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A new renormalization scheme is defined for fermion bilinears in QCD at nonvanishing quark masses.
This new scheme, denoted RI/mSMOM, preserves the benefits of the nonexceptional momenta introduced
in the RI/SMOM scheme and allows a definition of renormalized composite fields away from the chiral
limit. Some properties of the scheme are investigated by performing explicit one-loop computation in

dimensional regularization.
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I. INTRODUCTION

Nonperturbative renormalization MOM schemes have
been introduced in Refs. [1,2] by imposing a set of
renormalization conditions, which specify the renormali-
zation of the fermion wave function, of the fermion mass,
and of composite operators like fermion bilinears. The
renormalization conditions are imposed in the chiral limit
of QCD, and therefore, by construction, these schemes are
mass independent, meaning that all the renormalization
constants are independent of the value of the fermion mass.
This is useful for instance when considering ratios of
quantities such as masses; in a mass-independent scheme
m;/m; for two different fermions i and j, does not
renormalize since the renormalization constants cancel
between the numerator and the denominator. The renorm-
alization conditions are chosen so that renormalized corre-
lators involving the vector and axial currents satisfy the
Ward identities (WIs) dictated by the symmetries of the
theory. Using massless schemes for massive quarks
involves violations of the Ward identities by terms that
scale like powers of m/u, where u is the typical energy
scale of the correlators that are computed.

Recent lattice studies have begun investigating the
nonperturbative dynamics of heavy quarks like charm
and bottom, including these heavy flavors as relativistic
dynamical degrees of freedom in the path integral. In
current simulations the mass of the heavy quarks is often of
the same order of magnitude as the UV cutoff, defined as
the inverse lattice spacing a~!. As a consequence, it is not
possible to reach a regime where there is a clear separation
between the fermion mass, the renormalization scale, and
the cutoff, i.e. a regime where m < u < a~'. When
studying heavy quarks, it may be interesting to introduce
a massive scheme, i.e. a scheme where the renormalization
conditions are imposed at some finite value of the renor-
malized mass. It is indeed possible to choose the renorm-
alization conditions in such a way that the desirable
properties of the massless schemes are preserved, in
particular the Ward identities would hold exactly at finite

2470-0010/2017/95(5)/054505(16)

054505-1

values of the quark mass, and independently of the ratio
m/u.

In this paper, we define a massive scheme for axial and
vector currents as well as scalar and pseudoscalar densities,
which we call mSMOM. The renormalization constants
defined in mSMOM satisfy properties that are similar to the
ones found in SMOM [2]. SMOM was introduced in order
to reduce chiral symmetry breaking and other unwanted
infrared effects, by defining the renormalization conditions
for the vertex functions at a symmetric subtraction point
which involves nonexceptional momenta. The key property
of the SMOM scheme is that the renormalization conditions
are defined so that the renormalized W1Is are satisfied. This
is in contrast with MOM where the WI for the axial current
are recovered only for large values of y? [1,2]. Starting from
SMOM, we modify some of the renormalization conditions
in order to recover the massive renormalized WIs. The
renormalization conditions for massive quarks require
the introduction of an extra scale m, which is the value
of the renormalized mass at which the conditions are
spelled out. As we take the limit m — 0, our scheme
reduces to SMOM, so that we are able to interpolate
between massive and massless schemes.

We discuss a number of properties using nonperturbative
arguments after which we perform an explicit check at one-
loop in perturbation theory using dimensional regulariza-
tion. While the results of this calculation is exactly as
expected, it is pleasing to see explicitly a number of
nontrivial cancellations. We then focus on the case of
the lattice currents, and discuss their renormalization in
mSMOM. The massive schemes can be implemented
numerically, in order to obtain nonperturbative determi-
nations of the corresponding renormalization constants.
The massive renormalization constants will change some
lattice artifacts O(a*m?), and could potentially lead to
smoother extrapolations to the continuum limit of phe-
nomenologically relevant observables. A first qualitative
understanding of the can be obtained by a perturbative
study along the lines of Ref. [3], but ultimately dedicated
numerical studies are necessary in order to settle this issue.
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II. MASSIVE RENORMALIZATION
CONDITIONS

A regularization-independent momentum subtraction
scheme for bilinears with a nonexceptional, symmetric
point has been introduced in Ref. [2], under the name of
RI/SMOM. RI/SMOM is a mass-independent renormaliza-
tion scheme, in that all the renormalization conditions are
specified in the chiral limit, and therefore the renormaliza-
tion constants cannot depend on the quark masses by
definition. Before investigating the possibility of defining a
similar scheme at finite quark mass, let us briefly recall the
renormalization conditions that define RI/SMOM, and
discuss the main properties of the renormalized bilinears
in that scheme.

Figure 1 summarizes the kinematics used in this paper:
the correlators of fermion bilinears with two external off-
shell fermions are

Gi(p3, p2) = (Of(q)w (p3)y (P2)) (1)

where Of = yI't%y is a flavor nonsinglet fermion bilinear,
and I" spans all the elements of the basis of the Clifford
algebra, which we denote as ' = S, P, V, A, T. Note that z¢
denotes a generic generator of rotations in flavor space. The
conventions for the Dirac gamma matrices are spelled out
in detail in Appendix A. The four-dimensional vectors p,
and p; are, respectively, the incoming and outgoing
momenta of the external fermions, and momentum con-
servation requires ¢ = p, — p3. The kinematics adopted in
this work is the one used in Ref. [2]:

PB=p=q =1 (2)

Following the convention in the paper above, we denote
this symmetric point by the shorthand “sym”.

For the purpose of illustration, we can consider the case
of a fermion doublet,

w:("”) 7= ), (3)

5]

with mass matrix

M:(ml 0). ()

0 my

Note that in the mass degenerate case, we simply have
M = m1.If we choose t* = 77 =& =L (¢! + ic?), then
the bilinear Of = yI't%y takes the form Or = | T'y,.

The infinitesimal vector and axial nonsinglet SU(2)
chiral transformation are as follows

Sy (x) = ilay (x)zly(x),
& (x) = =iy (x)[ay (x)77], (5)
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FIG. 1. Kinematics used for the correlators of fermion bilinears.

and

Sy (x) = ilaa (x)2p Jyr(x),
8 (x) = iy (x) [ (x)2°7]. (6)
In our conventions, bare quantities are written without
any suffix, while their renormalized counterparts are

identified by a suffix R. The renormalization conditions
are usually expressed in terms of amputated correlators,

At (P2, p3) = S(p3) 7' Gi(p3, p2)S(p2)~" (7)
where S(p) is the fermion propagator:

i

S(p) :ﬁ—m—Z(p) +ie’

(8)

Note that for each leg being amputated, the fermion
propagator with the corresponding flavor needs to be used.

The quark mass breaks chiral symmetry explicitly.
This breaking is visible in the second equation below,
Eq. (10). If the regulator does not induce any further
breaking of chiral symmetry, then A{, and A{ are related to
the fermion propagator by the vector and axial Ward
identities, respectively,

q- Ny =iS(py)~" = iS(ps)~", )

q- A% =2miAg —y5iS(py)~' = iS(p3)~'ys. (10)

As specified above, the vertex functions are all taken to be
nonsinglet for the rest of the paper. In this section the mass-
degenerate cases are being considered; i.e., either both
quarks are light (massless) or both are heavy. In both cases
the two fermion propagators that enter in the Ward
identities are the same, and only differ because of the
momentum associated with the external leg. We will
suppress the flavor index a to keep the notation simple.
The renormalized quantities are defined as follows:

1/2
wr = Z4 .

MR :ZMM

mg = 2Z,,m,

OF,R:ZFOF’ (11)
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where m and M denote the masses of the light and heavy
quark, respectively. The renormalized propagator and
amputated vertex functions are

Sk(p) = Z,5(p).
Z
Arg(p2.p3) = Z—FAF(P2,P3)’ (12)

q

where ¢ = [, H for light and heavy quarks, respectively.
Note that our conventions for defining the fermion propa-
gator are slightly different from the ones used in Ref. [2];
using our own conventions, the RI/SMOM conditions are

—1,  (13)

pr==—H

1
I iSk(p)™!
Simr27 TSk(P) 2]

lim —— {Tr[—iSR(p)_']pzz_Mz

mp—0 12mR
1
“5 Tl Al | =1 (4)
li ! T A =1 15
mIIeIE’IOFqZ r[(q V,R)q”sym - b ( )
lim ——Trl(q- Arirsallym =1, (16)
mllglo 124 q " DAR)Ys4 lsym = 1>
li ! A =1 1
mIIQIBOETr[ P,Ry5]|sym - b ( 7)
1
rrHIBOETr[AS Rllgym = 1. (18)

These renormalization conditions ensure that the renor-
malized bilinears obey vector and axial renormalized Ward
identities like the ones in Egs. (9), and (10), and the
renormalization constants satisfy the same properties as in
the MS scheme, namely

Zy=Zy=1, Zp=2Zs., ZnZp=1. (19)

While the renormalization conditions in the RI/SMOM
scheme are imposed in the chiral limit, the RI/mSMOM
scheme is defined by imposing a similar set of conditions at
some fixed value of a reference renormalized mass that we
denote by m:

1
. . _1
i, i { PSP

5Tl Al | =1 @)
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1
Mer—l?m 12q T [(q ‘ AV'R)q”S}’m =1 (22)

1 .
MI;I_T}m 124 —— Ir t[(q - Apr— ZMRIAP.R)quHsym =1, (23)

1
Ml;r—I}mE [AP,RJ/S”sym - 1’ (24)
fim 4 L Te[Ag ] — s Tr2iMgAp grs4] |
im T =1.
12 S.R 642 IMRI\pRY54 -
(25)

Comparing with the SMOM prescription, only the renorm-
alization conditions for the axial and scalar vertex functions
have been modified by terms proportional to My, which
therefore vanish in the chiral limit. We have introduced a
new scale m, which identifies the renormalized mass at
which the renormalization conditions are imposed. The
scale m is a free parameter, which needs to be specified in
order to fully define the renormalization scheme. In the
limit where m — 0, the mSMOM prescription reduces to
the SMOM one. As usual the renormalization conditions
are satisfied by the tree level values of the field correlators.

The properties of the renormalization constants defined
by the mSMOM conditions can be obtained by following
very closely their derivation in the SMOM schemes. In the
case of Zy the derivation is exactly the same. Using the
relation between renormalized and bare vertex functions,
and Eq. (22), we obtain

lim ——Tr[(q - Av)d]lym

Mp—m 12 2
7, 1
= A};EHTVTT [(q : AV,R)q”sym (26)
Z
_Zq 27
7 (27)

Using the vector Ward identity, Eq. (9), the lhs of the
expression above can be written as

lim — ! [(lS(Pz)_l - iS(p3)_1)qHsym

Mr—m 12q
_ o -1
= Jim, TS (@) 28)
- Zqu;r_I}mm [iSR(Q)_lq”qz:—yz - Zl]' (29)

Comparing Eqgs. (27) and (29) yields Zy = 1.

Because of the modified renormalization condition for
the renormalization of the axial vertex function, the
computation of Z, and Z,Zp are coupled in the
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mSMOM scheme. The axial Ward identity, Eq. (10), can be
rewritten in terms of renormalized quantities:

1
—a-A
z. 1

- 2Mpi\
AR~ 7 RUNPR

wmZp
= —{rs5iSr(p2)~" + iSr(p3)~'7s}. (30)

Two independent equations can be obtained by multiplying
Eq. (30) by y°4 and ys, respectively, taking the trace, and
evaluating correlators at the symmetric point. In the first
case, using Egs. (20) and (23), we obtain

(Zp—1) = (1 —Zi‘}P>cmp, (31)
where
Cup = Mlif_r}m 1242 Tr[2iM g Ap rY54] |sym' (32)
The second equation instead yields
(Zn—1)Cys = —zzA<1 _— ) (33)
ZuZp

where we have introduced one more constant

ZrCor = im0 o0

Tl‘[q ' AA,R}/S] |sym' (34)
It is easy to verify that Z, = 1, Z,Zp = 1 is a solution of
the system. The renormalization constants defined through
the mSMOM prescription do satisfy the properties in
Eq. (19), as is the case for the renormalization constants
defined in massless schemes like e.g. RI/SMOM. As a
consequence, Eq. (30) reduces to the correct axial Ward
identity for the renormalized correlators. Note in particular
that Z, = 1 implies that Z, does not depend on the
renormalization scale u. The renormalization condition
for the scalar vertex function Ag, however, has been
determined by performing a one-loop computation in
perturbation theory, as discussed in Sec. IIIE. To prove
Zp = Zg we start from the nondegenerate vector Ward
identity, which is an extension of Eq. (9) with m # m,,

q- Ay = (my —my)As +iS, (pa.my)~!
—iS,,(p3.my)7", (35)

where ¢g; and ¢, refer to two different quark flavors with
masses m; and m,, respectively. Note that since the field
renormalization condition is set in the limit m — m and the
momenta are symmetric, Z, is the same for both quark
fields g, and g,. Writing the above equation in terms of the
renormalized quantities, we have
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q-27'ZyAy g = Z3' ZyZs(my g — myg)As g
+iZ;'Sg &(p2.my)”!
—iZ;'S,, r(p3.my)7", (36)

where we have used the property that the mass difference
(my — m,) is renormalized by Z,,, given that it is obtained
in the limit m — m for both quarks, as shown in Ref. [4].
Since it is already shown that Zy = 1 and the renormalized
W1 is satisfied, it implies that Z,,Zg = 1. Using Zy,Zp = 1,
we finally obtain Zp = Zg." Hence we recover the equality
between the two renormalization constants. This also holds
nonperturbatively in the SMOM scheme (its validity had
been previously shown at one-loop in perturbation theory
in Ref. [2]).

In these respects, mSMOM inherits the good properties
of the SMOM scheme such as satisfying the renormalized
WIs at all scales y, in contrast to the RIMOM scheme
Ref. [5].

III. PERTURBATIVE COMPUTATION

It is instructive to understand the details of the RI/
mSMOM scheme by performing an explicit one-loop
computation. For simplicity, we regularize the theory using
dimensional regularization and evaluate the relevant dia-
grams including their dependence on the bare mass m.
Because we are mostly interested in flavor nonsinglet
quantities, we do not need to worry about extending the
definition of y5 to arbitrary dimensions [6,7]. If one were
interested in flavor singlet currents, then a precise definition
of y5 in dimensional regulation is mandatory. In this Section
we focus on the actual results, and their consequences,
while we report on the technical details of the computations
in Appendix B.

A. Fermion self-energy

Setting D = 4 — 2¢ the fermion self-energy is
1 m> m* m?
2(p)=-—C,y(F ——=—1 —+— | —5——
(P) 4 2( )[ﬂ( P +7/E+ﬂ2 +ﬂ4 n<m2+u2>
2,2
+1n<’" T ))
U
4 4m? m?
-+6-4 ——In| —5——
+m<€+ T n(m2+ﬂ2)

!

where yp is the Euler-Mascheroni constant, we have
replaced p? = —u?, and denoted i the scale introduced

'We would like to thank the referee of the paper for pointing
out the above proof.
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by dimensional regularization through the rescaling of the
gauge coupling g — gp‘.

Equation (20) yields the renormalization constant for the
fermion field in the mSMOM scheme:

a 1 m?  m* m?
Z =14+—C)(F)|-+1—-y,————1n
=16l )[€+ TET T <’h2+ﬂ2)

(5] =

The effect of the change of scheme is a redefinition of the
finite part of the renormalization constant Z,. As expected
on dimensional grounds, the dependence on the reference
mass /m only enters via the dimensionless ratio /u. The
limit for m — 0 is well defined and reproduces the result of
the massless scheme [2].

B. Vector vertex

Let us now start considering the vertex functions, and
discuss in detail the structure of the vector correlator Ay.
The one-loop contribution to the vertex for the case of
massive fermions is

1o
A7 (py. p3)

L ]/a[ﬁ3_k+mb/
=~ | B e el

“[py — Kk + m]y”
ST
(39)

It is clear from this compact expression that Ai,l )”( Doy D3)
transforms as a four-vector under Lorentz transformations.
|

1 | 2
By=-—rs+3 —c0<m—2> (1—4’"—— >+2<3
€ p IS

\/ +4—log

2 2 2
_4<1—m_2> log(m :'2—” )
H H

) —20(e) e ( m2> ( Jee() + (
+(2-5) =20 (= )= 1+ ) = (1=45 ) 1og( = | + (1
( u? \u2) i u? i
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A closer inspection shows that the integral can be expressed
in terms of just five form factors

1)o a 1 . opal p
Ai/) (Pz’P3):EC2(F) AVF(ZGP ﬂyp75p3ap2ﬂ)+BV7
1
=+ Cv; (PS> +Pips)

1 1
+ Dv; (PSps+ pSpa) + Ev; (PS+p3)|-
(40)

The form factors Ay, ..., Ey only depend on the Lorentz
invariants, and are computed analytically. At the symmetric
point, they are given by the following expressions.

4 1 m? m? m? m?
Ay =~ C 1+— 1
Vo3 <2 u) O(ﬂ )+< +M2) Og<m2+ﬂ2>
2 Y1 +4m -1
- ——_— (41)

—zlog R
H ,/1—1—4 +1

where the expression for CO(’;l—f) can be found in

Appendix B, Eq. (B9) and Eq. (B11). Although the last
two terms in the expression are separately divergent in the
massless limit, these divergences cancel, yielding a finite
expression when m — 0, which agrees with the results in
Ref. [2]. Similarly, for the other form factors, we find

—y|1+4

m m m2 m2 m2
—2 —2 m2+/42 + 1—4? 10g ﬂ_z

\J1+4% -
(42)
J1+4%+1

1—|—4 -1
+4—log
,/1—1—4’" +1

m2 m? + 2
- 4—2> 10g< — ) : (43)
H H

O[O0 [ R e )

054505-5



BOYLE, DEL DEBBIO, and KHAMSEH

4 2 2
3u JZ JZ
m2 ) 2 m2
+2— log<—>
2 +,U ﬂ 2 +ﬂ2

2 14—
—oy 144 n0g | Y—L || (45)
H VI1+45+1

which all agree with the results in Ref. [2] when the limit
m — 0 is taken.

+210g<
m

C. Pseudoscalar vertex

For the pseudoscalar vertex function at one loop, we
have

AV (pa, p3)

o y(l[ﬁ _k+mb/5[p _k+m]ya
=g ColF) / Rlps =K = mll(ps = K7 = ]
(46)

The one-loop structure of this vertex is simpler

i

A (p. p3) = % €y (F) [Bp(f) - Enl ()02 - m)] .

47
(47)

The form factors are:

1 3 1 m? m m?
BP4[__7’E+2 2C°< >+ 1°g<m2—+;ﬂ>

()

Ep=-"2¢, <m—22> (49)

H H

Using the renormalization condition Eq. (24), we
have

1
i, 3 et = Jm, T 7

1 Z
m_—_Tr[ PAPy ]
q

sym

giving
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Zo — {1 +%C2(F) [—3<é—m) —5+2CO<Z1—22)
_’:7_22(1 —4ln<1 +:1—2) —f—jln(l + 2))
() ot

The above result reduce to Ref. [2] in the massless limit.
Note that Zp is scale dependent; setting 1 = pu, we find that
the dependence on the scale only appears through the
combination u/ 1.

35

D. Axial vertex

The computation of the axial vertex follows very closely
the one of the vector vertex presented above. The starting
expression

Ag)g(Pzam)
o Yalps =k + mly°y’ [po — k + m]y”
) | e =i
(52)

can again be parametrized in terms of five form factors,
which we denote A,, ..., Ej,

1o a 1 .
Afx) (P2 p3) = Ecz(F) |:AA/7 (ie7Py ,p3apap)
1
+ BAY’r’ + CAPVS(Pgﬂz + pips)
1 5(,,0 o
=+ DA/??’ (PSp3 + Psp2)

4 EA/% (vg - pzﬂ . (53)

For the axial form factors, we find

2., ,2 m2 1+4 -1
_log(m :12‘/4 ) 1+4—10g
i \ \/mﬂ

(54)
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1 1 m? m? m* m?\ . m? m? m? m?
By=——yg+=-|-C <—) <1+8——2—> (3——)2—log<—)+<1—4—> log<~—)
AT TITET S 0 e e ut e e m? + u> e i

2 ) 2 2 \/l_—l——él_f"—f—l
—4<l—ﬁ>kg<ﬁéUi>—<l—2ﬂ> 144 tog [ —t—| | (55)
U H +1

1+ 4m

_|_

m m?
A e (58)
Again, in the massless limit m — 0, the above coeffi- 5 5
cients coincide with the corresponding results in Ref. [2]. Feo — _fﬂ C moy( l + m-
T VYA

E. Scalar vertex 5 5
m m
In this section we discuss the mSMOM renormalization - (1 + —2> 10g< )

condition for the scalar vertex.
P VAR
—— | |. (62)

1 =
A<s)(192,173) I /1+4::l_22+1

. 5 Va3 — K+ m][pr — K+ mly®
= —ig*C (F)/ .
? k K [(p3 = k)> = m?][(py = k)* = m?]
(59) Using the renormalization condition Eq. (25), and the
fact that Z,,Zp = 1, yields

The one-loop structure of this vertex is

. 1 Zg 1 Z,Zp ..
m]RlTﬁl{uTr |:Zq AS:| + 67q2Tr |: Zq zlmAPY5q

— lim Z-! @ (1
= m]gn)mzq {ZS <1 + Cz(F) in |:4 <€ YE> +6

The form factors are: m2 m2 4m? m2
- (8—2+2>C0<—2> +—21n< 3 2)
JZ JZ M m+p

sflo)ee(EolE) ) e o

4 2 2 2 2
+_g4n<_ﬂ__>_4m<m§§”>, (61)

a 1 Ssym
A(sl)(Pz, P3) = Ecz(F) [Bs + Es;(ﬂz +ﬂ3)]- (60) Y

m? + . :
After introducing
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e (e () o-20(5)

n(e) (")
+—mn(———=)—-4In(—— ], 64
W02 m? + 2 i (64)
we obtain
a 8m?> m?
u(P-genrall))
1 a 8m?
=Z|1——0Cy)F)——
q< qC2< )4” 2 >
a 8m?
= Zq<1 - Cz(F)E—z 0(a2)>,
and hence
ZS = Z P_I <1 - Cz( )18—’”24’ 0(02)>
q A /'42
a 8m? CO(ZL_Z)
» a 8m? 5
2 2
x (1 + Lo, F) 8”; Co (’”—2> + O(a2)>
4 )2
=Zp (65)

We can rewrite the above expression explicitly as:

a 1 m?
Ze=<1+— F)|-3(—— - 2 —
g { T )[ 3(6 yE) i Co<M2>
2 &2 2 2
_ﬂ_2<1_41n<1+ﬁ)_?1n<1+ﬁ>>

A (66)

which clearly depends on the ratio ;"—22

It is possible to show nonperturbatively that Z,,Z¢ = 1
using the vector WI with a suitable probe. See e.g. Ref. [4]
for a detailed discussion.

F. Mass Renormalization

The mass renormalization can be computed following
the mSMOM prescription:

lim
mp—m 12mR

L 1
{ret-isi - 31,01

—1. (67)

sym

We prove that Z,,Zp has to be equal to 1, i.e.

PHYSICAL REVIEW D 95, 054505 (2017)

. — — 1 -
{Tr[—zquS ] —ETT[ZAquqﬂAl/:,R}’S]}

= lim Zm {Z;l(lzm)(HZs(pz))

lim_
mg—m IZme sym

mg—in 12m

— %ZAZ;‘ (12)Cy(F) %4mco (m—j> } (68)

u

sym

Setting Z, = 1, we have
Zy =z 1+ %co(r) (42 6
m — %+q +E 2( ) g_}/E +

4 2 2 2 2 2
+£21n<—2m 2) —4ln<m fg”)—zc()(m—Z)ﬂ
m?+p i u
1 m

=75 (69)

G. Vector Ward identity

The results in the two previous subsections need to
satisfy the vector Ward identity. This requirement provides
a stringent test of our computations. At one-loop, the Ward
identity becomes

q- A =2(p3) - Z(pa). (70)

Using the results in Sec. III B, the lhs of Eq. (70) is readily
evaluated

a 1 m? + u?
—Cz(F>4{——}’E+1—10g( ) )
T € i

(g o

Likewise, for the rhs of Eq. (70), the results in Sec. III A
yield exactly the same expression, so that the vector Ward
identity is indeed satisfied.

As discussed in the previous section, the vector Ward
identity implies that Z;, = 1. This can be checked explicitly
from our one-loop calculation. Using the renormalization
condition Eq. (22) yields

lim ——
Mgp—m 12q

o Zy
= g [z—q @ AW/]

Tr[(q - AV,R)q”sym

=1, (72)

sym
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which, using Eq. (38), implies

ﬁ12

a 1

= =2 =2 2 -1
() -m(TE)) M= o9
ptoo\m+p f

H. Axial Ward identity

The axial Ward identity also needs to be fulfilled in our
check at one loop. This constraint becomes

q- AX) = 2milp + ysZ(p2) + Z(p3)7s (74)

Using the results in Sec. III D, the lhs of Eq. (74) can be
evaluated

a 1 4m? m> m?
——C,(F)y? - — 1——Cy| | ——=
yp 2 (F)y {q[e YE+ 2 0(/;) 2

4 2 2 2 2
_”’_111(—2’” 2) —ln<m fz” )} —4mc0<m—2>}.
pt o \m? i u

(75)

Similarly, for the rhs of Eq. (74), the results in Sec. III A
and Sec. III C yield exactly the same expression, so that the
axial Ward identity is indeed satisfied.

As discussed in the previous section, the axial
Ward identity implies that Z, = 1. This can be checked
explicitly from our one-loop calculation. Note that the
modified renormalization condition Eq. (23) is critical to
get Z, = 1.

1 .
Ml;[_r)lm 27 5Tr[(q - Aagr = szlAP,R)}/Sq”sym

1 Z VAYA
= lim 5 Tr ZAL N, =2
Mp—mm 12q Zq Zq

2imAP> ySq}

sym

1 1 a 1
M;I—{lrhIZquq r{ A(q +4n’ 2(F)q [e vet

4m? 2 2
()
u W)
m* m? m? + u?
- ) —In{ ——
pt o \m? + p i
a ,4m? m?
et ()]
4?2 02

where we have used Z,Zp = 1. Substituting Eq. (38)
yields

—1, (76)

sym

Zy=1. (77)
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IV. MASS NONDEGENERATE SCHEME

We will now consider the renormalization scheme for the
case of nonsinglet, mass nondegenerate vertex functions.
Note that according to Eq. (3), we collect the two fermion
fields in a flavor doublet:

() () o

with the nondegenerate mass matrix

e (M0 ™

In what follows we will be interested in fermion bilinears of
the form O = HT'l by choosing the flavor rotation matrix
to be 1 =17 =% =1(s' +is?). For clarity, we will
leave the flavor index “+” explicit in the Ward identities,
but will suppress it for the rest of the section to keep the
notation simple. We have used curly letters (V, A, P, S) to
denote the heavy-light bilinears. The vector and axial Ward
identities are as follows:

q-A,=(M-m)A;+iSy(pa)~' —iSi(p3)~". (80)

q-Njy=(M~+m)iNp —ysiSu(p2)~' —iSi(p3)~'vs.  (81)
where M and m are masses of the heavy and the light

quarks, respectively.

A. Modified renormalization conditions

The RI/mSMOM scheme for the heavy-light mixed case
is defined by imposing the following set of conditions at
some reference mass 7i:

1
N 2g Trl(q - Ay — (Mg

Mp—m

- mR)AS,R)q] |syrn

Tr[(i¢™ " Sy r(p2)™" = ilSir(p3) "4,

(82)

1 .
lim ——Tr[(q-Aur— (Mg+mg)iAp g)754]|sym
o129

= lim —itS r(p3) 'Y )ys4).,

mp—0 12
Mp—m

STr[(—iy ™ Sy r(p2)

(83)
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.1
lim ETr[AP,R}’S]

mg—0 i ’ sym

. 1 e _
- ;%r:r}")l{ 12(M g + my) {Tr[—lé' 'Sur(p)™'] -
1
-5l Anoirsl] b
1 . _
+ T2(Mp + mp) {Tf[—lCSz,R(P) '] P
1
-5l Anoirs] ) (84)
sym

where { denotes the ratio of the light to the heavy field
renormalizations, ie. { = % In the degenerate mass,

¢ = 1 and the mixed mSMOM prescription reduces to the
mSMOM and SMOM one. Note that M refers to the heavy
quark mass while the light quark is denoted by m and curly
subscripts denote heavy-light mixed vertices. The renorm-
alization conditions for Z;, Zy and Z,, remain unaltered as
they are independently determined from the corresponding
degenerate, massive and massless schemes of the previous
sections. As usual the renormalization conditions are
satisfied by the tree level values of the field correlators.

B. Renormalization constants

The properties of the renormalization constants in this
scheme are obtained once again from the Ward identities.
‘We multiply the vector Ward identity Eq. (80) by g, take the
trace and write the bare quantities in terms of the renor-
malized ones as follows:

1
Zi1°2) T {—Z (g AV,R>4
14

= Z;I/ZZIWTT [(lf_l Sur(p2)™

Mpg mg

— ¢S r(p3)~! +ZMTSZ"'A&R>4]- (85)

Using Eq. (C16), we get

<ZLV - 1>Tr[(ig—lsH,R(p2)‘1 — S r(p3)~")4]
. —(MR—mR) 1;1_15
(W= 5

mg
Zm

)Tr[As,Rq], (86)

which has a solution when Z,, = 1 and
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Mg _ mp

Z Z,
Zo=—M ~m | 87
O (87)

For the axial current we follow a similar procedure,
starting from the bare mixed axial Ward identity, Eq. (81).
Multiplying once by y 4 and ys, respectively, and taking
the trace gives two independent equations. In the first case,
we use Eq. (C17) and obtain

1
(1 —Z)Tr[<—iy5¢—lsH.R<pz>-l—igsl,ﬂpg)-lf)fq]

(MR+mR_( MR mpg

Z. ZMZP+Zmzp>>Tr[(iA7’)VSq]- (88)

The latter equation is satisfied by Z4 = 1 and

Mg mg

ZyZ Z,Z
Z — M~EP m 7—". 89
P M T (39)

Note that in the degenerate mass limit, we recover
Z,Zp = 1.

In the second case, where we take the trace with y°, we
make use of Eq. (C18), giving

M m
1 (5tzs)
(——7M P Ti(q - Aur)r’)
Z.A MR-l—mR

(MR 4 mg )
(1T i st
—itS,x(ps)™)). (90)

which has solutions Z 4 = 1 and Zp as in Eq. (89). One can
easily check that this solution is unique.

C. Finiteness of the ¢ ratio

We need to show that the ratio ¢ is finite since it appears
together with the renormalized propagators on the right-
hand sides of Eq. (C16) and Eq. (C17), while the left-hand
sides of these equations only contain renormalized vertices

and mass. For { = \/‘/% to be finite, the coefficient of the

divergent part Zy has to be mass independent in order to
cancel with the same term in Z;. We will argue that this has
to be the case order by order in perturbation theory.

The fermion propagator can be written as

i
p-m+ie-2(p)’

S(p) o1

where the self-energy X(p) is decomposed into

2(p) = pEv(p?) + mZs(p?). (92)

Assuming that the theory is regulated using dimensional
regularization, let us examine all possible coefficients
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multiplying the divergent terms that can appear in the self-
energy at any given order in perturbation theory. Note that
2y (p?) and Zg(p?) are dimensionless scalars, which means
the terms appearing in the coefficient of the divergent part

. 2 2 2
can only be a function of In(%;), ”7’7 ’;’—z or a number.

”12

As argued in Ref. [8], all UV divergences can be
subtracted using local counterterms only. In other words,
the field renormalization used to remove the di\zfergences
cannot contain terms which are functions of In(£;) and ’;—22
since these are nonlocal. The term ”;—22 cannot occur
either since it is IR divergent in the limit m — 0 whereas
we had used off-shell conditions from the beginning and
therefore do not expect any IR divergences. The only
remaining option is a coefficient proportional to 1 which
has be the same number in both the massive and massless
cases since in the absence of IR divergences Zy to reduces
to Zl'

Another way to argue that the divergent part of the
massive self-energy has to be mass independent is the fact
that a massless renormalization scheme removes all the
divergences. Therefore Zy and Z; must have the same
coefficient for their divergent terms as argued in Ref. [9].

V. LATTICE REGULARIZATION

The case where chiral symmetry is broken by the
regulator has been discussed in detail in Ref. [10]. Here
we simply summarize the main results, and apply them to
our problem.

When the theory is regulated on a lattice, chiral sym-
metry can be broken by the regulator. In the case of Wilson
fermions the breaking is due to the presence of higher-
dimensional operators in the action, while for chiral
fermions these contributions are exponentially suppressed.
The net result is that symmetry breaking terms appear in the
bare Ward identities, which in turn invalidates the proof that
Noether currents do not renormalize. Assuming that
the lattice discretization reproduces the usual continuum
Dirac operator in the classical continuum limit, the varia-
tion of the action under chiral rotations is given by higher-
dimensional operators. Using the notation introduced in
Ref. [10], we denote the operators generated from the
explicit symmetry breaking due to the regulator by
X%(x) = aOs(x), where the suffix indicates that these
operators are at least of dimension 5:

oS

_m = v;Alal(x) - l/_/(x){Ta, M}W(x) + Xa(x); (93)

the corresponding lattice Ward identity looks like:

V(AL (0w (V)i (2)) = 2m(P* (x)y (y)i(2)) 4 contact terms
+ (XX () (2)). (94)
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The current Aj appearing in the Ward identity is the
Noether current associated with the symmetry transforma-
tion. In order to discuss the symmetries of the theory in the
continuum limit, the operators appearing in Eq. (94) need to
be renormalized. In particular the mixing with lower-
dimensional operators, leading to power-divergences,
needs to be subtracted:

Zs—1

O%(x) = Zs | 03(x) + 2 P*(x) + A= V35(x) | (95)

a

Ref. [10] shows that these power divergences do not
contribute to the anomalous dimensions at all orders in
perturbation theory; i.e., they do not depend on the
renormalization scale y. Beyond perturbation theory this
result is guaranteed by the universality of the continuum
limit and the validity of the continuum Ward identities at all
scales.

In the case of chiral symmetry, the net result of the
symmetry breaking induced by the regulator is the appear-
ance of a nontrivial renormalization constant for the axial
current:

A%, = Zalg, am)Ay, (96)

and the renormalized current satisfies the Ward identities up
to terms that vanish when the lattice spacing goes to zero.
Note that the mass dependence in Z, can only enter via the
dimensionless ratio am.

The same result holds if the lattice regularization
preserves chiral symmetry, but the axial current is not
the Noether current associated with the lattice symmetry.
The local currents of lattice chiral fermions are typical
examples in this category. We expect the local currents to
differ from the conserved one by irrelevant operators. The
latter need to be renormalized in order to study the
continuum limit of the Ward identities. The renormalization
of the higher-dimensional operators describing the differ-
ence between the conserved and the nonconserved current
is performed along the lines of Eq. (95) and yields a scale-
independent renormalization constant Z, .

VI. NUMERICAL IMPLEMENTATION

In lattice studies involving charmed and B mesons, the
renormalization of the axial current is of particular impor-
tance since it is required to normalize correctly the matrix
element entering the computation of the decay constant.
For example, the decay constants of D mesons fp and fp
are determined using

(01A%|D,(p)) = fb,PD,:

where ¢ = d, s and the axial current A%, = Cy,y5q has to be
renormalized. Since the quark content contains a heavy and
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a light quark, we can use the mass-nondegenerate mSMOM
scheme introduced in Sec. IV. The renormalization con-
ditions in Euclidean space are specified in Appendix C. Our
aim is to extract the axial current renormalization Z 4 for the
mixed heavy-light vertex function. We start by writing all
the ingredients needed before giving the final answer. The
field renormalizations Z; and Zy are computed using
SMOM and mSMOM schemes, respectively. If the local
axial current is simulated on the lattice, the corresponding
renormalization factor, Zw, for the heavy-heavy and
light-light vertex functions can be extracted by taking
appropriate ratios of the respective local and conserved
hadronic expectations values. Note that the correlations
functions of the local and conserved axial currents only
differ by finite contributions which vanish in continuum
limit.

Here we will now take the assumption that both quarks
are constructed with chiral fermion actions, for which an
explicit representation of their partially conserved, point
split, axial current is available [11,12]. We will use this to
renormalize the mass degenerate local axial current bilinear
operators via the WI as a component in our numerical
strategy to determine the renormalization of the mixed axial
current. For domain wall fermions, Z is obtained by
fitting the following to a constant [11,12],

C(t=1/2)+C(t+1/2)
2L(1)

2C(1+1/2)
Lt—1)+L(t+1)]
(97)

1
Z}gcal — 5 |:

where

C(t+1/2) = (AF™(x.0)P(0,0)),  (98)

X

L(1) =) (Af=!(x.1)P(0,0)). (99)

X

with P being a pseudoscalar state. To obtain Z,,;, we use the
mSMOM renormalization condition Eq. (11) to write

Zi 1 ,
Zu = TS e 20Tl Al -

(100)

where Z, is the renormalization constant for the heavy-
heavy local current, if that is chosen, and is computed as in
Eq. (97). The trace of the bare vertex functions and the
propagators with an appropriate projector is numerically
evaluated on the lattice. Similarly, for Z,,, which is obtained
from the SMOM scheme and the corresponding value of Z,
for the light-light current. The renormalization constant for
the mass degenerate pseudoscalar density, Zp which can be
obtained using Eq. (C10) and Eq. (14) in the mSMOM
scheme:
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i TH[iS(p) "l e
v p2 Tr[APYS] |sym .

(101)

Now, we can write down the equation which allows us to
extract Z 4. Recall that curly letters refer to heavy-light
mixed vertices. From the renormalization conditions stated
in Eq. (13) and Eq. (17), we have

<C.A(Mm) + CMmP

A ) =1= (CA(MM) + CMP)CA(mm)7
H-L mixed

(102)

where the numerator of the left-hand side contains the
heavy-light mixed vertex functions

Camm) = }gj}) 0 (103)

Mp—in

Tr[q : A.A,RYSq] |sym’

Crtmp = 1}}110 o 27 (104)
Mp—in

Tr[(MR + mR)AP.RySq} |sym’

and the difference between the inverse propagators

AH—L
.1 S 1 -
Z;IR‘}})—lzqur[(‘Hysé 'Sur(p2)™ +iCS1(p3) 7' )rs4]
Mp—m
1
=5 +0). (105)

On the right-hand side of Eq. (102), we have the heavy-
heavy vertex functions,

. 1
Camm) = A};I_I}%WTY[Q : AA,RJ’SqHSym» (106)
. 1
Cup = A};Tm@Tr[ZMRAP,RYSq“sym’ (107)
and the light-light vertex function
C = li ! T A 108
A(mm) — mllelll()?qz I'[q : A,RYSq”sym‘ ( )

The quantity ¢ appearing in Ay_; is computed using the
renormalization conditions for the light and heavy fields
Eq. (C10) and taking the ratio:

:(mm@wmm¢>w‘ (109

TrliSu(p) ™' Pl
We rewrite the renormalized quantities in terms of the bare

ones. Note that the aim is to extract Z 4. On the left-hand
side of Eq. (102) we have
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2 P27 (T (Zag- A a+ (ZyM+Z,m) ZpAp) 75 ym)
(110)

with Z; and Zy are already computed using SMOM and
mSMOM schemes, respectively, together with Ay _; which
we have computed using Eq. (109).

Let us now focus on the right-hand side of Eq. (102),

Z;}Zl‘lTr[(ZAq . AA + ZMZPZMAP)75q]|sym|HH

X Tr[(ZAq'AA,R)ySq”symh]' (111)
Therefore, all the quantities appearing in Eq. (102) are
known apart from two, Z 4 which is the main quantity we
are looking for and Zp, which are yet to be extracted. They
can both be obtained by solving the set of simultaneous
equation using Eq. (102) and the renormalization condition
for the pseudoscalar Eq. (C18):

CpZy+CpZp=C,
(e o e (112
ClZa+CpZp=C,
with
_ _ 2
Ca =2y 27 *(Tel(q - Arsallgm) 77— (113)
& +<
Cp — Z—I/ZZ—1/2 T
P — “H [ ( r[«ZMM + me)ZPAP)}/Sq”sym)
2
X5, (114)
47
C= (CA(MM) + CMP)CA(mm)- (115)

where all the ingredients in C have already been computed.
Together with,

C:A = _Tr[(lq ' A,A)y5”sym’ (116)
1
C/P = I_QjTr[AP}/S]lsym’ (117)
o=
12(Mg +mpg)

$ATt[Su(p) ™l =y + Tr[Si ()| =y} (118)

Putting then all together, Eq. (112) is solved to obtain Zp
and Z 4.

The exploration of the details of the numerical imple-
mentation is deferred to forthcoming work.

VII. CONCLUSIONS

We have developed a mass-dependent renormalization
scheme, RI/mSMOM, for fermion bilinear operators in
QCD with nonexceptional momentum kinematics similar
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to the standard RI/SMOM scheme. In contrast to RI/
SMOM where the renormalization conditions are imposed
at the chiral limit, this scheme allows for the renormaliza-
tion conditions to be set at some mass scale /71, which we
are free to choose. In the limit where m — 0, our scheme
reduces to SMOM. Using a mass-dependent scheme for a
theory containing massive quarks has the benefit of
preserving the continuum WI by taking into account terms
of order m/u, which would otherwise violate the WI when
a massless scheme is used. We have shown that the W1Is for
the case of both degenerate and nondegenerate masses are
satisfied nonperturbatively, giving Zy =1 and Z, = 1. In
order to gain a better understanding of the properties of the
mSMOM scheme we have performed an explicit one-loop
computation in perturbation theory using dimensional
regularisation.
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APPENDIX A: CONVENTIONS

Let us summarize here the conventions used in this work.
(i) The fermion propagator in position space is

S(x3 = x2) = (w(x3)w(x2)), (A1)
and the Fourier convention we use is
S(p) = /d“xeip"‘S(x). (A2)

The fermion propagator in momentum space is
written as

i
_p—m—i—ie—Z(p)

S(p) : (A3)

and the fermion self-energy X(p) is decomposed
into

2(p) = pEy(p?) + mZs(p?). (A4)
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(i) The gluon propagator in Feynman gauge is
—ig"
—-—. A5
K* + ie (A3)

(iii) Note that the one-loop self-energy X(p) in this
convention is

(A6)

(iv) The basis of the Clifford algebra is chosen to be
L=1(8).ir’(P).7(V).r"r’(A).0" =5 [y".r*I(T).
(v) The vertex function in position space is

Go(xs —x.x —x) = (w(x3) O (0w (x2)) (A7)

where we have used translational invariance and
Ot = yI't"y is a flavor nonsinglet fermion bilinear
operator.

APPENDIX B: METHODS FOR MASSIVE
ONE-LOOP COMPUTATIONS

The one-loop diagram, Fig. 2, in the perturbative
calculation of the vertices corresponds to the following
integral:

vulps =k +mlUlpy — k + mly*
[(p2 = k)* = m?][(p3 = k)* = m?]’
(B1)

A = —ingz(F)A

where ' =S, P, V, A.

The scalar, vector and tensor parts of the above integral
are then extracted and all written in terms of scalar
integrals. Then, one needs to compute the master integrals
and use them to calculate each vertex Al(-l). The loop
integration is a standard computation, while for the

integration over the Feynman parameters we have used

FIG. 2. Diagram representing the nonamputated vertex function
at one loop in perturbative QCD.
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certain techniques which have been developed in the past
few years, see Ref. [13—15].

1. The scalar triangle integral

It is worthwhile to discuss one integral in detail, in order
to illustrate the techniques that are used in massive
calculations; all computations of massive diagrams in
this work follow the same logic. The typical scalar
triangle is

I —g2/1 1 1
e kK (pa = k)? —m® (ps — k)* —m*’

(B2)

Introducing as usual a set of Feynman parameters x, x,, x3,
the integral can be recast in the following form:

Iy = ¢°T(3) A /01 (lf[ldxi)é(l - ii:x,.)

1
* ke xl(p2— K =]+ 1 [(p3 — k)P — 2]
(B3)

Performing standard manipulations with Feynman param-
eters, and performing a Wick rotation to Euclidean space
yields:

Iy = —ig?T(3) Al (lf[ldxi)ao - izi;xl)

1 1
X , B4
T L (B4
where we introduced the function
M2 — (X2P2 +x3p3\? Xy +X3 (4% +m?), (BS)
X1+ x4+ X3 X1+ X+ x3 ’

which is obtained by evaluating the square of the four-
momenta at the symmetric renormalization point.

The loop integral can now be performed in closed form
in D dimensions; in this particular case the integral is finite,
and the limit ¢ — 0 is not singular. Singularities appear as
poles in 1/e€, and are treated as in the massless case. Here
we want to focus on the integral over the Feynman
parameters. After the loop integral is performed, the
integral reduces to

a [1/3 3
I, =—-i— dx; |6( 1— i
111 1477% (ll_[] 1) < izl:xz)
1

1

X— B6
()Cl +X2 +X3)3 ]M2 ( )

The denominator in the integrand can be expressed as
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W2 (X1 + Xy + x3)[Xox3 + X1 X5 + X1 X3 + u(x1xy + x1x3 + X3 + X3+ 2x5x3)],
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(B7)

where we have introduced u = m?/u?. Using the Cheng-Wu theorem Ref. [13], applied to the case where we choose the
constraint to be §(1 — x3), two integrations over the Feynman parameters can be easily done, yielding

Iy = —i——
111 471_”2

| = 4y, Zlog[u(x + 1)~ +log [-(x + 1) + )] + loglxy + 1)
0

Xo(x, + 1)+ 1 ' (B8)

Note that this integral can be readily computed numerically for the case where m = 0. The result of the numerical
integration of the above integral is 2.34239 which agrees with the number quoted in Ref. [2].

For our purposes, the analytic expression for /;;; as a function of the mass is actually desirable. With a change of

integration variable

X =y,

X =

A
I-y

the problem is reduced to an integral that can be computed explicitly:

1) —log(n) — 2log(%; + 1) + log(u) — log(u + 1)

a1l [1 10g(1%y—”1) +log(n; 1% —
Iy =i—— d -
4z u= Jo

v+ (v =1d)(y+5)

., (B9)

where d; =1 (-1 + iv3), n, = 1(=2—=1/u—+/1/u* + 4/u). The final result is a lengthy expression, which we report

for completeness,

al 1

VAT T)

T
Iy =2 = i% (22in—2log(1 log |-
111 4”/42\@{13( in og(1+u))+ og[

2ut1-VI+au] T4+ (iV3-1)(
e

1-—
4—(V3+1)(1 = Vau+1)

+ log

[_ (14 v4u + 1)2} o {4 + (iV3 =11 + Vau+ 1)]
4 g4—(i\@+l)(l+\/4u+1)

4u 4u
+2Li —Li
{4u—(i\/§—l)(1+\/4u+l)} [4u+(i\/§+l)(l+\/4u+l)]
_ du+2+2v4u + 1 T4u+ (iV3+ 1)1 +V4u +1)
+Li —Li . (B10)
du+ (iV3+ 1)1+ Vau+1) 4(1 4 u)
As a partial check of our massive computation, the limit XM — —ix¥, xM = (C1)
u — 0 of the expression above is numerically evaluated,
and shown to reproduce again the value 2.34391 from  which means x; = —xF and we do not distinguish between
Ref. [2]. In the paper we denote upper and lower indices in Euclidean space.
Similarly, for momentum k* we have
ia 1 m?
Iy = _EECO 72 (B11) KOM — _jE, kM = KE, (C2)
so that Cy|,,_o = 2.34391. The relation for the vector potential becomes
AM = AR AM = _AF, (C3)

APPENDIX C: MINKOWSKI TO
EUCLIDEAN CONVENTION

The renormalization conditions stated in the paper are set
in Minkowski space. Here, we state our conventions for
going from Minkowski to Euclidean space and use these to
construct the ratio in Sec. VI for numerical implementation.
We take

Therefore the covariant derivative in Minkowski space

D, =09,+igA,, (C4)

maps to

DM = DY DM = _DE (C5)
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and the Euclidean covariant derivative becomes

= 0 +igAy. (Co)
The gamma matrices map in the following way:
yM=rk M =ik, (C7)
For convenience, we also take
yM=yt M=yt (C8)

The fermionic part of the action in Euclidean space
becomes

Sy = [ (c9)

wEypDf + mly*,

The renormalization conditions in Euclidean space are

1
lim Tr[iSE(p)~! pE =—1, (C10
iy TSR (C10)
li Tr[SE

Jim g { TSR
Tl A%l f =1 €
MI;I_I}m 12q2 Tr[(q Ay R)q] sym =1 (Clz)

1

lim ——Tr[(q- Aag + 2MRAP.R)7/Sq]’ =1, (C13)

Mgz—m 12q sym

1

Jm STl =1 (C14)
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The conditions are now defined at the symmetric point,

Pi=ri=q = (C15)

The R/mSMOM scheme for the heavy-light mixed case in
Euclidean space now reads

1
N g2 1@ Ave+ (Me = me)Asr)al|
Mp—im
. 1 o _ . ~
- nlff% 1242 Tr[(=il ™" Sy r(p2)™" +iCSir(P3)™" 4],
(C16)
1
" 4012 5Tr((q- Aur+(Mr+mp)Ap p)7s4]|
MI[;—nn sym
. 1 el o ~
= lim 1o S Tr(CHr 6 S a(pa) ™ +iCS1a(ps) 7 )y
Mg—in
(C17)
li ! Tr|A
12 [ PR]’S]’ym
Mp—m
= lim ; Tr[é'—ls (p)—l]
mRAO 12(MR + mR) H,R .
|y
+ 3Tl Anelrsl] )
sym
iyt LTS ()]
AT N T
12(Mg + my) LR\P) | o
1.
+5Tel(ig - Aur)s] Lym} } (C18)
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