determines the total
potential V().

Remark: From Egs. (27) and (28), we can obtain the
EOS P(e). Solving the energy equation (4) with this EOS,
we can obtain e(a). The relation e(a) can also be obtained
from Eqgs. (21) and (27). We can easily check that the
relations are the same. Indeed, from Egs. (4), (27), and (28)
we obtain the differential equation

dp

3 2
2 20V (p)] = 0.
P +a[pc +2pV'(p)]

[ +2V'(p) + pV"(p)]
(32)

This differential equation is equivalent to Eq. (21). This
can be seen easily by taking the logarithmic derivative of
Eq. (21) which leads to Eq. (32). This shows the con-
sistency of our approximations.

E. The nonrelativistic limit

In order to take the nonrelativistic limit ¢ — +oo of the
previous equations, we need to subtract the contribution of
the rest mass energy mc? of the SF. To that purpose, we
make the Klein transformation

olt) = ey (), (33)
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where y is the wave function such that p = |y|*.
Substituting Eq. (33) into Eq. (1) and taking the limit
¢ — 400, we obtain the GP equation

d—w—l—éith/ = m—dV

h
a2 dly]?

W (34)
for a nonrelativistic spatially homogeneous SF. On the
other hand, in the nonrelativistic limit, Eqgs. (2) and (3)
become

€~ pc?, P/c* = 0. (35)
As explained previously, it is convenient to work in terms

of hydrodynamic variables. We write the wave function
under the Madelung form

(1) = /p()es" (36)
and introduce the energy
ds
E(t) = I (37)

Substituting Eq. (36) into the GP equation (34) and
separating real and imaginary parts, we get

ldp 3da

-——+—-——=0, 38

pdt adt (38)
E=mV'(p). (39)

On the other hand, using Eq. (35), we find that the
Friedmann equation (5) takes the form

3H?

> ). 4
852G =7 (40)

We also note that the energy equation (4) reduces to
Eq. (38). It can be integrated into p « 1/a* which, together
with Eq. (40), leads to the EdS solution a  */3 and
p = 1/6xGt*. Equations (38)—(40) can also be obtained
from the general hydrodynamic equations derived in
[77-79] by considering the particular case of a spatially
homogeneous SF in the nonrelativistic limit ¢ — +oo0.

Finally, comparing Eqgs. (8), (33) and (36) we find that
St =S —mc*t and Ey = E + mc?. Substituting this
decomposition into Eqs. (10)-(12) and taking the limit
¢ — +oo we recover Egs. (38)-(40). We also find that
Eq. (15) reduces to

P=—3- (41)

Remarks: the hydrodynamic equations (10)—(12) and
(38)—(40) do not involve viscous terms because they are

PHYSICAL REVIEW D 95, 063515 (2017)

equivalent to the KG and GP equations. As a result, they
describe a superfluid. We note that Eq. (11) for S, () or
E. (1) is necessary in the relativistic case in order to have a
closed system of equations [since E, appears explicitly in
Egs. (10) and (12)] while Eq. (39) for S(#) or E(r) is not
strictly necessary in the nonrelativistic case [since E does
not appear in Eq. (38) and (40)].

F. The quartic potential

In the case where the SF describes a BEC at zero
temperature, the self-interaction potential can be written as

2ragm

==

V() o[, (42)

where m is the mass of the bosons and a; is their scattering
length (see Appendix B for other expressions of the
self-interaction constant). A repulsive self-interaction
corresponds to a, > 0 and an attractive self-interaction
corresponds to a;, < 0. In the first case, a, may be
interpreted as the “effective radius” of the bosons if we
make an analogy with a classical hard spheres gas.

In terms of the pseudo rest-mass density p and wave
function y, the quartic potential (42) can be rewritten as

2ra h? 2rah?
V(ﬂ):m—gpz, V(lwl?) = 3 |t (43)

From Egs. (28) and (29), we obtain

2rah®
—_= 3 p s

dragh?
C% = 3 P- (44)
m

P(p) -

The pressure law P(p) corresponds to a polytropic EOS of
index y = 2 (quadratic).

III. THE CASE OF A QUARTIC POTENTIAL WITH
A POSITIVE SCATTERING LENGTH

From now on, we restrict ourselves to a SF with a quartic
potential given by Eq. (42). We focus on the evolution of a
homogeneous SF in the regime where its oscillations are
faster than the Hubble expansion. We first consider the case
of a SF with a positive scattering length a, > 0 correspond-
ing to a repulsive self-interaction (the noninteracting case
corresponds to a, = 0). This is the most studied case in the
literature. A very nice study has been done by Li et al. [94].
Here, we complement their study and provide more explicit
analytical results.

A. The basic equations

The equations of the problem are

8ma,h? Om
P\t —5 5P ="%, (45)
mic a
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3H? 6ragh’
872G —p(l e~ /’)’ (46)
6ragh’
€:pcz<l+%p>, (47)
m’c
2na h?
P== P2 (48)
27a,h?
w = m3602 52 s (49)
1+ ZﬁYLz P
/ 8ra,h?
E = mey 1+ Wﬂ. (50)

Equation (47) gives the relation between the energy density
e and the pseudo rest-mass density p. This is a second
degree equation for p. The only physically acceptable
solution (the one that is positive) is

m3c? 24na h?
= 1+—=—e—1]. 51
’ 12za,h? ( * ¢ ) 51

m3ct
Combining Egs. (48) and (51), we obtain the EOS
[84,88,94]:

2
m3c* 24nma h?
P=—— l+—2—e—-1]. 52
T2ra,h? + m3c* ¢ (52)

It coincides with the EOS obtained by Colpi et al. [54]
in the context of boson stars (see also [56]). For a non-
interacting SF (a; = 0), Eq. (52) reduces to P = 0 meaning
that a noninteracting SF behaves as pressureless matter.

B. The evolution of the parameters
with the scale factor a

The evolution of the pseudo rest-mass density p with the
scale factor a is plotted in Fig. 1 (in the figures, unless
otherwise specified, we use the dimensionless parameters
defined in Appendix C). It starts from +oco at @ = 0 and
decreases to 0 as a - +o0. For a — 0:

0*m3c¥\ 13 1
~ == —. 53
p <8ﬂash2 a? (53)
For a - +o0:
Om

The evolution of the energy density ¢ with the scale
factor a is plotted in Fig. 2. It starts from +oc0 at @ = 0 and
decreases to 0 as a - +o0. For a — 0:
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a
FIG. 1. Pseudo rest-mass density p as a function of the scale
factor a.
102E E
w
10°f- .
L | | | | IR
le-06 0.0001 0.01 1 100 10000
a

FIG. 2. Energy density € as a function of the scale factor a.

6ra,h? 1
€~ jmé P> ~=(Q*mman>c*)\3— . (55)
m 2 a
For a — +o0:
2
€~ pct~ me . (56)
a

The pressure is always positive. It starts from +oo0 at
a = 0 and decreases to 0 as @ - +o0. For a — 0:

1 1 1
P~ 3€~5 (Q*zmagh*c*)!/3 L (57)
For a — +oo0:
2rah? , 2mah?Q?
S, 2mah O, (58)

m3ct ma

The relationship between the pressure and the energy
density is plotted in Fig. 3.
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it N

~ 10’F 7
10°F -
10-18 % [ Lo L um [ 7

1e-08 1 1e+08 le+16

FIG. 3. Pressure P as a function of the energy density e.

The evolution of the EOS parameter w = P/e with the
scale factor a is plotted in Fig. 4. It starts from

(59)

1
w, = —
"3

when a = 0 and decreases to 0 as a — +co. For a — 0:

1 1 m*c® \?3
SR LA R 60
"3 6<ﬂash2Q> ¢ (60)
For a — +o0:
2rma h’Q
A (61

The total energy E,, starts from +oo at a =0 and
decreases up to mc? as a — +oo. For a — 0:

Ey N <87msh2Q> 13 1 (62)

mc? m2c? a’

0.4

0.3

202

0.0001 0.01

100

a

FIG. 4. EOS parameter w as a function of the scale factor a.
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For a - +o0:

Eio 4mah*Q
—=14+—5. 63
mc? i m*c?a’ (63)

C. The temporal evolution of the parameters

In this section, we determine the temporal evolution of
the parameters assuming that the Universe contains only
the SF. For a quartic potential with a, > 0, the differential
equation (24) becomes

ma,h® 8ma,h> N2

dp\2 L (1 4+ 255 p) (1 + 244 p)

(E) = 2477.'Gp ora I 2 . (64)
(I +=52p)

The solution of this differential equation which satisfies
the condition that p - 400 as t — 0 is

+oo (1 + 6x)dx 12Gm3c*\ 12
> 3/2 1/2 = 2 t. (65)
wa? ) x5 (1 + 3x) /2 (1 + 4x) ash

2

m>c

The integral can be computed analytically:

/ (1 4 6x)dx
x32(1 4 3x)172(1 + 4x)
B 4 X 3 14 3x
= 4tan ( 1+3x> 24/ PR (66)

From these equations, we can obtain the temporal
evolution of the pseudo rest-mass density p(7). Then, using
Egs. (45)—(50), we can obtain the temporal evolution of all
the parameters. The temporal evolution of the scale factor a
is plotted in Fig. 5. It starts from ¢ =0 at r =0 and
increases to +oo as t = +o00. We do not show the other
curves because they can be easily deduced from Figs. 1, 2
and 4 since a is a monotonic function of time. However,
we provide below the asymptotic behaviors of all the
parameters.

2500

2000

1500

1000

500

. | | I
0 20000 40000 60000 80000
t

FIG. 5. Temporal evolution of the scale factor a.
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For t — 0:
4GB0 A2\ 1/12
i (&) i, (67)
c
m3%c
p~— 68
8whal>G'/%t (68)
32
~— 69
“ Y 324G (69)
2
c
P~— 70
327G (70)
1 2m32G'2¢
E a,h*> \/4 1
me? <m3G62 12 (72)
For t - +o0:
a~ (6gGQmt*)'/3, (73)
# (74)
P 67G*’
2
c
~—— 75
“ Y 6nG (75)
ah?
~— 76
182G?*m3t* (76)
a h?
~— 77
v 3Gm3 22 (77)
Eio 2a,h*
=]+ ——. 78
mc? + 3m3Ge2r? ( )

D. The different eras

In the fast oscillation regime, a SF with a repulsive self-
interaction (a, > 0) undergoes two distinct eras. For a — 0,
the EOS (52) reduces to Eq. (57) so the SF behaves
as radiation. The scale factor increases like a  t'/2. For
a — +oo, the EOS (52) reduces to Eq. (58) so the SF
behaves essentially as pressureless matter (dust) like in
the EdS model.” The scale factor increases like a o 12/3.

>The pressure of the SF is nonzero but since P « ¢? < e for
€ — 0, everything happens in the cosmological Friedmann
equations (4) and (5) describing the large scales as if the Universe
were pressureless. In particular, Eq. (4) implies € « a=* for
a — +oo0 as when P = 0. However, the nonzero pressure of the
SF is important at small scales, i.e. at the scale of dark matter
halos, because it can prevent singularities and avoid the cusp
problem and the missing satellite problem as discussed in the
Introduction (see also Appendix D).
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Therefore, the SF undergoes a radiationlike era (w = 1/3)
followed by a matterlike era (w = 0). Since w > —1/3, the
Universe is always decelerating. As emphasized by Li et al.
[94], the radiationlike era is due to the self-interaction of
the SF (a, # 0). There is no such phase for a noninteracting
SF (a;, = 0). This remark will be made more precise in
Sec. IITE. On the other hand, if we identify the SF as the
source of DM, it is possible to determine its charge Q by
considering its asymptotic behavior in the matterlike era.
It is given by Eq. (E12) of Appendix E.

In conclusion, a SF with a repulsive self-interaction
behaves at early times as radiation and at late times as dust.
We can estimate the transition between the radiationlike era
and the matterlike era of the SF as follows. First of all,
using Egs. (45) and (49), we find that the scale factor
corresponding to a value w of the EOS parameter is

2ra 2O\ /3 (1 —3w)!/?
o= () e

m2c? (79)

Interestingly, this equation provides an analytical expres-
sion of the function a(w), the inverse of the function w(a)
plotted in Fig. 4. If we consider that the transition between
the radiationlike era and the matterlike era of the SF
corresponds to w, = 1/ 6,° we obtain
B V3 (2ma*Q\ /3
“=q\we ) (30
This corresponds to €, = 2p,c> = m3c*/3rwa,h*. In order
to make numerical applications here and in the following
sections, it is convenient to introduce the reference scale
factor a, defined in Appendix C. Using the expression
(E12) of the charge of the SF, we get

_ 27T|0lx|7’v12Q 1/3_ 2717|‘1s|7129dm,0€o 1/3
T m2€2 - m3c4

N\3ev/e
—6.76x10‘7(%> % (81)

Therefore, a, = (v/3/7'/%)a,. According to Eq. (81), we
note that a, depends only on the ratio a,/m> (see Sec. III I).
For a SF with a ratio a,/m?> given by Eq. (D7), we get
a, = 1.26 x 10™. For a SF with a ratio a;/m> given by
Eq. (D23), we get @, = 1.35 x 107>, This analytical result
is in good agreement with the numerical result of Li et al.
[94] (see their Fig. 1).

®This value is obtained by analogy with the standard model
(see Appendix E). Since P, =0 and P, =¢,/3, the EOS
parameter of the standard model (neglecting here dark energy)
is w=P./(e, + €en) = &/[3(€; + €n)]. At the radiation-matter
equality (e, = €,,), we get w = 1/6. This transition value is also
the arithmetic mean of w = 1/3 (radiation) and w = 0 (dust).
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E. Validity of the fast oscillation regime

The previous results are valid in the fast oscillation
regime w >> H. In this section, we determine the domain of
validity of this regime.

For a spatially homogeneous SF, the pulsation is given by
@ =df/dt = (1/h)dS,;/dt = —E,;/ (see Appendix A)
and the Hubble parameter is given by H?> = 87Ge/3c?
(see Sec. IIB). Therefore, the fast oscillation regime
corresponds to

E2,  8xnG
hz > ? €. (82)

Introducing the dimensionless variables of Appendix C, this
condition can be rewritten as

E%, > ¢/o, (83)
where
3a,c?
p— s 84
° 4Gm ( )

is a new dimensionless parameter that can be interpreted as
the ratio 0 = 3a,/2rg between the effective Schwarzschild
radius rg = 2Gm/c?* of the bosons (see Sec. Il H) and their
scattering length a,. Introducing proper normalizations, we
get

o= 5.67x 107 = V€ (85)
fm m
The dimensionless variables E2, and & are plotted as a
function of & in Fig. 6. Their ratio E2,/ is plotted as a
function of @ in Fig. 7. The intersection of this curve with the
line E2,/é = 1/o determines the domain of validity of the
fast oscillation regime.

0.0001 0.01 1 100
a

FIG. 6. Graphical construction determining the validity of the
fast oscillation regime. The transition scale a, corresponds to the

intersection of the curves oE2, and €.
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a

FIG. 7. Ratio (w/H)? as a function of the scale factor a.

Combining Egs. (45), (47), and (50), we find that the fast
oscillation regime is valid for a > a, with

2ra,h*Q\ /3 [3ac?
=== g , 86
@ ( m2c? ) f<4Gm> (86)

where the function f(o) is defined by

1
f(g) :r1/3(1—|—4r)1/6 (87)
with
46— 1+ (4o - 12+ 12
podo it (6” J+ 12 (88)
For o — 0O:
f(0)~— (89)
o)~ —75.
5173
For 6 — +o0:
V31
f(G)NWm- (90)

These asymptotic results can be written more explicitly by
restoring the original variables. When a, = 0:

a,(0) = (M)m. 1)

3mct

This corresponds to €,(0) = p,(0)c? = 3m?c®/8zxGh>.
Using the expression of the charge given by Eq. (E12),
and introducing proper normalizations, we obtain

eV/c2>2/3. (92)

a,(0) =8.17 x 10_23<
m
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This value corresponds to the beginning of the fast oscillation
regime in the noninteracting case (o = mc?/h > H). When
ag > rg:

2G3h4 2\ 1/6
av~<u) . (93)

a,mc'®

Using the expression of the charge given by Eq. (E12),
and introducing proper normalizations, we obtain

1/6 2\ 1/2
a,=6.17 x 10—31(@) (ev/c> L (9%)

a m

This value corresponds to the beginning of the fast oscillation
regime in the strongly self-interacting case.

For a > a,, we are in the fast oscillation regime in which
the SF behaves successively as radiation and matter. For
a < a,, we arein the slow oscillation regime in which the SF
behaves as stiff matter. Therefore, a, marks the end of the
stiff matter era (see Appendix F). A complex SF generically
undergoes three successive eras: a stiff matter era fora < a,,
a radiationlike era for a, < a < a;, and a matterlike era
for a > a,. The transition scales a, and a, are given
analytically by Egs. (86) and (80) respectively. Actually,
the radiationlike era only exists if @, > a,,. This corresponds
to f(6) < v/3/7"/° leading to the condition

3a,c*? 2

8Gm 4
c= >, — =
4Gm 7

202 2’

ie., ag > (95)
When a, < (4/21)rg, the SF undergoes only two successive
eras: a stiff matter era for a < a, and a matterlike era for
a > a,. There is no radiationlike era even though the SF is
self-interacting. This generalizes the result of Li et al. [94]
according to which a noninteracting SF (a, = 0) does not
present a radiationlike era. This result remains true as long
as a; < (4/21)rg. In this regime, the transition scale a,
depends very weakly on the scattering length a, of the bosons
(see below). In the noninteracting case (a;, = 0), a,, is given
by Eq. (91). We note that the transition between the stiff
matter era and the matterlike era happens later with decreas-
ing mass. This is in agreement with the observation of
Li et al. [94] but Eq. (91) provides an explicit analytical
formula refining this statement. This formula, together with
Eq. (E12), displays a m~2/3 scaling for a,(0).

F. Phase diagram

We can represent the previous results on a phase diagram
(see Fig. 8) where we plot the transition scales a,, and a, as
a function of the scattering length a,. To that purpose, it is
convenient to normalize the scale factor a by the reference
value a,(0) given by Eq. (91) that is independent of a,. The
scattering length a,; can be normalized by the effective
Schwarzschild radius rg using the parameter o = 3a,/2rg
defined by Eq. (84). With these normalizations, the
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FIG. 8. Phase diagram showing the different eras of the SF

during the evolution of the Universe as a function of the scattering
length of the bosons in the case of a repulsive self-interaction.

transition scale a, between the slow and fast oscillation
regimes is given by

= f(o)a'/’. (96)

For 0 = 0:

=1. (97)

For 6 =2/7:

For 6 —» +o0:

a, 1 (3\12 1
a1,<o>~m(1) o176 ©9)

The transition scale a, starts from the value a,(0) given by
Eq. (91) for a, = 0, decreases slowly up to a, = (v/3/7"/°)
(2/7)"3a,(0) when a, = (4/21)rs, and decreases like
a}l/ 6 according to Eq. (93) for a; > rg. Therefore, the
domain of validity of the fast oscillation regime is larger
when the self-interaction is stronger (the stiff matter era
ends earlier). On the other hand, the transition scale a,
between the radiationlike era and the matterlike era is
given by

a“__ V3 i
a,(0) 7Y

(100)

It starts from O at a, = 0 and increases like ai/ 3 according
to Eq. (80). The transition scales a,, and a, cross each other
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at ay,=(4/21)rg. At that point a, = a, = (v/3/7'9)
(2/7)'3a,(0).

We can now describe the phase diagram (see Fig. 8).
When a, < (4/21)rg, the SF is in the stiff matter era for
0 <a<a, and in the matterlike era for a > a,.’” When
ay > (4/21)rg, the SF is in the stiff matter era for
0<a<a, in the radiationlike era for a, <a < a,,
and in the matterlike era for a > a,. Therefore, when
ag < (4/21)rg, a, determines the transition scale between
the stiff matter era and the matterlike era. When
ay > (4/21)rg, a, determines the transition scale between
the stiff matter era and the radiationlike era. We note that
the radiationlike era starts earlier and lasts longer as the
self-interaction strength a, increases (the stiff matter era
ends earlier and the matterlike era starts later). This is in
agreement with Fig. 1 of Li et al. [94].

Let us make a numerical application. We first consider a
noninteracting SF. Using the value of m given by Eq. (D3),
we obtain a,(0) = 1.86 x 1078, This is the transition scale
between the stiff matter era and the matterlike era. For a self-
interacting SF, using the values of (m, a,) given by Eq. (DS),
we obtain ¢ = 2.27 x 10% and a, = 1.45 x 10728, In that
case, the stiff matter era (if it really physically exists) ends
very early. On the other hand, using the values of (m, ay)
given by Eq. (D22), we obtain ¢=2.10 x 10' and
a, = 5.14 x 1071, In the two cases ¢ > 2/7 so the SF is
deep in the strongly self-interacting regime and there is a
radiationlike era. Therefore, a, determines the transition
between the stiff matter era and the radiationlike era (see
Sec. IID for the determination of the transition scale
between the radiationlike era and the matterlike era). Our
analytical result a, = 5.14 x 107! is in good agreement
with the numerical result obtained by Li er al. [94] (see
their Fig. 1).

Particular cases: When m = a;, = 0, Egs. (2) and (3)
imply P = ¢, so there is only a stiff matter era. When m # 0
and a; = 0 (noninteracting case), there is only a stiff matter
era and a pressureless matterlike era. The transition takes
place at a,(0) given by Eq. (91). It scales as m~>/3 and
tends to +oo0 when m — 0. When m =0 and a, >0
(massless case), there is only a stiff matter era and a
radiationlike era. The transition takes place at

335302\ 1/6
a, = <m> (101)

Ac®

obtained from Eq. (93) by replacing a, by 4, using Eq. (B1).
It scales as A~'/¢ (assuming Q independent of 1) and tends
to +o0o0 when 4 — 0.

"For a, = 0, the stiff matter era may be connected to the
matterlike era by a short period of inflation with a constant energy
density (plateau) as argued in [98].
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G. Inflation era?

It is well known that a massive real SF with a quartic
potential (or a sufficiently flat potential) undergoes a stiff
matter era followed by an inflation era which is an attractor
of the KGE equations [105,106]. Finally, it oscillates and
behaves on average as radiation and pressureless matter.
We may wonder whether a complex SF also experiences
an inflation era. This would be the case if S, = 0 in the
early Universe because, in that case, it would behave as a
real SF. However, because of the charge conservation
constraint  (15), the condition S, =0 implies
E.; = O = 0. Therefore, the charge of the SF should be
extremely small [95,96] which may be considered artificial.

H. Weakly and strongly self-interacting regimes

We note that the phase diagram of Fig. 8 depends on a
dimensionless control parameter ¢ which is, up to a factor
3/2, the ratio between the scattering length a, of the bosons
and their effective Schwarzschild radius

2Gm
rg =

=265 x 1078
C

v/ fm. (102)
The strongly self-interacting regime corresponds to
a;, > rg and the weakly self-interacting regime corre-
sponds to a; < rg. In general rg is very small. For
example, for bosons with m =2.92 x 10722 eV/c? (see
Appendix D), we have rg = 7.74 x 1077° fm. Therefore,
even when a, ~107% fm we are in the strongly self-
interacting regime, not in the weakly self-interacting
regime, although this value of a; may seem very “small”
at first sight.

We note that the effective Schwarzschild radius of the
bosons is much smaller than their Compton wavelength

n v/
CeV/e (103)
m

de = — =0.197
mc

because their mass m is much smaller than the Planck
mass Mp = (hc/G)"/? = 1.22 x 10'° GeV/c?. For exam-
ple, for bosons with m = 2.92 x 10722 eV/c?, we have
e = 6.75 x 10%° fm.

The condition of validity of the strongly self-interacting
regime can also be expressed in terms of the variables
introduced in Appendix B. Using the dimensionless
self-interaction constant (B1), we find that the strongly
self-interacting regime a, > rg corresponds to

(104)

For bosons with m =292x 10722 eV/c?, we get
2/8m > 1.15 x 107°. Therefore, even when 1/8z ~ 107
we are in the strongly self-interacting regime, not in the
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noninteracting regime 4 = 0 (!). A similar remark was made
in Appendix A.3 of [99] using different arguments.
Therefore, it is important to take the self-interaction of the
bosons into account even if the self-interaction constant
seems to be very small. Many works (see, e.g., [49,50])
neglect the self-interaction of the bosons. Their results may
substantially change if it is taken into account.

Finally, using the dimensional self-interaction constant
(B2), we find that the strongly self-interacting regime
a, > rg corresponds to

87Gh?

Ay > ———=1.295 x 107 eV cn?’.
c

(105)

We note that this bound is independent of the mass of the
bosons.

According to the previous results, the dimensionless
parameter o that measures the strength of the self-interaction
for our problem can be written as

3a, 31 (Mp\? 3A,¢?
o = = —_—— —_— = .
2rg 48z \ m 167Gh?

The weakly self-interaction regime corresponds to ¢ < 1
and the strongly self-interaction regime corresponds to
o> 1. The dimensionless self-interaction constant A has
a different meaning. We can be in the strongly self-
interaction regime ¢ > 1 for our problem even when
A < 1 (weak self-interaction in quantum field theory) due
to the large factor (Mp/m)* when m < Mp.

(106)

I. The ratio a,/m?

Using the expression (E12) of the charge Q of the SF, we
see that the equations of the problem (45)—(50) depend on
the mass m of the SF and on its scattering length @, only
through the ratio a,/ m3.® In this section, we show how
cosmological (large scale) observations can constrain the
ratio a;/m>. We then compare these constraints with the
value of a,/m> obtained from astrophysical (small scale)
observations (see Appendix D).

%This is because, as noted in Sec. IID, the simplified
equations (45)—(50) are obtained in a TF, or semiclassical,
approximation where the quantum potential is neglected
(h = 0). By contrast, the scale a, marking the transition between
the slow and fast oscillation regimes is due to quantum mechanics
(7 # 0) so it depends on the two individual parameters a; and m,
or equivalently a,/m?® and a,/m as is apparent on Eq. (86) with
Eq. (E12). To see the effect of 7 in the equations, it is better to use
the parameter A,/ (mc?)? instead of 4za,h?/m3c* [see Eq. (B5)]
because the appearance of 7 in the latter does not correspond to
the quantum potential and can be absorbed in the self-interaction
constant. Equations (45)—(50) can then be written in terms of
A/ (mc?)? only, in which 7 does not appear (TF approximation).
By contrast, a, given by Eq. (96), depends on m/h [through
Egs. (91) and (E12)] and on Ay ? [through Eq. (106)], in which
h appears explicitly.

PHYSICAL REVIEW D 95, 063515 (2017)

Following Li et al. [94], we impose that, at the epoch of
matter-radiation equality, corresponding to the scale factor
deq = 2.95 x 107* (see Appendix E), the SF should be
nonrelativistic, i.e., it should behave as pressureless matter
(CDM-like phase). This is a constraint imposed by CMB.
This condition can be expressed by the inequality

W(aeg) < 1. (107)
where y is a small constant that Li et al. [94] take equal
(somehow arbitrarily) to y = 1073, In the matterlike era

where w < 1, the function w(a) can be approximated by
Eq. (61) so that

_ 2nah’Q

w(aeq) = 7m2c2agq .

(108)
Using the expression (E12) of the charge Q of the SF and
the expression (E9) of the scale factor at the epoch of
matter-radiation equality, we obtain

2ﬂash2€0§2dmy09ilo
W(deq) = PR ToC R (109)
r,0
Introducing proper normalizations, we get
\V4 2\ 3
W(deg) = 1.20 x 10—8%1 (%) . (110)
The condition of Eq. (107) implies
4Q3
s o XTEO (111)
m® = 2w Qg 023 €0
1.€.,
\V4 2\ 3
fa—s (e /< ) <831 x 10%, (112)
m\ m

Using the results of Appendix B, we analytically recover
the result A,/(mc?)? <4.07 x 10717 cm?/eV of Li et al.
[94] [see their Eq. (38)].

Using astrophysical considerations related to the mini-
mum size of DM halos (Fornax) observed in the Universe
and interpreted as the ground state of a self-gravitating
BEC (see Appendix D), we find that the ratio a,/m> has
the value (a,/fm)((eV/c?)/m)*> = 3.28 x 103 leading to
Ww(deq) = 3.94 x 107>, These values are much smaller than
the bounds implied by Eqs. (107) and (112) for y = 1073,
These inequalities are fulfilled by two orders of magnitude.
The same remark applies to the values (a,/fm)
((eV/c?)/m)? =410 x 10° and w(ae,) =4.92x 107
corresponding to the fiducial model of Li ef al. [94].
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Actually, we can relate the EOS parameter w(a,,) at the
epoch of matter-radiation equality (cosmology/large scales)
to the minimum size R of the DM halos observed in the
Universe (astrophysics/small scales). Indeed, combining
Egs. (109) and (D5), we get

2€0GR2Qdm.0Q§m()
w(aeq - et Q3 0 ’
r,

(113)

Introducing proper normalizations, Eq. (113) can be
rewritten as

R \2
W(aeq) =394 x 10_5 (k—pc> . (114)

The condition w(ae,) < 107 corresponds to a minimum
halo size less than R = 5.04 kpc, a condition which
is observationaly realized. Inversely, taking R = 1 kpc
(Fornax), we get w(ae,) =3.94x 107>, Taking R =
1.12 kpc, corresponding to the fiducial model of
Li et al. [94], we get w(deq) = 4.92 x 107°.

We can also compare the scale a, corresponding to the
transition between the radiationlike era and the matterlike
era of the SF (see Sec. Il E) with the scale a. correspond-
ing to the matter-radiation equality. Combining Eqgs. (80)
and (108), we obtain

izﬁw(a )i/3
o 76N

(115)
We first note that the condition w(a.,) <1 is equivalent
t0 a, < agy, 1.€., the transition between the radiationlike
era and the matterlike era of the SF must take place
long before the standard radiation-matter equality.
Taking w(ae,) < 1073, we obtain the constraint a,/de, <
0.125. Taking w(aeq) = 3.94 x 1073, corresponding to the
model of Appendix D (Fornax), we obtain a,/a.q =
4.26 x 1072, Taking w(aeq) = 4.92 x 107, corresponding
to the fiducial model of Li et al. [94], we obtain
a,/aeq = 4.59 x 1072, Since a, is much below a., we
confirm that, at the radiation-matter equality epoch, the
SF behaves as pressureless matter, i.e., it is nonrelativistic.

Finally, we can obtain the value of the ratio y = egp/€,
between the radiation of the SF and the standard radiation
in the radiationlike era of the SF (see Appendix E).
Combining Egs. (E15) and (109), we obtain

27\ V3 Qymo |
= | — - /3
g <l6> Qm.O W(aeq) '

(116)

We first note that the condition w(aeq) < 1 is equivalent to
1 < 1 i.e. the radiation of the SF must be much smaller
than the standard radiation. Taking w(ae,) < 1073, we
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obtain the constraint u < 0.100. Therefore, the energy of
SF radiation must be about one order of magnitude smaller
than the energy of standard radiation. Taking w(deq) =
3.94 x 107>, corresponding to the model of Appendix D
(Fornax), we obtain u = 3.42 x 1072, Taking w(aey) =
4.92 x 1073, corresponding to the fiducial model of
Li et al. [94], we obtain y = 3.68 x 1072, This is in good
agreement with the value inferred from their Fig. 3. We
also find that the effective temperature of the SF [see
Eq. (E22)] is T = 0.43T.

We can be more precise by introducing the fraction of
standard radiation Q. =¢,/e¢ and the fraction of SF
Qqr = egp/€. During the radiationlike era of the SF, i.e.
for a, < a < a,, since ¢, and egp both decay as a™, the
fraction of SF has a constant value

€sr H

esp+6 pt 1

Qgqi(plateau) = (117)
For the fiducial model of Li et al. [94], we obtain
Qqr(plateau) = 3.55 x 1072 in good agreement with the
value inferred from their Fig. 3. More generally, using their
constraint coming from BBN [94],

0.028 < Qgg(plateau) < 0.132, (118)

we obtain 2.88 x 1072 < u < 0.152, giving [see Eq. (E17)]

2\ 3
1.95 x 10° < fa— (%> <287x105.  (119)
m m

Using the results of Appendix B, we analytically
recover the result 9.54 x 10719 eV~lem?® < A,/ (mc?)? <
1.40 x 10716 eV~! cm? of Li et al. [94] [see their Eq. (43)].
The cosmological constraints corresponding to the bounds
of Eq. (118) are illustrated in Fig. 9.

The approach of Li ef al. [94] is more general than ours
because they make precisely the matching between the slow
oscillation regime and the fast oscillation regime. This allows
them to obtain precise bounds on m and a, from BBN.
We can, however, obtain a bound on m by the following
(rough) argument. We require that the stiff matter era is
over at the beginning of the neutron-proton ratio freeze-out
njp ~ 10710, ie., when BBN begins. This leads to the
constrainta, < a,,. Using Eq. (94), we obtain the condition

6.17 x 1073 /fm) /6 1/2
oS x (2T (120
eV/c n/p a, eV/c

Combining this equation with Eq. (119), we obtain the
constraint

m>1.75x 1072 eV/c? (approx) (121)
which is very close to the exact constraint m > 2.4 X

10721 eV /c? obtained by Li et al. [94].
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FIG. 9. Evolution of the fraction of the energy density of each
component (standard radiation, SF, baryons, DE) during the fast
oscillation regime of the SF (see Appendix E 3). We have taken
the values of (m,a,) corresponding to the fiducial model of
Li et al. [94] (full lines). The dashed and dotted lines correspond
to the models leading to the bounds of Eq. (118). In this figure, a
is the true scale factor (not a). Figure 3 of Li ef al. [94] is more
general since it takes into account the stiff matter era that prevails
for a < 10710,

In conclusion, we confirm the important results of Li
et al. [94]. An interest of our approach is that we obtain all
the relevant quantities analytically, so we can understand
better where they come from. This also allows us to play
more easily with the parameters. The case of a SF at
nonzero temperature (7'sg # 0) will be considered in a
future work [107].

Remark: As shown by Li et al. [94], cosmological
constraints from CMB and BBN exclude the possibility that
the bosons are noninteracting. Indeed, according to the
inequality of Eq. (119) resulting from the constraint (118)
coming from BBN, the SF must be self-interacting. If we
ignore the constraint (118), take a, = 0, and impose the
constraint a,(0) < a,/,, we find from Eq. (92) that
m >7.38 x 107! eV/c?. This cosmological constraint is
in contradiction with the astrophysical constraint of Eq. (D3).
This confirms that the SF must be self-interacting.

IV. THE CASE OF A QUARTIC POTENTIAL WITH
A NEGATIVE SCATTERING LENGTH

We now consider the case of a SF with a negative
scattering length a, < 0 corresponding to an attractive self-
interaction. This is the case, for example, of the axion field
that has been proposed as a dark matter candidate.

A. The basic equations

The equations of the problem are

{ 8xlag|h*  Om
p m3C2 p_ a3 ’

(122)
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3H? 6r|a,|h?
2= p(1 =2, 123
87G p< m3c? P (123)
6m|a,|n?
62/)6'2(1—%/)), (124)
m’c
2”|as|h2 2
P=-T0 (125)
_2Jr\ax|h2
m3cz
w = —] _6ﬂ“;x|2h2 , (126)
8 n?
Eg = mc2y /1 —%p. (127)
m’c

Solving Eq. (124) for p, we find two acceptable solutions

m3c? 24zx|a,|h?
=——— [ 1+£4/1-—""—€]. 128
P 127|a,|h? ( mict © (128)

Substituting Eq. (128) into Eq. (125), we obtain the EOS

2
m3c* 247x|a,|n?
P=———— 1441 ——"2— . 129

727 |a|h? mict (129)

B. The evolution of the parameters with
the scale factor a

The evolution of the pseudo rest-mass density p with the
scale factor a is plotted in Fig. 10. The curve p(a) has two
branches. These two branches start from the same point
corresponding to the minimum scale factor

20\ 1/3
a — (12\/§7T|(ls|h Q) (130)

0.25

0.2

Q0.15

0.1

0.05

FIG. 10. Pseudo rest-mass density p as a function of the scale
factor a.
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and to the density

m362
= 131
P 12za, | n (131)
For a — a;:
| [a
p=pi|llE 2<——1>]. (132)
a;

On the “normal” branch (sign —), the pseudo rest-mass
density decreases as the scale factor increases and asymp-
totically tends to 0. For a — +o0:

Om

P~
a3

(133)

On the “peculiar” branch (sign +), the rest-mass density
increases as the scale factor increases” and asymptotically
tends to a maximum density

m3c?
=—. 134
pA 8ﬂ|as|h2 ( )
For a — +o0:
87Q|a,|n*\?
P=pa {1 - (%) ] (135)
mec-a

The evolution of the energy density ¢ with the scale
factor a is plotted in Fig. 11. It starts at @ = a; from

1 m3ct

_ 2
€ = 5pic

= 136
2 247|a, |’ (136)

For a — a;:

]

~¢ [1 _2<a£,~_ 1) i%ﬁ <aﬁ— 1>3/2} (137)

On the normal branch, the energy density decreases as the
scale factor increases and asymptotically tends to 0. For
a — +oo:

’ Qmc?
€~ pct~

(138)

On the peculiar branch, the energy density decreases as the
scale factor increases and asymptotically tends to a mini-
mum density given by

1 m3c?

_ 2
€A = 7 PAC

=" 139
4 32x|a,|n? (139)

?Although the pseudo rest-mass density increases with the
scale factor, the Universe is not phantom, contrary to our claim in
Ref. [77]. Indeed, as shown below, the energy density e always
decreases with the scale factor a, even on the peculiar branch.
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FIG. 11. Energy density € as a function of the scale factor a.

For a —» +o0:

3 1 870)|a,|h>\2
€:4pA62_2pC2:€A|:1+2(]11202a3 . (140)

The evolution of the pressure P with the scale factor a is
plotted in Fig. 12. The pressure is always negative. It starts
at a = a; from

1 m3c* &
Pi=——pict == —", 141
ST T a3 14D
For a — a;:

pzpi(liz\/fi):ﬂ thml

On the normal branch, the pressure increases as the
scale factor increases and asymptotically tends to 0. For
a — +o0:

(142)

2nla,|n* 2 2 ag|n*Q*
— € N — =

~ 0. 143
m3ct ma® (143)
0 T
()
-0.02 —
ai
Pi
=9
-0.04{ -
(P)
_006: _______________________ PA —
| | L |
2 3 4 5
a
FIG. 12. Pressure P as a function of the scale factor a.
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0
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€
FIG. 13. Pressure P as a function of the energy density e.

On the peculiar branch, the pressure decreases as the scale
factor increases and asymptotically tends to the minimum
value

PA:_eA' (144)

For a - +o0:

g (145)

2\ 2
P=€—2€A=—€A[I—Z<M> ]

The relationship between the pressure and the energy
density is plotted in Fig. 13. The normal branch corre-
sponds to 0 <p<p;, 0<e<e¢;, and P; <P <0. The
peculiar branch corresponds to p; < p < pp, €x <€ <€,
and P, <P <P,

The evolution of the EOS parameter w = P/e with the
scale factor a is plotted in Fig. 14. The EOS parameter is
always negative. It starts at a = a; from

1
0
N)
0.2 —
4
04 W _
z
-0.6 |
-0.8 —
(P)
\ ‘ \ ‘
-1 2 3 4 5
a

FIG. 14. EOS parameter w as a function of the scale factor a.
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e

On the normal branch, w increases as the scale factor
increases and asymptotically tends to 0. For a - +o0:

For a — a;:

(147)

Wz—g

2zla,|n*Q
W~ ————5—.

m?c?a’

(148)

On the peculiar branch, w decreases as the scale factor
increases and asymptotically tends to

wy = -1 (149)
For a — +4o0:
871'Q|as|h2 :
=144 ——=] . 150
v + < m?ca’ (150)
The total energy E,,/mc? starts at a = a; from
E); 1
(G ‘°‘2)' =—. (151)
mc V3
For a — a;:
E\o 1 2(a
=— ——=1). 152
me? /3 T3 a; (152)

On the normal branch, E,,/mc? increases as the scale
factor increases and asymptotically tends to 1. For
a — +oo:

E, tot

mc2

Anla,|h*Q

m2 C2a3

=] (153)

On the peculiar branch, E,, decreases as the scale factor

increases and asymptotically tends to 0. For a — +o0:
Eio - 87Q|a,|n*

2 m202a3

(154)

mc

C. The temporal evolution of the parameters

In this section, we determine the temporal evolution of
the parameters assuming that the Universe contains only
the SF. For a quartic potential with a; < 0, the differential
equation (24) becomes

dp\? (1
— | =24 3
(dt) 7Gp

__ 6xa,|h?

PRy P)(l

|n? N2
(1 - 22 )

__ 8xla,|h?
mc?

p)z_

(155)
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FIG. 15. Temporal evolution of the scale factor a.

The solution of this differential equation which takes the
value p; at t =0 is

1/6 1 —6x)d 12Gm3c?
/ > 372 ( f/>2 - - mzc . (156)
Hasl, x° (1 =3x)"2(1 —4x) lag|h
The integral can be computed analytically:
/ (1 —6x)dx
x¥2(1=3x)2(1 — 4x)
1 -3x 24+ V1 =3x+3x
=-2 +2In
X 24+ V1 -3x-3x

+2ln<%§c>.

(157)

From these equations, we can obtain the temporal evolu-
tion of the pseudo rest-mass density p(f). Then, using
Egs. (122)—(127), we can obtain the temporal evolution of
all the parameters. The temporal evolution of the scale factor
a is plotted in Fig. 15. It starts from @ = a; at t = 0 and
increases to +oo as t — o0 on the two branches. We do not
show the other curves because they can be easily deduced
from Figs. 10, 11, 12 and 14 since a is a monotonic function
of time on the two branches. However, we provide below the
asymptotic behaviors of all the parameters.

For t — O:
4nGp\ 2 4V2 (4nGp;\5/*
=~ (1. 1 ot :l:_ ot 5/2
. [ +< 3 > 5\ 3 =
(158)
162Gp;\ /4
p:,,i[u( ”3”’) \ﬁ}, (159)
47Gp,\ 12
ezei[1—2<”Tp’> r}, (160)
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1 N 1/4
PzP,{li2<@) \ﬁ}, (161)
1 1 N\ 174
we= ol g (1OTGPN T A 162)
3 3
Eo 1 2(a
= ——=1]. 163
mc? /3 T3 a; (163)
On the normal branch, for t - +oo:
a~ (62GQOmt*)'/3, (164)
; (165)
PG
2
c
~— 166
€~ 6nG (166)
|ag|n?
Pr—e— 167
18zm3G2r* (167)
|ag|n?
~N—— 168
3m3c2Gr (168)
Eio 2|as|f12
—~ - 169
mc? 3m3crGr? (169)
On the peculiar branch, for ¢t - 4o0:
2\ 1/3
an~ <78”Q|2a‘;|h ) ! e=A/120=1/6 o GrGpp) 2t (170)
m-c
where
2 -2
A= —2f3+21n[( VOt V3 +3)(V6-2) . (171)
2vV6+v3-3)(V6+2)

Numerically, A = —6.09802.... The other parameters con-
verge towards their asymptotic values determined in
Sec. IV B exponentially rapidly.

Remark: If we assume that the Universe contains only a
SF with an attractive self-interaction, and if we assume that
the fast oscillation regime is always valid (see, however,
Sec. IVE), we find that the Universe emerges from an
initial state in which the scale factor is nonzero and the
energy density is finite. This initial state is nonsingular for
what concerns the values of p;, €; and a;. However, it is
singular because the time derivative of the pseudo rest-mass
density p is infinite: p; = oo. This is different from the big
bang singularity in which the scale factor vanishes and the
energy density is infinite. There are important claims that
support the idea of a nonsingular Universe, one example
being the case of bouncing Universes where the big bang is
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taken as the beginning of a period of expansion that
followed a period of contraction. These kinds of behaviors
are often referred to as a (nonsingular) big crunch followed
by a (nonsingular) big bang, or more simply, a big bounce
[108-110] (see also [91] in a different context). Our
solution valid for ¢ >0 can be extended to # <0 by
symmetry leading to a big bounce. However, this assumes
that the Universe contains only the SF although this is not
the case in reality.

D. The different eras

In the fast oscillation regime, a SF with an attractive self-
interaction (a,; < 0) undergoes two distinct eras. It emerges
from an initial state where the scale factor g; is nonzero and
the energy density ¢, is finite. The SF does not exist before
a; (see, however, the limitations of our approximations in
Sec. IVE). For a — a;, the EOS parameter tends to
w; = —1/3. This value is the same as for a gas of cosmic
strings'® described by the EOS P = —¢/3. The EOS
parameter w = —1/3 marks the transition between accel-
erating and decelerating Universes. Indeed, for the EOS
P = —¢/3, using the Friedmann equations (4) and (5), we
find that € = e,o/a® so that the scale factor increases
linearly with time as a = (82Ge,/3c*)!/*t. In our model,
the evolution of the scale factor is different but we note that
the leading term in Eq. (158) valid for short times also
scales linearly with ¢. Therefore, it is possible that the early
evolution of our model shares some analogies with a gas of
cosmic strings. At later times, two evolutions are possible.
The normal branch is asymptotically similar to the evolu-
tion of a pressureless Universe like in the EdS model.
Indeed, for a — +o0, the EOS (129) reduces to Eq. (143)
and the EOS parameter tends to 0 [see Eq. (148)] so the SF
behaves essentially as pressureless DM (dust) with an EOS
P =0.""In that case, the scale factor increases algebrai-
cally with time like a « /3. On the other hand, the
peculiar branch is asymptotically similar to the evolution
of a de Sitter Universe. Indeed, the energy density tends to a

Cosmic strings are a type of topological defects which may
have formed during a symmetry breaking phase transition in the
early Universe. The phase transitions leading to the production of
cosmic strings are likely to have occurred during the earliest
moments of the Universe’s evolution, just after cosmological
inflation, and are a fairly generic prediction in both quantum field
theory and string theory models of the early Universe [111-113].

As explained in footnote 5, the pressure of the SF is nonzero
but since P «x —e> < € for € — 0, everything happens at large
scales as if the Universe were pressureless. However, the nonzero
pressure of the SF is important at the scale of DM halos. Contrary
to a repulsive self-interaction that stabilizes the halos, an
attractive self-interaction has the tendency to destabilize the
halos. Stable halos with a; < 0 can exist only below a maximum
mass [70,99,100]. For QCD axions, this mass is too small to
account for the mass of DM halos. It becomes of the order of DM
halos in the case of ultralight axions with a very small self-
interaction (see [70,99,100] and Appendix D).
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constant given by Eq. (139) and the EOS parameter tends to
wp = —1 [see Eq. (149)] similar to the EOS parameter of
DE with an EOS P = —e¢ [see Eq. (144)]. In that case, the
scale factor increases exponentially rapidly with time like
a o e(27Gra/3)'"1  Therefore, the SF undergoes a cosmic
stringlike era (w = —1/3) followed by a matterlike era
(w=10) on the normal branch or a de Sitterlike era
(w = —1) on the peculiar branch. On the normal branch,
since w> —1/3, the Universe is always decelerating.
On the peculiar branch, since w < —1/3, the Universe is
always accelerating. In conclusion, a SF with an attractive
self-interaction behaves at early times as a gas of cosmic
strings and at late times as DM (normal branch) or as DE
(peculiar branch). We note that the cosmic stringlike era
and the peculiar branch are due to the attractive self-
interaction of the SF.

In the fast oscillation regime, the SF exists only for
a > a; where qa; is given by Eq. (130). Using Eq. (81)
relying on the expression (E12) of the charge of the SE,'
we can obtain a; = (61/3)'/3a, as a function of the ratio
a,/m>. In order to be consistent with the observations, we
must require that ¢; < @eq = 2.95 x 107, Using Eq. (E9),
we obtain the constraint

Q3
|as3| 5 1.0 - (172)
m* 12V/31h2e0Qqm 0
Introducing proper normalization, we get
\Vs 2\ 3
las| (e /e ) < 8.00 x 106. (173)
fm m

For a QCD axion field [see Eq. (D17)], we obtain (|a,|/fm)
((eV/c?*)/m)? =58 x 1072° and a; = 5.69 x 10715, For
an ultralight axion [see Eq. (D19)], we obtain (|a,|/fm)
((eV/c?)/m)?=1.06x10° and a;=1.50x 107>, Therefore,
the constraint a; < a4 is verified.

We can estimate the transition between the cosmic
stringlike era and the matterlike era (normal branch) or
the de Sitter-like era (peculiar branch) of the SF as follows.
First of all, using Eqgs. (122) and (126), we find that the
scale factor corresponding to a value w of the EOS
parameter is

2xla,|W?Q\ 13 (1 —3w)!/?
a = .
m2c2 |W|1/3(1+W)1/6

Interestingly, this equation provides an analytical expres-
sion of the function a(w), the inverse of the function w(a)
plotted in Fig. 14. If we consider that the transition between

(174)

“In principle, this expression is only valid for the SF on
the normal branch which asymptotically behaves as DM. The
SF on the peculiar branch which behaves as DE is treated in
Sec. IVG.
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the cosmic stringlike era and the matterlike era of the SF

(N)

corresponds to w; ' = —1/6 (the arithmetic mean of

w = —1/3 and w = 0), we obtain
(N)
a; V3

Similarly, if we consider that the transition between the
cosmic stringlike era and the de Sitter-like era of the SF

(P)

corresponds to w; ' = —2/3 (the arithmetic mean of

w=—1/3 and w = —1), we obtain
(P)
a; \/§

The transition scales aSN) and aEP) are very close to a; so

that the duration of the cosmic stringlike era is extremely
short. On the other hand, for QCD and ultralight axions, the
transition scales aSN) and aEP) are below a.q = 2.95 x 1074
by several orders of magnitude so that, at the equality
epoch, the axionic SF already behaves as DM (normal
branch) or DE (peculiar branch).

E. Validity of the fast oscillation regime

The previous results are valid in the fast oscillation
regime @ > H. In this section, we determine the domain of
validity of this regime.

In terms of dimensionless variables, the condition w > H
can be expressed by Eq. (83) where o is given by Eq. (84) in
which a, is replaced by |a,|. The dimensionless variables E2,
and € are plotted as a function of a in Fig. 16. Their ratio
E2, /& is plotted as a function of & in Fig. 17. The intersection
of this curve with the line E2,/é = 1/c determines the
domain of validity of the fast oscillation regime.

We first consider the normal branch. Since E2, (corre-
sponding to @?) increases with the scale factor a up to 1

1

0.8~

e and E "

04r-

02

FIG. 16. Graphical construction determining the validity of the
fast oscillation regime. The transition scale a), corresponds to the
intersection of the curves oE2, and €.
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FIG. 17. Ratio w/H as a function of the scale factor a.

while & (corresponding to H?) decreases to 0, the fast
oscillation regime E2, > &/c (corresponding to o > H)
will be valid for any a > q; if it is valid at a = a;.
Since (E2,); =1/3 and & = 1/12, we find that the fast
oscillation regime is valid for any a > a; when

Gm 1

lay| > ?:grs-

o>, ie. (177)

4

When ¢ < 1/4, the fast oscillation regime starts to be valid
for a > a, with

2xla,|W?Q\ /3 [3|a,|c?
= > - , 178
o ( m2c? I\ 4Gm (178)
where the function g(o) is defined by
= —1 179
g(o)_r]/3(1_4r)]/6 ( )
with
4 1—+/(4 1)?-12
Pt o+ 1)~ 120 (180)
6
For ¢ — 0:
1
9(o) N (181)
For 6 — +4o0:
g(o) ~ 24361/ (182)

The function g(o) takes its minimum value g, =
21/34/3 =2.18225... at 6 = 1/4. These asymptotic results
can be written more explicitly by restoring the original
variables. When a;, = 0, we find that @/, is given by Eq. (91)
corresponding to the beginning of the fast oscillation
regime in the noninteracting case. When |a,| = rg/6, we
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get a/, = a;. When |aSL > rg/6, the fast oscillation regime
is valid for any a > a;. ° We may wonder what happens to
the SF in the early Universe, before the fast oscillation
regime. Is there a stiff matter era? Does the stiff matter era
exist for any value of a; < 0?7 A stiff matter era must exist
in the early Universe if |a,| is sufficiently small since it
exists during a finite period of time 0 < a < a,(0) when
|ay] = 0 and it cannot disappear suddenly when a; < 0.
In Sec. V we argue that the stiff matter era exists for
a; < a < d), when |ag| < rg/6 and does not exist anymore
when |a,| > rg/6. We also argue that, in the very early
Universe, for 0 < a < a;, the SF undergoes an inflation
era. However, in order to investigate these regimes, we need
to solve the exact equations (10)—(12), taking quantum
terms into account. This study would be particularly
important to determine the duration of the inflation era
(if there is really one), and its connection to the stiff matter
era when |a,| < rg/6 or its connection to the matter era
when |a,| > rg/6 (in particular, the inflation era is expected
to stop long before a;). However, this study is beyond the
scope of this paper. _

We now consider the peculiar branch. Since EZ, (corre-
sponding to ®?) decreases to 0 with the scale factor a while
(corresponding to H?) decreases to €, = 1/16, the fast
oscillation regime @ > H is not valid for large a. If
o < 1/4, the fast oscillation regime is never valid. If
o > 1/4, the fast oscillation regime is only valid for a <«
a, where a, is given by Eq. (178). The asymptotic results can
be written more explicitly by restoring the original variables.
When |a,| < rg/6, the fast oscillation regime is never valid.
When |a,| = rg/6, we get a,, = a;. When |a | > rg:

, (7687r2|ax|3h4Q2)1/6
ay=|——z5— .

: 1

Using the expression of the charge given by Eq. (E12) (see,
however, footnote 12), and introducing proper normaliza-
tions, we obtain

1/2 2\ 7/6
a;;21.55x102(:—s> (ev/c> . (184)

m m

This value corresponds to the end of the fast oscillation
regime in the strongly self-interacting regime. We may

" Actually, the fast oscillation condition @ > H is a necessary
but not a sufficient condition for the validity of Egs. (122)—(127).
We must also require that > p/p (see Appendix A). This
condition is never realized by the solution of Egs. (122)-(127)
close to a; since p; is infinite. This means that Eqgs. (122)—(127)
are never valid close to a;, even when @ > H. If we remember
that Eqgs. (122)—(127) are obtained from the exact equations (10)-
(12) by neglecting the terms involving 7 (see Sec. I D), i.e. by
neglecting the quantum potential, we come to the conclusion that
quantum mechanics is important at early times and must be taken
into account. In particular, it will prevent the divergence of p at a;
and regularize the evolution of the SF in the early Universe.
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wonder what happens to the SF in the early (a < a;) and
late (a > a),) Universe when the fast oscillation regime is not
valid. In that case, we have to take quantum mechanics into
account and solve the exact equations (10)-(12). This is
beyond the scope of the present paper but we can make the
following remarks:

(1) It is shown in Sec. V C that the peculiar branch
requires very particular initial conditions, so it is not
clear how it can be connected to another, more
primordial, era before a;. Probably, the SF emerges
suddenly at a nonzero scale factor a; whose exact
value may be affected by quantum mechanics as
discussed in footnote 13.

(i1) Itis arguedin Sec. V C that the de Sitter regime stops
after @/, and that the SF eventually enters in a
matterlike era (so that the Universe passes from
acceleration to deceleration). In between, quantum
mechanics must be taken into account. It is curious,
but not excluded, that quantum mechanics (i.e., the
quantum potential) becomes important at late times,
after a,.

F. Phase diagrams

We can represent the previous results on a phase diagram
(see Figs. 18 and 19) where we plot the transition scales a’,,

a;, aﬁN) and aEP) as a function of the scattering length a;.

To that purpose, it is convenient to normalize the scale
factor a by the reference value a,(0) given by Eq. (91) that
is independent of a,. The scattering length |a,| can be
normalized by the effective Schwarzschild radius rg using
the parameter o = 3|a,|/2rg defined by Eq. (84). With
these normalizations, the scale a; marking the emergence
of the SF is given by

a.
L — (6V/30)'/3. (185)
a,(0)

1()3§ T T T
Cosmic strings 2™ :
10°F E
Matter E
~ 10'F 3
=) ; 3
A ]
< 0 M n
10 -7 fa|=r1y/6 E
Stiff matter -~ Inflation ]
10" - //,/ .

10 )

10" 10° 10"

3la|/2rg

FIG. 18. Phase diagram (mainly hypothetical) showing the
different eras of the SF during the evolution of the Universe as a
function of the scattering length of the bosons in the case of an
attractive self-interaction (normal branch).
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FIG. 19. Same as Fig. 18 for the peculiar branch.

It increases as |a,|'/? according to Eq. (130). It starts from O
at a, =0 and takes the value a; = (v/3/2'%)a,(0) at
|as| = rg/6. Therefore, the SF appears later when |a,| is
larger. On the other hand, the transition scale a/, determin-
ing the beginning (normal branch) or the end (peculiar
branch) of the fast oscillation regime is given by

O glo)c'/3. (186)
For ¢ = 0:
a
au(bo) = 1. (187)
For o0 = 1/4:
a:‘(l”b) - 21—\/2 = 1.37. (188)
For 6 —» +o0:
LENPYERYY (189)
a,(0)

The transition scale a), starts from the value a,(0) given
by Eq. (91) for a; =0, increases slowly up to a; =
(v/3/2'3)a,(0) when |a,| = rg/6, and increases like
lag|'/? according to Eq. (183) for |a,| > rs.

We can now describe the phase diagrams. We first
consider the normal branch (see Fig. 18). When
las| = 0, the SF experiences a stiff matter era for 0 < a <
a,(0) (slow oscillation regime) and a matterlike era for
a > a,(0) (fast oscillation regime). When 0 < |a,| < r/6,
the SF experiences an inflation era for 0 < a < g;, a stiff
matter era for a; < a < @, (slow oscillation regime) and a
matterlike era for a > a), (fast oscillation regime). When
lag| > rg/6, the SF experiences an inflation era for
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0 < a < a;, a cosmic stringlike era for a; < a < a£N> and

a matterlike era for a > aﬁN). We now consider the peculiar

branch (see Fig. 19). When |a,| < rg/6, the fast oscillation
regime is never valid. When |a,| > rg/6, the SF appears
suddenly at a; (presumably). It experiences a cosmic
stringlike era for a; <a < aﬁ") and a de Sitter-like era,
equivalent to an effective cosmological constant A (see

Sec. IV G), for aﬁP) <a < d,. For a > d), the fast oscil-
lation regime is not valid and the behavior of the SF is
unknown. It may finally enter in a matterlike era (see
Sec. VO).

Let us make a numerical application. For a QCD
axion field [see Eq. (D17)], we obtain ¢ = 3.29 x 104
and a), = 1.73 x 107'2 = 304q;. For an ultralight axion
[see Eq. (D19)], we obtain ¢ =2.87 x 107 and a/, =
3.03 x 107 = 20.2q;. Since ¢ > 1/4, the SF is strongly
self-interacting and the fast oscillation regime is always
valid on the normal branch (see, however, footnote 13).
By contrast, the fast oscillation regime is valid on the
peculiar branch only in a very small range of scale factors.
Remember, however, that the expression of the charge
(E12) used in the calculations is valid only for the normal
branch (see footnote 12) so the numerical application may
not be relevant for the peculiar branch (the peculiar branch
is treated in the next section).

G. Effective cosmological constant

A striking, and relatively mysterious, result of our study is
the discovery that, under certain conditions, a complex SF
with an attractive self-interaction may behave as DE. Indeed,
on the peculiar branch of Fig. 11, the energy density
asymptotically tends to a constant €, . Furthermore, the final
value of the energy density is not very different from its initial
value ¢;. According to Egs. (136) and (139), we have
ex = (3/4)¢;. Therefore, a SF with a negative scattering
length naturally generates a cosmological model with an
approximately constant energy density ~e,. This may be a
physical mechanism to produce a cosmological constant
leading to a de Sitter evolution in which the scale factor
increases exponentially rapidly with time. " This exponential

“Usually, one accounts for DE (or for a cosmological
constant) by adding a constant term V, = ¢,, called the vacuum
energy, in the SF potential V(|¢|?). This introduces a constant
term +¢€, in the energy density € and a constant term —¢, in the
pressure P. However, particle physics predicts that the vacuum
energy is of the order of the Planck energy that differs from 123
orders of magnitude from the cosmological energy. This is the
cosmological constant problem [28-30]. Our model is very
different in this respect since V|, is equal to zero. Our effective
cosmological constant comes from the properties of a complex
SF with an attractive self-interaction that can maintain an almost
constant energy density because of the centrifugal force resulting
from its fast rotation (see Sec. V and Appendix A). This solution
corresponds to a particular case of spintessence [97]. There is no
such solution for a real SF, nor for a repulsive self-interaction.
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growth of the scale factor may account for the early inflation
or for the late acceleration of the Universe. Furthermore, the
attractive self-interaction of the bosons (a, < 0) could justify
that the pressure is negative during these periods and that

== —1. In this section, we try to constrain the parameters of
the SF in order to make the value of the effective cosmo-
logical constant consistent with observations. This section is
highly speculative so that only orders of magnitude will be
considered.

The asymptotic value of the energy density of a SF
with an attractive self-interaction (a, < 0) on the peculiar
branch is

m3c*

E e — 190
327|a,|h? (190)

€A

On the other hand, the energy density produced by a
cosmological constant A is

B Ac?

= 191
872G (191)

€A
Comparing Egs. (190) and (191), we find that a SF with
an attractive self-interaction is equivalent to an effective
cosmological constant

Gm3c?
RVPAT (192)

In the very early Universe, the cosmological constant
may account for the phase of inflation. In that case, the
energy density is of the order of the Planck energy density
ep = ppc> where pp=c’/hG* =5.16 x 10 gm™.
Substituting this value into Eq. (190), we obtain

o] __c _ G (193)
m®  32xh’pp  32rhcd
Introducing proper normalizations, we get
| [eV/e?\?3
|f‘l—‘| <i> — 8.83 x 107197 (194)
m m

In the late Universe, the cosmological constant may
account for the phase of acceleration (ACDM model). In
that case, the energy density is equal to the cosmological
density €5 = Q) 069 =5.25x 1077 gm~'s72 where Q) =
0.687 is the present fraction of DE and ¢y = 3¢’H3/82G =
7.64 x 1077 gm~' s72 is the present energy density of the
Universe. We introduce p, = €, /c*> = 5.84 x 1072* gm™3.
Substituting this value into Eq. (190), we obtain

la| & G
m’ 32xah’p,  12R2Q, (HE'

(195)
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Introducing proper normalizations, we get

a,| <ewc2

(196)

3
> = 7.80 x 10'°.
fm m

Let us make a numerical application. For a QCD axion
field [see Eq. (D17)], we obtain |ay|/m®=5.8x
10726 fm/(eV/c?)® and p, =7.85x 108 gm™. The
value of |a,|/m?® is very different from the one given by
Egs. (194) and (196). We conclude that QCD axions cannot
account for the value of the cosmological constant during
the early inflation or the late acceleration of the Universe.
The early inflation and the late acceleration of the Universe
could be produced by another self-attractive complex SF
with a ratio |a,|/m® given by Egs. (194) and (196).

Let us try to determine the parameters of this hypotheti-
cal SF. The value of the cosmological constant A associated
with the energy density e, = p,c? determines the ratio
las|/m? according to Eq. (190), i.e.,

N c?
m?>  32xhip,

(197)

The beginning of the inflation era identified with g;
determines the charge of the SF according to Eq. (130).
Using Eq. (197), we get

Oom = (198)

8 3
— a; .
3\/§p/\ i

Finally, the end of the inflation era identified (somehow
arbitrarily) with a/, determines the ratio |a;|/m from the
relation

a, 1 3|ay|c?

— = 199
a (6v3)57 ( 4Gm (199)
obtained by combining Eqgs. (130) and (178). In order to
have sufficient inflation, we need a), > a;. This requires

o> 1/4 allowing us to use the approximate expression
(182) of g(o). In that case, Eq. (199) gives

|as|02_ 9 a/v 6
Gm 16\q;)

From Egs. (197) and (200), we obtain

3/d)\3 27 a\°®
=y (a,-) maslasl =500 <ai) ra (201)

where the mass and length scales m, and r, are defined in
Appendix G. Equation (201) determines the mass m and the
scattering length a; of the hypothetical SF producing the
early inflation or the late acceleration of the Universe in our
model. Their precise values depend on the ratio a,/a;.

(200)
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V. THE TOTAL POTENTIAL

A. Spintessence

The total potential of the SF including the rest-mass term
and the self-interaction term is given by

m2c2
T on?

2razm

gl (202)

Vi(lo]?) o +

Using the relation from Eq. (7) between the modulus of the
SF and the pseudo rest-mass density, we can rewrite it as

1 2rmagh? 1 drash?
Vit = Epc2 + 3 p? = Epcz<1 + ) ,0>. (203)

We can study the evolution of the SF in the total potential
Vioi(|@]?) by using a mechanical analogy. To that purpose,
we write ¢ = Re” where R = || (see Appendix A). The
KG equation (A7) takes the form

1 R 3HAR  dV,,
ik A A Y 204
c2drr  c*odt dR R (204)
with
Q2h2C4

This is similar to the equation describing the axisymmetric
motion of a damped particle in polar coordinates, where R

plays the role of the radial distance, 6 the angle, and w = 6
the angular velocity. The fictive particle is submitted to a
friction force —(3H/c%)R (Hubble drag) that tends to slow
it down, a radial force —dV,/dR that tends to decrease R
and a centrifugal force Rw” that tends to increase R. This
centrifugal force is a specificity of a complex SF called
spintessence [97]. For a real SF, there is just the radial force
so the SF descends the potential towards R =0 and
displays damped oscillations about it. Because of the
presence of the centrifugal force, the evolution of a
complex SF is richer. The fast oscillation regime that we
have considered corresponds to a quasistatic equilibrium
between the radial force and the centrifugal force:

dvtot _

i = R (206)

A complex SF has the tendency to spin with angular
velocity o at a fixed radial distance R. However, according
to Eq. (205) the angular velocity decreases as the scale
factor increases. Therefore, the centrifugal force becomes
less and less effective as time goes on. We can nevertheless
maintain a quasistatic equilibrium at any time if dV,;/dR
decreases as the scale factor increases. As a result, the SF
moves towards an extremum of V, either the minimum
(when a; > 0 or a; < 0) or the maximum (when a; < 0).

PHYSICAL REVIEW D 95, 063515 (2017)

100 : ‘ : : : ‘
751 -
=

== S0 -
251 -

0 |
4 0 4

19|

FIG. 20. Motion of the SF in the total potential V,;, when
ay > 0. The zig-zag is a rough representation of the spiralling
motion of the SF in the (3D) potential.

We now describe more specifically the evolution of the SF
in the total potential V(|@|?) for the solutions obtained
in Secs. III and IV.

B. The case a, > 0

When a; > 0, the total potential (see Fig. 20) has a single
minimum V, = 0 at |p| = p = 0. In the fast oscillation
regime studied in Sec. III, the SF descends the potential
from +oo to 0. The initial value of |¢|; (“velocity”) is —oo
(see Appendix H).

The total potential V, starts at @ = 0 from +oco and
decreases to 0 as a - +o0. For a — O:

1 1
Vit ~ 5 (Q*mma,h*c*)'/3 ek (207)
For a - +o0:
Omc?
Viet ~ W : (208)

Assuming that the Universe contains only the SF and using
the results of Sec. IIIC, we can obtain the temporal
evolution of V. For t — 0:

2

c
Vit ~——. 209
0~ 35 (209)
For t - +o0:
2
c
Vit ~———. 210
tot 1277.'Gl2 ( )

In the stiff matter era, corresponding to the slow
oscillation regime, using Eq. (87) of [77], we find that
the SF behaves as
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o~ (1) -ma) an

The stiff matter era precedes the radiation and matter eras.
The SF |¢| starts from 4-oco0 and decreases with time. The SF
descends the potential. As shown in Appendix F, the stiff
matter era (slow oscillation regime) connects smoothly the
radiation and matter eras (fast oscillation regime) at a ~ a,,
where a, is given by Eq. (86).

C. The case a;, <0

When a, < 0, the total potential (see Fig. 21) has a local
minimum V =0 at |¢| = p = 0 and a maximum at

me? \ 1/2 m3c?
= (— , = 212
ol = (o) g 1)
whose value is
1 m3ct
Vig)a = =PACT = €y = . 213
( tot)A 4PAC €A 32ﬂ|as|h2 ( )

In the fast oscillation regime studied in Sec. IV, the SF starts
from

me2 \ 172 m3c?
1=(=——) = 214
o= (mar) e O
corresponding to a total potential
1 m3ct
V.) =—p.c> =—— . 215
Vi =3¢ = 3g7a 2 (215)

We note that |@;| differs from the inflexion point
(d*Vi/d|@|*> = 0) of the potential given by

me? \ 172 m3c2
= , =—, 216
il <24ﬂ|as|> "= a9
corresponding to a total potential
5 5m3ct
Vv = pct=——. 217
( tot)l 12p1C 2887[|as|fl2 ( )

We find p; = 2py, || = \/§|(ﬂl|’ and (Viet); = (8/5)(Vio)s-
On the normal branch, the SF descends the potential from
|@;| to 0. The initial value of |¢|; (“velocity”) is —oco (see
Appendix H). On the peculiar branch, the SF ascends the
potential from |@;| to |@,|. The initial value of |¢|;
(“velocity™) is +oo (see Appendix H). Since |@,| corre-
sponds to the maximum (V) = €, of the potential, we
understand why the SF reaches a de Sitter regime € = €,
at late times.
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FIG. 21. Motion of the SF in the total potential V,,, when
a; < 0.

It is unusual, but not impossible, that the SF ascends the
potential. In the present case, the SF ascends the potential,
and maintains an almost constant value of |¢|, because of
the centrifugal force that is specific to a complex SF.
Indeed, the SF is in a quasistatic equilibrium between the
“attractive” radial force and the “repulsive” centrifugal
force [see Eq. (206)]. As the scale factor a increases, the
SF slowly moves towards the maximum of V. (|¢|?) so as
to decrease dV,/d|p| (see Sec. VA). Therefore, the
almost constant value of |¢| giving rise to a de Sitter
era and to an effective cosmological constant is a
manifestation of spintessence for a complex SF with an
attractive self-interaction. We now understand the origin
of the two branches (N) and (P) corresponding to DM
and DE. A SF with an attractive self-interaction can have
two possible evolutions because the total SF potential has
two extrema: a minimum at |p| =0 and a maximum at
|@| = |@al. According to the discussion of Sec. VA, a SF
in quasistatic equilibrium moves towards an extremum of
Vit (see Fig. 22). If the SF starts from |¢;| with a velocity
|p|; = +oo0 (or from |@g| > |p;| with a finite positive
velocity), it will ascend the potential towards the maxi-
mum in order to decrease dV,/d|¢p|. In that case, it will
behave as DE. If the SF starts from |¢p;| with a velocity
|p|; = —o0 (or from |po| < |@;| with a finite negative
velocity), it will descend the potential towards the mini-
mum in order to decrease dV,/d|¢p|. In that case, it will
behave as DM. Therefore, depending on the initial
condition, the SF may behave either as DM or as DE.
Note that a SF with a repulsive self-interaction can only
have one possible evolution because the total SF potential
has only one extremum: a minimum at |¢| = 0. It can only
descend the potential towards the minimum in order to
decrease dV/d|¢|.

The evolution of the total potential V,, with the scale
factor a is plotted in Fig. 23. The potential starts at a = q;
from (V);. For a — a;:
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FIG. 22. Temporal evolution of the complex SF (spintessence).
On the normal branch, it spirals towards the center giving rise to a
matterlike era. On the peculiar branch, it reaches a limit cycle
giving rise to a de Sitter era.
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FIG. 23. Total SF potential V, as a function of the scale factor

a when a, < 0.

2
pic
Viet = ZT

1+ %(3—1” (218)

On the normal branch, the potential decreases as the scale
factor increases and asymptotically tends to 0. For
a — +oo:

Qmc?

Vt [
243

(219)

On the peculiar branch, the potential increases as the scale
factor increases and asymptotically tends to its maximum
value (Vi), = €a. For a > +o0:

870|a,|h*\*
Vlot:€A|:]_( 2|2|3 >:|

m-c-a

(220)
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Assuming that the Universe contains only the SF and using
the results of Sec. IVC, we can obtain the temporal
evolution of V. For t — 0:

2 1/4
pic 1 [(4zGp;\'/
Vi = 3 {uﬁ(T) 2 (221)

On the normal branch, for t — +o0:

c2

Vi ~———. 222
Y 122G (222)

On the peculiar branch, for t — 40, V,; converges to its
asymptotic value €, exponentially rapidly.

We now comment on the early evolution of the SF,
before the fast oscillation regime. We first consider the
normal branch. In the stiff matter era, corresponding to the
slow oscillation regime, the evolution of the SF |¢| is given
by Eq. (211). It starts from +oco and decreases with time.
When a; < 0, this solution implies that the SF should climb
the outer branch of the potential (see Fig. 21). This is very
unlikely, if not impossible (when a;, =0, there is no
problem because this branch is rejected at infinity). This
suggests that the stiff matter era is not valid at very early
times when a; < 0. On the other hand, it is shown in
Appendix F that the stiff matter era can be connected
smoothly to the matterlike era (at a,) only when |a | < rg
[briefly, this is because ||y ~ o according to Eq. (F2) so
we need ¢ < 1 to have ||y < |@]; = 1/V/6]. Therefore,
the duration of the stiff matter era should decrease as |a;|
increases up to ~rg. These results suggest that the stiff
matter era exists only for a; < a < d, when |a | < rg/6
and does not exist when |a,| > rg/6. We can now wonder
what happens at very early times, before a;. When a; < 0,
the SF could start from the top of the potential and descend
the potential along the inner branch until it connects the
solution described previously at a;. The initial motion
0 < a < qg; is not in the fast oscillation regime, nor in the
slow oscillation regime. Therefore, quantum mechanics
must be taken into account, and we must solve the exact
equations (10)—(12). Since the SF starts from the maximum
of the potential at (V ), = €,, the initial motion of the SF
corresponds to a phase of inflation with a constant energy
density given by Eq. (190). In our model, the inflation era is
due to the negative scattering length of the SF (a; < 0).
This could give a physical justification of why the pressure
is negative during inflation. Expanding the total potential
close to the maximum, we get

m?c?

h2

(ol = lglr)*. (223)

Vit = €r —
This corresponds to an inverted |@|> potential with an

effective mass m, = \/Em interpreted as the inflaton mass
(actually the mass is imaginary). In our model, the same SF
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describes the inflation in the early Universe (top of the
potential) and the formation of DM halos in the matterlike
era (bottom of the potential). In order to account for the size
of DM halos, a SF with an attractive self-interaction must
have a mass given by Eq. (D3) and a very small scattering
length |a| satisfying the inequality (D21). If this same SF
experiences an inflation era with a constant energy density
equal to the Planck density, it must fulfill the constraint
(194). Combining Egs. (D3) and (194), we obtain

m =292 x 10722 eV/c?, a, = —2.20 x 10~17! fm,

(224)

corresponding to /87 = —3.26 x 107201

We now consider the peculiar branch. It is shown in
Appendix F that the stiff matter era can never be connected
smoothly to the peculiar branch. In addition, it is not clear
what kind of phase could appear before a; because, in the
most likely scenario, the SF should first descend the
potential (for a < a;) and suddenly reverse its motion
and ascend it (for @ > a;). We conclude that, if the peculiar
branch ever makes sense, the SF should emerge suddenly
at a; from a very particular initial condition. For what
concerns its evolution after a), when the fast oscillation
regime ceases to be valid, we may argue that the centrifugal
force becomes inefficient to maintain an almost constant
energy density and that the de Sitter regime comes to an
end. The motion of the SF in the total potential is reversed.
The SF descends the potential, connects the normal branch
for |p| <|@;|, and ultimately behaves as pressureless
matter. In that case, there will be a transition from
acceleration to deceleration in the late Universe.
However, the de Sitter regime can be sufficiently long to
be physically relevant (see Sec. IV G).

VI. CONCLUSION

In this paper, we have studied the cosmological evolution
of a complex SF with repulsive or attractive self-interaction
using a fully general relativistic treatment. The SF may be
interpreted as the wave function of a BEC. Although a SF is
generally not a fluid, it can be studied through the hydro-
dynamic representation of the KGE equations [75-79].
For a |p|* self-interaction, the parameters of the SF are the
mass m of the bosons and their scattering length a,. We
have introduced a new length scale rg = 2Gm/c?, which
can be interpreted as the effective Schwarzschild radius of
the bosons. The evolution of the SF depends on how the
scattering length of the bosons a; compares with their
effective Schwarzschild radius rg. Our results can be
summarized as follows.

In the case of repulsive self-interaction (a, > 0), we have
confirmed and complemented the results of Li et al. [94].
We have given many analytical formulas that allow us to
understand the results better and play more easily with the
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parameters. When a; < (4/21)rg, the SF undergoes a stiff
matter era (w = 1) followed by a matter era (w = 0). There
is no radiationlike era, even though a;, > 0. For a non-
interacting SF with m = 2.92 x 10722 eV/¢?, the transition
takes place at a,, = 1.86 x 1078, When a, > (4/21)rg, the
SF undergoes a stiff matter era (w = 1) followed by a
radiationlike era (w = 1/3), and finally a matterlike era
(w=0). For a SF with m=3x1072! eV/c?> and
a, = 1.11 x 1078 fm, corresponding to the fiducial model
of Li et al. [94], the transition between the stiff matter era
and the radiationlike era takes place at a, = 5.14 x 107!
and the transition between the radiationlike era and the
matterlike era takes place at a, = 1.35 x 107>. For a SF
with m =1.10x 1073 eV/c? and a, = 4.41 x 107° fm
(see Appendix D), we get a,=145x10"2% and
a, = 1.26 x 107>. In both cases, the SF behaves at large
scales as pressureless matter (like the CDM model) at,
and after, the epoch of radiation-matter equality
Aeq = 2.95 X 10~*. However, its intrinsic nonzero pressure
(either due to the scattering of the bosons or to the quantum
potential taking into account the Heisenberg uncertainty
principle) manifests itself at small scales and can balance
the gravitational attraction. This leads to DM halos that
present a core (BEC/soliton) instead of a cusp. These cores
are surrounded by a halo with a NFW profile made of scalar
radiation resulting from gravitational cooling. Therefore, a
SF with a; > 0 has a lot of nice properties and is a serious
DM candidate that could solve the CDM small-scale crisis.

The case of attractive self-interaction (a, < 0) has been
studied in our paper for the first time. We have found that
the SF can evolve along two different branches, a normal
branch where it behaves as DM and a peculiar branch
where it behaves as DE. We first consider the normal
branch. When |a,| = 0, the SF undergoes a stiff matter era
(w=1) followed by a matter era (w=0). When
0 < |ay| < rg/6, the SF undergoes an inflation era, a stiff
matter era (w = 1), and a matter era (w = 0). The duration
of the stiff matter era decreases as the self-interaction |a;|
increases. When |a,| > rg/6, there is no stiff matter era
anymore. The SF undergoes an inflation era, a very short
cosmic stringlike era (w = —1/3), and a matterlike era
(w =0). For QCD axions with m = 107* eV/c> and
a, = —5.8x1073 m, the matterlike era starts at
a; = 5.69 x 10713, For ultralight axions with m = 2.19 x
1002 eV/c> and a,=-1.11x10"% fm, we get
a; = 1.50 x 1075. In each case @; < dgq =2.95 x 107*
so the axionic SF behaves at large scales as pressureless
matter (like the CDM model) at, and after, the epoch of
radiation-matter equality. However, its intrinsic nonzero
pressure manifests itself at small scales. The quantum
pressure arising from the Heisenberg uncertainty principle
is always repulsive but the negative pressure due to the
self-interaction is attractive and adds to the gravitational
attraction. This can destabilize the halo. Stable DM halos
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exist only below a maximum mass [70,99,100]. For QCD
axions with m = 107 eV/c? and a, = -5.8 x 1073 m
this mass M, = 6.5 x 10714 M is too small to account
for the mass of DM halos. Therefore, QCD axions cannot
form DM halos. They rather form mini axion stars that
could be the constituents of DM halos in the form of mini
massive compact halo objects (mini-MACHOs) [100].
However, they would essentially behave as CDM and
would not solve the CDM small-scale crisis. The maximum
mass of self-gravitating axions becomes of the order of the
mass of DM halos M ~ 10% M, in the case of ultralight
axions with a mass m = 2.19 x 10722 eV/c? and a very
weak self-interaction a, = —1.11 x 1072 fm [100]. Such
ultralight axions could solve the CDM small-scale crisis.
We now consider the peculiar branch on which the SF
behaves as DE (w = —1) with an almost constant energy
density. This peculiar branch is valid only when
la| > rg/6. It starts at a; and ceases to be valid at a),.
On this branch, the SF is equivalent to an effective
cosmological constant given by A.s = Gm3c?/4|a,|h%.
A complex SF with a negative scattering length could be
a new mechanism to produce a cosmological constant.
Cosmic acceleration could arise from the attractive self-
interaction term present in the SF potential. That could
justify why the pressure of DE is negative.

To our knowledge, the effective Schwarzschild radius of
the bosons rg = 2Gm/ c* has not been introduced before. It
arises naturally in the equations of the problem in order to
separate the weakly self-interacting regime ¢ = 3a,/2r¢ <
1 from the strongly self-interacting regime ¢ > 1. Actually,
for ultralight bosons with a mass m = 2.92 x 10722 eV/c?,
even for a very small value of a, ~ 107% fm (or, equiv-
alently, for a value of the dimensionless self-interaction
constant /87 as small as 107°%) we are in the strongly self-
interacting regime, not in the weakly self-interacting regime
(see Sec. III H and Appendix A. 3 of [99]). This is because
o> 1 while A <« 1. Therefore, it is important to take into
account the nonzero value of the self-interaction constant in
the problem even if it looks extremely small. This feature
has been overlooked in previous works that often consider a
noninteracting SF (see, e.g., [49,50]). In this connection,
we recall that the cosmological bounds obtained by Li ef al.
[94] exclude noninteracting SFs.

Although observations tend to favor the ACDM model,
other cosmological models cannot be rejected. The SF
model is extremely rich and can have important implica-
tions concerning the nature of DM and DE in the Universe.
Therefore, SFs should be considered as serious alternatives
to find an answer to these paradigms. We have obtained
very intriguing results that deserve to be developed in
future works. For example, it is important to study what
happens at very early times, before the fast oscillation
regime, when a; < 0. This requires to go beyond the TF
approximation and take into account quantum mechanics
(i.e. the quantum potential) by solving the exact
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equations (10)-(12). The analytical results obtained in
the present paper, valid in the fast oscillation regime,
may be useful to make the matching with this primordial
era. An important suggestion of our work that needs to be
confirmed is that a SF with an attractive self-interaction
(ay < 0) can produce a phase of early inflation followed by
a stiff matter era and/or a matter era. It is important to
determine whether this model can account for the obser-
vations because, in that case, we could describe different
phases of the Universe with a single SF (see the still
“hypothetical” phase diagrams of Figs. 18 and 19). Many
other developments are also possible. For example, we have
assumed that the SF has a |¢[* self-interaction potential and
that this potential remains the same during the whole
history of the Universe. Of course, if the SF has a different
potential V(|¢|?), or if its potential changes during the
history of the Universe (for example in the very early
Universe), our conclusions must be revised. For simplicity,
we have focused on a |@|* interaction but we could consider
more general potentials (see Appendix I). For example,
when |g| is large (early Universe), the |g|* approximation
may not be valid anymore and higher order terms in the
expansion of the potential should be considered. We have
established the general equations to perform these studies.
They will be considered in future works.
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APPENDIX A: THE FAST OSCILLATION
REGIME @ > H FROM THE FIELD
THEORETIC APPROACH

In this Appendix, we consider the fast oscillation regime
® > H from the field theoretic approach based on the KG
equation. We generalize the results of Li ef al. [94] to an
arbitrary potential of interaction V(|p|*) and show the
equivalence with the hydrodynamic approach of Sec. II.

1. General equations

The KG equation for a spatially homogeneous SF is
given by Eq. (1). Decomposing the complex SF as

9 = |gle”. (A1)

inserting this decomposition into the KG equation (1),
and separating the real and imaginary parts, we obtain

1 d2|qo| do\? 3H d|g|

o el S) |+

¢t | dt dt ¢t dt
m2c? dv

lp| +2——=¢| =0,
n? d|g|?

+
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1 L dlol do 26 PEL
Ir/)l

A
dt dt +lo |dt2 (A3)

Equation (A3) can be exactly integrated once giving

d do
3pl]? =0. A4
& (@or %) (A%)
This can be rewritten as
do
@*pP = —0ne. (A5)

where Q is the charge of the SF [77,94,98,103].
In the fast oscillation regime H = a/a <« df/dt, intro-
ducing the pulsation w = df/dt, Eq. (A2) reduces to

(A6)

As pointed out in [94], this approximation also requires that
lp|~'d|@|/dt < d/dt, a condition that is not always
satisfied. For a free field (V =0), the pulsation @ is
proportional to the mass of the SF (|| = mc?/h) and
the fast oscillation condition reduces to mc?/h > H.

Remark: To make the link with the hydrodynamical
approach, we use |p|= (h/m)\/p, 6= S,/h and

= —E,;/h. Then, Eqs. (A4), (A5) and (A6) return
Egs. (14), (15) and (20), respectively.

2. Spintessence
From Eqgs. (A2) and (A5) we obtain

d*|o)
—— +3H—
dr? + dt

dlg| av o
<P alpl?

(A7)

This equation differs from the KG equation of a real SF by
the presence of the last term and the fact that ¢ is replaced
by |@|. The last term coming from the “angular motion” of
the complex SF can be interpreted as a “centrifugal force”
(see Sec. V A) whose strength depends on the charge of the
complex SF [103]. Equation (A7) can be rewritten as
Zlo|

d‘€0| d eff

3H— =0, (A8
a? Tt e (A8)
where
02122
Ver(lpl*) = V(o) + S5 (A9)
2a°|g|

is an effective potential incorporating the centrifugal
potential. The presence of the centrifugal force for a
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complex SF is a crucial difference with the case of a
real SF (that is not charged) because the fast oscillation
approximation (A6) corresponds to the equilibrium
between the centrifugal potential and the total SF potential:

0*h*ct B m2c* av

= +2c2 .
alol* #? dlo|?

(A10)

This is what Boyle et al. [97] call “spintessence.”
Equation (A10) is equivalent to Eq. (21). Such a relation
does not hold for a real SF. We note that |¢| does not
oscillate in the fast oscillation regime when the condition
(A10) is fulfilled.

3. EOS in the fast oscillation regime

To establish the EOS in the fast oscillation regime,
Li et al. [94] proceed as follows (see also [51,84,86,88]).
Multiplying the KG equation (1) by ¢* and averaging over
a time interval that is much longer than the field oscillation
period ™!, but much shorter than the Hubble time H~!,

we obtain
m2 c2
-0

=2l GoP)+2( g0 loP ). (11

This relation constitutes a sort of virial theorem. For a
spatially homogeneous SF, the energy density and the
pressure are given by Egs. (2) and (3). Taking the average
value of the energy density and pressure, using Eq. (A11),
and making the approximation

<%|¢|2> —V(leP)eP).  (A12)
we obtain
mZ
(€ =" loR) + Vi({loP){loP) + V(lloP)). (A13)
PY = V'((loP) o) = V({02). (Al4)

This returns Eqgs. (27) and (28). The EOS parameter is
given by

P V'({le*){el*) =
ZCZ
= (Jol?) + V' (o) (ol +

Vel
V({lgl)
(A15)

Remark: Writing Eqgs. (All) and (A12) with hydro-
dynamic variables, and ignoring the averages, we obtain

n? 1 (dp\? E pE
(@ 1) 25 = vipp.
8m2c?p <dt> N (ch2 - > m (o)

(A16)
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If we substitute this equation into Egs. (16) and (17), we
obtain Egs. (27) and (28) without having to neglect the term
in 7% in Eq. (A16). However, in order to be consistent with
Eq. (A6), which is equivalent to Eq. (18), the term in /42 can
actually be neglected in Eq. (A16).

4. EOS in the slow oscillation regime: Stiff matter
For a free SF with V = 0, Egs. (2) and (3) reduce to

2 m2c2

Y

2+m2c2| o po 1
22 P T

1

do
T 2c2

dt

dg

2
I 7

(A17)

For massless particles (m = 0) or for massive particles in
the slow oscillation regime @ = mc?/h < H, the kinetic
term dominates the potential term (kination) and we obtain
the stiff EOS:

P=e. (A18)
For a self-interacting SF, we find from Eqgs. (2) and (3) that
the stiff EOS (A18) is valid in the slow oscillation regime
@ < H where w is defined by Eq. (A6). In that case, the SF
cannot even complete one cycle of spin within one Hubble
time so that it just rolls down the potential, without
oscillating. Therefore, the comparison of w and H deter-
mines whether the SF oscillates or rolls. For the stiff EOS
(A18), using the Friedmann equations (4) and (5), we
easily get € x a™®, a « 173, and € ~ ¢?/247G1>. Tt is also
shown in [77] that p~ (3m*c*/4zGh*)(—Ina)® and
lp| ~ (3¢*/472G)"/?(=Ina). We note that quantum effects
(quantum potential) give rise to a stiff matter era but do not
prevent the initial big bang singularity since € ~ ¢*/24zGt?
diverges as t — 0.

APPENDIX B: SELF-INTERACTION
CONSTANTS

In the main part of the paper, we have expressed all the
results in terms of the scattering length of the bosons a;.
Instead of working with the scattering length, we can work
with the dimensionless self-interaction constant [70,99]:

(B1)

where A- = f/mc is the Compton wavelength of the bosons.
We can also introduce a dimensional self-interaction
constant

dza R

A = .
s m 2m%e

(B2)

Introducing proper normalizations, we get
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A a, m
— =507—> , B3
8n fm GeV/c? (B3)

eV/c?
m

b 489% 10—22;’—S ( (B4)

3
= eV~lcem?.
ey = ()

In the TF regime (semiclassical approximation), the results
depend on the single parameter

drai? AR A

mct  2mie (mc?)?” (B3)

APPENDIX C: DIMENSIONLESS VARIABLES

In the main part of the paper, for the sake of clarity, we
have worked with dimensional variables. However, in order
to simplify the calculations and make the figures, it can be
convenient to introduce dimensionless variables defined by

3.2
. P m’c
=, =, Cl
PTpr P e v
. a 2xlas|n*Q\ /3
a = a—*, a, = <W s (C2)
~ 2rla,|A%\ /2 1
=L t* _ ﬂ'la‘\|3 > = (C3)
1, 4rGm’c \VarnGp,
€ m3ct )
€ -, - * ) C4
¢ €, 21| ag|h? P (€4)
~ P 3.4
P==-, P =" —e, (C5)
P, 2rx|a,|h
~ E
E=—, E, = mc?, (C6)
E,
» \% . @ ch 1/2
Vtot:ﬂ’ P =—— Py = . (C7)
€y P 2”|a5|

o
s

Working with the dimensionless variables p, a, 1, €, P an
is equivalent to taking

427G =c=m = Q =2z|a h* =1 (C8)

in the original equations.

APPENDIX D: THE PARAMETERS (m.a,)
OF THE SF

In order to make numerical applications, we need to
specify the values of the mass m and scattering length a, of
the SF. They can be obtained by the argument developed in
Appendix D of [114]. If DM is a self-gravitating BEC, there
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must be a minimum halo radius R and a minimum halo
mass M in the Universe corresponding to the ground state
of the self-gravitating BEC at T = (. This result is in
agreement with the observations. Indeed, there is no DM
halo with a radius less than R ~ 1 kpc and a mass less than
M ~10% M, the typical values of the radius and mass of
dwarf spheroidal galaxies (dSph). Larger halos have a core-
halo structure with a solitonic core corresponding to a pure
BEC at T=0 and an “atmosphere” made of scalar
radiation that has an approximate Navarro-Frenk-White
(NFW) profile. It is the atmosphere, resulting from gravi-
tational cooling, that fixes their size. We shall consider a
dwarf halo of radius R = 1 kpc and mass M = 108 M
(Fornax). Assuming that this halo represents the ground
state of a self-gravitating BEC, we can obtain constraints on
the parameters (m, a,) of the SF. In our previous works
[77,114], we took M = 0.39 x 105 M and R =33 pc
corresponding to Willman 1 [115]. However, these values
may not be relevant because Willman 1 is usually not
considered as a DM halo [116].

1. Noninteracting SF

A self-gravitating BEC without self-interaction has the
mass-radius relation [53,99,117]15:

2
MR =995 "

e (D1)

This gives

12 /0N 1/2
9210 (E) T (22) T (D)
eV/c R M

Using the values of M and R corresponding to Fornax, we
obtain a boson mass

m=2.92x 10722 eV/c% (D3)

We note that, inversely, the specification of m does not
determine the mass and the radius of the halo but only their
product MR.

Remark: The maximum mass of the bosonic core
(soliton) of a noninteracting SFDM halo fixed by general
relativity is M., = 0.633%c¢/Gm and its minimum radius
is Ry = 9.53GM,,,,/c? [52]. Introducing scaled varia-
bles, we get

">This relation can be understood qualitatively by identifying
the halo radius R with the de Broglie wavelength 1,5 = fi/mv of
a boson with a velocity v~ (GM/R)"? equal to the virial
velocity of the halo.
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Mo _ g 45 10-1 ¥/ Roin ) Mo
Mg m km Mo

(D4)

For m =2.92 x 10722 eV/c?, we obtain M,,,, = 2.90 x
10 Mg and R, = 0.133 pc. We note that the bosonic
core of DM halos 1is generally nonrelativistic
(Mc < Mmax)-

2. Repulsive self-interaction

A self-gravitating BEC with a repulsive self-interaction

in the TF approximation has a unique radius
[69,70,118,119]:
a b2\ 1/2
R = . D5
() (05)
that is independent of its mass. This gives
V/c2\3 R\2
s <e /e > —328x 1073 <> . (D6)
fm m pc

Using the value of R corresponding to Fornax, we obtain

a, (eV/c2

m

3
> =328 x 10°. (D7)

fm

This fixes the ratio a,/m?. In order to determine the mass
of the bosons, we need another relation. This relation is
provided by the constraint 6/m < 1.25 cm?/g set by the
Bullet Cluster [120], where 6 = 47za? is the self-interaction
cross section. Assuming that this bound is reached, we get
(a,/fm)2(eV/mc?) = 1.77 x 1078, From this relation and
Eq. (D7), we obtain
m=1.10x 1073 eV/c?, a, = 4.41 x 107 fm, (D8)
corresponding to A/8z = 2.46 x 1077, This boson mass is
in agreement with the limit m < 1.87 eV /c? obtained from
cosmological considerations [121].

The TF approximation is valid when the radius given by
Eq. (D5) is much larger than the radius given by Eq. (D1).
This corresponds to a, > h?/GM*m or 1/8x > hc/GM?
(see Sec. II. G. of [70] and Appendix A. 3 of [99]). Using
the value of M corresponding to Fornax, we get

a, m
———— > 236 x 1073,
fmeV/c? x

(D9)
or, equivalently, 1/87z > 1.20 x 10™°? (note the smallness
of this quantity already emphasized in Appendix A.3 of
[99]). This condition is clearly satisfied by the parameters
of Eq. (D8). Inversely, when a, < #?/GM?m, we can
ignore the self-interaction of the bosons. We then find
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that the boson mass is given by Egs. (D2) and (D3).
An estimate of the critical scattering length separating
the TF regime from the noninteracting regime can be
obtained by substituting Eq. (D2) into Eq. (D6). This gives
a. = 31.4(RR>/GM?)' /2, ie.

a. R 1/2 M 3/2
< =9, 1075 —= -2} . (D1
b 257 10 (p) (M> (D10)

Using the values of M and R corresponding to Fornax,
we obtain

m=292x 10722 eV/c?, a, = 8.13 x 107%2 fm.

(D11)

The mass m = 2.92 x 1072? eV/c? obtained for bosons
without self-interaction gives a lower bound on the mass
of the bosonic dark matter particle. Inversely, the mass m =
1.10 x 1073 eV/c? obtained for self-interacting bosons in
the TF approximation gives an upper bound on the mass
of the bosonic dark matter particle. Therefore, we predict
that the mass of the bosonic particle is in the range
292x 1072 eV/c? <m <1.10x 1072 eV/c?. The TF
limit is valid for sufficiently large scattering lengths,
i.e., above a,. For a; < a., the mass of the bosonic particle
ism =2.92x 1072? eV/c? and for a, <a,<4.41 x 107 fm
the mass of the bosonic particle is 2.92 x 1072? <
m/(eV/c?) = 6.73 x 1072(a,/fm)'/3 < 1.10 x 1073, We
note that, inversely, the specification of m and a,; does not
determine the mass of the halo but only its radius R.

Remark: The maximum mass of the bosonic core
(soliton) of a self-interacting SFDM halo fixed by general
relativity is M, = 0.307hc2,/a;/(Gm)*? and its mini-
mum radius is R, = 6.25GM,,,,/c> [56]. Introducing
scaled variables, we get

M 1/2 V/c2\ 3/2
%:1.12<ﬁ> <Ge /C> . (D12)

o fm m
R M,

=027 7% D13
km Mg (D13)

We note that these results do not depend on the specific
mass m and scattering length a, of the bosons, but only on
the ratio m? /a,. For (a,/fm)(eV/mc?)? = 3.28 x 10°, we
obtain M, = 2.03 x 10"> My and R, = 609 pc. We
note that the bosonic core of DM halos is generally
nonrelativistic (M, << M ,,,)-

3. Attractive self-interaction

A self-gravitating BEC with an attractive self-interaction
(ag < 0) is stable only below a maximum mass M,,,, and
above a radius R, given by [70,99]
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2\ 1/2
M. —1012— " R —55 <%> .
/Gmlay Gm
(D14)
This gives
M. vV 2\ 1/2 f; 1/2
mx g 565 1073 (VL) (M) s
M@ m |as|
R 1/2 Vv 2\ 3/2
136 100 (14 P (VLN by
Rs fm m
Considering standard (QCD) axions [122] with
m=10"*eV/c?, a, =-58x10*m, (D17)
\V4 2\ 3
a (i) =5.8x 1072, (D18)
fm m
corresponding to A = —7.4 x 107, we obtain M, =
6.5x 107" M, and R, =3.3x107*R,. Obviously,

QCD axions cannot form DM halos of relevant mass
and size; they rather form mini axion stars [100]. DM
halos could be made of numerous mini axion stars (mini-
MACHOSs) that would behave as CDM. On the other hand,
ultralight axions can form DM halos. Assuming that Fornax
corresponds to a self-gravitating BEC with attractive self-
interaction at the limit of stability, we can use Egs. (D15)
and (D16) to obtain the values of m and a;. We get [100]

m=2.19x 1072 eV/c?, a; =—1.11 x 10762 fm,

(D19)

aJ (ewcz

3
) = 1.06 x 103,
fm m

(D20)

corresponding to 1/87 = —1.23 x 1072, Actually, the halo
does not need to be at the limit of stability. On the contrary,
we need to impose that M < M, for the halo to be
robustly stable. This corresponds to |a,| < #>/GM?*m or
|A|/87 < hc/GM? leading to the reverse of Eq. (D9) with
a, replaced by |a,|. In that case, we can ignore the self-
interaction of the bosons. We then find that the boson mass
is given by Eq. (D3). This is valid as long as its scattering
length satisfies

la,| < 1.11 x 10762 fm (D21)

or, equivalently, |1]/87 < 1.23 x 1072 because above this
value the halo mass becomes larger than the maximum
mass and the halo undergoes gravitational collapse [100].
We note that this value is of the same order as the value
(D11) marking the transition between the noninteracting
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limit and the TF limit in the case a, > 0. This is expected in
view of the similar scalings. In conclusion, bosons with
attractive self-interaction must have an ultralight mass and
an extraordinarily small scattering length to form stable
DM halos of relevant size.

Remark: In the high resolution numerical simulations of
self-gravitating BECs performed by [50], the self-interac-
tion of the bosons is not taken into account (4 = 0). Our
results show that even an apparently tiny attractive (4 < 0)
self-interaction with |4| 2 107 can considerably change
the physics of the problem. For example, the solitonic core
M~108 M o) of the dark matter halos considered in [50]
is stable for 1 = a; = 0 but becomes unstable in the case
of an attractive self-interaction with |1|/8z = |a,|mc/h >
1.02A¢/GM? = 1.02(Mp/M)?> = 1.23 x 1072, or |a,| >
1.11 x 10792 fm for m = 2.19 x 1072% eV//c?, because in
that case M > M ,,, [70,100]. Therefore 1/87 = —1.23 x
1072 is very different from A = 0 (!). It would be therefore
extremely interesting to perform numerical simulations of
the GPP and KGE equations for self-interacting bosons.

4. Cosmological constraints

Li et al. [94] have obtained stringent bounds on the
values of m and a, (assuming a, > 0) by using cosmo-
logical constraints coming from the CMB and from the
abundances of the light elements produced by the BBN.
First of all, their bounds exclude the possibility that the
bosons are noninteracting (a; # 0). On the other hand, by
combining all their constraints they obtain a fiducial model:

m=3x 1072 eV/c?, a; = 1.11 x 1078 fm, (D22)

(- o)

3
—) =4.10 x 103,

m

corresponding to 1/87 = 1.69 x 107%7. We note that the
ratio (D23) obtained by Li et al. [94] from cosmological
(large scales) arguments is of the same order as the ratio
(D7) obtained from astrophysical (small scales) arguments
(it corresponds to a minimum halo radius R = 1.12 kpc).
This agreement is very satisfactory. On the other hand, the
value of the boson mass (D22) obtained by Li et al. [94] is
relatively close to the mass (D3) of a noninteracting boson.
This is because their fiducial model is relatively close to the
transition between the noninteracting limit and the TF limit
[compare Eq. (D22) with Eq. (D11)]. However, the fact that
their mass (D22) is substantially larger (by one order of
magnitude) than the mass (D3) reflects the fact that the
bosons are self-interacting (their fiducial model is at the
beginning of the TF regime). Actually the mass (D3) of a
noninteracting SF is excluded by their bound m > 2.4 x
102! eV/c? [94]. Note that their fiducial model uses a
mass close to the minimum allowed mass. However, the
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mass of the SF could be much larger than this bound like
the mass of Eq. (D8) which is deeper in the TF regime.

Remark: In a very recent paper, Hui et al. [123] have
given further support to the BECDM/SFDM model. They
focused on the noninteracting case (a, = 0), considering an
ultralight axion of mass m ~ 1-10 x 1072? eV/c? [consis-
tent with Eq. (D3)]. While mentioning several virtues of
this model, they noted that this mass is in tension with
observations of the Lyman-a forest, which favor masses
10-20 x 10722 eV/c? or higher. A similar conclusion was
reached by Menci et al. [124] based on the measured
abundance of ultrafaint lensed galaxies at redshift z = 6 in
the Hubble Frontier Fields (HFF). We note that such larger
masses are in agreement with Eq. (D22). Therefore, large-
scale observations could reflect the fact that axions are
self-interacting. In that case, all the known observational
constraints seem to be satisfied.

5. Fermions

In this paper, we have assumed that DM halos are made
of bosons. If they are made of fermions, their mass-radius
relation is MR = 1.49 x 1073h%/(G*m®) [125]. This

gives
"oy xior(BE) Y (Me)
ev/er T R M)

Using the values of M and R corresponding to Fornax,
we find a fermion mass m = 170 eV/c?. We note that,
inversely, the specification of m does not determine the
mass and the radius of the halo but only the product MR>.

Remark: The maximum mass of the fermionic core
(fermion ball) of a DM halo fixed by general relativity
is My = 0.376(fic/G)3/?/m? and its minimum radius is
Rin = 9.36GM,,,/c* [126]. Introducing scaled variables,
we get

(D24)

M V/c?\2 R, M
ﬂ:6.13x1017<i> , min _ 13 g Mmax
o m km Mg

(D25)

For m = 170 eV/c?, we obtain M, =2.12x 1013 M
and R, = 9.49 pc. We note that the fermionic core of
DM halos is generally nonrelativistic (M, << M .)-

APPENDIX E: COMPARISON BETWEEN THE
STANDARD MODEL AND THE SF MODEL

In this Appendix, we compare the standard model and
the SF model with a,; > 0. In the first two subsections, for
the clarity of the presentation, we do not take the baryonic
matter and the DE (or cosmological constant) into account.
The complete model is discussed in the third subsection.
For the numerical applications, we adopt the values of the
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cosmological parameters given by Li et al. [94]. They are
listed in the fourth subsection.

1. The standard model

In the standard model, DM (which corresponds to
WIMPs) and radiation (which accounts for the photons
and neutrinos of the CMB) are two different species
described by the EOSs Py, =0 and P, =¢,/3 respec-
tively. Solving the continuity equation (4) for each species,
we obtain

€dm Qim0 € Q El
—=—=  —=—" (E1)
€y a €0 a

where €, ( is the present fraction of dark matter and Q,
is the present fraction of radiation. We have taken ay = 1.
The total energy density of these two species is

€ Qr.O

Qdm,O
e o (E2)

From the Friedmann equation (5) we obtain the differential

equation
El 2 8ﬂ'G€0 Qr 0 Qdm 0
- =—— : . E3
<a) 3c? ( P (E3)

that determines the evolution of the scale factor a. This
equation can be integrated exactly, giving [91]

2 1 /20 Q 4Q3/?
Hot _ ( ,0 _ Cl) ,0 +a+ T,0

3070 \Qamo Qim0 3Qno
(E4)
Equation (E4) can also be written as
3/2
Q 9
=30 2 = 2Qu HA2 - 6" Hyr.  (E5)
‘dm,0 4 Qdm,O

This is a cubic equation for a of the form a® + Aa® +
Ba + C =0 which can be solved by standard methods.
Using Cardano’s formula, the real root is given by

a= —%+ <—%+ ﬁe) "y <—%—\/1_e)1/3 (E6)

with R = (p/3)* + (¢/2)*, p =B —A?/3, and g = C —
AB/3 4 2A3/27 (in our case R > 0). However, to obtain
a(t), it is easier to use Eq. (E4) that gives t(a), and plot the
inverse function. For a¢ — 0O (radiation era):

€ Qr,() an~ <M> 1/41»1/2‘ (E7)

at’

€ 3c?

PHYSICAL REVIEW D 95, 063515 (2017)
For a - 400 (matter era, EAS solution):
1/3

e a c?

The epoch of matter-radiation equality (e, = ¢,) corre-
sponds to'®

Qr 0 Qr 0
Aoy — —— = : . E9
Qo Qumo + Qo (E9)

Numerically, a.q = 2.95 x 10*. Fora < Qeq, We are in the
radiation-dominated regime and for a > a.,, we are in the
matter-dominated regime.

The energy density of radiation can be written as

eq’

2
€, = koT* = S (kgT)*,

E10
15¢3m3 ( )

where T is the temperature, ¢ is the Stefan-Boltzmann
constant, and =k, +k, = 1 +3.046(7/8)(4/11)*3 =
1.692 is a constant that accounts for the fact that radiation
comes from photons and neutrinos in thermal equilibrium
[I1]. According to Egs. (E1) and (E10), the relation
between the temperature and the scale factor is given by

15C3fl3g 0€o 1/4 1 kBTO
kT = (25227000 T2
B < K'ﬂ'2 ) a a

. (ElD)

where T, is the present temperature of radiation.
Numerically, T = 2.7255 K.

2. The SF model

In the standard model, the Universe undergoes a radi-
ation era followed by a pressureless DM era. Similarly, a SF
with a; > 0 undergoes a radiationlike era followed by a
pressureless dark matter era (see Sec. Il D). However, the
two models are physically different. In the standard model,
radiation and dark matter correspond to different species
that exist in permanence. For a < a.q radiation dominates
over matter and for a > a., matter dominates over radi-
ation. In the SF model, there is just one species. The
radiation and the matter are two manifestations of the same
entity. For a < a,, the SF behaves as radiation and for
a > a, it behaves as pressureless matter. The relation
between the energy density and the scale factor is different
in the two models [see Eq. (E2) for the standard model and
Eqgs. (45) and (47) for the SF model]. However, their
asymptotic behaviors for ¢ - 0 and ¢ - +oco are similar.

For a — +o00, the SF behaves as pressureless matter.
Since the SF is expected to describe DM, we can identify

16Here, we take the contribution of baryonic matter into
account noting that baryonic matter behaves as dark matter,
i.e., it is described by an EOS P, = 0.
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the matterlike era of the SF with the DM era of the standard
model. Comparing Egs. (56) and (E8) valid for a — +oo,
we find that the charge of the SF is given by

Qgm,0€0
Q=—5—.

nc

(E12)

This relation is also valid for the SF model with ¢, < 0 on
the normal branch since it also behaves as pressureless
matter for a — +oo.

For a — 0, the SF behaves as radiation which adds to the
standard radiation (photons, neutrinos, etc.). We define the
initial ratio between the radiation of the SF and the standard
radiation by

= lim &F (E13)

a—0 €

where egr is the energy density of the SF and ¢, is the
energy density of the standard radiation. Using Eqgs. (55)
and (E7) valid for a — 0, we obtain

27 4 h2ct\ 1/3
. (%) . (E14)
8 h€n
Substituting the expression of the charge from Eq. (E12)
into Eq. (E14), we get
= 27ﬂash2§23m’0€0 1/3 (E15)
8Q} ym>c* '

We see that y is determined by the ratio a,/m?. Inversely,
if we know the value of u, Eq. (E15) determines the ratio
a,/m> through the relation

a, 8223
m’> 277, o€oh
Introducing proper normalizations, we get
\V4 2\ 3
o (e /c ) — 818 x 107 /2. (E17)
fm m

On the other hand, in the radiationlike era of the SF valid
for a — 0, we can write
Km?

ow (kpTefr)*, (E18)

_ 4
€S = KGTeff =

where T is an effective temperature of SF radiation.
Using Eq. (55), we obtain

91125c'3h”Q4mas> 1121

—. E19
87K3 (E19)

kpTer = < p
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Although the SF is at T = 0, we can define an effective
temperature of radiation for the SF that depends on its
charge O and on the self-interaction strength a,. Using
Eq. (E12) to evaluate Q, we get

~ (91 12563 a,QF ) ged\ /12 1 £20
Bl eff — 87I5m3K3 ; ( )
Using Eq. (E16) to evaluate a,/m?>, we obtain
15uc’i®eyQ, o\ 174 1
kpTer = (7”6 3 <0 r’0> —. (E21)
K a
Comparing Eqs. (E11) and (E21), we find that
T,
T“ = ul (E22)

in the radiative regime of the SF.

Remark: In the standard model we can calculate the
present temperature of radiation 7,. We cannot define
(Tetr)o for the SF because T is only defined in the
radiationlike regime so this effective temperature has no
meaning in the present Universe.

3. The complete model

Since the SF is expected to represent DM (replacing the
WIMP hypothesis), the complete model incorporating
standard radiation and SFDM is obtained by replacing
the second term in Eq. (E2) by the energy density of the SF.
To be even more complete, we must also include baryonic
matter and DE (cosmological constant). Therefore, the total
energy reads

Q. Q
€ _D+€SF(a)+ b.0

4

+ Q) p-
(3] a €y '

(E23)

a’

This complete model has been studied by Li et al. [94]. In
the fast oscillation regime, introducing the dimensionless
variables of Appendix C, the energy density of the SF is
given by

€sp 27Q§m0 1 ~ ~
- = —3€SF(a)

— 2/ %m0 E24
€0 16 Qio H ( )

with

16\1/3 Q.0
= (= 0 ua, E25
¢ <27> Qdm,O He ( )
where the function €gp(a@) is given in parametric form by

Egs. (45) and (47). This fast oscillation regime has been
investigated in detail in Sec. III.
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4. Values of the cosmological parameters

For the values of the cosmological parameters, follo-
wing Li et al. [94], we take Q.= 9.23765 x 1073,
Qimo = 0.2645, Q= 0.0487273, Q.= 0.313228,
Quo=00687, Hy=218x10"8 7!, and
7.64 x 1077 gm~!s72

€y —

APPENDIX F: MATCH ASYMPTOTICS

In the stiff matter era, corresponding to the slow
oscillation regime, the pseudo rest-mass density and the
energy density evolve with the scale factor as [77]

3m2c?

e~ ——(—=1Ina)?,
Pstiff 471'Gfl2 ( na)

Estiff ~ 56 , (F1)

a
where K is a constant. We note that the pseudo rest-mass
density changes very slowly with the scale factor as
compared to the energy density. We want to see when it
is possible to connect the slow oscillation regime pg;r (a) to
the fast oscillation regime p(a). Using the dimension-
less variables introduced in Appendix C, the condition
pla) ~ pgire(a) corresponds to

pla) ~ pyig(a) = 26(—1In a)z’ (F2)

where o is defined by Eq. (84). Therefore, the matching point
corresponds to the intersection of the curve p(a) drawn in
Figs. 1 and 10 with the curve pgi(@) = 26(—Ina)? that is
almost a straight line due to the slow variation of the
logarithmic term.

We first consider a SF with a; > 0. Matching the pseudo
rest-mass density of the slow oscillation regime [see
Eq. (F1)] with the pseudo rest-mass density of the fast
oscillation regime [see Eq. (45)], we obtain

i 2ra 2O\ /3 | (3a,c?
i= () () ®

where the function f, (o) is defined by

1
filo) = EEEY I (F4)
with
r=20(—Inaj)>. (F5)

It is easy to see that, up to logarithmic corrections, @’ is of
the same order of magnitude as the scale a, marking the
transition between the slow and fast oscillation regimes given
by Eq. (86). Mathematically, this is because the function r
defined by Eq. (88) behaves as r ~ 46/3 for 6 — +o0 and as
r ~ o for ¢ — 0 which is the same scaling as the function
r « o defined by Eq. (F5). This is most easily seen by
considering the asymptotic limits. Matching the pseudo
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rest-mass density of the stiff matter era [see Eq. (F1)] with
the pseudo rest-mass density of the radiationlike era [see
Eq. (53)], we obtain a transition scale of the same order as
Eq. (93). Matching the pseudo rest-mass density of the stiff
matter era [see Eq. (F1)] with the pseudo rest-mass density of
the matterlike era [see Eq. (54)], we obtain a transition scale
of the same order as Eq. (91). Of course, these qualitative
agreements are to be expected. They just provide a con-
sistency check of our approximations.

We can also use match asymptotics to estimate the
constant K in Eq. (F1). Matching the energy density of the
slow oscillation regime [see Eq. (F1)] with the energy
density of the fast oscillation regime [see Eq. (47)] at the
transition scale a, determined by Eq. (86), we obtain

2rah*Q?  (3a,c?
K= . h — ), F6
m (4Gm> (F6)
where the function h(o) is defined by

1+3r
ho) = (14+4r)r (F7)

with

4o — 1 46— 1)+ 12
- +V(6" )+ 12 (F8)

For 6 — 400, we obtain

(_ 3nGnQ?

22 (F9)

which can also be obtained by matching the energy
density of the stiff matter era [see Eq. (F1)] with the
energy density of the radiationlike era [see Eq. (55)] at the
transition scale (93). For ¢ — 0, we obtain

8GR Q*

K
32

(F10)

which can also be obtained by matching the energy
density of the stiff matter era [see Eq. (F1)] with the
energy density of the matterlike era [see Eq. (56)] at the
transition scale (91). We note that the value of K does not
sensibly depend on a,. Now that the constant K is known,
the Friedmann equation (5) can be integrated with the stiff
energy density given by Eq. (F1) yielding

L <247r§}K) Y s

: (F11)

Using the foregoing results, we can determine the tran-
sition between the stiff matter era of the SF and the
standard radiation era. Equating Eqgs. (E1) and (F1), and
using Eq. (F9) valid for 6 > 1 (the most relevant case), we
obtain

063515-38



COSMOLOGICAL EVOLUTION OF A COMPLEX SCALAR ...

37Gh2Q2 €\ /2
ag = 276dm()0 . (FIZ)
2m CQ,..()
For a SF with m=3x10"2'eV/c*> and a,=

1.11x10738fm, corresponding to the fiducial model of
Li et al. [94], we obtain ay, = 9.87 x 107'2. This analyti-
cal result is in qualitative agreement with their numerical
result (see their Fig. 3).

We now consider a SF with a, < 0. We first consider the
normal branch. If 6> 1, it is not possible to match the
pseudo rest-mass density of the slow oscillation regime [see
Eq. (F1)] with the pseudo rest-mass density of the fast
oscillation regime [see Eq. (122)]. This suggests that there
is no stiff matter era when o > 1, or that it cannot be
smoothly connected to the matterlike era. When ¢ < 1, we

obtain
2 h2 1/3 3 2
(@) = (nlas Q) g*< la,]c ) (F13)

m?c? 4Gm
where the function g, (o) is defined by

1

G+« (g) = r]/g,(

—— F14
1—4r)/e (F14)

with

r=20(—Inaj)>. (F15)
It is easy to see that, up to logarithmic corrections, (a),)* is
of the same order of magnitude as the scale ), marking the
transition between the slow and fast oscillation regimes
given by Eq. (178). Mathematically, this is because the
function r defined by Eq. (180) behaves as r ~ ¢ forc — 0
which is the same scaling as the function r « ¢ defined by
Eq. (F15). This is most easily seen by considering
asymptotic limits. Matching the pseudo rest-mass density
of the stiff matter era [see Eq. (F1)] with the pseudo rest-
mass density of the matterlike era [see Eq. (133)], we obtain
a transition scale of the same order as Eq. (91).

We now consider the peculiar branch. In that case, we
find that it is not possible to match the pseudo rest-mass
density of the slow oscillation regime with the pseudo rest-
mass density of the fast oscillation regime, except when
o ~ 1. This suggests that the peculiar branch cannot be
connected to a stiff matter era when o # 1. On the other
hand, when o~ 1 the domain of validity of the fast
oscillation regime is very small so this case is not very
relevant.

APPENDIX G: MASS AND LENGTH SCALES

In Sec. IVG we have obtained a relation between the
effective cosmological constant A associated with the
energy €, and the mass m and the scattering length
a, < 0 of the SF [see Egs. (190) and (192)]. The energy
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scale €, corresponds to the maximum of the total potential
Vo [see Eq. (213)]. If we assume that |a,| ~ rg = 2Gm/c?
(effective Schwarzschild radius), and substitute this relation
into Egs. (190) and (192), we obtain a mass scale

n [N h
my =2 g—?\/ Gpa (G1)
and a length scale
Gh |A Gh
=—F\c=—7FV . 2
N C4 ] C4 GpA (G )

Of course, |a,| can be different from rg but the scales (G1)
and (G2) can be introduced on a dimensional basis, just like
the Planck scales. Actually, they can be written as

1/2 1/2
my = (p—A> Mp, ran = <p—A> lp, (G3)

Pp

so they reduce to the Planck mass Mp = (fic/G)'/? =
1.22 x 10" GeV/c? and Planck length [, = (hG/c?)'/? =
1.62 x 1073 m if we identify p, to the Planck density
pp = /hG* =5.16 x 10° gm~3. However, we shall
consider here that p, represents the cosmological
density. Writing p, = Q, ¢€o/c* and using the Friedmann
equation (5), we get

3Qp 0 Hoh 13Q70 GHyh
—5 A=A\l -
87t ¢ 8 c

Numerically (see Appendix E 4),

(G4)

mpuy =

my=411x1034*eV/c2,  ry =544 x107% fm.

(G5)

Other mass and length scales can be introduced similarly.
If we assume that |a;| ~Ac = h/mc (Compton wave-
length), and substitute this relation into Eq. (190), we
obtain a mass scale and a length scale

i p h3 1/4 . A 1/4
my = (2—3> s pn = pA—C . (G6)

Numerically (see Appendix E 4),

my =224 %1073 eV/c?, ri = 8.81 x 10 fm.

(G7)

The Compton wavelength of a particle of mass Mp is the
Planck length [p. It is also equal to the effective semi-
Schwarzschild radius rg/2. The Compton wavelength
of a particle of mass m, is the cosmological length
Iy = c(87/A)/? = 4.80 x 10°° m, i.e., the typical size
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of the visible Universe (since A~ Gp, ~ Hj implies

ZANC'/\/KNC/H()).

APPENDIX H: THE INITIAL CONDITION
FOR THE SF

The KG equation is a second order differential equation
in time. To solve this equation, we need to specify the
values of ¢ and ¢ at ¢ = 0. In this appendix, we show how
they are related to the hydrodynamic variables used in
Secs. III C and IV C.

If we restrict ourselves to a spatially homogeneous SF,
we have

h .
(1) = —/p(t)eSl0/h. (H1)
m
Taking the time derivative of Eq. (H1), we get
. h .2 ;
(p - W (p - IFEK)[> e Slol/h. (H2)

Substituting the results of Secs. IIIC and IV C into
Eq. (H2), we obtain the asymptotic behaviors of ¢ and
¢ for t — 0. Considering the modulus of the SF, we find

00 =20, ol = (13)

n .
2m\/ﬁp'

For a SF with a, > 0, using the results of Sec. III C, we get
for t — O:

o2 o] o =172, (H4)

Therefore, |p| — +o0 and |¢| — —oo for t — 0. For a SF
with a; < 0, using the results of Sec. IV C, we get for

t—0:

, || o ££71/2.

ol = |o: (H5)
In that case, the initial value of |¢| is finite while |¢| - —oco
on the normal branch and |¢| - +o0 on the peculiar
branch. This is a very singular initial condition. The choice
of the branch is selected by the initial condition, i.e., by the
sign of |@].

APPENDIX I: THE CASE OF POWER-LAW
SF POTENTIALS

In this appendix, we briefly discuss the evolution of a
homogeneous SF with a general power-law potential. For a
power-law SF potential of the form (see Appendix C. 5.2
of [127])

i) =55 () o )
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we obtain

Ky _
1" L)

V'(p) =

K
Vip) = 7,
(p) 1

P(p) =Kp', ¢ =Kyp™". (13)
The pressure law P(p) is that of a polytrope of index y (% is
the enthalpy). For a quartic potential, we recover the
polytropic EOS (44) with the exponent y = 2. For a |¢p[®
potential, which is the next order term in an expansion
of the SF potential V(|g|*) in powers of |¢|?, we get a
polytropic EOS P = Kp* with the exponent y = 3.
The equations of the problem are

2 Ky Om

1+— ==, 14
nta, =P 3 (14)

3H? y+1K
_ - LLE— 5
826 T, o12” (15)

, v +1
€ =pc —l—yjl(py, (I6)
P =Kp', (17)

K jr—1
3P
w=—= , (18)
15K prt
2 Ky

E. —mc2 1+ =1 19
tot — MC +cz}'—1p (19)

From Egs. (I6) and (I7), we obtain

P\ /7 y+1

=— 24P, 110
€ (K) c +7—1 ( )

which determines the EOS P(¢) of the SF under the inverse
form e(P). The differential equation governing the tem-
poral evolution of the pseudo rest-mass density is

2 <é)2 pe? Ky
242G [+

2Ky y—
C2 +F{ﬂy !

(111)

These equations can be used to determine the cosmological
evolution of a homogeneous SF for any value of K and y.
This general study will be considered in a future work.

To be more specific, we now assume y > 1 and K > 0.
For a — +o0, the SF experiences a pressureless matterlike
era. For a — 0, we get
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o {M} 1/(7+1)#’ .
2Ky 26/
" 77:1_ } Kol /1) (113)
” ;’,‘T— 11 € a67/1(7+1) ’ (114)
e ;;—i (115)
:;tz; ~ (;/—lec_f) 1/2p(y—1)/z ~ m 16)

In that limit, the SF behaves as a fluid with a linear EOS
P = ae where a = (y — 1)/(y + 1). For a quartic potential
(y = 2), we recover the EOS of radiation P = ¢/3. For a
|p|® potential (y = 3), we get & = 1/2. More generally, for
y > 1, the exponent a goes from O to 1. These results
coincide with those obtained in Refs. [51,86] for a real SF.

The case y < 1 and K < 0 is interesting because it leads
to a model of Universe that behaves as pressureless DM for
a — 0 and as DE for a — +o0. Therefore, it provides a
unification of DM and DE. For y =0 we recover the
ACDM model and for y = —1 we recover the Chaplygin
gas model [128]. It is interesting that these two famous

PHYSICAL REVIEW D 95, 063515 (2017)

models are selected by our approach among the infinite
family of polytropic models described by an EOS of the
form P = Ke" [92,93]. For y <1 and K > 0 we obtain
models of Universe that oscillate (phoenix Universes). For
y = 0 we recover the anti-ACDM model and fory = —1 we
recover the anti-Chaplygin gas model (see, e.g., [92,93] for
more details).

Remark: Some of these results were previously obtained
by Bilic et al. [104] by considering the inverse problem.
Assuming an EOS of the form P = —A/e (Chaplygin gas)
and using Eq. (31), we easily obtain € = pc? and

1 A
Via(p) = 3 <PC2 + P7> (117)

This corresponds to Eq. (13) of [104] if we recall Eq. (7).
This is also a particular case of Eq. (I12) corresponding to
y =—1 and K = —A/c?. If we consider a constant EOS
of the form P = —p,c?> (ACDM model [93]), we obtain
€ = pc? + ppc? and

1
Viap) =506 + pac, (118)
This is a particular case of Eq. (I2) corresponding to y = 0

and K = —p,c?.
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