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We study the magnetohydrodynamics of relativistic plasmas accounting for the chiral magnetic effect
(CME). To take into account the evolution of the plasma velocity, obeying the Navier-Stokes equation, we
approximate it by the Lorentz force accompanied by the phenomenological drag time parameter. On the
basis of this ansatz, we obtain the contributions of both the turbulence effects, resulting from the dynamo
term, and the magnetic field instability, caused by the CME, to the evolution of the magnetic field governed
by the modified Faraday equation. In this way, we explore the evolution of the magnetic field energy and
the magnetic helicity density spectra in the early Universe plasma. We find that the right-left electron
asymmetry is enhanced by the turbulent plasma motion in a strong seed magnetic field compared to the
pure CME case studied earlier for the hot Universe plasma in the same broken phase.
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I. INTRODUCTION

Magnetic fields are important for various physical proc-
esses, including cosmic ray propagation, influence on stellar
and solar activities, etc. However, the origin of cosmic
magnetic fields is still an open problem in astrophysics and
cosmology [1-3]. It remains unclear whether these magnetic
fields were first created by battery effects in protogalaxies
and then amplified by a dynamo action up to their present-
day strengths, or if seed fields for adynamo action originated
in magnetic fields which seem to have existed in the early
Univese before the recombination. The first observational
indications of the presence of a cosmological magnetic field
(CMF) in the intergalactic medium [4] still do not preclude
the first possibility. However, they strongly support the latter
option.

The origin of the CMF, as well as a primeval chiral
asymmetry ps = (U.r — Her)/2, Where pg and p,p are the
right- and left-electron chemical potentials, can be traced
from the lepto- and baryogenesis in primordial hypermag-
netic fields existing in the symmetric phase of the Universe
before the electroweak phase transition (EWPT); e.g., in the
model with a nonzero initial right-electron asymmetry
~u,r # 0 [5-8]. The important issue in such a scenario is
a nonzero difference of lepton numbers, L,g — L, #0
at the EWPT time [6], that can be used as a possible
starting value for the chiral anomaly which provides the
evolution of Maxwellian fields down to the temperatures
T ~ 100 MeV > m,, where m, is the electron mass.

There are different ways to estimate the importance of
the advection (dynamo) term V x (v x B) in the Faraday
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equation describing CMF. In Ref. [9], accounting for the
chiral magnetic effect (CME) [10] given by us5 # 0, one
neglects the velocity field v completely. In Ref. [11],
considering a negligible backreaction of the magnetic field
on the fluid velocity, it is shown that the advection term is
unimportant. A different suggestion on the plasma velocity
v and the advection term is put forward in Ref. [12],
assuming that the backreaction of a strong magnetic field
on a fluid is important, cf. Refs. [13-15].

There is also an interesting discussion in literature [16]
on the inverse cascade induced by CME. However, in the
present work, we do not deal with this topic, trying to
illuminate other aspects of anomalous MHD in the presence
of a fluid turbulence in chiral plasma.

In this paper, we revisit the idea of Ref. [12]. In Sec. I, we
simplify the Navier-Stokes equation, substituting for the
velocity field v entering the dynamo term in the Faraday
equation its expression through the Lorentz force as sug-
gested in Ref. [12]. Then, in Sec. I1I, we derive the system of
the magnetohydrodynamic (MHD) equations describing the
evolution of the magnetic field energy and magnetic helicity
density spectra. Making some assumptions in Sec. III A, we
represent the kinetic equations in the form of the integral
equations. In Sec. III B, we solve the nonlinear kinetic
equations numerically. Finally, in Sec. IV, we discuss our
results, comparing them with those obtained earlier. Some
details of the derivation of kinetic equations for the spectra
are provided in the Appendix. In the following, we use the
natural units, in which 2 = ¢ = 1.

II. SIMPLIFICATION OF THE SET
OF MHD EQUATIONS

In the present work, we extend the approach developed
in Ref. [9] considering a hot plasma of the early Universe in
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the broken phase after EWPT at the relativistic temper-
atures 10 MeV < T < Tgwpr = 100 GeV. For the system
obeying the equation of state P = p/3 or P+ p =4p/3,
the MHD equations in the radiation-matter single fluid
approximation are

4
8,p+§v-(pv):0, (2.1)

;ia,(pv) —;lpv x (Vxv)=(JxB)-— VP+gp1/V2V,

(2.2)
J=(VxB), (2.3)
9B = -V xE, (2.4)

where p is the energy density of the fluid, P is the pressure,
and E is the electric field.

Using Eq. (2.4), as well as accounting for the total electric
current J=Jopm+Jome and the Ohm law Jop, =
6cond|E + (VX B)], with the anomalous current Jeyg
directed along the magnetic field, Joyg = (2aempts/7)B,
one finds the Faraday equation modified due to CME:

0B =V x (vxB)+n, V2B + 25y g (25)
O ond

Here a,,, = e>/4m ~ 1/137 is the fine structure constant,
Ny = a;olnd is the magnetic diffusion coefficient, o.,,q =
o.T is the hot plasma conductivity, and ¢, = 100. Using
the Faraday equation (2.5) without the dynamo term
V x (v x B) completed by the chiral imbalance evolution
equation [see Eq. (3.15) below], the evolution of the binary
products, such as the magnetic energy density Eg ~ B> and
the magnetic helicity density Hg = V~! [d*x(A - B), is
studied in Ref. [9]. In the present work, we analyze the
importance of the dynamo term neglected in Ref. [9] and
interpreted in Ref. [12] as the turbulent fluid contributions to
the evolution of the magnetic energy and helicity density
spectra.

Since the fluid velocity v should obey the Navier-Stokes
equation (2.2), which is rather difficult to solve, we use as
in Ref. [12] the following approximation instead:

ov 1

E_P—I—p(JXB)’

(2.6)
where we drop all the gradients referring to the matter
variables, including the pressure and the kinematic
viscosity (~v) terms as well as the nonlinear velocity
term. Thus, only the Lorentz-force term is retained on
the right-hand side of the Navier-Stokes equation (2.2),
F;. ~ (J x B). Then we simplify Eq. (2.6), representing
it as

__

V—P+p(JxB),

(2.7)
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where 7, = lpee ® 1/02,T is the correlation (drag) time.
The drag time is the average time of the Coulomb
scattering in a hot plasma [17], which is much greater
than the period of the Larmor rotation. It means that the
charged fluid can be accelerated by the Lorentz force
until it interacts with other particles in the background.

The physical meaning of our choice for the drag time
74 = It can be also understood from the chain of inequal-
ities for different length scales in our problem: lp < ;.. <
lcpr < I, Herelg = p, /eB ~ 3/BOT is the Larmor radius,
and I~30 = By/ T(% is the dimensionless magnetic field. Below

in Sec. III B, we take By, = (107" — 1072). We also use
lepr ~ (Qempts) ™', which is the length scale of the chiral
plasma instability [18]. Finally, [, ~ 6cona(@empts) > is the
anomaly growth time scale [19]. In strong magnetic fields,
the first condition /g < I, 1s always fulfilled, and obvi-
ously, ps < a,,T is the real condition in hot plasma
resulting from the inequality /g, < [cp; here. We agree
with clear arguments in Ref. [19] that in the absence of
CME—i.e., when ps =0—the fluid turbulence exists
already at the background level in standard MHD. Thus,
7, should be the main scale parameter to zeroth-order
approximation.

III. KINETIC EQUATIONS FOR THE MAGNETIC
ENERGY AND HELICITY SPECTRA

Based on the master Eqs. (2.5) and (2.7), we derive the
kinetic equations for the spectra of the magnetic energy
Eg = Eg(k, 1) and the density of the magnetic helicity
Hg = Hg(k, t) analogously as in Refs. [20,21]:

0E
8—tB = —2kne;p + @ k¥ Hg, (3.1)
OH
TrB = 2% Hy + 4a_Eg, (3.2)
where
4 7
Neft = N +§P—ip/dpr’ aL = acmg F ag,
H([) 2 Td / 2
a = , a; =— d Hg, 3.3
CME Geond d 3P+ pPp~/ip ( )

and T1(#) = 2aeyus(t) /7 is the CME parameter. Note that
the anomalous current Joyg does not contribute to the drag
velocity v in Eq. (2.7). The details of the derivation of
Egs. (3.1)—(3.3) are provided in the Appendix.

The difference of our results from the findings of Ref. [9]
is seen from the second nonlinear terms in Eq. (3.3), which
contain the drag time 7, ~az2/T when we take into
account the turbulent motion ~v. Note that the effective
magnetic diffusion coefficient 5. in Eq. (3.3) coincides
with that in Ref. [12] (accounting also for the factor P + p
in the denominator missed there). The analog of the
a-dynamo parameter ;. in Eq. (3.3) differs from that
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derived in Ref. [12], mainly because of the absence of CME
term there, and due to different signs (4) in turbulent
contributions for the evolution of spectra & and Hp
instead of the same sign (4) in both equations.

Integrating Eq. (3.1) and (3.2) over the spectrum, we get
the following evolution equations:

dE
2= acwe / dkk>Hg (k. 1) =21, / dkk>Eg (k. 1)
ZTd 2
P / dkdpk2[4E5 (k. 1)Ex (p. 1)

+ p*Hg (k. 0y Hg (p.1)],

dH
B — dacye / dkEg (k1) =21, / dkk*Hg (k,1),  (3.4)

ar

where

Eg(1) = /dké’B(k, 1), Hg(t) = /dkHB(k, 1) (3.5)
are the magnetic energy density and the helicity density. It
is interesting to note that the matter turbulence directly
contributes only to the evolution of the magnetic energy,
whereas the dependence of the helicity density Hy () on 7,
is indirect, being hidden in the first term FEp(f) that is
proportional to acyg for the derivative Hy in Eq. (3.4). One
can see that the only source of the instability in Eq. (3.4) is
the CME. If we set acyg = 0 in Eq. (3.4), one can see
that both Eg and Hy are negative, and hence only the
dissipation of the magnetic field is present in the system
provided by the finite electric conductivity 7,, # 0 for both
Eg() and Hy(t), and additionally by the fluid turbulence
~t, for the magnetic energy density Eg(7).

A. Representation of kinetic equations in the form
of integral equations

Supposing that the parameters 7. and a, are slowly
varying functions, we can represent Egs. (3.1) and (3.2) in
an alternative form which is useful for comparison with
the results of Ref. [12]. Let us choose the initial condition in
the form: Eg(k, 19) = Eg(k) and Hy(k, 1y) = 29 (k)/k,
where 0 < ¢ < 1, and & (k) is the arbitrary function. Then,
if |acme| > |agyl, one has

EB (k’t) :go(k) GXp( kzlglss)

X [cosh(ZleME)—i—q deme %

sinh (2kl, ,
BEME O o CME>]
28(k)

k

Hyg (k,t)= exp(—2k*13)

x [qcosh(ZleME) + /msinh(ZleME)} .
QCME — %4

(3.6)
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In the opposite case, when |acyg| < |ay|, the following
representation is valid:

Ep(k,1) = Eg (k) exp (2K [G,)
[ Qg —QACME . ]
X 2kl ;) + —_ 2kl;) |,
cos (2kly) +q 2+ aons sin (2kl,)

Ha(k) =W exp (2,

geos (2kly) — 24T OME Go (or1) .
L &g — OCME i

In the special situation of the aperiodic attenuation, if
|ay|, one can write down that

X

(3.7)

|aCME| =

EB (kv t) = EO(k) exp( 2k21(21199)
2
(k1) = E0(K)exp (2083, 81005 + 3] (33)

when acyg = a4, and

En (k. 1) = & (k) exp (<2K2 13, ) ik + 1],

2g&
Halk.r) = 2290 oxp (2008, ) (39)
if acyp = —a,. We use the following notations:

leve = / \/ aCME
ld_/ \/ & aCME t

CME = / aCME(t/)dI/,

t
dlbh / neft ( )dt/’

(3.10)

in Egs. (3.6)—(3.9).

It should be noted that the solution of the kinetic Eqs. (3.1)
and (3.2) considered in Ref. [12] corresponds to the case
when acyr = 0. One can see in Eq. (3.7) that there is no
amplification of the magnetic field in this situation. If
acve = 0, the magnetic field is oscillatory, attenuated by
the effective magnetic diffusion #.. In general, the param-
eters a,, especially acyg ~ us (), are changed over time. To
take into account this fact, we should look for numerical
solutions of the nonlinear kinetic Egs. (3.1) and (3.2).

B. Numerical solution to kinetic equations

When we study the evolution of magnetic fields in a hot
plasma in the expanding Universe, it is convenient to rewrite
Eqgs. (3.1)—(3.3) using the conformal dimensionless varia-
bles. They are introduced in the following way: t — n =
M,/T and k = ak, where a = 1/T; My = Mp/1.66\/7";
Mp = 1.2 x 10! GeV is the Planck mass; and g* = 106.75
is the number of the relativistic degrees of freedom. In these
variables, Egs. (3.1) and (3.2) take the form
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By o
8—;73 = —2k%7u1Ep + @, kK H,
8;]’3 = 2k Hp + 4a_Ey. (3.11)

Here g = EB(I;, n) and Hy = 7~{B(1~<, n) are the conformal
spectra, and

-2

~ Neff -1 4 Qem / ~ 0
=—=9¢ ——— [ dp&,
Neff a c +3p+p PCB

2 ol / o
— [ dpp*Hy.
:':3p—|—p pPp /g

AL =04 = (312)

. 1
o,
The CME parameter takes the form

. 2
M= all = “%m s,
T

(3.13)

and in a hot relativistic plasma, one substitutes

2
P:e, p:ﬂ—g*T4,

3 30 (3.14)

or P+ p =27%g*T*/45 and P + p = 2x°¢* /45.
The evolution equation for the chiral imbalance fi5 =
4s(n) has the form

‘LL; - —607‘:"‘/@}3;7‘3 ~Tpis,  (3.15)
where
. .\ 2
Ip=aly =ai, <3—1V;0> n (3.16)

is the helicity flip rate [9].
Before we analyze the general case numerically, let us
discuss the approximation of the monochromatic spectrum,

En(ko) =Eo(md(k—ko),  Hp(kn) =Ho(n)d(k—ko),
(3.17)

where k is a characteristic conformal momentum, and &,

and H, are new unknown functions. The evolution equa-
tions (3.11) and (3.15) take the form

d& 2k = 20k . = 2vra = s
o= - 0B+ iy — S ER4ED + K.
n o, 7o, 3
d”:( 2];2 ~ 8 em ~ &
_0 = — OHO + - /‘5507
dl’[ O, o
dji 6em dHy = -
Lo g, (3.18)

where & = (45/2¢*)(atemn) ™2 is the turbulence parameter
coming from the velocity field v~ 7, in Eq. (2.7).
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Using the new variables,

2k3 2402, -
- ) R — 5 )
= RO =EE)
1202, ~ 20 -
H(z) = =—Ho(n).  M(r) =——ps(n).  (3.19)
koﬂ ﬂko
Eq. (3.18) can be rewritten as
dR
o —R + MH — &(R* + H?),
T
dH
— = —H + MR,
dr
dm
—=H—-MR-GM, (3.20)
dr
where
57‘[27(266 Ucf
=725, =L (3.21)
209 2ky

Equation (3.20) should be completed with the initial
condition Ry=R(z(), Hy=H(7y) =¢R,, where 0<g <1,
and M() = M(To).

The system in Eq. (3.20) can be solved analytically if
we neglect the evolution of the chiral imbalance; i.e., when
we set M = 0. For g > 0, the solution of Eq. (3.20) has
the form

R(t)=Hye "cot[EHy(1 —e ™) +qy], H(z)=Hye™,

(3.22)

where tan g, = g = Hy/R,. If ¢ = 0, then

o Roe_T
CER(1-e )+ 17

In Egs. (3.22) and (3.23), we assume that 7, = 0.

To illustrate the behavior of the magnetic energy in
Eq. (3.22), in Fig. 1 we show R(r) for A, = EHy = 0.5
versus 0 < 7 < 6. In Fig. 1, we suppose that ¢ = 1. We also
present the case when no turbulence is accounted for—i.e.,
when & = 0, shown as the dashed line in Fig. 1. One can see
that the turbulent motion of matter results in the faster
decay of the magnetic field, whereas the evolution of the
magnetic helicity is not affected by the turbulence; cf.
Eq. (3.22). This result is in agreement with our findings in
Sec. III, where the general case was studied. Indeed, as one
can see in Eq. (3.4), the contribution of the turbulence terms

to EB is negative; i.e., they cause Ey to decay faster than in
the absence of the turbulence.

Now we turn to the study of the numerical solution of
Eq. (3.11) in the general case. Let us use the initial energy
spectrum in the form Eg(k,79) = Ck*®. The factor C can be
found from the condition

R(z) H(z)=0. (3.23)
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FIG. 1. The normalized magnetic energy density R/R versus ¢
on the basis of Eq. (3.22). The solid line shows the evolution of R
accounting for the turbulence and corresponds to A, = 0.5. The
dashed line corresponds to the situation without the turbulence.

B[ -
where By = B(n = 1) is the initial magnetic field. If we
use the Batchelor initial spectrum with vg =4 and 0 < k <

knax. then, analogously to Eq. (3.19), it is convenient to
introduce the following dimensionless variables:

2402,

M) =5 (k). Rler) = Ep (o),
T T kmax
20 -~
M(z) =—="fis(n).
”kmax
2Kk> k o, =~
—Im, k=, G=—2 T 3.25
: Oc 1 ‘ kmax 2krznax ! ( )

Using these variables, the system of kinetic equations takes
the form

1
oH _ —k*H {1 +Ky / dd'R (K, r)}
61 0

I
+R [./\/l + Kd/ di'K*H (x, T):| , (3.26)
0

1
R _ —KZR[I K, / dK/R(K’,r)]
ot 0

I
+K*H [/\/l - Kd/ di'K*H (¥, r)} . (3.27)
0
d 1
M _ dx(K*H — RM) — GM,

- 3.28
@, (3.28)

where K; = 50Cl~<ﬁlax /4a g%, It is interesting to note that
the contribution of the turbulent terms cancels out in
Eq. (3.28). Nevertheless there is a turbulence contribution
in Eq. (3.26) contrary to Eq. (3.20) valid for the mono-
chromatic spectrum.
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The initial values of the functions R and H are
R(x,7y) = Rok*® and H(x, 7)) = qRok**~", where

2 P2

. 12aemBO
0 —_— ~
272

T~ Kmax

(v + 1), (3.29)

and correspondingly to the MHD bound on the magnetic
helicity value [22], 0 < g < 1.

We solve kinetic equations (3.26)—(3.28) numerically.
The influence of the turbulent matter motion ~v on the
MHD characteristics, such as the magnetic field strength
and the magnetic helicity, as well as on the chiral
asymmetry parameter us(¢) in a hot plasma in the broken
phase of the early Universe is illustrated in Fig. 2. The solid
lines correspond to the case where both effects—i.e., CME
and the turbulent motion of matter v ~ 7,—are taken into
account, while the dashed lines correspond to the CME
effect only applied in Ref. [9]. Note that we present the
numerical solutions of Eqgs. (3.26)—(3.28) for the maximum
helicity parameter ¢ = 1 only. This means that we use the
relation Hy(k, tg) = 2Eg(k, 1y)/k for the initial Batchelor
spectrum in Eq. (3.24), where 0 < k < kg = 1076, In
Figs. 2(a), 2(c) and 2(e), we show results for the maximum
initial magnetic field EO = 0.1 still obeying the BBN bound
on the magnetic field B < 10'! G [23] at the temperature
Tgegny = 0.1 MeV [24]. In Figs. 2(c), 2(d) and 2(f), we
show the results for a smaller seed field, EO =102

It should be noted that Egs. (3.26)—(3.28) turn out to be
stiff for the chosen parameters. The technique used to
obtain the numerical solution of this system involves a
multipoint implicit finite difference method. In this method,
not all initial conditions result in a smooth behavior of the
solution. Thus, we have to omit some initial part of the
curves which reveal a nonsmooth behavior. That is why
Figs. 2(a)-2(d) look as if the initial conditions were
different for the variables corresponding to the solid and
dashed lines. Surprisingly, this inconsistency does not
affect the evolution of the magnetic helicity density shown
in Figs. 2(e) and 2(f).

IV. DISCUSSION

One can see in Fig. 2 that the stronger the initial
magnetic field, the more noticeable the difference between
the turbulent and nonturbulent cases is. The chiral anomaly
parameter us(t) is supported by a matter turbulence at a
higher level just starting from the EWPT time, then
somewhere at a few hundred MeV reduces more smoothly
and drops down a bit earlier than accounting for the CME
effect only. This can be explained by the inverse cascade
with an increase of large-scale contributions in spectra
when the role of turbulent motions ceases.

The dependence of y5 on the turbulence parameter K, is
not trivial, being hidden in Eq. (3.28). Such a hidden
dependence comes rather from the magnetic field
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FIG. 2. The evolution of the chiral imbalance, the magnetic energy density, and the helicity density in the plasma of the early Universe
at 10> MeV < T < 10% GeV. (a) and (b): The evolution of the chiral imbalance, us(T) = (ug — u1)/2. (c) and (d): The evolution of the

magnetic field, B = /2 f dk&xg(k, ). (e) and (f): The evolution of the magnetic helicity density. Panels (a), (c), and (e) correspond to

BO = 10~!, whereas panels (b), (d), and (f) correspond to Bo = 1072. Solid lines show the evolution accounting for both the turbulence
effects (K; # 0) and CME, whereas dashed lines show the evolution for the CME case only (K; = 0).

characteristics ‘H and R, which evidently depend on that
parameter, as seen in Egs. (3.26) and (3.27). While the
diffusion terms for the magnetic helicity { and the
magnetic energy density spectra R are both enhanced by
turbulent motions ~K;, the instability (generation) terms
~M ~ us are supplemented differently through the same
parameter K, The magnetic helicity H is supported by
turbulent motions even for a decreasing chiral anomaly ys;
cf. Figs. 2(e) and 2(f). The magnetic energy R reduces

additionally through the turbulent parameter K ,. This is a
reason why the solid curve for magnetic field strength in
Figs. 2(c) and 2(d) occurs below the dash curves corre-
sponding to the pure CME effect.

Let us stress that such opposite contributions of the
turbulent motion ~v to the evolution of H and R come
directly from different signs of the parameter a, in
Eq. (3.3), as we found in contrast to the results in
Ref. [12]. Another important result obtained in the present
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work is the examination of the possibility for the plasma
turbulence to drive the magnetic field instability. In our
work, we have approximated the plasma velocity by the
Lorentz force; cf. Eq. (2.7). In frames of this model, using the
results of Sec. III A, we can see that, if one accounts for only
the plasma turbulence contribution—i.e., assuming that
ay #0 and acye = O—the initial magnetic field cannot
be amplified. This result follows from Eq. (3.7). Thus, our
new finding confronts the statement of Ref. [12], where it is
claimed that plasma turbulence described within the chosen
model can provide the enhancement of a seed magnetic field.

The physical reason for the aforementioned discrepancy
of our results with the findings of Ref. [12] is based on the
following fact: The model to account for the plasma
velocity in the Faraday equation (2.5) implies the replace-
ment v — Fy in Eq. (2.7). The Lorentz force is known not
to be able to linearly accelerate charged particles in plasma.
Thus, self-sustained electric currents, which could generate
an unstable magnetic field, cannot be excited in such
plasma. This means that the instability of the magnetic
field cannot be implemented if we choose this model to take
into account the turbulent motion of matter, contrary to the
claim in Ref. [12]. Therefore, the representation of the
spectra in terms of hyperbolic functions in Eq. (3.6) is
possible only if CME is accounted for and its contribution
is dominant; i.e., when |acvg| > |ay|. The turbulence alone
can provide only a faster decay of large-k modes in the
spectra; cf. Egs. (3.4) and (3.22).

One can expect that the inclusion of the velocity field
could influence the evolution of the right and left circularly
polarized modes B, (k) coming from the Faraday equa-
tion (2.5), cf. Ref. [25], where such a velocity was not taken
into account. There remains also an interesting possibility
to replace the vanishing CME by the contribution of the
axion field to MHD, as pointed out recently in Ref. [26]
[see Eq. (40b) there].
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APPENDIX: TURBULENCE CONTRIBUTION TO
THE KINETIC EQUATIONS FOR THE SPECTRA

In this appendix, we derive the kinetic equations for £
and Hp used in Sec. III and show their difference from
analogous equations in Refs. [12,19].

We shall start with the derivation of the equation for Hg.
Let us neglect the contribution of CME to the magnetic field
evolution. Then the Faraday equation (2.5) takes the form
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9B =V x (vx B) + 1, V?B. (A1)

Using the Fourier representation for the velocity
v=1,JxB)/(P+p) in Eq. (2.7), we find the evolution
equation for the magnetic field,

0,B;(k.1) +n,,k*B; (k. 1)

T dp d*q
pr/ <2zz>3/ @y 45

X [gkrSBn(p - q)Bn(k _p) _grsmBk(k _p)Bm(p _q)}’
(A2)

= €ijkk;j

which coincides with the analogous result in Ref. [12],
except for the factor (P + p)~! missed in Ref. [12].
Using the evolution equation for the vector potential
A = (vxB)—1n,J, where J = (V x B) is the electric
current in MHD, one finds in the Fourier representation

DA(—K, 1) + 1, k*A;(—k, 1)

u [0 [ S i)
P+p) (223 ) 223" ™
X Bt(q7 t)Bn(pv [)Bl(_k —-pP- q)

In Eq. (A3) we change the sign of the momentum k — —k
in the argument of A; [27], meaning to apply the two-point
correlator

= Eiki€kmtEmst

(A3)

(8,.)5(p.) = P60k 1 ) (5, - ) Sk 1)

+ ek Ak, 1)]
for the Faraday equation (A2) multiplied by the potential
A;(—k, 1), then summed with Eq. (A3) multiplied by the

magnetic field B; (K, 7). In Eq. (A4), the form factors S(k, ¢)
and A(k, t) are related to the spectra

S(k, 1)
(2m)*°

obeying the kinetic equations (3.1) and (3.2).

Using the Maxwell equation valid for any choice of the
Fourier representation k’A;(k, t) = J;(k, t) and neglecting
the derivative 0?A; = 0 as usual in MHD, as well as
choosing the Fourier representation as in Ref. [12],

(A4)

A(k, 1)
27

E(k.t) = K2 Hy(k. 1) = k (AS)

B;(x,1) :/ dq e‘iquj(q, 1), (A6)

(2z)?

one obtains for the averaged sum of binary products

(Bi(K)[0,A;(=k) + 1,,k*]A;(-k))

+ (Ai(=k)[9,Bi(k) + 1,,k*B;(K)]) (A7)
the evolution equation,
21)°53)(0
M [8, + Zﬂmkz]HB (k, t) = 11 + 12, (Ag)

2k?
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where we use Eq. (AS). The integrals /;, in Eq. (A8),
which read

Iy = €y 1€mn€ rd/d3p/d3q
1 ikl€kmn mstP+p (27[)3 (2”)3

x (B,(q)B,(p)B/(~k —p — q)B;(k))
_ (27)°5%)(0) 20,Hy(1)
2k [_ 3(P+p)i Ea(k.1)

4 T
—grjp)EB(t)szB(k’ f)}

kT /d3p/d3q
IR p 4 p (27/7)3 (27:)3

x (B(q)lewrsBu(p — q)B,(k —p)By(—K)
ersmBi(k —P)B,, (P — 4)B,(-k))
B (27r)55( )(0) [_ 27,Hy (1)
2K2 3
A g
3(P+p)

result from the multiplication of Eq. (A3) by B;(k) and

Eq. (A2) by A;(—k) = ig;,.k,B,(—k)/k* correspondingly,

when using the four-point correlator

(Bi(k)B;(p)Bi(q)B(s))
=(B;(k)B;(p))(B(q)B,(s)) + (B
+(Bi(K)By(s))(B;(p)Bi(q))

in the same form as in Refs. [12,22]. In Egs. (A9) and

(A10), Eg(tr) is the magnetic energy density defined

in Eq. (3.5).

It is interesting to note that [, = I,, giving finally from
Eq. (A8)

(_iQS)

(A9)

(ig,)

12 = Eik€i

(A10)

i(K)Bi(q))(B;(p)Bi(s))
(A11)

T W g
34,(P+p)

8 T4 >
3P4, k*Eg(t)Hg(k,1).

(0, 4 2n,,k*|Hy (k1) = Hy(t)Eg(k,1)

(A12)

ks
WP ) Gy

td 3 3
=¢egpki——— | &Ip | d
ijk J4(P ))/ / q4

X [8krs (5(3) (q + k)5(3)(k - q)ZS(p, t)[(éis
®(p)s (2k ~ P)[(5

X [(51')1 - ]A{i]%n)s(k» t) k A(k t)]

mq

X [(5511 - qy&n)s(qv t) + igsnt@tA(q’ t)] [(5in

- Q Qn)S(q t) + iesnt@tA(cb t)]
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Adding the CME term to Eq. (A12) and accounting for the
standard MHD relation Hy () = —2n,, J&° p*dpHg(p. 1),
one gets Eq. (3.2),

OHg(k, 1)

o —2k* e Hg (k, 1) + da_Eg (k. 1),

(A13)

where a_ = acyp +aq aq(t) = 274 [ dpp*Hy(p, 1)/
3(P + p), correspondingly to notations in Eq. (3.3). Let
us stress the coincidence of signs of the turbulent term a,,()
and the analogous ag(7) in Refs. [12,19], a,(t) =
ag (1) = —1,4Hg (1) [34,,(P + p)], resulting in the coinci-
dence of our Eq. (A13) in the case y5 = 0 and, e.g., Eq. (8)
in Ref. [12].

Equation (3.1) can be obtained by the multiplication of
Eq. (A2) by B;(k). The calculations are more straightfor-
ward in this situation. Below, we give the detailed deriva-
tion of this kinetic equation in order to show why the
contribution of the turbulent term @, entering the parameter
a, in Eq. (3.3) is opposite in sign to the case a_ in
Eq. (A13). Note that the parameter a,(7) = ag(t) enters the
factor a with the opposite sign compared to the parameter
ag(t) alone found in Ref. [12], as well as in Egs. (37) and
(38) in Ref. [19].

Multiplying Eq. (A2) by B;(k) and using the two-
point correlator in Eq. (A4), one obtains on the left-
hand side

(B*(k. 1)) +n,k*(B* (k. 1))

27)°50) (2k
= OO 9,640 1) + 21, 2 k. 1),

N[ =

(Al14)

where we use Eq. (AS5). On the right-hand side, multi-
plying Eq. (A2) by B;(k,t) and using consistently the
four-point correlator in Eq. (A11) and then Eq. (A4), one
obtains the double integral

* / d3p / (211653 qr<Bs(q)Bi<k)[€kmBn(p - q>Bn(k - p) - 8rsmBk(k - p)Bm(p - q)]>

(A15)
— kik,])S(k. 1) + ig; sk, Ak, 1)) (A16)
(A17)
3 (q+k-p)s¥(k +p-q) (A18)
- ]%ilzn)s(k’ t) + igian}qA(]Q t)]) (A19)
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— £,m(6%)(q + k)59 (k — q)[(5;

X [(Skm = PxPm)S(P 1) + i€mgD AP, 1)]
+69(q +k —p)s? (k +p - q)[(6

X [(6im — k,km)S(k, 1) 4 i€img qA(k 1)]
+69)(p)s® (2k — p)[(8,m

— kik))S (k. 1)

x [(8i — kiki)S(k. 1) + iengk Ak, 1)])].

Let us list consistently the results of integration in the
cumbersome Eqs. (A15)—(A25). The integrand in Eq. (A16)
for terms ~60)(q + k)% (k — q) results in

2(27)°6%) (2k )z,
B P+p
where E(t) = (27)7> [&° p>S(p, t)dp is the magnetic en-
ergy density in the volume V, since, using Eq. (A5), one gets
that Eg(r) = (2V)7! [, &*x(B?) = [¢° dk&g(k, 1). The in-
tegration of Egs. (A17)—~(A19) using §3)(p)s®) (2k — p)
and 6% (q + k — p)8® (k + p — q) leads to the result

Eg (1) (k. 1), (A26)

_ (27)°8%) (2k)7, H (1)
3P+ ) o, Hg(k, 1), (A27)
where in standard MHD, Hy(1) = —(21,,/V) [, @x((J

B)) = —27,, & dkk*Hy(k, ) is the temporal derivative of
the magnetic helicity density. Note that Eqs. (A26) and (A27)
result from the sum of the terms within the parentheses (...)
which is proportional to the tensor ¢, in Eqgs. (A15)—-(A25),
while from the next sum within the parentheses (...) which is
proportional to the tensor ¢,,,, one obtains in Egs. (A20) and
(A21) for the terms ~5°) (q + k)6 (k — q)

2(27)°6%) (2k )7,
3(P+p)

as well as in Egs. (A22) and (A23) for the terms
~6%(q+k -p)s¥(k +p—q))

Eg(1)Eg (k. 1), (A28)

(27)°5%) (2k)74 Hg (1)
Hy(k, 1). A29
Finally, in Egs. (A24) and (A25), for the terms
~60)(p)6©) (2k — p)), one gets
(27)°6%) (2k)z, Hy(1)
Hy(k,1). A30
2Prp) 2, R0 A0

Summing the contributions in Egs. (A26) and (A28), we
obtain
4(27)°8%) (2k)z,
3(P+p)

Eg(1)€g(k, 1), (A31)

+ isiszi(tA(kv t)]

- E]s@k)s(q’ t) + igsthtA<q’ t)]

- qum)S(qv t) + igsmtfltA (C], I)]
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(A20)
(A21)
(A22)
(A23)
(A24)

(A25)

[

which, together with the magnetic diffusion parameter #,, =
(acond)_1 in Eq (A14)’ giVGS Neft = N + 4EB (t)Td/?’(P +p)’
coinciding with the result of Ref. [12], except for the
factor (P + p) in the denominator missed there; cf. Eq. (3.3)
above.

Then, summing Eqgs. (A27), (A29), and (A30),
we get the turbulence contribution to the evolution
equation as

(27)%6%) (2K )z, Hy (1)
3(P +,0) 2’7m
~ (27)%89(2Kk)r 0
= —WHB(’C’ t)/; dpszB(p’ t)

—(27)°8%) (2k)a Hg (k. 1)/2,

HB (k, t)

(A32)

where a, is defined in Eq. (3.3), and we use the MHD
relation as after Eq. (A27).

Finally, combining Egs. (Al4), (A31), and (A32),
separating the factor (27)°5)(2k) and multiplying both
sides by 2k% we reproduce Eq. (3.1) for the energy
spectrum evolution,

0 (k, 1)

T 2N (k. 1) + a k¥ Hp (k. 1),

(A33)

where the factor a, = acyg — @, includes the CME term
acme = 20emis(1)/ A0 cong> as well as in the helicity spec-
trum evolution given by Eq. (A13).

In spite of the coincidence of signs of the turbulent term
a,(t) and the analogous ag(f) in Refs. [12,19], a,(1) =
ag(t) = —t4Hy(1)/3n,,(P + p), one can see that their
contributions to the evolution equation for the energy
density spectrum Eg(k,t) are opposite when comparing
our Eq. (A33) and, e.g., Eq. (7) in Ref. [12]. Such a
difference between our results and those in Refs. [12,19]
exists only in the transport equation for Eg(k, 1), while
kinetic equations for the helicity density spectrum coincide
when us = 0; see here Eq. (A13).
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