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We investigate the three-body system of πK̄K� by using the fixed-center approximation to the Faddeev
equation, taking the interaction between π and K̄, π andK�, and K̄ andK� from the chiral unitary approach.
The study is made assuming scattering of a π on a K̄K� cluster, which is known to generate the f1ð1285Þ
state. The resonant structure around 1650 MeV shows up in the modulus squared of the π-ðK̄K�Þf1ð1285Þ
scattering amplitude and suggests that a π-ðK̄K�Þf1ð1285Þ state, with “exotic” quantum numbers JPC ¼ 1−þ,
can be formed. This state can be identified as the observed π1ð1600Þ resonance. We suggest that this is the
origin of the present π1ð1600Þ resonance and propose to look at the πf1ð1285Þmode in future experiments
to clarify the issue.
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I. INTRODUCTION

The mesons are described as bound states of quarks and
antiquarks in the classical quark model. Until now, most of
the known mesons can be described very well within the
quark model [1]. However, there is a growing set of
experimental observations of resonance-like structures with
quantum numbers which are forbidden for the quark-
antiquark (qq̄) system or situated at masses which cannot
be explained by the classical quark model [2,3]. From the
experimental side, new observations in the heavy quark
sector have reported several mesons with nonconventional
features [4–10].
A state with quantum numbers JPC ¼ 1−þ cannot be

described as simple quark antiquark pairs [11]. For JPC ¼
1−þ the angular momentum l between the quark and the
antiquark must be even, since P ¼ −ð−1Þl. The positive
C-parity then requires the total quark spin s to be zero, since
C ¼ ð−1Þlþs. This then implies J ¼ l and therefore excludes
J ¼ 1. But, the quantumnumbers of these exotic states could
be obtained within the hybrid configurations by adding a
gluonic excitation to the qq̄ pair and such exotic hybrid
configurations should be observed as additional states in the
meson spectrum. In the light quark sector there are three
quite well-established exotic candidates with JPC ¼ 1−þ:
π1ð1400Þ, π1ð1600Þ, and π1ð2015Þ. Over the past two
decades, both experimental and theoretical sides have put
forth many efforts to investigate these exotic mesons [12].
The π1ð1600Þ state was observed by the E852 Collaboration
in the ρπ channel with the reaction π−p → π−πþπ−p
[13,14], in the η0π channel with the reaction π−p →
η0π−p [15], in the f1ð1285Þπ channel with the reaction
π−p → ηπþπ−π−p [16], and in the b1π channel with the

reaction π−p → πþπ−π−π0π0p [17]. Later, COMPASS
Collaboration at CERN showed further evidence for
π1ð1600Þ in the ρπ channel [18] with mass Mπ1ð1600Þ ¼
1660� 10þ0

−64 MeV and a width of Γπ1ð1600Þ ¼ 269 �
21þ42

−64 MeV. However, the CLAS Collaboration at JLab
did not find the evidence of π1ð1600Þ state through the
photo-production process γp → πþπþπ−ðnÞmissing [19,20].
Within different theoretical approaches, there are many

investigations of the light 1−þ hybrid meson properties in
Refs. [21–28]. However, the calculations of the mass of
the lightest 1−þ meson in those works are different. For
example, in Ref. [27], it is found that the π1ð1600Þ could be
the lightest exotic quantum number hybrid meson, while
the results in Ref. [28] favor π1ð1400Þ as the lightest hybrid
state. Furthermore, the decay properties of the 1−þ hybrid
state are studied within the framework of the QCD sum
rules in Ref. [29] and the chiral corrections to the π1ð1600Þ
state are calculated up to one-loop order in Ref. [30]. There
are also other interpretations that π1ð1600Þmight be a four-
quark state [31] or a molecule/four-quark mixing state [32].
On the basis of the experimental and theoretical studies

of the 1−þ hybrid mesons, the identification of the
π1ð1600Þ state is a debated issue, thus it is still worth
studying the π1ð1600Þ state in different ways.
In this article, we investigate the π1ð1600Þ state in three-

body system of πK̄K� but keep the strong correlations of
the K̄K� system1 which generate f1ð1285Þ resonance in the
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1Note that the jK̄K�i state has no well-defined C- andG-parity,
but it is known that the combination 1ffiffi

2
p ðjK̄K�i þ jKK̄�iÞ is

C- and G-parity eigenstate with C ¼ þ1 and G ¼ þ1 (see more
details in Ref. [33]), and f1ð1285Þ is a bound state of
1ffiffi
2

p ðjK̄K�i þ jKK̄�iÞ. However, as we shall see later, the output
of our calculation with jK̄K�i is the same as 1ffiffi

2
p ðjK̄K�i þ jKK̄�iÞ

for f1ð1285Þ. Thus, in this work, we take only jK̄K�i for f1ð1285Þ.
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isospin I ¼ 0 sector [33,34]. In such a situation the use of
the fixed center approximation (FCA) to the Faddeev
equation is justified [35–37]. The FCA to the Faddeev
equations has been used with success recently in Ref. [38]
for the case of NK̄K system, with results very similar to
those obtained in full Faddeev calculations in Refs. [39,40]
and in the variational estimate in Ref. [41]. With FCA to
the Faddeev equations, the Δ5=2þð2000Þ puzzle is solved
in the study of the π − ðΔρÞN5=2− ð1675Þ system [42]. In
Refs. [43–46], by taking the FCA to Faddeev equations the
three-body systems of ρKK̄, ηKK̄, η0KK̄, ρDD̄, and ρD�D̄�
were investigated. Besides, the πð1300Þ resonance was
obtained in the study of three-pseudoscalar πKK̄ and ππη
coupled system by solving the Faddeev equations within an
approach based on unitary chiral dynamics [47]. For 2−þ
pseudotensor mesons, it was shown that, in Ref. [48], the
π2ð1670Þ, η2ð1645Þ, and K�

2ð1770Þ can be regarded as
molecules made of a pseudoscalar and a tensor meson,
where the latter is itself made of two vector mesons.
In the present work we will use the FCA to Faddeev

equations to investigate theπK̄K� system.When studied in s-
wave, provided the strength of the interactions allows for it,
the π-ðK̄K�Þf1ð1285Þ system could give rise to the exotic π1
states with quantum numbers IGðJPCÞ ¼ 1−ð1−þÞ. In terms
of two-body πK̄ and πK� scattering amplitudes obtained
from the chiral unitary approach [33,49,50], we perform an
analysis of the π-ðK̄K�Þf1ð1285Þ scattering amplitude, which
will allow us to identify dynamically generated resonances
with the exotic states discussed above.

In the next section, we present the FCA formalism and
ingredients to analyze the π-ðK̄K�Þf1ð1285Þ system. In
Sec. III, our results and discussions are presented.
Finally, a short summary is given in Sec. IV.

II. FORMALISM AND INGREDIENTS

The FCA approximation to Faddeev equations assumes a
pair of particles (1 and 2) forming a cluster. Then particle 3
interacts with the components of the cluster, undergoing all
possible multiple scattering with those components. This is
depicted in Fig. 1. In terms of the two partition functions T1

and T2, which sum all diagrams of the series of Fig. 1 that
begin with the interaction of particle 3 with the particle 1 of
the cluster (T1), or with the particle 2 (T2), the FCA
equations are

T1 ¼ t1 þ t1G0T2; ð1Þ

T2 ¼ t2 þ t2G0T1; ð2Þ

T ¼ T1 þ T2; ð3Þ

where T is the total scattering amplitude. The amplitudes
t1 and t2 represent the unitary scattering amplitudes
with coupled channels for the interactions of particle 3
with particle 1 and 2, respectively. In the present work, we
consider K̄K� as a bound state of the f1ð1285Þ, thus K̄
and K� are particles 1 and 2, respectively. The π meson
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FIG. 1. Diagrammatic representation of the FCA to Faddeev equations.
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is particle 3. Then, t1 is the combination of the
I ¼ 1=2 and 3=2 unitarized two-body πK scattering
amplitude, while t2 is the I ¼ 1=2 and 3=2 unitarized
two-body πK� scattering amplitude. In the above
equations, G0 is the loop function for the π meson
propagating inside the ðK̄K�Þf1ð1285Þ cluster which is
discussed below. The analysis of the π-ðK̄K�Þf1ð1285Þ
scattering amplitude will allow us to study dynamically
generated resonances.
For the evaluation of the two body amplitudes t1 and t2 in

terms of the unitary amplitudes in the isospin basis, we

need first to consider the interaction of a π and a K̄K�

cluster. The K̄K� in isospin zero is written as,

jK̄K�iI¼0 ¼
1ffiffiffi
2

p
����
�
1

2
;−

1

2

��
−

1ffiffiffi
2

p
����
�
−
1

2
;
1

2

��
; ð4Þ

where the kets in the right-hand side indicate the Iz
components of the particles K̄ and K�, jðIK̄z ; IK�

z Þi.
Following the procedures of Refs. [38,42], t1 and t2 can

be easily obtained in terms of two-body amplitudes t31 and
t32. Here we write explicitly the case of IπK̄K� ¼ Iz

πK̄K� ¼ 1,

hπK̄K�jtjπK̄K�i ¼
�
h11j ⊗ 1ffiffiffi

2
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where the notation followed in the last term for the states is
jðIK̄πIzK̄π; IzK� Þi for t31, while jðIK�πI

z
K�π; I

z
K̄Þi for t32. This

leads to the following amplitudes2 for the single-scattering
contribution [Figs. 1(a) and 1(e)],

t1 ¼
2

3
tI¼3=2
πK þ 1

3
tI¼1=2
πK ; ð6Þ

t2 ¼
2

3
tI¼3=2
πK� þ 1

3
tI¼1=2
πK� : ð7Þ

On the other hand, it is worth noting that the argument of
the total scattering amplitude T is the total invariant mass s
of the three-body system, while the arguments of t1 and t2
are s1 and s2, where si (i ¼ 1, 2) is the invariant mass of the
interaction particle π and the particle K̄ (i ¼ 1) or K�
(i ¼ 2). The value of si is given by

s1 ¼ m2
π þm2

K̄ þM2
R þm2

K̄ −m2
K�

2M2
R

ðs −m2
π −M2

RÞ; ð8Þ

s2 ¼ m2
π þm2

K� þM2
R þm2

K� −m2
K̄

2M2
R

ðs −m2
π −M2

RÞ; ð9Þ

where MR is the mass of the f1ð1285Þ state, and we
take MR ¼ 1281.3 MeV.

Then, following the approach developed in
Refs. [51,52], we can easily obtain the S-matrix for the
single-scattering term [Fig. 1(a) and 1(e)] as

Sð1Þ ¼ Sð1Þ1 þ Sð1Þ2

¼ ð2πÞ4
V2

δ4ðkþ kR − k0 − k0RÞ
1ffiffiffiffiffiffiffiffi
2ωπ

p 1ffiffiffiffiffiffiffiffi
2ω0

π

p
×

�
−it1FR

�
mK� ð~k − ~k0Þ
mK̄ þmK�

	
1ffiffiffiffiffiffiffiffiffi
2ωK̄

p 1ffiffiffiffiffiffiffiffiffi
2ω0̄

K

q

−it2FR

�
mK̄ð~k − ~k0Þ
mK̄ þmK�

	
1ffiffiffiffiffiffiffiffiffiffi
2ωK�

p 1ffiffiffiffiffiffiffiffiffiffi
2ω0

K�
p �

; ð10Þ

where V stands for the volume of a box in which the states
are normalized to unity, while k, k0 (kR, k0R) refer to the
momentum of the initial, final scattering particle (R for the
cluster), ωπ (ωK̄ , ωK�) and ω0

π (ω0̄
K , ω

0
K�) are the energies of

the initial and final scattering particles.
In Eq. (10), FR is the form factor of f1ð1285Þ as a bound

state of K̄K�. This form factor was taken to be unity

neglecting the ~k, ~k0 momentum in Refs. [51,52] where only
states below threshold were considered. To consider states
above threshold, we project the form factor into the s-wave,
the only one that we consider. Hence

FR

�
mK� ð~k − ~k0Þ
mK̄ þmK�

	
⇒ FFS1ðsÞ ¼

1

2

Z
1

−1
FRðk1Þdðcos θÞ;

ð11Þ
2Because of charge conjugation symmetry, the amplitude for

πK̄ scattering is the same as that for πK scattering.
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FR

�
mK̄ð~k − ~k0Þ
mK̄ þmK�

	
⇒ FFS2ðsÞ ¼

1

2

Z
1

−1
FRðk2Þdðcos θÞ;

ð12Þ
with

k1 ¼
mK�

mK̄ þmK�
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − cos θÞ

p
; ð13Þ

k2 ¼
mK̄

mK̄ þmK�
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − cos θÞ

p
; ð14Þ

and

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs − ðmK̄ þmK� þmπÞ2Þðs − ðmK̄ þmK� −mπÞ2Þ

p
2

ffiffiffi
s

p ;

ð15Þ

is the module of the momentum of the π meson in πK̄K�

center-of-mass frame when
ffiffiffi
s

p
is above the threshold of the

πK̄K� system; otherwise, k equals zero. The expression of
FR is given below.
The double scattering contributions are from Figs. 1(b)

and 1(f). The expression for the S-matrix for the double

scattering [Sð2Þ2 ¼ Sð2Þ1 ] is given by

Sð2Þ1 ¼ −it1t2
ð2πÞ4
V2

δ4ðkþ kR − k0 − k0RÞ

×
1ffiffiffiffiffiffiffiffi
2ωπ

p 1ffiffiffiffiffiffiffiffi
2ω0

π

p 1ffiffiffiffiffiffiffiffiffi
2ωK̄

p 1ffiffiffiffiffiffiffiffiffi
2ω0̄

K

q 1ffiffiffiffiffiffiffiffiffiffi
2ωK�

p 1ffiffiffiffiffiffiffiffiffiffi
2ω0

K�
p

×
Z

d3q
ð2πÞ3 FRðqÞ

1

q02 − ~q2 −m2
π þ iϵ

; ð16Þ

with

q0 ¼ sþm2
π −M2

R

2
ffiffiffi
s

p : ð17Þ

One of the ingredients in the calculation is the form
factor FRðqÞ for the bound state f1ð1285Þ of a pair of K̄K�.
Following the approach of Refs. [51,52], we can easily get
the following expression for the form factor FRðqÞ,

FRðqÞ¼
1

N

Z
j~pj<Λ;j~p−~qj<Λ

×d3 ~p
1

2ωK̄ð~pÞ
1

2ωK�ð~pÞ
×

1

MR−ωK̄ð~pÞ−ωK� ð~pÞ
1

2ωK̄ð~p− ~qÞ
1

2ωK� ð~p− ~qÞ
×

1

MR−ωK̄ð~p− ~qÞ−ωK�ð~p− ~qÞ ; ð18Þ

where the normalization factor N is

N¼
Z
j~pj<Λ

d3 ~p

�
1

2ωK̄ð~pÞ
1

2ωK� ð~pÞ
1

MR−ωK̄ð~pÞ−ωK�ð~pÞ
�

2

:

ð19Þ

The parameter Λ is used to regularize the loop functions in
the chiral unitary approach [33].
In this work we take Λ around 990 MeV such that the

f1ð1285Þ is obtained [33]. The condition j~p − ~qj < Λ
implies that the form factor is exactly zero for q > 2Λ.
Therefore the integration in Eq. (18) has upper limit of 2Λ.
We show the form factor FRðqÞ in Fig. 2 with Λ ¼ 890,

990, and 1090MeV. From Fig. 2 we see that the form factor
FRðqÞ is not sensitive to the value of Λ, especially for
q < 600 MeV, and we find that the results of the total
scattering amplitude T are very similar with Λ ¼
990� 100 MeV, hence we take Λ ¼ 990 MeV in the
following such that the f1ð1285Þ is obtained [33].
With the results of FRðqÞ, we can easily calculate the

form factors FFSiðsÞ for single scattering. In Fig. 3, we
show the projection over the s-wave of the form factor for
the single scattering contribution as a function of the total
invariant mass of the πK̄K� system. The solid and dashed
curves are the results of FFS1 and FFS2, respectively.
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FIG. 2. Form factor of the f1ð1285Þ as a K̄K� bound state.

1300 1400 1500 1600 1700 1800 1900 2000

0.6

0.7

0.8

0.9

1.0

s MeV

FF
S

s

FIG. 3. Form factor for the single-scattering contribution.
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We see that the FFS1 and FFS2 are very close to one belowffiffiffi
s

p ¼ 1800 MeV, which indicates that the corrections from
these two form factors are very small and only affect
moderately the results of T beyond 1800 MeV.
Before proceeding further, we examine the normaliza-

tion for the S matrix, which is given by

S ¼ −iT
ð2πÞ4
V2

δ4ðkþ kR − k0 − k0RÞ

×
1ffiffiffiffiffiffiffiffi
2ωπ

p 1ffiffiffiffiffiffiffiffi
2ω0

π

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωf1ð1285Þ

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ω0

f1ð1285Þ
q : ð20Þ

By comparing Eq. (20) with Eq. (10) for the single
scattering and Eq. (16) for the double scattering, we see that
we have to give a weight to t1 and t2 such that Eqs. (10) and
(16) get the weight factors that appear in the general
formula of Eq. (20). This is achieved by replacing

t1 → ~t1 ¼ t1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωf1ð1285Þ

2ωK̄

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ω0

f1ð1285Þ
2ω0̄

K

s
; ð21Þ

t2 → ~t2 ¼ t2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωf1ð1285Þ
2ωK�

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ω0

f1ð1285Þ
2ω0

K�

s
: ð22Þ

By solving Eqs. (1) and (2) and summing the two
partitions T1 and T2, we get

T ¼ ~t1 þ ~t2 þ 2~t1~t2G0

1 − ~t1~t2G2
0

þ ~t1½FFS1 − 1� þ ~t2½FFS2 − 1�;

ð23Þ

where G0 depends on the invariant mass square s and is
given by

G0ðsÞ ¼
1

2ωf1ð1285Þ

Z
d3~q
ð2πÞ3 FRðqÞ

1

q02 − ~q2 −m2
π þ iϵ

:

ð24Þ

In Fig. 4, we show the real and imaginary parts of the G0

as a function of the invariant mass of the πK̄K� system.

III. RESULTS AND DISCUSSION

To perform the evaluation of Faddeev equations under
the FCA, we need the calculation of the two-body inter-
action amplitudes (t1 and t2) of πK̄ and πK�, which are
investigated in Refs. [33,49,50] as mentioned before. These
two-body scattering amplitudes depend on the subtraction
constants aπK̄ and aπK� , which are assumed as effective
parameters in our calculation. We take them as used in
Refs. [49,50]: aπK� ¼ −1.85 and μ ¼ 1000 MeV for
IπK� ¼ 1=2; aπK ¼ −1.38 and μ ¼ mK for IπK ¼ 1=2;
aπK ¼ −4.64 and μ ¼ mK for IπK ¼ 3=2. Then we calcu-
late the total scattering amplitude T and associate the peaks/
bumps in the modulus squared jTj2 to resonances.
In Ref. [49], only the πK� interaction in IπK� ¼ 1=2

sector was studied where two K1ð1270Þ states were
obtained. In this work we need also the parameter aπK�

for the case of IπK� ¼ 3=2, which is taken the same as for
IπK� ¼ 1=2 as used in Ref. [49].
In the FCA, we keep the wave function of the cluster

unchanged by the presence of the third particle. In order to
estimate uncertainties of the FCA due to this frozen
condition we admit that the wave function of the cluster
could be modified by the presence of the third particle,
which is the normal situation in a full Faddeev calculation.
Indeed, πf1ð1285Þ may couple to other s-wave meson-
meson channels, such as π meson and other excited f1
states or K̄ meson and K1 states. However, other excited f1
states may not have large K̄K� component3 or the thresh-
olds of these channels are far from the energy region we
considered. Furthermore, including such contributions, the
π − ðK̄K�Þf1ð1285Þ scattering amplitude would become more
complex due to additional parameters from the nondiagonal
transitions, and we cannot determine or constrain these
parameters. Hence, we will leave these contributions to
future studies when more experimental data become
available. For the sake of simplicity we do not include
other channels in our calculation.
As pointed before, the form factor, FRðqÞ, is not

sensitive to the value of Λ. Then, in order to quantify
uncertainties of the FCA, we perform calculations with

1300 1400 1500 1600 1700 1800 1900 2000
0.015

0.010

0.005

0.000

s MeV

G
0

s

FIG. 4. Real (solid line) and imaginary (dashed line) parts of the
G0 function.

3One might think that the inclusion of h1ð1380Þ and b1ð1235Þ
states might improve the situation, since those resonances couple
also dominantly to the K̄K� channel [34]. However, the quantum
numbers of h1ð1380Þ and b1ð1235Þ are different with f1ð1285Þ.
The transition between π − ðK̄K�Þh1ð1380Þ, π − ðK̄K�Þb1ð1235Þ and
π − ðK̄K�Þf1ð1285Þ should be zero.
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different values of MR. In Fig. 5, we show the modulus
squared of the total π − ðK̄K�Þf1ð1285Þ scattering amplitude
with MR ¼ 1231.3, 1281.3, and 1331.3 MeV, where
we see a clear bump structure around

ffiffiffi
s

p
∼ 1650 MeV

for the three cases. From the PDG [1], this structure can be
assigned to π1ð1600Þ, with mass 1660 MeV. Furthermore,
taking

ffiffiffi
s

p ¼ 1660 MeV we get
ffiffiffiffiffi
s1

p ¼ 792 MeV andffiffiffiffiffi
s2

p ¼ 1244 MeV from Eqs. (8) and (9). At these energy
points, the interactions of πK̄ and πK� are strong enough to
produce the π1ð1600Þ state.
Note that the location of the peak is quite stable against

variation of the parameters of aπK̄ and aπK� in the ranges of
values to reproduce the results of Refs. [49,50] within
uncertainties. This may indicate that the π1ð1600Þ state can
be generated from πf1ð1285Þ where f1ð1285Þ is present in
the K̄K� interaction. This may be the origin of the π1ð1600Þ
state and the future measurements about the πf1ð1285Þ
mode can be used to test our finding here.

On the other hand, from Fig. 5 we see that there is no any
bump structure around

ffiffiffi
s

p
∼ 1400 MeV, which can be

assigned as the π1ð1400Þ state. This may indicate that the
π1ð1400Þ can not be dynamically generated from the
πf1ð1285Þ interaction.

IV. SUMMARY

In this work, we have performed a Faddeev calculation
for the π-f1ð1285Þ system treating f1ð1285Þ state as a K̄K�

bound state as found in previous studies of the K̄-K�
system [33,34]. We have used the FCA to describe the
π-ðK̄K�Þf1ð1285Þ system in terms of the two-body inter-
actions, πK̄ and πK�, provided by the chiral unitary
approach as investigated in Refs. [49,50]. There is a clear
and stable bump structure around 1650 MeV in the module
squared of the total scattering amplitude indicating the
formation of a resonant πK̄K� state around this energy.
This state has “exotic” quantum numbers JPC ¼ 1−þ. From
PDG, we can associated this resonance to the exotic
π1ð1600Þ state with mass 1660 MeVand large uncertainties
for the width [1]. This may be the origin of the π1ð1600Þ
resonance that is treated as a hybrid state in Refs. [29,30],
a four-quark state in Ref. [31] or a molecule/four-quark
mixing state in Ref. [32]. Future measurements about the
πf1ð1285Þ mode can be used to test our calculations and
clarify the issue.
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