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We propose and construct a two-parameter perturbative expansion around a Friedmann-Lemaître-
Robertson-Walker geometry that can be used to model high-order gravitational effects in the presence of
nonlinear structure. This framework reduces to the weak-field and slow-motion post-Newtonian treatment
of gravity in the appropriate limits, but also includes the low-amplitude large-scale fluctuations that are
important for cosmological modeling. We derive a set of field equations that can be applied to the late
Universe, where nonlinear structure exists on supercluster scales, and perform a detailed investigation of
the associated gauge problem. This allows us to identify a consistent set of perturbed quantities in both the
gravitational and matter sectors, and to construct a set of gauge-invariant quantities that correspond to each
of them. The field equations, written in terms of these quantities, take on a relatively simple form, and allow
the effects of small-scale structure on the large-scale properties of the Universe to be clearly identified. We
find that inhomogeneous structures source the global expansion, that there exist new field equations at new
orders, and that there is vector gravitational potential that is a hundred times larger than one might naively
expect from cosmological perturbation theory. Finally, we expect our formalism to be of use for calculating
relativistic effects in upcoming ultralarge-scale surveys, as the form of the gravitational coupling between
small and large scales depends on the nonlinearity of Einstein’s equations, and occurs at what is normally
thought of as first order in cosmological perturbations.
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I. INTRODUCTION

A crucial feature of our observable Universe is that it
contains many gravitationally bound structures, on a variety
of different scales. These range from stars and planets to the
galaxies, clusters and superclusters that make up the cosmic
web we observe today. A challenge for theoretical cosmol-
ogists is how to consistently model this array of structures,
given that their density contrasts can be very large, and that
we wish to consider distance scales as large as the Hubble
radius. The standard approach to this problem is to assume
a global Friedmann-Lemaître-Robertson-Walker (FLRW)
background, and to use a mixture of cosmological pertur-
bation theory and Newtonian gravity in order to model the
effects of additional weak gravitational fields; see e.g.
[1–3]. This approach works extremely well for a wide
variety of situations, but it starts to become problematic
when one tries to consider nonlinear relativistic gravity.
This is because nonlinear density contrasts do not naturally
fit into the formalism of cosmological perturbation theory,
and because on small scales the velocity of matter and the
gradients of gravitational potentials can both be large.
Our approach to addressing this problem is to simulta-

neously expand the metric and energy-momentum tensor
using both cosmological and post-Newtonian perturbation

theories [4,5]. The result of this can formally be described
as a perturbative expansion in two parameters, which we
expect to be a consistent and valid description of both
nonlinear structure on small scales and linear fluctuations
on horizon-sized scales. Such a formalism therefore ena-
bles one to model the effects of nonlinear structure on the
dynamics of large-scale cosmological perturbations, as well
as on the cosmological background itself. It provides a
more representative picture of the real Universe than either
cosmological perturbation theory or post-Newtonian theory
could by themselves, and may be of use for consistently
modeling the relativistic effects that future surveys will
seek to detect.
The reason that standard cosmological perturbation

theory is not ideal for modeling structure on scales less
than about 100 Mpc (in the late Universe) is that below this
scale both the density contrasts and velocities start to
become large, in comparison to the background energy
density and gravitational potentials. Moreover, perturba-
tions to the metric appear at the same order in the field
equations as terms that are as large as the dynamical
background. This has led to much study of the idea that the
formation of structure in the Universe could have a strong
“backreaction” effect on the large-scale expansion, as the
perturbative expansion itself may start to break down
[6–12]. Although many authors now believe the effects
of backreaction on the FLRW background to be small, this
does not necessarily mean that the effects of small-scale
structure on large-scale cosmological perturbations must
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also be small. Addressing this latter question requires an
approach that can systematically and consistently track the
effect of nonlinear structures order by order in perturbation
theory, which is exactly what our two-parameter perturba-
tive expansion is designed to do.
In some respects, our treatment of the gravity on small

scales resembles the quasistatic (or slow-motion) limit of
cosmological perturbation theory. This approach has often
been used in the literature to describe small-scale structure
[13], and, at lowest order, gives a set of equations that look
a lot like those of Newtonian gravity. The basic idea in this
approach is to neglect terms in the field equations that
involve time derivatives, as these are generally expected to
be small in comparison to spatial derivatives. What is
unclear in the usual application of the quasistatic limit is
how this approach can be extended to nonlinear gravity.
The terms involving time derivatives that were discarded
may or may not appear at next order in perturbations, and it
may or may not be necessary to adjust the order of
smallness of velocities or vector potentials in order to
make the entire system of equations consistent. The post-
Newtonian expansion that we employ could, in some sense,
be viewed as a formalized version of the quasistatic limit of
cosmological perturbation theory, as it consistently tracks
the smallness of time derivatives, and the consequences that
result from the smallness of time derivatives.
Of course, one of the main applications of constructing a

perturbative expansion of the type outlined above is to
determine the signatures of Einstein’s theory in cosmo-
logical data. Studies with this goal have already been
performed using second-order cosmological perturbation
theory [14–19], and we expect it to be a matter of
significant interest to determine whether a framework that
formalizes the quasistatic limit can be used to simplify or
extend them. Hints that this should be possible come from
studies of second-order gravitational fields that average to
the size of first-order fields [20–24], and calculations that
suggest the second-order vector potential to be a hundred
times larger than naively expected [25]. Both of these turn
out to be natural results of the formalism we present in this
paper, which may therefore prove useful for gaining a full
understanding of the results from upcoming high-precision
surveys [26–28].
In the case where long-wavelength cosmological pertur-

bations are neglected, our formalism reduces to post-
Newtonian gravity on an expanding background [29–32].
If the scale of the post-Newtonian system is small enough,
then the background expansion only influences the local
physics of that system at high orders in perturbation theory.
This means we end up with a set of equations that are
consistent with post-Newtonian gravity up to the accuracy of
current observations but which differ to post-Newtonian
gravity at higher order. Our framework could therefore be
used to quantify the effects of cosmological expansion and
cosmological potentials on weak-field systems, if this was

ever required. It could also be used to formally model
gravitational fields in relativistic N-body simulations [31,
33–42], and the effects of small-scale fluctuations on
cosmological observables such as galaxy number counts
[14,43]. Additionally, such a theory has the potential to offer
new ways of testing Einstein’s theory. For most of what
follows, in this paper, we take the weak-field systems to be
modeled as clusters and superclusters.
In Sec. II we introduce the relevant perturbative expan-

sions for our formalism: post-Newtonian gravity, cosmo-
logical perturbation theory and our two-parameter
expansion. In Sec. III we consider, using observational
results, the size of quantities such as gravitational potentials
and energy densities for various physical systems. This
indicates which of the two perturbative expansions we
should expect to apply to each system. In Sec. IV we use
our two-parameter expansion to derive the field equations
that correspond to structure on supercluster scales. The
expressions that result are lengthy, so in Sec. V we define a
two-parameter coordinate transformation that can be
applied to the metric and stress-energy tensor. This enables
us to construct gauge-invariant quantities in Sec. VI, and to
write gauge-invariant versions of the field equations. This
simplifies the field equations, and allows us to determine at
which orders we should expect perturbations to appear. In
Sec. VII we discuss our final field equations, and consider
how our formalism could be applied to the smallest and
largest gravitationally bound structures that exist in the
Universe. Finally, we conclude in Sec. VIII.
We use latin and greek indices to denote space and

space-time indices, respectively. Commas and dots denote
the partial derivatives and derivatives with respect to
coordinate time t, respectively, such that

f;μ ≡ ∂f
∂xμ ; _f ≡ ∂f

∂t ;

where xμ are space-time coordinates and f is any function
on space-time. Additionally, we choose units such that
c ¼ G ¼ 1, so that Einstein’s field equations are given by

Rμν ¼ 8π

�
Tμν −

1

2
Tgμν

�
; ð1Þ

where Rμν is the Ricci tensor of the space-time metric gμν,
Tμν is the energy-momentum tensor of the matter fields
within the space-time, and T ≡ Tμ

μ. Throughout this paper
we treat the matter fields as a perfect fluid, so that the
energy-momentum tensor can be written as

Tμν ¼ ðρþ pÞuμuν þ pgμν; ð2Þ

where ρ and p are the energy density and pressure
measured by observers following four-velocity uμ ≡
dxμ=dτ, and where τ is the proper time comoving with
the fluid.

GOLDBERG, CLIFTON, and MALIK PHYSICAL REVIEW D 95, 043503 (2017)

043503-2



II. PERTURBATIVE EXPANSIONS

Perturbative expansions are used extensively in gravita-
tional physics, as the full Einstein equations, given in
Eq. (1), are otherwise very difficult to solve. These
expansions come in a variety of different forms, and are
usually constructed or adapted to be used in specific
scenarios that are of particular physical interest. The two
perturbative expansions that we wish to use in this paper are
the post-Newtonian expansion, and the cosmological per-
turbation theory expansion. These are by no means the only
perturbative constructions that can be applied to understand
relativistic gravity, but they are probably the best suited to
understanding it in cosmology.
We start this section by discussing both post-Newtonian

and cosmological perturbation theory expansions sepa-
rately, before moving on to show how each of them needs
to be altered from their canonical forms if they are to be
used simultaneously to describe astrophysical structures
that span the full range, from galaxies all the way through to
superhorizon fluctuations. By considering these two expan-
sions simultaneously we shed light on the link between the
gravitational fields of highly nonlinear virialized objects,
and the large-scale properties of the Universe. These
links, and the interplay between gravitational physics on
small and large scales, become increasingly important as
we move to higher orders in perturbation theory.
The starting point for both of these expansions is the

realization that the Einstein equations can be written as a set
of wave equations, which take the form [44]

□ψ ¼ −4πμ; ð3Þ

where□ is the D’Alembertian operator associated with the
metric of space-time, ψ represents the various gravitational
potentials associated with the metric, and μ is a source term
(derived from the components of the energy-momentum
tensor, and the components of the metric with up to one
derivative).
Equation (3) is a wave equation with null characteristics,

so its retarded solutions, assuming certain boundary con-
ditions, are given by integrals of the form

ψðt;xÞ ¼
Z
C−

μðt − jx − x0j;x0Þ
jx − x0j d3x0; ð4Þ

where C− is the past light cone of the point x ¼ ðt;xÞ.
These solutions, in general, represent a set of waves, with a
characteristic wavelength and frequency that are deter-
mined by the source, μ. We refer to these as λc and ωc,
respectively. Because Eq. (4) represents a set of null waves,
these quantities are related by λc ¼ 2π=ωc.
So far, we have not used perturbation theory at all.

If we want to do this, in order to get concrete solutions
to Einstein’s equations, then we need to understand
how the integral in Eq. (4) behaves under the relevant

approximations. Specifically, we need to know if the length
scale under investigation is smaller or greater than λc. These
regimes are often referred to in the relativistic astrophysics
literature as the “near zone” and the “wave zone,” respec-
tively [5]. We use the same ideas, but apply them to
cosmology instead. We then refer to these two regimes as
the Newtonian and the cosmological. The relevant expan-
sion for the Newtonian regime is an adapted version of the
post-Newtonian expansion, while the one relevant for the
cosmological regime is an adapted version of cosmological
perturbation theory. Let us now consider each of these
regimes in turn, before considering them both together.

A. Post-Newtonian gravity

In the Newtonian regime (our version of the near zone)
we assume that distance scales are small compared to the
characteristic wavelength, λc, such that

LN ≪ λc ¼
2π

ωc
¼ tc; ð5Þ

where we have introduced the characteristic time scale tc,
and the typical length scale associated with the Newtonian
regime, LN . Another way of stating this condition would be
to say that the velocities of the sources are, in some sense,
slow. This follows from the fact that characteristic dimen-
sionless velocities are of the order v ∼ LN=tc ≪ 1 (recall
that we are using units in which c ¼ 1). In this sense, small
scales tend to correspond to slow motions.
Now consider the consequences of the assumption of

small scales for derivatives of the source term, μ. Spatial
derivatives are of the order j∇μj ∼ μ=LN, while time
derivatives are of the order _μ ∼ μ=tc. We therefore have

_μ ≪ j∇μj: ð6Þ

In other words, the typical variation of the sources in time is
small compared to their variation in space. It is also
apparent that the order of this smallness should be expected
to be of the same size as the dimensionless velocity, v.
Let us now consider the size of the gravitational

potentials that are represented by ψ, and how they vary
in space and time. It is apparent from Eq. (4) that if
LN ∼ jx − x0j ≪ t, and if we Taylor expand the time-
dependent part of the integrand, then the leading-order
part of ψ is given by

ψ ¼
Z
V

μðt;x0Þ
jx − x0j d

3x0; ð7Þ

where V denotes a spacelike volume of constant time. It can
now be seen from Eqs. (6) and (7) that when jx − x0j ≪ tc
the derivatives of ψ satisfy [5]

_ψ ≪ j∇ψ j: ð8Þ
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Again, the order of smallness of the time derivative,
compared to the space derivatives, is found to be of the
order of v. It can also be seen that ψ ∼ μL2

N .
The discussion above all follows from the assumption of

small scales (and hence low velocities), as well as the null
characteristics of the Einstein field equations. A further
requirement to define the post-Newtonian expansion is that
the magnitudes of the gravitational potentials are them-
selves small. This point is complicated by the fact that there
are a number of gravitational potentials in Einstein’s theory,
and not just the one that was used for schematic purposes in
Eq. (3). The magnitude of a potential depends, through
the field equations, on the sources that generate it. The
magnitude of any given potential can also be linked to the
velocity of the matter fields in the space-time through the
equations of motion of those fields. Let us now consider
how this works for the leading-order parts of each of the
components of the metric. In order to do this, it is
convenient to define the parameter

η ∼ v ∼
j∂=∂tj
j∂=∂xj ; ð9Þ

which can be used to keep track of the order of smallness of
a quantity within this expansion.
At leading order, the space components of the equation

of motion for freely falling timelike particles tell us that
_v ∼ j∇g00j, which implies that the metric is perturbed in the
following way:

g00 ¼ gð0Þ00 ðtÞ þ gð2Þ00 ðt;xÞ þ � � � : ð10Þ
Here we have used a superscript in brackets to denote the
order of a quantity in η, and the ellipsis denotes terms that
are smaller than η2. There can be no terms that depend on
spatial position at order η or larger, as this would be
incompatible with the leading-order part of the equation of
motion.
Meanwhile, the leading-order part of the time-time

component of the field equations gives

∇2g00 ∼ ρ; ð11Þ
where ρ is the leading-order part of the energy density of
the matter fields. This tells us that the ρ, which actually
corresponds to the mass density, can be no larger than
η2L−2

N . The similarity between Eq. (11) and the Newton-

Poisson equation also justifies associating gð2Þ00 ðt;xÞ with
the Newtonian gravitational potential, U. Furthermore, for
freely falling timelike particles we find

U ∼ v2: ð12Þ
To go to higher orders in g00, and to find the leading-

order parts of the other components of the metric, we need
to consider the higher-order parts of the energy-momentum
tensor. To do this we first expand the energy density and

pressure as ρ ¼ ρð2Þ þ ρð4Þ þ � � � and p ¼ pð4Þ þ � � �,
respectively. The components of the tensor given in
Eq. (2), up to Oðη5L−2

N Þ, are then

Tð2Þ
00 ¼ −gð0Þ00 ρ

ð2Þ; ð13Þ

Tð4Þ
00 ¼ −gð0Þ00 ρ

ð4Þ − ρð2Þðgð0Þ00 u
ð1Þiuð1Þi þ gð2Þ00 Þ; ð14Þ

Tð3Þ
0i ¼ −

ffiffiffiffiffiffiffiffiffiffi
−gð0Þ00

q
ρð2Þuð1Þi ; ð15Þ

Tð4Þ
ij ¼ ρð2Þuð1Þi uð1Þj þ pð4Þgð0Þij ; ð16Þ

where the spatial part of the four-velocity is such that

v≡ jvð1Þij ∼ juð1Þij ∼ η and we assume gð0Þ0i ¼ 0. In each of
these expressions we have continued the practice of using
superscripts in brackets to denote the order of smallness of
a quantity. However, when a quantity is dimensionful, such
as pð4Þ, then the reader should take this to mean, for
example, pð4Þ ∼ η4L−2

N .
The post-Newtonian gravitational fields that result from

Eqs. (13)–(16) are then given by

g00 ¼ gð0Þ00 ðtÞ þ gð2Þ00 ðt;xÞ þ
1

2
gð4Þ00 ðt;xÞ…; ð17Þ

gij ¼ gð0Þij ðtÞ þ gð2Þij ðt;xÞ þ � � � ; ð18Þ

g0i ¼ gð3Þ0i ðt;xÞ þ � � � ; ð19Þ

wherewe have assumed that coordinates can be chosen such

that gð0Þ0i vanishes. The metric components gð4Þ00 , g
ð2Þ
ij , and g

ð3Þ
0i

are usually referred to as “post-Newtonian potentials.”
One may note that the first spatially dependent term in g0i

occurs atOðv3Þ. This is because the first nonzero source term
for this potential is order ρð2Þvð1Þi . It can also be noted that the
orders of the gravitational potentials required for them to be
labeled post-Newtonian are different in different parts of the
metric. This is because time derivatives add an order of
smallness, compared to space derivatives, and because these
two types of derivatives operate on different components of
the metric in the equations of motion of timelike particles.
One may also note that there are a number of missing

terms in both the energy-momentum tensor and the metric.
For example, there are no terms in T00 ofOðη3L−2

N Þ, and no
terms in g00 of Oðη3Þ. As far as the energy-momentum
tensor is concerned, this can be considered a choice of the
type of matter that one wishes to model. For example,
matter with a pressure term at Oðη2L−2

N Þ could be included,
if required, as was recently done in [45]. One could also
include heat flow or anisotropic pressure, if they were
required. The situation with the metric, however, is quite
different.
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The required order of smallness of the different compo-
nents of the metric is not specified from the outset. It is
determined by solving the field equations, and by using the
equations of motion of the matter fields. This means that

one could, for example, have tried to include a gð3Þ00 term in
the time-time component of the metric. However, there
would be no matter fields to source such a term, and so it
would end up satisfying a homogeneous version of the

equation satisfied by gð2Þ00 . This means that the hypothesized

gð3Þ00 term describes no new physics, and can be absorbed

into gð2Þ00 without loss of generality, and it is not necessary or
helpful to consider such a term independently. We return to
this point later on.
After all of this, we therefore end up with a metric and an

energy-momentum tensor that are expanded at even orders
in η in their time-time and space-space components, and at
odd orders in η in their time-space components (a trend that
continues until gravitational waves are generated). We also
have that time derivatives add an extra order of smallness to
any quantity that they act upon, when compared with space
derivatives, and that the lowest-order gravitational poten-
tials are at eitherOðη2Þ orOðη3Þ. This is all very different to
the results of the expansion used in cosmological pertur-
bation theory, which we review in the next section. For
further details about post-Newtonian expansions the reader
is referred to the textbooks by Will [4] and Poisson and
Will [5].

B. Cosmological perturbation theory

Cosmological perturbation theory applies to large scales,
up to and beyond the particle horizon of the observable
Universe. Such length scales are, by definition, comparable
to the characteristic wavelength, λc, such that

LC ∼ λc ¼
2π

ωc
¼ tc; ð20Þ

where LC is the typical length scale associated with the
regime of cosmological perturbation theory. This means
that characteristic velocities, v ∼ LC=tc, are not small, and
that the variation in time of gravitational potentials and
matter fields cannot be considered small when compared to
their variation in space.
These facts mean that, unlike the case of post-Newtonian

gravity, we cannot use v to track the smallness of
gravitational potentials or matter fields. Instead we have
to hypothesize, or construct [46,47], a global solution to
Einstein’s equations that can be used as a background to
perturb around. For most purposes this is taken to be the
FLRW geometry,

ds2 ¼ −dt2 þ a2ðtÞ
�

dr2

1 − kr2
þ r2ðdθ2 þ sin2 θdϕ2Þ

�
;

ð21Þ

where aðtÞ is the scale factor, and k is the curvature of a
spatial volume of constant t. The precise functional form
of aðtÞ depends on the matter content of the space-time,
and the value of the curvature constant, k. For the majority
of this paper we consider background geometries in
which k ¼ 0.
With the flat FLRW background in hand, one can now

consider small fluctuations to both the metric of space-time
and the matter fields that exist within it. Starting with the
metric, we can write

gμν ¼ gð0Þμν ðtÞ þ gð1Þμν ðt;xÞ þ � � � ; ð22Þ

where gð0Þμν ðtÞ corresponds to the FLRW background, see

Eq. (21), and gð1Þμν ðt;xÞ corresponds to the leading-order
perturbation. These contributions to the metric have, to
date, been the only ones required to calculate the vast
majority of cosmological gravitational phenomena. The
ellipsis in this equation denotes terms that are smaller than

gð1Þμν , and the superscripts in brackets are now being used to
denote the order of smallness of a quantity in cosmological
perturbation theory (they should not be confused with
quantities perturbed in the post-Newtonian expansion, as
outlined in the previous section).
If we perturb the matter fields, then we can write the

energy density and pressure within the space-time as
ρ ¼ ρð0Þ þ ρð1Þ þ � � � and p ¼ pð0Þ þ pð1Þ þ � � �, where
the quantities ρð0Þ and pð0Þ should be understood to be
the values of the energy density and pressure in the
background FLRW geometry, respectively. Using this,
together with the perturbed metric, the components of
the energy-momentum tensor can be written to linear order:

T00 ¼ ρð0Þ þ ρð1Þ − gð1Þ00 ρ
ð0Þ þ…; ð23Þ

T0i ¼ −ρð0Þðvð1Þi þ gð1Þ0i Þ − pð0Þvð1Þi þ…; ð24Þ

Tij ¼ pð0Þðgð0Þij þ gð1Þij Þ þ pð1Þgð0Þij þ…; ð25Þ

where a−1vð1Þi are the spatial components of uμ to leading

order and vð1Þi ≡ δijvð1Þj.
In standard cosmological perturbation theory, all pertur-

bations to the metric and matter fields are taken to have the
same order of smallness, ϵ, such that

ϵ ∼ vð1Þ ∼ gð1Þμν ∼ L2
Cρ

ð1Þ ∼ L2
Cp

ð1Þ: ð26Þ

The reader may note that we have included factors of L2
C

above, so that each of the quantities being compared is
dimensionless. This is necessary, strictly speaking, in order
to establish that quantities are of the same order of
smallness. These additional factors are usually excluded
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in the literature, but are important for much of the work we
present in this paper.
Substituting both the perturbed metric and the perturbed

energy-momentum tensor into Einstein’s equation allows
us to solve for each of the components of the metric, once
an equation of state is specified for the matter fields. In
practice this task can be simplified by performing an
invariant decomposition of the metric and the velocity
field into scalar, divergenceless vector, and transverse-
trace-free tensor components. These three types of pertur-
bation do not interact with each other at first order in
perturbations, and so the equations that govern each of
them can be solved independently of the other two sectors.
The reader will note, due to the considerations at the

beginning of this section, that derivatives only affect the order
of smallness of a quantity by adding factors of L−1

C . That is,

_ψ ∼ j∇ψ j ∼ ψ

LC
; ð27Þ

where ψ could be either a background quantity, a gravi-
tational potential, or a quantity associated with the matter
fields. This is in contrast to the situation in post-Newtonian
gravity, as given in Eq. (8). It can also be noted that we
require each of the components of themetric only up to first
order in perturbations, in order to consistently write the
equations of motion of a timelike particle to first order. This
is again a departure from the more complicated situation
that arises in post-Newtonian gravity. For further explan-
ation of cosmological perturbation theory the reader is
referred to the review by Malik and Wands [1].

C. A two-parameter perturbative expansion

In the previous sections we considered post-Newtonian
and cosmological perturbative expansions separately. In
reality, both types of perturbations are expected to be present
in any realistic model of the Universe. We therefore want to
construct a two-parameter framework that incorporates them
both.We do this by starting with a FLRW geometry, with the
same line element that appears in Eq. (21), and then
perturbing it using the two parameters ϵ and η, which we
take to correspond to the orders of smallness in the
cosmological and post-Newtonian expansions, respectively.
Such a background is quite standard for cosmological
perturbation theory, but little used for post-Newtonian
gravity [29]. Nevertheless, it is entirely compatible with
the discussion in Sec. II A, which we kept general (i.e. time
dependent) in order to allow for this possibility. In fact, a
small enough region of perturbed FLRW can be shown to be
entirely equivalent to perturbed Minkowski space at both
Newtonian [46] and post-Newtonian orders [47].
To introduce the idea of a two-parameter expansion,

let us start by considering a dimensionless function, or
tensorial quantity, FðxμÞ, that exists in a manifold, M. By
expanding in both ϵ and η, the smallness parameters

associated with our two expansions, we can write this
function as

FðxμÞ ¼
X
n;m

1

n0!m0!
Fðn;mÞðxμÞ; ð28Þ

where Fðn;mÞðxμÞ are a set of functions that exist in a second
manifold M̄, which is diffeomorphic to M. The super-
scripts n and m on these quantities label their order of
smallness in ϵ and η, respectively. The quantities n0 and m0,
on the other hand, are set by whether the term in question is
leading order in ϵ or η, next-to-leading order, etc. Of course,
such an expansion is only possible if both ϵ and η ≪ 1.
Expansions of this kind have already been considered in the
literature [48,49].
The geometry of this setup is illustrated in Fig. 1. The

reader should note that perturbed tensors, such as Fðn;mÞ, are
pulled back to the background manifold, M̄, and can
therefore be written in terms of the background coordinates,
xμ. This then enables us to compare perturbed tensors with
unperturbed tensors, just as in single-parameter perturba-
tion theories. Physically, FðxμÞ corresponds to a quantity
that is close to Fð0;0ÞðxμÞ, but perturbed in two different
ways. This is the picture we have in mind when we perturb
both the FLRW metric, and the matter fields.
As a simple illustrative example of the scenario we

envisage, we could consider a one-dimensional function
FðxÞ that satisfies a given differential equation. If we
imagine that FðxÞ is close to being a sinusoidal wave,
then we could write Fð0;0ÞðxÞ ¼ sinð2πx=λÞ. However, if

FIG. 1. An illustration of the maps between the background
manifold M̄, and the manifold of the perturbed space-time, M.
The manifolds Mϵ and Mη correspond to perturbations in ϵ

and η only. The two different routes between points on M̄ andM
must be identical if the overall map is invertible.
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FðxÞ is not exactly sinusoidal then we may want to
calculate the corrections that are required in order to
accurately model this function. One way of doing this
would be to transform these corrections into a Fourier
series, and to split the Fourier modes into those that have a
wavelength shorter than λ, and those that have a wavelength
greater than λ. We can then associate the smallness of the
former of these fluctuations with η, and the latter with ϵ. As
long as both η and ϵ are small, we can then use perturbation
theory in order to determine the coefficients Fðn;mÞ, order by
order in smallness. The benefit of using two parameters in
this situation is that we are able consider scenarios in which
the small-scale corrections behave differently to those that
occur on large scales, as happens in cosmology. It also
allows us to investigate the way in which small-scale
perturbations affect their large-scale counterparts, and vice
versa.
Let us now return to considering cosmology, and

continue by expanding both the metric and the matter
fields in terms of both ϵ and η. These two parameters need
not necessarily be of the same size, and, for now, we keep
our expansion general by not assuming anything about the
relationship between them. This means, specifically, that
we do not assume a relationship of the form ϵ ¼ ϵðηÞ, and
we do not assume anything about the relationship between
the scales LN and LC (later on we restrict ourselves to
particular situations of more direct physical interest, in
order to write down the field equations, and perform
calculations, in a sensible way).
Let us start by expanding the energy-momentum tensor,

given in Eq. (2), in both ϵ and η using Eq. (28). This gives

ρ ¼ ρð0;2Þ þ ρð1;0Þ þ ρð1;1Þ þ ρð1;2Þ þ 1

2
ρð0;4Þ þ � � � ; ð29Þ

where

ρðn;0Þ ∼
ϵn

L2
C
; ρð0;mÞ ∼

ηm

L2
N

and ρðn;mÞ ∼
ϵnηm

L2
N

ð30Þ

are the cosmological, post-Newtonian and mixed pertur-
bations of the energy density, respectively. The quantities
ρð0;2Þ and ρð0;4Þ correspond to the energy density in the rest
mass of the matter fields and their internal energy density,
respectively. Meanwhile, ρð1;0Þ is a large-scale cosmologi-
cal fluctuation in the energy density, and both ρð1;1Þ and
ρð1;2Þ are small-scale perturbations on top of a large-scale
fluctuation (or vice versa). In Fig. 2 some of these different
contributions to the perturbed energy density are repre-
sented visually.
The reader may note that we have omitted a time-

dependent background-level contribution to the energy
density, which would otherwise have occurred as
ρð0;0ÞðtÞ ∼ L−2

C . This is intentional, and indeed necessary,
if we are to construct a sensible two-parameter expansion in

both ϵ and η. The reason for this is that such a term, while
being usual in single-parameter cosmological perturbation
theory, would be highly unusual in post-Newtonian gravity.
It would correspond to a contribution to the energy density
that is much larger than the rest mass of the matter fields
within the space-time. We therefore set ρð0;0Þ ¼ 0, and find
out that it is instead the spatial average of ρð0;2Þ that plays
the role of (what would otherwise be) the background
energy density in the Friedmann equations. This is
explained in more detail in Sec. VII.
We derived the expansion of the energy density, given

in Eq. (29), so that it contains the minimum number of
perturbations necessary to describe a two-parameter sys-
tem. To do this we wrote an initial ansatz for the perturbed
energy density that was given by the sum of the post-
Newtonian perturbed energy density, the cosmological
inhomogeneous perturbed energy density and mixed order
perturbations which are products of the leading-order
Newtonian and cosmological perturbations. However, after
gauge transformation1 we generated a source of energy
density ofOðϵηL−2

N Þ. Therefore, we also include a source of
energy density order ρð1;1Þ. This gives the perturbed energy
density in Eq. (29). This perturbed energy density after
gauge transformation is consistent with original energy
density, and therefore has the minimal number of pertur-
bations necessary to describe a two-parameter system.
The remaining contributions to the energy-momentum

tensor come from the isotropic pressure, p, and the peculiar
velocity, vi. These are expanded in ϵ and η such that they
are the sum of the velocities and pressures used in post-
Newtonian gravity and cosmological perturbation theory.
No other perturbations are necessary up to the order we
wish to consider. Therefore we write

vi ¼ vð0;1Þi þ vð1;0Þi þ � � � ; ð31Þ

and

p ¼ pð1;0Þ þ pð0;4Þ þ � � � ; ð32Þ

where the peculiar velocity, defined as the spatial part of
the four-velocity uμ (given in Sec. I), corresponds to the
deviation of the paths of matter fields from the background
Hubble flow. If it is 0, then the matter moves only with the
expansion of the Universe. If η > ϵ the post-Newtonian
velocity vð0;1Þi is greater than the velocity allowed by
cosmological perturbation theory alone, vð1;0Þi (this is the

1After gauge transforming our initial ansatz stress-energy
tensor, via the transformations given in Sec. V, we produced a
source of energy density of OðϵηL−2

N Þ; see Eq. (125) in that
section. This source is of this order because we chose LN ∼ ηLC.
For other relationships between the two length scales there should
not be a term ρð1;1Þ of OðϵηL−2

N Þ in the expansion of the energy
density.
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case for the field equations we derive in the following
sections).
There are a couple of points that the reader may want to

note about these expansions. First, the usual velocity in
post-Newtonian gravity does not exactly correspond to the
small-scale peculiar velocity vð0;1Þi. In fact, it is the sum of
the small-scale peculiar velocity vð0;1Þi and the Hubble
flow. This is because velocities in normal post-Newtonian
gravity are relative to a Minkowski background, whereas in
our formalism velocities are peculiar velocities relative to
an expanding FLRW space-time. This is an important
difference. Secondly, we have not included a contribution
to the pressure of the form pð0;2Þ ∼ η2L−2

N . Although such a
term can be included [45], on small scales it corresponds to
a barotropic fluid with an energy density comparable to that
of dark matter and baryonic matter. While such a fluid
could be used to model the effects of radiation in the early
Universe, we have chosen to neglect it, in order to model
the simpler case of the dust-dominated stages of the
Universe’s evolution. We instead allow for some small

cosmological and post-Newtonian pressure, pð1;0Þ and
pð0;4Þ, respectively.
Let us now consider what happens when derivatives act

on the perturbed quantities defined above. We start with the
presumption that the rate at which an object changes in
space and time can be determined from its order of
smallness in ϵ and η. If an object is perturbed in η only,
we say that it is post-Newtonian. We denote all such objects
by N, so that N ∼ ηm. Similarly, all objects perturbed in ϵ
only are called cosmological, and are denoted by C ∼ ϵn.
The remaining objects, perturbed in both ϵ and η, are called
mixed, and are denoted by M ∼ ϵnηm.
Following the discussion in Sec. II A, we assume that

derivatives act on all Newtonian quantities such that

N;i ∼
N
LN

and _N ∼
ηN
LN

: ð33Þ

Similarly, following the discussion in Sec. II B, we take
derivatives to act on all cosmological quantities [including
the scale factor aðtÞ] such that

FIG. 2. A sketch of the different contributions to the total energy density (top). These contributions include the rest mass energy
density (middle left), first cosmological perturbations (middle right), first mixed perturbation (bottom left), and higher-order
contributions to internal energy density (bottom right). Smaller contributions to the energy density, at higher order in perturbation
theory, are denoted by the ellipsis.
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C;i ∼
C
LC

and _C ∼
C
LC

: ð34Þ

It now remains to decide the order of smallness of the
derivatives of mixed terms. This is more complicated.
We start our consideration of the derivatives of mixed

terms by noting that they vary in space and time on both
Newtonian and cosmological length scales, as illustrated in
Fig. 2. In order to determine which of these contributions
dominates the derivative on a mixed-order quantity we need
to relate LN and LC. In order to do this it is useful to define
a new quantity, l, such that

l≡ LN

LC
: ð35Þ

Also, we observe that we want to consider post-Newtonian
perturbed structure, on scales LN , such that the post-
Newtonian expansion (around Minkowski space) still
holds. For this to be true we need the velocity due to
the Hubble flow, HLN , to be smaller than or equal to the
peculiar velocities of the constituent objects, η; hence
HLN ≤ η. Otherwise, such systems would have velocities
larger than η with respect to a Minkowski background, and
so post-Newtonian gravity would break down. Given that
H ∼ L−1

C , and using the definition from Eq. (35), we then
have the requirement

l ≤ η: ð36Þ

This implies two things: (i) spatial derivatives acting on
cosmological terms are strictly smaller than spatial deriv-
atives acting on Newtonian terms, and (ii) time derivatives
acting on cosmological terms are strictly less than or equal
to time derivatives acting on Newtonian terms. Therefore,
post-Newtonian spatial and temporal derivatives dominate
over or are equal to cosmological ones. Hence we can write

M;i ∼
M
LN

and _M ∼
ηM
LN

; ð37Þ

because, at most, derivatives of mix-ordered terms go like
derivatives of post-Newtonian perturbed quantities.
At this point we can make two more comments related to

Eqs. (35) and (36). The first arises because we can write

ρð1;0Þ ∼
ϵ

L2
C
∼
ϵl2

L2
N
: ð38Þ

This, together with Eq. (36), means that ρð1;0Þ ≪ ρð0;2Þ. In
other words, the total energy density is always dominated
by the rest mass of the matter fields on small scales,
independent of the relative magnitude of the gravitational
potentials on small and large scales. This is important when
it comes to writing the field equations order by order.

The second point is that the above book-keeping of
derivatives on Newtonian, cosmological and mixed-order
terms can be considered in units of either LN or LC. If we
consider the field equations in units of LN then we relegate
certain terms to higher orders, by adding orders of small-
ness in η and l. If we consider the field equations in units of
LC we move terms to lower orders, by adding largeness via
η−1 and l−1. Either is perfectly acceptable, but we choose to
employ the former. This is because it is easier to omit terms
which become higher order under a derivative, rather than
to go through all possible higher-order terms in order to see
which terms might be larger under a derivative.
To complete the description, let us now expand the

metric in both ϵ and η. Given a background geometry, gð0;0Þμν ,
our two-parameter perturbed metric is

g00 ¼ gð0;0Þ00 þ gð0;2Þ00 þ gð1;0Þ00 þ gð1;1Þ00 þ gð1;2Þ00 þ 1

2
gð0;4Þ00 þ � � �

¼ −1þ hð0;2Þ00 þ hð1;0Þ00 þ hð1;1Þ00 þ hð1;2Þ00 þ 1

2
hð0;4Þ00 þ � � � ;

ð39Þ

gij ¼ gð0;0Þij þ gð0;2Þij þ gð1;0Þij þ gð1;1Þij þ gð1;2Þij

þ 1

2
gð0;4Þij þ � � �

¼ a2
�
δij þ hð0;2Þij þ hð1;0Þij þ hð1;1Þij þ hð1;2Þij þ 1

2
hð0;4Þij

�

þ � � � ; ð40Þ

g0i ¼ gð1;0Þ0i þ gð0;3Þ0i þ gð1;2Þ0i þ � � �
¼ aðhð1;0Þ0i þ hð0;3Þ0i þ hð1;2Þ0i Þ þ � � � ; ð41Þ

where in the second line of each of these equations we have
specialized to the flat FLRW background, and simultane-
ously defined the quantities hμν. The orders of magnitude of
each of the components of this metric are derived using the
method outlined above for post-Newtonian gravity. That is,
they are derived from the orders of smallness of each of the
components of the energy-momentum tensor, together with
the orders of smallness of space and time derivatives acting
on each of the different types of quantities.
We derived the two-parameter expansion of the metric in

the same way as the energy density, discussed early in this
section, such that the metric contains the minimum number
of perturbations necessary to describe a two-parameter
system. As with the perturbed energy density, we wrote an
initial ansatz for the perturbed metric given by the sum of
the FLRW metric, the usual post-Newtonian metric, the
cosmologically perturbed metric and mixed-order pertur-
bations which are products of the leading-order Newtonian
and cosmological perturbations. However, after a gauge
transformation we produced metric potentials in the 00, 0i
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and ij parts of the metric at OðϵηÞ, Oðϵη2Þ and OðϵηÞ,
respectively. Therefore, we include metric potentials of

order gð1;1Þ00 , gð1;1Þij and gð1;2Þ0i in our new ansatz, giving the
perturbed metric above.2 Now, the new perturbed metric
after gauge transformation is consistent with the original
metric, and therefore has the minimal number of perturba-
tions necessary to describe a two-parameter system.
The full expressions for the perturbed energy-

momentum and Ricci tensors are given in the appendix,
and are used in Sec. IV.

III. OBSERVATIONAL JUSTIFICATION

In the previous section we considered the different ways
that perturbation theory can be applied to gravitational
fields on both horizon-sized and subhorizon-sized regions
of space-time. This resulted in a derivation of both the post-
Newtonian and cosmological perturbation theories, using
little more than the fact that Einstein’s equations can be
written as null wave equations. We then considered how
these two different expansions could be formally combined
into a two-parameter expansion that could be used to
describe the Universe on both large and small scales.
Throughout all of this we tried to keep the discussion as
general as possible, without specifying any specific rela-
tionship between either the expansion parameters ϵ and η,
or the length scales LC and LN .
In this section we consider observations of the specific

astrophysical systems that exist on different scales in the
Universe. The aim of this is to see which types of systems
are best described by post-Newtonian expansions, and
which are best described using cosmological perturbation
theory. This allows us to consider the physical scenarios
that could potentially be described using our two-parameter
expansion, as well as the particular values of ϵ and η that are
appropriate in each case. Of course, each pair of systems
also comes with its own values of LC and LN , which can
also be related to the expansion parameters. Once we have
all of this information at hand, we can then write down the
field equations of our two-parameter expansion, order by
order in the appropriate parameters.

A. Post-Newtonian gravity

Post-Newtonian perturbative expansions are usually
applied to describe the gravitational physics of

astrophysical bodies that range in size from binary pulsar
systems (about a million kilometres), to the size of the
orbits of the planets in our Solar System (a few hundred
million kilometres). Let us begin by considering these
systems, before moving on to the larger astrophysical
systems that are of more interest for cosmology. To do
this, we quote estimates for the largest velocities that occur
within them, and compare these to estimates of the largest
gravitational potentials that we can find using the order-of-
magnitude estimator

U ¼ GMN

c2LN
; ð42Þ

where MN and LN are observational estimates of the mass
and length scale of the system, and are in units of kilograms
and meters, respectively. This allows us to estimate η, as
well as establish whether or not a given system is indeed
suitably described using a post-Newtonian perturbative
expansion. The results are summarized in Table I.
The largest velocities in the Solar System correspond to

coronal mass ejections, which can erupt at up to 450 km s−1

(see page 375 of [50]). This corresponds to v ∼ 10−3, in
units where c ¼ 1. As well as this, the mass of the Sun is
about M⊙ ∼ 2 × 1030 kg, and its radius is approximately
LN ∼ L⊙ ∼ 7 × 108 m. This means that Eq. (42) implies
U ∼ 10−6. This means that the post-Newtonian expansion
is indeed applicable, because v2 ∼U, as expected from
Eq. (12). It also means that the value of the expansion
parameter in this system is given by η ∼ 10−3.
There are a number of systems that one could

consider above the scale of the Sun, but to speed the
discussion let us move directly up to the scale of spiral
galaxies. These systems are typically made up of billions of
stars, and typically have a bulge, a disk, and a dark matter
halo. The observed velocities of stars can be as high as
300 km s−1 (see pages 571, 578 and 580 of [50]). This
again corresponds to v ∼ 10−3. If we consider a bulge of
radius LN ∼ 10 kpc, and mass MN ∼ 1011 M⊙, then this
gives U ∼ 10−6. We again have v2 ∼U, meaning that a
post-Newtonian perturbative expansion seems appropriate
to describe the gravitational field, and we again
have η ∼ 10−3.

TABLE I. Summary of the magnitude of v and U in a variety of
gravitational bound systems, covering a wide range of different
scales.

System v LN=Mpc MN=M⊙ U

Sun 10−3 2 × 10−14 1 10−6

Galaxy 10−3 10−2 1012 10−6

Group 10−3 0.8 1013 10−6

Cluster 10−2.5 2 1015 10−5

Supercluster 10−2.5 100 1016 10−5

2The transformation of our initial metric ansatz, via the
transformations in Sec. V, produced metric potentials in the
00, ij and 0i parts of the metric atOðϵηÞ,OðϵηÞ andOðϵη2Þ, from
Eqs. (69), (79) and (76), respectively. Again, this was under the
choice l ∼ η. Note that for other relationships between the two
length scales LN and LC there should not be terms gð1;1Þ00 and gð1;1Þij
at orderOðϵηÞ. However, for all relationships between LN and LC

there would exist a metric potential at order gð1;2Þ0i , after gauge
transformation.
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Typical galaxy groups contain three to 30 galaxies that
are gravitationally bound, and it is estimated that ∼55%
of galaxies exist within groups. The maximum radial
dispersion in groups of galaxies is observed to be about
500 km s−1 (see page 614 of [50]), again implying
v ∼ 10−3. We estimate that the mass of a typical group,
including dark matter, is MN ∼ 1013 M⊙, and that the
radius of a typical group is LN ∼ 0.8 Mpc (this is an
average of the range given in page 614 [50]). This implies
that U ∼ 10−6 in galaxy groups, and that the post-
Newtonian perturbative expansion seems to apply here
as well. We even have η ∼ 10−3, as above.
Moving up in scale still further, we have clusters of

galaxies. Typical galaxy clusters contain 30–300 gravita-
tionally bound galaxies. The dispersion velocities of
galaxies within clusters can be as large as 1400 km s−1,
or v ∼ 10−2.5 in units where c ¼ 1. We take the mass of a
typical cluster to be aboutMN ∼ 1015 M⊙, and the average
radius to be around LN ∼ 2 Mpc (averages of quantities
are given on page 614 of [50]). Similarly we average to
find the typical radius of a cluster which is around
LN ∼ Lcluster ∼ 2 Mpc. The maximum gravitational poten-
tials expected in clusters are therefore U ∼ 10−5. We again
have v2 ∼U, but now with η ∼ 10−2.5.
Superclusters are the largest virialized objects we cur-

rently observe in the Universe. They make up the filaments
and walls that form the cosmic web, and are made from
clusters, groups and other smaller gravitationally bound
systems. Observations show that peculiar velocities within
our own local supercluster are around 1000 km s−1 [51,52],
which corresponds to v ∼ 10−2.5. There are typically two to
15 clusters per supercluster, which implies that the mass of
a supercluster is at least 1016 M⊙ (see page 635 of [50]).
They have typical scales of LN ∼ 100 Mpc. This gives
U ∼ 10−5. Even on these extraordinarily large scales, we
have v2 ∼U and η ∼ 10−2.5.
It is interesting to note that the maximum amplitude of

the gravitational potential is roughly ∼10−5 for all of the
systems considered above. This ranges over just about all
astrophysical objects, from the Sun to our local super-
cluster. We therefore have an expansion parameter η ∼ 10−3

for all of these systems. The similarity in the size of the
gravitational potential, no matter what system is being
considered, indicates that the mass of the system under
consideration increases approximately in proportion to its
length scale. This type of self-similarity breaks down
whenever a system’s mass is much larger than about
10−5 of its length scale, at which point we expect the
post-Newtonian expansion should start to break down. This
happens, for example, in the case of neutron stars.
Although post-Newtonian perturbation theory appears to

be applicable to superclusters, we do not expect it to be
valid on scales that are much larger. This is because the
square of the velocity due to the Hubble flow starts to

become comparable to the order of the Newtonian poten-
tials, i.e. H2L2

N ∼ 10−5. Going to even larger scales would
therefore mean that the square of the Hubble flow velocity
would start to exceed the magnitude of the gravitational
potentials. If this is the case then post-Newtonian expan-
sions are no longer applicable, and cosmological perturba-
tion theory must be used. It is expected that the next
generation of surveys, such as Euclid, LSST and SKA, will
start to probe this new regime.

B. Cosmological perturbation theory

Let us now consider the largest of all scales in the
observable Universe: those comparable to the size of the
horizon. In terms of the cosmic microwave background
(CMB), this corresponds to about 1 degree. In the late
Universe it corresponds to scales around 30 Gpc. In this
case we expect the cosmological perturbation theory
expansion outlined in Sec. II B to be applicable. The
principle distinction between the size of the perturbed
quantities in this expansion, when compared to the post-
Newtonian expansion, is that time derivatives do not add
any extra orders of smallness. This means that velocity
cannot be used as an expansion parameter. The separation
of objects is instead dominated by the Hubble flow, with
only small peculiar velocities (of the order of gravitational
potentials) being allowed in addition.
The discussion of superclusters, in the previous section,

should already have made it clear that cosmological
perturbation theory is not the appropriate framework for
discussing the dynamics of astrophysical systems that exist
below ∼100 Mpc. This is essentially because the time
variation of both gravitational and matter fields is slow
compared to their variation in space, meaning that U ∼ v2.
On larger scales, however, we expect to find U ∼ v. There
do not currently exist any galaxy surveys that probe these
scales directly, but we can use the CMB to justify the
application of cosmological perturbation theory on hori-
zon-sized length scales and above.
The temperature fluctuations in the CMB, after the

dipole has been subtracted, are all at the level of about
10−5 [53]. The main contribution to these fluctuations, on
large scales, is expected to come from the Sachs-Wolfe
effect. This is essentially a redshifting of the CMB radiation
as it escapes the gravitational potentials that existed at the
surface of last scattering, and the redshift is of course
related to the temperature in a well-known way. We
therefore expect

δT
T

∼U; ð43Þ

where U should be understood as a typical gravitational
potential at last scattering. The observations of the temper-
ature fluctuations at the level of 1 part in 105 therefore very
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directly imply that gravitational potentials at last scattering
were of the size U ∼ 10−5.
If we consider the polarization of the CMB, then we can

gain information about the magnitude of peculiar velocities
at last scattering. This is because polarization of the CMB
radiation, E, is primarily due to quadropole anisotropy in
the velocity field of the plasma at last scattering [54]. We
expect the mean-free path of photons at last scattering to be
of the order of the inverse Hubble rate (so that 1=neσt ∼ LC,
where ne is the number density of electrons, and σt is the
Thomson cross section). The polarization is therefore
given by

E ∼ Δv; ð44Þ
where Δv is the difference in peculiar velocity of matter, in
orthogonal directions on the sky (for details see [54]).
Observations of CMB polarization now measure E ∼ 10−6

[55], which means that peculiar velocities at last scattering
are of order v ∼ 10−6.
Taken together, these observations therefore suggest that

v ∼ U on horizon-sized scales, as expected. These results
clearly indicate that a post-Newtonian expansion is not the
appropriate framework to be describing gravity on these
scales, and that cosmological perturbation theory should
be used instead. What is more, it can be seen that the
expansion parameter for the cosmological perturbation
theory should be of magnitude ϵ ∼ 10−5. Although it has
not yet been directly observed, we very strongly expect
similar results to hold at and above ∼1 Gpc in the late
Universe.

C. A realistic universe

In the preceding sections, we found that planetary
systems, galaxies, groups, clusters and superclusters are
all well described by post-Newtonian gravity. That is, their
observed velocities and inferred gravitational potentials
satisfy v2 ∼ U ∼ 10−5. Additionally, we find that observed
fluctuations on the scale of the horizon are well described
by cosmological perturbation theory, as v ∼ U ∼ 10−5. This
very strongly indicates that post-Newtonian gravity cannot
be used to describe structure on the scale of the horizon,
and that cosmological perturbation theory cannot be used to
describe nonlinear structure on the scale of 100Mpc or less.
In order to model a realistic universe that has nonlinear

structure on small scales, as well as linear structure on large
scales, we therefore need to expand in both ϵ and η. This is
exactly the type of two-parameter expansion that we wish
to formulate. In what follows, we take ϵ ∼ η2 ∼ 10−5, as this
seems to fit almost all large astrophysical structures that
exist in the Universe, and that we wish to describe with our
formalism. We also take LC ∼ 30 Gpc and LN ∼ 100 Mpc,
so l ∼ η. These length scales correspond to the horizon size
at the present time, and the saturation of the bound in
Eq. (36). This latter length scale also happens to roughly

correspond to that of the largest gravitationally bound
objects that have so far been observed to exist in the
Universe. For this system, in what follows, we write the
field equations order by order in a two-parameter
expansion.

IV. FIELD EQUATIONS

It is straightforward to expand the field equations (1) in
both ϵ and η, but the results are somewhat lengthy. This is
partly due to the fact that we are using two parameters in
our perturbative expansion, but is also a result of the
freedom in choosing coordinates that exists within general
relativity. Nevertheless, we want to present our results in
the most general form possible. We therefore write out the
full versions of the Ricci tensor and energy-momentum
tensor in the appendix, where these objects are perturbed in
both ϵ and η. The form of these equations is particularly
complicated not only because each component of every
tensor contains a large number of terms, but because each
term is itself associated with a different length scale (or set
of scales).
In practice, we want to apply our formalism to specific

examples of physical interest. Once such an example
scenario has been chosen, the expansion parameters and
length scales can be written in terms of one another. This
reduces the complexity, and allows the field equations to be
written out explicitly, and without ambiguity. In this section
we present results for the choice

ϵ ∼ η2 ∼
L2
N

L2
C
∼ 10−5; ð45Þ

as described at the end of Sec. III. These results are
presented without fixing coordinates to any particular
gauge, and are therefore still quite lengthy. In Sec. V we
exploit the gauge freedom associated with coordinate
reparametrization, and use this to present the same field
equations in a much more compact form in Sec. VI.
At this stage it is useful to define some new notation, so

that we can present the trace-free part of various quantities
in the most efficient way possible. We define angular
brackets on a pair of indices to mean that they are
symmetric and trace free, such that

T hiji ≡ T ðijÞ −
1

3
δijT kk; ð46Þ

where T is a rank-2 tensor, and where indices are now
being raised and lowered with the Kronecker delta, δij. The
round brackets in this expression denote symmetrization,
and repeated indices are summed over, as usual. We also
use vertical lines around indices if they are to be excluded
from a symmetrization or trace-free operation.
Additionally, we define a symmetric and trace-free

second derivative operator by the following equation:
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Dijφ≡ φ;ðijÞ −
1

3
δij∇2φ; ð47Þ

where φ is any tensorial quantity (not necessarily a
scalar), and where ∇ represents the Laplacian on
Euclidean space. We use this notation to write out the
trace and trace-free parts of the field equations, order by
order in perturbations.

A. Background-order potentials

The leading-order part of the field equations, in our
formalism, is not at zeroth order in the expansion param-
eters. Instead, we find that it comes in at Oðη2L−2

N Þ. The
leading-order part of the 00-field equation is therefore
given by

ä
a
þ 1

6a2
∇2hð0;2Þ00 ¼ −

4π

3
ρð0;2Þ: ð48Þ

This equation results from Eqs. (A4), (A5) and (A26), and
is a combination of both the Raychaudhuri equation and the
Newton-Poisson equation. It is interesting to see that the
rest mass density, ρð0;2Þ, is the source of both the Newtonian
gravitational field and the large-scale acceleration equation.
This is compatible with the usual understanding of how
these phenomena are generated, but it is not usual to see
them occurring in the same equation, at the same order in
perturbations.
At the same order of accuracy, we find that the leading-

order contribution to the trace of the ij-field equations is
given by

_a2

a2
−

1

6a2
ð∇2hð0;2Þii − hð0;2Þij;ij Þ ¼

8π

3
ρð0;2Þ: ð49Þ

This equation is derived from Eqs. (A16), (A17) and (A26),
and is a combination of the Friedmann equation and
the Newton-Poisson equation for the trace of the post-

Newtonian potential hð0;2Þii . Again, it is somewhat unusual
to see a mixture of what might otherwise be considered
background and first-order terms, if one were using single-
parameter cosmological perturbation theory.
Finally, the trace-free part of the ij-field equations is also

at Oðη2L−2
N Þ, and is given by

Dijðhð0;2Þ00 − hð0;2Þkk Þ þ 2hð0;2Þkhi;jik −∇2hð0;2Þhiji ¼ 0; ð50Þ

where we have made use of the notation introduced in
Eqs. (46) and (47). This equation looks like the quasistatic
limit of a first-order equation from cosmological perturba-
tion theory.

B. Vector potentials

Now let us consider the 0i-field equations, which usually
result in the governing equations for the vector gravitational
potentials. The leading-order contribution to these equa-
tions comes in at Oðη3L−2

N Þ, and is given by

∇2hð0;3Þ0i − hð0;3Þ0j;ij − a _hð0;2Þij;j þ a _hð0;2Þjj;i þ 2_ahð0;2Þ00;i

¼ 16πa2ρð0;2Þvð0;1Þi : ð51Þ

This equation is the result of using Eqs. (A11), (A12) and
(A31), from the appendix. It can be considered as the
governing equation for small-scale vector potentials, which
source phenomena such as the Lense-Thirring effect.
At next-to-leading order in the 0i-field equation, at

Oðη4L−2
N Þ, we find from Eqs. (A13)–(A15) and (A32) that

∇2ðhð1;0Þ0i þ hð1;2Þ0i Þ − ðhð1;0Þ0j þ hð1;2Þ0j Þ
;ij
− hð1;0Þ0j hð0;2Þ00;ij − aðhð1;0Þij þ hð1;1Þij Þ·

;j
þ aðhð1;0Þjj þ hð1;1Þjj Þ·

;i

þ 2_aðhð1;0Þ00 þ hð1;1Þ00 Þ;i − 2hð1;0Þ0i ð2_a2 þ aäÞ ¼ 8πa2ð2ρð1;1Þvð0;1Þi þ ρð0;2Þðhð1;0Þ0i þ 2vð1;0Þi ÞÞ: ð52Þ

This equation can be thought of as the governing expres-
sion for the large-scale vector potentials. It is more
complicated than Eq. (51), and shows that nonlinear
gravitational effects could potentially source the growth
of large-scale vector potentials at late times.

C. Higher-order scalar potentials

The next-to-leading order 00-field equation isOðη3L−2
N Þ,

and is given by

1

6a2
∇2hð1;1Þ00 ¼ −

4π

3
ρð1;1Þ: ð53Þ

This is a Newton-Poisson equation, derived from Eqs. (A9)
and (A29). It is sourced only by amixed-order energy density
ρð1;1Þ. This is not usual because theNewton-Poisson equation
is normally only at leading order and, of course, is not
normally associated with a mixed-order perturbed quantity.
The metric perturbations that correspond to cosmologi-

cal scalar potentials are hð1;0Þ00 and hð1;0Þii . The governing
equations for both of these perturbations occur with post-
Newtonian and mixed-order potentials at Oðη4L−2

N Þ, just as
was the case for the vector potentials considered above, and
as expected. From the 00-field equation, at this order, we
therefore find that
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∇2

�
hð1;0Þ00 þ hð1;2Þ00 þ 1

2
hð0;4Þ00

�
þ 1

2
ð∇hð0;2Þ00 Þ2 þ a2ðhð0;2Þii þ hð1;0Þii Þ·· − 2½aðhð0;3Þ0i þ hð1;0Þ0i Þ;i�·

þ 2a _aðhð0;2Þii þ hð1;0Þii Þ· − 1

2
hð0;2Þ00;i ð2hð0;2Þij;j − hð0;2Þjj;i Þ − hð0;2Þ00;ijðhð1;0Þij þ hð0;2Þij Þ þ 3a _aðhð0;2Þ00 þ hð1;0Þ00 Þ·

¼ −8πa2½ρð1;0Þ þ ρð1;2Þ þ 1

2
ρð0;4Þ − ρð0;2Þðhð1;0Þ00 þ hð0;2Þ00 Þ þ 3ðpð1;0Þ þ pð0;4ÞÞ þ 2ðvð0;1Þi Þ2ρð0;2Þ�; ð54Þ

which has been derived using Eqs. (A6)–(A8), (A10),
(A27), (A28), (A30), (A33) and (A34) from the appendix.
There are a number of interesting things to note about this
equation. These include the fact that the cosmological
scalar hð1;0Þ00 is sourced by terms that are quadratic in the

small-scale Newtonian potential, hð0;2Þ00 , as well as terms that

are linear in the vector potential, hð0;3Þ0i , and post-Newtonian

potential hð0;4Þ00 . This kind of mixing in scales and modes is a
product of the approach we have used in our two-parameter
perturbative expansion and could explain why studies of
second-order gravitational fields in cosmological perturba-
tion theory average to the size of first-order gravitational
fields [20–24]. It suggests that interesting relativistic
phenomenology could result at linear order on large scales
in the late Universe.

The ij-field equation, at Oðη3L−2
N Þ, can be split into its

trace and trace-free parts. The trace-free part is presented in
the next subsection. The trace gives

−
1

6a2
ð∇2hð1;1Þii − hð1;1Þij;ij Þ ¼

8π

3
ρð1;1Þ: ð55Þ

This equation is derived from Eqs. (A21) and (A29) and is a
Poisson equation for the trace of the mixed-order potential

hð1;1Þii . Again, this is not usual because such an equation is
normally at post-Newtonian order and is normally not
associated with a mixed-order quantity.
The ij-field equation, at Oðη4L−2

N Þ, can also be split into
its trace and trace-free parts. The trace-free part is presented
in the next subsection. The trace gives

ðδij∇2 − ∂i∂jÞ
�
hð1;0Þij þ hð1;2Þij þ 1

2
hð0;4Þij

�
− ð2_a2 þ aäÞðhð1;0Þii þ hð0;2Þii þ 3hð1;0Þ00 þ 3hð0;2Þ00 Þ þ 4_aðhð1;0Þ0i þ hð0;3Þ0i Þ;i

− 2a _aðhð1;0Þii þ hð0;2Þii Þ_ ¼ −4πa2½4
�
ρð1;0Þ þ 1

2
ρð0;4Þ þ ρð1;2Þ

�
þ ρð0;2Þðhð1;0Þii þ hð0;2Þii − hð1;0Þ00 − hð0;2Þ00 þ 4ðvð0;1Þi Þ2Þ� þA;

ð56Þ
where we have simplified this expression using Eq. (54) multiplied by a factor of a2. TheA in Eq. (56) represents the sum of
all terms that are quadratic in lower-order potentials, and is given by

A≡ 3

4
ðhð0;2Þij;k Þ2 þ hð0;2Þij;j ðhð0;2Þkk;i − hð0;2Þik;k Þ − 1

2
hð0;2Þij;k hð0;2Þik;j −

1

4
hð0;2Þii;j hð0;2Þkk;j þ 1

2
∇2hð0;2Þ00 ðhð1;0Þ00 þ hð0;2Þ00 Þ

þ 1

2
ðhð0;2Þ00;ij þ∇2hð0;2Þij Þðhð1;0Þij þ hð0;2Þij Þ þ

�
1

2
hð0;2Þii;jk − hð0;2Þij;ik

�
ðhð0;2Þjk þ hð1;0Þjk Þ: ð57Þ

These expressions result from Eqs. (A18)–(A20), (A22), (A27), (A28), (A30), (A33) and (A34), in the appendix. If A is
nonzero, then this indicates that nonlinear relativistic effects could be important in the determination of scalar gravitational
fields on large scales. One may also note that small-scale peculiar velocities are now a source for linear cosmological scalar
gravitational fields.

D. Tensor potentials

The next-to-leading-order trace-free ij-field equation is at Oðη3L−2
N Þ and given by

Dijðhð1;1Þ00 − hð1;1Þkk Þ þ 2hð1;1Þkhi;jik −∇2hð1;1Þhiji ¼ 0; ð58Þ

where we have used Eqs. (A21) and (A29). We note that this equation has the same form as the lowest-order trace-free
ij-field equation, given in Eq. (52).
The remaining part of the field equations that we wish to consider is the trace-free part of the ij component. AtOðη4L−2

N Þ
we find that this equation is given by
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∇2

�
hð1;0Þhiji þ hð1;2Þhiji þ 1

2
hð0;4Þhiji

�
−Dij

�
hð1;0Þ00 þ hð1;2Þ00 þ 1

2
hð0;4Þ00 − hð1;0Þkk − hð1;2Þkk −

1

2
hð0;4Þkk

�

− 2

�
hð1;0Þkhi þ hð1;2Þkhi þ 1

2
hð0;4Þkhi

�
;jik

− a2ðhð1;0Þhiji þ hð0;2Þhiji Þ
··

− 2ð2_a2 þ aäÞðhð1;0Þhiji þ hð0;2Þhiji Þ − 3a _aðhð1;0Þhiji þ hð0;2Þhiji Þ
· þ 2

a
½a2ðhð1;0Þ

0hi þ hð0;3Þ
0hi Þ�·

;ji

¼ −8πa2ρð0;2Þ½hð1;0Þhiji þ hð0;2Þhiji þ 2vð0;1Þhi vð0;1Þji � þ Bij; ð59Þ

where we used Bij to denote the summation of all terms that are quadratic in lower-order potentials, such that

Bij ≡ 1

2
hð0;2Þ
00;hijh

ð0;2Þ
00;jji þ

1

2
hð0;2Þkl;hijh

ð0;2Þ
kl;jji þDijh

ð0;2Þ
00 ðhð1;0Þ00 þ hð0;2Þ00 Þ þ 1

2
ðhð0;2Þ00;k þ 2hð0;2Þkl;l − hð0;2Þll;k Þðhð0;2Þhiji;k − 2hð0;2Þkhi;jiÞ

þ ðDijh
ð0;2Þ
kl þ hð0;2Þhiji;kl − 2hð0;2Þkhi;jilÞðhð1;0Þkl þ hð0;2Þkl Þ þ hð0;2Þhijk;lðhð0;2Þjjik;l − hð0;2Þjjil;kÞ: ð60Þ

These expressions also result from Eqs. (19)–(A20), (A22),
(A27), (A28), (A30), (A33) and (A34), in the appendix.
They show that trace-free large-scale tensor potentials are,
in this formalism, sourced by peculiar velocities, as well as
by terms that are quadratic in lower-order potentials. This
again indicates the possibility of mode mixing between
scales, and the sourcing of gravitational phenomena in
ways that are impossible at first order in standard cosmo-
logical perturbation theory.
In the next section we consider how gauge transforma-

tions affect the perturbations that we have been consider-
ing. This information is then used to simplify the field
equations that are given above, as well as to present them in
a gauge-invariant form.

V. INFINITESIMAL COORDINATE
TRANSFORMATIONS

General relativity is a diffeomorphism covariant theory,
meaning that the form of the tensor equations that we use
to describe it must be valid for any set of coordinates.
Now, diffeomorphisms obey a strict group structure, which
guarantees that we can transform any given solution into a
new set of coordinates, and that the result will still obey
Einstein’s equations. When considering general perturba-
tions about a fixed background, this freedom in coordinate
reparametrization is referred to as a gauge freedom.
When it comes to solving Einstein’s equations (1),

coordinate reparametrization invariance and gauge freedom
are both a blessing and a curse. In general, they mean that
perturbations, such as perturbations to the metric, contain
not only the essential degrees of freedom required to
describe the physical situation at hand, but also a number
of superfluous degrees of freedom that relate only to the
coordinates used to describe the problem. However, while it
takes some care to remove these extra degrees of freedom,
the process of doing so can be used to simplify the
equations that result. This is especially welcome in our

case, as the equations presented in Sec. IV are particularly
unwieldy.
In this section we outline how gauge transformations

should be performed in our two-parameter perturbative
expansion. The form of these transformations is then used
in Sec. VI to construct a set of variables that have the
superfluous gauge freedoms removed. This allows us not
only to write the field equations in a more compact form,
but also to present a set of equations that represents only the
degrees of freedom required to characterize the physical
problem itself. Additionally, a full understanding of the
gauge transformations of the matter and metric fields also
allows us to identify the terms that should appear in
Eqs. (29), (31), (32), and (39)–(41).

A. Mathematical structure of gauge transformations

The general form of an infinitesimal gauge transforma-
tion can be written

xμ ↦ ~xμ ¼ eξ
α∂αxμ; ð61Þ

where ξμ is known as the “gauge generator,” and is a small
quantity in the perturbative expansion. A transformation of
this type leaves all background quantities invariant, but
changes the form of the perturbations. In this expression
we have used the exponential map between coordinates
systems, which guarantees that the group structure of the
manifold is preserved. The explicit form of the trans-
formation that should be applied to a tensor, T , under the
map presented in Eq. (61), is given by

~T ¼ eLξT ¼ T þ LξT þ 1

2
L2
ξT þ � � � ; ð62Þ

where ~T is the transformed tensor and Lξ is the Lie
derivative along ξμ. For a rank-2 tensor, T , the Lie
derivative is given by
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LξT μν ≡ T μλξ
λ
;ν þ T λνξ

λ
;μ þ T μν;λξ

λ: ð63Þ

With Eqs. (61) and (62) and the perturbed tensor T in hand,
we can specify how the gauge generator ξμ should be
expanded in orders of smallness, and then calculate the
corresponding transformation of T order by order in the
perturbations.
In principle, when expanding the gauge generator ξμ

one could include terms at any order possible in the
parameters ϵ and η. This, however, is not strictly
necessary, as some orders serve to produce new terms
in the tensor ~T that are of no physical interest. This is the
same type of problem that occurred when we expanded
the metric in Sec. II. The terms we wish to retain in ξμ,
and their orders of magnitude, are given by the following
expressions:

ξ0 ¼ ξð1;0Þ0 þ ξð0;3Þ0 þ ξð1;2Þ0 þ � � � ∼ ϵLC þ η3LN

þ ϵη3LN þ � � � ; ð64Þ

ξi ¼ ξð1;0Þi þ ξð0;2Þi þ ξð1;1Þi þ ξð1;2Þi þ 1

2
ξð0;4Þi þ � � � ∼ ϵLC

þ η2LN þ ϵη2LN þ η4LN þ � � � : ð65Þ

We make several comments on these expressions. First,
one may note that each of the terms is proportional to a
length scale; this is because the gauge generator ξμ

corresponds to a change in space-time coordinates xμ

and coordinates have dimensions of length. The particular
length scale assigned to each term is done in the same
way as described in Sec. II. Secondly, one may also note
that while terms of OðϵLCÞ appear similarly in both ξ0

and ξi, the order of terms perturbed in the parameter η
appears at different orders in ξ0 and ξi. This is, once
again, because time and space derivatives on cosmologi-
cally perturbed quantities add the same order of small-
ness whereas they add different orders of smallness in
post-Newtonian perturbation theory. The ellipses in
Eqs. (64) and (65) correspond to terms that are smaller
than those required to transform the field equations
presented in Sec. IV.
The lowest-order cosmological gauge generators, ξð1;0Þμ,

are of exactly the same order as the ones used in normal
cosmological perturbation theory at linear order. These are
the parts of the gauge generator that create metric pertur-

bations at order gð1;0Þμν , in the usual way. This is just what we
expect, as our cosmological metric perturbations are, for all
intents and purposes, exactly the same as those used in
standard cosmological perturbation theory (i.e. they have
the same size, and vary in the same way in space and time).
Additionally, the post-Newtonian gauge generators ξð0;3Þ0,
ξð0;2Þi and ξð0;4Þi are exactly the same as those that occur in
usual post-Newtonian perturbation theory [5]. All mixed-
order gauge generators are unique to our two-parameter

expansion, and have no counterpart in either standard
cosmological perturbation theory or standard post-
Newtonian theory.
We formed the above gauge generators, Eqs. (64) and

(65), in the same way as the perturbed energy density and
metric, refer to Sec. II C, such that the gauge generator
contains the minimum number of perturbations necessary
for a two-parameter system. We wrote an initial ansatz
gauge generator with care because of the different length
scales involved. The initial ansatz was given by the sum of
the gauge generators used in cosmological perturbation
theory, post-Newtonian gravity and mixed-order gauge
generators that are products of the lowest-order gauge
generators in both the cosmological and the post-
Newtonian sectors; this gives ξð1;3Þ0 and ξð1;2Þi. However,
the terms in the final ansatz metric, given in Sec. II C,
strictly imply that we require gauge generators of order
ξð1;1Þi and ξð1;2Þ0 because we want to find and transform
along all possible degrees of freedom.3 Therefore, we also
include gauge generators ξð1;1Þi and ξð1;2Þ0 in our new ansatz
gauge generator, given by Eqs. (64) and (65). Now this
gauge generator has the minimal number of perturbations
necessary to create all necessary transformations to the
metric, and stress-energy tensor.
By substitution of Eqs. (64) and (65) into Eqs. (61)

and (62), we can calculate how the metric and energy-
momentum tensors transform under these infinitesimal
coordinate transformations, order by order in perturbations.
The rest of this section presents these results in detail.

B. Transformation of the metric

We begin by transforming the different components of
the metric using

~gμν ¼ gμν þ Lξgμν þ
1

2
L2
ξgμν þ � � � ; ð66Þ

which is given by the exponential map, Eq. (62), and where
the expansion of the gauge generator ξμ is given by
Eqs. (64) and (65). Having done this, we proceed to
perform an invariant decomposition of the results, so we
split the metric into scalar, divergenceless vector, and
transverse and trace-free tensor parts. This is useful for
constructing gauge-invariant quantities, and writing down
the governing equations, in Sec. VI. Throughout this
section we assume LN=LC ∼ η, as in Sec. IV, but not ϵ ∼ η2.

3The ij and 0i parts of our initial metric ansatz produced new
potentials of OðϵηÞ and Oðϵη2Þ, respectively. As explained in
Sec. II C, we therefore included the extra metric components
gð1;1Þij and gð1;2Þ0i in our new ansatz metric. The existence of these
potentials then implies that we should have gauge generators of
order ξð1;1Þi and ξð1;2Þ0, as we want to find and transform along all
possible degrees of freedom.
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1. Transformation of metric components

The time-time component: The perturbations of the time-
time component of the metric, up to the order we wish to
consider here, transform under the exponential map in
Eq. (66) in the following way:

hð0;2Þ00 ↦ ~hð0;2Þ00 ¼ hð0;2Þ00 ; ð67Þ

hð1;0Þ00 ↦ ~hð1;0Þ00 ¼ hð1;0Þ00 − 2_ξð1;0Þ0; ð68Þ

hð1;1Þ00 ↦ ~hð1;1Þ00 ¼ hð1;1Þ00 þ hð0;2Þ00;i ξ
ð1;0Þi; ð69Þ

hð1;2Þ00 ↦ ~hð1;2Þ00 ¼ hð1;2Þ00 þ _hð0;2Þ00 ξð1;0Þ0 þ 2hð0;2Þ00
_ξð1;0Þ0; ð70Þ

hð0;4Þ00 ↦ ~hð0;4Þ00 ¼ hð0;4Þ00 − 4_ξð0;3Þ0 þ 2hð0;2Þ00;i ξ
ð0;2Þi: ð71Þ

We note that in addition to these transformations, each of
which contains terms with the same order of magnitude,
there is also a term generated from Eq. (66) in this
component of the metric that is

1

2
hð0;2Þ00;ijξ

ð1;0Þiξð1;0Þj; ð72Þ

which is of the Oðϵ2Þ when the length scales are taken
into account appropriately. However, this term appears
in the Oðη4L−2

N Þ 00-field equation, Eq. (54), in the form

of Rð2;0Þ
μν ∼ 1

2
∇2ðhð0;2Þ00;ijξ

ð1;0Þiξð1;0ÞjÞ ∼ 1
2
∇2hð0;2Þ00;ijξ

ð1;0Þiξð1;0Þj ∼
ϵ2L−2

N ∼ η4L−2
N , when ϵ ∼ η2. We discuss how such a term

cancels with another term in the field equations in
Sec. VI C.
The time-space components: The perturbations of the

time-space parts of the metric transform, according to
Eq. (66), in the following way:

hð0;3Þ0i ↦ ~hð0;3Þ0i ¼ hð0;3Þ0i −
1

a
ξð0;3Þ0;i þ a_ξð0;2Þi ; ð73Þ

hð1;0Þ0i ↦ ~hð1;0Þ0i ¼ hð1;0Þ0i −
1

a
ξð1;0Þ0;i þ a_ξð1;0Þi ; ð74Þ

hð1;2Þ0i ↦ ~hð1;2Þ0i ¼ hð1;2Þ0i −
1

a
_ξð1;2Þ0;i þ a_ξð1;1Þi þ χð1;2Þi ; ð75Þ

where we define

χð1;2Þi ≡ 1

a
hð0;2Þ00 ξð1;0Þ0;i þ aðhð0;2Þij þ ξð0;2Þði;jÞ Þ_ξð1;0Þj

þ
�
hð0;3Þ0i −

1

2a
ξð0;3Þ0;i þ 1

2
a_ξð0;2Þi

�
;j
ξð1;0Þj

þ
�
hð1;0Þ0j −

1

2a
ξð1;0Þ0;j þ 1

2
a_ξð1;0Þj

�
ξð0;2Þj;i : ð76Þ

The space-space components: The transformations of the
perturbations in the space-space part of the metric are more
lengthy than the previous cases. They transform under the
exponential map in Eq. (66) in the following way:

hð0;2Þij ↦ ~hð0;2Þij ¼ hð0;2Þij þ 2ξð0;2Þði;jÞ ; ð77Þ

hð1;0Þij ↦ ~hð1;0Þij ¼ hð1;0Þij þ 2
_a
a
ξð1;0Þ0δij þ 2ξð1;0Þði;jÞ ; ð78Þ

hð1;1Þij ↦ ~hð1;1Þij ¼ hð1;1Þij þ 2ξð1;1Þði;jÞ þ χð1;1Þij ; ð79Þ

hð1;2Þij ↦ ~hð1;2Þij ¼ hð1;2Þij þ 2ξð1;2Þði;jÞ þ χð1;2Þij ; ð80Þ

hð0;4Þij ↦ ~hð0;4Þij ¼ hð0;4Þij þ 4
_a
a
ξð0;3Þ0δij þ 2ξð0;4Þði;jÞ þ χð0;4Þij ;

ð81Þ

where χð1;1Þij , χð1;2Þij and χð0;4Þij are defined as

χð1;1Þij ≡ ðhð0;2Þij þ 2ξð0;2Þði;jÞ Þ;kξð1;0Þk; ð82Þ

χð1;2Þij ≡ ðhð0;2Þij þ ξð0;2Þði;jÞ Þ
·
ξð1;0Þ0 þ 2

_a
a
ðhð0;2Þij þ 2ξð0;2Þði;jÞ Þξð1;0Þ0

þ ðhð0;2Þik þ ξð0;2Þði;kÞ Þξð1;0Þk;j þ ðhð0;2Þjk þ ξð0;2Þðj;kÞ Þξð1;0Þk;i

þ ðhð1;0Þik þ ξð1;0Þði;kÞ Þξð0;2Þk;j þ ðhð1;0Þjk þ ξð1;0Þðj;kÞ Þξð0;2Þk;i ;

ð83Þ

χð0;4Þij ≡ 2ðhð0;2Þij þ ξð0;2Þði;jÞ Þ;kξð0;2Þk þ 2ðhð0;2Þik þ ξð0;2Þði;kÞ Þξð0;2Þk;j

þ 2ðhð0;2Þjk þ ξð0;2Þðj;kÞ Þξð0;2Þk;i : ð84Þ

Before finishing this section, let us comment on the
dependence of some of these terms on the condition
LN=LC ∼ η. In the time-time transformation the only terms

that depend on this relation are hð0;2Þ00;i ξ
ð1;0Þi and _hð0;2Þ00 ξð1;0Þ0,

which, once length scales are taken into account properly,
appear at OðϵηÞ and Oðϵη2Þ, respectively. If a different
relationship between LN and LC had been chosen then this
term would have appeared at a different order, and could
appear in any equation greater than or equal to ϵη and ϵη2,
respectively, before violating the bound in Eq. (36).
Similarly, in the transformation of the time-space and
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space-space components of the metric some of the terms in

χð1;2Þi and χð1;2Þij , and terms 4 _a
a ξ

ð0;3Þ0δij and χ
ð1;1Þ
ij , all depend

on the relationship between LN and LC, and would appear
at different orders if a different choice had been made for
these length scales.

2. Transformation of irreducibly decomposed potentials

Having performed the gauge transformation of our
metric components, in the previous section, we can now
perform an irreducible decomposition of these objects into
scalars, divergenceless vectors (Vi

;i ¼ 0), and transverse
and trace-free tensors (hii ¼ 0 and hij;j ¼ 0). These are the
quantities that are most often considered in cosmological
perturbation theory, and that usually decouple from each at
first order in perturbations. We decompose our metric
potentials into these variables in the following way, omit-
ting superscripts for simplicity:

h00 ≡ ϕ; h0i ≡ B;i þ Bi and

hij ≡ −ψδij þ E;ij þ Fði;jÞ þ
1

2
ĥij: ð85Þ

Similarly, our gauge generators are decomposed such that

ξ0 ≡ δt and ξi ≡ δx;i þ δxi: ð86Þ

We now present the result of gauge transformations on each
of the irreducibly decomposed objects, in each of the
sectors of our perturbation theory.
Cosmological scalar, vector and tensor potentials: The

gauge transformations given in Eqs. (68), (74), and (78)
now allow us to write down the transformation of the
decomposed metric components in the cosmological sector
of our theory. For the scalar potentials these transforma-
tions are given by

~ϕð1;0Þ ¼ ϕð1;0Þ − 2 _δtð1;0Þ ∼ ϵ; ð87Þ

~ψ ð1;0Þ ¼ ψ ð1;0Þ − 2
_a
a
δtð1;0Þ ∼ ϵ; ð88Þ

~Bð1;0Þ ¼ Bð1;0Þ þ a _δxð1;0Þ −
1

a
δtð1;0Þ ∼ ϵη−1LN; ð89Þ

~Eð1;0Þ ¼ Eð1;0Þ þ 2δxð1;0Þ ∼ ϵη−2L2
N ; ð90Þ

for the vector potentials they are

~Bð1;0Þ
i ¼ Bð1;0Þ

i þ a _δxi
ð1;0Þ ∼ ϵ; ð91Þ

~Fð1;0Þ
i ¼ Fð1;0Þ

i þ 2δxð1;0Þi ∼ ϵη−1LN; ð92Þ

and for the tensor potential this transformation is

~̂h
ð1;0Þ
ij ¼ ĥð1;0Þij ∼ ϵ: ð93Þ

As in previous equations, the quantity after the ∼sign gives
the order of each of these potentials in terms of ϵ, η and any
relevant length scales. We observe that the transformations
of the above cosmological scalar, vector and tensor
potentials in our two-parameter formalism are the same
as those derived from linear cosmological perturbation
theory [1], perturbed in one parameter.
Post-Newtonian scalar, vector and tensor potentials:

The results given in Eqs. (67), (71), (73), (77), and (81)
allow us to write the transformation of the decomposed
post-Newtonian potentials. The scalar parts of the post-
Newtonian potentials transform as

~ϕð0;2Þ ¼ ϕð0;2Þ ∼ η2; ð94Þ

~ϕð0;4Þ ¼ ϕð0;4Þ − 4 _δtð0;3Þ þ 2ϕð0;2Þ
;i ðδxð0;2Þ;i þ δxð0;2ÞiÞ ∼ η4;

ð95Þ

~ψ ð0;2Þ ¼ ψ ð0;2Þ ∼ η2; ð96Þ

~ψ ð0;4Þ ¼ ψ ð0;4Þ − 4
_a
a
δtð0;3Þ þ 1

2
ð∇−2χð0;4Þ;ijij − χð0;4ÞÞ ∼ η4;

ð97Þ

~Bð0;3Þ ¼ Bð0;3Þ þ a _δxð0;2Þ −
1

a
δtð0;3Þ ∼ η3LN; ð98Þ

~Eð0;2Þ ¼ Eð0;2Þ þ 2δxð0;2Þ ∼ η2L2
N; ð99Þ

~Eð0;4Þ ¼ Eð0;4Þ þ 2δxð0;4Þ þ 1

2
∇−2ð3∇−2χð0;4Þ;ijij − χð0;4ÞÞ

∼ η4L2
N; ð100Þ

the vector potentials transform as

~Bð0;3Þ
i ¼ Bð0;3Þ

i þ a _δxi
ð0;2Þ ∼ η3; ð101Þ

~Fð0;2Þ
i ¼ Fð0;2Þ

i þ 2δxð0;2Þi ∼ η2LN; ð102Þ

~Fð0;4Þ
i ¼ Fð0;4Þ

i þ 2δxð0;4Þi þ 2∇−2ðχð0;4Þ;kik −∇−2χð0;4Þ;kjkj;i Þ
∼ η4LN; ð103Þ

and the tensor potentials transform as

~̂h
ð0;2Þ
ij ¼ ĥð0;2Þij ∼ η2; ð104Þ
~̂h
ð0;4Þ
ij ¼ ĥð0;4Þij þ 2χð0;4Þij − 4∇−2χð0;4Þ;kkði;jÞ þ ð∇−2χð0;4Þ;klkl

− χð0;4ÞÞδij þ∇−2ð∇−2χð0;4Þ;klkl þ χð0;4ÞÞ;ij ∼ η4:

ð105Þ
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The quantity χð0;4Þij is defined in Eq. (84), and here we have written χðn;mÞ ≡ δijχðn;mÞ
ij . In terms of irreducibly decomposed

potentials, this quantity can be written as

χð0;4Þij ¼ 2

�
−ψ ð0;2Þ

;k δij þ Eð0;2Þ
;ijk þ Fð0;2Þ

ði;jÞk þ
1

2
ĥð0;2Þij;k þ δxð0;2Þ;ijk þ δxð0;2Þði;jÞk

�
ðδxð0;2Þ;k þ δxð0;2ÞkÞ

þ 2

�
−ψ ð0;2Þδik þ Eð0;2Þ

;ik þ Fð0;2Þ
ði;kÞ þ

1

2
ĥð0;2Þik þ δxð0;2Þ;ik þ δxð0;2Þði;kÞ

�
ðδxð0;2Þ;k;j þ δxð0;2Þk;j Þ

þ 2

�
−ψ ð0;2Þδjk þ Eð0;2Þ

;jk þ Fð0;2Þ
ðj;kÞ þ

1

2
ĥð0;2Þjk þ δxð0;2Þ;jk þ δxð0;2Þðj;kÞ

�
ðδxð0;2Þ;k;i þ δxð0;2Þk;i Þ: ð106Þ

This completes the full set of transformations in the post-
Newtonian sector. We note that the lowest-order post-
Newtonian metric potentials ϕð0;2Þ and ψ ð0;2Þ transform as
expected from post-Newtonian gravity [4]. As far as we are
aware, the transformation of scalar, vector and tensor post-
Newtonian potentials has not been calculated before. The
above transformations are derived from our two-parameter
formalism, but because there are only post-Newtonian
(not cosmological or mixed-order) potentials and gauge
generators in these transformations they also hold for one-
parameter post-Newtonian gravity.
Mixed-order scalar, vector and tensor potentials: The

scalar parts of the mixed-order potentials, up to the order
considered in the field equations in Sec. IV, Oðϵη2Þ,
transform in the following way:

~ϕð1;1Þ ¼ ϕð1;1Þ þ ϕð0;2Þ
;i ðδxð1;0Þ;i þ δxð1;0ÞiÞ ∼ ϵη; ð107Þ

~ϕð1;2Þ ¼ ϕð1;2Þ þ _ϕð0;2Þδtð1;0Þ þ 2ϕð0;2Þ _δtð1;0Þ ∼ ϵη2; ð108Þ

~ψ ð1;1Þ ¼ ψ ð1;1Þ þ 1

2
ð∇−2χð1;1Þ;ijij − χð1;1ÞÞ ∼ ϵη; ð109Þ

~ψ ð1;2Þ ¼ ψ ð1;2Þ þ∇−2ðχð1;2Þ;k�lk½l þ 2C;jk�k½lj;mI
m;lÞ ∼ ϵη2; ð110Þ

~Bð1;2Þ ¼ Bð1;2Þ þ a _δxð1;1Þ −
1

a
δtð1;2Þ þ∇−2χð1;2Þ;ii ∼ ϵη2LN;

ð111Þ

~Eð1;1Þ ¼ Eð1;1Þ þ 2δxð1;1Þ þ 1

2
∇−2ð3∇−2χð1;1Þ;ijij − χð1;1ÞÞ

∼ ϵηL2
N; ð112Þ

~Eð1;2Þ ¼ Eð1;2Þ þ 2δxð1;2Þ þ 1

2
∇−2ð∇−2ð3χð1;2Þ;klkl

þ 6C;kkl;mI
m;l − 2Ckk;lI

m;lÞ − χð1;2ÞÞ ∼ ϵη2L2
N;

ð113Þ

where we have used antisymmetric square brackets that
are defined by 2T ½ij� ≡ T ij − T ji. The vector parts trans-
form as

~Bð1;2Þ
i ¼ Bð1;2Þ

i þ a _δxð1;1Þi þ χð1;2Þi −∇−2χð1;2Þ;jj;i ∼ ϵη2;

ð114Þ

~Fð1;1Þ
i ¼ Fð1;1Þ

i þ 2δxð1;1Þi þ 2∇−2ðχð1;1Þ;kik −∇−2χð1;1Þ;kjkj;i Þ
∼ ϵηLN; ð115Þ

~Fð1;2Þ
i ¼ Fð1;2Þ

i þ 2δxð1;2Þi − 2∇−2∇−2ð2χð1;2Þ;klk½i;l�

− 4C;kk½i;l�mI
m;l −∇2Cki;mIm;k þ C;klkl;mI

m
;i Þ ∼ ϵη2LN;

ð116Þ

and the tensor parts transform as

~̂h
ð1;1Þ
ij ¼ ĥð1;1Þij þ 2χð1;1Þij − 4∇−2χð1;1Þ;kkði;jÞ þ∇−2χð1;1Þ;klkl δij − χð1;1Þδij þ∇−2∇−2χð1;1Þ;klkl;ij þ∇−2χð1;1Þ;ij ∼ ϵη; ð117Þ

~̂h
ð1;2Þ
ij ¼ ĥð1;2Þij þ 2χð1;2Þij − 4∇−2χð1;2Þ;kkði;jÞ þ∇−2χð1;2Þ;klkl δij − χð1;2Þδij þ∇−2∇−2χð1;2Þ;klkl;ij þ∇−2χð1;2Þ;ij

þ 4∇−2∇−2ð∇2Cij;mkIm;k −∇2Ckði;jÞmIm;k − 2Ckði;jÞklmIm;l −∇2C;kkðij;mI
m
;jjÞ þ C;kðljkl;mnI

m;jnÞδijÞ
þ∇−2∇−2ð−∇2Ckk;mlI

m;lδij þ 2C;kkl;mijI
m;l þ 2C;klkl;mðiI

m
;jÞ þ 2Cij;mkIm;kÞ ∼ ϵη2: ð118Þ

Note that in the above equations we define ∇−2fðχðn;mÞÞ such that ∇2½∇−2fðχðn;mÞÞ� is the leading-order part of fðχðn;mÞÞ
and no smaller, which strictly excludes higher-order terms in fðχðn;mÞÞ. In the above equations we have written χð1;2Þi , χð1;2Þij

and χð1;1Þij in terms of scalar, vector and tensor potentials and χð1;1Þij in terms of Cij;m and Im in the following way,
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χð1;2Þi ¼ 1

a
ϕð0;2Þδtð1;0Þ;i þ a

�
−ψ0;2δij þ Eð0;2Þ

;ij þ Fð0;2Þ
ði;jÞ þ 1

2
ĥð0;2Þij þ δxð0;2Þ;ij þ δxð0;2Þði;jÞ

�
ðδxð1;0Þ;j þ δxð1;0ÞjÞ·

þ
�
Bð0;3Þ
;i þ Bð0;3Þ

i −
1

2a
δtð0;3Þ;i þ a

2
ðδxð0;2Þ;i þ δxð0;2Þi Þ·

�
;j
ðδxð1;0Þ;j þ δxð1;0ÞjÞ

þ
�
Bð1;0Þ
;j þ Bð1;0Þ

j −
1

2a
δtð1;0Þ;j þ a

2
ðδxð1;0Þ;j þ δxð1;0Þj Þ·

�
ðδxð0;2Þ;j þ δxð0;2ÞjÞ;i ð119Þ

χð1;2Þij ¼
�
−ψ ð0;2Þδij þ Eð0;2Þ

;ij þ Fð0;2Þ
ði;jÞ þ 1

2
ĥð0;2Þij þ δxð0;2Þ;ij þ δxð0;2Þði;jÞ

�
·
δtð1;0Þ

þ 2
_a
a

�
−ψ ð0;2Þδij þ Eð0;2Þ

;ij þ Fð0;2Þ
ði;jÞ þ 1

2
ĥð0;2Þij þ 2δxð0;2Þ;ij þ 2δxð0;2Þði;jÞ

�
δtð1;0Þ

þ
�
−ψ ð0;2Þδik þ Eð0;2Þ

;ik þ Fð0;2Þ
ði;kÞ þ

1

2
ĥð0;2Þik þ δxð0;2Þ;ik þ δxð0;2Þði;kÞ

�
ðδxð1;0Þ;k þ δxð1;0ÞkÞ;j

þ
�
−ψ ð0;2Þδjk þ Eð0;2Þ

;jk þ Fð0;2Þ
ðj;kÞ þ

1

2
ĥð0;2Þjk þ δxð0;2Þ;jk þ δxð0;2Þðj;kÞ

�
ðδxð1;0Þ;k þ δxð1;0ÞkÞ;i

þ
�
−ψ ð1;0Þδik þ Eð1;0Þ

;ik þ Fð1;0Þ
ði;kÞ þ

1

2
ĥð1;0Þik þ δxð1;0Þ;ik þ δxð1;0Þði;kÞ

�
ðδxð0;2Þ;k þ δxð0;2ÞkÞ;j

þ
�
−ψ ð1;0Þδjk þ Eð1;0Þ

;jk þ Fð1;0Þ
ðj;kÞ þ

1

2
ĥð1;0Þjk þ δxð1;0Þ;jk þ δxð1;0Þðj;kÞ

�
ðδxð0;2Þ;k þ δxð0;2ÞkÞ;i ð120Þ

χð1;1Þij ¼ Cij;kIk; ð121Þ

where we have defined

Cij;k ≡
�
−ψ ð0;2Þδij þ Eð0;2Þ

;ij þ Fð0;2Þ
ði;jÞ þ 1

2
ĥð0;2Þij þ δxð0;2Þ;ij þ δxð0;2Þði;jÞ

�
;k
∼ η2L−1

N ; ð122Þ

Ik ≡ δxð1;0Þ;k þ δxð1;0Þk ∼ ϵη−1LN: ð123Þ

This completes our treatment of gauge transformations of the
metric tensor. These transformations are original results and
are used in Sec. VI to construct gauge-invariant potentials.
Moreover, the transformation of our mixed-order quantities
is purely a result of our two-parameter formalism.

C. Transformations of the energy-momentum tensor

The same freedoms, associated with infinitesimal coor-
dinate transformations, can also be considered in the context
of the energy-momentum tensor and its components. In the
following we find how this tensor behaves under a gauge
transformation of the form specified in Eq. (62). As before,
we first calculate the explicit transformations that apply to
the components of this tensor, and then to their irreducibly
decomposed scalar, vector and tensor parts. Again, we take
LN=LC ∼ η throughout this section.

1. Transformation of the components of Tμν

The transformation of T00: Using the exponential
map in Eq. (62), and the gauge generators specified

in Eqs. (64) and (65), we find the following
transformations:

~ρð0;2Þ ¼ ρð0;2Þ ∼
η2

L2
N
; ð124Þ

~ρð1;1Þ ¼ ρð1;1Þ þ ρð0;2Þ;i ξð1;0Þi ∼
ϵη

L2
N
; ð125Þ

~ρð1;0Þ þ ~ρð1;2Þ − ~hð1;0Þ00 ~ρð0;2Þ

¼ ρð1;0Þ þ ρð1;2Þ − hð1;0Þ00 ρð0;2Þ

þ _ρð0;2Þξð1;0Þ0 þ 2ρð0;2Þ _ξð1;0Þ0 ∼
ϵη2

L2
N
; ð126Þ

1

2
~ρð0;4Þ − ~hð0;2Þ00 ~ρð0;2Þ þ ~ρð0;2Þ ~vð0;1Þi ~vð0;1Þi

¼ 1

2
ρð0;4Þ − hð0;2Þ00 ρð0;2Þ þ ρð0;2Þvð0;1Þivð0;1Þi

þ ρð0;2Þ;i ξð0;2Þi ∼
η4

L2
N
. ð127Þ
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We note that the Stewart-Walker lemma tells us ρð0;2Þ is
gauge invariant because there is no background energy
density [56], which is exactly what we find.
Finally, we note that one further term is generated by the

transformation of this part of the energy-momentum tensor:

Tð2;0Þ
μν ∼ 1

2
ρð0;2Þ;ij ξð1;0Þiξð1;0Þj ∼ ϵ2L−2

N . This term would appear

in the η4L−2
N field equation along with Rð2;0Þ

μν ∼ ϵ2L−2
N [see

Eq. (72)]. We explain what happens to the terms of
Oðϵ2L−2

N Þ in Sec. VI C.
The transformation of T0i: The same gauge transforma-

tions give the following results for the time-space compo-
nents of the energy-momentum tensor:

−a~ρð0;2Þ ~vð0;1Þi ¼ −aρð0;2Þvð0;1Þi ∼
η3

L2
N
; ð128Þ

− a~ρð0;2Þ ~vð1;0Þi − a~ρð1;1Þ ~vð0;1Þi − a~ρð0;2Þ ~hð1;0Þ0i

¼ −aρð0;2Þvð1;0Þi − aρð1;1Þvð0;1Þi − aρð0;2Þhð1;0Þ0i

þ ρð0;2Þξð1;0Þ0;i − aðρð0;2Þvð0;1Þi Þ;jξð1;0Þj ∼
εη2

L2
N
: ð129Þ

The transformation of Tij: Finally, the gauge trans-
formation of the space-space components of the energy-
momentum tensor gives

a2 ~ρð0;2Þ ~vð0;1Þi ~vð0;1Þj þ a2 ~pð0;4Þδij

¼ a2ρð0;2Þvð0;1Þi vð0;1Þj þ a2pð0;4Þδij ∼
η4

L2
N
; ð130Þ

a2 ~pð1;0Þδij ¼ a2pð1;0Þδij ∼
ϵη2

L2
N
: ð131Þ

Again, we note that pð1;0Þ is gauge invariant because there is
no homogeneous (or constant) background pressure. This is
because at late times the Universe is dust dominated, but we
allow for a small cosmological source of pressure.

2. Transformation of scalar, vector
and tensor parts of Tμν

The irreducible decomposition of the quantities that
appear in the energy-momentum tensor is simplified by
the fact that they are all scalars, with the exception of the
three-velocity, vi. This vector can be split into scalar and
divergenceless vector parts as follows:

vi ≡ v;i þ v̂i; ð132Þ

where v̂i;i ¼ 0. The scalar degrees of freedom in the metric
are then given by ρ, p and v, while the only divergenceless
vector is given by v̂i. There are no transverse and trace-free

tensorial terms in the stress-energy tensor, up to the order
we consider, and as defined in Eq. (2).
Cosmological and mixed-order scalar and vector energy-

momentum sources: Using Eqs. (124)–(131), we find that
the irreducibly decomposed scalars and vectors in the
cosmological sector transform according to

~ρð1;1Þ ¼ ρð1;1Þ þ ρð0;2Þ;i ðδxð1;0Þ;i þ δxð1;0ÞiÞ; ð133Þ

~ρð1;0Þ þ ~ρð1;2Þ ¼ ρð1;0Þ þ ρð1;2Þ þ _ρð0;2Þδtð1;0Þ; ð134Þ

~pð1;0Þ ¼ pð1;0Þ; ð135Þ
and

~vð1;0Þi ¼ vð1;0Þi − a_ξð1;0Þi þ vð0;1Þi;j ξð1;0Þj: ð136Þ
The scalar part of the three-velocity, v, and the divergence-
less vector part v̂i, can be found from taking the divergence
of this last equation. We do not perform these operations
explicitly here, as they result in less compact expressions.
The quadratic term that appears in Eq. (136) shows that the
small-scale Newtonian velocity is important for determin-
ing how the large-scale velocity transforms.
Post-Newtonian scalar and vector energy-momentum

sources: Eqs. (124)–(131) can also be used to find the
transformation of the scalar and vector parts of the post-
Newtonian sector of our theory, which gives

~ρð0;2Þ ¼ ρð0;2Þ; ð137Þ

~ρð0;4Þ ¼ ρð0;4Þ þ 2ρð0;2Þ;i ðδxð0;2Þ;i þ δxð0;2ÞiÞ; ð138Þ

~pð0;4Þ ¼ pð0;4Þ; ð139Þ
and

~vð0;1Þi ¼ vð0;1Þi : ð140Þ
This last equation states that both the scalar and vector parts
of the three-velocity are gauge invariant in this sector of the
theory, at this order. The leading-order parts of the post-
Newtonian energy density and pressure are also automati-
cally gauge invariant. This is to be expected, as these
equations describe Newtonian gravity at leading order,
which of course transforms trivially under general coor-
dinate transformations. These results differ from the quasi-
static limit of cosmological perturbation theory, as space
and time derivatives are treated differently and velocities
come in at different orders [13]. This completes our study
of the gauge transformations of this tensor.

VI. CONSTRUCTING GAUGE-INVARIANT
QUANTITIES

Having performed infinitesimal coordinate transforma-
tions of the metric and energy-momentum-tensor, we are
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now in a position to isolate and remove the superfluous
degrees of freedom associated with diffeomorphism covari-
ance. This leaves us with a set of quantities that represent
the physical degrees of freedom in the problem only,
and will remove the possibility of any interference from
spurious gauge modes.
Dealing with gauge freedoms can be done in a number of

different ways, and is often approached differently in the
respective literatures associated with post-Newtonian grav-
ity [4] and cosmological perturbation theory [1]. In post-
Newtonian gravity, the usual method is to make a gauge
choice by setting the sum of various parts of the perturbed
field equations to 0. If suitable choices are made, and if they
can be shown to be self-consistent, then this method can be
used to remove all gauge freedom. This approach has the
distinct benefit of allowing maximum simplification of the
field equations, making these equations easier to solve, and
the entire problem more tractable. However, it also has the
drawback that one has to determine what is, or is not, a
suitable choice of terms to eliminate from the field
equations. This can sometimes be a challenge.
On the other hand, in the literature on cosmological

perturbation theory a gauge choice is most usually made
by irreducibly decomposing the metric and energy-
momentum tensor, and then by setting some of the
resulting terms to 0 directly [1]. This leaves a more
complicated set of field equations compared to post-
Newtonian gravity, described in the previous paragraph,
but does allow for the maximum possible simplification
of the basic objects involved in the problem. Even in this
case, however, it is still possible to leave behind residual
gauge freedoms, if inappropriate choices are made. These
problems were circumvented by Bardeen, who was the
first to construct combinations of perturbations that
remained invariant under general gauge transformations
[57]. This removed all ambiguity, and allowed perturbed
field equations to be written down that were guaranteed
to be free from all gauge freedoms.
We choose to use the latter of these two approaches, to

construct gauge-invariant quantities associated with the
perturbations to metric and energy-momentum tensors.
This involves extending the method pioneered by
Bardeen to post-Newtonian perturbations, as well as using
some of the extensions of this method developed for use in
second-order cosmological perturbation theory [1]. By the
end of this section we will have written down gauge-
invariant quantities for all of the perturbations described
above, as well as the differential equations that govern
them.

A. Gauge-invariant metric perturbations

Let us begin by constructing gauge-invariant quantities
from the irreducibly decomposed metric tensor. The
method we use to do this is based on that developed for
single-parameter cosmological perturbation theory [1], and

is such that our gauge-invariant quantities reduce to the
metric perturbations in longitudinal gauge when E ¼ B ¼
Fi ¼ 0 (we omit superscript indices here for simplicity).
We note that other gauge choices are possible; we make this
choice so that the field equations look similar to those
in post-Newtonian gravity. The procedure we use for this
is to choose gauge generators, δx, δxi and δt, such that
~E ¼ ~B ¼ ~Fi ¼ 0. We then substitute these quantities back
into the expressions for all of the transformed perturbations
presented in Sec. V. The results are gauge invariant, as the
original gauge transformations were written down in a
completely arbitrary coordinate system. This means that
newly constructed quantities cannot depend on any choice
of gauge, and hence must be gauge invariant.
Below we present our results for the cosmological sector,

the post-Newtonian sector, and the mixed-order sector of
our expansion. All quantities have been checked, by
explicit transformation, to ensure that they are in fact
gauge invariant.
Cosmological quantities: In the cosmological sector

we find that we can form two independent scalar, one
vector and one tensor gauge-invariant quantities. These are
given by

Φð1;0Þ ¼ ϕð1;0Þ − 2a _Bð1;0Þ − 2_aBð1;0Þ þ 2_aa _Eð1;0Þ þ a2Ëð1;0Þ;

ð141Þ

Ψð1;0Þ ¼ ψ ð1;0Þ þ _aa _Eð1;0Þ − 2_aBð1;0Þ; ð142Þ

Bð1;0Þ
i ¼ Bð1;0Þ

i −
a
2
_Fð1;0Þ
i ; ð143Þ

hð1;0Þ
ij ¼ ĥð1;0Þij ; ð144Þ

which are all at OðϵÞ. These gauge-invariant quantities are
identical to those found by Bardeen, in the context of
standard cosmological perturbation theory [57].
Post-Newtonian quantities: In the post-Newtonian sec-

tor, at Oðη2Þ, we can create two scalar, and one tensor,
gauge-invariant quantities,

Φð0;2Þ ¼ ϕð0;2Þ; ð145Þ

Ψð0;2Þ ¼ ψ ð0;2Þ; ð146Þ

hð0;2Þ
ij ¼ ĥð0;2Þij : ð147Þ

At Oðη3Þ there exists one gauge-invariant vector,

Bð0;3Þ
i ¼ Bð0;3Þ

i −
a
2
_Fð0;2Þ
i ; ð148Þ

while at Oðη4Þ there are two scalars and one tensor,
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Φð0;4Þ ¼ ϕð0;4Þ − 4a _Bð0;3Þ − 4_aBð0;3Þ þ 4_aa _Eð0;2Þ þ 2a2Ëð0;2Þ − ϕð0;2Þ;i ðEð0;2Þ;i þ Fð0;2ÞiÞ; ð149Þ

Ψð0;4Þ ¼ ψ ð0;4Þ − 4_a

�
Bð0;3Þ −

a
2
_Eð0;2Þ

�
þ 1

2
ð∇−2χð0;4Þ;ijLij − χð0;4ÞL Þ; ð150Þ

hð0;4Þ
ij ¼ ĥð0;4Þij þ 2χð0;4ÞLij þ ð∇−2χð0;4Þ;klLkl − χð0;4ÞL Þδij þ∇−2ð∇−2χð0;4Þ;klLkl þ χð0;4ÞL Þ;ij − 4∇−2χð0;4Þ;kLkðijÞ ; ð151Þ

where χð0;4ÞLij is defined such that

χð0;4ÞLij ¼ −
�
−ψ ð0;2Þ

;k δij þ
1

2
Eð0;2Þ
;ijk þ 1

2
Fð0;2Þ
ði;jÞk þ

1

2
ĥð0;2Þij;k

�
ðEð0;2Þ;k þ Fð0;2ÞkÞ

−
�
−ψ ð0;2Þδik þ

1

2
Eð0;2Þ
;ik þ 1

2
Fð0;2Þ
ði;kÞ þ

1

2
ĥð0;2Þik

�
ðEð0;2Þ;k

;j þ Fð0;2Þk
;j Þ

−
�
−ψ ð0;2Þδjk þ

1

2
Eð0;2Þ
;jk þ 1

2
Fð0;2Þ
ðj;kÞ þ

1

2
ĥð0;2Þjk

�
ðEð0;2Þ;k

;i þ Fð0;2Þk
;i Þ: ð152Þ

This gives a full set of gauge-invariant quantities for the post-Newtonian sector of our theory, up to the order that we are
considering.
Mixed-order quantities: Finally, at OðϵηÞ we can construct two scalar and one tensor gauge-invariant quantities,

Φð1;1Þ ¼ ϕð1;1Þ −
1

2
ϕð0;2Þ
;i ðEð1;0Þ;i þ Fð1;0ÞiÞ; ð153Þ

Ψð1;1Þ ¼ ψ ð1;1Þ þ 1

2
ð∇−2χð1;1Þ;ijLij − χð1;1ÞL Þ; ð154Þ

hð1;1Þ
ij ¼ ĥð1;1Þij þ 2χð1;1ÞLij − 4∇−2χð1;1Þ;kLkði;jÞ þ∇−2χð1;1Þ;klLkl δij − χð1;1ÞL δij þ∇−2∇−2χð1;1Þ;klLkl;ij þ∇−2χð1;1ÞL;ij : ð155Þ

At order Oðϵη2Þ there exists two scalar, one vector and one tensor gauge-invariant quantities,

Φð1;2Þ ¼ ϕð1;2Þ þ _ϕð0;2Þ
�
aBð1;0Þ −

a2

2
_Eð1;0Þ

�
þ 2ϕð0;2Þ

�
_aBð1;0Þ þ a _Bð1;0Þ − a _a _Eð1;0Þ −

a2

2
Ëð1;0Þ

�
; ð156Þ

Ψð1;2Þ ¼ ψ ð1;2Þ þ∇−2ðχð1;2Þ;k�lLk½l þ 2C;jk�Lk½lj;mI
m;l
L Þ; ð157Þ

Bð1;2Þ
i ¼ Bð1;2Þ

i −
a
2
_Fð1;1Þ
i þ χð1;2ÞLi −∇−2χð1;2Þ;jLj;i ; ð158Þ

hð1;2Þ
ij ¼ ĥð1;2Þij þ 2χð1;2ÞLij − 4∇−2χð1;2Þ;kLkði;jÞ þ∇−2χð1;2Þ;klLkl δij − χð1;2ÞL δij þ∇−2∇−2χð1;2Þ;klLkl;ij þ∇−2χð1;2ÞL;ij

þ 4∇−2∇−2ð∇2CLij;mkI
m;k
L −∇2CLkði;jÞmI

m;k
L − 2CLkði;jÞklmI

m;l
L −∇2C;kLkðij;mI

m
L;jjÞ þ C;kðljLkl;mnI

m;jnÞ
L δijÞ

þ∇−2∇−2ð−∇2CkLk;mlI
m;l
L δij þ 2C;kLkl;mijI

m;l
L þ 2C;klLkl;mðiI

m
L;jÞ þ 2CLij;mkI

m;k
L Þ: ð159Þ

The definitions of χð1;2ÞLi , χð1;2ÞLij and χð1;1ÞLij are given by

χð1;2ÞLi ¼ ϕð0;2Þ
�
Bð1;0Þ −

a
2
_Eð1;0Þ

�
;i
−
a
2

�
−ψ ð0;2Þδij þ

1

2
Eð0;2Þ
;ij þ 1

2
Fð0;2Þ
ði;jÞ þ 1

2
ĥð0;2Þij

�
ðEð1;0Þ;j þ Fð1;0ÞjÞ·

−
1

2

�
1

2
Bð0;3Þ
;i þ Bð0;3Þ

i −
a
4
_Fð0;2Þ
i

�
;j
ðEð1;0Þ;j þ Fð1;0ÞjÞ

−
1

2

�
1

2
Bð1;0Þ
;j þ Bð1;0Þ

j −
a
4
_Fð1;0Þ
i

�
ðEð0;2Þ;j þ δFð0;2ÞjÞ;i; ð160Þ
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χð1;2ÞLij ¼ a

�
−ψ ð0;2Þδij þ

1

2
Eð0;2Þ
;ij þ 1

2
Fð0;2Þ
ði;jÞ þ 1

2
ĥð0;2Þij

�
·
�
Bð1;0Þ −

a
2
_Eð1;0Þ

�

þ 2_a

�
−ψ ð0;2Þδij þ

1

2
ĥð0;2Þij

��
Bð1;0Þ −

a
2
_Eð1;0Þ

�

−
1

2

�
−ψ ð0;2Þδik þ

1

2
Eð0;2Þ
;ik þ 1

2
Fð0;2Þ
ði;kÞ þ

1

2
ĥð0;2Þik

�
ðEð1;0Þ;k þ Fð1;0ÞkÞ;j

−
1

2

�
−ψ ð0;2Þδjk þ

1

2
Eð0;2Þ
;jk þ 1

2
Fð0;2Þ
ðj;kÞ þ

1

2
ĥð0;2Þjk

�
ðEð1;0Þ;k þ Fð1;0ÞkÞ;i

−
1

2

�
−ψ ð1;0Þδik þ

1

2
Eð1;0Þ
;ik þ 1

2
Fð1;0Þ
ði;kÞ þ

1

2
ĥð1;0Þik

�
ðEð0;2Þ;k þ Fð0;2ÞkÞ;j

−
1

2

�
−ψ ð1;0Þδjk þ

1

2
Eð1;0Þ
;jk þ 1

2
Fð1;0Þ
ðj;kÞ þ

1

2
ĥð1;0Þjk

�
ðEð0;2Þ;k þ Fð0;2ÞkÞ;i; ð161Þ

χð1;1ÞLij ¼ CLij;kIk
L; ð162Þ

where CLij;k and Ik
L are given by

CLij;k ≡
�
−ψ ð0;2Þδij þ

1

2
Eð0;2Þ
;ij þ 1

2
Fð0;2Þ
ði;jÞ þ 1

2
ĥð0;2Þij

�
;k
;

ð163Þ

Ik
L ≡ −

1

2
ðEð1;0Þ;k þ Fð1;0ÞkÞ: ð164Þ

This completes our study of gauge-invariant quantities
constructed from perturbations of the metric.
It can be seen that there are a number of perturbed

quantities in our formalism that are automatically gauge
invariant. These include the scalar Newtonian and post-
Newtonian potentials ϕð0;2Þ and ψ ð0;2Þ, as well as the lowest-
order tensor perturbations ĥð1;0Þij and ĥð0;2Þij . The first two are
expected as (depending on how one writes the field
equations) they correspond to the gravitational potential
in the Newton-Poisson equation. The last two show that the
leading-order transverse and trace-free perturbations are
invariant in both sectors of the theory. Comparing the form
of the gauge-invariant quantities Φð1;0Þ and Φð0;4Þ, it is
interesting to note that they differ by a single term,
− 1

2
ϕð0;2Þ;i ðEð0;2Þ;i þ Fð0;2ÞiÞ, which is quadratic in pertur-

bations. The cosmological gauge-invariant quantity Φð1;0Þ
cannot contain a term of this form, as it would be higher
order, at Oðϵ2Þ. A number of other terms can be seen to
occur in more than one of our gauge-invariant quantities,
and demonstrates the effect that the different length scales
have on the order of perturbed quantities.

B. Gauge-invariant quantities from
the energy-momentum tensor

Let us now consider how to construct gauge-invariant
quantities from perturbations of the energy-momentum

tensor. Again, our gauge-invariant quantities reduce to
sources of stress energy in the longitudinal gauge when
E ¼ B ¼ Fi ¼ 0. We do this first for the cosmological
sector, and then for the post-Newtonian sector.
Cosmological and mixed-order quantities: We can con-

struct the following three gauge-invariant scalars, corre-
sponding to the mixed-order and cosmological energy
density and pressure,

ρð1;1Þ ¼ ρð1;1Þ −
1

2
ρð0;2Þ;i ðEð1;0Þ;i þ Fð1;0ÞiÞ; ð165Þ

ρð1;0Þ þ ρð1;2Þ ¼ ρð1;0Þ þ ρð1;2Þ þ _ρð0;2Þ
�
aBð1;0Þ −

a2

2
_Eð1;0Þ

�
;

ð166Þ

pð1;0Þ ¼ pð1;0Þ: ð167Þ

The reader may note that ρð1;0Þ þ ρð1;2Þ transform together
and give quadratic terms. They transform together because
ρð1;0Þ and ρð1;2Þ are of the same order, Oðϵη2L−2

N Þ, in our
framework, even though ρð1;0Þ is the leading-order large-
scale perturbation to the energy density.
One further scalar, vð1;0Þ, and a divergence-free vector,

v̂ð1;0Þi , can be extracted from the following gauge-invariant
quantity,

vð1;0Þi ≡ vð1;0Þ;i þv̂ð0;1Þi

¼ vð1;0Þi þ a
2
ð _Eð1;0Þ

;i þ _Fð1;0Þ
i Þ

−
1

2
vð0;1Þi;j ðEð1;0Þ;j þ Fð1;0ÞjÞ; ð168Þ

by simply taking the divergence of it. These are all of the
gauge-invariant quantities that can be constructed from the
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energy-momentum tensor, in the cosmological and mixed-
order sector of our theory.
Post-Newtonian quantities: In the post-Newtonian

sector we have, at OðηÞ, the following gauge-invariant
quantities,

vð0;1Þ ¼ vð0;1Þ; ð169Þ

v̂ð0;1Þi ¼ v̂ð0;1Þi ; ð170Þ

which we use to define the gauge-invariant velocity

vð0;1Þi ≡ vð0;1Þ;i þ v̂ð0;1Þi . At Oðη2Þ we find

ρð0;2Þ ¼ ρð0;2Þ; ð171Þ

and at Oðη4Þ we have

ρð0;4Þ ¼ ρð0;4Þ − ρð0;2Þ;i ðEð0;2Þ;i þ Fð0;2ÞiÞ; ð172Þ

pð0;4Þ ¼ pð0;4Þ: ð173Þ

This is again unsurprising, as many of these objects appear
in the Newtonian equations of hydrodynamics. There are
no further quantities in the energy-momentum tensor, so
this gives us a full set of gauge-invariant quantities in our
two-parameter perturbative expansion.

C. Field equations in terms of
gauge-invariant quantities

With our newly constructed gauge-invariant quantities
in hand, we can return to the field equations presented
in Sec. IV. These equations take the same form as the
field equations in the longitudinal gauge but are in fact
valid in any coordinate system. Furthermore, these
equations can be used to write down the governing
equations for our gauge-invariant quantities, which,
upon specification of any particular gauge, should
reduce to the gauge-fixed Einstein equations. As before,
we write down these equations under the assumptions
ϵ ∼ η2 and LN=LC ∼ η.

Note that we leave out both terms Rð2;0Þ
μν , in Eq. (72), and

Tð2;0Þ
μν from the field equations. These terms appear in the

Oðη4L−2
N Þ field equation as simply the lower-order 00-field

equations Oðη2L−2
N Þ with two spatial derivatives and

multiplied by two gauge generators, and so necessarily
cancel and do not contribute any new dynamics to the field
equations.

1. Background-order potentials

The background-order 00-field equation can be used to
write

ä
a
þ 1

6a2
∇2Φð0;2Þ ¼ −

4π

3
ρð0;2Þ; ð174Þ

while the trace of the background-order ij equation gives

�
_a
a

�
2

−
1

3a2
∇2Φð0;2Þ ¼ 8π

3
ρð0;2Þ; ð175Þ

where we have substituted in the result that
Φð0;2Þ ¼ −Ψð0;2Þ, found below in Eq. (177). The back-
ground-order trace-free ij equation gives

DijðΦð0;2Þ þΨð0;2ÞÞ − 1

2
∇2hð0;2Þ

ij ¼ 0; ð176Þ

and its derivative implies

Φð0;2Þ ¼ −Ψð0;2Þ and hð0;2Þ
ij ¼ 0: ð177Þ

Note that all equations in this section are written with the
substitution of the results in Eq. (177). The above equations
govern the leading-order part of the gravitational field,
at Oðη2L−2

N Þ.

2. Vector potentials

We now use all 0i-field equations. At order Oðη3L−2
N Þ,

these give

∇2Bð0;3Þ
i þ2ða _Φð0;2Þ þ _aΦð0;2ÞÞ;i¼16πa2ρð0;2Þvð0;1Þi : ð178Þ

Although Bð0;3Þ
i is a divergenceless vector, Eq. (178) has a

divergenceless vector and scalar part, which can be
separated out with a derivative, as can all equations in
this section. At Oðη4L−2

N Þ the 0i-field equations give

∇2ðBð1;0Þ
i þBð1;2Þ

i Þ þ 2ðaðΦð1;1Þ −Ψð1;0ÞÞ· þ _aðΦð1;1Þ þ Φð1;0ÞÞÞ;i − 2ð2_a2 þ aäÞBð1;0Þ
i − Bð1;0Þ

j Φð0;2Þ
;ij

¼ 8πa2ð2ρð1;1Þvð0;1Þi þ ρð0;2ÞðBð1;0Þ
i þ 2vð1;0Þi ÞÞ: ð179Þ

We note that the vector part of Eq. (179) is not sourced by quadratic lower-order potentials, although at first glance it looks
like it may be.
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3. Higher-order scalar potentials

The 00 and ij-trace field equation at OðϵηL−2
N Þ give
1

6a2
∇2Φð1;1Þ ¼ −

4π

3
ρð1;1Þ; ð180Þ

and imply

Φð1;1Þ ¼ −Ψð1;1Þ: ð181Þ
Using the 00-field equation, at Oðη4L−2

N Þ, we find

∇2

�
Φð1;0Þ þ 1

2
Φð0;4Þ þ Φð1;2Þ

�
þ ð∇Φð0;2ÞÞ2 þ 3a _að3Φð0;2Þ þ Φð1;0Þ − 2Ψð1;0ÞÞ·

þ 3a2ðΦð0;2Þ −Ψð1;0ÞÞ·· þ 6aäðΦð0;2Þ −Ψð1;0ÞÞ − 1

2
Φð0;2Þ

;ij hð1;0Þ
ij

¼ −8πa2
�
ρð1;0Þ þ ρð1;2Þ þ 1

2
ρð0;4Þ þ 3ðpð1;0Þ þ pð0;4ÞÞ − ρð0;2ÞðΦð1;0Þ þΨð1;0Þ − 2ðvð0;1Þi Þ2Þ

�
: ð182Þ

The trace of the ij-field equation gives, at Oðη4L−2
N Þ,

− 2∇2

�
Ψð1;0Þ þΨð1;2Þ þ 1

2
Ψð0;4Þ

�
− 3ð2_a2 þ aäÞðΦð1;0Þ −Ψð1;0Þ þ 2Φð0;2ÞÞ þ 6_aaðΨð1;0Þ − Φð0;2ÞÞ_

¼ −4πa2
�
4

�
ρð1;0Þ þ ρð1;2Þ þ 1

2
ρð0;4Þ

�
þ ρð0;2Þð2Φð0;2Þ − Φð1;0Þ − 3Ψð1;0Þ þ 4ðvð0;1Þi Þ2Þ

�
þA; ð183Þ

where we have defined terms that are quadratic in metric potentials as

A≡∇2Φð0;2Þ
�
3Φð0;2Þ þ 1

2
Φð1;0Þ −

5

2
Ψð1;0Þ

�
þ 3

2
ð∇Φð0;2ÞÞ2 þ 1

2
Φð0;2Þ

;ij hð1;0Þ
ij : ð184Þ

These are all of the scalar equations that exist at this order.

4. Tensor potentials

The trace-free ij-field OðϵηL−2
N Þ equation is

DijðΦð1;1Þ þΨð1;1ÞÞ − 1

2
∇2hð1;1Þ

ij ¼ 0; ð185Þ

and its derivative implies

Φð1;1Þ ¼ −Ψð1;1Þ and hð1;1Þ
ij ¼ 0: ð186Þ

However, note that unlike Ψð0;2Þ and Φð0;2Þ, the condition that Φð1;1Þ ¼ −Ψð1;1Þ is already given by the 00 and ij-trace field
equations, Eq. (180), that imply Eq. (181). We substitute the results in Eq. (186) into all equations in this section. Finally, the
ij-field equation, at Oðη4L−2

N Þ, can be used to write the following trace-free equation:

−Dij

�
Φð1;0Þ þ Φð1;2Þ þ 1

2
Φð0;4Þ þΨð1;0Þ þΨð1;2Þ þ 1

2
Ψð0;4Þ

�
þ 1

2
∇2

�
hð1;0Þ
ij þ hð1;2Þ

ij þ 1

2
hð0;4Þ
ij

�

þ 4_aðBð0;3Þ
ði;jÞ þ Bð1;0Þ

ði;jÞ Þ þ 2aðBð0;3Þ
ði;jÞ þBð1;0Þ

ði;jÞ Þ
· − ð2_a2 þ aäÞhð1;0Þ

ij −
3

2
a _a _hð1;0Þ

ij −
1

2
a2ḧð1;0Þ

ij

¼ −8πa2ρð0;2Þ
�
1

2
hð1;0Þ
ij þ 2vð0;1Þhi vð0;1Þji

�
þ Bij; ð187Þ

where we have defined terms that are quadratic in metric potentials as
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Bij ≡DijΦð0;2Þð2Φð0;2Þ þ Φð1;0Þ −Ψð1;0ÞÞ
þ Φð0;2Þ

;hi Φð0;2Þ
;ji − Φð0;2Þ

;khi h
ð1;0Þ
jik : ð188Þ

We observe that, unlike in linear cosmological perturbation
theory, our expansion scheme does not imply Φð1;0Þ ¼
−Ψð1;0Þ or hð1;0Þ

ij ¼ 0 because of the additional potentials in
Eq. (187) that do not exist in cosmological perturbation
theory. This completes the full set of equations for our
gauge-invariant variables, up to the order in perturbations
that we wish to consider here.

VII. DISCUSSION

Using our two-parameter expansion we now discuss the
application of it to various physical situations that are of
interest. Note that although Secs. VII A and VII B consider
post-Newtonian structure on very different scales, as do all
systems considered in Sec. III, gravitational potentials
remain small and of similar size ϵ ∼ η2.

A. Large-scale limit: l ∼ η

Let us now discuss the field equations given in Sec. VI C.
In this case the small-scale structure is on the scale of
superclusters, LN ∼ 100 Mpc so l ∼ η, and gravitational
potentials are such that ϵ ∼ η2 (as justified in Sec. III). First,
we note that in the lowest-order field equations, (174) and
(175), the Newtonian mass density and gravitational
potentials source the evolution of the scale factor. In the
next-to-leading-order field equations, (178), (180) and
(185), we have mixed-order and post-Newtonian potentials,
but no quadratic source terms, meaning that these field
equations are not sourced by the lowest-order field equa-
tions. In the Oðη4Þ field equations, Eqs. (179), (182), (183)
and (187), on the other hand, we find first-order cosmo-
logical, mixed-order, Newtonian and post-Newtonian
potentials. This means that linear-order cosmological
perturbations (that usually arise as first-order corrections
to the background field equations) in fact come in after two
lower-order field equations. In addition, the Oðη4Þ field
equations that contain the linear-order cosmological poten-
tials are sourced by quadratic lower-order potentials. These
effects only arise because of the form of our two-parameter
expansion, and so do not (and cannot) occur in linear-order
cosmological perturbation theory.
The reader may note that our expansion requires field

equations to exist at orders that simply do not exist in
cosmological perturbation theory. For example, in cosmo-
logical perturbation theory the leading-order vector mode
(which contributes to frame-dragging effects) decays
quickly, and so is usually taken to be 0. However, the
magnitude of the second-order part of this potential has
recently been found to be much bigger than one might
naively estimate—between OðϵÞ and Oðϵ2Þ [25], at about
Oðϵ1.5Þ. In our expansion we already have a vector potential

at order η3 ∼ ϵ1.5, and it is clear that such a potential should
exist from the post-Newtonian perturbed sector. This means
that the result of Ref. [25], which looks a little odd in the
context of cosmological perturbation theory, fits very
naturally into our framework. Our expansion also suggests
that there should be field equations at Oðη5Þ, which would
correspond to a potential ofOðϵ1.5Þ in normal cosmological
perturbation theory. This simply does not exist in the usual
expansion, but is included if one follows the approach we
have used in this paper.
The reader may also note that cosmological perturbation

theory is not recovered by simply setting η → 0. This is
because in cosmological perturbation theory the lowest
order energy density is homogeneous, whereas in the late
Universe, as described by our two-parameter expansion, the
lowest-order energy density is inhomogeneous (see Sec. II
C). We therefore cannot recover cosmological perturbation
theory by ignoring the post-Newtonian sources, as when
η → 0 the evolution of the scale factor in Eq. (174) would
have no source at all. This means that the post-Newtonian
sector must be included, in both the equations for the
background expansion and the linear-order cosmological
perturbations. Specifically, this means that standard cos-
mological perturbation theory is not necessarily recovered
if one averages over some length scale greater than or equal
to the homogeneity scale, as is usually assumed [6]. To
compare our two-parameter expansion to cosmological
perturbation theory we must average the field equa-
tion (175) over a suitably large scale.
We start by calculating the average energy density ρ̄,

obtained from integrating over volumes, Vhom, that corre-
spond to the homogeneity length scale, Lhom ∼ 100 Mpc
[58]. This gives

ρ̄ð0;2Þ ≡
R
Vhom

ρð0;2ÞdVR
Vhom

dV
: ð189Þ

The closest thing we can then define to the usual first-order
part of the energy density, δρ, is then

δρð0;2Þ ≡ ρð0;2Þ − ρ̄ð0;2Þ: ð190Þ

This means that the leading-order inhomogeneous part of
the energy density, δρ, is the same order as the background,
ρ̄, both being Oðη2L−2

N Þ. Finally, one may note that
derivatives of δρ go like 1=LN , and not 1=LC.
Let us now outline how to start solving the field

equations (174)–(188). We first take the lowest-order field
equation, given by Eq. (175), and integrate this over the
volume corresponding to the homogeneity scale

−
1

a2

Z
Vhom

∇2Φð0;2ÞdV þ
Z
Vhom

3H2dV ¼ κ

Z
Vhom

ρð0;2Þ;

ð191Þ
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where _a=a≡H and κ ¼ 8π. Using Gauss’ theorem this can
be written as

−
1

a2

Z
Shom

∇Φð0;2Þ · dSþ 3H2Vhom ¼ κMð0;2Þ; ð192Þ

whereMð0;2Þ is the total rest mass in the volume Vhom. If we
now assume that on the homogeneity scale there is no net
flux of ∇Φð0;2Þ into or out of the surface Shom, then the first
term in Eq. (192) vanishes. This leaves us with

3H2 ¼ κρ̄ð0;2Þ; ð193Þ

where, from Eq. (189), ρ̄ð0;2Þ ¼ Mð0;2Þ=Vhom. Finally, sub-
stituting these results into Eq. (175) gives

∇2Φð0;2Þ ¼ −κa2δρð0;2Þ: ð194Þ

This equation can be solved using Green’s functions,
N-body simulations or Fourier methods. Moreover, it
provides justification for why it is only the average energy
density that sources the large-scale expansion, while it is
the energy density minus its average that sources the
Newton-Poisson equation, even though both Eqs. (193)
and (194) are of the same order. The key here is the
existence of a homogeneity scale at which there is no net
flux in ∇Φð0;2Þ, which seems like a restrictive but necessary
condition in order to derive Eqs. (193) and (194). It means
that for the system to be perturbed FLRW globally we need
matter to be strictly distributed such that the average energy
density in every region is the same.
Finally, we comment that our two-parameter expansion

was constructed such that perturbations on scales above the
cutoff of 100 Mpc are treated as cosmological, whereas
perturbations below this cutoff are treated as post-
Newtonian. This cutoff is somewhat artificial. In the real
Universe there are structures, such as baryon acoustic
oscillations, that exist on approximately the scale of this
cutoff. The practical application of our two-parameter
expansion to model such structures would require further
thought, and perhaps some flexibility.

B. Small-scale limit: l ≪ η

Let us consider what would happen if we considered
structure on the smallest scales, similar to the solar system
for example, such that LN ∼ L⊙ ≪ ηLC. The first thing to
happen would be that long-wavelength cosmological per-
turbations in the energy density, ρð1;0Þ for example, would
be relegated to very high-order field equations compared to
those presented in Sec. VI C, because L⊙ ≪ ηLC ≪ LC.
Moreover, the post-Newtonian order energy density would
be replaced by 1

2
ρð0;4Þ þ ρð1;2Þ. To disentangle ρð1;2Þ and

ρð0;4Þ one would then have to use the fact that ρð1;2Þ has
large-scale correlations, whereas ρð0;4Þ does not. The reader

may also note that if l ≪ η then this implies there is no

ρð1;1Þ, hð1;1Þ00 or hð1;1Þij for that matter (see Sec. II C).

However, there does remain a potential hð1;2Þ0i , which
appears in the field equations at Oðη4Þ if ϵ ∼ η2. This does
not occur in usual post-Newtonian gravity, where the
0i-field equations contain terms at Oðη3Þ and then at

Oðη5Þ. This means that the mixed term hð1;2Þ0i would
correspond to an η4 correction to the post-Newtonian η3

0i-field equation. Nevertheless, hð1;2Þ0i ∼ η4 is at higher order
than anything that has so far been observed in the Solar
System, as current observations have only allowed the 0i
metric potential to be constrained toOðη3Þ.4 Our formalism
is therefore consistent with observed post-Newtonian
gravity to date, but may offer a new opportunity to test
gravity at higher orders in the future, as more accurate
observations may one day be able to detect gravitational

phenomena associated with hð1;2Þ0i .
Finally, if l ≪ η then the field equations are dominated

by the Newton-Poisson equation at lowest order.

Cosmological terms such as ä ∼ 1=L2
C and ∇2hð1;0Þ00 ∼

ϵ=L2
C only occur at much higher order. Although the

leading-order parts of post-Newtonian gravity and our
two-parameter expansion are indistinguishable when
applied to structure on small scales, at higher orders (or
for structures on larger scales) our formalism also includes
terms that account for the sourcing of the expansion of the
scale factor and large-scale cosmological potentials. These
corrections simply do not appear in the usual approach to
post-Newtonian gravity, where cosmological expansion is
entirely neglected. However, the reader may also note that
we recover the usual post-Newtonian expansion in the
limits ϵ → 0 and aðtÞ → 1.

C. Other systems

Let us now consider other scenarios that one might try to
model with a two-parameter approach of the type described
in this paper that do not fall into the two cases described
above, or may not satisfy ϵ ∼ η2. The first thing that one
may note for such a situation is that our two-parameter
expansion simply does not allow for post-Newtonian-
perturbed structures larger than the supercluster scale of
100 Mpc, so great walls or voids larger than this scale
cannot be considered within this expansion [see Eq. (36)].
If such situations were considered, then the lowest-order
field equation would be ä ¼ 0, which only has the solutions
a ∝ t. We note that for post-Newtonian perturbed structures
smaller than supercluster scales l < η the field equations
will behave similarly to those discussed in Sec. VII B;

4The best observational constraints on hð0;3Þ0i have been made
up to an accuracy of about 20%with Gravity Probe B’s gyroscope
precession experiment [59], and about 5% accuracy with the
LAGEOS and LARES satellites [60].
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specifically the scale factor would be sourced at higher
order, as would all terms with derivatives or units LC, and
Newtonian gravity would dominate.
Now consider cases where ϵ > η2. This could be the

case, for example, in a universe full of low-mass stars or
high density contrast voids. In this case and for l ∼ η the
evolution of the scale factor would remain in the lowest-
order field equation, at Oðη2L−2

N Þ, with the energy density.
Long-wavelength cosmological perturbations, on the
other hand, would be squeezed in somewhere between
the lowest Newtonian order, Oðη2L−2

N Þ, and first post-
Newtonian order, Oðη4L−2

N Þ, for 00 and ij-field equations.
Nevertheless, by construction, the cosmological energy
density must be strictly less than the Newtonian one
[see Eq. (38)].
Finally, if η2 > ϵ then the expansion around FLRW is

still valid but may start to break down if η → 1. This would
be the case close to compact objects, such as neutron stars
and black holes. In these cases cosmological perturbations
are relegated to higher order. Of course, in the real Universe
these strong gravity scenarios tend to happen on small
scales, when LN ≪ ηLC. In these cases we would expect
the scale factor to be sourced at higher order too.
As a last remark, if one were to consider a system with

structure on more than two scales, say N scales, an N-
parameter expansion would probably be necessary.
Nevertheless, structure on supercluster scales would always
remain the dominant contributor to the expansion of the
scale factor, as discussed throughout this section.

VIII. CONCLUSION

We propose and construct a two-parameter perturbative
expansion around a FLRW metric that can simultaneously
describe nonlinear structures on small scales, and linear
structures on large scales. We find that the gravitational
potentials from small-scale structures can source the growth
of structure on large scales, and that one should in general
expect mode mixing in the equations that govern the
large-scale fluctuations. The effects are significant
observationally, as the next generation of surveys will be
able to measure fluctuations in the density contrast on
scales approaching the entire observable Universe.
Understanding the behavior of these fluctuations in the
presence of nonlinear structure is important not only for
removing potential sources of bias, but also because it has
the potential to offer new ways of looking for the effects
of Einstein’s theory. This could come about through the
generation of non-Gaussianity, through the form of the
matter power spectrum on large scales, or the identification
of novel new effects that do not occur in linearized gravity.
We consider our perturbative expansion to contain some of
the essential features of the real late Universe, and therefore
to have a number of potential advantages over standard
cosmological perturbation theory.

The work we have presented in this paper contains a
derivation of the field equations, an explicit presentation of
a two-parameter gauge transformation, and the construction
of gauge-invariant quantities in both the matter and gravity
sectors of the theory. We find that consistency of the gauge
transformations requires not only gravitational potentials
and matter perturbations at the orders expected from post-
Newtonian gravity and cosmological perturbation theory,
but also a number of others at orders of perturbation where
they may not naively have been expected. We have there-
fore identified a minimal set of perturbations that are
required for mathematical consistency of the problem,
and written down gauge-invariant versions of the field
equations that contain them all.
We discuss the application of our formalism to a universe

containing different gravitational systems. This includes a
universe containing post-Newtonian structure on solar
system scales, for which our field equations are consistent
with post-Newtonian gravity up to the accuracy of current
observations but differ at higher order. The field equations
we derive account for structure on the scale of clusters and
superclusters within the context of cosmological perturba-
tions, and we find that, with a certain notion of homo-
geneity above scales of around 100 Mpc, it is possible to
write down a version of the Friedmann equation in which
the expansion is driven by the average rest mass density,
from the post-Newtonian sector of the theory. The small-
scale Newton-Poisson equations for the scalar gravitational
potentials occur at the same order in perturbations as the
Friedmann equation, while the lowest-order equations that
contain the cosmological gravitational potentials appear at
higher order. These latter equations contain post-
Newtonian matter sources, and quadratic Newtonian-level
potentials from small scales. They therefore contain valu-
able information about nonlinear gravity, and could poten-
tially be used to identify relativistic effects in large-scale
structure observations.
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APPENDIX: PERTURBED RICCI AND
ENERGY-MOMENTUM TENSORS

This appendix provides detailed expressions for the
perturbed Ricci tensor and the perturbed energy-
momentum tensor, which are used to derive the field
equations presented in Sec. IV. We make no assumptions
about the relative magnitude of ϵ and η in this appendix, nor
do we assume anything about the length scales LC and LN .
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We begin by expanding the components of the Ricci
tensor in our two parameters. We find that the nonvanishing
contributions to each component are given by the following
equations:

R00 ¼ Rð0;0Þ
00 þ Rð0;2Þ

00 þ Rð0;3Þ
00

þ 1

2
Rð0;4Þ
00 þ Rð1;0Þ

00 þ Rð1;1Þ
00 þ Rð1;2Þ

00 þ � � � ; ðA1Þ

R0i ¼ Rð0;2Þ
0i þ Rð0;3Þ

0i þ Rð1;0Þ
0i þ Rð1;2Þ

0i þ � � � ; ðA2Þ

Rij ¼ Rð0;0Þ
ij þ Rð0;2Þ

ij þ Rð0;3Þ
ij

þ 1

2
Rð0;4Þ
ij þ Rð1;0Þ

ij þ Rð1;1Þ
ij þ Rð1;2Þ

ij þ � � � ; ðA3Þ

where ellipses denote higher-order terms, which we do not
require in this paper.
Any term in each of these equations has an order of

smallness in ϵ and η, as indicated by the superscript in
brackets. They also have a length scale associated with
them, given by L−2

N , L−2
C or L−1

C L−1
N . We have not indicated

this directly on each of the terms in the expansion, but it is
important when using these equations to determine the field
equations presented in Sec. IV. We are therefore careful to
keep track of them in the expressions that follow.
The terms on the right-hand side of Eq. (A1) are given

explicitly by

Rð0;0Þ
00 ¼ −3

ä
a
∼

1

L2
C
; ðA4Þ

Rð0;2Þ
00 ¼ −

1

2a2
hð0;2Þ00;ii ∼

η2

L2
N
; ðA5Þ

Rð0;3Þ
00 ¼ _a

a2
hð0;3Þ0i;i −

_a
a
hð0;2Þii;0 −

3_a
2a

hð0;2Þ00;0 ∼
η3

LCLN
; ðA6Þ

Rð0;4Þ
00 ¼ −

1

2a2
ðhð0;2Þ00;i Þ2 −

1

2a2
hð0;4Þ00;ii − hð0;2Þii;00

þ 2

a
hð0;3Þ0i;0i þ

1

2a2
hð0;2Þ00;i ð2hð0;2Þij;j − hð0;2Þjj;i Þ

þ 1

a2
hð0;2Þ00;ijh

ð0;2Þ
ij ∼

η4

L2
N
; ðA7Þ

Rð1;0Þ
00 ¼ −

1

2a2
hð1;0Þ00;ii −

1

2
hð1;0Þii;00 þ

_a
a2

hð1;0Þ0i;i

−
_a
a
hð1;0Þii;0 þ 1

a
hð1;0Þ0i;0i −

3_a
2a

hð1;0Þ00;0 ∼
ϵ

L2
C
; ðA8Þ

Rð1;1Þ
00 ¼ −

1

2a2
hð1;1Þ00;ii ∼

ϵη

L2
N
; ðA9Þ

Rð1;2Þ
00 ¼ −

1

2a2
hð1;2Þ00;ii þ

1

2a2
hð0;2Þ00;ijh

ð1;0Þ
ij

þ terms of size

�
ϵη2

LNLC

�

∼
ϵη2

L2
N
þ ϵη2

LNLC
: ðA10Þ

The terms in Eq. (A2) are given by

Rð0;2Þ
0i ¼ −

_a
a
hð0;2Þ00;i ∼

η2

LCLN
; ðA11Þ

Rð0;3Þ
0i ¼ 1

2a
ðhð0;3Þ0j;ij − hð0;3Þ0i;jj þ ahð0;2Þij;0j − ahð0;2Þjj;0i Þ

þ terms of size

�
ϵη3

L2
C

�
∼

η3

L2
N
þ η3

L2
C
; ðA12Þ

Rð1;0Þ
0i ¼ 1

2a
ðhð1;0Þ0j;ij − hð1;0Þ0i;jj þ ahð1;0Þij;0j − ahð1;0Þjj;0i

− 2_ahð1;0Þ00;i þ 4_a2hð1;0Þ0i þ 2aähð1;0Þ0i Þ ∼ ϵ

L2
C
; ðA13Þ

Rð1;1Þ
0i ¼ −2_ahð1;1Þ00;i ∼

ϵη

LNLC
; ðA14Þ

Rð1;2Þ
0i ¼ 1

2a
ðhð1;2Þ0j;ij − hð1;2Þ0i;jj þ ahð1;1Þij;0j − ahð1;1Þjj;0i Þ

þ 1

2a
hð1;0Þ0j hð0;2Þ00;ij

þ terms of size

�
ϵη2

L2
C
þ ϵη2

LNLC

�

∼
ϵη2

L2
N
þ ϵη2

L2
C
þ ϵη2

LNLC
: ðA15Þ

Finally, the terms in Eq. (3) are given by

Rð0;0Þ
ij ¼ ð2_a2 þ aäÞδij ∼

1

L2
C
; ðA16Þ

Rð0;2Þ
ij ¼ 1

2
ðhð0;2Þ00;ij þ 2hð0;2Þkði;jÞk − hð0;2Þkk;ij − hð0;2Þij;kkÞ

þ ð2_a2 þ aäÞðhð0;2Þij þ hð0;2Þ00 δijÞ

∼
η2

L2
N
þ η2

L2
C
; ðA17Þ

Rð0;3Þ
ij ¼ 1

2
a _ahð0;2Þ00;0 δij − 2_ahð0;3Þ

0ði;jÞ − _ahð0;3Þ0k;k δij

þ 3

2
a _ahð0;2Þij;0 þ 1

2
a _ahð0;2Þkk;0 δij ∼

η3

LCLN
; ðA18Þ
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Rð0;4Þ
ij ¼ 1

2
ðhð0;4Þ00;ij − hð0;4Þij;kk − hð0;4Þkk;ijÞ þ hð0;4Þkði;jÞk

þ a2hð0;2Þij;00 þ
1

2
hð0;2Þ00;k ðhð0;2Þij;k − 2hð0;2Þkði;jÞÞ

þ hð0;2Þkl;ij h
ð0;2Þ
kl þ hð0;2Þij;kl h

ð0;2Þ
kl − 2hð0;2Þkði;jÞlh

ð0;2Þ
kl

þ 1

2
hð0;2Þkl;i hð0;2Þkl;j þ hð0;2Þkl;l ðhð0;2Þij;k − 2hð0;2Þkði;jÞÞ

þ hð0;2Þik;l ðhð0;2Þjk;l − hð0;2Þjl;k Þ þ 1

2
hð0;2Þ00;i h

ð0;2Þ
00;j

þ hð0;2Þ00;ijh
ð0;2Þ
00 þ hð0;2Þkk;l ð2hð0;2Þlði;jÞ − hð0;2Þij;l Þ − 2ahð0;3Þ

0ði;jÞ0

þ terms of size

�
η4

L2
C

�
∼

η4

L2
N
þ η4

L2
C
; ðA19Þ

Rð1;0Þ
ij ¼ 1

2
ðhð1;0Þ00;ij − hð1;0Þij;kk − hð1;0Þkk;ijÞ þ hð1;0Þkði;jÞk

þ aähð1;0Þij þ aähð1;0Þ00 δij þ 2_a2hð1;0Þ00 δij

þ 1

2
a _ahð1;0Þ00;0 δij − 2_ahð1;0Þ

0ði;jÞ − _ahð1;0Þ0k;k δij

þ 3

2
a _ahð1;0Þij;0 þ 1

2
a _ahð1;0Þkk;0 δij þ

1

2
a2hð1;0Þij;00

þ 2_a2hð1;0Þij − ahð1;0Þ
0ði;jÞ0 ∼

ϵ

L2
C
; ðA20Þ

Rð1;1Þ
ij ¼ 1

2
ðhð1;1Þ00;ij − hð1;1Þij;kk − hð1;1Þkk;ijÞ þ hð1;1Þkði;jÞk

þ terms of size

�
ϵη

L2
C

�

∼
ϵη

L2
N
þ ϵη

L2
C
; ðA21Þ

Rð1;2Þ
ij ¼ 1

2
ðhð1;2Þ00;ij − hð1;2Þij;kk − hð1;2Þkk;ijÞ þ hð1;2Þkði;jÞk

þ 1

2
hð0;2Þ00;ijh

ð1;0Þ
00 þ 1

2
hð0;2Þkl;ij h

ð1;0Þ
kl þ 1

2
hð0;2Þij;kl h

ð1;0Þ
kl

− hð0;2Þkði;jÞlh
ð1;0Þ
kl

þ terms of size

�
ϵη2

L2
C
þ ϵη2

LNLC

�

∼
ϵη2

L2
N
þ ϵη2

L2
C
þ ϵη2

LNLC
; ðA22Þ

where in Eq. (A17) the two orders or magnitude after the ∼
indicate the first and second lines, respectively.
Let us now consider the energy-momentum tensor, Tμν.

Expanding in both ϵ and η the nonvanishing components of
this tensor are given by

T00 ¼ Tð0;2Þ
00 þ Tð0;4Þ

00 þ Tð1;0Þ
00 þ Tð1;1Þ

00 þ Tð1;2Þ
00 þ � � � ;

ðA23Þ

T0i ¼ Tð0;3Þ
0i þ Tð1;2Þ

0i þ � � � ; ðA24Þ

Tij ¼ Tð0;4Þ
ij þ Tð1;0Þ…; ðA25Þ

where ellipses again indicate higher-order terms that we do
not consider in this study. The terms on the right-hand side
of Eq. (A23) are given by

Tð0;2Þ
00 ¼ ρð0;2Þ ∼

η2

L2
N
; ðA26Þ

Tð0;4Þ
00 ¼ 1

2
ρð0;4Þ − hð0;2Þ00 ρð0;2Þ þ ρð0;2Þvð0;1Þivð0;1Þi ∼

η4

L2
N
;

ðA27Þ

Tð1;0Þ
00 ¼ ρð1;0Þ ∼

ϵ

L2
C
; ðA28Þ

Tð1;1Þ
00 ¼ ρð1;1Þ ∼

ϵη

L2
N
; ðA29Þ

Tð1;2Þ
00 ¼ ρð1;2Þ − hð1;0Þ00 ρð0;2Þ ∼

ϵη2

L2
N
; ðA30Þ

while the terms in Eq. (A24) are given by

Tð0;3Þ
0i ¼ −aρð0;2Þvð0;1Þi ∼

η3

L2
N
; ðA31Þ

Tð1;2Þ
0i ¼ −aðρð0;2Þvð1;0Þi þ ρð1;1Þvð0;1Þi Þ

− aρð0;2Þhð1;0Þ0i þ terms of size½εη
2

L2
C
�

∼
εη2

L2
N
þ εη2

L2
C
; ðA32Þ

and the terms in Eq. (A25) are given by

Tð0;4Þ
ij ¼ a2ρð0;2Þvð0;1Þi vð0;1Þj þ a2pð0;4Þδij ∼

η4

L2
N
; ðA33Þ

Tð1;0Þ
ij ¼ a2pð1;0Þδij ∼

ϵ

L2
C
: ðA34Þ

This completes the list of expanded tensor components that
are required for Sec. IV.
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