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Fragmentation functions beyond fixed order accuracy
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We give a detailed account of the phenomenology of all-order resummations of logarithmically
enhanced contributions at small momentum fraction of the observed hadron in semi-inclusive electron-
positron annihilation and the timelike scale evolution of parton-to-hadron fragmentation functions. The
formalism to perform resummations in Mellin moment space is briefly reviewed, and all relevant
expressions up to next-to-next-to-leading logarithmic order are derived, including their explicit dependence
on the factorization and renormalization scales. We discuss the details pertinent to a proper numerical
implementation of the resummed results comprising an iterative solution to the timelike evolution
equations, the matching to known fixed-order expressions, and the choice of the contour in the Mellin
inverse transformation. First extractions of parton-to-pion fragmentation functions from semi-inclusive
annihilation data are performed at different logarithmic orders of the resummations in order to estimate
their phenomenological relevance. To this end, we compare our results to corresponding fits up to fixed,
next-to-next-to-leading order accuracy and study the residual dependence on the factorization scale in each

case.
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L. INTRODUCTION AND MOTIVATION

Fragmentation functions (FFs) D/ (z, 0?) are an integral
part of the theoretical framework describing hard-scattering
processes with an observed hadron in the final state in
perturbative QCD (pQCD) [1]. They parametrize in a
process-independent way the nonperturbative transition of
a parton with a particular flavor i into a hadron of type 4 and
depend on the fraction z of the parton’s longitudinal
momentum taken by the hadron and a large scale Q inherent
to the process under consideration [2]. The prime example is
single-inclusive electron-positron annihilation (SIA),
e~ e™ — hX, at some center-of-mass system (c.m.s.) energy
V/S = 0, where X is some unidentified hadronic remnant.

Precise data on SIA [3-9], available at different /S,
ranging from about 10 GeV up to the mass M, of the Z
boson, reveal important experimental information on FFs
that is routinely used in theoretical extractions, i.e., fits of
FFs [10-15]. Processes other than SIA are required, how-
ever, to gather the information needed to fully disentangle
all the different FFs Df’ for i=u.u.d,d, ... quark and
antiquark flavors and the gluon. Specifically, data on semi-
inclusive deep-inelastic scattering (SIDIS), e*p —hX, and
the single-inclusive, high transverse momentum (p7)

2470-0010/2017/95(5)/054003(19)

054003-1

production of hadrons in proton-proton collisions,
pp — hX, are utilized, which turn extractions of FFs into
global QCD analyses [10-13]. Most recently, a proper
theoretical framework in terms of FFs has been developed
for a novel class of processes, where a hadron is observed
inside a jet [16]. It is expected that corresponding data [17]
will soon be included in global analyses, where they will
provide additional constraints on, in particular, the gluon-
to-hadron FF.

The ever increasing precision of all these probes sensi-
tive to the hadronization of (anti)quarks and gluons has to
be matched by more and more refined theoretical calcu-
lations. One way of advancing QCD calculations is the
computation of higher order corrections in the strong
coupling a,. Here, next-to-leading order (NLO) results
are available throughout for all ingredients needed for a
global QCD analysis of FFs as outlined above. Specifically,
they comprise the partonic hard scattering cross sections for
inclusive hadron production in SIA [18,19], SIDIS [18-21],
and pp collisions [22] and the evolution kernels or timelike
parton-to-parton splitting functions PiTj [23-26], which
govern the scale Q dependence of the FFs through a set
of integro-differential evolution equations [27]. Such type
of NLO global analyses of FFs represents the current state
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of the art in this field. For instance, a recent extraction of
parton-to-pion FFs D7 at NLO accuracy can be found in
Ref. [13]. A special role in this context plays SIA, where
fits of FFs can be carried out already at the next-to-next-
leading order (NNLO) level thanks to the available SIA
coefficient functions [24,26,28,29] and kernels P,Tj at
NNLO [30]. This has not yet been achieved in the case
of hadron production in SIDIS or in pp collisions. A first
determination of parton-to-pion FFs from SIA data at
NNLO accuracy has been performed recently in [14].

Another important avenue for systematic improvements
in the theoretical analysis of data sensitive to FFs, which we
pursue in this paper, concerns large logarithms present in
each fixed order of the perturbative series in a, for both
the evolution kernels P,Tj and the process-dependent hard
scattering coefficient functions. In this paper we will deal
with logarithms that become large in the limit of small
momentum fractions z and, in this way, can spoil the
convergence of the expansion in a, even when the coupling
is very small. As we shall see, two additional powers of
log?(z) can arise in each fixed order af, which is numeri-
cally considerably more severe than in the spacelike case
relevant to deep-inelastic scattering (DIS) and the scale
evolution of parton density functions (PDFs) and com-
pletely destabilizes the behavior of cross sections and FFs
in the small-z regime.

To mitigate the singular small-z behavior imprinted by
these logarithms, one needs to resum them to all orders
in perturbation theory, a well-known procedure [31].
Knowledge of the fixed-order results up to N"LO deter-
mines, in principle, the first m 4 1 “towers” of logarithms
to all orders. Hence, thanks to the available NNLO results,
small-z resummations have been pushed up to the first three
towers of logarithms for SIA and the timelike splitting
functions PiTj recently, which is termed the next-to-next-to-
leading logarithmic (NNLL) approximation [32,33]. Based
on general considerations on the structure of all-order mass
factorization, as proposed and utilized in Refs. [32,33], we
rederive the resummed coefficient functions for SIA and
the evolution kernels PiTj and compare them to the results

available in the literature. Next, we shall extend these
expressions by restoring their dependence on the factori-
zation and renormalization scales y and ug, respectively,
which will allow us to estimate the theoretical uncertainties
related to the choice of up/Q. It is expected that the scale
ambiguity will shrink the more higher order corrections are
included. We note that large logarithms also appear in the
limit z — 1. Their phenomenological implications have
been addressed in the case of SIA in Refs. [34,35], and we
shall not consider them in the present study focusing
mainly on the small-z regime.

Resummations are most conveniently carried out in
Mellin-N moment space, which also gives the best
analytical insight into the solution of the coupled,

PHYSICAL REVIEW D 95, 054003 (2017)

matrix-valued scale evolution equations obeyed by the
quark singlet and gluon FFs. We shall discuss in some
detail how we define a solution to these evolution equations
beyond the fixed-order approximation, i.e., based on
resumed kernels Pg We also explain how we match the
resummed small-z expressions to a given fixed-order result
defined for all z, thereby avoiding any double counting of
logarithms and also maintaining the validity of the momen-
tum sum rule. We shall also address in our discussions the
proper numerical implementation of the resummed expres-
sions in Mellin N space, in particular, the structure of
singularities and the choice of the integration contour for
the inverse Mellin transformation back to the physical z
space. Already at fixed, NNLO accuracy this is known to be
a nontrivial issue [14].

After all these technical preparations, we will present
some phenomenological applications. So far, resummations
in the context of FFs have been, to the best of our
knowledge, exclusively studied for the first five integer
N moments of the z-integrated hadron multiplicities, in
particular, their scale evolution and the shift of the peak of
the multiplicity distribution with energy [31,36]. At fixed
order, multiplicities are ill defined due to the singularities
induced by the small-z behavior. In the “modified leading
logarithmic approximation” and beyond, i.e., upon includ-
ing resummed expressions, these singularities are lifted,
and one finds a rather satisfactory agreement with data,
which can be used to determine, e.g., the strong coupling «;
in SIA [36]. We plan to revisit the phenomenology of
N = 1 multiplicities in a separate publication elsewhere. In
this paper, we will apply resummations in the entire z range,
1.e., for the first time, we extract FFs from SIA data with
identified pions up to NNLO + NNLL accuracy, including
a proper matching procedure. We shall investigate the
phenomenological relevance of small-z resummations in
achieving the best possible description of the SIA data. This
will be done by comparing the outcome of a series of fits to
data both at fixed order accuracy and by including up to
three towers of small-z logarithms. We also compare the so
obtained quark singlet and gluon FFs and estimate the
residual theoretical uncertainty due to the choice of up/Q
in each case. An important phenomenological question that
arises in this context is how low in z one can push the
theoretical framework outlined above before neglected
kinematic hadron mass corrections become relevant.
Hadron mass effects in SIA have been investigated to
some extent in [37] but, so far, there is no fully consistent
way to properly include them in a general process [38], i.e.,
ultimately in a global analysis of FFs. Therefore, one needs
to determine a lower value of z, largely on kinematical
considerations, below which fits of FFs make no sense. We
will discuss this issue as well in the phenomenological
section of the paper. In general, it turns out that in the range
of z where SIA data are available and where the framework
can be applied, a fit at fixed NNLO accuracy already
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captures most of the relevant small-z behavior needed to
arrive at a successful description of the data, and resum-
mations add only very little in a fit.

The remainder of the paper is organized as follows:
Section II comprises all relevant technical aspects. We
start by briefly reviewing the fixed order results for semi-
inclusive annihilation and catalogue the systematics of the
small-z logarithms that appear in each order of perturbation
theory. Next, we show how these logarithms can be
resummed to all orders and compare to existing results
in the literature. In Sec. II C we provide the expressions
containing logarithms of the factorization and renormali-
zation scales to estimate the remaining theoretical uncer-
tainties after resummation. The solution of the timelike
evolution equations with resummed splitting functions in
Mellin moment space is discussed in Sec. I D. Peculiarities
important for a proper numerical implementation of the
resummed expressions in N-space are raised in Sec. Il E. In
the second part of the paper we discuss the phenomeno-
logical implications of small-z resummations for the
extraction of fragmentation functions from data. In
Sec. Il A we present and discuss various fits to semi-
inclusive annihilation data at different fixed orders in
perturbation theory and levels of small-z resummations.
Finally, in Sec. III B we study the residual scale dependence
with and without resummations of small-z logarithms. We
conclude in Sec. IV.

II. SMALL-z RESUMMATION FOR
SEMI-INCLUSIVE e*e~ ANNIHILATION

A. Fixed order SIA, fragmentation functions,
and the systematics of small-z logarithms

We consider the SIA process et e™ — y/Z — hX, more
specifically, cross sections defined as

do" B dGZ

= - (1)

o 9z
The parity-violating interference term of vector and axial-
vector contributions, usually called “asymmetric” (A), is
not present in (1) as we have already integrated over the
scattering angle 0; see, e.g. [19]. Hence, only the transverse
(T) and the longitudinal (L) parts remain and will be
considered in what follows. Furthermore, we have intro-
duced the scaling variable

2P - qems. 2E),
= = )
0’ 0

where P, and ¢ are the four momenta of the observed
hadron and timelike y/Z boson, respectively. Moreover,
Q?=¢*> = S. As indicated in Eq. (2), z reduces to the
hadron’s energy fraction in the c.m.s. and is often also
labeled as xg [19]. Note that experimental data are usually

(2)
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given in terms of hadron multiplicity distributions, which
are equivalent to the cross sections as defined in Eq. (1)
normalized by the total hadronic cross section o [26,39].

The transverse and longitudinal cross sections in Eq. (1)
may be written in a factorized form as [26,29]

dﬂh 0 Q2
= Olot [D’é(z,ﬂz) ®C, <Z, ﬂ—z)

Q2
+Dy(z. %) ® C}, (z?ﬂ

0 0?
+> 0y Diis (2.1 ® CF (ZF> (3)
q

For simplicity, we have chosen the factorization
and renormalization scales equal, pur = pup =y, and
a§°> = 30y éé is the total quark production cross section
for a given flavor g at leading order (LO). 6, = 4za*/(30Q?)
denotes the lowest order QED cross section for the process
ete” - utu~ with a the electromagnetic coupling. The
electroweak quark charges é, can be found, e.g., in Ref. [26].
We also defined 0522 =5 qog()). The symbol ® denotes the

standard convolution integral which is given by

£(2) ® 9(z) = / dx / Ly f ()95 - xy). (4)

With this notation, the transverse and longitudinal cross
sections are related to the usual longitudinal and transverse
structure functions [24] according to

_ 1 ddz A2 h 2 S 0
2
+ Dz, 7)) ® CF, <z?ﬂ
Q2
+) 2Dk, (z.4) ® CF (z, 7)
q

2
= Z D}(z, 1) ® Cy (Z’%) (5)

l=q.q9.9

As usual, the factorized structure of Eq. (3) holds in the
presence of a hard scale, i.e., of O(few GeV), and up to
corrections that are suppressed by inverse powers of the hard
scale. SIA is a one-scale process, and the hard scale should
be chosen to be of O(Q). The power corrections for SIA are
much less well understood than in DIS, perhaps due to the
lack of an operator product expansion in the timelike case.
One source, which we will get back to later on, is of purely
kinematic origin. Instead of the energy fraction z, SIA data
are often given in terms of the hadron’s three-momentum
fraction in the c.m.s., x, = 2p/Q, which leads to 1/Q?
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corrections when converted back to a proper scaling vari-
able: x, =z —2mj;/(z0%) 4+ O(1/Q*) [19]. m;, is the
produced hadron’s mass and is neglected in the factorized
formalism outlined above. Other sources of power correc-
tions arise in the nonperturbative formation of a hadron from
quarks or gluons and are expected to behave like 1/Q from
model estimates [19].

The dependence of the FFs on the factorization scale y
may be calculated in pQCD and is described by the
2Ny + 1 coupled integro-differential evolution equations
[27] with N ; being the number of active quark flavors. It is
common to define certain linear combinations of quark and
antiquark FFs that appear in SIA. The quark singlet (S) and
nonsinglet (NS) FFs in Eq. (3) are given by

D{(z.4%) = N%Z[Dg(z,uz) +Di(z. 4] (6)

and
Dl (z.4%) = Dii(z.4?) + Di(z. 1) — Di(z. p%),  (7)

respectively. The corresponding coefficient functions
i = S,NS in (3) can be calculated as a perturbative series
in a; = a,/4n,

Ci, =V +a,c') + 2P 1 0ad).,  (8)

where we have suppressed the arguments (z, Q%/u?).
Expressions for the Cj, are available up to O(a?) in
Refs. [24,26,28], which is NNLO for the transverse
coefficient functions but formally only next-to-leading
order (NLO) accuracy for the longitudinal coefficient
functions as the latter start to be nonzero at O(a).

The fixed order results of the coefficient functions
contain logarithms that become large for z — 1 (large-z
regime) and z — 0 (small-z regime). Such large logarithms
can potentially spoil the convergence of the perturbative
expansion even for a; <« 1 and, hence, need to be taken
into account to all orders in the strong coupling. The
resummation of large-z logarithms in SIA has been
addressed, for instance, in Refs. [34,35]. The main focus
of this paper is on the so far very little explored small-z
regime and its phenomenology. In contrast to the spacelike
DIS process with its single logarithmic enhancement, one
finds a double logarithmic enhancement for the timelike
SIA; see, e.g., [40] and references therein. For example, for
the gluon sector in Eq. (3) one finds

1
CS,(k) alsc_lo 2k—1—-a ,
T.g & z g (Z)
1
€1y o ab—logh2-0() ©)
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where a = 0, 1, and 2 correspond to the leading logarithmic
(LL), next-to-leading logarithmic (NLL), and NNLL con-
tribution, respectively.

Furthermore, the same logarithmic behavior at small-z is
found for the timelike splitting functions that govern the
scale evolution of the FFs. For example, for the gluon-to-
gluon and the quark-to-gluon splitting function, one finds

PyTl-'<k) x gkt élog”“”(z), (10)
where i = ¢, g, and k denotes the perturbative order starting
from k = 0, i.e., LO. In order to obtain a reliable prediction
from perturbative QCD in the small-z regime, these large
logarithmic contributions, both in the coefficient functions
and in the splitting functions, need to be resummed to all
orders. The resulting expressions are available in the
literature up to NNLL accuracy [32,33] and we will
rederive them in the next subsection. Traditionally, and
most conveniently, these calculations are carried out in the
complex Mellin transform space. In general, the Mellin
integral transform f(N) of a function f(z) is defined by

ﬂm=[wﬂv@zMwm. (11)

Hence, the Mellin transform of the small-z logarithms
given in Egs. (9) and (10) reads

v l:lOng_l(Z)] _ (<1)¢ (2k_— 1)!

z N (12)

where N =N —1, i.e., they give rise to singularities at
N =1 in Mellin space.

The structure of the 1/N divergences for all quantities
relevant to a theoretical analysis of SIA up to NNLL
accuracy is summarized schematically in Tables I and II.
Note that no LL contributions appear in the quark sector,
neither for the splitting nor for the coefficient functions.
Moreover, the LO and NLO small-z contributions to

S T T . . .
CT/M, Py,, and Py, are not contained in the generic

TABLE 1.

functions C§, = Zna?Ci:,(") at any given fixed order n of the
perturbative expansion at the LL, NLL, and NNLL approxima-
tion. These generic structures are valid starting from n = 1 or
n = 2 as indicated in the bottom row of the table. For smaller
values of n, the correct 1/N dependence must be extracted from

the fixed order results; see text. Also, note that the entry for Ci'.g’)
at NNLL is obtained by .AC relations; see text.

The explicit 1/N dependence of the coefficient

S, S, S, S,
Cry’ Cry’ cry’ Cry
LL N—Zn N1—2n
NLL Nl—ZrL Nl—Zn N2—2n N2—2n
NNLL NZ—Zn N2—2n N3—2n N3—2n
n>1 n>2 n>1 n>2
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TABLE II. Same as Table I but for the splitting functions
T 1 pT.(n)
Pij = .at Pij .
T,(n T,(n T,(n T,(n
ng() qu<> qu(> qu()
LL N—I—Zn N—I—Zn
NLL N—Zn N—Zn N—2n N—Zn
NNLL N1—2n Nl—2n Nl—2n Nl—Zn
n>0 n>0 n>2 n>2

structure summarized in Tables I and II. Instead, these
terms have to be extracted directly from the respective fixed
order calculations. We would like to point out that there is
no complete NNLO calculation (i.e., third order in a,) for
the longitudinal coefficient functions available at this time.
Therefore, only the first two nonvanishing logarithmic
contributions can be resummed for the time being. For
this reason, the third entry for Ci’g in Table I has to be

deduced using analytic continuation (AC) relations
between DIS and SIA; see Refs. [30,41] for details.

B. Small-z resummations

The resummation of the first three towers of small-z
logarithms, summarized in Tables I and II, was performed
recently in Refs. [32,33] in a formalism based on all-order
mass factorization relations and the general structure of
unfactorized structure functions in SIA. Explicit analytical
results can be found for the choice ¢ = Q. The correspond-
ing LL and NLL expressions are known for quite some time
[31,42] and have been derived by other means. We have
adopted the same framework based on mass factorization as
in [32,33] and rederived all results from scratch up to
NNLL accuracy. We are in perfect agreement with all of
their expressions except for some obvious, minor typo-
graphical errors.' In this section, we will concisely sum-
marize the main aspects of the calculation as we will extend
the obtained results to a general choice of scale y # Q in
the next subsection.

One starts from the unfactorized structure functions
using dimensional regularization. In our case, we choose
to work in d =4 —2¢ dimensions. The unfactorized
partonic structure functions can be written as

j:k,l<N7 ag.€) = ch,i<N’asv€)Fil(Nv as.e),  (13)

i=q.9

with k=L, T and [ =g, g We have introduced the
d-dimensional coefficient functions Cj;, which contain
only positive powers in €,

'We noticed the following typographical errors in Ref. [32]
which should be corrected as follows: Eq. (2.12):
(T Cy—48) —» (8 —4y); Eq. (3.18) first line, last term:
-8 CACrny - =32 C4Chny; Bq. (4.8) second line, last term:
— 4§ Cpn} - =4 Ciny; Eq. (5.5) denominator: 9(N — 1)>"72 —
9(N — 1)%"3,
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Cri(N. a5, €) = 81614 + Z aj z €jcz(<fkj)(N), (14)
i=1 =0

whereas the transition functions I';; include all IR/mass
singularities, which are manifest in 1/e poles, i.e., they
contain all negative powers of &. The transition functions
are calculable order by order in a, by solving the equation
o) 4%
Bala,) =—=T3! =P, (15)
' da, M 1

Here, f4(a,) = —ea, — a? Y 2, p;al denotes the d-dimen-
sional beta function of QCD. Equation (15) can be derived
from the timelike evolution equations and its solution reads

P70 1 1
'=1-a, 2| _— (pT.(0) pr0 _ — pr.()
A =+ aj |:2€2 ( + ﬂO) e
1
+a} {‘F (PO + o) (PT-O) + 259 PT-0)
P
1
tes {(P“O) +2f0)P") 4 (PT(V +ﬂ1)2PT~<°>}
1
——PTO| 4+ O(dY, 16
P o) (16)
where
% b pri) pr
T _ i+1pT.(i) — i+1
P = Z as” P = Z ds () pT.(i) (17
i=0 i=0 qg 99

is the 2 x 2 matrix that contains the timelike singlet
splitting functions. Throughout this work, we use boldface
characters to denote 2 x 2 matrices. Since we are interested
only in the small-z regime, we take the small-N limit of the
known coefficient and splitting functions in Eq. (13).

Alternatively, one can express the unfactorized partonic
structure functions in Eq. (13) as a series in ay,

FulNoage) =Y aiFl (Noase).  (18)

The key ingredient to achieve the resummations of the
leading small-N contributions, which is the main result of
[32], is the observation that the O(a¥) contribution in
Eq. (18) may be written as

n—1-¢;,

FU)(N.ay.€) = hatouti=2n N
i=0

1
N-2(n—i)e

(AU 4B 420 ). (19)

Each of the coefficients A, B, and C is associated with a
different logarithmic accuracy of the resummation, i.e., LL,
NLL, and NNLL, respectively.
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By equating Egs. (13) and (18), one obtains a system of
equations which may be solved recursively order by order
in a,. The small-z (small-N) limits of the fixed order results
are needed here as initial conditions for the first recursion.
Since these results are only known up to NNLO accuracy,
resummations are limited for the time being to the
first three towers listed in Tables I and II. At each
order n, this procedure then yields expressions for

e P A B, and €7

Note that up to NNLL accuracy only j, is needed in
Eq. (16). All terms proportional to f;; will generate
subleading contributions and, hence, can be discarded.
For instance, when initiating the recursive solution, Pr.(0)
and PT() are known from fixed order calculations, and
PT(?) that appears at O(a?) in Eq. (16), is the unknown
function that is being determined. The NNLL contribution
is o« 1/N?, cf. Table II, whereas the highest
inverse power of N in the term ﬂngg‘(O) appearing in the
curly brackets of Eq. (16) is o« 1/N and, thus, beyond
NNLL accuracy.

After solving the system of equations algebraically using

MATHEMATICA [43], we find expressions for c,({"l’o), and

Pl-TJ-’("). Since the coefficient functions and the splitting

functions both have a perturbative expansion in aj,

for, say, PgT_(}@)

=3 arttp)” (20)
n=0
and
cs =Y aiel” (21)
n=0

one can eventually deduce a closed expression for
resummed splitting functions and coefficient functions as
listed in [33]. As mentioned above, we fully agree with
these results up to the typographical errors listed in the
footnote.

C. Resummed scale dependence

All calculations presented so far, including Refs. [32,33],
have been performed by identifying, for simplicity, the
renormalization and factorization scales with the hard scale
0, i.e., by setting up = up = 4 = Q. However, it is well
known that the resummation procedure should not only
yield more stable results but should also lead to a better
control of the residual dependence on the unphysical scales
ur and up that arises solely from the truncation of the
perturbative series. Hence, for our subsequent studies of the
phenomenological impact of the small-z resummations on
the extraction of FFs from SIA data it is imperative to
separate the dependence on the artificial scales ur and pp
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from the hard scale Q in the resummed expressions. This is
the goal of this section. In what follows, we reinstate the
scale dependence with two different, independent methods.
We find full agreement between the two approaches.
First, we consider a renormalization group approach;
see also Ref. [44]. The dependence of the coefficient
functions on the factorization scale u; can be expressed as

o i
GV L) = St (ljM) + e )L ).
i=0 m=1
(22)
with LM_logﬂz. The coefficients c,((), =C/<<110> are the
finite (i.e., € 1ndependent) coefficients as given in Eq. (14).
The c,(c_l ] can be calculated order by order in a; by
solving a set of renormalization group equations (RGEs).
These equations can be obtained by requiring that
—4— F=0, where F; =) ,C; D, [see Eq. (5) for the

definmon of these structure functions in z space], which
leads to

0 0 S
Hm+ﬁ(ab)aas}5lm i (N)} CS (N, ag, Ly)

= 0. (23)

Here, the sum over m = ¢, g is left implicit. For the sake
of better readability, we drop the arguments of all
functions for now. From (23), the following recursive
formula can be obtained:

i—1

(w,m— 1
> &
=m—

1

(i=w—1)

1
= ;w - Wﬂi—w—léjl)' (24)
Again, the sum over j = ¢, g is implicitly understood.
Up to NNLO accuracy, we obtain the same results as given
in [26].
If one now plugs in the small-N results for the splitting
and coefficient functions, one can compute the coefficients

(n.m)

Cy; up to any order n and identify the leading three

towers of 1/N in Eq. (22), i.e., the LL, NLL, and NNLL
contributions. At order n we find at LL. accuracy

cpbtl = b, (25)
Thus, no improvement of the scale dependence is achieved
by a LL resummation (recall that resummation in the quark
sector only starts at NLL accuracy). The full L,, depend-
ence is given by the fixed-order expressions, which have to
be matched to the resummed result for all practical
purposes. As usual, the matching of a resummed observ-
able T™ to its N*LO fixed-order expression TN'1O ig
performed according to the prescription schematically
given by
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Tmatched TN"LO + Tres — Tres'@( " (26)
ag)*
Here, T"|oy
order O(d¥).
Likewise, at NLL accuracy one obtains the following
results:

«r) denotes the expansion in a; of 7 up to

S,NLL,(n NLL,(n
cyh (n) = (n)
+LM{ TLL (n—1) +Z LL,(n—1—j) TLL()}’
(27)
S,NLL,(n NLL,(n LL,(n—1—) TLL, j
CLyg "= Crg +LMZC ) Py v (28)

S.NNLL.(n)

CT’.g (n :CI;{.IZLL‘()+LM{ TNLL(n 1) (I’l—] OCTgn 1) +Z NLL,(n—1-j) gq

[S8]

n—
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and

S,NLL,(n NLL,(n

Cypt ) = i, (29)
S.NLL,(n NLL,(n

CSNLLO) _ ML) (30)

The scale dependent terms o L,, enter here for the first
time in the gluonic sector, Eqgs. (27) and (28), and are
expressed in terms of LL quantities. Due to the fact that the
quark coefficient functions are subleading, they still do not
carry any scale dependence at NLL. Finally, at NNLL
accuracy one finds

pTLL.(j)

LL, 1- TNLL,(j 1- TLL,(j
3 (B pINLG) | N1 m)}
=0
2 n-2 . n—3 n—2—i o . .
ZM[ PIEL0=20) pTL) y SRS HLr2mio)) L) ngLL.(/)], G31)
=0 i—0 =0
n—2
S.NNLL, NNLL, LL,(n—1 LL,(n—1— TNLL,(j NLL, 1- TLL,
CONNLL() _ ()+LM{ (1= 1)yt (L0120 pINLLG) | NLL(=1-3) pTLL)
=0
G2 N (o1 o7 ()| L 2SR L (ne2minj) pTLL.(3) oTLL())
n - n— i—
+Z Iplt }+2Z > <l 7 pIit) pTilt) (32)
i=0 j=0
n—1
C;,;JNLL.(n) _ CI;ZLL,( n) _I_LM{PTNLL N Zg, ) + C;z(n—l—])P(Y;!I/\ILL.(])}’ (33)
20771
and
Ci,NNLL,( n NNLL WL, Z LL.(n—1—j) Z]"{I;ILL,(j) (34)
-q .
J207#1

It should be noticed that by the subscripts LL, NLL, and
NNLL in Egs. (25) and (27)—(34), we denote only those
contributions in 1/N specific to the tower at LL, NLL, or
NNLL accuracy, respectively. This means, for instance, that
the full next-to-next-to-leading logarithmic expression at
some given order n in the a, perturbative expansion of qu ;
in Eq. (22) will be always given by the sum of the
individual LL, NLL, and NNLL contributions. As one
may expect from the fixed-order results, the scale depend-
ence at N”LL is expressed entirely in terms of the
resummed expressions at N¥LL with k < m. Since the

|
resummed results are known up to NNLL accuracy, we
may, in principle, extend our calculations to fully predict
the scale dependent terms at N3LL. These findings are
consistent with the scale dependence of fixed-order cross
sections. Finally, for all practical purposes, as we shall see
below, it is numerically adequate to have explicit results for
each tower up to sufficiently high order in n, say, n = 20, in
lieu of a closed analytical expression for the resummed
series as was provided for the case ¢ = Q in Refs. [32,33].

We may now reintroduce the renormalization scale
dependence as well by following the straightforward steps
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outlined in Ref. [26]. In practice, this amounts to replacing
all couplings a, in the expressions given above according to

wwazam&(1+mm@mm£%+oma) (35)
HFE

In a second step one needs to reexpand all results in terms
of a,(u%) which leads to additional logarithms of the type
Ly = log(u%/u%). In our phenomenological studies below
we will study, however, only the case ur = pugr # Q and,
hence, we do not pursue the L dependence any further.

The second approach we adopt to recover the scale
dependence of the SIA coefficient functions obtained in
Sec. IIB is based on the all-order mass factorization
procedure. After removing the ultraviolet (UV) singular-
ities from the bare partonic structure functions F .1 (Which
have been computed directly from Feynman diagrams) by a
suitable renormalization procedure, the remaining final-
state collinear/mass singularities have to be removed by
mass factorization,

j'_k,l =C, ® Iy (36)

Here, all singularities are absorbed into the transition
functions 1:,,» while the coefficient functions Cy ; are finite.
We have labeled the quantities in Eq. (36) with a tilde to
show that they contain the full dependence on all scales.

We may thus proceed in the following way: first, we
“dress” the transition functions and partonic structure
functions in Eq. (13) with the appropriate scale depend-
ence, i.e., we substitute a, — a, - (u3/u*)~¢ in the I';; and
a, = ag - (Q*/p?)~¢ in the F ;, where the mass parameter
u stems from adopting dimensional regularization. As a
next step, we go back to the unrenormalized expressions,
where we assume that the renormalization was performed at
the scale u% and Q2 respectively. Afterwards, we perform
renormalization again, but now at a different scale u%.
Schematically, this amounts to

2

Iy = RERD Dy a, — a, - (3/w) )] (37)

and

Fru=RERE) [ Frila, — ag- (@) )] (38)

Here, we are using the following notation: with

2 A
Rz 8[f(a,)] = flas(u%)] we denote the renormalization of

a bare quantity f(a,) which, as indicated, depends on the
unrenormalized, bare coupling a,. This procedure yields a
renormalized quantity f[a,(u%)], which now depends on the
physical coupling a,(u%). The renormalization procedure

Rz z* is performed by replacing the bare coupling with

PHYSICAL REVIEW D 95, 054003 (2017)
ay = ay(up)Z(ug. 1), (39)

where we have introduced the renormalization constant

Z(pug.1?) = {1 — as(pz) - (Z—%) “hoy O(a?)]- (40)

£

Analogously, (RZ%)‘I [flas(u3)]] = f(a,) performs the
inverse operation, i.e., it translates the renormalized quantity
f(a,(u%)) back to the corresponding bare quantity f(a,).

This is achieved by replacing the renormalized coupling
with

a,(4%) = a,Z (3. 12), (41)

where the “inverse” renormalization constant reads

2\ —e¢
200 = 14a, (45) B o@)]. @)
The latter can be obtained from Eq. (40) by a series
reversion. After substituting Egs. (37) and (38) into
Eq. (36) one can solve the latter equation for the coefficients
Cx.i» which now exhibit the full dependence on i and pp.
In order to generate the renormalization constant Z in
Eq. (40) at each order n in an expansion in a; with the
maximal precision available at this time (i.e., up to terms
proportional to f;, i <2), we adopt renormalization
group techniques. The general form of the renormalization
constant reads

0 k
2=1+Za’;z% (43)
k=1 =1

and may also be written as

o - gl(as)
Z=1+> =57, (44)
=1
where g;(a,) = Y2, akf; is a power series in a, with [
being the lowest power. Using the RGE it is possible to

derive a recursive formula for this power series,

ar(a) = gh(a) DBIBD (g
a.Y

Here the prime denotes a derivative with respect to a;.
Hence, we obtain g, (a,) by integration of Eq. (45). From
the expression of the renormalization constant up to a3, see,
for example Ref. [45], we obtain as initial conditions

P 22

f1.1:_ﬁ07 f2,1:_77 f3,1:_?' (46)
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As already stated above, only terms proportional to f, are
relevant up to NNLL accuracy.

D. Solution to the timelike evolution equation
with a resummed kernel
The dependence of the gluon and N, quark and antiquark
FFs on the factorization scale up is governed by a set of
2N + 1 RGEs, which are the timelike counterparts of the
well-known equations pertinent to the scale evolution of
PDFs [27]. Schematically, they can be written as

0
Dh
alnuz I(Z ,M

) =) Pliew’) @ Dizp).  (47)

with i, j = ¢q, g, g. For simplicity, we have set yp = /4F =u
asin Sec. IT A. The i — j splitting functions P jl(z u?) obey
a perturbative expansion in ay,

Pl=aPiO 1 2P+ 3PP 1 (48)

where we have suppressed the arguments z and p?. As
discussed extensively in [14], up to a minor ambiguity

concerning the off-diagonal splitting kernel Pgi,(z), the
expansion (48) is known up to NNLO accuracy [30], i.e.,
O(a?). Presumably, this remaining uncertainty, which stems
from adopting AC relations on the known NNLO spacelike
results, is numerically irrelevant for all phenomenological
applications; see Ref. [46] for the status of an ongoing direct
calculation of the three-loop timelike kernels.

Instead of the fixed-order expressions defined in
Eq. (48), we shall consider the resummed results for the
splitting functions PIN''" as discussed in Sec. 1B and
listed in Refs. [32,33]. They obey a similar expansion in a
as in Eq. (48), which reads

P;"[N"LL — i VH—lPTN LL,(n )’ (49)
n=0

where each term PTN L0 4 (49) is, in principle, known

up to NNLL accuracy, i.e., for k =0, 1, and 2.

Before extending the technical framework to solve
Eq. (47) in Mellin moment space to the resummed case,
we briefly summarize hereinafter the methods and strate-
gies used in the fixed-order approach as they remain
relevant. Here, we closely follow Ref. [47] and the notation
adopted in a recent analysis of pion FFs at NNLO
accuracy [14].

For the singlet sector, Eq. (47) translates into two
coupled integro-differential equations, which read

0 D4 Py, 2N.P, DY
9 1n 12 nl T 1 pT T ® nl (50)
Inu” \ Dy o, Pag Py Dy

PHYSICAL REVIEW D 95, 054003 (2017)
where

Ny

DL=> (Dl + Db (51)

q

is the singlet flavor combination, i.e., N, times the
combination Dg, defined in (6), that appears in the SIA
cross section (3), and Dg denotes the gluon FF.

The remaining 2N ; — 1 equations can be fully decoupled
by choosing the following, convenient nonsinglet combi-
nations of FFs:

k
DY, = Z (Dh £DL)— k(D! £Dl).  (52)

Ny

Dis, = (Dj—Dj}). (53)

q

In Eq. (52), we have [ = KB-1, k=2, ...,Nf, and the
subscripts i, k were introduced to distinguish different
quark flavors. Each combination in Egs. (52) and (53)
evolves independently with the following NS splitting
functions [30]:

P = Pl £ P, (54

P§ = Pis + PXs, (55)

respectively, and one has the following relation for P!, that
enters in Eq. (50):

Pl, = Py + PTs. (56)

Similar to the spacelike case, one finds P = P{d =

PTrs =0 and PLS =0 at LO and NLO, respectively.
Hence, three NS quark combinations that evolve differently
first appear at NNLO accuracy [30]. After the evolution is
performed, i.e., the singlet and the (2N, — 1) nonsinglet
equations are solved, the individual D} and D} can be
recovered from Egs. (51)—(53). Likewise, any combination
relevant for a cross section calculation can be computed,
such as those used in the factorized expression for SIA
given in Eq. (3).

As for the resummations of the small-z logarithms in
Secs. II B and II C, it is most convenient to solve the set of
evolution equations in Mellin N space, exploiting the fact
that all convolutions @ turn into simple products in moment
space. Hence, one can rewrite all evolution equations as
ordinary differential equations. Schematically, one finds

PNA) L)+ 3 0] .,

dag
(57)
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where the characters in boldface indicate that we are dealing

in general with 2 x 2 matrix-valued equations, cf. Eq. (50).

For the NS combinations (52) and (53), Eq. (57) reduces to a

set of independent partial differential equations, which are

straightforward to solve, and we do not discuss them here.
The R; in (57) are defined recursively by

1 - l - :
Ry=—P"0  R=—P"W_N"pR._; (58
0 Po ‘ Po ; ’ (

where PT")(N) is the kth term in the perturbative expan-
sion of the 2 x 2 matrix of the N-moments of the singlet
splitting functions,

3 Pi,(N)
PT(N>: (LPT(N)

2N,

2Nngq(N)
PI,(V) > )

Note that here and in Eq. (50), the off-diagonal entries of
the matrix P” differ from the ones of PT in Eq. (17) by
factors 2N, and 1/2N ;. This is simply due to the different
definitions used for the singlet combination in the evolution
(50) and in the calculation of the SIA cross section (3),
cf. Egs. (6) and (51). In addition, we have introduced
b; = p:/ Py, where f; denote the expansion coefficients of
the QCD p-function; see Ref. [48] for the explicit expres-
sions up to NNLO, i.e., f,.

Due to the matrix-valued nature of Eq. (57), no unique
closed solution exists beyond the lowest order approxima-
tion. Instead, it can be written as an expansion around the
LO solution, (a,/ay) RN D"(N, ay). Here, a;, is the value
of a, at the initial scale y, where the nonperturbative input
D" (N, ay) is specified from a fit to data. More explicitly,
this expansion reads

D"(N,a,) = [1 n ki;a's‘Uk(N)] (Z;) ~Ry(N)
X [1 + kz“? a.]s{Uk(N):| _th(N, ap).  (60)

The evolution matrices U, are again defined recursively by
the commutation relations,

k=1
(U, Ro] :Rk+sz—1Ui+kUk- (61)
-1

14

When examining Eq. (60) more closely, it turns out that a
fixed-order solution at N”'LLO accuracy is not unambigu-
ously defined. A certain degree of freedom still remains in
choosing the details on how to truncate the series at order
m. For example, suppose the perturbatively calculable
quantities P"(® and P are available up to a certain order
k = m. One possibility is to expand Eq. (60) in a, and
strictly keep only terms up to a}'. This defines what

PHYSICAL REVIEW D 95, 054003 (2017)

is usually called the truncated solution in Mellin moment
space.

However, given the iterative nature of the R; in Eq. (58),
one may alternatively calculate the R, and, hence, the U, in

Eq. (61) for any k > m from the known results for P
k>m

and S, up to k = m. Any higher order PT=m) and Prsm 18
simply set to zero. Taking into account all the thus
constructed U, in Eq. (60) defines the so-called iterated
solution. This solution is important as it mimics the results
that are obtained when solving Eq. (47) directly in z-space
by some iterative, numerical methods. It should be stressed
that both choices are equally valid as they only differ by
terms that are of order O(a™*!).

The simplest way of extending the fixed-order frame-
work outlined above to the resummed case is to take the
iterated solution. However, instead of setting contributions
beyond the fixed order to zero, we use the resummed
expressions. One can define a N”LO + NLL resummed
“matched solution” by defining the kth term of the splitting
matrix which appears in Eq. (58) as follows:

=T FO, (k)
P = {P — k<m (62)
P W k> m.
In other words, the full fixed-order expressions PT O for

k <m are kept in R;, whereas we use the resummed
expressions for k > m. This iterated and matched solution
is the one implemented in our numerical code and will be
used in Sec. III for all our phenomenological studies. For
the range of z-values covered by the actual data sets
considered in this paper, only the terms up to k = 20 are
indeed numerically relevant as we shall discuss further in
Sec. I1E. However, when evolving the FFs in scale with
such an extended iterative solution, one finds that momen-
tum conservation is broken to some extent due to missing
subleading terms in the evolution kernels.

In fact, total momentum conservation for FFs is
expressed by the sum rules for combinations of splitting
functions, see, e.g. Ref. [49]:

A ' dx x(PT,(x) + PT,(x)) = 0,

1
/ dx x(PT (x) + PT (x)) = 0. (63)
0
In terms of Mellin moments, these relations read
P! (N=2)+Pl,(N=2)=0, (64)
Pl (N=2)+Pl (N=2)=0. (65)

These sum rules are satisfied, i.e., built into the kernels, at
any given fixed order.

In the case of the iterated and matched solution we use in
our numerical implementation, the sum rules in Egs. (64)
and (65) deviate from zero only about a few %o which is

054003-10



FRAGMENTATION FUNCTIONS BEYOND FIXED ORDER ...

perfectly tolerable. We note that in calculations of the SIA
cross section, we also adopt the matching procedure for the
relevant resummed coefficient functions as specified
in Eq. (26).

However, when evaluating the sum rules without match-
ing, the sums in (64) and (65) yield the approximate values
0.05 and 0.1, respectively, which is, of course, not acceptable.

We would like to point out that a NLO truncated +
resummed solution has been proposed in Ref. [40]. Its
extension to NNLO accuracy and the numerical compari-
son with its iterated counterpart as discussed above is not
pursued in this paper but will be subject to future work.

Given that the logarithmic contributions to the NS
splitting function are subleading up to the NNLL accuracy
considered in this paper, see Ref. [33], no small-z effects
have to be considered. The usual fixed-order NS evolution
equations and kernels should be used instead.

E. Numerical implementation

In this section, we will review how to adapt the
numerical implementation of the fixed-order results up
to NNLO accuracy, as discussed in Ref. [14] to include also
the small-z resummations as discussed above.

Following the discussions on the iterated solution in
Sec. I D, we start with assessing the order k in P7 N'LL-(k)
that is necessary to capture the behavior of fully resummed
series down to values of z relevant for phenomenological
studies of SIA data in terms of scale-dependent FFs. To this
end, we study the convergence of the series expansion of
the resummed expressions when evaluated up to a certain
order k. This is achieved by first expanding the resummed
splitting functions in Mellin N space and then using an
appropriate numerical Mellin inversion, see below, to
compare the expanded result with the fully resummed
splitting functions in z-space given in [32,33]. A typical
example, the gluon-to-gluon splitting function, is shown in
Fig. 1. As can be seen, k = 20 in the expansion is accurate
at a level of less than 0.3%o differences down to values of
z~ 1073, This is more than sufficient for all phenomeno-
logical studies as SIA data only extend down to about
z = 1073 as we shall discuss later.

However, the splitting functions enter the scale evolution
of the FFs in a highly nontrivial way, cf. Egs. (57) and (58),
such that this convergence property does not directly imply
that the effects of truncating the expansion at O(k = 20)
are also negligible in the solution of the evolution equa-
tions. To explore this further, we recall that the N-space
version of Eq. (47) reads

0
Olny?

D}N.#%) = Y Pi(N.#°) - D}(N.i2%).  (66)

where PJTi is the ij-entry of the 2 x 2 singlet matrix in (59).
One can solve this equation numerically with the fully
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FIG. 1. Upper panel: Expansion of the splitting function P,(z)
times z at NNLL accuracy for different upper values of k
compared to the fully resummed expression of Refs. [32,33].
Lower panel: Deviation of the full and O(k) expanded results. All
functions are evaluated at Q® = 110 GeV? and N =15 active
flavors.

resummed kernels, assuming some initial set of FFs, and
compare the resulting, evolved distributions with the
corresponding FFs obtained from the iterative solution of
Eq. (60) at O(k = 20) defined in Sec. II D. Again, we find
that the two results agree at a level of a few per mill for
7> 1072, i.e., after transforming the evolved FFs from N to
Z-space.

In general, the Mellin inversion of a function f(N) is
defined as

1 -N
@) =55 | aNzAw) (67)
where the contour Cy in the complex plane is usually taken
parallel to the imaginary axis with all singularities of the
function f(N) to its left. For practical purposes, i.e. faster
numerical convergence, one chooses a deformed contour
instead, which can be parametrized in terms of a real
variable ¢, an angle ¢, and a real constant ¢ as
N(t) = ¢ + te'; see Fig. 2 for an illustration of the chosen
path and Ref. [47] for further details.

In order to properly choose the contour parameters ¢ and
@, we proceed as in Ref. [14] and analyze the pole structure
of the evolution kernels ICS They are defined as the entries

of the 2 x 2 timelike evolution matrix in

KT (as,a9,N) K1 (ay, ag,N)
IC; (as’ ao,N) Ing(as, ap, N)

D"(N.a;) = ( )Dh(N’ao),

(68)

i.e. they encompass all the evolution matrices U; on the
right-hand side of Eq. (60).

In complete analogy to what was found in Ref. [40] in
the spacelike case, the fully resummed timelike splitting
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. Im N

FIG. 2. The dashed line represents the standard contour Cy in
the complex N plane for the inverse Mellin transformation (69).
The poles of the integrand along the real axis are schematically
represented by crosses, whereas the poles lying in the complex
plane away from the real axis are represented by squares. The
branch cut is illustrated by the wiggly line.

functions exhibit additional singularities as compared to the
fixed order expressions. Their location in the complex
plane away from the real axis depends on the value
of a,. More specifically, if we consider, for instance, Png
at NLL [33], one can identify terms proportional to
(v/1+32Cqa,(u)/(N =1)%)7" which lead to poles at

N =1=+iy/32C4a,(u) that are connected by a branch
cut. If we had chosen to directly solve Eq. (66) numerically
with the fully resummed splitting functions, the appropriate
choice of contour for the Mellin inversion in Fig. 2 would
have to be u dependent as the position of these poles,
denoted by the squares, depends on a,(u).

In the iterative solution, which we adopt throughout,
only the expanded splitting functions PTN"M(5) enter the
ICl.Tj in Eq. (68). Therefore, the evolution is not affected by
the singularities present in the fully resummed kernels, and
a unique, y-independent choice of the contour parameters ¢
and ¢ is still possible. In our numerical code, we take ¢ = 4
and ¢ = 3/4x. This choice also tames numerical instabil-
ities generated, in particular, by large cancellations caused
by the oscillatory behavior in the vicinity of the N =1
pole. This is visualized in the upper panel of Fig. 3. Here,
we show the real part of the singlet evolution kernel
Re{KT,} defined in Eq. (68) at NLO + NNLL accuracy
and Q% = 110 GeV?. The numerical instabilities are well
recognizable near the N = 1 pole.

Finally, in order to perform a fit of FFs based on SIA data
one has to compute the multiplicities as defined in Eq. (3).
As was mentioned above, in order to arrive at a fast but
reliable numerical implementation of the fitting procedure,
we choose to evaluate the SIA cross section also in Mellin
moment space and, then, perform a numerical inverse

PHYSICAL REVIEW D 95, 054003 (2017)

transformation to z-space. Schematically, one has to com-
pute integrals of the form

D(z) ® C(2) zzim, L ANZ-ND(N)C(N),  (69)

where the FFs D(N) are given by Eq. (60); for brevity, we
have omitted any dependence on the scale y and the parton
flavor. In principle, while performing the Mellin inversion,
one has to deal with the same kind of a,-dependent
singularities in the fully resummed coefficient functions,
cf. Ref. [33], that we have just encountered in the resummed
splitting functions. In the lower panel of Fig. 3, we show the
real part of the coefficient function C3 (N) for which the

pole structure and the branch cut are again well recognizable.
However, for the typical scales relevant for a phenomeno-
logical analysis (4 = 10.5-91.2 GeV; see Sec. III), our
choice of contour Cy is nevertheless applicable since the
position of the singularities does not change considerably in
this range of energies.

g 18
1 {16
I {14
1k 412

\ g 1
0.8 N {Mos
0.6 - ‘\.‘ 4 0.6
0.4 {04
0.2 F ““\. {1 oz

0 . L L L A 0

1 0 1 2 3 4
Re N

FIG. 3. Upper panel: real part of Ky, in Eq. (68) in a portion of

the complex N plane. Lower panel: as above but for the
coefficient function O;.q(N). Both quantities are computed at

NLO + NNLL accuracy for Q%> = 110 GeV>. The line corre-
sponds to the contour Cy in (69).
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III. PHENOMENOLOGICAL APPLICATIONS

In the literature, small-z resummations have been
exploited to exclusively study the fixed N =1 moment
of integrated hadron multiplicities in SIA, in particular,
their scale evolution and the shift of the peak of the
multiplicity distribution with energy [36]. In this section,
we will extend these studies to the entire z-range and
present a first phenomenological analysis of SIA data with
identified pions in terms of FFs up to NNLO + NNLL
accuracy. More specifically, we use the same data sets as in
a recent fixed-order fit of parton-to-pion FFs at NNLO
accuracy [14]. In Sec. III A we perform various fits to SIA
data with and without making use of small-z resummations
to quantify their phenomenological relevance. The impact
of small-z resummations on the residual dependence on the
factorization scale is studied in Sec. III B.

A. Fits to SIA data and the relevance of resummations

To set up the framework for fitting SIA data with
identified pions, we closely follow the procedures outlined
in Refs. [10-14]. Thus, we adopt the same flexible func-
tional form,

N;iz%(1 = 2)P[1 +7,(1 — 2)*]
24, i+ 1 +yB2+a;, pi + 6, + 1]
(70)

to parametrize the nonperturbative FFs for charged pions
at some initial scale p in the commonly adopted MS
scheme. Other than in Refs. [10-14], we choose, however,
1o = 10.54 GeV, which is equivalent to the lowest c.m.s.

energy /S of the data sets relevant for the fit. This choice is
made to avoid any potential bias in our comparison of
fixed-order and resummed extractions of FFs from starting
the scale evolution at some lowish, hadronic scale
O(1 GeV) where nonperturbative corrections, i.e., power
corrections, might be still of some relevance. The Euler
Beta function Bla,b| in the denominator of (70) is
introduced to normalize the parameter N; for each flavor
i to its contribution to the energy-momentum sum rule.
As can be inferred from Eq. (3), SIA is only sensitive to
certain combinations of FFs, namely the sum of quarks and
antiquarks, ¢g; + g;, for a given flavor i and the gluon Dz.
Therefore, in all our fits, we only consider FFs for these
flavor combinations, i.e., u +it,d+d,s +5,c+ ¢, b+ b,
and g, each parametrized by the ansatz in (70). The
treatment of heavy flavor FFs, i.e., charm and bottom
quark and antiquark, proceeds in the same, nonperturbative
input scheme used in Ref. [14] and in the global analyses of
[10-13]. More specifically, nonperturbative input distribu-

. h 2 .
tions Dc i ob +B(Z’ mcyb), are introduced as soon as the scale

in the evolution crosses the value of the heavy quark pole
mass m,.,, for which we use m.=14GeV and
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my, = 4.75 GeV, respectively. At the same time, the num-
ber of active flavors is increased by one, Ny — Ny + 1, in all
expressions each time a flavor threshold is crossed. Since
we use ug = 10.54 GeV > my,, this never actually happens

. . h 2
in the present fit. The parameters of D7, ;(z.mZ,) are

determined by the fit to data according to the Eq. (70). We
note that a general-mass variable flavor number scheme for
treating the heavy quark-to-light hadron FFs has been
recently put forward in Ref. [50]. Since this scheme, as
well as other matching prescriptions [51], are only available
up to NLO accuracy, we refrain from using them in our
phenomenological analyses.

Rather than fitting the initial value of the strong coupling
at some reference scale in order to solve the RGE governing
its running, we adopt the following boundary conditions
a,(Mz) =0.135, 0.120, and 0.118 at LO, NLO, and
NNLO accuracy, respectively, from the recent Martin-
Motylinski-Harland-Lang-Thorne (MMHT) global analy-
sis of PDFs [52]. When we turn on small-z resummations at
a given logarithmic order N”'LL in our fit, we keep the «;
value as appropriate for the underlying, fixed-order calcu-
lation to which the resummed results are matched. For
instance, in a fit at NLO + NNLL accuracy, we use the a
value at NLO.

In the present paper, we are mainly interested in a
comparison of fixed-order fits with corresponding analyses
including small-z resummations to determine the phenom-
enological impact of the latter. We make the following
selection of data to be included in our fits. First of all, as in
Ref. [14], we limit ourselves to SIA with identified pions
since these data are the most precise ones available so far.
They span a c.m.s. energy range from /S = 10.5 GeV at
the b-factories at SLAC and KEK to /S =M, =
91.2 GeV at the CERN-LEP. The second, more important
selection cut concerns the lower value in z accepted in the
fit. Traditionally, fits of FFs introduce a minimum value
Zmin Of the energy fraction z in the analyses below which
all SIA data are discarded and FFs should not be used in
other processes. This rather ad hoc cut is mainly motivated
by kinematic considerations, more specifically, by the
finite hadron mass or other power corrections which are
neglected in the factorized framework [19]. Hadron mass
effects in SIA have been investigated to some extent in [37]
but there is no systematic way to properly include them in a
general process [38], i.e., ultimately in a global analysis
of FFs. In case of pion FFs, one usually sets z.,;, = 0.1
[10,13] or zy,, = 0.075 [14].

The two main assets one expects from small-z resum-
mations, and which we want to investigate, are an improved
scale dependence and an extended range towards lower
values of z in which data can be successfully described. For
this reason, we have systematically explored to which
extent one can lower the cut z,;, in a fit to SIA data once
resummations as outlined in Sec. II are included. It turns
out that for the LEP data, taken at the highest c.m.s. energy
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of V/S=91.2 GeV, we can extend the z-range of our
analyses from 0.075 < z < 0.95 used in the NNLO fit [14]
t0 0.01 < z < 0.95. Unfortunately, any further extension to
even lower values of z is hampered by the fact that two of
the data sets from LEP, the ones from ALEPH [7] and
OPAL [9], appear to be mutually inconsistent below
7z ==0.01, see Fig. 4. Including these data at lower z always
lets the fits, i.e., the minimization in the multidimensional
parameter space defined by Eq. (70), go astray and the
convergence is very poor.

For the relevant data sets at lower c.m.s. energies, TPC
[5] (v/S =29 GeV), BELLE [3] (+/S = 10.52 GeV), and
BABAR [4] (/S =10.54 GeV), the above-mentioned
problems related to the finite hadron mass arise at small
values of z. A straightforward, often used criterion to assess

LO and LO+LL

NLO and NLO+NNLL

OPAL ——
TPC ——
4 BELLE
BABAR ——
resummed oo

/0y do/dg

NNLO and NNLO+NNLL

o o5 1 15 2 25 3 35 4 45 5 55
¢ =-log(z)

FIG. 4. Pion multiplicity data [3-9] included in the analyses as
a function of { = log (1/z) compared to the results of various fits
without (solid lines) and with (dotted lines) small-z resumma-
tions. All curves refer to the central choice of scale 4 = Q. The
top, middle, and lower panel shows the results at LO and
LO +LL, NLO and NLO + NNLL, and NNLO and NNLO +
NNLL accuracy, respectively. The vertical dotted lines illustrate,
from left to right, the lower cuts z,,;, = 0.075 adopted in [14], and
Zmin = 0.02 and 0.01 used in all our fits for the TPC data and
otherwise, respectively.
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the relevance of hadron mass effects is to compare the
scaling variable z, i.e. the hadron’s energy fraction z =
2E,/Q in a c.m.s. frame, with the corresponding three-
momentum fraction x,, which is often used in experiments.
Since they are related by x, = z — 2mj/(z0?) + O(1/0*)
[19], i.e., they coincide in the massless limit, any deviation
of the two variables gives a measure of potentially
important power corrections. To determine the cut z.;,
for a given data set, we demand that z and x, are
numerically similar at a level of 10 to at most 15%. The
BELLE data are limited to the range z > 0.2 [3], where z
and x,, differ by less than 1%. BABAR data are available for
z 2 0.05, which translates in a maximum difference of the
two variables of about 14%. Concerning the TPC data, we
had to place a lower cut z,,;, = 0.02 to arrive at a converged
fit, which corresponds to a difference of approximately
11% between z and x,,. After imposing these cuts, the total
amount of data points taken into account in our fits is 436.
We note that, in general, the interplay between small-z
resummations and the various sources of power corrections
poses a highly nontrivial problem which deserves to be
studied further in some dedicated future work.

It is also worth mentioning that with the lowered
kinematic cut z,,;,, we achieve a better convergence of
our fits with our choice of a larger initial scale
1o = 10.54 GeV in Eq. (70). Starting the scale evolution
from a lower value yy = O(1) GeV, like in the NNLO
analysis of Ref. [14], leads, in general, to less satisfactory
fits in terms of their total y? value which is used to judge the
quality of the fits. This could relate to the fact that other
types of power corrections have to be considered as well
when evolving from such a low energy scale in order to be
able to describe the shape of the differential pion multi-
plicities, cf. Fig. 4, measured in experiment. To corroborate
this hypothesis is well beyond the scope of this paper. In
any case, our choice of 4 is certainly in a region where the
standard perturbative framework can be safely applied and
meaningful conclusions on the impact of small-z resum-
mations in STA can be drawn. We emphasize that the choice
of uq is solely due to technical rather than conceptional
reasons. As the evolution equations are, in principle,
forward-backward symmetric, the actual choice of
should not matter in a fit. Our functional form (70) is
presumably not flexible enough to obtain an equally good
description of the data if the initial scale is chosen well
below 10 GeV, which manifests itself in larger values of y?
and poor convergence of the fits. The main results and
conclusions of our paper are, however, not affected by the
actual choice of py.

Turning back to the choice of our flexible ansatz for the
FFs, it is well known that fits based solely on SIA data are
not able to constrain all of the free parameters in Eq. (70)
for each of the flavors i. As was shown in the global
analysis of SIA, SIDIS, and pp data in [13], charge
conjugation and isospin symmetry are well satisfied for
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pions. Therefore, we impose the constraint D’fm = D’fﬂ-{.
We further limit the parameter space associated with the
large-z region by setting 5, 5.1 =0 and v, 5.z = 0.
Note that in contrast to Ref. [14], we are now able to keep
B, as a free parameter in the fits.

The remaining 19 free parameters are then determined by
a standard y?> minimization procedure as described, for
example, in Ref. [13]. The optimal normalization shifts for
each data set are computed analytically. They contribute to
the total y? according to the quoted experimental normali-
zation uncertainties; see, e.g., Eq. (5) in Ref. [13] for further
details. The resulting y>-values, the corresponding ““pen-
alties” from the normalization shifts, and the y? per degree
of freedom (dof) are listed in Table III for a variety of fits
with a central choice of scale y = Q. Results are given both
for fits at fixed order (LO, NLO, and NNLO) accuracy and
for selected corresponding fits obtained with small-z
resummations. Here, all cross sections are always matched
to the fixed order results according to the procedures
described in Secs. IIC and IID. More specifically, we
choose the logarithmic order in such a way that we do not
resum logarithmic contributions which are not present in
the fixed-order result. For this reason, we match the LO
calculation only with the LL resummation as the only
logarithmic contribution at LO is of LL accuracy;
cf. Tables I and II. Using the same reasoning, we match
NLO with the NNLL resummed results. Finally, at NNLO
accuracy five towers of small-z logarithms are present.
However, the most accurate resummed result currently
available is at NNLL accuracy which includes the first three
towers. Thus, we can match NNLO only with NNLL. It
should be stressed that the results for the fixed-order fits are
not directly comparable to the ones given in Ref. [14] since
we use more data points at lower values of z, a slightly
different set of fit parameters, and a different initial scale .
However, the main aspects of these fits remain the same and
can be read off directly from Table I1I: a LO fit is not able to
describe the experimental results adequately. The NLO fit
already gives an acceptable result, which is further
improved upon including NNLO corrections. Compared
to the corresponding fixed-order results, the fits including
also all-order resummations of small-z logarithms exhibit,

TABLE III. The obtained y?-values, the penalties from nor-
malization shifts, and the y2/dof for the fits at fixed order and
resummed accuracy as described in the text.

Accuracy 7 Normalization shift  y*/dof
LO 1260.78 29.02 2.89
NLO 354.10 10.93 0.81
NNLO 330.08 8.87 0.76
LO+LL 405.54 9.83 0.93
NLO + NNLL 352.28 11.27 0.81
NNLO + NNLL 329.96 8.77 0.76
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perhaps somewhat surprisingly, only a slightly better total
1%, except for the LO + LL fit, where resummation leads
to a significant improvement in its quality. The small
differences in y? between fits at NNLO and NNLO +
NNLL accuracy are not significant. Hence, we must
conclude that in the z-range covered by the experimental
results, NNLO expressions already capture most of the
relevant features to yield a satisfactory fit to the SIA data
with identified pions.

The same conclusions can be reached from Fig. 4, where
we compare the used inclusive pion multiplicity data in STA
with the theoretical cross sections at different levels of
fixed- and logarithmic-order obtained from the fits listed in
Table III. The theoretical curves are corrected for the
optimum normalization shifts computed for each set of
data. For the sake of readability, we only show a single

curve for the different experiments at /S = M, which is
corrected for the normalization shift obtained for the OPAL
data. The individual normalization shifts for the other sets
are, however, quite similar. We refrain from showing the
less precise flavor-tagged data which are, nevertheless, also
part of the fit. The vertical dotted lines in Fig. 4 indicate the
lower cuts in z applied for the data sets at different c.m.s.
energies as discussed above. The leftmost line (correspond-
ing to Zin = 0.075) is the cut used in the NNLO analysis in
Ref. [14]. Both the data and the calculated multiplicities are
shown as a function of { = —log z.

In Fig. 5, we plot z times the gluon and singlet FFs for
positively charged pions, Dg,ﬁ (z, Q%) and D§+ (z, 0%),
respectively, resulting from our fits given in Table IIL
The FFs are computed at Q = M; = 91.2 GeV and in a
range of z shown extending well below the z,,,;, = 0.01 cut
above which they are constrained by data. We would like to
point out that the resummed (and matched) results for
which we have full control over all logarithmic powers

?)

(z,Q

o
¢]

zD

5 R LO+LL —-—
. NLO+NNLL - —---

Q=912 GeV NNLO+NNLL

—
g
N —
o 5
-10
10°® 10°® 10 10 102 10" 10°
z
FIG. 5. z times the obtained gluon (upper panel) and singlet

(lower panel) FFs as a function of z, evaluated at Q = 91.2 GeV
for the different fits listed in Table III. The singlet is shown for
N =5 active flavors. The fitted z-range, z > 0.01, is to the right
of the dotted vertical line.
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(i.e. for LO + LL and NLO + NNLL) are well behaved at
small-z and show the expected oscillatory behavior with z
which they inherit from the resummed splitting functions
through evolution. The latter behave like different combi-
nations of Bessel functions when the Mellin inverse back to
z-space is taken; for more details see Ref. [33]. The singlet
and gluon FFs at NNLO + NNLL accuracy still diverge for
z — 0 (i.e. they turn to large negative values in the z-range
shown in Fig. 5) since we do not have control over all five
logarithmic powers that appear in a fixed-order result at
NNLO:; cf. Tables I and II. However, the resummation of
the three leading towers of logarithms considerably tames
the small-z singularities as compared to the corresponding
result obtained at NNLO.

Finally, to further quantify the impact of small-z resum-
mations in the range of z relevant for phenomenology,
Fig. 6 shows the K-factors at scale O = 91.2 GeV for the
pion multiplicities (3) obtained in our fits. Schematically,
they are defined as

CFO+Res ® DFO+Res

K CFO ® DFO

(71)

Here, CFO and CFO*Res denote the fixed-order coefficient
functions at LO, NLO, and NNLO accuracy and the
corresponding resummed and matched coefficient func-
tions, respectively. Likewise, DF® and DFO+Res are the FFs
evolved with splitting functions at fixed order and
resummed, matched accuracy, respectively. In order to
assess the relevance of the small-z resummations indepen-
dent of the details of the nonperturbative input for the FFs at
scale po, we adopt the same FFs for both calculating the
numerator and the denominator. In each computation of K,
we select the set of FFs obtained from the corresponding

1.05

\ LO+LL/LO ——
F NLO+NNLL /NLO = - - -
1.041 NNLO+NNLL / NNLO =++++++:
B NNLO+NNLL / NNLO, P only — - —
\ NNLO+NNLL / NNLO, C only «—--
1.03f JUPT,
h \‘
1.02 \ .
= N
5 1.01 W /\
8 1 A T
X . ,,""
0.99} e K
7
0.98 7
/
0.97 /
K
096
1/
0.95LL
102 10" 100

z

FIG. 6. K-factors as defined in Eq. (71) at LO+ LL,
NLO +NNLL, and NNLO + NNLL accuracy at Q=
91.2 GeV in the range of z relevant for phenomenology.
In addition, we show NNLO + NNLL results where the resum-
mations are only performed either for the coefficient functions
(“C only”) or for the splitting functions (“P only”).
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fixed-order fit and the different logarithmic orders of the
resummations are chosen as discussed and given in
Table III.

By comparing the results for the K-factors at LO + LL,
NLO + NNLL, and NNLO + NNLL accuracy, it can be
inferred that the corrections due to the small-z resumma-
tions start to become appreciable at a level of a few percent
already below z = 0.1. As one might expect, resummations
are gradually less important when the perturbative accuracy
of the corresponding fixed-order baseline is increased, i.e.,
the NNLO result already captures most of the small-z
dynamics relevant for phenomenology whereas the
differences between LO and LO + LL are still sizable.
This explains the pattern of y> values we have observed in
Table III. In addition, Fig. 6 also gives the K-factor at
NNLO + NNLL accuracy where the small-z resummations
are only performed either for the coefficient functions
(labeled as “C only”) or for the splitting functions (“P
only”). By comparing these results with the full K-factor at
NNLO + NNLL accuracy, one can easily notice that there
are very large cancellations among the two.

B. Scale dependence

In this section, the remaining scale dependence of the
resummed expressions is studied and compared to the
corresponding fixed-order results. The scale-dependent
terms are implemented according to the discussions in
Sec. IT C. As usual, we use the iterated solution with up to
n = 20 terms in the perturbative expansion.

As was already observed in the NNLO analysis of
Ref. [14], the dependence on the factorization scale up
in SIA is gradually reduced the more higher order correc-
tions are considered in the perturbative expansion. This is
in line with the expectation that all artificial scales, yr and
Ug, should cancel in an all-order result, i.e. if the series is
truncated at order m, the remaining dependence on, say, yr
should be of order a”*!. Following this reasoning, we do
expect a further reduction of the scale dependence upon
including small-z resummations on top of a given fixed-
order calculation; see Sec. II C.

Usually, the scale dependence is studied by varying the
scale ur by a factor of 2 or 4 around its default (central)
value, ur = Q in case of SIA. Therefore, we introduce the
parameter & = u2/(Q?; note that in this paper we keep
Up = g as is commonly done. Hence, £ = 1 corresponds
to the standard choice of scale u = Q. The conventional
way of showing the dependence of a quantity 7, like the
pion multiplicity (3), on & is to plot the ratio T(&) /T(E = 1)
for various values of &; in our analyses, we will use £ = 2
and £ =0.5.

However, we find that the oscillatory behavior of the
resummed splitting and coefficient functions causes the
SIA multiplicities to become an oscillatory function as
well, which for certain small values of z, well below the cut
Zmin down to which we fit FFs to data, eventually becomes
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negative. Therefore, it is not feasible to utilize the common
ratio plots to investigate the resummed scale dependence.
Instead, we decide to study the width of the scale variation
Ay for a quantity 7, defined as

Ar(z) =max([Te_(z), Te—n(2). Te—g5(2)]
—min{T;_(2), T2(2). Teos5(2)]  (72)

in the range & =[0.5,2] as a measure of the residual
dependence on .

In Fig. 7, we show Aga (z) for the pion multiplicities (3)
at Q = 10.54 GeV for the two fixed-order fits (NLO and
NNLO accuracy) as well as for resummed and matched
fit at NNLO + NNLL. The main plot, which covers the
z-range down to 1077, clearly demonstrates that the band
Agia 18, on average, considerably more narrow for the
NNLO + NNLL resummed cross section than for the fixed-
order results, according to the expectation. From the middle
inset of Fig. 7, which shows z values relevant for experi-
ments, i.e. z> 107, one can infer that the band Ag, is
roughly of the same size for all calculations and resum-
mations do not lead to any improvement in the scale
dependence in this range. The small inset zooms into the
range z > 0.01, where a similar conclusion can be reached.

In order to fully understand this behavior, one perhaps
would have to include the yet missing N*LL corrections,
which would allow one to resum all five logarithmic towers
present at NNLO accuracy. The observed result might be
due to these missing subleading terms or it could be related
to some intricate details in the structure of the perturbative
series in the timelike case at small-z.

In any case, one can safely conclude that in the z-region
relevant for phenomenology of SIA, the residual scale
dependence of the resummed result does not differ from the
fixed order calculation at NNLO accuracy. The latter is

140
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NNLO - - - -
NNLO+NNLL —-—

zAgia(2)

0 '\./';‘NA—\)"H-'
107 10 10° 107 10 102 107 10°
z

FIG. 7. ztimes the width of the scale band Ag;, defined in (72)
for three different ranges of z at NLO, NNLO and NNLO +
NNLL accuracy. All results for the SIA pion multiplicities are
obtained for QO = 10.54 GeV; see text.
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therefore entirely sufficient for extractions of FFs from SIA
data as resummations neither improve the quality of the fit,
cf. Sec. Il A, nor do they reduce theoretical uncertainties.
Nonetheless, it important to demonstrate from a theoretical
point of view that, on average, resummation does achieve
smaller scale uncertainties, although for values of z that are
well outside the range of currently available data. It should
be also kept in mind that the study of the N = 1 moment of
multiplicities, though not studied in this paper, would not
be possible without invoking small-z resummations as
fixed-order results are singular.

IV. CONCLUSIONS AND OUTLOOK

We have presented a detailed phenomenological analysis
of small-z resummations in semi-inclusive annihilation, the
timelike scale evolution of fragmentation functions, and
their determination from data.

After detailing the systematics of the enhanced contri-
butions at small momentum fractions of the observed
hadron for both coefficient and splitting functions, we
have reviewed how to resum them to all orders in
perturbation theory up to next-to-next-to-leading logarith-
mic accuracy. The approach used in this paper was
proposed in the literature and is based on general consid-
erations concerning all-order mass factorization. Our
results agree with those presented in the literature, and
we have extended them to allow for variations in the
factorization and renormalization scales away from their
default values.

Next, we have shown how to properly implement the
resummed expressions in Mellin moment space and how to
set up a solution to the coupled, matrix-valued singlet
evolution equations. The nonsinglet sector is subleading
and not affected by the presently available logarithmic
order. For all practical purposes we advocate an iterated
solution for the scale evolution of fragmentation functions,
and we have shown that keeping twenty terms in the
expansion of the resummed expressions is sufficient for all
applications. We have also discussed how to match the
resummed towers of logarithms for both the coefficient and
the evolution kernels to the known fixed-order expressions.
Numerical subtleties in complex Mellin moment space
related to finding a proper choice of contour for the inverse
transformation despite the more complicated structure of
singularities of the resummed evolution kernels and coef-
ficient functions have been addressed as well.

In the second part of the paper, a first analysis of semi-
inclusive annihilation data with an identified pion in terms
of parton-to-pion fragmentation functions and in the
presence of resummations was presented. To this end,
various fits at different fixed-orders in perturbation theory
and levels of small-z resummations were compared in order
to study and quantify the phenomenological impact of the
latter. It turned out that for both the quality of the fit to data
and the reduction of theoretical uncertainties due to the
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choice of the factorization scale, resummations provide
only little improvements with respect to an analysis
performed at fixed, next-to-next-to-leading order accuracy.
At values of the hadron’s momentum well outside the range
of phenomenological interest, we did observe, however,
a significant improvement in the scale dependence of
the inclusive pion cross section in the presence of
resummations.

Possible future applications of resummations comprise
revisiting the analyses of the first moment of hadron
multiplicities available in the literature. Here, resumma-
tions are indispensable for obtaining a finite theoretical
result. So far, the main focus was on the energy dependence
of the peak of the multiplicity distribution, its width, and a
determination of the strong coupling. It might be a valuable
exercise to merge the available data on the first moment and
the relevant theoretical formalism with the extraction of the
full momentum dependence of fragmentation functions as
described in this paper to further our knowledge of the
nonperturbative hadronization process.

As was pointed out in the paper, a better understanding of
the interplay of resummations and other sources of poten-
tially large corrections in the region of small momentum
fractions is another important avenue of future studies for
timelike processes. One if not the most important source
of power corrections is the hadron mass, which is neglected
in the factorized framework adopted for any analysis
of fragmentation functions. At variance with the
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phenomenology of parton distributions functions, where
one can access and theoretically describe the physics of very
small momentum fractions, hadron mass corrections prevent
that in the timelike case. In fact, they become an inevitable
part and severely restrict the range of applicability of
fragmentation functions and the theoretical tools such as
resummations. In addition, resummations can and have been
studied for large fractions of the hadron’s momentum. With
more and more precise data becoming available in this
kinematical regime, it would be very valuable to incorporate
also these types of large logarithms into the analysis
framework for fragmentation functions at some point in
the future.
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