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We propose a new technique to study fast transitions during inflation, by studying the dynamics of
quantum quenches in an OðNÞ scalar field theory in de Sitter spacetime. We compute the time evolution of
the system using a nonperturbative large-N limit approach. We derive the self-consistent mass equation for
several physically relevant transitions of the parameters of the theory, in a slow motion approximation. Our
computations reveal that the effective mass after the quench evolves in the direction of recovering its value
before the quench, but stopping at a different asymptotic value, in which the mass squared is strictly
positive. Furthermore, we tentatively find situations in which the effective mass squared can be temporarily
negative, thus breaking the OðNÞ symmetry of the system for a certain time, only to then come back to a
positive value, restoring the symmetry. We argue the relevance of our new method in a cosmological
scenario.
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I. INTRODUCTION

Inflationary cosmology has become the paradigm for
understanding the early universe. This quasi-de Sitter period
not only provides an explanation for the flatness and horizon
problems, but also induces quantum fluctuations of one or
more fields to grow and later seed the formation of structure.
This proposal is strongly supported by observations of the
cosmic microwave background (CMB) most recently
reported by the Planck collaboration [1], which are already
able to accurately measure a number of parameters, such as
the scalar spectral index ns, and the amplitude of scalar
perturbations [2]. These observations favor the simplest
scenarios of early universe physics, in which inflation is
modeled by a single, slowly rolling scalar field with nearly
Gaussian statistics. Therefore, a number of more exotic
scenarios have already been ruled out by these measure-
ments, which demonstrates their ability to probe high energy
physics in the early universe. Future experiments are
expected to do even better, with hopes of pinning down
the small primordial non-Gaussianity at complementary
scales through observations of the large scale structure [3–5].
On the other hand, another potential source of informa-

tion at lower-order statistics is the presence of features in
the primordial power spectrum of the gauge invariant
curvature perturbation, ζ [6]. While most simple models
predict a conserved ζ on super-horizon scales [7], as well as
a nearly scale-invariant power spectrum, Pζ ∼ kns−1 [8], a
number of alternatives exist which can give rise to
oscillations and other effects in the primordial signal.
Such features can arise during short violations of
slow-roll or more generally due to transient phenomena
occurring during inflation. This has motivated work on

extensions of the slow-roll formalism to more adequately
deal with these events [9–11], as well as the development of
numerical techniques to allow for multiple-field dynamics
[12–14]. These phenomena can originate from various
sources, such as fast changes in the speed of sound of
perturbations [15–20] as well as steps in the inflationary
potential and its derivatives [21–26]. These features can
also arise directly from coherent oscillations of massive
scalars [27–30]. Looking for signatures of such violent
dynamics can therefore hint at specific micro-physics
processes which have occurred in the early universe and
unveil more details about the physics of inflation. The
experimental sensitivity to these features is expected to
improve in large-scale-structure surveys in the near
future [31].
In this work we study fast phenomena which arise when

there is an almost instant change of the couplings of the
system during an inflationary phase—a quantum quench.
These phenomena are common in multiple field models
where the inflationary trajectory suddenly turns in field
configuration space as a result of the interaction between
quantum fluctuations of different particle species.
Generally, these fast events occur whenever there are very
pronounced slopes in the potential which are traversed
during very short times, Δt ≪ H−1. The end result is
effectively a transition in the parameters of the potential,
such as the masses and couplings of the fields. The
interpretation of such features of the potential as quantum
quenches is expected to be a good approximation for the
description of the system some time after the violent
phenomenon has occurred, while not depending on the
exact details of the transition, provided that the transition is
quicker than the other time scales of the system. This
should allow for the study of the consequences of different
classes of phenomena, based solely on the parameters of*p.gregoriocarrilho@qmul.ac.uk
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the potential before and after the transition has taken place.
This generality is a major motivation for our approach.
Quantum quenches have been extensively studied in flat

spacetime in the context of condensed matter physics (see
for example Refs. [32–34] and references therein).
Specifically, it was found that in flat space the system
retains some memory of the conditions before the violent
event, in the form of a dependence of the post-quench mass
on the mass of the field before the quench [34]. These
techniques have also been used in a cosmological context to
treat fast phase transitions in the early universe, in which
the temperature is believed to decrease swiftly enough for
the transition to the broken phase to be modeled by a
quench in flat spacetime, such as the study of baryogenesis
during the electroweak phase transition [35] or the study of
tachyonic preheating [36]. The quench approximation has
also been used to study phase transitions in the context of
inflation and its end [37–43], in which case a de Sitter
background was used. While unrelated to cosmology,
studies targeting the universality of fast quenches have
also been made in curved spacetime backgrounds [44]. In
spite of all these applications, this technique is yet to be
applied to the study of general transitions which do not
change the phase of the system. This is the main aim of our
work. We also focus on the comparison with the flat
situation, and in particular in understanding the role of the
curved spacetime in the structure of a theory after it has
undergone a quantum quench.
More specifically, we study quenches of an OðNÞ scalar

field theory on a de Sitter background in the so-called large-
N approximation [45–48]. This method allows one to
study a theory with a large number, N, of identical fields
by expanding the action in powers of 1=N, instead of the
usual expansion in powers of the coupling constant.
Consequently, this is a manifestly nonperturbative method
since it allows for studying systems with large couplings.
Already in flat spacetime such a problem is hard to resolve
mainly because perturbation theory breaks down at the
onset of the system becoming strongly coupled. This means
that whichever observable quantities one wishes to com-
pute using Feynman diagrams, one would have to solve an
infinite number of these diagrams corresponding to all
orders in perturbation theory to obtain a meaningful result.
In the context of condensed matter physics, the large-N

treatment has been quite successful, as it has been shown to
greatly simplify the calculation of the effects of inter-
actions, essentially reducing to finding a solution of a self-
consistent equation for the effective mass of the fields.
Furthermore, the large-N expansion and other nonpertur-
bative techniques are very useful in describing IR effects in
de Sitter, as is evidenced by Refs. [49–55]. Reference [50],
for example, uses large-N to show that IR effects and self-
interactions force the effective mass of the fields to be
strictly positive, something that had already been discussed
in the stochastic context [52]. This effect, which is

proportional to the root of the coupling constant,
ffiffiffiffiffi
g4

p
,

would be impossible to obtain using perturbative methods.
The subject of IR effects and dynamical mass generation
has also been studied in Euclidean de Sitter spacetime
[56,57] in which it has been extended to include higher
orders in the large-N expansion [58].
To summarize, in this work we apply the large-N

expansion to the quench of a scalar field theory, in a de
Sitter background.We study the consequences of the quench
for the evolution of the system, taking into account IR effects.
We also compare the effects of introducing a quench in
flat spacetime and de Sitter spacetimes. Among the main
objectives of this paper are the evaluation of the constraints
found by previous authors on (the sign of) the effective mass
in the unquenched situation and on thememory of the system
in the flat case. For these applications it suffices to study the
system in a static de Sitter background. Our future goal is,
however, to calculate the observable consequences of the
quench during slow-roll inflation, which will induce a
change from the static situation to a dynamical one, and
to calculate the leading order slow-roll correction to the
power spectrum. This is phenomenologically motivated,
since it can havemeasurable effects on observable quantities,
such as the power spectrum and higher-order correlation
functions (as has been argued in various contexts in cosmol-
ogy, e.g. Refs. [59–63]).
The paper is organized as follows. In Sec. II, we start by

introducing our model and reviewing its large-N expansion
in de Sitter, in the unquenched case. We then include the
quench and compute the two-point function after the
quench in Sec. III. In the first part of that section, we
present analytical estimates for the evolution and late-time
limit of the effective mass and then we move on to our
numerical results to verify and correct our analytical
calculations. We conclude in Sec. IV, by enumerating
the advantages of our approach.

II. LARGE-N IN DE SITTER

The action for an N-component ϕ4 model in a de-Sitter
background geometry in d spacetime dimensions is
given by

S½ϕ� ¼
Z

ddx
ffiffiffiffiffiffi
−g

p �
−
1

2
gμν∂μϕ

a∂νϕ
a −

1

2
μ2ϕaϕa

−
g4
4N

ðϕaϕaÞ2
�
; ð2:1Þ

where g is the determinant of the metric, a is anOðNÞ index
which labels the field (not to be confused with the scale
factor) and repeated indices are summed over as per
Einstein’s notation. The metric is written in terms of
conformal time τ,

gμν ¼ aðτÞ2ημν; ð2:2Þ
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in which ημν is the Minkowski metric with mostly plus
signature. For exact de-Sitter one has

aðτÞ ¼ −
1

Hτ
; ð2:3Þ

withH being the Hubble parameter and −∞ < τ < 0 being
the conformal time.
We now review the large-N approximation. The general

idea is that for a very large number of fields, N ≫ 1, the
action becomes very large, i.e. S ≫ ℏ. As a consequence,
the path integral is dominated by solutions which minimize
the action, just as it happens when one takes the classical
limit (ℏ → 0). This simplifies a number of calculations
while still keeping contributions of all orders in the
couplings of the theory. To see this explicitly, let us start
by writing the path integral in the in-in formalism asZ

CTP
DϕeiS½ϕ�; ð2:4Þ

in which CTP is designating the closed-time-path measure
one uses to account for the boundary conditions of the in-in
formalism. We now introduce a new variable defined by

ρ≡ ϕaϕa=N; ð2:5Þ

which symbolizes the variance of the fields. We can also
change the path-integral by using the identity

1 ∼
Z

Dρδðϕaϕa − NρÞ ∼
Z

DρDξe−
i
2

R
ddx

ffiffiffiffi−gp
ξðϕaϕa−NρÞ;

ð2:6Þ

which results in Z
CTP

DϕDρDξeiS½ϕ;ρ;ξ�; ð2:7Þ

where the new action S½ϕ; ρ; ξ� is given by

S½ϕ; ρ; ξ� ¼
Z

ddx
ffiffiffiffiffiffi
−g

p �
−
1

2
gμν∂μϕ

a∂νϕ
a

−
1

2
ðμ2 þ ξÞϕaϕa −

Ng4
4

ρ2 þ N
2
ξρ

�
: ð2:8Þ

It is clear that the action above is simply quadratic in ϕa,
which allows one to perform N Gaussian integrals for each
field. Before that, however, it is convenient to change
variables to

ϕa ≡ χaa
2−d
2 ; ρ≡ Πa2−d; ð2:9Þ

since it is χa which is the canonically normalized field in a
de Sitter spacetime. Integrating out N − 1 copies of the χa

fields and substituting for the de Sitter metric, yields the
following path integral

Z
CTP

DΠDξDσeiSeff ½Π;ξ;σ�; ð2:10Þ

with

Seff ½Π; ξ; σ�

¼
Z

ddx

�
1

2
σ

�
∂2þ 1

τ2

�
dðd − 2Þ

4
−
μ2 þ ξ

H2

��
σ

þ N

�
ξΠ

2ðHτÞ2 −
g4
4
Π2ð−HτÞd−4

��

þ ðN − 1Þ i
2
Tr log

�
−∂2 −

1

τ2

�
dðd − 2Þ

4
−
μ2 þ ξ

H2

��
;

ð2:11Þ

in which Tr is the functional trace defined by

Tr½fðx; yÞ� ¼
Z

ddxfðx; xÞ; ð2:12Þ

and ∂2 is the Minkowski Laplacian. We have not integrated
one of the scalar fields, given by σ ≡ χN ¼ ϕN=ð−HτÞ,
should there be a spontaneous breaking of the OðNÞ
symmetry, in which case σ ¼ Oð ffiffiffiffi

N
p Þ instead of Oð1Þ,

as is assumed for all other field components, χa. Should that
be the case, it is clear that all terms in the action are order N
and thus, in the large-N limit, one has S ∝ N ≫ ℏ. The path
integral can then be evaluated by simply using the sta-
tionary phase approximation. Therefore, one must only
minimize the action by imposing the following conditions
with respect to each of the field species present:

δSeff
δξ

¼ 0 ⇒
Π

ðHτÞ2 −
σ2

ðHτÞ2

þ i
δ

δξ
Tr log

�
−∂2 −

1

τ2

�
dðd − 2Þ

4
−
μ2 þ ξ

H2

��				
ξ¼ξ

¼ 0; ð2:13Þ

δSeff
δΠ

¼ 0 ⇒
ξ

ðHτÞ2 − g4Πð−HτÞd−4 ¼ 0; ð2:14Þ

δSeff
δσ

¼ 0 ⇒

�
∂2 þ 1

τ2

�
dðd − 2Þ

4
−
μ2 þ ξ

H2

��
σ ¼ 0:

ð2:15Þ

The barred variables (Π, ξ, σ) denote the solutions to these
equations of motion. For the case of σ we also factor out
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ffiffiffiffi
N

p
, for clarity of presentation.1 Using the first two

equations above, gives rise to the following self-consistent
equation for the effective mass

m2 ¼ μ2 þ ξ ¼ μ2 þ g4ð−HτÞd−2½σðxÞ2 þ iGðx; xÞ�;
ð2:16Þ

where Gðx; xÞ is the Green’s function of χa evaluated at the
same spacetime point, x, which can be calculated as an
integral over the power spectrum:

Gðx; xÞ ¼
Z

dd−1k
ð2πÞd−1

~Gðτ; τ; kÞ: ð2:17Þ

Note that the relation given by Eq. (2.16) depends non-
trivially on the mass m2 due to contributions from G and σ.
Therefore, it allows one to find the effective mass which
consistently includes all contributions from the interaction
terms. The importance of the equal time propagator,
~Gðτ; τ; kÞ cannot be overstated: it is the main object that
encodes the details of the interactions and therefore allows
one to calculate the effective mass. As a result, the power
spectrum will be the main object of focus with regards to
the cosmological implications of our work. Much of the
following sections is dedicated to its calculation.

A. No quench

Before evaluating the consequences of a quench in this
system, let us look at the simpler case in which there are no
sudden changes in the parameters. This will serve to set
some of the notation and also to explain the general
procedure.
Our aim is to make use of Eq. (2.16) to calculate the

effective mass in the limit in which the mass is small, i.e.
when m=H ≪ 1. This is the interesting case, since the
effects of the curved background would disappear should
one take the opposite limit. The first step is the calculation
of the Green’s function. That can be easily done by
expanding the fields in Fourier space, in terms of creation
and annihilation operators, a†k and ak,

2,3

χðτ; ~xÞ ¼
Z

dd−1k
ð2πÞd−1 ðakukðτÞe

i~k·~x þ a†kðukðτÞÞ�e−i~k·~xÞ;

ð2:18Þ

in which a†k and ak obey the standard commutation
relations:

½ak; a†q� ¼ ð2πÞ3δð3Þð~k − ~qÞ;
½ak; aq� ¼ 0; ½a†k; a†q� ¼ 0: ð2:19Þ

The computation of the two-point function at the same
point is straightforward, being given by

h0jχðτ; ~xÞχðτ; ~xÞj0i ¼
Z

dd−1k
ð2πÞd−1 jukðτÞj

2: ð2:20Þ

This simply depends on the normalized wave-functions
ukðτÞ, which can be obtained from the Klein–Gordon
equation, assuming the effective mass is constant.4

Choosing the Bunch–Davies vacuum, the wave-functions
are given by

ukðτÞ ¼ −
1

2

ffiffiffi
π

2

r
ð1þ iÞeiπν

2

ffiffiffiffiffiffi
−τ

p
Hð1Þ

ν ð−kτÞ; ð2:21Þ

in which Hð1Þ
ν is the Hankel function of the first kind and ν

is related to the mass of the field via

ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
d − 1

2

�
2

−
m2

H2

s
: ð2:22Þ

The self-consistency condition, Eq. (2.16), then translates
to, in d ¼ 4,

m2 ¼ μ2 þ g4ð−HτÞ2
�
σ2 þ

Z
d3k
ð2πÞ3

π

4
ð−τÞjHð1Þ

ν ð−kτÞj2
�
:

ð2:23Þ

The integral on the right-hand side (r.h.s.) is not straight-
forward to calculate analytically for a general order of the
Hankel function. Furthermore, it has UV divergences
which need to be regularized. These two issues are
discussed, for example, by Serreau [50], and we shall
follow the same procedures:

1Please note that should we be dealing with the OðNÞ
symmetric phase, we will simply set σ̄ ¼ 0, as it is assumed
to be order 1=

ffiffiffiffi
N

p
and hence negligible in the large-N limit. For

the broken phase, it is order 1.
2Note that we are using an unlabeled field, χ, to represent each

of the fields χa. We also omit theOðNÞ indices everywhere else to
avoid clutter.

3Note that, in general, the expansion of multiple interacting
fields in creation and annihilation operators is not diagonal, i.e.
each field depends on all of the N pairs of ladder operators and
not just on one of them, as seen here. The simplicity of the case
presented here is due to the fact that the fields are effectively free
in the large-N limit, since all the effects of the interactions are
contained in the effective mass. Thus it is possible to expand each
field with just one pair of creation and annihilation operators, as
shown in Eq. (2.18).

4This assumption is well motivated in a de Sitter invariant
state, given that in that situation the two-point function for ϕ is
constant [50], implying thatGðx; xÞ ∝ ðHτÞ−2. The field σ̄ has the
same behavior in such a state. This is purely a consequence of the
de Sitter symmetry [64].
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(i) The integral is split into three different parts:R
Λ
0 ¼ R

κ
0 þ

R
κ0
κ þ R

Λ
κ0 , with κ ≪ κ0 ≪ Λ. The IR

and UV contributions are calculated by expanding
the Hankel function for small and large arguments,
respectively. Furthermore, the assumption that the
mass is small sets the order ν to be ν ¼ 3=2 − ϵ with
ϵ ≪ 1. This allows for an expansion in ϵ ≈m2=3H2

in all integrals, which for the middle integral,
R
κ0
κ ,

simplifies to setting ν ¼ 3=2.
(ii) A change of variables is performed from comoving

momentum k to physical momentum p ¼ k=a. One
then regularizes the integrals with cutoffs in the
physical momentum p, since this is the choice that
respects de Sitter symmetry.

After implementing this procedure, we find for m2 > 0

m2

g4
¼ μ2

g4
þ ðHτÞ2σ2 þ 1

8π2

�
Λ2 þ 2H2 log

�
Λ
H

��

þ H2

8π2

�
2γE − 4þ 2 log 2þ 3H2

m2

�
−

m2

8π2
log

�
Λ
H

�
;

ð2:24Þ

in which Λ is the UV cutoff in the physical momentum and
γE is the Euler–Mascheroni constant. The divergences are
renormalized through

1

gR4
¼ 1

g4
þ 1

8π2
log

�
Λ
H

�
;

μ2R
gR4

¼ μ2

g4
þ 1

8π2

�
Λ2 þ 2H2 log

�
Λ
H

��
; ð2:25Þ

resulting in

m2 ¼ μ2R þ gR4 ðHτÞ2σ2

þ gR4
H2

8π2

�
2γE − 4þ 2 log 2þ 3H2

m2

�
: ð2:26Þ

This can easily be solved for m2, and one finds solutions
which are strictly positive, even when μ2R ≤ 0. This fact is
usually referred to as radiative symmetry restoration [50],
since the curved spacetime and the interactions forbid the
OðNÞ symmetry of the system from being spontaneously
broken. This might not seem surprising given the initial
assumption that m2 > 0, but the existence of positive mass
squared solutions is nontrivial when μ2R ≤ 0. Solutions with
negative m2 also exist but, in those cases, the two-point
function diverges in the IR, giving unphysical results.
In the next sections we will introduce a quench into the

dynamics. While this will slightly alter the procedure, the
main objective remains the solution of the self-consistent
mass equation (2.16) derived above.

III. QUANTUM QUENCHES IN DE SITTER

As mentioned above, a quench is defined as an instanta-
neous change in the parameters of a model. In the case
under study, that corresponds to a change in the mass
parameter, μ2, and coupling, g4, of the scalar field system.
We believe these quenches can arise for a number of
different reasons.
In previous studies in de Sitter spacetime [37,41,42], the

swiftness of the transition is justified by an abrupt change in
the temperature of the system, which induces a sudden
change in the model parameters. In the context of primor-
dial features, however, one would expect these transitions
to be due to the specific form of the scalar potential.
Reference [22] studies a particular example, in which an
interaction between the fields prompts a fast change in the
effective mass parameter of the inflaton. The motivation for
the present work is the study of similar situations by using
the quench approximation. In this work, however, we do
not investigate the origin of quenches and they should not
depend on specific details of the transitions. Therefore, this
work could be applied more generally than to the study of
primordial features.
Our starting point assumes exact de Sitter and negligible

backreaction of the quantum fluctuations of our system in
the background evolution. Furthermore, we assume the
system to be in an OðNÞ invariant state and thus we set
σ ¼ 0, except in the discussion of Sec. III D. This implies
that we also do not treat the background evolution of the
inflaton. All these contributions would require a fully
numerical approach, which we leave for future work.
Here we focus on investigating the time evolution of
the effective mass as well as its asymptotic behavior.
This provides a full description of the system and allows
one to study different problems, such as the stationarity of
the system at late times and compare it to flat spacetime
case, as studied by Sotiriadis and Cardy [33]. In that case,
the system becomes stationary very soon after the quench,
but in the cosmological setting of the de Sitter spacetime, it
is possible, in principle, that the contributions to the
effective mass vary in time in an unstable way. This is
something we investigate in the following sections.

A. Setup

In order to study the quench, we define an initial state in
the prequench stage, which is usually taken to be the
ground state of the system prior to the quench. Here, we
choose exactly that and assume the initial state is the
Bunch–Davies vacuum j0iBD. This state is parametrized by
the mass before the quench, μ0. After the quench, the
Hamiltonian of the system changes, and hence the initial
state is typically now an excited state of the new
Hamiltonian. In particular, as will be clear below, the state
will be non-Bunch–Davies with respect to the post-quench
Hamiltonian.
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As the quench happens, the equations the field operator
obeys change, due to the change of the parameters them-
selves.Given thatwe assume that change to be instantaneous,
both the value and first derivative of the field should be
continuous across the quench. This implies that at conformal
time τ0, when the quench happens, we have

χðν1Þðτ0; ~xÞ ¼ χðν2Þðτ0; ~xÞ; ð3:1Þ

d
dτ

χðν1Þðτ0; ~xÞ ¼
d
dτ

χðν2Þðτ0; ~xÞ; ð3:2Þ

where the fields have been labeledwith νi to emphasize that a
set of parameters has changed. Since the initial state j0iBD is
no longer the lowest energy state of the system after the
quench, one can therefore define a new vacuum and its
corresponding creation and annihilation operators,b†k andbk,
respectively. Hence, the field is now expanded as

χðν2Þðτ; ~xÞ ¼
Z

dd−1k
ð2πÞd−1 ðbku

ðν2Þ
k ðτÞei~k·~x

þ b†kðuðν2Þk ðτÞÞ�e−i~k·~xÞ: ð3:3Þ

The constraints at τ0 given above can then be solved by a
Bogoliubov transformation,5 which is given by

bk ¼ Ckak þDka
†
−k; ð3:4Þ

with

Ck ¼
Wððuðν2Þk Þ�; uðν1Þk Þ
Wððuðν2Þk Þ�; uðν2Þk Þ

; Dk ¼
Wððuðν2Þk Þ�; ðuðν1Þk Þ�Þ
Wððuðν2Þk Þ�; uðν2Þk Þ

;

ð3:5Þ

where all the wave functions are evaluated at τ0 andWðf; gÞ
is the Wronskian, defined by

Wðf; gÞ≡ df
dτ

g − f
dg
dτ

: ð3:6Þ

It is straightforward to check that should the quench not
occur (i.e. if ν1 ¼ ν2), one finds Ck ¼ 1 and Dk ¼ 0, as
expected.
Given the decomposition above, it is now possible to

compute the equal-time two-point correlator of the field χ
after the quench. As was discussed in the previous section,
this is the quantity which is required for solving the self-
consistent mass equation, Eq. (2.16), and it is also that
which is observationally constrained. It is given by

BDh0jχðτa; x⃗Þχðτb; y⃗Þj0iBD
¼

Z
ddk
ð2πÞd e

ik⃗·ðx⃗−y⃗Þ½uðν2Þk ðτaÞuðν2Þ�k ðτbÞ

þCkDku
ðν2Þ
k ðτaÞuðν2Þk ðτbÞ þ C�

kD
�
ku

ðν2Þ�
k ðτaÞuðν2Þ�k ðτbÞ

þjDkj2ðuðν2Þ�k ðτaÞuðν2Þk ðτbÞ þ uðν2Þk ðτaÞuðν2Þ�k ðτbÞÞ�: ð3:7Þ

Again, it is clear that in the absence of the quench only the
first term survives, which is the result shown in Eq. (2.20).
The sections that follow will be dedicated to performing

the calculations for different scenarios. For the simplest
cases we are able to use analytical methods, which give a
general picture of the results. We then complement those
estimates with numerical calculations of the time evolution
of the mass and interpret the results.

B. Analytical estimates

Before presenting our results, we make a note of
difficulties we encounter and the simplifying assumptions
we use in order to make the problem analytically tractable.
As was mentioned above, the state after the quench is no
longer the Bunch–Davies vacuum of the system. Therefore,
de Sitter invariance is broken and the two-point function of
ϕ is no longer time-independent, in general. The first
approximation we make is related to that: we will assume
that time dependence to be negligible, at least in what
concerns its effect on the two-point function. By this we
mean that we calculate the two-point function assuming

the wave functions, uðνiÞk , to be the solutions from the
unquenched case (i.e. with constant mass), as given by
Eq. (2.21). This approximation is necessary given that it is
impossible to (analytically) solve the Klein–Gordon equa-
tion for a general time-varying mass. Furthermore, as
mentioned above, it has been shown that this is a very
good approximation in flat spacetime [33], and hence this is
a justified approach.
Another difficulty that arises is the calculation of the

integral of the power spectrum. It will generally involve
integrating four Hankel functions with different arguments,
which cannot be done analytically unless the order of the
Hankel functions is a half integer. For this reason, we only
treat masses close to 0 or

ffiffiffi
2

p
H, due to the simplicity of the

corresponding Hankel functions of orders 3=2 and 1=2,
respectively. This means that, in some cases, we do not
explicitly solve the self-consistent mass equation, but
instead check if certain transitions are possible and focus
on closed form formulas. This does not undermine the
generality of the results, although it makes the physical
interpretation more transparent. Note, however, that this
care is not necessary in flat spacetime, given the analytical
simplicity of the wave-functions.
To overcome this, we employ the same procedure as in

the subsection in Sec. II, by splitting the momentum
integral into three parts, which we call the IR, middle

5Equivalently, one could keep the same expansion in a†k and ak
and impose the continuity conditions on the wave function
appearing in front. Such wave functions would be different from
uðν2Þk ðτÞ and can be derived from the Bogoliubov transformation.
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and UV integrals. We also change variables to physical
momentum, so that UV cutoffs are correctly defined. UV
contributions are rather simple to evaluate—they turn out to
be the same as in the unquenched case, with the mass m
substituted by the mass after the quench.6 This is not
surprising, as the UV limit should not depend on initial
conditions whichever they may be. The UV contribution to
the self-consistent mass equation is therefore given by

m2

g4
⊇ 1

8π2

�
Λ2 þ ð2H2 −m2Þ log

�
Λ
H

��
; ð3:8Þ

where m denotes again the effective mass after the quench.
Renormalization is performed in the same way as in the
unquenched case.

1. Asymptotic mass

The first calculation we perform is the limit x ¼ τ=τ0 → 0
of the self-consistent mass equation. The mass after the
quench is now:

m2
∞ ¼ μ2R þ gR4 ð−HτÞ2

Z
d3k
ð2πÞ3

π

4
ð−τÞjHð1Þ

ν∞
2
ð−kτÞj2; ð3:9Þ

where we have also set σ to 0. The integral can actually
be calculated without approximations so that the result
becomes

m2
∞ ¼ μ2R þ gR4H

2

16π2

�
m2

∞

H2
− 2

�
½log 4 − 1 −Ψðν∞2 − 1=2Þ

−Ψð−ν∞2 − 1=2Þ�; ð3:10Þ

where ΨðxÞ is the Digamma function, defined as the
logarithmic derivative of the Gamma function, ΨðxÞ≡
Γ0ðxÞ=ΓðxÞ. This result can now be approximated for masses
close to 0 and one would find the same result as in the
unquenched case, Eq. (2.26). The point to note in this result is
how different it is from the flat spacetime case, in which the
system retains some memory of its state before the quench,
even in the asymptotic late time limit. As shown in Ref. [34],
the asymptotic mass is a function of the prequench mass, μ0.
That does not seem to happen in de Sitter spacetime, given
that Eq. (3.10) is independent of the original mass. This is
related to the evolution of the cosmological horizon. As is
well known, scales k−1 larger than the comoving horizon size
ðaHÞ−1 are enhanced in an accelerating spacetime. These IR
scales are the ones that end up dominating the calculation of

the two-point function. Given that the horizon shrinks with
time, the number of superhorizon scales increases with time.
In the presence of a quench, however, the number of scales
that exited the horizonbefore thequench is constant,while the
number ofmodes that are enhanced after the quench increases
indefinitely. After sufficient time, the contribution to the
integral of the propagator from prequench modes becomes
negligible in comparison to the scales that became super-
horizon after the quench. As a consequence, the dependence
of the effective mass on the prequench parameters disap-
pears.7 These effects are not present in flat spacetime and thus
the dependence on the initial mass is always present.
This result is not sufficient, on its own, without first

making sure that the mass converges in general. While in
the flat situation the convergence to a stationary mass is fast
enough for one to assume the asymptotic result is valid
shortly after the quench, the same is not clear in a curved
spacetime, and that is the reason why one must find a more
complete time evolution, thus checking both convergence
as well as its rate of change.
Note, however, that, should the mass converge to a

constant at some time, then the result above must be valid,
since for a constant mass, the system is in a de Sitter
invariant state, equivalent to the unquenched scenario.
Hence, if we can prove that it does converge, we already
have the expression for the asymptotic mass, Eq. (3.10).

2. Approximate time evolution

We now move on to the time evolution. We begin by
studying it for specific transitions of masses close to 0 orffiffiffi
2

p
H. These cases are interesting for different reasons. First,

as mentioned before, they correspond to half-integer orders
of the Hankel functions, which simplifies thewave-functions
considerably. Furthermore, the m ≈ 0 case is the relevant
situation in inflation, since then the quantum perturbations
are enhanced by the accelerated expansion. The other
situation, m ¼ ffiffiffi

2
p

H, is the conformal case, in which one
can completely disregard the cosmic expansion from its
evolution—its wave functions turn out to be equal to those of
the massless case in flat spacetime. Furthermore, in a de
Sitter-invariant state, its mass does not receive any contri-
butions from the interactions, as can be seen in Eq. (3.10).
The other main approximation we employ here is the use

of the wave functions obtained for constant masses, i.e.,
instead of solving the full equation of motion,

u00k þ
�
k2 þ 1

τ2

�
m2ðτÞ
H2

− 2

��
uk ¼ 0; ð3:11Þ

6This is strictly true only for τ > τ0. At the instant in which the
quench happens, τ ¼ τ0, the continuity of the two-point function
implies that the UV contributions are still dependent on the mass
before the quench. We disregard that point in time in all
calculations.

7Note, however, that this is only true because μ20 ≤ 0 is not
allowed. If it were, IR divergences would appear, and thus the
contribution from prequench modes would be non-negligible
(and infinite).
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we solve only for m2ðτÞ ¼ const as a first approximation.
This will result, in general, in a time-dependent solution of
the mass equation, Eq. (2.16), which we label m1ðτÞ.
Ideally, one could go further in the approximation by
substituting the solution m1ðτÞ in the evolution equation,
Eq. (3.11) and thus finding the second approximation,
m2ðτÞ, by solving the mass equation once more. Repeating
this procedure should result in more and more accurate
results with each iteration and convergence to the real
effective mass. However, provided the difference between
the first iterations is negligible, it is sufficient to use the
approximation of constant mass and thus stop at
mðτÞ ≈m1ðτÞ. We will estimate the size of that difference
by comparing the solutions of Eq. (3.11) for constant mass
(u0ðτÞ) and for the first approximation m1ðτÞ (u1ðτÞ). In
particular, we calculate the error, eu, with

eu ¼ max

				1 − ju1ðτÞj2
ju0ðτÞj2

				: ð3:12Þ

Given that we expect the iterative approach to converge,
this error calculation essentially gauges whether the first
iteration, m1ðτÞ, is sufficiently accurate. An alternative to
this procedure would be to check how large the time
derivatives of m1ðτÞ are. A particular test would be the
calculation of the following derivative8:

				 12 d log jm
2ðτÞ=H2 − 2j
d log τ

				 ≪ 1

⇒

				 d log jm2ðτÞ=H2 − 2j
dt

				 ≪ 2H; ð3:13Þ

where t is cosmic time. Note that the second inequality
explicitly shows the connection of this test to the time
scale of the problem, the Hubble rate,H, thus providing the
physical interpretation to how slow the evolution needs to
be for the correctness of the constant mass approximation.9

While being more physically intuitive, this method is less
accurate in predicting whether the first iteration is suffi-
ciently good, which is why we use the expression given in
Eq. (3.12) to estimate the error.

In the calculations that follow, we begin by assuming the
corrections are small, similarly to what occurs under an
adiabatic approximation, in which one assumes the evolu-
tion of the mass to be slow enough for it not to affect the
equations of motion substantially. We will revisit the
accuracy of this approximation in Sec. III C, thereby
justifying our approach.
Transition 1: μ0 ≈ 0 → m ¼ ffiffiffi

2
p

H
The first case we will consider is the transition from

μ0 ≈ 0 to m ¼ ffiffiffi
2

p
H. By μ0 ≈ 0, we mean we use the same

approximations as in the unquenched case, i.e. the order of
the Hankel function before the quench is ν1 ¼ 3=2 − ϵ1
with ϵ1 ≪ 1 and we expand in powers of ϵ1 ≈ μ20=3H

2.
At lowest order in ϵ1, we find

2H2 ¼ m2 ¼ μ2R

þ gR4H
2

8π2
x2
��

1

ϵ1
− 3 − 2 logð1 − xÞ

�
ðx − 2Þ2 − 1

�
;

ð3:14Þ

in which x ¼ τ=τ0. We can see that this result does
converge to a constant at late times (x → 0), and becomes
m2 ¼ μ2R, in agreement with our estimate from Eq. (3.10).
The conclusion seems to be that should we have

μ2R ¼ 2H2, a transition does exist from μ0 ≪ H to
m ≈

ffiffiffi
2

p
H, given that the time evolving part is very small,

when compared to 2H2. Should that not be the case, not
only is it not guaranteed that the evolution is slow enough,
but the result is not even consistent with the original
assumption. Recall that we are checking whether the
transition exists by assuming the final mass is m ¼ ffiffiffi

2
p

H
and attempting to find parameters μ2R, g

R
4 and ϵ1 for which

the solution is consistent. If we find the time dependent part
to be very large, consistency is violated and our result for
the two-point function could no longer be valid. We check
this in Sec. III C using numerical calculations and find no
such problems.
Transition 2: μ0 ¼

ffiffiffi
2

p
H → m ≈ 0

We now look into the inverse transition,
μ0 ¼

ffiffiffi
2

p
H → m ≈ 0. We use the same approximations as

in the previous case, but expand now in ϵ2 ≈m2=3H2. Again,
at first order in this parameter, we find

m2 ¼ μ2R þ gR4H
2

16π2
½4γE − 5þ log 16þ 4xþ x4

þ 4 logð1 − xÞ − 4 log x�: ð3:15Þ

This result does not match our original predictions for the
final masses, due to an apparent divergence when x → 0.
This is reanalyzed in Sec. III C, and the numerical results
show no divergences, indicating that this is a problem owing
to the expansion in ϵ.

8A derivation of this quantity can be made by obtaining the rate
of change of the frequency, ω2 [given in square brackets in
Eq. (3.11)],

dðω2Þ
dτ

¼ 1

τ2

�
dðm2ðτÞ=H2 − 2Þ

dτ
−
2

τ
ðm2ðτÞ=H2 − 2Þ

�
;

and comparing the contribution from the time-dependent mass
(the first term) to the contribution due to the time-dependent
background (the second term).

9Note that using the opposite inequality in Eq. (3.13) would
correspond to the quench itself, in which the transition happens in
a much shorter time-scale than H−1.
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Transition 3: μ0 ≈ 0 → m ≈ 0
The final case we deal with here is the transition

μ0 ≈ 0 → m ≈ 0, now expanded both in ϵ1 ≈ μ20=3H
2

and ϵ2 ≈m2=3H2. The self-consistency condition for this
case is

m2 ¼ μ2R þ gR4H
2

8π2

�
−4þ 2γE þ 2 log 2

þ 1

ϵ1

�
1þ ðϵ2 − ϵ1Þ

�
2

3
−
2

3
x3 þ 2 log x

���
: ð3:16Þ

We can see that the late time limit (x → 0) again results in a
divergence, unless there is no quench, i.e. ϵ2 ¼ ϵ1. The
logarithmic divergences are now slightly more compli-
cated, with one term being identical to that of Transition 2,
while the other is dependent on ϵ2. Again, for this case, it
will be made clear in the next section that the problem
comes from the expansion in ϵ1 and ϵ2, rather than being
symptomatic of a “dynamical impossibility."

C. Numerical and resummed results

In this section we perform the calculations from the
previous section again but using numerical techniques.
Instead, this allows one to see that the full results from the
previous calculations do now match the final mass esti-
mates from Eq. (3.10) once we implement a resummation
technique and that most of the other issues are solved.
However, we do still use the same approximation, in which
we take the mass to be constant for the purposes of
calculating the integrals. We remind the reader that we
have defined the parameters ϵ1 and ϵ2 as

ϵ1 ≡ 3

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
−

μ20
H2

r
≈

μ20
3H2

;

ϵ2 ≡ 3

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
−
m2

H2

r
≈

m2

3H2
; ð3:17Þ

respectively. Recall as well that conformal time is defined
in the range −∞ < τ < 0, so that x ¼ τ=τ0 is positive and
approaches x → 0 in the far future.
Transition 1: μ0 ≈ 0 → m ¼ ffiffiffi

2
p

H
Let us follow the same order as before and start with the

case μ0 ≈ 0 → m ¼ ffiffiffi
2

p
H. We have seen that, in order for

this transition to occur, one must have μ2R ¼ 2H2, so we
choose that value for the mass parameter. We demonstrate
the dependence on the remaining parameters by plotting ϵ2
as a function of x ¼ τ=τ0 for different values of the original
mass, μ0 (labeled by ϵ1), and the coupling strength, gR4 in
two different plots, in Figs. 1 and 2.
First, we notice that the analytical expression obtained

above in Eq. (3.14) is a very good approximation to the
numerical solution in all situations and for all values of x.
This is somewhat surprising, given that expression was

derived for a specific final mass. Furthermore, from Fig. 1,
we see that even when ϵ1 is not so small, as exemplified by
the case ϵ1 ¼ 0.5, our original approximation almost
reproduces the numerical results, with only a small
deviation of less than 0.01% around x ¼ 1=3. It would
fail for larger values of ϵ1, but those cases are somewhat less
interesting, since the initial and final masses are too similar.
As expected, evolution is faster and more pronounced in

the cases in which the coupling strength, gR4 , is larger. The
dependence on the initial mass, ϵ1, seems to indicate that
there is less evolution for larger initial masses, which is to be
expected given the terms with H=μ0 present in Eq. (3.14).
Transition 2: μ0 ¼

ffiffiffi
2

p
H → m ≈ 0

Moving now to the results for the inverse transition,
μ0 ¼

ffiffiffi
2

p
H → m ≈ 0, we are interested again in showing

that this transition is possible under our approximations.
Our analytical result from the previous section hinted at
convergence problems in the late time limit, and here we
check whether those issues are present when no expansion
in ϵ2 is made. Given that we are checking Transition 2, we
set the initial mass to μ0 ¼

ffiffiffi
2

p
H, or equivalently ϵ1 ¼ 1.

We begin by showing the results for ϵ2 by varying the mass

FIG. 1. Evolution of ϵ2ðxÞ for transition 1 (dotted) as compared
to the analytical result (solid) for gR4 ¼ 0.01, varying ϵ1.

FIG. 2. Evolution of ϵ2ðxÞ for transition 1 (dotted) as compared
to the analytical result (solid) for ϵ1 ¼ 0.1, varying gR4 .
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parameter, μ2R, in Fig. 3. We also plot the asymptotic value
(dashed curve) as predicted by Eq. (3.10).
We note that convergence is indeed achieved and that it

agrees with the expectation for the asymptotic mass from
Eq. (3.10). Furthermore, we note that in the analytical result
for the evolution, Eq. (3.15), the r.h.s. did not depend on the
final mass, m (or ϵ2), which would imply that the time-
evolving part of the solution for ϵ2 would not change
among different choices of μ2R. It is clear from Fig. 3,
however, that the evolution is different from case to case,
which emphasizes the need for an extension to that
analytical result.
It turns out that one can improve the analytical estimate

substantially, by changing the divergent log x term into a
dynamical renormalization group (DRG) inspired expres-
sion [63,65]. The resulting mass equation becomes

m2 ¼ μ2R þ gR4H
2

16π2

�
4γE − 5þ log 16þ 4xþ x4

þ 4 logð1 − xÞ þ 2

ϵ2
ð1 − x2ϵ2Þe−3ϵ2

2

�
; ð3:18Þ

where the last term has been added. It is easy to show that
this term is equal to −4 log x in the limit ϵ2 → 0, as
required. Given the similarity with the DRG method, we
also call this new expression the resummation of the
previous one, given that one understands this correction
as the sum of infinite terms with different powers of log x.10

The improvement the resummation brings to the result
can be seen in the plot of Fig. 4, in which the results have
been rescaled according to μ2R and we plot both the
numerical results and the solution to the new mass
equation, Eq. (3.18).
The uncorrected result of Eq. (3.15) is also shown in

dashed lines. In spite of there being a substantial improve-
ment, there is still a visible discrepancy for the case with the
higher mass. This is expected, as the analytical result was
derived for small masses, m2 ≪ H2 and the heavier
example is already at m2 ≈H2=2.
All the cases presented in Figs. 3 and 4 have gR4 ¼ 0.01

and the contribution from the time evolution parts to the
final result was not very large. The results presented in
Fig. 5 show the dependence on gR4 for higher values of the
coupling. We see that, once again, the corrected result does
very well in all cases and that it converges to the asymptotic
result of Eq. (3.10).
We note that when gR4 becomes large, the initial evolution

can become quite fast, as expected, given the effect of the
interaction in Eq. (3.18). A quick analysis of that equation
shows that the evolution is slower for larger μ2R, since in
those cases the interaction terms become almost negligible
in comparison to μ2R.

FIG. 4. Numerical evolution of ϵ2ðxÞ for transition 2 (dotted) as
compared to both the corrected (solid) and uncorrected (dashed)
analytical results, for gR4 ¼ 0.01, varying μ2R and rescaled by μ2R
(shown in units of H2).

FIG. 3. Numerical evolution of ϵ2ðxÞ for transition 2 (dotted),
showing the asymptotic mass (dashed) for gR4 ¼ 0.01, varying μ2R
(shown in units of H2).

FIG. 5. Numerical evolution of ϵ2ðxÞ for transition 2 (dotted) as
compared to the corrected analytical results (solid) and showing
the asymptotic mass (dashed), with μ2R=H

2 ¼ 0.1, varying gR4 .

10A similar problem was detected in scattering calculations in
kinematic regions where there is a large hierarchy of scales, the
so-called Sudakov region [66], for which the Kinoshita–Lee–
Nauenberg theorem [67,68] is not valid. Resummation of the
large logarithms that appear is then required to make sense of the
result. The techniques used for that case offered inspiration to
the solution to very similar problems in inflationary correlation
function calculations [63] dealing with secular divergences [69].
The logarithms that appear in the present work are also, in fact,
due an IR divergence arising because of the evolution of the
system towards a massless state. After resummation, it is clear
that the presence of a finite mass resolves the divergence.
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Transition 3: μ0 ≈ 0 → m ≈ 0
Let us now look at the more general case in which no

mass is fixed. We focus on the cases in which the masses
are small in order to compare with our results for the
transition μ0 ≈ 0 → m ≈ 0. One of the conclusions follow-
ing from the expression for the asymptotic mass, Eq. (3.10),
was that, when x → 0, the mass after the quench,m, should
not depend on the mass before the quench, μ0. Figure 6
shows the time evolution of ϵ2 for the quench with
parameters given by μ2R ¼ 0.2, gR4 ¼ 0.1 and varying ϵ1.
It is clear that, in spite of the previous analysis of

Eq. (3.16) indicating a divergent behavior at late times, the
masses converge to the same value—that given by
Eq. (3.10). Again, in this case, it is possible to find a
better approximation to the results, by drawing inspiration
from dynamical renormalization group techniques [63,65]
and applying them to Eq (3.16). This amounts to exponen-
tiating the divergent terms, which results in the following
expression

m2 ¼ μ2R þ gR4H
2

8π2

�
−4þ 2γE þ 2 log 2þ 1

ϵ2

þ ϵ2 − ϵ1
ϵ1ϵ2

x2ϵ2e
2ϵ2
3
ð1−x3Þ

�
: ð3:19Þ

It is now clear that this solution has the correct asymptotic
limit up to Oðϵ2Þ corrections, given by

m2 ¼ μ2R þ gR4H
2

8π2

�
−4þ 2γE þ 2 log 2þ 1

ϵ2

�
: ð3:20Þ

This is equivalent to the result for the unquenched situation,
Eq. (2.26), as expected from our previous analysis. We can
see that this matches the numerical results very well in the
plots that follow. We show both the effect of varying μ2R=H

2

in Fig. 7 and the dependence on gR4 in Fig. 8. Again, we
show that, asymptotically, there is convergence towards the
values given by Eq. (3.10).

We see that the difference in mass ϵ2−ϵ1≈ðm2−μ20Þ=3H2

is very relevant for the evolution as it controls the slope of
ϵ2ðxÞ. We can see this clearly in Fig. 8, in which the final
mass appears to be attracted to the initial mass, approaching
it until the asymptotic value of Eq. (3.10) is reached. The
results plotted in Fig. 8 also reveal that this behavior toward
the initial mass is not symmetric about that value, i.e. the
rate of change of the mass is larger for larger gR4 . Hence, for
larger asymptotic masses, the convergence to the final value
is much faster than for the results below the initial mass.
Furthermore, we notice some similarities between this
transition and the others, as one sees a faster evolution
for smaller ϵ1 and for smaller μ2R. However, the effect is
slightly different, since a smaller ϵ1 essentially contributes
to a fast evolution through the terms ∝ 1=ϵ1, but a smaller
μ2R removes part of the constant contribution to the mass.
This affects the rate of change of the mass somewhat
differently as well as the convergence toward the asymp-
totic mass.
From these numerical results, we were able to find new

expressions for the effective mass, which are far more
reliable than those obtained in the previous section, given

FIG. 8. Numerical evolution of ϵ2ðxÞ for transition 3 (dotted) as
compared to the corrected analytical results (solid) and showing
the asymptotic mass (dashed), with ϵ1 ¼ 0.01 (also shown as dot-
dashed in the middle), μ2R=H

2 ¼ 0.002, varying gR4 .

FIG. 6. Numerical evolution of ϵ2ðxÞ for transition 3 (dotted)
and showing the asymptotic mass (dashed) with μ2R=H

2 ¼ 0.2,
gR4 ¼ 0.1, varying ϵ1.

FIG. 7. Numerical evolution of ϵ2ðxÞ for transition 3 (dotted) as
compared to the corrected analytical results (solid) and showing
the asymptotic mass (dashed), with ϵ1 ¼ 0.01, gR4 ¼ 0.1,
varying μ2R (shown in units of H2).
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the absence of divergences at late times. In all cases, the
results converge to the asymptotic mass, given by
Eq. (3.10) and evolve differently depending on the param-
eters of the system before and after the quench. We also
estimate the error in our constant-mass approximation
below for the cases under study and conclude that, in spite
of the large deviations existing for many situations, there
are many relevant parameter values for which one can trust
the approximation, which concludes the proof of concept
we proposed to do.
Critical analysis of the constant mass approximation—
Concerning our constant mass approximation, we ana-

lyze its error in terms of the quantity defined in Eq. (3.12),
eu, by calculating it for all the transitions studied here. We
do not expect our results to be trustworthy for all of the
cases presented, given the fast evolution of the mass in
many. However, we also find several situations in which the
error estimate is small, thus making our results reliable.
Regarding transition 1, we find the error to be approx-

imately described by eu ¼ 3gR4 =2ϵ1 (in %), such that a few
of the results plotted in Figs. 1 and 2 have an error of less
than 1%, while all except the largest have an error smaller
than 10%. These case studies justify the approach we have
adopted from the beginning.
For transition 2, however, we find that most of the results

in Fig. 5 have errors larger than 10%. For a value of
μ2R=H

2 ¼ 0.1, the error is only smaller than 1% when
gR4 < 2.7 × 10−3. This changes to gR4 < 3.7 × 10−5 for
μ2R=H

2 ¼ 0.01. This difference is not surprising, given that
we had found a more substantial evolution of the mass for
smaller values of μ2R. This is also why the results with the
smallest error in Fig. 3 are thosewhich have a higher value of
μ2R. The case μ

2
R ¼ H2=2, for example, has an error of only

eu ¼ 0.16%. The general trend is similar to that of transition
1, with smaller errors for larger μ2R and smaller gR4 .
In the case of transition 3, we report similar error estimates

as for the other transitions, again consistent with the error
being smaller whenever the evolution is slower. It is possible
to find errors smaller than 1% for situations with very
small coupling, gR4 , or for large ϵ1 and μ2R. For example,
the cases with the rather large ϵ1 ¼ 0.1, μ2R=H

2 ¼ 0.1, have
errors eu < 1% if gR4 < 4.3 × 10−3. An effect that was not
present in transitions 1 and 2 takes place here when the
difference of masses, or equivalently ϵ2 − ϵ1, turns out to be
small. In those cases there is a sharp decrease of the error,
since the time-dependent terms are suppressed. For example,
for ϵ1 ¼ 0.01, μ2R=H

2 ¼ 0.01, one finds the error to be
eu ≈ 1% for gR4 ¼ 1.6 × 10−2, while it is larger than 10% for
gR4 ¼ 10−3. Other similar examples exist, including situa-
tions inwhich gR4 is nonperturbative, i.e. of order 1. This is not
entirely surprising, given that when ϵ2 − ϵ1 is very small, the
quench is nearly nonexistent.
Furthermore, there is an important point that must be

made with respect to the reliability of our approximation.

Given that the parameter values for which the error is small
are those for which the evolution is suppressed, one could
wonder whether our results for the time dependence are
accurate at all, i.e. whether they are an improvement to
simply saying that, after the quench, one has a constant
mass equal to the asymptotic mass. To answer this question,
we compute the error with two versions of u0ðτÞ. We use
the same expression in both cases, but in one we keep the
value of the mass constant, while for the other version we
substitute for the first approximation of the time dependent
mass, m1ðτÞ. In all cases studied here, the error is smaller
for the second version, indicating that our approximation is
converging toward the real evolution of the mass, which is
essential for the reliability of the method. Thus, we confirm
that we are indeed finding a first approximation to the
evolution of the mass and not just its asymptotic value.

D. Negative m2 and symmetry breaking

In this section we study whether nonpositive values for
m2 are possible and what is the consequence for the
spontaneous breaking of theOðNÞ symmetry of the system.
We begin by restating the fact that, in a de Sitter invariant

state, IR effects force the effective mass squared, m2, to be
strictly positive. This occurs regardless of the sign of μ2R,
since there always exist solutions to the mass equation for
which m2 is positive. This implies that the OðNÞ symmetry
of the system cannot be spontaneously broken, i.e. the only
minimum of the effective potential is at ϕa ¼ 0.
For the case of a quench, the scalars are no longer in a de

Sitter invariant state, and thus their mass squared may not
be strictly positive. While it is true that, asymptotically, the
mass squared always converges to the positive value given
by the solution of Eq. (3.10), there is a possibility that it is
not always positive throughout the evolution. An analysis
of Eq. (3.19), for example, reveals that, for values of μ2R that
are sufficiently negative, one cannot find solutions for the
effective mass squared which are positive. These solutions
have been verified with numerical integration and are found
to match the analytical results for a negative m2, as shown
in Fig. 9. The absence of IR divergences is due to the
quench, as the IR part of the integrals of the power
spectrum is dominated by the mass before the quench,
μ20, which is positive. The influence of the state before the
quench is gradually washed out and thus the mass squared
is forced once again to become positive. Therefore, these
results indicate that m2 can be negative over the course of
the evolution, but only temporarily.
Should the mass squared be negative, however, one

expects the OðNÞ symmetry to be broken and thus that the
minimum of the effective potential to change to a nonzero
value, i.e. one would have, ϕN ¼ H2τ2σ ≠ 0. The discus-
sion above neglected this factor, which has to be taken into
account in the mass equation, Eq. (2.16). We rewrite it
below in terms of ϕ instead of σ and χ,
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m2 ¼ μ2 þ g4½ϕNðxÞ2 þ iGϕðx; xÞ�: ð3:21Þ

This equation, will, in general, have a different solution due
the extra contribution of the term g4ϕ

NðxÞ2. Such a
contribution is, however, not expected to be present
immediately as the quench happens, at τ ¼ τ0, as the
continuity of the fields imposes ϕN ¼ 0 at that time.
Thus, the solution to the gap equation at τ0 remains the
same as the one we obtained above, with the extra effect of
the background field increasing in time as it evolves toward
the minimum of the effective potential. This evolution is
difficult to predict within our framework, but it seems clear
that the effective mass will approachm2ðτÞ ¼ 0, as the term
g4ϕ

2 cancels the negative μ2. However, the mass is not
expected to remain at this value. If it did, then both the
background field, ϕN , and the two-point function Gϕðx; xÞ
would have to be constant, a situation which only happens
in a de Sitter invariant state. But, one already knows from
previous arguments that, in such a state, the mass squared
must be strictly positive, which it would not be. Therefore,
the mass should keep evolving, becoming positive again
and eventually reaching the asymptotic value given by
Eq. (3.10), since, in that late-time limit, the background
field ϕN will once again have stabilized at ϕN ¼ 0. These
arguments are somewhat in disagreement with the results of
Ref. [37], which states that the system should be massless

in the late-time limit. Nevertheless, should the mass be
zero, it is not clear how one would avoid the IR
divergences.
Given the arguments above, we conclude there is the

possibility of a transient period in which the mass squared
is negative, the duration of which should be calculable from
a full numerical evolution of the entire system. We leave
that for future work. During this period, the OðNÞ sym-
metry of the system is broken to OðN − 1Þ, but it is
subsequently restored.

IV. DISCUSSION AND CONCLUSIONS

In this work, we have studied a quantum quench of an
OðNÞ scalar field theory in the background of a de Sitter
spacetime. We have obtained the approximate evolution of
the effective mass, in the regime in which it is slowly
varying. In particular we have derived an expression for the
mass in the late-time limit, Eq. (3.10), which is an accurate
limit for the effective mass, even in the general situation not
covered by the present approximation. We reproduce that
here:

m2
∞ ¼ μ2R þ gR4H

2

16π2

�
m2

∞

H2
− 2

�
ðlog 4 − 1 −Ψðν∞2 − 1=2Þ

−Ψð−ν∞2 − 1=2ÞÞ;

with ν∞2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9=4 −m2

∞=H2
p

. Analyzing that limit, we
notice that it is independent of the initial mass prior to
the quench, in contrast to a similar result in flat space-
time [34].
Furthermore, we have obtained analytical expressions

for the evolution of the mass, which we summarize in
Table I for transitions 1, 2 and 3.
In the table, x ¼ τ=τ0 is the ratio between the current

value of conformal time, τ, and the initial value, τ0, at
which the quench happened. The parameters ϵ1 and ϵ2 are
proportional to the initial and final masses and are given by
ϵ1 ≈ μ20=3H

2 and ϵ2 ≈m2=3H2, respectively. In all cases,
we report an evolution of the effective mass in the direction
of the value of the mass before the quench, until it
approaches a strictly positive asymptotic value. We confirm
this result within our constant mass approximation for
many values of the parameters of the system, by showing
that the error in the approximation is small. In all other

FIG. 9. Numerical evolution of jϵ2ðxÞj for negative μ2R (dotted)
as compared to the analytical results (solid) and showing the
asymptotic mass (dashed). Initially ϵ2ðxÞ is negative, but evolves
toward positive values after some time.

TABLE I. Summary of the solutions to the self-consistent mass in different transitions.

Effective mass equation Transition

m2 ¼ μ2R
gR
4
H2

8π2
x2
h
1
ϵ1
− 3 − 2 logð1 − xÞðx − 2Þ2 − 1

i
μ0
H ≪ 1 → m

H ≈
ffiffiffi
2

p

m2 ¼ μ2R þ gR
4
H2

4π2

h
γE − 5

4
þ log 2þ xþ x4

4
þ logð1 − xÞ þ 1−x2ϵ2

2ϵ2
e−

3ϵ2
2

i
μ0
H ¼ ffiffiffi

2
p

→ m
H ≪ 1

m2 ¼ μ2R þ gR
4
H2

8π2

h
2γE − 4þ 2 log 2þ 1

ϵ2
þ ϵ2−ϵ1

ϵ1ϵ2
x2ϵ2e

2ϵ2
3
ð1−x3Þ

i μ0
H ≪ 1 → m

H ≪ 1
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situations, in which the evolution is too fast, we can only be
certain about the direction of the initial evolution of the
mass and its final value, as per the assumptions of our
calculations.
We have also evaluated the possibility of a transition to a

negative mass squared and consequent symmetry breaking.
We have argued that, should the parameters of the system
be such that spontaneous symmetry breaking happens, this
stage will be transient, with the symmetry being restored
after a certain time. Within our approximations, that time
interval cannot be calculated and hence its evaluation is left
for future work.
Implications for cosmology.—One of our original moti-

vations was the direct application of the quench to fast
transitions during inflation. If one interprets the scalars
under study here as the perturbations of the inflaton field,
the effect of the quench can be seen by calculating the
power spectrum from Eq. (3.7).
Another key quantity is the spectral index, which can be

derived from the power spectrum, P ¼ k3hϕ2i, via

n − 1 ¼ d logP
d log k

: ð4:1Þ

Evaluating the spectral index at the end of inflation, one
would see an abrupt change in its value, occurring
approximately at the scale k0 ∼ τ−10 , accompanied by small
oscillations for k > k0, as can be seen in Fig. 10. This is

because the spectral index depends on the mass of the field
at the time a certain scale left the horizon, and therefore will
be sensitive to when the quantum quench occurs.
This situation is quite similar to what is described in

Ref. [22]. However, given that our results do not take slow-
roll into account, nor do we attribute the accelerated
expansion to the effects of our scalars, the tendencies
described here may not be realized in practice.
In any case, we have shown in this paper that it is

possible to solve for the dynamics of a scalar field theory
after a quantum quench in de Sitter spacetime, which is a
very important first step toward the application to inflation.
Beyond what we have done here, a full numerical evolution
of the mode equation, Eq. (3.11), would be required, as
well as the solution of the background equations, as those
are also affected by the quench.
Another interesting application would be to the study the

effect of spectator fields in inflation. It would be particu-
larly interesting to study the quench to a negative mass,
described in Sec. III D, to check if that period can last for
long enough to destabilize the slow-roll expansion and
potentially end inflation.
Summary.—We have introduced a new method to study

fast transitions in de Sitter spacetime using the large-N
technique. We have obtained an approximate solution to the
dynamics of the system, which we believe to include most
of the relevant features of the full solution, including the
time dependence of the mass and its asymptotic value. We
have also pointed to future directions, including a more
direct application to inflation using numerical methods.
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FIG. 10. The spectral index (solid) as a function of scale k for
the transition with parameters ϵ1 ¼ 0.01, gR4 ¼ 0.1, μ2R ¼ 0.2,
shown at a time in which all scales have become super-horizon.
Also shown is the value of 2ϵ2 (dashed), representing the effective
mass via ϵ2 ≈m2=3H2 and evaluated at the time each scale exited
the horizon, τ ¼ k−1.
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