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In this paper we provide the criteria for any generally covariant, parity preserving, and torsion-free
theory of gravity to possess a stable de Sitter (dS) or anti—de Sitter (AdS) background. By stability we mean
the absence of tachyonic or ghostlike states in the perturbative spectrum that can lead to classical
instabilities and violation of quantum unitarity. While we find that the usual suspects, the F(R) and F(G)
theories, can indeed possess consistent (A)dS backgrounds, G being the Gauss-Bonnet term, another
interesting class of theories, string-inspired infinite derivative gravitational theories, can also be consistent
around such curved vacuum solutions. Our study should not only be relevant for quantum gravity and early
universe cosmology involving ultraviolet physics, but also for modifications of gravity in the infrared sector

vying to replace dark energy.
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I. INTRODUCTION

Einstein’s general relativity (GR) is an extremely suc-
cessful theory in the infrared (IR), which matches a
plethora of predictions and observations, including various
solar system tests and cosmological predictions [1].
However, as it stands it has shortcomings in the ultraviolet
(UV); it is incomplete classically as well as quantum
mechanically; general relativity admits black hole and
cosmological singularities, while the quantum loops render
the theory nonrenormalizable beyond one loop [2]. In the
case of a black hole, at least the singularity is covered by a
horizon, but the cosmological singularity is “naked” where
the energy density of the Universe and all the curvatures
blow up for physical time, ¢t — 0 [3]. At the quantum level
there have been many attempts to formulate a finite theory of
gravity [4-6] such as string theory (ST) [7], loop quantum
gravity (LQG) [8], causal set [9], dynamical triangulation
[10], and asymptotic safety [11] with varying degrees of
success. Intriguingly, most of these approaches to gravity
have lead to nonlocal phenomena.

For instance in ST, strings and branes are nonlocal objects
with interactions spread over a region of space-time.
Nonlocal structures also appear in noncommutative geom-
etry and string field theory (SFT) [12], p-adic strings [13],
zeta strings [14], and strings quantized on a random lattice
[15,16]; for a review, see [17]. LQG and causal set
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approaches are primarily based on nonlocal Wilsonian
operators, while nonlocality in the form of an infinite set
of derivatives has been discussed in the context of renorm-
alization group arguments within the context of asymptotic
safety [18]. It turns out that this appearance of an infinite
series of higher derivative terms incorporating the non-
locality, often in the form of an exponential kinetic correc-
tion, is also a key feature of many of the stringy constructions
[19-21]. Thus, one of the main focuses of our paper is to
continue to investigate the consistency and viability of these
infinite-derivative models and their implications for funda-
mental physics.

One of the typical challenges of higher derivative theories
is that they suffer from Ostrogradsky instabilities at a
classical level; see [22]. They also appear while canonically
quantizing the theory; see [23]. The Ostrogradsky argument
relies on having a highest “momentum” associated with the
“highest derivative” in the theory in which the energy is seen
to be linear, as opposed to quadratic. This makes the energy
of the system unbounded from below and signals the
presence of instability in the spectrum of the theory, which
leads to lack of unitarity, predictability, and stability of the
vacuum.

In gravity, a classic example of a higher derivative
theory that has ghosts is Stelle’s fourth derivative theory
of gravity [24] (see also [25]), which is renormalizable, but
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unfortunately contains a massive spin-two ghost. In the path-
integral approach, the presence of ghosts can be identified
from the extra poles/roots that arise in the propagator with
wrong sign residues. As the Ostrogradski argument sug-
gests, the issue of ghosts is hard to tame order by order; one is
invariably left with a highest momentum operator. In the
language of the propagator, a finite fourth or higher order
polynomial in momentum causes trouble for the stability of
the action as in such a case it is easy to prove that the residue
at one or more of the poles will inevitably have the wrong
sign. In order to make sure that there exist no extra poles in
the propagator, one is required to modify the propagator by
an entire fum;z‘ion,1 which contains no poles in the finite
domain, and essential singularities only at the boundary, i.e.
+o0 [19-21]. However, such a modification of a propagator
also demands that the theory must contain infinite deriva-
tives. Since in this case there is no highest momentum
associated with the highest derivative, the Ostrogradsky
problem can be avoided and one is forced to work with the
path-integral formulation. Perhaps not surprisingly, the
stringy higher derivative modifications that we alluded to
before are precisely of this form. While our paper mainly
focuses on viability of such infinite-derivative modifications
in the context of gravity, our discussions and results are
equally valid for most covariant higher derivative theories of
gravity, including those that may be relevant for inflation; for
a review see [26], or the dark energy problem [27].

In [28,29], consistency of gravitational theories that could
contain any combination of the Reimann tensor around the
Minkowski space-time in four space-time dimensions was
investigated and concrete criteria were established to ensure
the absence of any ghosts and tachyons in the perturbative
spectrum. The analysis generalized similar criteria that were
earlier found in [21] (see also [30,31] for robustness and
perturbative stability of these models) for theories that only
contained terms involving the scalar curvature. In particular,
the obtained criteria reiterated the consistency of the widely
popular F(R) and F(G) models where R and G are the
Ricci scalar and Gauss-Bonnet scalars (see also [32]). It
also corroborated the consistency of the class of infinite-
derivative gravitational (IDG) theories involving the Ricci
scalar considered in [21] while demonstrating that these
theories can also be viewed as an infinite-derivative p-adic/
SFT-type scalar field nonminimally coupled to general
relativity; please see [33] for a more detailed account.
Most interestingly however, the authors Biswas, Gerwick,
Koivisto and Mazumdar (BGKM) also found a class of
consistent IDG theories comprising terms at most quadratic
in the Riemann tensor (not just the Ricci scalar) that

'Often it is more convenient to impose restriction on the
inverse momentum operator rather than the propagator. Since we
do not want the propagators to have extra poles, this means the
inverse propagator cannot have extra 0’s. This can be ensured if
the inverse propagator is the exponential of an entire function
which can never vanish in the finite complex plane.
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contained no extra poles in the propagator other than the
one corresponding to the massless graviton and no extra
scalar degree of freedom. We should mention that the idea of
evading ghosts by means of infinitely many derivatives was
introduced in the second paper of [34], and later taken up in
[21,28,35].

In the new class of theories introduced in [28,29], the
only modification was in the form of a multiplicative entire
function to the graviton propagator. In particular, in the UV
the propagator could now become more convergent than
the usual inverse square dependence of the momentum.
Thus these theories can be thought of as ghost-free infinite-
derivative extensions of Stelle’s fourth derivative theory of
gravity. In fact, it was shown in [36] that although softening
of the propagator by an exponential inevitably implies an
exponential enhancement in the interactions in the UV, the
superficial degree of divergence, D, which comes from a
combination of vertex operators and propagators, reads an
encouraging D = 1 — L, where L is the number of loops.
One can therefore hope that for L > 1, the theory becomes
super-renormalizable; similar results also hold for other
forms of entire functions which are not exponentially
suppressed [34,35]. The idea was tested and verified in a
scalar-toy model of gravity up to two loops explicitly for an
exponential propagator [36]. For the same setup, high
energy scatterings of gravitons were also analyzed, and
it was found that vertices can overcome the propagator
contributions at finite loop levels to make the scattering
diagrams finite for given external momenta [37).2

While the quantum nature of IDG theories is encourag-
ing, perhaps the most striking feature of IDG theories is
their classical behavior at the UV; the same propagator
which softens quantum aspects of higher loops also seems
to be able to avoid classical singularity for a point source—
as long as the mass of the source m <y/m?/M3, where M, is
the four-dimensional Planck mass and M is the scale of
nonlocality [28]. The classical avoidance of singularity was
tested vigorously in the linearized limit for both static [40],
and time dependent cases [41]. The avoidance of cosmo-
logical singularity has, in fact, been tested beyond linear
level. First, an ansatz was recognized that resolved the
cosmological big bang singularity problem by replacing it
with a big bounce that conjoins the expanding Universe
with a previous contraction [21]; see also [42,43].
Secondly, these background solutions were perturbed on
sub- [44] and super-Hubble scales [30] to seek any unstable
mode, but no instability has been observed yet; see also
[45-47] for general features of perturbative evolutions that
can also be applied to these bouncing scenarios and that
further corroborate these findings. Finally, the avoidance of
cosmological singularity has been tested at a nonlinear

“Infinite derivatives with Gaussian kinetic term also have many
applications in field theory [38], and particle physics model
building [39].
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level by understanding the geodesics of null rays to see
whether they diverge or converge to test the focusing
theorem of Penrose and Hawking [48]. It was observed that
IDG theories indeed give rise to defocusing of null rays
without violating any of the energy conditions required
upon matter [49]; for more details on the computations,
see [50].

Last but not the least, an intriguing connection has been
established between the gravitational entropy and the
propagating degrees of freedom in the space-time. The
gravitational entropy for ghost-free IDG does not get a
contribution from the UV, but only from the Einstein-
Hilbert action and follows strictly the area law for entropy
for a static spherically symmetric black hole [51].

Given all the encouraging results that have emerged in
the IDG theories, it stands to reason that we investigate the
viability of these theories further. An obvious choice is to
look at the consistency of other backgrounds that these
theories may admit; after all a theory of quantum gravity
should enable us to compute quantum amplitudes around
any classical background, not just the Minkowski vacuum.
The situation is similar to particle theories; while calcu-
lations around Minkowski space-time are the most impor-
tant, field theories can be consistently expanded around
solitonic backgrounds and provide sensible answers. Due
to their simplicity as well as importance in cosmology and
fundamental physics, looking at perturbations around de
Sitter (dS) and anti—de Sitter (AdS) space-times seems the
natural choice to make progress in this direction. On one
hand, our hope is that the requirement of consistency
around these curved backgrounds provides us with addi-
tional constraints on IDG theories shedding light on what a
fundamental theory of gravity may look like. On the other
hand, it is known that for several applications of gravity,
ranging from testing gravity in our Solar System to
understanding cosmological phenomena, often one only
needs to understand the dynamics of the relevant space-
time background and linearized perturbations around it. We
hope that our results for the dS background not only aid
inflationary or dark energy related cosmological model
building efforts,” but also that the techniques we have
developed to study curved backgrounds pave the way to
investigate more nontrivial backgrounds, such as the

The dS space-time that our Universe seems to be heading
towards “presently”” has a very small cosmological constant, and
thus the Minkowski space-time analysis suffices if the scale of
gravitational modification is close to Planckian. However, our
results are completely general and should be useful for under-
standing classical stability of modifications of gravity at much
smaller scales that people have been pursuing in the context of the
cosmic speed-up problem, and can be thought of as a generali-
zation of the constraints obtained in [52,53] for a more limited
class of gravitational actions. More pertinently however, there has
been a lot of recent interest in inflationary cosmology from
gravitational modifications. The inflationary scale can certainly
be high enough to be relevant for our study.
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Friedmann-Lemaitre-Robertson-Walker (FLRW)
times, and their perturbations.

We begin by writing down the general form of an action
that consists of terms that are at most quadric in curvatures.
In the companion book chapter [31] it was shown that given
any arbitrary covariant action of gravity that is parity
preserving, torsion free and admits a well-defined
Minkowski limit, one can always find such a “quadratic
curvature” action that is “equivalent” as far as the physics
of the linearized fluctuations around dS/AdS/Minkowski
are concerned. For details on how to obtain the equivalent
quadratic action for any higher derivative action potentially
containing arbitrary high powers of curvatures, we again
refer the readers to [31]. In this paper, our main goal is to
obtain consistency conditions for the quadratic curvature
action. We first vary the quadratic curvature action of
gravity around dS and AdS keeping up to second order
terms in fluctuations of the metric.* We decompose the ten
metric components in four space-time dimensions into the
transverse and traceless spin-two graviton field containing
five degrees of freedom, the three transverse vector degrees
of freedom, and two scalar degrees of freedom. There are,
of course, four gauge degrees of freedom, three of which
reduce the spin-two field to the two helicity states of the
graviton, while the remaining gauge freedom is used to
cancel the longitudinal vector mode reducing the vector
degrees of freedom to the two helicity states as well. This
decomposition explicitly demonstrates that just as in GR,
the vector and one of the scalars vanish from the action
even for the higher derivative action. This can also be seen
from the Bianchi identities that the field equations must
satisfy. To summarize, we are left with just the spin-two
graviton and one scalar physical degree of freedom; indeed
the latter is the familiar Brans-Dicke scalar that popularly
arises in F(R) theories. The final aim of this paper is to
write down explicitly the action for the graviton and the
scalar mode in order to determine when these fields can
propagate without encountering ghostlike or tachyonic
instabilities.

Our paper is organized as follows: In Sec. II, we expand
the quadratic curvature action around (A)dS background
keeping terms that are quadratic in metric fluctuations. In
Sec. III, we decompose the action into two parts corre-
sponding to the physically surviving scalar and tensor
modes of the metric. We then proceed to obtain the
consistency conditions for the theory to be free from
ghostlike and tachyonic instabilities around (A)dS back-
grounds in Sec. I'V. Apart from the usual local theories that
are known to be consistent, we see how consistent nonlocal
IDG theories can also emerge. In particular, we provide
examples of IDG theories that provide consistent theories

space-

“Previous studies have concentrated on finding the graviton
propagator around dS and AdS backgrounds in the context of
Einstein-Hilbert action; see [54-59]. Here we generalize to IDG.
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in the presence of an arbitrary cosmological constant, thus
generalizing previous constructions of viable theories
around Minkowski background. We have three appendixes:
In Appendix A we discuss various notations and identities,
in Appendix B we enumerate the commutation relations
involving covariant derivatives that we need in our com-
putations, and in Appendix C we provide the details of the
cancellation of the vector and scalar modes in covariant
gravitational actions.

II. LINEARIZED NONLOCAL GRAVITY ON DS
AND ADS BACKGROUNDS

A. Equivalent action around constant
curvature backgrounds

One can start from the most general covariant, torsion-
free, parity preserving quadratic action of gravity with a
well-defined Minkowski limit and obtain a simpler equiv-
alent action that reproduces the same quadratic action for
fluctuations around a constant curvature background, such
as dS, AdS and Minkowski. We consider actions expand-
able in Taylor series in curvatures and derivatives such that
terms like 1/R or 1/(CJR) are not present. In future, one
may be able to relax some of these conditions, but with
these restrictions, one can easily see that the most general
action can be written in the form’

S = / d4x\/:‘g'[790 + ZP,H(@HQ”)}

where P’s and Q’s are quantities composed only of the

Riemann and the metric tensor and s are differential
operators solely constructed from covariant derivatives.

It is clear that the theory admits dS, AdS and/or
Minkowski vacuum solutions depending on its algebraic
properties. These backgrounds are of natural interest to
cosmology, and AdS/CFT correspondence (for a review
see, for instance, [60]) among other topics in high energy
physics. The AdS and dS backgrounds are maximally
symmetric space-times (MSS), where we have

(2.1)

_ R
R = R = const, R, = Z_’“”
RZUU = (65;9/11/ 559;!(7) (22)
Hereafter “~” designates the background quantity, and

R=0 in the above formulas yields the Minkowski
space—time.6 In [31], it was demonstrated that in order to
study the perturbative properties of the action Eq. (2.1)
around dS, AdS or Minkowski backgrounds, it is sufficient
to look at a simpler equivalent action that just contains

We are using (—, +, +, +) signature of the metric.
®The greek 1ndlces run as u, v =0, 1, 2, 3.
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terms that are quadratic in curvature, but potentially an
infinite set of covariant derivatives. We introduce the metric
fluctuations as

G = g/w + huw (23)

where g,, is the background dS/AdS/Minkowski metric.
The corresponding equivalent action reproducing the
O(h?) variation of Eq. (2.1) around a MSS is

A

/d“x\/_[ —PR-A+Z (Rj’-"l(D)

+ S;wa(D)S”D + CﬂMO'FS(D)CﬂMO—) ’ (24)

where § and W are the traceless-Ricci (TR) and Weyl
tensors respectively defined by

S0 = R = R 23)
and
1
Chup = RZD/; > > (00Rap — 3R + Rigap — RyGar)
3 ((Slljgaﬂ ~ 83 Geu)- (2.6)

For future convenience, we also write this action as

S:SEH+A+SR2+SS2+SC2' (27)

The F’s are assumed to be expandable as a Taylor series,
Fi=Y ci,00" /M.
n=0

The dimensionless coupling 4 is introduced to control the
higher derivative terms. For 4 — 0, we recover the Einstein-
Hilbert action, while as M — oo, we recover purely a local
action, quadratic in curvature. The reduction to this latter
action is described in detail in [31].
One can show that the equations of motion upon
substitution of values from Eq. (2.2) imply
M3R = 4A, (2.8)
which is identical to what one obtains from just the Sgy, 5
action. We also note that the Gauss-Bonnet scalar

1
—-R*-2852, + C?

G=R>-4R}, +RM,, g 2

(2.9)
being a topological invariant in four dimensions, allows us
to set one of the coefficients among ¢y ¢, ¢; 0, ¢35 t0 0, if we
wanted to. Unfortunately, no such simplification is possible
for higher derivative terms.

043533-4



CONSISTENT HIGHER DERIVATIVE GRAVITATIONAL ...

We proceed by obtaining the O(h?) part of the action
(2.7) which is all that we need to study perturbative
consistency of theories (2.1). Unfortunately, the calcula-
tions are rather technical, so we have summarized the main
results in our concluding section, in case the reader wants to
skip these details. Also, in our derivations, we very much
rely on the formulas collected in the appendixes, and
wherever appropriate direct the reader to the relevant
sections in them.

B. Quadratic action

1. The Einstein-Hilbert term and A

Let us start with the pure Einstein-Hilbert action with a
cosmological term

M2
e / d*x\/=g {TPR — A]. (2.10)

ol

n @R ; r) S(F (O)R + Re?

PSpe =

where we have already integrated by parts some terms. By
inspection the terms in the first line can be rewritten as

%/ d4X\/—_g[2C1,0R50 + rfl (D)r]

Now, turning to the second line of Eq. (2.13), we first notice
that the first two terms are actually 0. This is because R is a
constant and a scalar, and therefore annihilated by [ =
V#9, as well as by 6L [see Eq. (A5)]. For the last term, the
variation of 5 (CJ) must appear in the (] appearing at the
extreme left; otherwise, the term becomes a total derivative.
In other words, the last two terms in the second line of
Eq. (2.13) can be combined as

2261,, /d“x\/_{ 0+ 8(C )}E"‘lr,

using the Taylor series representation for function 7 (J).
Now, reciting explicitly Eq. (AS),

5<|:|)§0 = (_hﬂvvuay - gﬂyyﬁl/ap)wa
which is valid for any scalar field, ¢, and integrating by
parts one can explicitly show that under the integral, 5(0J)¢

is equivalent to —1(Ch)e, and therefore the two terms
actually cancel. In other words, we have just proved

(F1(E)R +

PHYSICAL REVIEW D 95, 043533 (2017)

Its quadratic variation is obviously very well known, see for
instance [52,53,61], but for the sake of completeness we
include it here. Using Eq. (A6) from Appendix A 3, and
assuming the background configuration Eq. (2.2), together
with the relation Eq. (2.8), we obtain the following
quadratic variation for action Eq. (2.10):

52SEH+A:/dx4V P50, (211)

oo = (4 hWDh”” ——hDh + = hV V h#? + V hN h”)

—R(h* + 2hyhy).

-5 (2.12)

2. The quadratic terms involving Ricci scalar

Again, utilizing Eq. (A3) from Appendix A3 for
notations and actual computations, and using heavily that
R = const, we obtain

>R +&(R )>c1,01‘e +rF(O)r

R(F(O) = cy0)r + RS(F,(O))r (2.13)

NSRRI

8% Sp = % / d*x\/=g2ci oRSy + rF (O)r].  (2.14)

3. Terms involving the TR and Weyl tensors and the
complete quadratic action

Variations of the terms containing the Weyl or TR
ternsors are extremely simple as both these tensors are 0
on constant curvature background, see Eq. (2.2), and they
enter the action quadratically. This means that the only
terms which survive are

25 = / dxy/58(S) Fo(D)5(S,)  and

&S = / d*x/=58(C"5) F5(D)8(C?).  (2.15)
Respective variations can be easily written in terms of r, 7},
"5, these quantities being defined and computed in
Egs. (A3) and (A4); however one has to perform some
algebraic manipulations to account properly for all the
contractions of the Kronecker symbols. A simplifying point
is that r, 15, '}, terms do not mix, thanks to the symmetry
properties of the Riemann tensor. We leave the explicit
algebraic manipulations to the reader, and here just present
the final result for the action containing quadratic
fluctuations.

Summing all the individual contributions, Eqs. (2.12),
(2.14), and (2.15), we get

043533-5
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1 )
/dx4\/ |:(—+/1C1 0R>50+ (rfl(lj>

A+ r’:;ﬁ@)rzﬁ)}

:S0+S1+S2+S3, (216)
where we have introduced the following functions:
- - 1 - 1 =
F1(0) :j:l(D)—Zfz(D)‘f'g}-a(D)’ (2.17)
Fr(O) = Fo(O) - 2F5(0), (2.18)
F3(3) = F5(0). (2.19)

III. QUADRATIC ACTION FOR THE GRAVITON
AND THE BRANS-DICKE SCALAR

A. Decoupling tensor, vector, and scalar modes

Even though technically we have derived the second
order action, to understand the dynamical properties we
need to identify the physical excitations, or the correct
propagating degrees of freedom. Now, any second rank
tensor can be decomposed as, see for instance [56],

_ _ 1
Py = hiy +V, Ay +V, Ap + <VV guyD>B+1§uuh7

(3.1)

where the factor 4 comes from dimensionality. In four
dimensions, the metric tensor contains ten degrees of
freedom: /1, the transverse and traceless massless spin-
two graviton,

ViR, = g R, = 0, (3.2)
represents five degrees of freedom, A,f the transverse vector
field,

VFAL =0, (3.3)

accounts for three degrees of freedom, and the two scalars,
B and h, make up the remaining two degrees of freedom.
A priori, these fields represent six physical fields, since
three gauge degrees reduce the spin-two field to the two
spin-two helicity states of a graviton, and one gauge
freedom can be used to reduce the vector field to its two
transversal spin-one helicity states as well. The aim of this
section is to write down explicitly the action in terms of the
tensor, vector and scalar components in order to analyze
their respective properties. To achieve this we use a variety
of identities collected in the appendix in order to commute
various derivative operators.

To begin with, we claim that once we directly substitute
Eq. (3.1) in Eq. (2.16) all terms involving the vector field,

A”, vanish, and so do all the terms involving the V#vDB
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piece. In other words, the quadratic action only contains

hlﬁ,, and a single scalar field combination
¢=0B—h. (3.4)
So, effectively Eq. (3.1) is reduced to
o = I = 30 (3.5)

This result is identical to what happens in Einstein’s
gravity, but the algebraic computations needed to verify
it for our general case are quite tedious, so we have briefly
outlined it in Appendixes C 1 and C 2.

Next, we note that group representation theory dictates
that at the linearized level, the tensor, vector and scalar
degrees should decouple from one another. Although it is a
well-known fact for pure GR, it may be not so transparent
in a more general setting. The suspicion comes from the
presence of higher rank tensorial structures in the action. To
understand this more deeply, let us look at the GR terms in
Eq. (2.12) first, as a warm-up exercise. Note that the tensor
modes can in principle enter only in the very first and very
last terms in &y. At any other place, they cancel due to the
transverse and traceless properties of h,},, [see Eq. (3.2)].
Thus if a mixing were to occur it can only be in the first or
the last term in &,. The relevant expression reads

O0.mix = =05 ¢ + —hl"é’“db 0, (3.6

8 i
as hj, is traceless and (] commutes with the metric tensor.

The higher derivative terms are less trivial. Essentially
we need to analyze expressions for ;. Regarding the
tensor modes, the structure of indices in the expression for
r’}, and the transverse, traceless properties of h/fy suggest
that one gains the expression for r7,(h;,) by just replacing
h,, — h;,,. This trivial procedure yields

R
rhp(h) = o7 (8h*5 — 8phtg — SghHy + 85ht))
l & ¢ "/ \/o "/ U c
+3 (V,VFhts =V, Vohtl -V Virte
+V,Vontl). (3.7)

The reason why nothing more can be simplified at this
stage is because hl s are being acted by covariant
derivatives with mdlces different from those in hy;.
Therefore, no symmetry property can be utilized yet.

The scalar part of r%,(¢) allows some tinkering. The
simplification comes from the fact that no more than two
derivatives appear and they act on a scalar. In this case these
derivatives commute, and we should not worry about their
order. The direct substitution gives

043533-6
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" R : 1
rip(d) = 13 (876 — 560)p — 3
-V, V#s7 +V,V°8)) .

(V, 9487 — 9,976
(3.8)

For future convenience, we rewrite the latter expression as
follows,

. U e i
1ly(p) = (Dyh+ Dlog — DLog — Dyt
30+ R
s (698, — 5555)45, (3.9)
where

D=V - Dh=0

i.e. itis a traceless operator, which is extremely useful when
evaluating the action later.

So, the question is whether any term survives in the
following combination:

/dx4,/—g[r(,#”/’(qﬁ)]:(ﬂ)r"lfﬁ,(h;j)]. (3.10)
Schematically, four structures may arise,
SOFSht,
PAVAVAV O

5:5. FV. ht:,
SNV FV.V it

Dots denote some indices, and each term is a scalar, i.e.,
indices are fully contracted. Then, we see that the first term
goes away as finally you have to contract the indices of h/fy
with a 6. In the second term, in order to avoid the
appearance of the trace of hﬂl,,, after the 6 contractions
we must be left with v”v”hjy, but this is 0 as /g, is
transverse. Similarly, after the delta contractions the third
term looks like V¥V*F (E)hjy. In Appendix B we have

proved that [] acting on the transverse and traceless
symmetric second rank tensor gives again a transverse
and traceless symmetric second rank tensor, and therefore
F( E)hﬁ must be transverse and traceless ensuring that the
third term also vanishes.

The fourth term generates four possibilities upon con-
traction with the §-symbol,

VAV EV, V0,
VvV FORY,,,

VFVYFV, NV 0,
VHVYEV, Vb
It is easy to see that the first three terms vanish due to

arguments similar to what we presented above. The last
term is not that obvious, however, but one finds that

UV =S

which reduces it to the form of the third term.
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To summarize, we have shown that in the quadratic
action Eq. (2.16), only terms involving the transverse and
traceless graviton field, hlw, and a particular scalar field
combination, ¢, survive. Further we have argued that the
scalar and the tensor mode must decouple, and therefore it
is sufficient to calculate the actions for scalar and tensor
fields separately.

B. Scalar modes

Let us start with the scalar mode. Contracting Eq. (3.9)
with the Kronecker delta over the first and third indices, we
immediately get

30+R

1 -
rﬂl/(¢> = ZDﬂl/¢ + gﬂl/ (T)d)’ (311)

and then

30+R
r(¢p) = < ) > (3.12)
Also, quite a short computation is needed to get
1 -
So(p) = —§¢(3D + R)¢. (3.13)

We are now ready to look at the different terms in
Eq. (2.16). The pure GR part and the r-part require no
simplifications, and one simply obtains

2

1 (M _
S0+S1£/dx4\/—§¢|:—3—2(TP—F/ICLOR)

A

= 3.14
+a5 (3.14)

Fi(OEO+ R)} B0+ R)¢.

Next, let us look at the term, s,, involving r,. By
inspection, it is clear that there are three possible terms,
terms containing two DHv’g. one D', and no D**. The last
one again does not require any simplification except for a
trivial trace of the metric and the second term actually
vanishes as 1_)”,, is traceless. Thus we are really left to
evaluate terms such as

/ dx*y/=g[¢D,, F (D) D). (3.15)
As it will become progressively clear, in order to under-
stand the dynamic properties of the fields, we need to
express the kinetic operators as functions of the L] operator.
To achieve this we have to commute covariant derivatives,
which are on the left all the way to the right across an
infinite tower of d’ Alembertians in the function F. We can
do this by utilizing the recursion property Eq. (B23) derived
in Appendix B, which is appropriate since Z_)W is traceless.
Accordingly, we observe
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vV, 0D = (E + f—zk)"vybﬂvqs = <D + 152 R) ’ (EW v %) b. (3.16)

Next, we utilize Eq. (B6) along with Eq. (B23) to obtain

vﬂ<a+%k>”<aw_w§>¢: <B+§R>nvﬂ<iﬁﬂ—?ﬂg>¢: (m+§R> (354”)54,. (3.17)

Note that the number 2/3 arises as 5/12 + 1/4. Returning to Eq. (3.15), we can now write down the cumulative expression

/ dx*\/=g(¢D,, F(O)D*¢] = / dx*\/=g {(ﬁ}"(D—f— ><3D 4+ R> Gqﬁ} (3.18)

Finally, adding all the terms, we have

szﬂ%/ dx* /=g [(35 + R)F,(0) + OF, (Ij +§R>} <3G4+ R) b (3.19)

|
Finally, for the 53 part involving r%,’s, we must carefully  Terms with D, produce the following expression:
count all the nonvanishing products and respective coef-
ficients. We start by noticing that cross products of terms

with and without D,, again vanish as the trace of D - = p
& W p(Dosl + Dhsy — Doy — Dest) F(01) < (D) + Dho,
(which is 0) arises inevitably. Then the simplest contribu- 8 P05 + JF5(H ) 8 ( *
tion is the one free of D,,, and it reads = =5 = =\ g
g - /45/; - Dz"sﬂ)d’ = §¢Daf3(D)Dv¢- (3'21)

304+ R 30+R
o ()70 () otovar - ooty o - ot

This is a term of a type such as in Eq. (3.18), with the

O
<3D + > (3D + R) b. (3.20) function 7 inside, and with the coefficient 1/8. Summing
up the contributions, we get

s3ﬂ3’1—2/ 4\/_¢[<3D+R>f3( )+%EE<E+§R>](3E+R)¢. (3.22)

Putting all the four terms s, 3 together we now have the complete action for the scalar mode,

2

+% (ﬁz (m +§iz)m + 700+ R) + (7 (0 30) + 2O (L. 62

Notice that even though the functions F carry hats, the stand-alone ¢ term does not have a hat and this is the value
corresponding to the function . This latter action can actually be condensed slightly by reintroducing the functions F’s
without hats,

S0 =135 dx4\/_¢(3D+R){ <M7%)+/1€170R> +%{2.7—"1(&)(35—1-1_?)+%.7:2<G+§I_?)E}}(;5. (3.24)

We note here that absence of the F3 function in the last formula was to be expected. Indeed, if we restrict 4, to the
¢ part, the complete metric takes the form g,, = (1 —%(j))gﬂy. This is clearly a conformal scaling of the metric.
The Weyl tensor of rank (1,3) is invariant under such a scaling and as a consequence a fully contracted square of the
Weyl tensor is invariant as well. This implies that no contribution could arise from the Weyl tensor piece in the
action; see Eq. (2.4).
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C. Tensor modes

Let us now turn our attention to the tensorial terms.
Contracting Eq. (3.7) with the Kronecker delta over the first
and third indices and commuting the covariant derivatives,

we get
1 R

rﬂy(h,}ﬂ) ~3 (D — E) hlﬁ,, (3.25)

and consequently,
r(hﬁ,,) =0 (3.26)
We also have the well-known result
1 L (= R 1
50(hbﬂ) - Zhbﬂ |:| —g ]’l IJ”, (327)

as this is the only term that appears in pure GR.

We now have all the pieces to compute the action. The
most challenging part was how to compute the term
containing ;. The trick which eventually allowed us to
accomplish the task was to roll back to §C*,. To reduce the
clutter we denote it as ¢* ,,(; It can be obtalned as a linear
combination of r,;, r, and r. It enjoys all the symmetry
(i.e. nondifferential) properties of the Weyl tensor.
Presently, we are interested in tensor modes only. This
means that we have r = 0. Although, generically a varia-
tion of a traceless tensor does not have to be traceless, in

|

/ At/ —GhEV. V. F (D)™ = / dx“\/_{hLV ]—"<D + >v ¢ }

PHYSICAL REVIEW D 95, 043533 (2017)

our case the background is a conformally flat space-time.
For such space-times the Weyl tensor is 0. As a conse-
quence ¢’y is totally traceless similar to the Weyl tensor.

To see why the setup discussed here is so important, let
us write down a generic term originating from the part of
the action Eq. (2.16) with the function F 3. It is of the form

/ dx*\/=glh= 0y F (D) ORh*™]. (3.28)
Here O; » can be either a metric (delta symbol) or two
covariant derivatives. Of course, the result is a scalar; all
indices must be contracted. Notice, however, that indices are
always contracted across the function F, i.e. they are never
contracted for tensor modes on one side of the F-factor
(because this generates either a trace or transverse combi-
nation for A, and both are 0). The most tedious possibility is

[ EAVAVAV VAV SRS

where indices can come in a large number of variations.
The biggest difficulty is to find a way of moving
derivatives from the left of F to the right of it. After rigorous
computations, we realized that we needed to utilize recur-
sion relations analogous to Eq. (3.16), which can only be
obtained if tensors on the right have special symmetric
properties. ¢/;, became an appropriate choice, and indeed
we obtained the following recursion relation [see (B36)]:

(3.29)

Here only two derivatives and not a metric can be on the left side of F, as everything else in this expression is totally

traceless.
So, we first rewrite the action Eq. (2.16) as

2 ) _ ~ _ ~ _
/dx“\/ [(—4‘/101013)50 +3 (rj’-"l(El)r+ rFr(O)ry + C”auﬂ]:B(D)Cuabﬂ)} =50+ 5 +5,+5;. (3.30)

where the identification is obvious and the following shorthand notations are introduced:

Fi(0) = £(0) -3 720,

F>(0)

=F0).  F(O) =F50). (3.31)

The tensorial part from §3 can now be computed as follows:

- A _
sJ‘—» dx*\/=G[cm, 5 (hs) F5 (D))

S LGl A AT R AT R AT

/1 TN =
:E/dx“\/—g[ZhL%V vyf3(D) ﬂ{l(hl )]

Cua ()],

uayﬂ(h;ﬁ) ’

-2 [y (4 F) o]
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Passing from the first to second line all other terms in the first
cﬂa”/’ are dropped as they have at least one §-symbol. The
second transformation is solely due to the symmetry proper-
ties of the tensor c*/ ua- Next we compute the rank-3 tensor

V,c? ua» and the result of quite a lengthy computation is

V, (k) = ! (D ——> (Voh'h =V, hh).  (3.32)

s3—> dx*\/=g { hﬂ‘vaﬂ (E
A1 -
/dx4 gi —hLZf3 <D +

_1 1 -
:/dx“\/—gi EhLZ.Fé <D+

A1 -
/dx4 gi EhL%f3<D+

-1

PHYSICAL REVIEW D 95, 043533 (2017)

One can check that the latter tensor satisfies all the
properties required for the use of recursion relation
Eq. (B32) apart from manifest symmetry with respect
to permutation of the first two indices. This however is
not necessary, as those indices are anyway contracted
with a symmetric tensor h/fv on the left. Moving forward
we get

a(ﬂ -§> (V it =V h“’)}

E—g)( Ot — vev hLﬂ)}

(3.33)

Since r vanishes for the tensorial part we do not get any contribution from the s; part of the action,

while the contribution from the 5, part can be easily written down as r

4 contains no covariant derivatives

and therefore no commutations need to be performed. Accordingly, we have the final action for the tensor

modes,

1 _ R\ (M3
S, :Z/dx“\/—_ghyl,,(D—g) {T+/1010R+

Please note that our final result contains functions F
without tildes.

IV. PHYSICAL EXCITATIONS AND
CONSISTENCY CONDITIONS

A. Canonical action

We are finally ready to discuss the physics of the
fluctuations, the main goal of our study. At O(h?) the
gravitational action has been neatly decomposed into a
scalar and tensor part,

Sq :So+52, (41)
with
1 T = R
S, =~ / dx*/=gh" (D ——>
2 6
2 _ A - R -
X {1 +M_§/1C1’OR +_%) |:<|:| _g>f2<|:|)
- R - R
+2<D—§>}‘3 <D +§>] hlw, (4.2)

and

’ {fz(ij) <E - §> +27F; (E + g) (D - g)] }hw. (3.34)

where we have introduced canonical fields

~ 1 ~ /3
h* w _EM hlj, ¢ = 3—2Mp¢. (4.4)

In the Minkowski limit this yields the following spin-two
and spin-0 propagators:

i
H2 b

(4.5)
p*{1 ——[ 2(=p?) +2F3(-p)]}

-
HO 9

(4.6)
2{1+ [6F1( 2) + 3 Fa(=pH)]}

where we have also chosen 1 =2 to compare with the
results obtained in [28], and henceforth we proceed with
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this identification. This agrees precisely7 with the results in
[62], once one realizes that the Ricci and Riemann tensors
were used to define F’s instead of the TR tensor and Weyl
tensor that we use here. The translation is rather simple; the
F 1 and F » defined in Eq. (2.18) are nothing but the F; and
F, in [62], while the F5 is unchanged.

One more useful check comes from comparing our
results with the Gauss-Bonnet term, provided the curvature
squared modification comes with the form factors which
must vanish, since the Gauss-Bonnet term is a topological
invariant. This explicitly corresponds to fixing

1
~7:1:C1.0:6f07 Fr=cro==2f0, Fz=c30=fo.

One can check that expressions in curly brackets in both S,
and S, reduce to 1, and one restores the pure GR results.

B. Ghost-free condition

The condition for absence of ghosts in our theory is
equivalent to the following:
(1) absence of new 0’s in the spin-two quadratic form as
compared to the pure GR limit, and
(2) presence of at most one more 0, say at [] = m? with
m? > 0, in the spin-0 quadratic form as compared to
the pure GR limit. An additional 0O, if present,
corresponds to the Brans-Dicke scalar mode usual
in pure F(R) gravity modifications.
The above conditions mean that

- 4R 2 - R -
rae =1+ R a,s 2 [(6-F)mo
M2 T 6
+2 n-% Fs E+5 , (4.7)
3 3
should not have any 0’s, and
o 4R 2 - -
SR.O)=14+—5c10——5 [2(3D + R)F (D)
M2 T
1 - = 2.
+§DF2 D+§R (4.8)

can at least have a single 0. Note that since the O of the
scalar mode at [J = 0 has a wrong sign in the residue, the
new 0, if present, is guaranteed to have the correct residue
sign, and therefore is a ghost, while the constraint m> > 0
ensures that it is not tachyonic either. Mathematically, we
could express the two functions as

()

T(R.0)) , (4.9)

"To get a precise agreement with [28], one also has to put
M, =1 and also realize that the scalar projection operator and
the canonical field used here differ by a factor half; this is just a
matter of convention.
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and

= (4.10)

I O\e -
S(R,0) = (1 ——> e,
with 7 and ¢ being entire functions, € = 0, 1 and m being
real. € = 0 corresponds to no extra scalar mode and ¢ = 1
corresponds to the Brans-Dicke scalar.

C. Illustrative examples

In this subsection we provide a few simple examples of
gravitational models which are consistent around dS or
AdS backgrounds. In particular, we focus on the cases
when only one of the three functions, ¥ ,3’s, is nonzero.
In this process, we also extend the IDG model with only
quadratic curvature terms that has been shown previously
[28] to consistently modify the graviton propagator, and
ameliorate some of the UV problems of GR without
introducing any new degrees of freedom, ghosts or other-
wise. By explicit construction, we show how by including
nonlinear (in curvature) terms in the action it is possible to
have a gravitational theory that is not only consistent
around the Minkowski background (A = 0), but also the
curved dS (A >0) or AdS (A <0) backgrounds. It
becomes evident that nonlinear terms are necessary in
order to achieve this, and corroborates the idea that
requiring the quantum theory of gravity to be consistent
around all possible backgrounds may be a powerful way to
constrain the modifications to GR.

1. F1 #0, but Fy=F;=0

In this case, we have manifestly no extra poles in the
spin-two propagator. However, we must ensure that

4R 16A
1+—C1’0:1+—C1’0>0, (411)
M;, M;,
and also guarantee that
= = 4R 4 - - -
SR.O)=14—7c10——5BO+R)F(O)
M2 TR
O\¢ -
= (1 —ﬁ> o) (4.12)

‘We note that for the constant terms to match on both sides
we must have 6(0) = 0. Then, the function F has to be of
the form

S U . (4.13)
16_/\(1 + 3AZI’D)
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A couple of comments are now in order: First, as one looks
at the last expression, it is clear that for any set of
parameters, A, ¢, m, €, and analytic function o([1), we
have a F; that gives rise to consistent fluctuations around a
specific dS or AdS background, as long as Eq. (4.11) is
satisfied, and ¢(0) = 0. However, by inspection it is also
clear that the function, F, depends on the value of A, and it
is not possible therefore for a single F; function to be
simultaneously consistent for two different A’s. In other
words, if we are starting from a model with only quadratic
curvature terms, it is impossible for the theory to be
consistent for arbitrary values of the cosmological constant.
On the other hand, one may imagine that a complete theory
of gravity should be consistent in the presence of any
arbitrary stress-energy tensor, and in particular, for any
value of the cosmological constant. The form of F, in
terms of R actually suggests a simple way out of this
problem. If we instead allow for nonlinear terms in our
original gravitational action, such as an action of the form

M2
S—/d4x\/—g|:TPR—A+Rf1(D,R)R:| with
1 e o= (1= =) "™

Fi(O,R) =
‘ E(1+3)

, (4.14)

then such an action will be consistent for any arbitrary
value of A, and in fact, around a given background (A) the
equivalent | will be precisely given by Eq. (4.13).

Secondly, let us point out that this is a theory where
essentially we have GR coupled to a scalar field theory. If ¢
identically vanishes, then ¢ = 1 reproduces Brans-Dicke
theory. For instance, if 5([J) = —[J, and ¢ = 0, then we have
a p-adic-type scalar field coupled to gravity. Such systems
have been studied in detail in the context of cosmology [63].
On the other hand, if we have ¢(J) = -, and € = 1, this
corresponds to a SFT-type tachyonic field coupled to gravity
whose cosmological implications have also been studied in
previous literature [45]. Furthermore, this also provides an
extension of Starobinsky’s original model of inflation [64] to
seek an UV completion; see [65] and detailed perturbation
analysis in [66,67].

2. .7:2;&0, but.’F1=.7:3=0

In this case we get two constraints on the same
function F,
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and the only solution is the trivial case F, = 0. In other
words, we get back to GR.

3. F3#0, but F{=F,=0, the case of only gravitons

A particularly interesting and illuminating case, which
has been previously discussed in the context of black hole
and big bang singularity, is when no scalar degrees of
freedom are present, and the presence of infinite covariant
derivatives only modify the graviton propagator without
introducing any new states. This is ensured by demanding
that S is just a constant, which, in particular, can be
achieved by setting 7| = F, = 0. We are then left with a
graviton quadratic form that reads

- = R 4 = R = R T uv
M (-O0+=)[1-—(-0+= O+= )| A"
"”( +6>[ M%( +3)f3( +3)]

(4.17)

In order to illustrate how one can obtain a graviton
propagator involving an infinite set of higher derivatives,
let us consider the simplest case where the modified
quadratic form is as follows:

ht,, (—Ij + g) e p Y (4.18)
where a is a positive constant. This provides an exponential
suppression at high momentum, which has been found to
ameliorate the black hole and big bang singularities, but
does not alter the Newtonian limit as the residue at (] =
R/6 remains unaltered. We note that the exponential
suppression must be interpreted with care as it cannot be
consistently defined in a Lorentzian signature. One must
perform quantum loop computations in Euclidean space
and then analytically continue the resulting answer to
Minkowski space-time. This idea was originally introduced
in the first paper in [12] and has found more systematic
realizations in [16,36,38,68,69]. However, one still needs to
work out all the mathematical details in order to have this
theory defined in a Lorentzian signature in a general
context.

It is easy to obtain the form of F3 function which gives
rise to an inverse propagator, such as Eq. (4.18),

F5(0) (4.19)

4| O-2%

B Mf, [e“’(m_§> - 1]
3

Again, just as our construction in Eq. (4.14), such a
nonlinear function ensures that the model remains consis-
tent in the presence of any cosmological constant; the
coefficients adjust appropriately when perturbed around
any given dS/AdS/Minkowski background so that no new
poles are introduced.

The above function does have a pole at [1=2R/3,
which is perfectly acceptable as the propagators are still
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well defined. However, it is also possible to construct
analytic functions. For instance,

(4.20)

is an analytic function yielding the spin-two quadratic form

-~ - R RY(_O4RY 7 L
= (—D + €> TR o (4.21)

that again only contains the graviton pole and an expo-
nential suppression at high momenta.

V. CONCLUSIONS

In this paper we have provided an algorithm to construct
the most general parity invariant and torsion-free covariant
action of gravity that is consistent around constant curva-
ture backgrounds, as long as the action has a well-defined
Minkowski limit. This action is given by formula (2.4). In
particular, we have studied dS and AdS backgrounds. Our
analysis smoothly reduces to the Minkowski space-time
limit which was studied before by BGKM in [28]. Our
prescription is generic, and is equally applicable for both
UV and IR higher derivative modifications that have found
various cosmological and stringy applications. We also
checked our analysis against some well-known cases; for
instance, when the scale of nonlocality M — oo, the class of
consistent gravitational actions reduces to the popular local
models of 4 derivative gravity, the F(R) and F(G) theories.
We paid special attention to the Gauss-Bonnet action as it
provided us with some nontrivial checks on our derivations.

We found that the most general action can indeed contain
infinite covariant derivatives, acting on the Ricci scalar,
Ricci tensor or Weyl tensor. The infinite derivatives can be
expressed in terms of form factors, whose forms can be
constrained by demanding that the action is perturbatively
ghost and tachyon free around constant curvature back-
grounds. In order to verify this, it was sufficient to perturb
the gravitational action up to order O(h?) around dS and
AdS backgrounds. We computed explicitly the second
order variation of the Einstein-Hilbert term as well as
the higher order terms involving the form factors. For
pedagogical reasons, we have provided details of our
conventions in Appendix A, properties of maximally
symmetric space-times in A 2, and perturbations in A 3.
Some very useful and powerful identities around constant
curvature backgrounds were obtained in Appendix B.

In four dimensions, in order to obtain the true propa-
gating degrees of freedom in space-time, we had to
decompose the metric tensor into its degrees of freedom
corresponding to transverse-traceless hﬂll,, a transverse
vector field, A,f, and two scalars, B, h. After performing
a systematic decomposition we were able to show that the
only viable propagating degrees of freedom are the
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transverse-traceless spin-two field, hjy, and a scalar

combination which gives rise to the spin-0 component,
¢ =0B—h. The transverse vector component, A,},
and V,V_B vanish identically, leaving the massless grav-
iton and possibly a Brans-Dicke scalar to propagate
around dS, AdS or Minkowski backgrounds. The details
of the latter computation can be found in Appendixes C 1
and C2.

In order to make the graviton propagator perturbatively
ghost free in dS and AdS backgrounds, one has to make
sure that the second variation of the spin-two component
does not introduce any new pole in the propagator, and
must recover the pure GR limit at low energies. Similarly,
the spin-0 component can allow at most one extra pole, say
at mass, m?> > 0, in its propagator. The latter condition is
necessary to ensure that an additional pole representing the
Brans-Dicke scalar, if present as in F(R) gravity modifi-
cations, is not a tachyon. If both spin-two and spin-0
propagators do not have any extra poles, then both can be
expressed in terms of an exponential of an entire function,
which does not introduce any pole except the essential
singularity at the boundary corresponding to the UV limit,
0 — oo. In the IR limit, when [0 — 0, the second variation
of both spin-two and spin-0 components recovers the GR
limit in dS and AdS backgrounds.

We have illustrated that we can recover various limits
from the most generic IDG action. In the limit when
Fr=0,F3=0,F; #0, the theory effectively reduces
to scalar-tensor theory around dS and AdS backgrounds.
When F; = 0, F3 = 0, the ghost-free condition enforces a
simple solution where F, = 0, too, thereby reducing to pure
GR. In the last scenario, when | = 0, F, = 0, F5 # 0, the
theory space reduces to pure spin-two excitations, and no
physical spin-0 mode.

Our analysis indeed opens up new avenues for higher
derivative theories of gravity, including IDG, which can be
made consistent at both classical and quantum level around
dS and AdS backgrounds. This should have important
implications for both cosmology and for AdS/CFT corre-
spondence. In the dS case, it provides the possibility to
realize a big bounce [16], avoiding the big bang singularity
problem. This scenario also presents the first viable UV
generalization of Starobinsky inflation [64], and also
provides an interesting connection between the graviton
degrees of freedom propagating in space-time with the
avoidance of focusing the null congruences in a time
dependent background [50].

Furthermore, our analysis also provides conditions for
stable ghost and tachyon-free modifications of GR in the
IR, in the context of dark energy problems. In this context it
is rather useful if one can extend the class of actions we
have analyzed to include terms that do not necessarily have
a well-defined Minkowski limit as such actions have been
discussed considerably in the literature to address the dark
energy problem.
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In the case of AdS, a consistent IDG provides an ideal
platform to study connection between gravity in the UV and
the corresponding CFT in the boundary. After all, presence
of IDG is inevitable in closed string theory, in terms of o’
corrections. At present, computing all order & corrections
in AdS background in the closed string sector is indeed
challenging, and although our analysis does not involve
supersymmetry, we believe that constructing a stable and
consistent theory of gravity around AdS will help us in
ascertaining how such an action can be derived from closed
string field theory.

Finally, we emphasize that several of the computations
and strategies that we developed in analyzing perturbations
around dS/AdS should carry over to more nontrivial
backgrounds such as FLRW or black hole space-times.
As mentioned before, most of the applications and tests of
GR involve encoding the physics around certain highly
symmetric background space-times and small perturbations
around them. Thus, we believe that our analysis could go a
long way in making progress towards analyzing such
important physical space-times for very general covariant
theories of gravity.
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APPENDIX A: NOTATIONS

1. General backgrounds

Here we introduce the notations used at the back-
ground level.
The metric is

G = (=40, 9ud” =D =4.

The dimension is always 4 and four-dimensional indices
are small greek letters. The metric connection (Cristoffel
symbol) is

1
Fﬁl/ = Egpa(aﬂgya + 81/.9[40‘ - 80‘9}41/)-
The covariant derivative is Vﬂ and acts as

VuFj = 0,F + T Fl =T kg

It follows that V,¢” = 0. The Riemann tensor, curvatures,
and Einstein tensor are defined as
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o __ - - c T/ o THX
RS, = 8,15, — 8,15, + T5,I%, —T7,I%,,

R,, = Rj R =Ry,

1
uop» G;w = R/w - ERgm/'

The symmetry properties are

Rm/pa = _R/u/o'p = _Rz/upa = Rpamn
Rm/pa + R/mvp + Rﬂpgy - O, RMV = Rv/r

The commutator of covariant derivatives is
V..V,JA, =R},A,.
The Bianchi identity is given by
ViRupo + VoRyy, + VR0 = 0.

It implies

1 1
V#R}lj — E(%R, V,,V”R” — EDR,

vﬁRl/a - vaRz/ﬂ + V"Rﬂm - O, VMfo = 0

The d’Alambertian (the box) is defined as [ =

¢*V,V,, and acts in a fully covariant way. Another
useful operator is

1

D VVU—ZQW

w = Vu

0.

It is traceless and this simplifies certain computations.
The traceless analog of the Einstein tensor is given by

1
=Ry, — =Ry, S, =0.

S
D

uv

The Weyl tensor follows from the Ricci decomposition,
and this is given by (in D space-time dimensions)

1
= R’olu/ﬁ - m (EHVRaﬁ - %Rav + Rggaﬂ - Rzgav)
R

* m (élljg(l/} - 51[:’9(111)‘

CZuﬁ

The Weyl tensor has all the symmetry properties of the
Riemann tensor and also it is absolutely traceless, i.e.
C’;ﬂﬂ = 0. Moreover this rank (1, 3) tensor is invariant
under the conformal scaling of the metric. The latter
implies that the Weyl tensor is 0 on conformally flat
manifolds, i.e. on the manifolds where the metric can be
brought to the form ds* = a(x)*y,,dx"dx*, with n,,
being the Minkowski metric with the same signature
as the original one. The following quadratic relations
always hold:

1
— R2 2 2
= Ry = 2R}, + 3R

1
2 _ p2 2 2
S/w - R/w - ZR ’ Cﬂmﬁ
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The Gauss-Bonnet term can be written as

1
2 2 2
=R =25, + Clup.

2. Maximally symmetric space-times

G =R*-4R:, + R’

pvaf

By definition maximally symmetric space-times have
iD(D +1) linearly independent Killing vectors. This
translates into the fact that

lep J—

uvp —

R
m (52—9”/) 60—9}41/) (Al)
In general R does not have to be constant. One however can
prove using the Bianchi identities that for D > 2 this form
of the Riemann tensor implies R = const. Consequently, in

such space-times
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Also, one readily sees

=0, c

wp = 0.

S (A2)

Both AdS and dS space-times are maximally symmetric
ones [i.e. they satisfies Eq. (A1)]. R = const > 0 for dS,
and R = const < 0 AdS. Minkowski has Rj,, = 0, and can
be seen as the R — 0 limit of the (A)dS space-time.

3. Perturbations

Here we introduce notations and quantities relevant for
computing the second variation of the action around an (A)
dS background. The metric variation is

G = g/w + h;w-

Bars are used to designate the background quantities. The
following relations are relevant for perturbation analysis in

viR/u/p 0. this paper:
|
h W KRR
G = G =, \/_g—m/_( TR 4M>’ h=g"hy.
_ 1 - - - 1
Iﬁ/lfﬂ - l—‘lljﬂ + 75/)’ yllj/) = 5 (vuh% + vph/Ij - V”hl,p), YZ/J = Eaﬂh,
Riwp = RMV/’ + Fups Favp = vﬂ’zﬂ - vp}’;w
Rgzlfp - Rnglp + ry/), rvp = _h/“'Rﬂ + gﬂ wp»
L ) 3 1 - . 3 _
Ry = Ry + Ty + V5s¥ip = Vip¥on: Fup = VoYip = VoY = B (V.Y + V.V, by = Uh,, = V,0,h),
Rz - Rz + ’j;’ ’j/; = _hﬂakap + gﬂa;ap’
R—R+r, =R, + 7"Vt = V,14) = (=R, + V,V, — §,,O) b (A3)
[
r =85, rs =8,

Here the arrow means that the rhs is equal to the lhs up to
higher order corrections. The order of expansion is either
linear or quadratic in the above expressions. One can show
that other (higher order in /) terms do not contribute to the
quadratic variation of the action. They either generate more
than quadratic corrections to the quadratic action variation
or become total derivatives. Note that

SF" = 8(¢"F,) = —W"F, + §"*SF, # g"'5F .

The two quantities which are often actually used are

R 1 = = = = = v
= =R 19,900 49,9100 - 9,000,
ou R 5”1/10_ 5;41/10- 5(;h/l 50’h}l
’"vp_ﬂ(v b = Gphi — & hy + Gphi)
1 = Toh Y YL | & Yo
E(v V¢hg =V, Vh, =V ,VFh +V VoI).
(Ad)
Note that

Upon acting on scalars, the variation of the [J operator is
5D = (=h*V,8, = #*7u0,)9- (A5)

As a warm-up exercise, given pure Einstein-Hilbert action
with a cosmological term, i.e.

SO_/d‘*x\/“[ —LR- A]

one obtains a second variation around any arbitrary back-
ground, as

) L —=ME(1 1
828y = [ dx \/—97 4hWDh/” ——hOh
lhv AV 1v N hY
+§ uVp +§ Iz v'%p
1 -
+ (hh* — 2hbheY) (g 9.,R -
1z
2

1
g + S RE Mo ) |.

\_/-lklr—‘
| I

—

>

(@)}

S—
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This result can be checked against, e.g., [70]. Note that the
indices of perturbed quantities are raised and lowered by
the background metric.

APPENDIX B: COMMUTATION RELATIONS

Here we collect important commutation relations which
are used in transforming the expressions. All the expres-
sions in this section are written with maximally symmetric
space-times in mind. Also, all the derivative operators,
metrics, and curvatures take their background values, and
we simply omit bars for clarity.

Given an arbitrary scalar ¢, we have

V.V =V, V,0, (B1)
R
vuvavﬂ(p = V{xvﬁvy§0 + E (gﬁuva - gaﬂvy)gu’ (Bz)
R
V,Oep=(0O- 1 V,0. (B3)
Given an arbitrary vector f,, we have
R
V, V=V, V" + Zt“’ (B4)
R
V,V, Vst =V, V,V ' + 1 (Vats + Vgt,)
R
+ T (Vats = gosVPe,), (B3)
v, O = (D +R>v " (B6)
H - 4] H
V, ViV 17 =V VIV 17 4 (67(V 1" + VF1,)
- g/,m(v/)tu - vut/)) - 5;(vvtﬂ + vﬂtu)
+ 8V, 17 - §,V,1°). (B7)

Therefore, for a transverse vector V”A” = (0, one obtains

R

V, VAt = ZAO” (B8)

R R
VﬂvaVﬂA” - Z (vaAﬁ + vﬁAa) + EVQA/}, (Bg)

V,0A* = 0. (B10)

The very last formula tells us that []A, is also a transverse
vector.
Given an arbitrary (symmetric) tensor 7,, we have

R R
VNV 1" =V, NV, + 3l = ﬁtﬁéa,

(BI1)
5R R
Vi VLVt =V VY, + DVt St

R . R
—E(5zva+5gvﬂ)tfl—Egaﬁvﬂt’”’, (B12)
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5R

v, O = (EI +]2)Vﬂt’”’ _gvvf;, (B13)

R
Vev V., =0V, + - (9 Vot + 9., Vst5)

R
ok (Vut,, +V,1,,), (B14)
R to}
= vatﬂu - E (gﬂpvatg + gvpvo-tu)

R R
+ T (Vut,, +Viut,,) + vah,w. (B15)

Therefore, for a transverse (symmetric) tensor VﬂT’“’ =0,
one similarly obtains

R R

V.V T =—TY ——ThoY B1
uYa 3 a 12 Iléa’ ( 6)
5R R R ’
VYV =5 VaT) + 5 VyTl = 15 (Ve + 8V T
(B17)

Vv, OT" = RV”T" B18
u - _g s ( )
; R
vev,v,r,=0V,T, - B (V.T,, +V,T,,), (B19)
R R

=v,ar,, + - (V,.T,, +V,T,,)+ ZVPT"”' (B20)

Next, for a traceless (symmetric) tensor H) = 0 one gets

R
VVaH = V4 S H (B21)
V.YV HY =V VY Ry
uVaVp — VaVpVu +Ea/}
R R
+ 3 VyHy - EgaﬂvﬂHﬂbv (B22)
5R
v,0m = (04209, (B23)

Moreover, for a transverse and traceless (symmetric) tensor
V#hy, = h'}; = 0, one obtains

R
V, V' =2t (B24)
SR R
vﬂvaVﬁhL” = E Vahlﬁ —|— § Vﬁhla, (BZS)
v, Ontw = 0. (B26)

The very last formula tells us that Dhj—v is also a transverse
and traceless tensor. For completeness, we also note
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R
I 1 1 1
v,0h+,, =0V, -, — E(Vﬂh o+ Vi)

R
- vahﬂw. (B27)
From all the above three recursion relations, we can deduce
a simple relation. For a scalar [from Eq. (B3)]

R

R n
V,Op = (D - Z) Vo=V, = (D - Z) V,o.

(B28)

For any arbitrary vector, no transversality is required
[from (B6)],

R R n
v, 0 = <D +4> V= V,0O = <D +4) V.

(B29)

For a traceless (symmetric) and not necessarily transverse
tensor [from (B23)]

5R
s~ (45,1

5R

v, H = <D + —)nVﬂH’”’. (B30)

12

Two more extremely essential commutators are needed.

The first is for a rank-3 tensor #’#*. One can compute the
following relation:

R R
v, Oifre = <D + Z) V, P gvp(ﬂwﬁ + tPrw)

- g (VP14 1 Vit ). (B31)
We note that on the rhs, the second term is a specific linear
combination of the initial tensor with some index permu-
tations, while the last piece is a combination of various
traces. Given a tensor V/#? which enjoys the following
properties,

VPua 4 yuaf y yyefiu — 0, VPua — yupa,
V”}m =V =0,
o R
r,f‘p(Aj) =54
+ 1
2
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one comes to a simple relation

R
V, OVAka — (D + E) V, Vhka, (B32)
Notice that outlined symmetry properties are very much
similar (not identical though) to those of the so-called
Cotton tensor. A recursion relation following from the latter
formula reads

(B33)

R n
V, 0 vhue — (D + E) Vv, Vhua,

The last relation we need is for a rank-4 tensor #*#, One
can compute the following relation:

R
Vﬂl]zﬂa”/f = (D + Z) Vﬂﬂmuﬂ
R B
+ gv/](tut/w/ + tva/)[)’ + tﬁay,,)
R
-5 (Vatﬂ”Vﬁ + Vvtﬂaﬂﬂ + V/jtlltllzb). (B34)

One immediately sees that on the rhs, the second term is a
specific linear combination of the initial tensor with some
index permutations while the last piece is a combination of
various traces. Given a tensor W*®”  which enjoys all the
symmetric properties of the Weyl tensor, and is also totally
traceless, one comes to a simple relation

R
ARIETE (D + Z) V, Wb (B3S)

A recursion relation following from the latter formula reads

R n
Vv, O Whewt — (D +Z> v, Wl (B36)

APPENDIX C: CANCELLATION OF MODES

1. Vector mode

In this section all the derivative operators, metrics, and
curvatures take their background values, and we omit the
bars. For the corresponding piece of r,, we have

(8(VoAy + V,AL7) — (VoA + V,AL?) — 57(VFAS + V ,AMH) + 55(VFAL + V,AH))

(V,VH(VIAL 4V, AL0) = V,Vo(VFAL 4 V, ALH) — ¥, VK(VIAL + V,AL0) 4 V Vo (VHAL + V,AL0),

Now we do the following commutations in the two last lines. In the first term with A+ , and the first term with AL, we
commute ¢ and y derivatives. In the second line for the terms with A1 and A#, we exchange p and v derivatives. After
some algebra together with the Riemann tensor substitution, we get
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24,
= Lo(Air) = 8U(VoAy + V,AL7) — 55(VeA; + V,AL?) — 55(VFAS + V ,ALH) + 85(VHA + V,AHH)
+ (8§ V, AL — 55V, A + (89(V, A + VEAL ) — g,,(V AL, =V, AL)) = 55(V, AT + VHAL)
+ VAL — 8V, AL) — (§(V,AL + VAL ) — 6,,(V,AL, = V,AL ) — 85 (V, AL + VAL )
+ 8V, ALl — 55V, AL — (8V A0 — 55V ,ALH) = 0.

Note that all the terms cancel explicitly.

Since 75 and r are obtained by a simple contraction of /;j, with the Kronecker delta our result implies that the piece Al is
also absent in r and rj. Similarly,

So(AL,) = ~ (VAL + V, AL )O(VHALY 4 VeALE) 4 % V,(VFAL? 4 VPAL)Y, (VAL 4V, ALY)

EN

R
=55 (VA + V,AL) (VAL 4 Teats), (C1)

Note that d; is an integrand, and we can integrate it by parts. Doing so in the first and last lines, and utilizing several
commutation relations, we get

1 R 1 R\2 R R
So(A*,) = —EAUL (D + 51—2> V, (VFALY - VPALH) 4 EALP (D + Z) A, + EALP (D + Z)A{D,

1 5R 1 R R R
WIS D i M —(O+= —|(O+=)4t =0. 2
=30+ 55) 43 (3+5) + 1) (B9t -0 @

2. Scalar mode, V,V,B

As in the previous section, all the derivative operators, metrics, and curvatures take their background values, and we omit
the bars. For the corresponding piece of ), we have

2/0,(V,V,B) = (V,VEVV, — V,VoVAY, — V VHVoY, + V,V°VHY, )B
R

2
+24

(1YY, — 84V°V, — 55VAY, + 57VV, )B. (C3)

Since B is a scalar, the two most right derivatives can always be commuted. Also, we can commute others in order to cancel
explicit 4 derivative terms. Explicitly, we can commute ¢ and y derivatives in the first and last terms in the first line. Doing
so, together with the Riemann tensor substitution, we gain four 2 derivative terms as follows:

12,
2= (V,V,B) = (V,(6V7 = V%) + V, (6" = 61V%))B + (6V°V, = 4V°V, = 5V#V, + V"V, )B = 0.
(C4)

Now we have only two derivatives everywhere acting on a scalar. We therefore can forget ordering those derivatives. An
explicit cancellation of all terms is transparent.
Since r and r are obtained by a simple contraction of ', with the Kronecker delta, our result implies that the piece

V,V,B is also absent in r and r9.
Now,

5(V,V,B) = B G V,V,0VAv — % 0 + % OV,V, VvV — % vmwvy,,vv) B- %3(52 +2VV,V, V4B, (C5)

where we implicitly used the fact that the actual computation goes under the integral. As a result we can employ integration
by parts. Performing the first iteration of commutations, one yields
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4 12

50(V,V,B) = B(lvy<<m +5R>Dw —§Vﬂm> _253 +;DZ<D +R>

1 R
A ARL (EI + Z))

R R
S 2 -
B 4SB<D +2D(D+4>>B.
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4

Performing the remaining possible commutations, one finally gets

N 2 R\ R_,
59,9.8) (2 ((0+26) (54 F)o-2c

R 2 R —
—@B<D +2D<D+Z>>B_O.

1 1 R\ 1 R\?2
P +-?(O0+-)--0O(O0+>) )B
)-ie e (o+g) 50(0+5))

(C7)
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