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Using Dirac’s method for the quantization of constrained systems QED is canonically quantized in the
front form in a gauge which is the light-front analog of the Weyl gauge. From the obtained vacuum wave
functional the spatial Wilson loop is calculated. The result known from the canonical instant-form
quantization or from the covariant path integral quantization is found only if the static limit x™ — 0 is taken
in a specific order. The same ambiguity is also found in the static photon propagator in coordinate space.
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I. INTRODUCTION

There are five basically different forms of relativistic
dynamics, which cannot be transformed into each other by
a Lorentz transformation [1]. They correspond to different
subgroups of the Poincaré group and are defined by
different parametrizations of space-time; i.e. they differ
in which coordinate is considered as “time” in the study of
the evolution. From these five different forms so far only
three have been exploited in relativistic quantum field
theory [2]. These are (i) the instant form, which is the usual
one where time is x°, (ii) the front form, where time is given
by the light-cone variable x™ = % (x" 4+ x%), i.e. surfaces

of constant time are given by tangent planes to the light
cone and (iii) the point form, where time is the proper time
of a physical object, i.e. the hypersurface of constant time is
given by the hyperboloid x*x, = const > 0 with x0 > 0.

The choice of the quantization hypersurface of constant
time is restricted by microcausality in the sense that a light
signal emitted from any point of the hypersurface of
constant time must not cross the hypersurface. This con-
dition is fulfilled for the instant form and the point form
while the light-front (LF) hypersurface touches the light
cone. This is not a real problem since a signal carrying
actual information moves with the group velocity which
is always smaller than the phase velocity given by the
speed of light. Hence, points on the light cone cannot
communicate.

According to the different parametrizations of space-
time, there are different forms of Hamiltonian dynamics
and thus different forms of canonical quantization. Most
investigations in quantum field theory have been carried out
in the instant-form quantization, which is the usual one [3].
Little work has been done so far within the point-form
quantization, but this method has recently been success-
fully used to describe hadrons within a constituent quark
picture [4]. The front form arose in the study of deep
inelastic processes and has facilitated the formulation of the
parton model, for a review see e.g. Ref. [5]. The front-form
quantization has also proved advantageous in superstring
theory [6]. Recently a semiclassical approximation within
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the light-front quantization of QCD has been proposed,
which results in a LF wave equation of hadrons which is
equivalent to the equation of motion of spin modes on anti—
de Sitter space [7,8].

The front-form dynamics has certain advantages over the
instant-form dynamics. The maximal number of generators
(which is 7) of the Poincaré algebra are kinematic, i.e.
independent of the interaction, in the LF dynamics.
Another simplification in the LF dynamics arises from
the energy-momentum dispersion relation. For a particle
with mass m and 4-momentum p it is given in the instant-
form dynamics by the irrational expression

po =/ m* +p*, (1)

while in the front-form dynamics it reads

m’ +p
P+ = 2. (2)
It correlates the sign of p, and p_: positivity and finiteness
of the LF energy p, of a free massive particle requires
p— > 0. Zero modes p_ = 0 can occur only for massless
particles at zero transverse momentum p; = 0. Except for
these zero modes the vacuum is the only state with p_ = 0.
Since p_ is kinematic, i.e. independent of the interaction, it
is preserved at each interaction vertex and the vacuum
cannot mix with the states with p_ > 0. As a consequence
in a Feynman diagrammatic expansion of the vacuum state,
loop graphs with constituents with positive p_ cannot occur
and the LF vacuum of the interacting theory is the trivial
vacuum of the free theory. However, this argument ignores
possible zero modes.'

In Yang-Mills theory, for example, the LF vacuum
cannot be that of the noninteracting theory, which is the
theory of free photons. This becomes evident when one
considers the Wilson loop, which behaves differently in the

'For further discussions on the LF vacuum see e.g.
Refs. [5,7.9].
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free and in the interacting theory (perimeter vs area law).
The Wilson loop is the crucial observable of the vacuum of
a gauge theory since it represents an order parameter.
Furthermore, from this quantity the static potential between
two opposite point charges can be extracted. The QCD
potential is linearly rising while the potential of the free
theory, QED, is the familiar Coulomb potential.

The Wilson loop is a gauge-invariant quantity, which
should be the same in any gauge and in any quantization
scheme. It is quite astonishing that the Wilson loop has not
yet been calculated in the LF quantization.2 To fill this gap
is the aim of the present paper. We will calculate the spatial
Wilson loop in QED in LF quantization. The calculation of
the Wilson loop in LF quantization is more involved than in
the usual canonical instant-form quantization, since in the
former case even in QED the gauge fields at different space-
time points do not commute, so that the path ordering
becomes nontrivial. We will show that for the spatial
Wilson loop in light-front quantization the same result as
in other quantization schemes is obtained provided the
static limit x™ — 0 is taken in a specific way. The same
ambiguity arises also in the evaluation of the static photon
propagator in coordinate space.

The organization of the rest of the paper is as follows: In
the next section we redo the canonical quantization of (the
photon sector of) QED in the light-front quantization in a
gauge which is convenient for the evaluation of the spatial
Wilson loop. In Sec. III we calculate the photon propagator,
which is then used in Sec. V to calculate the spatial Wilson
loop. For sake of comparison we sketch in Sec. IV the
evaluation of and quote the result for the Wilson loop in
QED in the usual path integral and also in (instant-form)
canonical quantization. Some concluding remarks are given
in Sec. VL.

II. LIGHT-FRONT QUANTIZATION OF QED

Below we carry out the quantization of QED on the light
front using Dirac’s method for the quantization of con-
strained systems [2,12]. The quantization of QED in the LF
form has been carried out before, see e.g. Refs. [13—15].3
Here we redo the quantization in a different gauge [see
Eq. (27)] which is convenient for the evaluation of the
Wilson loop.

The usual canonical quantization in the instant form
starts from Weyl gauge A = 0, which fixes the gauge up to
time-independent gauge transformations. The latter are
then conveniently fixed by imposing the Coulomb gauge
V-A =0, which is a physical gauge since the remaining

*The Wilson loop in LF quantization should not be mixed up
with a Wilson loop containing lightlike line segments [10] or with
a Wilson loop in the usual instant form (equal-time) quantization
using light-cone gauge [11].

For the front-form quantization of QCD see e.g.
Refs. [5,14,16,17].
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transversal components of the gauge field are the gauge-
invariant degrees of freedom. For our purpose it turns out to
be more convenient to use the light-cone analogs of the
Weyl gauge and the axial gauge A® = 0.

We use the following light-cone variables:

xt :L(xO:I:x3). (3)

V2

In the front form x™ serves as time and x~ is called the
longitudinal coordinate. Together with the transversal
coordinates x'=! the light-cone variables form the 4-vector
in Minkowski space x* = {x*,x', x2,x~}. In these varia-
bles the metric tensor, defined by (ds)? = g,,dx*dx*, reads

0 O 0 1
0O -1 0 O

G = 0 1 0 =g" (4)
1 0 0 O

from which follows the relations a, = aT for any
4-vector a*. The usual scalar product reads in the light-
cone variables

a-b=d'b,=a*b, +ab_—a, by, (5)

where a; = a'e; + a’e, denotes the projection of a* onto
the transverse plane. For the derivatives with respect to the
light-cone variables x* we have

1
b0 _

=52 = 75 00+ 05). (6)

A. Classical Hamiltonian dynamics

We rewrite the QED Lagrangian (with j# being an
external source)

1 .
L= FuF" = ALj,,

F,=0A,-0A, (7)
in the light-cone variables {x*} = {x*,x!, x?,x~} defined
by Eq. (3)

1 . C
S F = (AT + j_A™ + jAD).

1
[::EF%-——i_FHF—i_“_
(8)
Here and in the following we use i, j, k, [ = 1, 2 to label the
transverse dimensions. In the Hamiltonian formulation the
fields A# are considered as coordinates and the conjugate
momenta are defined by
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oL
= o0, ®

From Eq. (8) we find for the momenta
H+ :F+_, H_ :O, Hi :Fi—' (10)

The classical Hamiltonian density of QED

H:Hﬂ&rA“ - L (11)
is then obtained as
1o 1, —(a+ k .
H:§H++§B —A (8 H+—|—8Hk—]_)
+ AT+ A (12)
where
1 i

is the component of the magnetic field perpendicular to
the 1-2-plane. The momentum II, can be expressed in
terms of the velocity 0, A" so AT is a regular dynamical
coordinate. In contrast, the momenta II_ and II; cannot
be expressed in terms of the velocities 9, A*=~, indicating
that the corresponding coordinates A=, A’ are not dynami-
cal but give rise to the primary constraints

@1 = H—é 0 @y =11I; - Fi—:! 0. (14)
A constraint is called first class if it has a vanishing Poisson
bracket with all constraints (including itself), otherwise it is

called second class. With the usual definition of the equal-
time Poisson brackets satisfying

{A(x), TL(y)} = &,5(x. ).
6(x.y) = 6(x~ —y7)olxr.y)  (15)

we find from (14)

{p1(x). 1 (v)} =0,
{@1(x), 92(y)} =0,
{02i(x), @25 (v)} = =26;;,0%5(x,y), (16)
so that ¢, is first class while the ¢,; are second class.
The constraints (14) have to be fulfilled at all times x*,

i.e. they have to persist during the time evolution generated
by the total Hamiltonian function

Hy = / dx- / dx, Hr(x) (17)
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Hr(x) = H(x) + 4 () (%), (18)

where the u,,(x) are Lagrange multiplier fields and the
summation index m runs over all primary constraints. This
leads to the condition

0. = {pn(x), Hy} =0, (19)

For a first-class constraint this condition may be nontrivial
and then results in a secondary constraint d,¢,,(x) = 0,
while for a second-class constraint this condition can be
always fulfilled by choosing the Lagrange multiplier field
u,,(x) appropriately. For the second-class constraints
@,;(x) [Eq. (14)] we find

0,92i(x) = {@i(x), Hr}
= 2ey@,B(x) ~ 1L, (1) ~ ()
+20_uy;(x) =0, (20)

which represents an equation for the Lagrange multiplier
field u,;(x). For the first-class constraint ¢; we find using
Eq. (16)

04¢1(x) ={@1(x),Hr}
= OV (x) + OTL(x) — j_(x) = ps(x).  (21)

Since this expression is not a priori zero, it defines a
new (secondary) constraint ¢s(x), which represents
Gauss’s law. One easily convinces oneself that this secon-
dary constraint is first class,

{p1(x).03(y)} =0,
{@2(x), 3(y)} =0,
{o3(x), 03(y)} = 0. (22)

Actually this constraint could have already been read off
from the Hamilton function (12) where the expression (21)
is multiplied by the Lagrange multiplier field A~ (x), which
has no kinetic term. The first-class secondary constraint
@3(x) [Eq. (21)] has to be added to the total Hamiltonian
(17) with an arbitrary Lagrange multiplier field wu;(x)
resulting in the extended Hamiltonian

Hg :HT+/d3xu3(x)(p3(x) E/d3xHE. (23)

The Gauss law term (—A~¢;3) of the original Hamiltonian
function (12) can be absorbed into the second term of
Hp (23) by redefining the Lagrange multiplier field
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us(x) = uy(x) = us(x) — A7 (x). (24)
The extended Hamiltonian density (23) then reads
My = 3T+ 3 B 4 () (3) + (o 1)
+ us ()3 (x) + AT + A" (25)

It is easy to check the persistency of the constraint ¢;(x)
[Eq. (21)]. Using Eq. (22) we find after a short calculation

943(x) = {@3(x), Hp} = {3(x), H} = 0, (26)
so that the time evolution of ¢3(x) does not give rise to a
new constraint. Thus all together we have the constraints

@1, ¢2; [Eq. (14)] and @5 [Eq. (21)], where ¢, and ¢5 are
first class and ¢,; are second class.

B. Gauge fixing and resolution of the constraints

First-class constraints represent weak operator identities
which have to be imposed as subsidiary conditions to the
physical states. It is convenient to degrade all first-class
constraints to second-class ones. This is achieved by
|

0 0
0 —26,;0%5(x.y)
Cij(x’y) = 0 0
5(x,y) 0
0 0
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imposing appropriate gauge conditions. In the present case
two convenient gauge conditions are

1 =A"=0, 1 =AT =0. (27)
The first gauge condition, A~ = A, = 0, is the light-front
analog of Weyl gauge and fixes the gauge up to
x"-independent gauge transformations. The latter are fixed
by the condition A" = A_ = 0, which is the light-front
analog of the axial gauge. The two gauge conditions (27)
turn all first-class constraints into second-class ones, as we
will show below. For this purpose it is convenient to collect
all constraints and gauge conditions into a single vector
b3=w3, Ps=x1. ¢s=rxa.

D=1, D=,

(28)

Using Eq. (15) straightforward calculations yield for the
matrix

Conn(%,3) = {u(x), du(¥) } (29)
the explicit expression
0 —8(x,y) 0
0 0 0
0 0 —-0%5(x,y) (30)
0 0 0
—0%8(x,y) 0 0

This matrix is nonsingular and hence all constraints including the gauge conditions are now indeed second class. Inverting

this matrix yields

6;;0%

Here G(x,y) is the Green’s function of the operator —92,
for which one finds

1 |
G(x.y) = =53 6(x.y) = =5 &~ —y7|olx L. y0). (32)
Furthermore, in Eq. (31) we have used the fact that the

inverse of the kernel K(x,y) = —0%8(x,y) is given by
K='(x,y) = 8*G(x,y), for which we find from (32)

0-G(x.y) = —gsign(x” —y )bl yy). (3

(x,¥)

0 5(x,y) 0
0 0 0
0 0 *G(x,y) (31)
0 0 0
*G(x,y) 0 0

With the inverse matrix (31) at hand we can now evaluate
the Dirac brackets

{AvB}D = {A»B}
- / & / By{A. ()} (6.3) {a(»). BY.

(34)

The relevant Poisson brackets of the constraints with the
canonical variables are listed in the Appendix. Using these
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expressions one finds then the following Dirac brackets of
the canonical variables:

W@ AN} =306, (39
(AL T30} = 5 306(x.). (36)
M0 =30,05500), ()
AL 0) = =3 505Gy (8)

The characteristic feature of the light-front dynamics is that
neither the fields nor the momenta have vanishing Dirac
brackets with themselves.

Once the Dirac brackets have been evaluated all con-
straints (and gauge conditions) have to be imposed. With
@n(x) =0 the total Hamiltonian function Hy [Eq. (25)]
reduces to

1
H, =

1 .
£ =50+ 5B+ AT + Al (39)

2

In deriving the expression (12) for H the constraints ¢y,
@i [Eq. (14)] have already been imposed. We still have to
impose the constraint ¢;(x) = 0 [Eq. (21)], i.e. Gauss’s law

8_H+ - 81'1_11‘ - j_ - 0, (40)
which can be solved for I1, to yield

1

I =

(0:11; — ). (41)

It is interesting to note that this expression for I, preserves
the Dirac bracket (38): inserting the rhs of Eq. (41) for
IT, into (38) and using Eq. (36), the rhs of Eq. (38) is
recovered.

Inserting the expression (41) for I1, into the Hamiltonian
density Hp, Eq. (39), we obtain the classical Hamiltonian
density of electrodynamics in the front form in the gauge (27)

M =2 (01, = ) (=027 (0,11, = /)

+ %BZ +j AT+ jiAL (42)
At first sight this Hamiltonian density looks simpler than
its counterpart in the instant form since only two field degrees
of freedom A,_;, and their momenta explicitly enter.
Furthermore, the potential term is given by the third compo-
nent of the magnetic field B = 0,4, — J,A, alone. We
should also note that while only the transverse part of the
gauge potential enters the potential the kinetic term contains
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only the longitudinal part of the momentum operator. This
is quite strange and can yield nontrivial dynamics only
because of the unusual Dirac brackets (35)—(38).

C. The quantum theory

The quantization proceeds by promoting the canonical

variables A, IT to operators A, IT and imposing commutation
relations given by i times the corresponding Dirac brackets

[con, ] =1{.ss o D (43)
Therefore, the above obtained Dirac brackets (35), (37)

imply that in the quantum theory neither the fields nor the
momenta commute among themselves,

A4 (e), AT(9)] = = ¥sign (™ =) (e, —3.)
(). TL)] = 3300500~y ) e =y,). (44

Also the commutation relation between the fields and
momenta

A ). ()] = 5000~ =), —y1)  (49)

differs by a factor of 1/2 from the usual one. All three
commutation relations can be realized by the following
decomposition of fields and momenta in terms of creation
and annihilation operators:

w6 = [ @p S lwper a0
) =i [ @00 ), [Zla(pier - al(p)er)

(47)

provided the latter satisfy the usual Bose commutation
relations with the nonvanishing commutator given by

lau(p). a}(q)] = 6,(27)°8 (p — q). (48)

Here we use the notationx = (x,,x™) andp = (p,,—p_)
so that

X-p=x,-p,—xp_. (49)

Furthermore we have defined

d
3 — 2 = —
/dp—/dp_/dpb d o (50)

and
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8(p) =6(p-)&(pL)- (51)

With the decompositions (46), (47) one finds from Eq. (42)
for the QED Hamiltonian in LF quantization the Fock-
space representation

H= (2;:)353(0)/0oo dp—/dzplw(p)
+/0°° dp‘/dzpwu’)“/t(l’)ak(p), (52)

where

o(p) = ;’7 (53)

is the photon energy in the front form and we have put the
external currents to zero, j# = 0, since they are not needed
in the following. This is the usual second quantized form of
the QED Hamiltonian known from instant-form quantiza-
tion except that the true photon energy w(p) = |p| is
replaced here by its front form (53). The ground state of this
Hamiltonian is obviously given by the Fock-space vacuum
|0), which is defined by a;(p)|0) = 0. The coordinate
representation w[A] = (A|0) of this state is not available
since we do not have the coordinate representation of the
momentum operator II at our disposal. However, as in the
case of the harmonic oscillator, we can express all observ-
ables via Egs. (46), (47) in terms of the creation and
annihilation operators and work exclusively in Fock space.
For the static propagator

Dife(x -3) = (0]B*(x)C'(»)]0)
— [@peren(p) (54

of the canonical variables B¥, C* € {A¥, TT*} we find in
momentum space

D (o) = 5L, (55)

1
Diin(p) = 58'p-O(p-),

1
Difi(p) = 510(p ). (56)
The above result (55) should be compared with the static

photon propagator in the instant-form quantization, e.g. in
Coulomb gauge (see Sec. IV)

D4 (0) = # (D) o Phale) = 52 (p)ap).
Dy (p) =13 #(p). (57)
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where */(p) is the transversal projector and w(p) = | p|
represents the true photon energy. In the light-front
quantization (55), (56) the photon energy, |p|, is replaced
by p_ and the propagators exist only for p_ > 0.

III. THE PHOTON PROPAGATOR

The canonical quantization carried out above provides
us with the time-independent wave functionals arising
from the solution of the stationary Schrodinger equation.
With the stationary wave functionals at our disposal time-
dependent processes are conveniently described in the
Heisenberg picture. This is, in particular, true for the
photon propagator defined by

D (x,y) = (O]T A (x)A"(¥)[0), (58)

where T, denotes time ordering with respect to the light-
front time x*, |0) is the (stationary) vacuum wave func-
tional and

AF(x) = Af(x*,x) = el AK (x)e 1" (59)

is the field operator in the Heisenberg picture. Here H is
the LF Hamiltonian (52). With the commutation relation
(48) and the explicit form of the QED Hamiltonian (52)
we find for the time-dependent creation and annihilation
operators

ap(xt.p) = qy(p)e Y = ap(p)e P (60)
ap(x*.p) = e al(p)e i = (P gl(p),  (61)

where @( p) is the LF photon energy (53). From Eq. (48)
the commutation relation

[, (x*.p). a;(y*.q)] = 6,(27)38 (p — g)e (P =)
(62)

follows. With Eqgs. (60) and (61) the time-dependent
photon field (59) is obtained from Eq. (46) as

A = [ @p 2P g (o pyers 1 al(xt e

V2p-
(63)

and an analogous expression is found from Eq. (47) for the
momentum operator. From this representation with
ay(p)|0) = 0 we find for the photon two-point function

O(p_ ; )
(014K (x)A!(y)[0) = & / e p¥e—nw<m<x )i -3,
P

(64)
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Note that this amplitude is restricted to the spatial
components k, [ =1, 2 due to the use of the gauge
A~ = 0 = AT, With the explicit form of the photon energy
(53) the integral over p is a usual Fresnel integral

2 Xt
d*p, exp —lglu‘i‘lxi'lu

— (\/$>Zexp<i2x§+p_> (65)

We are then left with the following representation of the
photon two-point function in LF quantization:

O WA 0) = 30 s

(66)

The remaining integral is well defined only after intro-
ducing a damping term, replacing x~ — x~ —ig, € = 0.
This yields
1
47%[(x — y)? —iesign(xT —y )]’
(67)

<0|Ak<x)Al(Y) 0) =~

where x? = 2x_ x_ — x?% . From this expression we find for
the photon propagator (58)

Df(x —y) = O(x" = y")(0]A*(x)A ()[0)
+O(y" —x")(0]A/(y)A (x)[0)  (68)

the compact form

" _5kl
Dx) = —55——. 69
(x) 47252 — e (69)
This is precisely the usual photon propagator obtained in
Landau gauge within the functional integral quantization
[see Eq. (84) below] except that the transversal projector is
replaced here by the Kronecker symbol.

From Eq. (69) we find for the “static”” photon propagator
in LF quantization

5

Di(x)| g = 55—
( )|x+—0 471'2x2l+i8

(70)

Although we have merely taken the limit x™ — O this
propagator is also independent of x~. Except for the
absence of the transverse projector in Eq. (70) the same
static photon propagator is obtained in the usual canonical
instant-form quantization in Coulomb gauge if one puts
x* = 0 in addition to x° = 0, see Eq. (92) below. The fact
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that the static LF propagator is independent of x~ should
simplify the LF description.

One important note is in order: To arrive at the static LF
photon propagator it was crucial to start with the time-
dependent fields and take the limit x™ — O only after the
momentum integrals were carried out. To see this let us
alternatively try to evaluate the static propagator by putting
xT = yT immediately in Eq. (64), resulting in

o d o
Dkl(x+ = O,x) = 5kl/ 2’#/ dzple_lpfx elpL"xL
0 <P-

odp_ .
= 6M%(x ——e -, 71
) [T ()
In contrast to Eq. (70) this result depends on x~ and is ill
defined. The lesson from this calculation is that the limit
xT — 0 can be taken only after the momentum integrals
Jdp, and [dp_ have been carried out. Keeping x* # 0
during the calculation even for observables which are x™
independent obviously represents some regularization in
the spirit of the point splitting. This will be important later
in the evaluation of the Wilson loop to be given in Sec. V.

For later application let us also calculate the commutator
for the time-dependent gauge fields. Since the gauge field
(63) is linear in the creation and annihilation operators the
commutator [A, A] is a c-number. Therefore we have with
(010) =1

[A%(x). A'(x)] = (0][A%(x). A'()]]0)
= (0]A*(x)A'()|0) — (0]A'(y)A*(x)|0).

(72)
From Eq. (67) we find
.y 1 esign(xt —yT)
Ak(x), Al =i — =~ 2 73
[ ()C) (y)] 271_2 [(x _ y)2]2 + 82 ( )
Using
y—{%xZ + & = 7o(x) (74)
we obtain

A (), AT)] = =5 sign(xt —y)o((x=v)2). (75)

In the limit x* — y™ this expression should reduce to the
equal-time commutation relation (44). This is, however, not
obvious, since we cannot take this limit straightforwardly
due to sign function. Furthermore the § functions are not
the same in both expressions. However, the § function in
(75) is nonzero only for 2(x* —y*)(x™ —y~) —x% =0,
which requires that the sign of (x~ —y~) is the same as
that of (x™ — y*). Therefore in Eq. (75) we can replace
sign(x™ — y™) by sign(x™ — y7). Then the equal-time limit
xT — yT can be taken, yielding
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[Ak(x)’ AI()’)]X*:y+ - - _ﬂ'

(76)

This is not yet the expression found in Eq. (44). To see the
equivalence between Eqs. (44) and (76) let us set r| =
x| —y, and use polar coordinates r | (7, ¢). The & function
8%(r,) in Eq. (44) is nonzero only if the module r = |r, |
vanishes. However, for r = 0 the angle ¢ is indefinite so
that the following identity holds:

F(r,) = %5@) % (77)

Indeed, both sides are nonzero (and also divergent) only for
r = 0 and have the same normalization

0 2r 1 1
/dzrléz(rl) —/ drr/ dop—6(r)—
0 0 r T

- 2/°° drs(r) = 1. (78)
0
With §(r3 ) = 8(r*) = 5-5(r) we eventually find from (77)
P
52) = 2., 1)

which establishes the equivalence between Egs. (76)
and (44).

IV. THE WILSON LOOP IN QED

The (Wegner-)Wilson loop is defined as the path-ordered
exponent

WIA] = Pexp [—ig é dx”Aﬂ(x)], (80)

where g is the electric charge and C is a closed loop in
Minkowski space. Its vacuum expectation value (W[A])
serves as order parameter in gauge theory and allows us to
extract the potential between two opposite static point
charges. In QED, in the usual path integral quantization and
also in the canonical quantization in the instant form, the
gauge fields at different space-time points commute and
the path ordering becomes irrelevant. This, however, is not
the case in the front-form quantizations, see Eq. (76).

A. Functional integral approach

In the usual path integral formulation of QED the
vacuum expectation values are defined by

o= [ D 1)

o sign(x” 7 )o(x, ~3, ).
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where S[A] = [d*xL(x) is the classical action and L is
defined in Eq. (7). The functional integral in Eq. (81) is well
defined only after gauge fixing, which is usually done by
means of the Faddeev-Popov method. Using the familiar
Landau (Lorentz) gauge 0,A* =0 the Faddeev-Popov
determinant Det(—[J) is an irrelevant constant which can
be absorbed into the normalization of the functional
integral, which extends over the transversal components
of the gauge field only. Since the classical action S[A] is
quadratic in the gauge field the Wilson loop can be
evaluated in closed form, yielding

(W) = exp {—%2 v §ay, - yﬁ. (82)
Here

Dy (x =y) = (A, (0)A()) (83)

is the photon propagator, for which one obtains in Landau
gauge 0,A* =0

-1

D = — 4
w5) = ) . (34

where 1, = —g,, —0,0,/8* is the transverse projector.
Only the metric tensor g, part of this projector contributes
in the exponent of the Wilson loop (82).

A temporal loop describes the creation of a charge-
anticharge pair which evolves in time and is eventually
annihilated. Using a rectangular temporal loop with length
T along the time axis and with spatial extension R one

extracts from In(W) in the limit 7> R the familiar
Coulomb law [18]

Tlim In(W)/iT
e

=~"1R + divergent self-energy terms independent of R.
T

(85)

The same result is also found in the usual canonical
quantization in the instant form given below.

B. Canonical quantization in the instant form

The usual canonical quantization in the instant form is
carried out in Weyl gauge A° =0 resulting in the
Hamiltonian

H= % / Bx(IP(x) + B (x)), (86)

where II(x) = §/i6A(x) is the momentum operator, which
represents the electric field, and B = V X A is the magnetic
field. Due to the use of the Weyl gauge Gauss’s law is lost
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as equation of motion and has to be imposed as constraint
to the wave functionals

V-Ly) = gplw). (87)

where p denotes the charge density of the matter fields. The
operator V - II is the generator of time-independent gauge
transformations (which are not fixed by the Weyl gauge
A° = 0). In the absence of matter charges (p = 0) Gauss’s
law implies gauge invariance of the wave functional.
Instead of working with explicitly gauge-invariant wave
functionals it is usually more convenient to explicitly
resolve Gauss’s law by fixing the gauge. For this purpose
Coulomb gauge V- A = 0 is particularly convenient since
the remaining transversal components of the gauge field are
the gauge-invariant degrees of freedom. In Coulomb gauge
the transversal part of the momentum operator IT* is still
given by 6/i6A | while for the longitudinal part from
Gauss’s law (87) follows

Ily) = gV(=4)""ply). (88)
With this relation and with II> = II*+* + I one finds from
Eq. (86) the gauge-fixed Hamiltonian

H:%/}HB+B%+§/}eAym. (89)

Here the last term gives already the usual Coulomb interaction
for a charge density p. Although the Hamiltonian approach
yields the Coulomb law directly, the latter can be also
extracted from the spatial Wilson loop.

The exact vacuum wave functional which solves the
Schrodinger equation with the Hamiltonian (89) for p =0
is given by the Gaussian

wiA] = (Alw) ~ exp {— / AwA], (90)

where in momentum space w(p) = |p| is the photon
energy. It is clear that in the Hamiltonian approach, due
to the use of the Weyl gauge Ay = 0, only the spatial
Wilson loop is accessible, for which one finds

(W(C) = (wIWla]
—m+_%MfW%xy](m
where
D, (e ~3) = (WlA A, (3)ly)
= 3t e) = 1) s (92)
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is the static photon propagator with the three-dimensional
transversal projector t;; = §;; — V;V;/A. This propagator
also represents the equal-time limit of the time-dependent
propagator in Landau gauge (84)
Dyj(x =y) = Dyejp=jlx — J’>|x0:y0- (93)
As in the time-dependent case, only the Kronecker part
of the transversal projector contributes to the Wilson loop
(91). The Coulomb law (85) can be also extracted from the
spatial Wilson loop (91) by choosing a rectangular loop of

sides L and R with L > R and continuing L to imaginary
values L = —iT.

V. THE WILSON LOOP OF QED IN
LIGHT-FRONT QUANTIZATION

In Sec. II we have canonically quantized the photon
sector of QED in the front form and found that the vacuum
state is given by the Fock vacuum |0). We will now use this
state to evaluate the spatial Wilson loop

(W[A]) =

In the common instant-form quantization the evaluation of
the (spatial) Wilson loop in QED, reviewed in the previous
section, is trivial since the vacuum wave functional is a
Gaussian and the gauge fields at different space-time points
commute so that the path ordering becomes irrelevant. In
contrast to that in the light-front quantization, the coor-
dinate representation of the vacuum wave functional of
QED is not at our disposal and the gauge field satisfies the
nontrivial commutation relation (44).

As the calculation of the propagator given in sec. III
taught us, we will have to start with a time-dependent loop
and take the static limit x* — O only at the very end of the
calculation. Since we prefer to work with time-independent
(stationary) wave functions the Wilson loop operator has to
be taken in the Heisenberg picture.

Consider a generic (time-dependent) Wilson loop C in
Minkowski space defined by Eq. (80), where A, (x) denotes
the (time-dependent) gauge field in the Heisenberg picture
(59). Due to the chosen gauge (27) only the projection A |
of A* onto the transverse plane contributes to W[A]. Let
x*(t) denote a parametrization of C with ¢ € [0, 1] and
x#(1) = x#(0). Then we have

(0[W[A]|0). (94)

1
WI[A] = T exp [ig/ dex (1) - A (xH(0),x (1), x (1) ],
0
(95)
where T means (time) ordering with respect to the loop

parameter 7. Let us stress that the Wilson loop (95) is
different from the spatial Wilson loop
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W[A] = Pexp {ig}é_ dx, A (x"=0,x=0,x,)| (96)
c

calculated from the projection C of C onto the transversal
subspace (1-2-plane). This is obvious when the Wilson
loop obeys a perimeter law.

The evaluation of the Wilson loop (WIA]) (95) is
nontrivial since in light-front quantization the gauge
fields A | at different space-time points do not commute.
However, the evaluation of (W[A]) is facilitated by the fact
that the gauge potential (63) consists of two pieces

AX(x) = oy (x) + af(x) (97)
with

O(p_)
P

[where p-x is defined by Eq. (5) with p, =p? /2p_]
whose commutator is a c-number. This is because o (x)
and o (x) are linear in a;(p) and a,(p), respectively,
whose commutator (62) is a c-number. The same is
obviously true for the operators

a(t) =x(t) - a(x(1)). @' (1) =x(t) - o (x(1)).  (99)

Then the following identity (which is an extension of
Wick’s theorem, see e.g. [19]) holds:

a(x) = [ &p ay(p)e”r™ (98)

WIA] = T exp {ig / dt (a(t) + aT(t))]

: exp {ig/dt (a(t) +5ﬁ(t))]: (100)

/dt/dta

Here :: denotes the normal-ordered product with all
operators @& being placed left of the operators a.
Furthermore “r——" denotes the contraction, which is
defined as the difference between the time-ordered and
normal-ordered product.

Taking the vacuum expectation value of Eq. (100) we
obtain for the Wilson loop

(WA] exp{ /dt/ ]
—ep g7 [ [avo —oiae).aio)

(101)
The remaining commutator can be straightforwardly evalu-
ated. Since it is a c-number we have

X exp
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[ (%), @ ()] = (Ol [a(x), @y (]]0). (102)
and furthermore since a;(x)|0) = 0 it follows
[ (x). ] (v)] = (Olae(x)e] ()]0
= (0]A(x)A;(y)[0) (103)

where the last two-point function was already evaluated in
Eq. (67). Therefore we find for the Wilson loop (101)

(W[A] —exp[ /dt/dl@t—t

x X! () ik (1) (O|A’(t’)A"(t)|0>] . (104)

Interchanging here the integration variables ¢ «— ' and the
summation indices k «— [ in one half of the exponent we
obtain the alternative expression

(WIA]) = exp {-9; / dr / dr's (1) (1)

x <0|Tf(Ak(t)A’(t’))l0>} : (105)

Choosing the parameter ¢ as the LF time x™ the two-point
function in the exponent becomes the photon propagator
(58) and we obtain

it —enf £ fu [

x fo(x(xﬂ,y(yﬂ)]

L dxt dy/
dxTdy™

(106)

This result can be written in a parameter-independent
form

(W[A]) = exp [—922 7% dxi fi dnyi-f(x,y)]. (107)

Choosing now a planar loop C in the transverse plane (i.e.
y~ =x7), Eq. (107) yields the same result as obtained in
the canonical quantization in the instant form, see Eq. (91).
Since the photon propagators also agree4 [cf. Egs. (70) and
(92)] we do find the same result for the Wilson loop in both
approaches.

It is important to emphasize that the correct result for the
Wilson loop is obtained in the LF quantization only by
starting with temporal loops with nontrivial time depend-
ence and considering the static limit only at the very end of

*Recall that only the Kronecker part §;; of the transverse
projector t; = 6 — 0,0,;/0> of the photon propagator Dy,
[Eq. (92)] contributes to the Wilson loop (91).
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the calculation. The finite time interval serves as a
regularization in the spirit of point splitting. Starting from
the beginning with static, i.e. spatial loops, leads to the ill-
defined static propagator given in Eq. (71).

VI. CONCLUSIONS

In this paper we have investigated QED in the light-front
quantization using Dirac’s method for the quantization of
constrained systems. Assuming the LF analogs of the Weyl
gauge and of the axial gauge we have derived the gauge-
fixed LF Hamiltonian and evaluated from its vacuum state
the static photon propagator in coordinate space as well as
the spatial Wilson loop. We found that both quantities exist
in the LF quantization only if the static limit x* — 0 is
taken in a specific way, i.e. after all momentum integrals are
carried out. Thereby the finite-time argument x* serves as
regulator in the spirit of point splitting.

Although in QED the vacuum wave functional is given by
the Fock vacuum, the evaluation of vacuum expectation
values turns out to be more involved than in the usual
canonical quantization in the instant form due to the non-
commutativity of the photon field in light-front quantization.
This calls into question the common lore that the LF vacuum
is trivial. The problem concerning the static limit x* — 0,
which we have found here, should also manifest itself in the
calculations of other time-independent quantities.
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APPENDIX: RELEVANT POISSON BRACKETS

Below we list the Poisson brackets between the canoni-
cal variables and the constraints (14), (21) and (27)

{A* o1} ={AT. ou} =0,
{AT(x), p3(y)} = —0%68(x.y),

{AT. i} =0={A"xs},
{A~(x). 01 (0)} =6(x.y). {A7.ou}t={A" 03} =0,

{A~ ) =0={A" 3},

{A" ¢} =0, {A (%) ok ()} = 5i5(x» ),
{AT(x), p3(»)} = 016(x,y).

{An}=0={A"x3},

{111} =0, {p5.11,} =0, {x.1,}=0,
{02 (x), Ty (y)} = =96(x, y),
{r3(x). IL.(y)} = 926(x. ).
{(Phn—} =0, {fﬂzk’n—} =0, {¢37H—} =0,
{0 (). T_(y)} =d(x.y).  {xs3.1_} =0,
{1 11;} =0, {@3,10;} =0,
{@ar(x). IL;(y)} = =0%5(x. y)8yi,
{r1. 1} =0, {3 1 = 0. (A1)
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