PHYSICAL REVIEW D 95, 054023 (2017)

n-f' mixing in large-N, chiral perturbation theory

P. Bickert,1 P Masjuan,l’2 and S. Scherer!
'PRISMA Cluster of Excellence, Institut fiir Kernphysik, Johannes Gutenberg-Universitdt Mainz,
D-55099 Mainz, Germany
2Grup de Fisica Teorica, Departament de Fisica, Universitat Autonoma de Barcelona,
and Institut de Fisica d’Altes Energies (IFAE), The Barcelona Institute of Science and Technology (BIST),

Campus UAB, E-08193 Bellaterra (Barcelona), Spain
(Received 20 December 2016; published 29 March 2017)

We present a calculation of the #-' mixing in the framework of large-N,. chiral perturbation theory.
A general expression for the 7-7’ mixing at next-to-next-to-leading order (NNLO) is derived, including
higher-derivative terms up to fourth order in the 4-momentum, kinetic terms, and mass terms. In addition,
the axial-vector decay constants of the 7-1’ system are determined at NNLO. The numerical analysis of the
results is performed successively at leading order, next-to-leading order, and NNLO. We investigate

the influence of one-loop corrections, Okubo-Zweig-Tizuka rule-violating parameters, and O(N,p®)

contact terms.
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I. INTRODUCTION

The mixing of states is a feature of quantum mechanics
and quantum field theory, which is intimately related to the
symmetries of the underlying dynamics and the eventual
mechanisms leading to their breaking. Prominent examples
in the realm of subatomic physics include the K°-K°, D°-D°,
and B°-B° mixing and oscillations, neutrino mixing, the
Cabibbo-Kobayashi-Maskawa quark-mixing matrix, and
the Weinberg angle [1]. In the low-energy regime of
QCD, we observe a fascinating interplay between the
dynamical (spontaneous) breaking of chiral symmetry, the
explicit symmetry breaking by the quark masses, and
the axial U(1), anomaly. In this context, the pseudoscalar
mesons 7 and 7’ represent an ideal laboratory for inves-
tigating the relevant symmetry-breaking mechanisms in
QCD. For example, hadronic decays, such as 5) — zzz
and ' — nzxz, test our knowledge of low-energy effective
field theories (EFTs) and provide information on the light-
quark masses.' On the other hand, electromagnetic decays
such as ) — y®y™) proceed through the Adler-Bell-
Jackiw anomaly [5-7]. In the case of virtual photons,
the corresponding amplitudes reveal the electromagnetic
structure in terms of the transition form factors.

For vanishing up-, down-, and strange-quark masses, the
QCD Lagrangian has a global U(3), x U(3), symmetry at
the classical level (see, e.g., Ref. [8] for a discussion). The
transition to the quantum level results in two main features:
first, the QCD vacuum is assumed to be invariant only
under the subgroup SU(3), x U(1)y; i.e., the symmetry of
the Lagrangian is dynamically broken in the ground state.

'For an overview of the main topics in # and ' physics from
both the theoretical and experimental sides, see Refs. [2—4] and
references therein.
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Second, quantum corrections destroy the singlet axial-
vector-current conservation; 1i.e., the corresponding
4-divergence has an anomaly proportional to the square
of the strong coupling constant g [5—7]. As a consequence
of the Goldstone theorem [9], one expects an octet of
massless, pseudoscalar bosons (7, K, 75). Because of the
U(1), anomaly, the singlet eta, 7;, is massive even in the
chiral limit of massless quarks [10—-12]. However, invoking
the large-number-of-colors (LN,.) limit of QCD [13,14]
(see, e.g., Refs. [15,16] for an introduction), i.e., N, — o
with ¢*>N, fixed, the U(1), anomaly disappears, and the
assumption of an SU(3),, x U(1),, symmetry of the ground
state implies that the singlet state is also massless. In other
words, in the combined chiral and LN, limits, QCD at low
energies is expected to generate the nonet (7, K, 7g,7;) as
the Goldstone bosons [11,17]. In the early 1980s, the chiral
dynamics of the nine pseudoscalars was extensively studied
within effective-Lagrangian approaches incorporating the
LN, limit of QCD [18-22].

Massless LN, QCD is an approximation to the real
world. In fact, chiral symmetry is explicitly broken by the
quark masses, and SU(3) flavor symmetry is broken by the
fact that the strange quark is substantially heavier than
the up and down quarks [23]. As a result (of the flavor
symmetry breaking), the physical # and # states are mixed
octet and singlet states. By means of an orthogonal trans-
formation with mixing angle 0, the physical # and 7’ states,
i.e., the mass eigenstates, are usually expressed as linear
combinations of the octet and singlet states #g and 7, [24].
Such a change of basis entails the diagonalization of the
general quadratic mass matrix in the basis of SU(3)-
octet and -singlet states, where the diagonal entries are
given by the squares of the octet and the singlet masses
[25,26], while the off-diagonal terms account for the
SU(3)-symmetry-breaking effects [27-31].

© 2017 American Physical Society
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In the chiral limit, the U(1), anomaly contributes only to
the singlet mass [10]. As a result of the mixing, the anomaly
contribution is transferred to both the 7 and #’ states, such
that the # remains heavier than the 5. A discussion of the
n-n’ mixing in the framework of EFT should consider both
states as dynamical degrees of freedom, and, for a pertur-
bative treatment, the respective masses should be small in
comparison with a typical hadronic energy scale. Now, in
the chiral limit, the #’ still remains massive. For that reason,
in the low-energy expansion of conventional SU(3); x
SU(3), chiral perturbation theory (ChPT), the 1’ does not
play a special role as compared to other states such as the p
meson [27]. However, the combined chiral and LN, limits
may serve as a starting point for large-N,. chiral perturba-
tion theory (LN .ChPT) as the EFT of QCD at low energies
including the singlet field [32—40], which we will also refer
to as U(3), x U(3) effective theory.”

In the framework of LN .ChPT, one performs a simulta-
neous expansion of (renormalized) Feynman diagrams
in terms of momenta p, quark masses m, and 1/N C.3 The
three expansion variables are counted as small quantities of
order [33]

p = O0(V5),

The organization of the effective Lagrangian as a simulta-
neous expansion in terms of p, m, and 1/N_, in combi-
nation with the assignment of Eq. (1), ensures a coherent
effective field theory for analyzing the low-energy proper-
ties of QCD in the limit where the number of colors, N,
is treated as large (see Ref. [35] for details). The formu-
lation of the effective field theory within the framework
of U(3), x U(3) instead of SU(3), x SU(3), with the
singlet eta as an explicit dynamical degree of freedom is a
safe way to remain compatible with the large-N, limit of
QCD [41]. The corresponding power-counting rules will be
discussed in Sec. II. The leading-order chiral Lagrangian is
not able to reproduce the experimental result for the 7 and 7/
masses [42], and higher-order terms in the 1/N_. (and
quark-mass) expansion must be taken into account [43].
The inclusion of loop effects in the scheme of Eq. (1)
increases the order by &°. Thus, any calculation in this
framework at the loop level needs to then be performed at
least at next-to-next-to-leading order (NNLO). This order
would demand the knowledge of the low-energy constants
(LECs) of O(p*) and of those of O(p®) which are leading
in 1/N,. The proliferation of (a priori unknown) LECs
poses a challenge for any prediction within this theory, and
information from other sources, e.g., from a matching to
physical observables or lattice simulations, will be required

m=0(), 1/N.=0(). (1)

2For the sake of notational brevity, from now on, we will use the
terminology SU(3) and U(3) ChPT instead of SU(3), x SU(3),
and U(3); x U(3)x ChPT, respectively.

*It is understood that dimensionful variables need to be small
in comparison with an energy scale.
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in order to determine the LECs. For SU(3) ChPT, the LECs
at O(p*) are well known, and information on some of the
O(p®) LECs is also provided [44]. With a suitable match-
ing, one can translate the SU(3) values into the correspond-
ing ones within the U(3) effective theory.

Since we take higher orders of the 1/N_ expansion into
account, terms violating the Okubo-Zweig-lizuka (OZI)
rule appear perturbatively in our calculations. They will be
accompanied by a set of LECs which are rather poorly
known at O(5) and basically unknown at higher orders.

If we include higher-order corrections in our effective
Lagrangian, the connection between the physical # and #’
states and the singlet and octet states is more complicated
than a simple rotation. Furthermore, the description of the
n-’ mixing with a single mixing angle € is not appropriate
to describe the experimental data, and also the axial-vector
decay constants of the 7-1’ system [at next-to-leading order
(NLO)] cannot be described by a simple rotation with angle
0. This problem was solved by invoking a mixing scheme
with two different angles, the so-called two-angle mixing
scheme [45,46]. In recent years, the use of the two-angle
scheme has been very popular and resulted in well-
established phenomenological determinations of the mix-
ing [45-52], a procedure that can also be extended to
include an eventual gluonium content of these pseudosca-
lars (see, e.g., Refs. [53-55]).

This work is organized as follows. In Sec. II, we describe
the effective field theory we will consider for our calcu-
lation by specifying the Lagrangian and the power count-
ing. In Sec. III, we present the calculation of the mixing
angles at NNLO. Section IV deals with the 7 and # decay
constants. In Sec. V, we elaborate on the numerical analysis
of the mixing, decay constants, and pseudoscalar masses
with different input sets of LECs. Finally, in Sec. VI, we
conclude with a few remarks and an outlook of possible
future work.

II. LAGRANGIANS AND POWER COUNTING

The most general Lagrangian of LN .ChPT is organized
as an infinite series in terms of derivatives, quark-mass
terms, and, implicitly, powers of 1/N,., with the scaling
behavior given in Eq. (1),

Lo =LO +£0 4 £2 ... (2)

where the superscripts (i) denote the order in §. The rules
leading to the assignments of these orders will be explained
below. The properties of the building blocks are defined in
Appendix A.

The dynamical degrees of freedom are collected in the
unitary 3 x 3 matrix

U(x) = exp <i¢fj)>, (3)

where the Hermitian 3 x 3 matrix
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n’ + \/%’78 + \/%’71

contains the pseudoscalar octet fields and the pseudoscalar
singlet field #;, the 4, (a =1,...,8) are the Gell-Mann

matrices, and g = 1/2/31. In Eq. (3), F denotes the pion-
decay constant in the three-flavor chiral limit* and is
counted as F = O(,/N,) = O(1/+/5).” The pseudoscalar
fields ¢, (a =0,...,8) count as O(/N,) such that the
argument of the exponential function is (’)(50) and, thus,
U = O(8°). Besides the dynamical degrees of freedom of
Eq. (4), the effective Lagrangian also contains a set of
external fields (s, p,1,,r,.0). The fields s, p, I, and r, are
Hermitian, color-neutral 3 x 3 matrices coupling to the
corresponding quark bilinears, and 6 is a real field coupling
to the winding-number density [27]. A nonvanishing
constant value for @ would give rise to parity violation
and CP violation in the strong interactions, resulting in,
e.g., an electric dipole moment of the neutron [56].
However, the present empirical information on this quantity
suggests that @ is tiny [57], and, therefore, while displaying
the € dependence in the Lagrangians, we set € = 0 in our
calculations. The external scalar and pseudoscalar fields s
and p are combined in the definition y = 2B(s + ip) [27].
The LEC B is related to the scalar singlet quark condensate
(Gq) in the three-flavor chiral limit and is of O(N?).

In general, applying the power counting of Eq. (1) to the
construction of the effective Lagrangian in the LN,
framework involves two ingredients. On the one hand,
there is the momentum and quark-mass counting, which
proceeds as in conventional SU(3) ChPT [27]: (covariant)
derivatives count as O(p), y counts as O(p?), etc. (see
Table I). We denote the corresponding chiral order by D,,.
The discussion of the U(3) case results in essentially three
major modifications in comparison with SU(3) [33-35]:
first, the determinant of U is no longer restricted to have the
value 1; second, additional external fields appear; and third,
the conventional structures of SU(3) ChPTwill be multiplied
by coefficients which are functions of the linear combination
(y+6), where w=+/6n,/F such that det(U)=exp(iy).
According to Egs. (A1), the sum (y+6) remains invariant

“Here, we deviate from the often-used convention of indicating
the three-flavor chiral limit by a subscript 0.

*Consider a generic quark bilinear of the type gI'Fg, with "
and F standing for matrices in Dirac and flavor space, respec-
tively, and a summation over color indices implied. In the LN,
limit of QCD, the matrix element for any such quark bilinear to
create a meson from the vacuum scales like /N, [14].

—1’ + Jeng + \/gm
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\/Ezﬁ \/§ K+

VaK? )

V2K° —%'Is + \/%’71

|
under chiral U(3); x U(3), transformations. For example,

denoting the SU(3) matrix of ordinary ChPT by U, the
leading-order Lagrangian reads [27]

F? F? .. .
Ly=— (D,UD'U") + T U™+ Uy,

where the symbol () denotes the trace over flavor indices and
the covariant derivatives are defined in Eqs. (A2). This
expression is replaced by [34]

W(D,UD*U") + Wy (yU" + Uy"), (5)

where W, and W, are functions of (y + 6) and are also
referred to as potentials [35]. In the limit N. — oo, these
functions reduce to constants [33]. However, for N, finite,
the functions may be expanded in (y + 6) with well-defined
assignments for the LN, scaling behavior of the expansion
coefficients.

In addition to the potentials, also new additional struc-
tures which do not exist in the SU(3) case show up. For
example, in ordinary ChPT, one finds for the trace
(Dﬂf]fﬁ) = 0 [8], whereas in the U(3) case, one has

TABLE 1. Power-counting rules in LN _.ChPT. a) The inverse of
the singlet ;, propagator is of order 1/N,. and p?. b) The
assignment i in L) receives contributions from both 1/N, and
p?. Recall that powers (y -+ 6)" come with expansion coeffi-
cients of O(N;") even though we count (y + 6) as O(1).

Quantity N. P é
Momenta/derivatives p/d,, 1 p 5
1/N, N7 1 5
Quark masses m 1 p? )
Dynamical fields ¢, (a = 1,...,8) VN, 1 53
Dynamical field y 1 1 1
External field 6 1 1 1
External currents v, and a, 1 p &
External fields s and p 1 p? 5
Pion-decay constant F (chiral limit) VN, 1 571
Topological susceptibility = 1 1 1
Mﬁ, (chiral limit) Nt 1 )
Octet-meson propagator 1 p~2 57!
Singlet-n; propagator (chiral limit) a) a) 57!
Loop integration 1 p* &
k-meson vertex from L£() b) b) 5K/
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(DUUY) = iDy. (6)

giving rise to a new term of the type —W, D,y D'y [34].

The LN, behavior can be determined by using the
following rules (see Refs. [34,35] for a detailed account).
In the LN counting, the leading contribution to a quark
correlation function is given by a single flavor trace and is
of order N, [13,14,16]. In general, diagrams with r quark
loops and thus r flavor traces are of order N2~". Terms
without traces correspond to the purely gluonic theory and
count at leading order as N2. This argument is transferred to
the level of the effective Lagrangian; i.e., single-trace terms
are of order N, double-trace terms are of order unity, etc.’
In other words, we need to identify the number N,, of flavor
traces. In particular, because of Eq. (6), the expression D,y
implicitly involves a flavor trace (see footnote 7 of
Ref. [35]). Furthermore, when expanding the potentials,
each power (w + )" is accompanied by a coefficient
of order O(N;"). The reason for this assignment is the
fact that, in QCD, the external field € couples to the
winding-number density with strength 1/N.. In a similar
fashion, D, (as well as multiple derivatives) are related to

expressions with O(N7!).” Denoting the number of (y + 6)
and D,0 terms by Ny, the LN order reads [34,35]

Dyt = =2+ Ny + Ny. (7)
The combined order of an operator is then given by
1
D&ZEDP—FDNZI. (8)

In particular, using Eq. (8) allows us to identify the LN,
scaling behavior of the LEC multiplying the corresponding
operator.

The leading-order Lagrangian contains three LECs,
namely, F, B, and 7, and is given by [33,35]

N R o1 5
£0) = 7 (DLUDIUY) + = (U + Uy') =S 2w + 0)%.
©)
Comparing with Eq. (5), we identify
F2
Vil W1 (0) = W,(0)

as the leading-order term of the expansion of the functions
W, and W, which, because of parity, are even functions. On
the other hand, the last term of Eq. (9) originates from the
second-order term of the expansion of W(. The constant

*When applying these counting rules, one has to account for
the so-called trace relations connecting single-trace terms with
products of traces (see, e.g., Appendix A of Ref. [58]).

"Note that we do not directly book the quantities (y + ) or
D,0 as O(N;") but rather attribute this order to the coefficients
coming with the terms.
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7= O(N?) is the topological susceptibility of the purely
gluonic theory [33]. Counting the quark mass as O(p?), the
first two terms of £ are of O(N.p?), while the third term
is of O(N?); i.e., all terms are of O(8"). The leading-order
Lagrangian of Eq. (9) corresponds to the effective
Lagrangians of Refs. [18—20].8 Note that Refs. [19] and
[20] explicitly display the N. dependence of the last term in
Eq. (9), whereas we absorb it in the definition of the
parameter 7. Reference [22] also discusses a few next-to-
leading terms in 1/N . and the quark masses. The effective
Lagrangians of Refs. [18-22] are meant to be used at the
tree level, whereas LN .ChPT also contains loop correc-
tions. Applying the external-field method of Gasser and
Leutwyler [27] implies that the global chiral symmetry is
promoted to a local symmetry. As a result, Eq. (9) contains
covariant derivatives in place of ordinary derivatives in the
effective-Lagrangian approaches. Furthermore, at higher
orders, one also encounters field strength tensors as well as
derivatives thereof. Such terms are mandatory to absorb
ultraviolet divergences of loop diagrams. An illustration of
this point in terms of the pion electromagnetic form factor
can be found in Ref. [59].

To explain the power counting of the interaction
vertices, we set r, =1, =0 and y = 2BM, where M =
diag(m,, my, m) denotes the quark-mass matrix. For this
case, the leading-order Lagrangian contains only even
powers of the pseudoscalar fields. Expanding the first
two terms of Eq. (9) in terms of the pseudoscalar fields
results in Feynman rules for the interaction vertices of the

order ple_k/ 2, where k =4,6,... is the number of
interacting pseudoscalar fields [35]. The dependence on
N,. and p originates from the powers of F' and the two
derivatives, respectively. When discussing QCD Green
functions of, say, pseudoscalar quark bilinears, there will
be a factor BF = O(y/N,.) at each external source (see
Sec. 4. 6. 2 of Ref. [60]), such that an n-point function is of
the order p*>N.. Taking ¢, = O(y/N,), the interaction
Lagrangians count as O(p?N,), which is consistent with
referring to the Lagrangian as O(8°), with the leading-order
contributions of quark loops being O(N,) and the leading
chiral order being O(p?). On the other hand, it is also
consistent with the expectation of the effective meson
vertices containing k external lines being of the order
NYF2 114).

The NLO Lagrangian £ was constructed in
Refs. [33-35] and receives contributions of O(N.p*),
O(p?), and O(N;'). The terms that are of the same
structure as those in £(°) may be absorbed in the coupling
constants F, B, and 7z [35]. In particular, 7 now has to be
distinguished from the topological susceptibility of gluo-
dynamics. We only display the terms relevant for our

8See Egs. (7), (10), and (2.22) of Refs. [18,19], and [20],
respectively.

054023-4



-7 MIXING IN LARGE-N, CHIRAL ...

calculation; in particular, we set v, = (r, +1,)/2 = 0 and
keep only a,=(r,—1,)/2, which is needed for the
calculation of the axial-vector-current matrix elements,

LW = Lsy(D,UD*UT (yU + Uy"))

o o . F?
+ Lg(yUTyU" + Uy Uy™) + EAlDMU/D”q/

—if—;Az(w+9)<;(U*—U;(*>+---, (10)
where

Dy = 0w —2(a,), (11)

D0 =0,0+2(a,) (12)

and the ellipsis refers to the suppressed terms. The first two
terms of £(!) count as O(N,p*) and are obtained from the
standard SU(3) ChPT Lagrangian of O(p*) [27] by
retaining solely terms with a single trace and keeping only
the constant terms of the potentials. With D, =4 and
Dy = —1, Eq. (8) implies that Ls and Lg are of O(N.).
According to Eq. (11), the expression D,y D"y implicitly
involves two flavor traces (see footnote 7 of Ref. [35]), with
the result that the corresponding term is O(N?). Since
F = O(y/N.), the coupling A, scales as O(N:') and has to
vanish in the LN limit. Finally, the structure proportional
to A, is the leading-order term of the expansion of the
potential W3. With D, =2 and Dy-1 =0 (N = Ny = 1),
the LEC A, scales as O(N;!).

The SU(3) Lagrangian of O(p%) was discussed in
Refs. [58,61-63], and the generalization to the U(3) case
has recently been obtained in Ref. [64]. For the present
purposes, at NNLO, the relevant pieces of £(>) can be split
into three different contributions of O(N;!p?), O(p*), and
O(N.p®), respectively,

. F? . _
LENP) = —Tvgz)(l// + 0 (U + Uy"), (13)

L@ = L(D,UDFUY (yU' + Uy'y + Ls(yU' + Uy')?
+ L, (U™ — Uy")> + iLg D,y (y D*U* — D*Uy")
+iLos(y +0) (xU'xU" = Uy"Ux")

+ iL4D,0(D*UU (yU' + Uxy"))
+ iL530,D*O( U — Uy™) + - - -, (14)

LON) = Cro(r by h) 4 Cra(u,uty%)
+ Craly sy u*) + Crolyd)
+ Cai(2xs) -, (15)

where
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xe=uypu’ £ uytu,

u=+U,

w, = ilu' (0, —ir,)u —u(d, —il,)u'] = iu'D,Uu’,

b = V,u,+Vu,,
V,X=0,X+1[,.X|

0, = 5 (0, = ir,)u + u(@, i, )u]. (16)
The coupling 1)(22) of Eq. (13) scales like O(N;?) and
originates from the expansion of the potentials of
Refs. [33,35] up to and including terms of order (y + )2
The first three terms of Eq. (14) stem from the standard
SU(3) ChPT Lagrangian of O(p*) with two traces and are
1/N,. suppressed compared to the single-trace terms in
Eq. (10). The remaining terms of Eq. (14) are genuinely
related to the LN, U(3) framework, since they contain
interactions involving the singlet field or the singlet axial-
vector current. Finally, the C; terms of Eq. (15) are obtained
from single-trace terms of the SU(3) Lagrangian of O(p®)
[61]. As there is, at present, no satisfactory unified nomen-
clature for the coupling constants, for easier reference, we
choose the names according to the respective references
from which the Lagrangians were taken. In our calculation,
we do not include external vector fields, i.e., v, = 0. The

Ly, Lss terms in £(1) are not needed for the calculation of
the mixing. They enter, however, in the calculation of the
decay constants of the axial-vector-current matrix elements.

Last but not least, we summarize the power-counting rules
for a given Feynman diagram, which has been evaluated by
using the interaction vertices derived from the effective
Lagrangians of Eq. (2). Using the § counting introduced in
Eq. (1), we assign to any such diagram an order D which is
obtained from the following ingredients: meson propagators
for both octet and singlet fields count as O(67!). Since
meson fields are always divided by F = O(y/N,) =
O(872), a vertex with k meson fields derived from £() is
O(51+*%/2). The integration of a loop counts as 8°. The order
D is obtained by adding up the contributions of the
individual building blocks. Figure 1 provides two examples
of the application of the power-counting rules. Since the
tree-level diagram of Fig. 1(a) consists of a single vertex

AN / N P - T~ - /
AN / N /
Jof Jo @
/ AN / N

\ /
7 N 7 N 7 N
/ AN / - _ - N
(a) (b)
FIG. 1. [Illustration of the power counting in LN .ChPT. The

number 0 in the interaction blobs refers to £©.
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derived from £© with four external meson lines, it has
D = 2. On the other hand, the one-loop diagram of Fig. 1(b)
has two vertices from £ with four legs, two meson
propagators, and one loop: D=2+2-1-1+4+2=4.
As expected, the loop increases the order by two units.
The power-counting rules are summarized in Table I.

III. CALCULATION OF THE MIXING ANGLE

For m, = my; = m # m,, the physical n and n' mass
eigenstates are linear combinations of the mathematical
octet and singlet states 7g and #;. Our aim is to derive a
general expression for the -7’ mixing at the one-loop level
up to and including NNLO in the é counting. To that end,
we start from an effective Lagrangian in terms of the octet
and singlet fields and perform successive transformations,
resulting in a diagonal Lagrangian in terms of the physical
fields. Because of the effective-field-theory nature of our
approach, the starting Lagrangian will contain higher-
derivative terms up to and including fourth order in the
4-momentum. The parameters of the Lagrangian are
obtained from a one-loop calculation of the self-energies
using the Lagrangians and power counting of Sec. II. The
Lagrangian after the transformation will have a standard
“free-field” form.

Let us collect the fields #g and #; in the doublet

() e

In terms of 74, at NNLO, the most general effective
Lagrangian quadratic in 74 is of the form

1

1
2

‘Ceff = ‘CA = D)

DﬂfocAD’?A-
(18)

Note that the fields #g and 77; count as O(1/N,.) and a single
derivative counts as O(p). The symmetric 2 x 2 matrices
Ky, Mi, and C4 can be written as

1
DA Ka0rny — E’LT;M%’?A +

1+ ks &
K, = ( 8 81 > (19)
M2 M3
M3 = < ’ 81), (20)
Mg, M;
C C
Cy= ( 5o ) (21)
Cgr €

Later on, we will provide the one-loop expressions for
the matrices K, and M3. The matrix C, is given in
Egs. (C1)~(C3) of Appendix C and is of O(p?). If we were
to work at leading order, only, we would have to replace

PHYSICAL REVIEW D 95, 054023 (2017)

M M?
Ka—1, MiosAMO=| % 78 ,
M, M;i+ Mj

CA_)O'

The elements of the (leading-order) mass matrix M3 (©)
read

o 2 1 o o
O2 2 o 1 02 02
M2 =6—=, (24)
F2
o 2\/§ . 2\/§ o o
M3, = =22 Bim, - i) = -2 (- 02). (29)

where M% = B(in + m,) and M2 = 2B are the leading-
order kaon and pion masses squared, respectively, and M3
denotes the U(1), anomaly contribution to the #; mass
squared. The mixing already shows up at leading order,
because the mass matrix M3 is nondiagonal at that order.
The “kinetic” matrix K, receives NLO and NNLO cor-
rections. Finally, the last term in Eq. (18), containing higher
derivatives of 1, originates from the C, term of the O(8?)
Lagrangian in Eq. (15).

Our first step is to perform a field redefinition to get rid
of the higher-derivative structure in Eq. (18) [65,66],

1

The entries of C4 are of O(p?), and the d’Alembertian
operator counts as O(p?). The field transformation is
constructed such that, after inserting Eq. (26) into
Eq. (18), the last term is canceled by a term originating
from the first term in Eq. (18). Moreover, we obtain
additional terms originating from the “mass term” of
Eq. (18) which now contribute to the new kinetic matrix.
Finally, we neglect any term generated by the field
transformation which is beyond the accuracy of a NNLO
calculation. Using the relation ¢Ulp = 0,(p0"¢) —
0,¢0" ¢ for the components of 75, and neglecting total-
derivative terms, the Lagrangian after the first field redefi-
nition is of the form

1 1
Ly 8/4’71TBICBaﬂ’/IB - E’IEM%;’?& (27)

T2

where

054023-6



n-1 MIXING IN LARGE-N, CHIRAL ...

1 2C8M§+2C81M§1

ICB:,CA“‘E

146y +6 sl 455
sy +oy) 1+ 48

where 5( 7 denotes corrections of O(8"). The entries of the
mass matrlx M3 = M3 are given by

M3 = M2 + AMZY + AMZ?), (29)
M2 = M3+ M2+ AMED) - AMED).(30)
M%l :M§1 +AM§1U) +AM§1(2)’ (31)

where AM2 denotes corrections of O(&8').

The next step consists of diagonalizing the kinetic matrix
K in Eq. (28) up to and including O(5?) through the field
redefinition

ng = VZnc. (32)

such that

VZ'KgVZ = 1. (33)

Writing Cp as
|

5y

2
51

Vr 1—to) 436007 435 -1
—1s0) 435006l + 350050 1

In terms of 7, the Lagrangian reads

1
a,ﬂca NMec—3 Mcﬂc’ (35)

ch

with the mass matrix given by
|

3
8y + 60 425007 = 5

M; = M21
dl :

>+AM2 (1 -6}

50

1
+ AM3, (D (=5g)) +4(M2 +M2)5é1) )

N ° ! N2 3.2
M%:(M3+M%)(1—5§)+5§) +15§3

3
+26

5.y
: (0 500

+26

5 +3

y 1
+ M3, (—523

(c1 + cg) M3, + cg1 (M7 + MG + M)

PHYSICAL REVIEW D 95, 054023 (2017)

(c1 + cg) M5y + cg1 (M7 + Mg + Mg)

2C1 (M% + M%) + 2C81M§l

(28)

Kg=1+K" + KO

and making an ansatz for the symmetric matrix v/Z of the
form

VZ=1+VZ" +vZ?

we obtain from Eq. (33) the conditions

2WZW 4+ kD =0 = vZU :_EK ,
and
2Z 4 KO 4+ yZW? 1 yZWKD 1 KYZ0 =0
3
= _7]( @ gz,
= VZ? SKP 43
The matrix \/Z is, therefore, given by
1 1) (1 1) (1 2
_%5531) "‘%55 )55(31) +%52(3 )521) _%55(51) (34)
1 1)2 1)2 2
1=36 + 36" 30y 16
! 02 2
Mg M
M2 =VZ"MEVZ = ( Y ) (36)
Mg, My
Up to and including second order in the corrections 65-” and
AMJZ(i>, the entries of the matrix M2 read
° 3 5
) + AM3?) + M3, ( 581) "‘45( 581) +45 581 _55521)>
(37)
- 55”) + A2 (1= 8") 4 AM2@
2 )y, L0 .)2
- 57) + M (-4 + 300 (38)
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g ! 4! 8

i, = M2, (1 —5651) _55(81) o2 +76“>6§” Jr755(;”

PHYSICAL REVIEW D 95, 054023 (2017)

2 2 1. 10
+ 55y —253)—25@)

1 1 ° 3 5 1
+AMZ M (1 -5 _§5g'>> +AMZ, @ + M2 (—Eagﬂ) + 90100 + 2oy oy - 5gl)> +Am3 )<—§5§;11)>
> a3 S ) () sy (1
+ (M5 + M) =505 + 20385 + 281 8y — 85 ) + AMY( 25y ). (39)

Finally, to obtain the physical mass eigenstates, we diag-
onalize the matrix MZ% by means of an orthogonal trans-
formation,

np = R’/le (40)
o2 _singl
_ (cos sin )7 (1)
sinf?  cosl?
such that
M; 0
RMZRT = M3, = . (42)
0 Mg,

The superscript [2] refers to corrections up to and including
second order in the § expansion. Introducing the nomen-
clature 7p for the physical fields and M3 for the diagonal
mass matrix,

n 2 M; 0
() (5 1),

the Lagrangian is now of the free-field type,

1
L=Lp==0np0" np——n pMinp

1 ’ 1 1
=5 ~0,mo'n — §M2112 + 58,,11’8”11’ - EMi,n’z.
Equation (42) yields three relations,
M3 = M2cos?6P! + M%,sinzem, (43)
M7 = M2sin?0P + Mﬁ,coszé’m, (44)
Mg, = (M7, — M7) sin 0 cos 67, (45)

which define the mixing angle # calculated up to and
including O(5?). First, from Eq. (45), we infer

2M%,
sin 2012 = W MZ' (46)
Adding Egs. (43) and (44), we obtain
M2 + M} = M + M. (47)

In the end, we subtract Eq. (44) from Eq. (43), take the
square of the result, add the square of 2x Eq. (45), and take
the square root of the result to obtain

M2 = M2 = \[ (B3 — B2 + 4063 2. (48)

This equation implies that Eq. (46) can also be written as
203,

— M3)? + A5, )*

sin 2012 =

(49)

Nt

The transformation from the octet fields 7, to the
physical fields np can be summarized as

1
= TI’]D = <1 +§CAD) \/ZRTV]D, (50)

where the transformation matrix 7 is given by

- (—A sin 02 + Bg cos 62

Acos 0% + Bg sin 97 >
Acos 0 — B, sing

Asin6? 4 B cos
(51)

with

1 3 3 c
A=) (353" 38 ) -3 + S0 (2

2 8 8 2
Lo 3wz, 32 1oy ¢
Bi=1—=6"4=-6"4=-64, —=6." +—="L1. 53
i 9l g 8 81 2 2 ( )

Up to this point, the procedure for defining a mixing
angle in terms of successive transformations is rather
general. We now turn to a determination of the quantities
5 as well as the M? terms within LN, ChPT. To identify Ky
and M3 at NNLO, we calculate the self-energy insertions
—i%;;(p?), (i,j=1,8) corresponding to the Feynman
diagrams in Fig. 2. The Feynman rules are derived from
the Lagrangians £(©, £(), and £?) of Egs. (9), (10), and
(13)—(15). The self-energy calculated from the Lagrangian
in Eq. (18) takes the form’

Tes(p?)

2(p?) = <le(p2) Zn(P”) )

2y (PZ) 4

%Since both the singlet and the octet states are massless in the
combined chiral and N, — oo limits, we consider the lowest-
order mass terms as part of the self-energy contributions.
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where the X;;(p?) are parametrized up to and including
O(8?) as
Zgs(p?) = —(ks + csp”) p* + Mg, (55)
21 (p?) = Zis(p?) = (kg1 + cg1p?)p* + Mg, (56)
21(p?) = =(ky + ¢, p*)p* + Mj. (57)

We now obtain the elements of the kinematic matrix /C4, the
mass matrix M2, and the matrix C, by comparing the results
for the self-energies calculated by means of the Feynman
diagrams (Fig. 2) with the parametrization given in
Eqgs. (55)-(57).

The NLO contributions to the kinetic matrix read

s 8(4M?% — M2)Ls

A (58)
8(2M3% + M2)L
551) — ( K3F2 ) 5 +A1, (59)
16V2(M%2 — M2)L
5é]1> — _ \/_( K ﬂ) 5 (60)

3F2 :

where M, Mg, and F, denote the physical pion and kaon
masses and the physical pion-decay constant, respectively.
The difference between using physical values instead of
leading-order expressions in Eqs. (58)—(60) is of NNLO
and is compensated by an appropriate modification of the
O(8?) terms. The NNLO expressions for M,, Mg, and F,
are displayed in Appendix B.

The entries of the mass matrix M3 are defined in
Egs. (29)-(31) in terms of leading-order, &', and &> pieces.
The leading-order masses are given in Eqs. (22)—(25). In
terms of the physical pion and kaon masses and the physical
pion-decay constant, the first-order corrections read

16(8M4 — 8M2M% + 3M%)Lg
3F2 ’

AMED = (61)

i Jooi Joi J
__._@_.__ __._@_.____._@_.__

—~—
7 N

/ \
. \ / N
i N P J
L@ -

FIG. 2. Self-energy diagrams up to and including O(&?):
dashed lines refer to pseudoscalar mesons, and the numbers k
in the interaction blobs refer to vertices derived from the

corresponding Lagrangians £®).
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AM20) — 16(4My — 4MZM7, + 3M;) Ly
2(1) —

3F2
+ % (2M2% + M2), (62)
AM2, ) = _64\/§(M%< _QIWIZI)M%(LS
3F2
22N gz ), (63)

The corresponding NNLO expressions for the kinetic and
mass matrix elements can be found in Appendix C.

IV. DECAY CONSTANTS

The decay constants of the -1’ system are defined via
the matrix element of the axial-vector-current operator

Al = Gy,rs5 q.
(0|A%(0)|P(p)) = iF$p,. (64)

where a = 8,0 and P = 7, 7'. Since both mesons have octet
and singlet components, Eq. (64) defines four independent
decay constants, F'. We parametrize them according to the
convention in [36]

(F) = <F§ F2> B <F800s«98
a) = -

_FO Sin 90
F8, FY Fgsin - (63)
7 7 8 8

Fcosf,

This parametrization is a popular way to define the -1’
mixing within the so-called two-angle scheme [45-52]. The
angles 05 and 6, and the constants Fg and F, are given by

F3, FO
tan Oy = ;Zg , tan 0, = ——g, (66)
FS o

Fo= (B2 +(F)2 Fo=\/(F)?+ (FO2. (67)

To determine the decay constants F'¢, we calculate the
Feynman diagrams in Fig. 3. First, we calculate the
coupling of the axial-vector current to the octet and singlet
fields ¢y, collected in the doublet 74, at the one-loop level
up to NNLO in the § counting. The result, which should be
interpreted as a Feynman rule, is represented by the “matrix
elements” F,;, = (0|A;(0)|b). In a next step, we transform
the bare fields 74 to the physical states using the trans-
formation 7 in Eq. (51). The decay constants F¢ are then
given by

F8 FONT
= (o) —FD 6

At leading order, the decay constants read

Fy = F), = Fcos 0", (69)
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- @ @

—

7 N
/ \
\ /
N % P
- -
FIG. 3. Feynman diagrams contributing to the calculation of the

decay constants up to and including O(8%). Dashed lines refer to
pseudoscalar mesons, crossed dots refer to axial-vector sources,
and the numbers & in the interaction blobs refer to vertices derived
from the Lagrangians £*) in Sec. II.

—Fj) = F$ = Fsind", (70)

in terms of the leading-order mixing angle ) given in
Eq. (46). Equation (66) then yields 6, = 05 = 6. The
NLO decay constants are given by

1 1
F,%/F = (1 +§5él)> COSH[I] —552(;11) Sln@[l]’ (71)
1 1
Fy/F = —<1 +§5$l)> sin O] +§5g]1) cos @l (72)

1 1
Fy/F = <1 + §5§1)> sin Q1] +§5é11> cosOll,  (73)

1

1
FO/F = <1 + 255”) cos Ol + 55@? singlll,  (74)

now in terms of the NLO mixing angle 6!!. Using Eqs. (66)
and (67), one obtains

5(1)
Fg=F(1+2-),
=r(1+%)
s
F0:F<1+17), (75)

and
50
0y = 0" + arctan <821>

s
0, = 0!/ — arctan <;1> (76)

The results for the decay constants at NNLO are lengthy
and are given in Appendix B.

V. NUMERICAL ANALYSIS

In the following, we perform the numerical evaluation of
the mixing angle, the masses of the pseudoscalar mesons,
and their decay constants. We present the results in a
systematic way, order by order.

PHYSICAL REVIEW D 95, 054023 (2017)

A. Leading order
At leading order (LO), the mixing angle is given by
Eq. (49), which reduces to
—4\/2(M% — M2
sin 201% = V(M — M) :
VI2MG (M7, — M%) +36(M — M7)* +9Mj;
(77)

This equation is well suited to study the two limits, the
flavor-symmetric case, i.e., M2 =M%, and the limit
N, — oo. In the flavor-symmetric limit, the mixing angle
vanishes, 0% = 0. On the other hand, in the LN, limit, the
U(1) 4 contribution to the ' mass vanishes, i.e., M% =0, and
the mixing angle becomes independent of the pseudoscalar
masses

2V/2
3 b

which yields 0°) = —35.3°. We then turn to the physical
case. Employing Eqs. (47) and (48), we fix M3 to the
physical Mﬁ, mass

sin 200 = — (78)

3(M;, = Mz)(2M} — M}, — M)
AM§ = 3M, — M,

M3 = (79)

and obtain
sin26!!
2 A2 (— 2 2 2
4V2(My = M) (=4M +3M} +M3)
3[-8M% (M), +M7)+8My +3M;, +2M7M;, +3M7]
(80)

Evaluating these results for physical masses M2, M%, and
Mi, yields

0% = -19.6° and M, =0.820 GeV.  (81)

B. NLO

At NLO, still only tree diagrams contribute, since loop
contributions are relegated to NNLO. Beyond F, B, Bmy,
and z, the four NLO LECs Ls, Lg, Ay, and A, appear and
need to be fixed. Since there are, at present, no values for all
of the NLO LECs in U(3) ChPT available in the literature, we
follow two different strategies to fix the coupling constants:

(1) We design a compact system of observables calcu-

lated within our framework of LN .ChPT and deter-
mine the LECs by fixing them to the physical values
of the observables. Our set of observables consists of
M2, M%, Fx/F,, M3, and Mﬁ,. In addition, we need
the quark-mass ratio m,/, which we take from
Ref. [67]. The experimental values for the masses and
decay constants are taken from Ref. [1], reading
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-7 MIXING IN LARGE-N, CHIRAL ...
M, =0.135 GeV, My = 0.494 GeV,

M, = 0.548 GeV,
M, =0958 GeV,  F, =0.0922(1) GeV,
Fy/F, = 1.198(6). (82)

(2) We use phenomenological determinations of some
constants obtained in SU(3) ChPT, for example,
Table 1 from Ref. [44].
We start with the first strategy and begin by fixing M3 to the
physical Mfl, using the relation

(2My, — M§ = 7)* = (M5 = MT)* + 4(M5, ). (83)

which follows from Egs. (47) and (48). After expressing
M3 in terms of Mf],, the parameters A; and A, appear

only in the QCD-scale-invariant combination A= Ay —
2A, [35] in the expressions for our observables and the
mixing angle. Using the ratio m,/m =27.5 from
Ref. [67], the parameters Bri, Ls, Lg, and A can be
unambiguously obtained from the NLO relations for the
physical values of M2, M%, Fg/F,, and M3, given in
Appendix B. The results for the LECs are shown in
Table II, labeled NLO I. Notice that at this order no EFT-
scale dependence is introduced yet, so these LECs are
scale independent. We also display errors for all calcu-
lated quantities. These errors are only due to the input
errors. We do not give estimates for the errors due to
neglecting higher orders or particular assumptions of our

PHYSICAL REVIEW D 95, 054023 (2017)

models. As input errors, we consider the errors of
Fyx/F,, F, and m,/m, and, later, when we make use
of LECs determined in SU(3) ChPT [44], we also take
their errors into account.

Once the set of LECs is determined, we can evaluate
the LO pseudoscalar masses, the 7-7' mixing angle, and the
pseudoscalar decay constants. For the calculation of the
parameters Oy, 6y, Fg, and F(, we use the simplified
formula at NLO given in Egs. (75) and (76). The quantities
M (2) and F, depend on the QCD-renormalization scale [35].
Therefore, we can only provide the QCD-scale-invariant
quantities M3/(1 + A;) and Fy/(1+ A,/2). We are not
able to extract a value for A; from our observables,
since physical observables do not depend on the QCD
scale and we can only determine the invariant combination
A=A, —2A,. The expressions for M2/(1+ A;) and
Fo/(1+ A;/2) are expanded up to NLO, yielding results
which depend on A, only through A. Table III shows the

leading-order masses M%, M%, M§/(1+ A,), and M3 for

A = 0. The mixing angle '), the angles 6 and 0, and the
constants Fg and Fy/(1 4+ A,/2) are shown in Table IV,
again under the label NLO 1.

The second scenario uses values for the LECs
determined phenomenologically in the framework of
SU(3) ChPT. Since our calculations are performed in
U(@3) ChPT, we apply the appropriate matching between
the two EFTs [35,38] when we make use of SU(3)
determinations. We set the matching scale of the two
theories to be puy = M, = 0.85 GeV, which is basically
the value of M, in the chiral limit: M} = 67/(F*(1 + Ay)).
Since SU(3) ChPT contains one-loop corrections already
at NLO, the LECs depend on the scale of the effective

TABLE II. LECs at NLO. ; .
theory u. The SU(3) LECs are typically provided at
u(GeV)  Ls[1073]  Lg [1079] A u; = 0.77 GeV. To study the scale dependence of our
NLO 1 186L006 078+L005 —034+005 Tesults, we evaluate them at u=0.77 GeV and at
NLOT 077 1204010 055+020 0024013 A =1GeV, which is the scale of M,. Combining the
NLO Il 1 0.58+0.10 024+020 0414013  matching at yg and the running from y; to u results in
[35,38]
TABLE IIl.  Pseudoscalar masses at NLO in GeV?2.
o o M2 20A _
p (GeV) a2 Iy e M2(A = 0)
NLO I e 0.018 £ 0.000 0.261 +0.005 0.902 +0.013 0.326 4+ 0.003
NLO I 0.77 0.018 £ 0.000 0.249 +£0.023 0.871 £ 0.061 0.299 £ 0.010
NLO IT 1 0.018 £ 0.000 0.249 +0.023 0.871 £ 0.061 0.269 £ 0.010
TABLE IV. Mixing angles and decay constants at NLO.
u (GeV) 0(°) 05 (°) 0o (°) Fg/F, 1;\# /F,
NLO I —11.1 £ 0.6 —21.7+£0.7 —-0.5+0.7 1.26 + 0.01 1.13 +0.00
NLO IT 0.77 —-12.6 = 3.0 —19.5+3.0 —57+32 1.17 £ 0.01 1.09 + 0.01
NLO II 1 —-12.6 £3.0 —-159+3.0 -93+32 1.08 + 0.01 1.04 + 0.01
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FIG. 4. M% as a function of A = A; —2A,. Solid (blue) line:
NLO II at 0.77 GeV; dashed (blue) line: NLO IT at 1 GeV. Dotted-
dashed (red) line: NLO + loops II at 0.77 GeV; dotted (red) line:
NLO + loops II at 1 GeV. The dotted-dashed and dotted lines
coincide. Horizontal line: physical value.

- 3.1 M

L) = 1570 + 31 (),
5 1 Hi 11 Ho

Li(u) = L% S m(M) - m(H),
s(n) =Ly ('M])+4816ﬂ2n(,u>+12167r2 n<y
sr 11 JZ

Ly(u) = LzstU’ (k1) +——ﬂln(—1>,

1 1 Hi
Ly() = L>" o In(~
6(:“) 6 (ﬂ1)+144]6ﬂ.2 n<’u>

1 1 /1
_'___ __ln @ 9
72 167> \2 U

r 3. F4(] +A )2
L7<H) = LgU + 2887 2 4
r r 11 Ha
Lig(u) = Lig(ua) —Z@m(;) (84)

TABLE V. LECs at NLO with loops added.
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The constant L3 does not appear in SU(3) ChPT, but we
include its running for completeness, since the running
from the scale y, = 1 GeV will be needed later.

o

The LO quantities M2, M%, and F are expressed in terms
of the physical quantities M2, M%, and F,, and, again, M}
is determined from the relation to Mi, at this order. The
parameters g, 0, Fg, and F, are calculated using Eqs. (75)
and (76). For the LECs Ls and Lg, we use the values
determined at O(p*) in SU(3) ChPT, i.e., column “p* fit”
in Table 1 in Ref. [44]. The OZI rule-violating parameter A
is fixed to M % The results are given in Tables II-1V, labeled

NLO II. The dependence of M% on A is shown in Fig. 4.

C. NLO + loops

Before considering the full NNLO corrections, we first
discuss the case where we just add the loop contributions to
the NLO expressions. Since the loop corrections do not
contain any unknown parameters, we can use exactly the
same system of equations from the NLO I scenario in the
previous section to obtain the desired LECs. We augment
the system of linear equations with the one-loop corrections
and extract the values of B, Ls, Lg, and A. The results
depend now on the scale of the effective theory, and we
choose to extract the LECs at y = 1 GeV. The parameters
Og, 6y, Fg, and F are obtained from Eqgs. (B10)-(B13)
in Appendix B, now also including the one-loop correc-
tions. The results are given in Tables V-VII, labeled
NLO + loops L

We compare the results with the values obtained in
SU(3) ChPT. For L5 and Lg, we use the same values as in
the NLO II case. To compensate the scale dependence of
the loop contributions, we include the scale-dependent
parts of the LECs Ly, L¢, L7, and L g [see Egs. (84)], which
would appear only at NNLO. These constants are included

p (GeV) Ls [1077] Lg [1073] A
NLO + loops 1 0.77 1.37 £ 0.06 0.85 £ 0.05 0.52 +0.05
NLO + loops I 1 0.75 £ 0.06 0.55 £ 0.05 1.09 £ 0.04
NLO + loops 1I 0.77 1.20 £0.10 0.55 £0.20 1.34 +£0.13
NLO + loops1I 1 0.58 £0.10 0.24 £0.20 1.34 £0.13
TABLE VI. Pseudoscalar masses at NLO with loops added in GeV?Z.
° o M2 2(A —
p oy I M3 Uz Mih=0)
NLO + loops 1 0.77 0.018 +0.000 0.263 £ 0.005 0.927 £0.013 0.261 £ 0.003
NLO + loops 1 1 0.017 = 0.000 0.240 + 0.005 0.867 £ 0.012 0.218 £ 0.003
NLO + loops II 0.77 0.019 = 0.000 0.287 £ 0.023 0.933 +0.061 0.199 +0.010
NLO + loops 1I 1 0.017 = 0.000 0.265 + 0.023 0.933 +0.061 0.199 +0.010
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TABLE VII. Mixing angles and decay constants at NLO with loops added.
F
# (GeV) 0() 05 (°) 0 (°) Fy/F, iaz/ Fr
NLO + loops 1 0.77 -102£0.6 —18.0£0.7 -24+0.7 1.31 £0.01 0.97 £0.00
NLO + loops I 1 —-134+£0.6 —-17.7+£0.7 -9.1+£0.7 1.31 £0.01 0.87 £ 0.00
NLO + loops IT 0.77 -102£29 —-135+£29 -6.8+£3.1 1.28 £ 0.01 0.86 + 0.01
NLO + loops I 1 -102£29 —-135£29 -6.8£3.1 1.28 £ 0.01 0.86 + 0.01

without the SU(3)-U(3) matching, and we choose L} =
L =L5=Lig=0at y =1 GeV. Eventually, we again
use M % to extract A. Equations (B10)-(B13) in Appendix B
provide then our values for 6g, 9, Fg, and F. The results
can be found in Tables V-VII, denoted by NLO + loops IL
Figure 4 shows the dependence of M,27 on A for the different
scenarios discussed so far. We notice that the dependence
is quite strong. After the inclusion of the loops and the
scale-dependent parts of the 1/N_ -suppressed L;, M% is
independent of the renormalization scale y (dotted and
dotted-dashed red lines).

D. NNLO

At NNLO, there are too many unknown LECs, which
cannot be determined from our chosen set of observables.
This means that it is not possible to consistently determine
all LECs appearing at NNLO within our framework of
LN_.ChPT. So, we can only employ the second strategy and
make use of phenomenological determinations of the LECs
L; and C; in SU(3) ChPT. We are then left with five
completely unknown LECs, A;, A,, Lig, Los, and 0(22), and
the combination L4 + Ls3, which are related to the singlet
field. First, we investigate the case with C; = 0. We match
the L; from SU(3) to U(3), according to Eq. (84), and take
their values from the column p* fit in Table 1 in Ref. [44].
Since a NNLO calculation in the § counting includes
contributions of the type NLO x NLO, e.g., products of
L;, the results depend on the EFT scale u. We display
results for two different scales, u =0.77 GeV and
u=1GeV. We choose A} =A, =Liz= ng) =Ly =
Lsz =0 at p, =1 GeV, which, together with the U(3)-
SU(3) matching, results in L7 ~ 0 (at 4 = 1 GeV). We can
then fix one OZI rule-violating LEC, which we choose to
be L,s, to the physical value of M%, In this way, L»s
accounts for the contributions to M % of all other OZI rule-
violating LECs, which are put to zero. At NNLO including
Cy, terms, the simplified expressions for 6g, 6, Fg, and F|,
in Egs. (75) and (76) no longer hold. We therefore use the
general formulas in Egs. (66) and (67) to calculate the
parameters of the two-angle scheme in the NNLO scenar-
i0s. The results are given in Tables VIII-X, labeled NNLO
w/o Ci. Figure 5 shows M% as a function of L,s.

Finally, we include the contributions of the C;. The L;
are treated as before in terms of running and matching, but

now we use the O(p®) values from Ref. [44], i.e., column
“BE14” in Table 3. For the C;, we employ the values from
Table 4 in Ref. [44]. In order to obtain values for the C; in
U(3) ChPT, we employ the tree-level matching relations
between SU(3) and U(3) ChPT, given by [68]

1 F?
Cio=Cl" +7——.
348M}¢
F2
Cyy=C 4 — 85
31 31 +48M3 (85)

where we take F=F, and the LO value M} =
0.673 GeV?. We do not consider the matching at the loop
level, because this is a correction beyond the accuracy of
our calculation. We also do not include the dependence of
the C; on the EFT-renormalization scale, since this would
be introduced only by two-loop effects, which are again
higher-order contributions beyond our accuracy. The SU(3)
values of the C; are provided without errors. They are also
not very well constrained in Ref. [44] and might be
only suited for the SU(3) observables studied in this
reference. Therefore, we assume an error of 50% on the
SU(3) values and propagate it to our results. The depend-
ence of M2 on L,s is shown in Fig. 5, and eventually L, is
fixed to the physical value of M;%;. The results are given in
Tables VIII-X, labeled NNLO w/ Ci.

Another source for the L; and C; is provided in Ref. [69],
where the LECs are computed in a chiral quark model.

04F

0.3
>
(B 0.2
A=
S oaf

0.0

-1.0 -0.5 0.0 0.5 1.0
Lys [1077]

FIG. 5. M} as a function of Ljs. Solid (blue) line: NNLO
without C; at 0.77 GeV; dashed (blue) line: NNLO without C; at
1 GeV. Dotted-dashed (red) line: NNLO with C; at 0.77 GeV;
dotted (red) line: NNLO with C; at 1 GeV. Horizontal line:
physical value.
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TABLE VIII. LECs at NNLO.

PHYSICAL REVIEW D 95, 054023 (2017)

u (GeV) Ls [1073] Lg [1073] Lys [1073]
NNLO w/o Ci 0.77 1.20 £ 0.10 0.55 +0.20 0.55 +0.08
NNLO w/o Ci 1 0.58 +0.10 0.24 +0.20 0.50 £+ 0.08
NNLO w/Ci 0.77 1.01 +0.06 0.52 +£0.10 0.67 +0.13
NNLO w/Ci 1 0.39 +0.06 0.21 £0.10 0.63 +0.13
NNLO w/Cil 0.77 1.26 £ 0.06 0.84 4+ 0.05 0.70 & 0.07
NNLO w/CiJ 1 1.26 +0.06 0.84 +0.05 0.77 £ 0.07
TABLE IX. Pseudoscalar masses at NNLO in GeV?2.
” ” M 2
u (GeV) M My [(ED) M;(Lys = 0)
NNLO w/o Ci 0.77 0.018 £+ 0.007 0.277 £ 0.101 0.840 £ 0.154 0.186 £ 0.016
NNLO w/o Ci 1 0.016 £ 0.007 0.257 £0.102 0.841 £0.158 0.197 £0.017
NNLO w/ Ci 0.77 0.018 = 0.001 0.267 £ 0.040 0.521 £0.170 0.160 £ 0.028
NNLO w/ Ci 1 0.017 £0.001 0.246 £0.041 0.518 £0.171 0.169 £ 0.028
NNLO w/Cil 0.77 0.018 £+ 0.000 0.232 £+ 0.024 0.729 + 0.088 0.153 +£0.014
NNLO w/Cil 1 0.017 £ 0.000 0.210 £+ 0.024 0.670 £+ 0.088 0.140 £ 0.014
TABLE X. Mixing angles and decay constants at NNLO.
F,
p (GeV) 0(°) 05 (°) 0o (°) Fg/F, a2/ Fa
NNLO w/o Ci 0.77 -9.6 6.0 —-11.7+5.8 —-6.6 64 1.27 +£0.02 0.85 +0.01
NNLO w/o Ci 1 —-10.1 £6.3 —-12.6 = 6.1 —-63+6.5 1.28 £0.02 0.86 +0.01
NNLO w/ Ci 0.77 —33.8 +18.8 —-31.8+18.5 324 +21.1 1.17 £ 0.07 0.82 +0.01
NNLO w/Ci 1 -3524+215 —-33.74+21.5 —-3334+24.2 1.18 £ 0.08 0.83 +0.01
NNLO w/CilJ 0.77 —-16.8 +4.9 —-16.0+4.4 —-11.7+6.1 1.16 = 0.04 0.90 +0.02
NNLO w/Cil 1 -202+54 —-19.44+49 —-1534+6.7 1.24 £ 0.04 0.84 +£0.02

Since the LECs are calculated in the LN, limit, loop effects
are not included, and the LECs do not depend on the EFT-
renormalization scale. Thus, to obtain values for the LECs
in U(3) ChPT, we consider only the tree-level SU(3)-U(3)
matching relations (for L;, Cy9, and Cjz;). Further, we do
not take the running of the LECs with the EFT scale into
account. The one-loop contributions are evaluated at
u=0.77 GeV and p =1 GeV. The OZI rule-violating
couplings are treated as in the other NNLO scenarios
described above. The results are provided in Tables VIII-X,
labeled NNLO w/ CiJ, where the errors are obtained from
the errors of the L; and C; given in Ref. [69].

Figure 5 shows a strong dependence of M% on Lys. The
renormalization-scale dependence is now much smaller
than in the NLO cases. The small residual scale dependence
stems from products of L5 and Lg, the scale dependence of
which would be compensated by products of one-loop
terms in the full two-loop calculation. The inclusion of the
one-loop corrections decreases the value of M% (Lys =0)
by about 30%. This would rather match the expected order
of magnitude of a NLO correction. Taking the C; into
account further decreases M;(Lys = 0). According to the §
counting, we would expect the value for L,5 to be of the

same order of magnitude as Ls and Lg, since the operator
structure is similar, with an additional 1/N, suppression
leading to |Las| ~%x 1073, The fit to the physical M3
results in values for L,s which match this expectation
pretty well.

E. Discussion of the results

In the following, we discuss the summaries of our results
in Tables XI-XIII. A summary of the LECs used in the
different scenarios is provided in Tables XIV-XVI in
Appendix D. We start with the results for the masses
summarized in Table XI. The values for the squared pion
mass at LO are very close to the physical squared pion mass
with deviations of 10%. The LO squared kaon masses are
larger than the physical value, up to about 25%, except for
the NNLO w/ CiJ scenario. The positive NLO and NNLO
corrections are in accordance with the findings in Ref. [44].
The LO squared pion and kaon masses, 2/mB and
(1 4 my)B, respectively, show a renormalization-scale
dependence, which is caused by the renormalization of
the parameter B in U(3) ChPT. The squared singlet mass in
the chiral limit, M3/(1 + A,), increases by about 30% in
most of the higher-order scenarios compared to the LO
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TABLE XI. Summary of the results for the pseudoscalar masses in GeV?2. The parameter x denotes A or Lss.

PHYSICAL REVIEW D 95, 054023 (2017)

o o 2

p (GeV) M2 M e M;(x =0)
LO 0.018£0 0244 £0 0.673 £0 0244 £0
NLO I e 0.018 £ 0.000 0.261 £ 0.005 0.902 £ 0.013 0.326 + 0.003
NLO + loops1 0.77 0.018 £ 0.000 0.263 £ 0.005 0.927 £0.013 0.261 + 0.003
NLO + loops I 1 0.017 £ 0.000 0.240 £ 0.005 0.867 £0.012 0.218 £ 0.003
NLO I 0.77 0.018 £ 0.000 0.249 +£0.023 0.871 £ 0.061 0.299 +0.010
NLO I 1 0.018 £ 0.000 0.249 £0.023 0.871 £ 0.061 0.269 +0.010
NLO + loops I 0.77 0.019 £ 0.000 0.287 £0.023 0.933 £ 0.061 0.199 £0.010
NLO + loops 1T 1 0.017 £ 0.000 0.265 £ 0.023 0.933 £0.061 0.199 + 0.010
NNLO w/o Ci 0.77 0.018 £ 0.007 0.277 £ 0.101 0.840 £ 0.154 0.186 £ 0.016
NNLO w/o Ci 1 0.016 £ 0.007 0.257 £0.102 0.841 £0.158 0.197 £ 0.017
NNLO w/Ci 0.77 0.018 £ 0.001 0.267 £ 0.040 0.521 £0.170 0.160 £ 0.028
NNLO w/ Ci 1 0.017 £0.001 0.246 £0.041 0.518 £0.171 0.169 £ 0.028
NNLO w/CiJ 0.77 0.018 + 0.000 0.232 £ 0.024 0.729 £ 0.088 0.153 £0.014
NNLO w/CilJ 1 0.017 £ 0.000 0.210 £0.024 0.670 £ 0.088 0.140 £0.014
TABLE XII. Summary of the results for the mixing angles.

# (GeV) 0(°) 05 (°) 0 (°)
LO —-19.6 £0 —-19.6 £0 —-19.6 £0
NLO I —-11.1£0.6 -21.7+£0.7 -0.5+£0.7
NLO + loops 1 0.77 —-102£0.6 -18.0+0.7 24407
NLO + loops 1 1 -13.4+0.6 -17.7+0.7 -9.1+£0.7
NLO II 0.77 -12.6 +3.0 —-19.5+3.0 —-57+32
NLO II 1 —-12.6 £3.0 —-159£3.0 -93+£32
NLO + loops I 0.77 -102£29 —-13.5£29 —-6.8 £3.1
NLO + loops 1I 1 -102£29 —-135£29 —-6.8 £3.1
NNLO w/o Ci 0.77 —-9.6£6.0 —11.7£5.38 —6.6 £64
NNLO w/o Ci 1 -10.1+6.3 -12.6 £ 6.1 —-63+6.5
NNLO w/ Ci 0.77 -33.8+£18.8 -31.8+£18.5 -324+21.1
NNLO w/ Ci 1 -352+£215 -33.7+215 —333+£242
NNLO w/CiJ 0.77 —-16.8 £4.9 -16.0£44 —-11.7£6.1
NNLO w/CilJ 1 -202+54 -19.4+409 153 +6.7
TABLE XIII. Summary of the results for the decay constants.
4 (GeV) Fy/F, i/ Fx F (MeV)

LO 1£0 1£0 92.2+0.1
NLO I 1.26 £ 0.01 1.13 + 0.00 90.73 £0.11
NLO + loops1 0.77 1.31 £0.01 0.97 £ 0.00 79.31 £0.12
NLO + loops I 1 1.31 £0.01 0.87 £0.00 74.77 £ 0.12
NLO II 0.77 1.17 £0.01 1.09 £0.01 91.25+£0.13
NLO II 1 1.08 £ 0.01 1.04 £0.01 91.74 £ 0.13
NLO + loopsII 0.77 1.28 £ 0.01 0.86 +0.01 7491 +£0.14
NLO + loops IT 1 1.28 £ 0.01 0.86 +0.01 7491 +£0.14
NNLO w/o Ci 0.77 1.27 £0.02 0.85 +£0.01 79.46 + 6.59
NNLO w/o Ci 1 1.28 £0.02 0.86 +0.01 79.45 £ 6.59
NNLO w/ Ci 0.77 1.17 £0.07 0.82 £0.01 73.02£0.13
NNLO w/Ci 1 1.18 £ 0.08 0.83 £ 0.01 73.02 +£0.13
NNLO w/CiJ 0.77 1.16 £ 0.04 0.90 £+ 0.02 79.44 +0.12
NNLO w/CiJ 1 1.24 +£0.04 0.84 +£0.02 74.40 £ 0.13

054023-15



P. BICKERT, P. MASJUAN, and S. SCHERER

LO A
NLOI -
NLO+loops 10.77 -
NLO+loops I 1 -
NLO 110.77 —_—

NLOII'1
NLO-+loops 11 0.77
NLO-+loops IT 1
NNLO w/o Ci 0.77
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FIG. 6. Results for the mixing angle € obtained within the
different scenarios in this work.

value, except for the NNLO w/ Ci case, where we can see a
strong influence of the C; contributions. However, a direct
comparison to the LO value, M, (2), remains difficult, since we
do not know the value of A;. The column M3 (x = 0) shows
the value of M% if the OZI rule-violating parameter A or
L,s, which is fixed to the physical M2, is switched off.
Especially in the NNLO scenarios, the resulting values are
only 50% of the physical M % Therefore, we conclude that
employing the LECs determined in SU(3) ChPT is not
sufficient in a LN .ChPT calculation and OZI rule-violating
couplings need to be included to adequately describe M;%;.
The same conclusion applies to the NNLO w/CiJ case.

PHYSICAL REVIEW D 95, 054023 (2017)

The contributions of the OZI rule-violating parameters A
and L,5 are very important. One should also keep in mind
that we only retained L,5 and omitted all other OZI rule-
violating LECs in the NNLO cases.

A summary of the results for the mixing angle 6 is shown
in Fig. 6. In comparison to the LO value 6 = —19.6°, in the
cases without C;, 6 gets shifted to values between —9° and
—14°. The results of the NNLO w/ Ci J scenario are close to
the LO value. Including the C; obtained in SU(3) ChPT
(NNLO w/ Ci) leads to a drastic change of @, where the
large errors are mainly caused by the assumed 50% errors
of the input C;. The mixing angle seems to be very sensitive
to the values of the C;, although they are supposed to give
only small contributions since they are NNLO corrections.
We display the results for the angles 03 and 6§, and the
constants Fg and F in Figs. 7 and 8, respectively. They are
compared to other phenomenological determinations.
Reference [36] determined the mixing parameters at
NLO in LN_.ChPT using additional input from the two-
photon decays of 5 and #'. References [45,47,48,51,52]
employed the two-angle scheme to extract the mixing
parameters phenomenologically from decays involving #
and 7/, mostly the two-photon decays, but other processes,
e.g., " Vy with vector mesons V, were used as well [47].
Note, however, these other determinations were performed
only in a NLO framework and under certain assumptions,
e.g., neglecting OZI rule-violating couplings [45]. A study
of the -1’ mixing at NNLO in LN .ChPT was performed in
Ref. [40], and the mixing parameters were obtained from a
fit to data from lattice QCD and input from the two-photon

NNLOw/Cil 1t —_—— —_————
NNLO w/CiJ 0.77} —_—— —_———
NNLO w/Ci 1
NNLO w/ Ci 0.77
NNLO w/o Ci 1 _— —_—
NNLO w/o Ci 0.77f —_—— —_——
NLO+loops IT 1} — —
NLO+loops I1 0.77} — ——
NLOII 1 —— ——
NLOI10.77} —— ——
NLO+loops I 1 e ro
NLO+loops 10.77} o o
NLO I} o ro
Leu 98} L] L]
FKS 98} ——— ———
BDC 00f . el
EF 05t - -
EMS 15+ — —
Guo+ 15¢ —— —_—
Esc+ 161 —e— —
-40 -35 -30 -25 -20 -15 -10 -5 -40 -30 -20 -10 0
63 [°] to [°]

FIG. 7. Results for g and 6, obtained within the different scenarios in this work and compared to phenomenological determinations
from Leutwyler (Leu 98) [36], Feldmann et al. (FKS 98) [45], Benayoun et al. (BDC 00) [47], Escribano and Frere (EF 05) [48],
Escribano et al. (EMS 15) [51], Guo et al. (Guo + 15) [40], and Escribano et al. (Esc + 16) [52].
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Guo+ 15}
Esc+ 16¢ —a—

11 12 13 14
FS/Fn

08 09 10 L1 12 13 14
Fo/(1+A1/2)Fy)

FIG. 8. Results for Fg and F,/(1 + A/2) obtained within the different scenarios in this work and compared to phenomenological
determinations from (using the same abbreviations as defined in Fig. 7’s caption) Leu 98 [36], FKS 98 [45], BDC 00 [47], EF 05 [48],

EMS 15 [51], Guo + 15 [40], and Esc + 16 [52].

decays. However, the authors of Ref. [40] were also not
able to determine all LECs at NNLO, and, therefore, they
put some of the LECs to zero. For 6, in the cases without
C;, we find values between —10° and 0°, which agree
approximately with the other calculations. For 0y, the
values in these cases range from —22° to —11°, and their
absolute values are slightly smaller than those obtained
from phenomenology at NLO. Also, the NNLO w/CilJ
values for 6g and 6, tend to agree with the other scenarios
and determinations. Again, the NNLO w/ Ci scenario is an
exception, with values for g and 6, around —33°. These
large negative values are related to the similar values for 6
in this case and strongly depend on the C;. Our values for
Fg agree with most of the other calculations. Note that Fg
depends only on LECs which appear in SU(3) ChPT as well
and Fy is not affected by neglecting unknown OZI rule-
violating LECs. The errors of Fg and Fy/(1 4+ A;/2) dueto
the errors of the input parameters are very small, and the
variation of our values in the different scenarios could serve
as a better estimate of our systematic errors. For
Fo/(1+ A;/2), wefind smaller values than the other works.
The constant Fy depends on the OZI rule-violating cou-
plings Ay, Lig, and Ly + Ls3. In our NNLO scenarios,
however, all of them are set to zero, since they cannot be
determined independently from the observables we study.
Allowing values for A; and L3 which are different from
zero,e.g., A; ~0.3and L,z ~ 0.3 x 1073, shifts F to higher
values in the range of the determinations of the other works.
The values for F are mostly smaller than the physical value.
This is consistent with the findings in Ref. [44].

The NLO I case is the most consistent scenario, since it is
a full calculation up to NLO in LN .ChPT and does not rely

on input from other theories with different degrees of
freedom or a different power-counting scheme. However,
our aim was a calculation of the mixing at the one-loop
level up to NNLO in the & counting. Among these
scenarios, the most complete one is NNLO w/Ci. Note
that, even in this case, we could not fix all parameters and
set five OZI rule-violating LECs equal to zero.

VI. SUMMARY AND OUTLOOK

We have derived an expression for the -7’ mixing in the
framework of LN .ChPT up to NNLO, including higher-
derivative, kinetic, and mass terms. Furthermore, we have
calculated the axial-vector-current decay constants of the
n-n’ system at NNLO and determined the mixing param-
eters Fg, Fy, 05, and 0, of the two-angle scheme.

The numerical evaluation of the results has been per-
formed successively at LO, NLO, and NNLO. At NLO, we
have determined all LECs by fixing them to the physical
values of the pseudoscalar masses Mz, M%, M, and M i,, the
decay constants F', and Fg, and the quark-mass ratio m/m.
We have compared our results with the values for the LECs
obtained in SU(3) ChPT [44]. Due to the large number of
LECs at NNLO, we have not been able to determine all of
them through our aforementioned input quantities.
Therefore, we have made use of the values obtained in
SU@3) ChPT and have applied the matching relations
between SU(3) and U(3) ChPT. One OZI rule-violating
parameter, L,s, has been fixed to the physical value of M %
The impact of OZI rule-violating parameters on our observ-
ables is rather large, and they cannot be neglected. In
addition to using input from SU(3) ChPT, we also
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investigated the case where we employed LECs which were
computed in a chiral quark model [69]. We have compared
our results for the parameters of the two-angle scheme with
other phenomenological determinations of those quantities.

The mixing angle 4 and the angles 05 and 6, of the two-
angle scheme depend strongly on the values of the NNLO
corrections given by C; terms. This leads to results which
deviate very much from the determinations at LO, NLO, or
NNLO without C; terms. From this observation, we
conclude that the mixing angles are particularly sensitive
to the expansion scheme, and it remains unclear to which
extent the convergence is under control.

At NNLO, it has not been possible to determine all LECs
from the available experimental data. In the future, lattice
QCD may provide further information on these LECs, since
it will make it possible to study the quark-mass dependence
of the pseudoscalar masses and decay constants.

Our NNLO expressions for the 7-1/ mixing can now be
used to study anomalous decays, e.g. ) =>yy and ) -
#tn~y, consistently at the one-loop level. A further step
would be the inclusion of vector mesons as explicit degrees
of freedom and the investigation of PVy processes, where P
refers to pseudoscalar mesons and V to vector mesons.
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APPENDIX A: BUILDING BLOCKS AND
TRANSFORMATION BEHAVIOR

The effective dynamical degrees of freedom are con-
tained in the U(3) matrix

8
. d)aﬂa Dy 1
U = E— = e3¥ U’
eXp (l aézo F e
where

det(0) =1, det(U) = e, w = —iln(det(U)).

The external fields s, p, [,, and r, are Hermitian, color-
neutral 3 x 3 matrices coupling to the corresponding quark
bilinears, and € is a real field coupling to the winding-
number density [27]. The traceless components of r, and [,
are defined as

<r;4>’ <’A’;4> =0,
iy =

We parametrize the group elements (V;,Vz) € U(3), x
U(3)g in terms of

PHYSICAL REVIEW D 95, 054023 (2017)

8
A i~
Vg = exp (—iZGRa 3‘1) = e RV,
a=0

det(Vg) =1, Or = iln (det(Vy)),
8 2 )

V, = -y 0,2 =V,

L exp<laz; La2> eV
det(V,)=1, 6, =iln(det(V,)).

We define v, =2%(r,+1,), a,=%(r,-1,), and
x =2B(s+ip). Under the group G =U(3); x U(3)g,
the transformation properties of the dynamical degrees
of freedom and of the external fields read

U ViUV,
w > w —iln(det(Vg)) + iln(det(V,))
=y- (eR - GL)’

ry > Ver, Ve +iVgd,Vh,

P> Vi Vi 4+ V30, V.
{ru) = (ru) = 9,0k,

L+ VoLV +iV.0,V;,

L,V LV, +iV,.0,Vi,
{lu) = (L) = 9,01,

1
—5(8,49,; —G#QL),
X VR)(VT,

O 0+ (0 —0,).

(@) = (a,)

(A1)

We define covariant derivatives according to the trans-
formation behavior of the object to which they are applied:
. . +
D,U=9,U~ir,U+iUl,— VgD, UV,
DU =0,U" +iU'r, —il, U+~ V, DUV},
D,U=9,U-ir,U+iUl,
D,y =0,y —2(a,) = Dy,
; . .
DU = eV (D”U +§D”‘PU>,

D,0 = 8,0+ 2(a,) ~ D,0. (A2)

Finally, the parity transformation behavior reads

U(t,x) — U'(t,=X),
w(t.%) > —y(t,—X)
0(1.%) — —0(t, —X)
D, U(t,X) = D"U' (1, -X).

’
)
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APPENDIX B: MASSES AND DECAY CONSTANTS

The pion-decay constant F in the chiral limit is given by

4M2Ls
F7

Ao(M5) +2A0(M3)

F=F,|l-
" 327°F2

1
—ﬁ(4(2Mj‘,(3(L5)2 —8LgLs + (Ciy + C17)F3) + F2(2M% + M37)L,)) —
(B1)

in terms of the physical decay constant F, and the physical pion and kaon masses, M, and M g, respectively. The expression

for the LO pion mass M2 reads

M2 = 2B
8M2(Ls — 2L 1
=M2|1+ % + 7 (8(2M%(8(Ls —2Lg)* + (2C15 + C14 + Cy7 = 3C19 — 2C3, ) F2)

+2FMy (Ly = 2Lg) + FiM3(Ly = 2Ls)))

+

10372 ((2v25in(26°) + cos(26) — 3)A(M7) — (2v/255in(261)) + cos(261) + 3)Ag(M2) + 64(M2))|,

(B2)

and the LO kaon mass M% is given by

M?2% = B(in + ms)
8M2%(Ls — 2L 1
= Mg |1+ w +ﬁ(8(4M41‘<(2(L5 —4Lg)(Ls —2Lg) + (C1p + C14 —3C19 — C3)F3)
+2M%(F2(Ly —2Lg +2(—=C14 + C17 + 3C19)M2) + 4M2Ls(Ls — 2Lyg))

— FaM2(2(Lg + (=Cy14 + C17 + 3C19)M3) — Ly)))

1 :
+ TR (sin?(01°) (3M}, + M7)Ay (M) — 4MRA(M}))

V(2% — M2) sin(2600) (A (M2) = Ag(M3)) + cos? (01)(3M2 + M2)Ag(M2) — 4MBA(M)))|.  (B3)

In loop contributions, we always use the LO mixing angle

2V2(M% — M2
ol — — arctan( : \/2_( K x) 5 >, (B4)
3(3 (M; —4My ) + Mn’)
which yields 01 = —19.6°. The ratio of the physical kaon-decay and pion-decay constants is given by
4(M%< — M,2,)L5 1 4 2272 4 2 4 4
Fg/Fr=1+ — @m  TH (8((BM + 2Mz My — 3M)(Ls)” + 8(M5 — My )LgLs
+2F7 (M — M2)(CiuMy, + C 7M7)

+ 282 (240(M%,) + 3cos* (0) Ay (M7) + 3sin*(0%) Ay (M) — 5A¢(M3)). (B5)

054023-19



P. BICKERT, P. MASJUAN, and S. SCHERER PHYSICAL REVIEW D 95, 054023 (2017)

The NNLO expressions for the decay constants of the 7-# system are given by

1
F$ = F,cos(01?) + 7 (8(M% — M2)Ls(v/2sin(612) + 2 cos(612))))

T

o2l
+ % 25672 ((4M% + SM2M2 — OM*)(Ls)? + 16(M* — M%) LgLs + 4(Cyq + Cy) FAM2 (M2 — M2))
+3F(Ag(Mg) = Ag(M3))]
sm oL
o RVEM = M(FH(-ALLs + 16(Cre + Cop)M +6L1s) + 16L((M. + 3MZ)Ls = 4005 + ML)
Clz .
+ 35 MR = 30 < 32) [16(M} — M2)(—2(M} — M2)MZ (V2 sin(6) — 4 cos(07))
+3V2M2(M3 - 2M%) sin(0P)) + 3v2M3, sin(67))), (B6)

; (8(M% — M2)Ls(v/2cos(612)) —2sin(92))))

T

F}, = F,sin(6%) —

62
- V(M ~ M) (P2 Ls 4 16(C+ Ciy )M+ 6Lig) + 16L5((M +3ME)Ls ~4(M} 4 ME)Ly))
sin(0P)
4872 F3

+4(Ciy+ Cia) FRMy (ME = M3)) +3F(Ag (M%) — Ao (M3))]

2567 ((4M% +8M2M% —9OM2*)(Ls)? +16(M% — M%) LgLs

+3 F {16 < N3N~ 0L [V2(M% — M%) cos (6% ) (—2M% (TM2 + 5M?%) + 16M +3M:}, + 2M2M2 + 3M§,)]
n T

—sin(0P)) (=4M (M}, +2M7) + 8M + MZ(M], +3M3)))], (B7)

Fo=-
" 6F,

B cos(6?)
3F3
+6(Lyg + 2Ly +2Ls3)) + 16Ls((Mg +3M7)Ls — 4(Mg + M7)Lg))]
sin(6?))
967 F}
+ F2(MZ(8(Cy4 + C17)M% = 3(Lis + Lyg + Ls3)) = 8(Ci4 + Ci7) Mg
= 6(Lig + Lug + Ls3)My)) + 32F,A (Mg + 2M7)Ls + 3F3AT) 4 3F,A0(M7)) + 3F2A (M%)
Ci
T3F ~(4My = 3M;, — M7)

[16(M% — M2)Ls(sin(02) + V2 cos(612))) + 3F2(A; + 2) sin(012)]

2V2(M} — M2)(F2(=A\Ls + 16(C 14 + C17)M

[2(277(32(4Ls(8(M} — M7)Lg + (=2Mj — 4MZM% + 3M7)Ls)

[16(sin(6) (4MF — 3M7, — M7)

X (Mg (M}, = 3M3) + MZ(M, + 3M3)) + V2(M% — M2) cos(02)
2 2 2 2 A02 4 4
X (2M% (M, + 3M7) = 2MZM7, = 3M, — 3M3))], (B8)
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1
6F,
y cos(61)
967%F3
+ F2(MZ(3(L1g + Ly + Ls3) = 8(Cra + C17)Mg) +8(Cra + Ci7)My + 6(Lig + Lag + Ls3)M))
—32F2A(M% 4+ 2M2)Ls — 3FA2) = 3F2A((M2)) — 3F2A,(M%)]

F = —[16(M} — M3)Ls(cos(60%) — v/2sin(6P))) + 3F2(A; +2) cos(67)]

[2(27%(32(4Ls((2M% + 4M2M3% — 3M%)Ls + 8(M% — M%) Lg)

sin
- (02 [2V2(M% — M2)(F2(=ALs + 16(C4 + C17)M3% + 6(Lyg + 2L 46 + 2Ls3)) + 16Ls((M% + 3M2)Ls

3F3
c
—4(M2% + M2)L 12 16(M% — M2)(v/2 sin(6?
(Mk + M3) 8))]+3F,,(4M%(—3M$,—M,Zr)[ (M — M%)(V2sin(67)
X (22M%(TM}, + 5M3) + 16M + 3M;), + 2MIM;, + 3M3) — 8(M% — M7) cos(0) 2MF, — M},))], (B9)

in terms of the physical masses M2, M%, and Mi, and the physical pion-decay constant F,. The mixing angle 0 is the

NNLO mixing angle given in Eq. (49) in Sec. III. In the case where the loop contributions are added to the NLO results, the
parameters of the two-angle scheme can be simplified to read

Fg=F,+——5— 182°F, [2567%(M% — M2)Ls + 3Ao(M%) — 3A¢(M2)], (B10)
|
APPENDIX C: KINETIC MATRIX AND MASS
Fo=Frtgerm [167%(16M%(Ls + 3L 3) MATRIX AT NNLO
T ya
In the following, the NNLO expressions for the matrix
2 2
+8M;(3L1g = 2Ls) + 3F7A) C,, defined in Eq. (18) in Sec. I, the kinetic matrix Kg, and
—3A0(M%) — 6Ay(M?2)], (B11)  the mass matrix Mp defined in Eq. (27) are provided. The
components of C, are given by
4/2(M% — M2)(2Ls + 3L18) 32C,(4M% — M2)
68 e 9[2] + arctan <— 3F2 CS = 3F721: . (Cl)
B12 32C,(2M% + M
( ) ¢ = 12( é{ + IZ) , (C2)
3F;
4\/2(M% — M2)(2Ls + 3L 2 _ M2
0, = 6% — arctan | — V2(M 2 s+3L) cy) = 64v/2C, (M7 — M) . (C3)
g o 32
(B13) At NNLO, both tree and loop corrections occur. The

second-order tree contributions to the kinetic matrix read

a1
S = T 8(2(8(2M% + 2M2M% — M*)(Ls)? + 8(M* — 4AM%)LgLs + (Cpy + C17) F2(8M% — 8M2M2 + 3M%))

+3F2(2M% + M2)Ly) + 32C, F2(8M% — 8M2M?% + 3M2)), (C4)

1
S = — [B(3F2(2M3 + M2)Ly + 16(M% + M2M% + M%)(Ls)? — 16(2M% + M*)LgLs

+2(Ciy + C17)(4M — 4AMIM% + 3M7) + 3L15(2M% + M3)))
+ 32C, FA(4M% — AM2M% + M3 (2M% + M2%) + 3M3})], (C5)

2,
5" = 3F4

+32V2C ), F2(4M% + M}) (M — M2)), (C6)

[8V2(M} — M3)(16Ls((Mj +2M7)Ls = 2(M + M3)Lg) + F3(8(C1a + C17)My +3L1g))
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and the loop contributions read

s@lo) _ Ay(M%)

(21o) (20o)
5 T JenF2 6" =0, o =0. (C7)

The second-order tree contributions to the mass matrix are

AM32) = 3 [16(16M¢ (8(Ls — 2Lg)Lg + (3Cyg + 2C3)F2) + 8M2M+%(16(Lg)* — 3(3Cy9 + 2C3,) F2)
+ AMiM% (32Lg(Lg — Ls) + 3(3Cy9 4+ 2C3y ) F2) + MS(24(3Ls — 4Lg)Lg — (3C19 + 2C3,) F3)
+ 8F2(M% — M%)* L, + F2(8M} + 2M3M% — M7 ) L)), (C8)

1
AM32) = vl [16(FaA,(2M % + M%) (Ls — 2Lg) + F2(2M% + M2)?L¢ + F2(2M% + M2)?L, — 128M%(Lg)?

T

+64MSLsLg + 64M2M% (Lg)? + 64MEiM% (Lg)? — 64AMEM% LsLg — 96MS(Lg)* + 72M8LsLyg
+24C o F2MS + 16C3 F2M$ — 36C o F2M2M%, — 24C5 F2M2M%, + 18C 1o F2MEM% + 12C3 F2ZMEM%
+3C1oF2MS + 2C3 F2MS—12F2LosM% + 12F2LysM2M% — OF2L,sM*)] + 6(2M% + M2)v'?, (C9)

1
3F2
+ ML(F3(Le + L7 = 2(3Cy9 + 2C31 )M} ) + 32M3 (Ls — Lg)Lyg)

+ FaM3(2(Lg + L7) = 3Los) + (3Cyo +2C3))F2My) + Fa A (Mg + M7)(Ls - 2Lg))],  (C10)

AM3G, ) = — [16vV/2(M% — M2)(2(4M%(8(Ls — 2Lg)Lg + (3Cy9 + 2C3,)F2)

and the loop corrections are given by

AME10) = BT (2v2(8M% — 5M3) sin(20°)) (Ag(M3) — Ag(M?)) + (8MF — 5M3) cos(200) (Ag(M3) — Ag(M2,))
+3(8M% — 3M7)(Ag(M7) + Ag(M,))+6M7(3A0(M7) — 240 (M))). (C11)
AM>) = 14in (2V2(MF, — M3) sin(201) (Ao (M7) — Ag(M2)) + (M% — M3) cos(201) (Ao (M}) — Ag(M2))
+ 3My (4A0(M%) + Ag(M3) + Ag(M})) + IMZA(M3)), (C12)
AME,210) = 57;F2 (4(4MF — M7) sin(201) (Ao (M}) — Ag(M})) + V2(4M% — M2) cos(201) (Ag(M}) = Ag(M}))
—3V2((4M} = 3M2)(Ag(M}) + Ag(M2)) + (8M% — 4M3)Ag(M) — 6MZAN(M3))). (C13)
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TABLE XIV. Summary of the results for the LECs determined in the numerical analysis of the #-#' mixing in Sec. V.

u (GeV) Ls [1073] Lg [1073] A Lys [1073]
NLO I e 1.86 +0.06 0.78 £0.05 -0.34 + 0.05 0£0
NLO + loops I 0.77 1.37 £0.06 0.85+£0.05 0.52£0.05 0£0
NLO + loops1 1 0.75 £ 0.06 0.55+£0.05 1.09 £+ 0.04 0£0
NLO I 0.77 1.20 £0.10 0.55+£0.20 0.02+0.13 0+0
NLO I 1 0.58 +0.10 0.24 £0.20 0.41+0.13 0+0
NLO + loops 1T 0.77 1.20+£0.10 0.55+£0.20 1.34+0.13 0+0
NLO + loops 1T 1 0.58 £0.10 0.24 £0.20 1.34+£0.13 0£0
NNLO w/o Ci 0.77 1.20 £0.10 0.55+£0.20 0£0 0.55 +£0.08
NNLO w/o Ci 1 0.58 £0.10 0.24 £0.20 0£0 0.50 £0.08
NNLO w/ Ci 0.77 1.01 £0.06 0.52£0.10 0+0 0.67 £0.13
NNLO w/Ci 1 0.39 +0.06 0.21 £0.10 0+0 0.63 £0.13
NNLO w/CilJ 0.77 1.26 +0.06 0.84 £0.05 0+0 0.70 £0.07
NNLO w/CiJ 1 1.26 £ 0.06 0.84 +£0.05 0£0 0.77 £0.07
TABLE XV. Input LECs used in Sec. V.

1 (GeV) Ly [1073) L¢ [1079) L, [1073] Lig [1073]
NLO I 0£0 0+0 0£0 0£0
NLO + loops I 0.77 0£0 0£0 0+0 0+0
NLO —+ loops I 1 0£0 0+0 0+0 0+0
NLO I 0.77 0+0 0+0 0+0 0+0
NLO I 1 0£0 0+0 0+0 0+0
NLO -+ loops I 0.77 021£0 0.10+0 0+0 -0.41+0
NLO + loops 1I 1 0£0 00 0£0 0£0
NNLO w/o Ci 0.77 0+£0.30 0.04 £0.40 0+£0.20 —-041+0
NNLO w/o Ci 1 —0.21 +£0.30 —0.07 £ 0.40 0+£0.20 0£0
NNLO w/ Ci 0.77 030+0 0.18 £0.05 0+0.09 —041+0
NNLO w/Ci 1 0.09+0 0.07 £0.05 0+0.09 0+0
NNLO w/CilJ 0.77 0£0 0£0 0+£0.05 0+0
NNLO w/CilJ 1 0£0 00 0+ 0.05 0£0
TABLE XVI. Input LECs used in Sec. V in GeV~2.

u (GeV) Cp, [1073] Ciy [1073] Cy; [1073] Cio [1073] Cs [1073]

NLO I 0£0 0+0 0+0 0+0 0+0
NLO + loops I 0.77 0+0 0+0 0+£0 0+0 0+£0
NLO + loops I 1 0£0 0£0 0£0 0£0 0£0
NLO I 0.77 0£0 0£0 0£0 0£0 0+£0
NLO I 1 0£0 0£0 0£0 0£0 0£0
NLO + loops1I 0.77 0£0 0£0 0£0 0£0 0£0
NLO + loops1I 1 0£0 0£0 0£0 0+0 0+0
NNLO w/o Ci 0.77 0+£0 0+0 0+0 0+0 0+0
NNLO w/o Ci 1 0£0 0+0 0+£0 0+0 0+£0
NNLO w/ Ci 0.77 -0.33£0.16 -0.12 £ 0.06 —0.12 £ 0.06 -0.34 £0.24 0.63 £0.12
NNLO w/ Ci 1 -0.33 £0.16 —0.12 £ 0.06 —0.12 +£0.06 —-0.34+0.24 0.63£0.12
NNLO w/CilJ 0.77 —0.34 £ 0.01 —0.87 £0.21 0.17 £0.04 —0.14+£0.13 —0.07+£0.13
NNLO w/CilJ 1 —0.34 +£0.01 —0.87 £0.21 0.17 £0.04 —0.14 +0.13 —0.07+£0.13
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