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Weakly interacting massive particles (WIMPs), which are among the best motivated dark matter (DM)
candidates, could make up all or only a fraction of the total DM budget. We consider a scenario in which
WIMPs are a subdominant DM component; such a scenario would affect both current direct and indirect
bounds on the WIMP-nucleon scattering cross section. In this paper we focus on indirect searches for the
neutrino flux produced by annihilation of subdominant WIMPs captured by the Sun or the Earth via either
spin-dependent or spin-independent scattering. We derive the annihilation rate and the expected neutrino
flux at neutrino observatories. In our computation, we include an updated chemical composition of the
Earth with respect to the previous literature, leading to an increase of the Earth’s capture rate for spin-
dependent scattering by a factor of 3. Results are compared with current bounds from Super-Kamiokande
and IceCube. We discuss the scaling of bounds from both direct and indirect detection methods with the
WIMP abundance.
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I. INTRODUCTION

Weakly interacting massive particles (WIMPs) are
among the best motivated candidates to explain the
observed dark matter (DM). WIMPs naturally occur in
extensions of the standard model, e.g. the lightest neutra-
lino in supersymmetric extensions of the standard model,
the lightest Kaluza-Klein photon in universal extradimen-
sion theories [1], and the heavy photon in little Higgs
models [2]. WIMPs can be produced in the early Universe
with relic density matching the observed DM energy
density, e.g. via the freeze-out mechanism [3–5]. Current
searches involve both direct and indirect detection, as well
as accelerator searches. For reviews of approaches to
WIMP detection, see Refs. [6–10].
Since this plethora of searches has not yet yielded

conclusive evidence for the existence of WIMPs, recent
years have seen the development of model-independent
techniques to analyze those null results. Namely, the
nonrelativistic effective field theory (EFT) framework
[11] has been developed for direct detection and simplified
models are employed in recent analyses of bounds from the
Large Hadron Collider (cf. [12] and references therein).
If WIMPs exist, they may accumulate [13] in the Earth

[14–17] and in the Sun [18–22] via down-scattering off the
body’s material. The first paper to point out that

annihilation in the Sun can lead to a detectable neutrino
signal was by Silk et al. [18]; the first papers to point out
that annihilation in the Earth can lead to a detectable
neutrino signal in the Earth were by Freese [14] and Krauss
and Wilczek [15]. As shown by these authors, the captured
WIMP population could then annihilate and give rise
to a flux of energetic neutrinos, which may be detectable
at neutrino observatories such as the Super-Kamiokande
(Super-K) [23–27], IceCube [28–30], ANTARES [31,32],
and AMANDA [33] facilities, or in the proposed KM3NeT
neutrino telescope [34]. DM capture and annihilation in the
Sun and Earth has recently also been used to constrain
inelastic and self-interacting DM models [35–47], super-
symmetric models [48], and DM models with a boosted
annihilation cross section [49].
Both direct detection experiments and the annihilation

rate of captured WIMPs are sensitive to the local WIMP
energy density ρlocχ . Models where WIMPs constitute only a
fraction of the total DM budget [50–56] have local WIMP
densities different from the measured local DM density.
This must be taken into account when considering bounds
from direct and indirect detection.
We consider two scenarios: (i) WIMPs comprising all of

the observed DM, or (ii) a subdominant fraction of DM
only. For both scenarios, we derive the annihilation rate
and the induced neutrino flux from capture and annihilation
in the Sun or the Earth, and compare the induced neutrino
flux with current bounds from neutrino observatories. We
introduce minimal assumptions on the nature of the WIMP
particle. In particular, we do not assume that the scattering
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and the annihilation cross sections are related by a crossing
symmetry but we treat them as independent parameters.
The annihilation cross section is fixed by demanding that
the DM fraction in WIMPs is obtained through a thermal
freeze-out mechanism. We update the composition of the
Earth with respect to current literature to include various
isotopes that are important for spin-dependent (SD)
capture.
This paper is organized as follows. In Sec. II we review

the expected neutrino flux from WIMP annihilation in the
Sun and in the Earth, we update the chemical composition
of the Earth to obtain new results on the SDWIMP capture
rate, and we compute the portion of the parameter space for
which the capture process is in equilibrium in the Sun and
the Earth for both spin-independent (SI) and SD inter-
actions, comparing results with current bounds from direct
detection. Section II D is devoted to analyzing the effect of
a subdominant WIMP fraction of the DM on the annihi-
lation rate. In Sec. III, we use the updated values of the
muon flux from muon neutrinos at the detector site to
constrain the SI and SD cross sections as a function of the
WIMP mass. In particular, in Sec. III A we give a detailed
discussion of the scaling behavior of signals and bounds
from DM capture and annihilation for WIMPs comprising a
fraction of the DM only, and in Sec. III B we discuss the
effect of the updated chemical composition of the Earth on
the constraints.

II. WIMP CAPTURE AND ANNIHILATION
BY A MASSIVE BODY

The capture rate of WIMPs by a massive body was first
estimated in Ref. [13], and has immediately been applied to
capture by the Earth in Refs. [14–16], and by the Sun in
Refs. [18–22]. A massive body, like the Earth or the Sun,
builds up a population of WIMPs at a rate C by capturing
them via scattering off the body’s nuclei. A particle is said
to be captured if its velocity is smaller than the escape
velocity vesc of the capturing body.
WIMPs captured in the massive body can annihilate at a

rate ΓA, which is given by the number density profile of
capture WIMPs nðr; tÞ and the velocity-averaged annihi-
lation cross section hσviann as

ΓA ¼ hσviann
Z

n2ðr; tÞd3r: ð1Þ

Besides via self-annihilation, the population of WIMPs
captured in the body may also be depleted by evaporation at
the rate CE, if captured WIMPs regain enough energy to
escape the gravitational potential of the body via hard
scattering with nuclei [21,57–60].
The total number of WIMPs NðtÞ captured by a massive

body after time t is given by the solution to the differential
equation

dN
dt

¼ −CAN2 − CEN þ C; ð2Þ

where the constant CA is related to ΓA and to the number of
captured WIMPs by

ΓA ¼ CA

2
N2ðtÞ: ð3Þ

Equation (2) assumes that WIMPs, once they are
captured, thermalize on time scales much shorter than
the age of the Solar System, which allows us to separate the
t- and r-dependence of the number density profile as
[61,62]

nðr; tÞ ¼ NðtÞ ~nðrÞ≡ NðtÞ e−mχΦðrÞ=TR
e−mχΦðrÞ=Td3r

; ð4Þ

where ~nðrÞ ¼ nðr; tÞ=NðtÞ is the normalized number den-
sity profile, which is determined by the gravitational
potential of the capturing body ΦðrÞ and the body’s
temperature profile TðrÞ [14,16,22,63]. In the case of
capture in the Sun, it has been shown that thermalization
time scales are shorter than capture time scales if the SI
(SD) WIMP-proton scattering cross section satisfies σSIp ≳
10−48 cm2 (σSDp ≳ 10−51 cm2) for WIMP masses mχ ≈
100 GeV [61,62]. In this work, we make the assumption
that thermalization proceeds much faster than capture for
the entire WIMP parameter space considered.
From Eq. (2), we obtain the time evolution of the number

of WIMPs as

NðtÞ ¼
ffiffiffiffiffiffi
C
CA

s
tanhð αt

τann
Þ

αþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − 1

p
tanhð αt

τann
Þ
; ð5Þ

where τann ≡ 1=
ffiffiffiffiffiffiffiffiffi
CCA

p
is the time scale after which the

capture and annihilation processes reach equilibrium, and
α≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðCEτann=2Þ2
p

. It has been shown that for WIMP
masses mχ ≳ 5 GeV considered in this work, evaporation
can be neglected for both the Sun and the Earth [57–60,64].
In this case, α → 1 and Eq. (5) reduces to

NðtÞ ¼
ffiffiffiffiffiffi
C
CA

s
tanh

�
t

τann

�
; ð6Þ

which is the expression we use in our numerical compu-
tation. Inserting Eq. (6) into Eq. (3) gives the present
annihilation rate,

ΓA ¼ C
2
tanh2

�
t⊙
τann

�
; ð7Þ

where t⊙ is the age of the Solar System, and the equilibrium
time scale is given by
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τann ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Veff

Chσviann

s
; ð8Þ

where the effective volume Veff is given in
Appendix B, Eq. (B6).
WIMP annihilation leads to a differential flux of neu-

trinos of flavor l ¼ e, μ, τ as [9,63,65,66]

dΦDM
νl

dEν
¼ ΓA

4πD2

X
l0

Pνl0→νlðEν; DÞ
X
X

BX
χ

dNX
νl0

dEν
: ð9Þ

Here, BX
χ is the branching ratio for the DM annihilation

channel χχ → XX, and Pνl0→νlðEν; DÞ is the probability
that a neutrino converts from the species l0 to the species l
along the distance D between the source and the detector.
dNX

νl0=dEν is the neutrino spectrum obtained from the
decay chain of X.

A. WIMP capture rate by a massive body

We give a detailed review of the calculation of the
capture rate C in Appendix C. We write the capture rate
[cf. Eq. (C22)] as

C ¼ KsðmχÞσspρlocχ : ð10Þ

Here, σsp is the WIMP-proton scattering cross section at
zero momentum for either SI or SD scattering, ρlocχ is the
local WIMP energy density, and the function KsðmχÞ is
defined in Eq. (C23). We refer to Appendix C for additional
details on the notation used. In this work, we present results
for isospin conserving WIMP-nucleon scattering σsp ¼ σsn
for both SI and SD scattering and show our figures in the
σsp −mχ plane. Changing the WIMP-neutron scattering
cross sections has little effect on WIMP capture and
annihilation in the Sun, which is predominantly composed
of hydrogen, i.e. protons. The Earth on the other hand is
composed of a range of heavier elements, cf. Table I.
Assuming isospin violating WIMP-nucleon cross sections
can have dramatic effects on the capture rate and hence on
the corresponding bounds from WIMP annihilation in the
Earth. However, the isospin violation is model dependent
and we remain agnostic about an underlying model for
WIMPs. For this work, we choose to present results for the
isospin conserving case only.
The functionKsðmχÞ strongly depends on the abundance

and distribution of the chemical elements in the capturing
body. For the Earth, we update the table found in the
DarkSUSY packagewhich is used in the recent DM capture
literature [67]. We include the abundances provided in
Ref. [65], which are summarized in Table I. We include all
stable isotopes of the 14 most abundant elements in the
Earth mantle and core, 35 isotopes in total. Of these nuclei,
13 give rise to spin-dependent scattering, namely 1H, 13C,

17O, 23Na, 25Mg, 27Al, 29Si, 31P, 43Ca, 53Cr, 55Mn, 57Fe,
and 61Ni. The values of ϕi reported in Table I for the Earth
are taken from Ref. [68], except for carbon and hydrogen
which are not provided, and which we compute via
Eq. (C19). For the Earth, we assume the mean isotopic
distribution to be the same in both the mantle and the core,
so that all isotopes of a given element have the same ϕi. For
the Sun, we use the abundances and the effective potential
ϕi tabulated in DarkSUSY [68], see Table II (located in
Appendix A), which are based on the method outlined in
Ref. [8] and the standard solar model [70–72].

B. Results for the capture rate

We show the capture rate for the Earth in Fig. 1 and the
Sun in Fig. 9, considering both SI (left) and SD scattering
cross sections (right). The results for the solar capture rate
agree with previous findings in the literature; the results for
Earth capture use the updated elemental abundances in the
Earth and are therefore improvements upon the previous
literature. The values for the proton-WIMP cross sections
have been chosen to be compatible with the latest mea-
surements by CDMS [73] and LUX [74] for SI and by
PICO [75] for SD, and we use a local DM energy density

ρlocDM ¼ 0.4 GeV=cm3: ð11Þ

One finds enhanced capture rates when the DM mass mχ

matches the mass of the target nucleus it scatters off; see
Ref. [22] for a discussion of this resonant enhancement.
The width of this resonance is set by the ratio of the
capturing body’s escape velocity vesc to the DM velocity
dispersion vσ. For the Sun, vesc=vσ ∼ 2 and one does not

TABLE I. Most abundant isotopes of the Earth mantle and core,
together with their total mass fractions, as given in Ref. [67]. The
potentials ϕi are from Ref. [68], except for carbon and hydrogen
for which we have used Eq. (C19).

Isotope Mass fraction Potential

i xi (%) ϕi

Mantle Core Total

Fe 6.26 85.5 32.0 1.59
O 44.0 0.0 29.7 1.28
Si 21.0 6.0 16.1 1.33
Mg 22.8 0.0 15.4 1.28
Ni 0.20 5.2 1.82 1.63
Ca 2.53 0.0 1.71 1.28
Al 2.35 0.0 1.59 1.28
S 0.03 1.9 0.64 1.62
Cr 0.26 0.9 0.47 1.50
Na 0.27 0.0 0.18 1.30
P 0.009 0.2 0.07 1.63
Mn 0.10 0.30 0.08 1.54
C 0.01 0.20 0.07 1.64
H 0.01 0.06 0.03 1.35
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find pronounced features in the capture rate. For the Earth
on the other hand, vesc=vσ ∼ 0.04 and one makes out a
number of distinguished features: For SI scattering, the
largest resonances are obtained for 16O, 28Si, and Fe/Ni,
where the Fe/Ni peak is caused by overlapping contribu-
tions from 56Fe, 58Ni, and 60Ni. There are further less-
pronounced peaks from scattering off 24Mg, 32S, and 40Ca.
The SD capture rate for the Earth shows resonances for
55Mn and 25Mg, 27Al, and 29Si. The resonance peaks of the
last three elements overlap due to the similar masses of the
nuclei. Our results for SD capture in the Earth differ from
the recent findings in Ref. [69], since those results are
obtained using only the 11 most abundant elements on
Earth as given in the DarkSUSY package [68] and
Ref. [76], neglecting 25Mg, 29Si, and 55Mn.
For the Sun, hydrogen dominates the SD capture rate

[64]; however, 14N also contributes to SD capture, becom-
ing important for mχ ≳ 10 TeV.

C. Are capture processes in equilibrium?

The WIMP capture and annihilation processes reach
equilibrium for times t > τann, where the equilibrium time
scale τann [cf. Eq. (8)] can be written in terms of the self-
annihilation cross section hσviann, the WIMP-proton cross
section σsp, and the local WIMP energy density ρlocχ as

τann ¼
�
KsðmχÞ
Veff

σspρ
loc
χ hσviann

�−1=2
: ð12Þ

If τann is greater than the age of the capturing body, for which
we use the age of the Solar System t⊙ as a proxy, we refer to

the processes as “in equilibrium”. For τann > t⊙ we consider
the processes being “out of equilibrium.”As discussed below
in Sec. II D, the self-annihilation cross section hσviann is
fixed by requiring that theDMfraction inWIMPs is obtained
through a thermal freeze-out mechanism.
The corresponding regions in the WIMP parameter space

are shown by the solid black curves in Fig. 3 for the Earth
and Fig. 10 for the Sun for both SI and SD scattering. For
scattering cross sections larger than those indicated by the
solid curve, the processes are in equilibrium, while for
smaller cross sections capture and annihilation have not yet
reached equilibrium in the body. Current bounds from
direct detection experiments rule out scattering cross
sections large enough for the Earth to be in equilibrium
for both SI and SD scattering. For the Sun, large enough
scattering cross sections for capture and annihilation to
have reached equilibrium are not ruled out yet by direct
detection. For capture via SD scattering, direct detection
bounds are roughly 4 orders of magnitude weaker than the
smallest cross sections required to be in equilibrium. For SI
scattering, large enough scattering cross sections are
marginally excluded for WIMP masses mχ ≈ 30 GeV,
where the direct detection bounds from liquid Xe experi-
ments are strongest, while for both smaller and larger
WIMP masses sufficiently large cross sections are still
allowed. The equilibrium time scales presented agree with
the computation in Refs. [61,62], which is performed
for mχ ¼ 100 GeV.

D. Subdominant WIMP DM model

It is possible that WIMPs only make up a fraction fχ of
the total DM budget,
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FIG. 1. The total capture rate (in s−1) in the Earth, as a function of the DM mass mχ , for different values of the WIMP-nucleon cross
section. Red: σSIp ¼ 10−44 cm2 or σSDp ¼ 10−38 cm2; blue dashed: σSIp ¼ 10−45 cm2 or σSDp ¼ 10−39 cm2; green dash-dotted: σSIp ¼
10−46 cm2 or σSDp ¼ 10−40 cm2. The parameter fχ is introduced later in the text and gives the WIMP fraction of the total DM budget.
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ρχ ¼ fχρDM; ð13Þ
where ρχ is the present cosmological abundance of WIMPs
and ρDM is the present DM energy density. Current
measurements of the cosmic microwave background con-
strain the DM budget ΩDM ¼ ρDM=ρcrit in terms of the
critical energy density ρcrit ¼ 3H2

0=8πG as [77,78]

ΩDMh2 ¼ 0.1199� 0.0022; ð14Þ
where h ¼ H0=ð100 km s−1 Mpc−1Þ is the reduced Hubble
constant andH0 the present value of the Hubble rate. In the
following, we consider the possibility that WIMPs make up
only a fraction fχ < 100% of the DM, while the remaining
DM, e.g. axions, may not get trapped in the Sun and Earth
due to its light mass and/or small cross section [52,53].
We assume the local WIMP energy density ρlocχ to scale

with the global WIMP density

ρlocχ ¼ fχρlocDM; ð15Þ
with the total local DM density given in Eq. (11) as
ρlocDM ¼ 0.4 GeV=cm3. Bounds on the WIMP scattering
cross section from direct detection are directly proportional
to ρlocχ and hence are loosened as ∝ f−1χ .
Fixing the value of fχ gives a precise relation between

hσviann and the WIMP mass mχ when assuming thermal
freeze-out production, as we review in Appendix F. In this
work, we assume s-wave annihilation and no significant
contribution from coannihilation; thus, hσviann has the
same numerical value in the early Universe and today.
Note that including p-wave and/or coannihilation is
straightforward in our framework. We show the required
thermally averaged annihilation cross section as a function
of WIMP mass mχ to get a WIMP abundance of fχ ¼ 100,
10, 1, and 0.1% in Fig. 2. The velocity-averaged annihi-
lation cross section approximately scales as 1=fχ ; see the
caption of Fig. 2 and Appendix F for more details. Since
τann ∝ ðσsphσviannρlocχ Þ−1=2 is only mildly dependent on fχ ,
the region where the capture and the annihilation processes
are in equilibrium is almost unaltered by a change in fχ . For
example, we find ½hσviannρlocχ �fχ¼1%

=½hσviannρlocχ �fχ¼100%
≈

1.2, so that the capture-annihilation equilibrium line moves
down by a factor ≈1=1.2 when comparing the two cases
fχ ¼ 100% and fχ ¼ 1% in Figs. 4–7. See also
Appendix F and Refs. [52–54,56] for further discussion.
Previous work on capture for subdominant WIMP DM

[52] assumed a model-dependent relation between the
scattering and the annihilation cross sections. Here, we
treat the annihilation and scattering cross sections as
independent quantities, since we do not consider a par-
ticular underlying model. Thus, the annihilation rate is a
function of ΓA ¼ ΓAðmχ ; σsi ; hσviannÞ, with hσviann being
determined by fχ. Given the age of the capturing body t⊙,
the value of the annihilation rate today is given by Eq. (7),

ΓA ¼ C
2
tanh2

�
t⊙
τann

�
¼ KsðmχÞ

2
σspρ

loc
χ

× tanh2
��

KsðmχÞ
Veff

σspρ
loc
χ hσviann

�
1=2

t⊙
�
: ð16Þ

This relation has different limiting behavior for the body
being in and out of equilibrium,

ΓA ≈

8<
:

hσviannt2⊙
2Veff

½KsðmχÞσspρlocχ �2 for t⊙ ≲ τann;

KsðmχÞ
2

σspρ
loc
χ for t⊙ ≳ τann:

ð17Þ

For given values of σsp and mχ , ΓA scales nearly linearly
with fχ in both regimes, since the product hσviannρlocχ is
approximately constant in fχ . The dependence of ΓA on σsp
is quadratic when the capture process is out of equilibrium
and linear when in equilibrium.
We show the value of ΓA (color scale) as a function of σsp

andmχ , for WIMPs constituting fχ ¼ 100% of the DM.We
show panels for SI (left) and SD (right) scattering for the
Earth in Fig. 3 and the Sun in Fig. 10. The gray dashed lines
represent curves where the annihilation rate is constant. We
label these lines by the exponent of the annihilation rate
ζ ¼ log10 ðΓA=s−1Þ. The black line is the boundary between
capture and annihilation being in or out of equilibrium, as
discussed in the previous subsection. For each figure, the
different spacing between the gray curves above and below
the black line reflects the change in the scaling of the
annihilation rate on σsp in the two different regimes given in

FIG. 2. The required thermally averaged annihilation cross
section hσviann as a function of WIMP mass mχ to get a WIMP
abundance of fχ ¼ 100; 10; 1; 0.1% assuming the standard
freeze-out production mechanism, s-wave annihilation and no
significant contribution from coannihilation. Note that the lines
are rescaled by the respective f−1χ , such that they would end up
exactly on top of each other if hσviann scaled as f−1χ . The
deviations from this scaling are caused by the change in the
effective number of degrees of freedom at the time of decoupling;
see Appendix F for a discussion. For example, when comparing
the product fχhσviann for fχ ¼ 1% to the fχ ¼ 100% case, the
product increases by a factor of ≈1.2.
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Eq. (17). We remark that fixing fχ gives a unique choice of
hσviann as a function of mχ , such that the annihilation cross
section is not a free parameter of the plot.
When the contribution of WIMPs to the total DM energy

density is smaller, we expect the annihilation rate to scale
approximately as fχ in the whole parameter space, as seen
in Eq. (17). For example, a subdominant WIMP model with
fχ ¼ 1% has a ΓA approximately 100 times smaller than a
model with fχ ¼ 100%.

III. MUON FLUX AT SUPER-K AND ICECUBE

WIMPs captured in Earth or the Sun annihilate into SM
particles X with WIMP-model dependent branching ratios
BX
χ ¼ Bχðχχ → XXÞ. Unless stable, the primary decay

product X then decays to lighter particles, eventually
yielding photons, electrons, neutrinos, and the lightest
hadrons. Of these particles, only neutrinos can travel freely
through the capturing body and are thus the only product of
theWIMP annihilation that reaches the surface of the Earth.
There, they can be detected by neutrino observatories such
as IceCube, Super-K, AMANDA, or ANTARES. However,

such neutrino observatories do not detect neutrinos directly,
but the Cherenkov light produced in the detector by muons
from charged-current interactions of neutrinos inside or
close to the detector. Hence, for our case of WIMP
annihilation in the Earth or Sun, the quantity constrained
by neutrino detectors is the muon flux through the detector
induced by the muon neutrinos from the WIMP annihila-
tions in the capturing body. The integrated muon flux from
WIMP annihilation at the detector is

ΦDM
μ ¼ ΓA × Yðmχ ;BX

χ Þ: ð18Þ
The muon yield Y per area and WIMP annihilation is given
by (cf. [28,69])

Yðmχ ;BX
χ Þ ¼ nT

Z
dEμ

Z
dλ

dPðEμ; E0
μ; λÞ

dEμdλ

×
Z

dE0
μ

Z
dEν

4πD2

dσTðE0
μ; EνÞ

dE0
μ

×
X
l0

Pνl0→νμðEν; DÞ
X
X

BX
χ

dNX
νl0

dEν
; ð19Þ

FIG. 3. The color scale gives the value of log10ðΓA=s−1Þ as a function of the WIMP mass mχ (on the X axis) and of the WIMP-proton
scattering cross section (on the Y axis), assuming that WIMPs make up fχ ¼ 100% of DM. Also shown are contour lines (dotted gray)
for specific values of log10ðΓA=s−1Þ equal to the number labeling the contour. The solid black line represents the boundary of the region
where the Earth has reached equilibrium between capture and annihilation. Above this line, the Earth is in equilibrium while below it has
not reached equilibrium yet. We have included current bounds (dashed blue) from CDMS [73] and LUX [74] (SI) and PICO [75] (SD),
plus the expected neutrino floor to be detected in future direct detection experiments (dashed red). For subdominant WIMPs, the
annihilation rate scales approximately as fχ while the boundary of the region where capture and annihilation rates are in equilibrium
remains approximately unchanged since τann ∝ ðσsphσviannfχÞ−1=2. Deviations from this approximate behavior are induced by the
deviations of the scaling of hσviann from hσviann ∝ f−1χ , as discussed in the text and in Appendix F, and would not be visible by eye on
the scales shown in this Figure, cf. Fig. 4.
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where dσTðE0
μ; EνÞ=dE0

μ is the differential charged-current
cross section for production of a muon with energy E0

μ by a
neutrino scattering of target nuclei with a number density
nT , and dPðEμ; E0

μ; λÞ=dEμdλ is the probability per energy
and length to find a muon with energy Eμ in the detector
after it traveled a distance λ.
In the previous sections we computed ΓA. The muon

yield Y is usually obtained by performing a Monte Carlo

simulation over the decay chains of the primary WIMP
annihilation products X, the propagation of the resulting
neutrinos from the production site to the detector including
oscillations, and finally the interactions of the neutrinos at
the detector site producing muons and their propagation
into the detector. We use the results for Y from WimpSim
[79], which performs such a Monte Carlo simulation for
both the Earth and the Sun including matter effects,

FIG. 4. Muon flux at the detector (in km−2 yr−1) for capture in the Earth via SI (upper panels) and SD scattering (lower panels) and
WIMP annihilation into WþW−. We assume a WIMP fraction fχ ¼ 100% (left) or fχ ¼ 1% (right) of the DM. Current upper bounds
from Super-K and IceCube are shown in dashed-dotted green lines. We also show the region where the capture rate is out of equilibrium
(black lines), current bounds from CDMS, LUX, and PICO (dashed blue lines), and the neutrino floor (dashed red lines), as shown in
Fig. 3. For the case of fχ ¼ 100%, the region to the left of the dashed vertical line is ruled out by MAGIC and Fermi-LATmeasurements.
For fχ ¼ 1% the MAGIC/Fermi-LAT bound rules out WIMP masses smaller than shown in these figures.
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tabulated for a range of WIMP masses and primary decay

channels.
The muon flux from DM annihilation has been

constrained by Super-K for capture by the Earth [25]
and in the Sun [24–27].1 IceCube is sensitive to

neutrinos with higher energy and thus constrains the
flux for larger WIMP masses for the Earth [30] and
the Sun [28,29]. See Ref. [32] for recent results at the
AMANDA telescope. Neutrino observatories usually
present their bounds assuming annihilation into one
channel X at a time, BX

χ ¼ 1. To compare our results
with the bounds from IceCube and Super-K, we present
them assuming annihilation to bb only, which gives
particularly soft neutrino spectra, and to WþW− only,
which yields harder spectra. For WIMPs lighter than W-
bosons, we assume annihilation to τþτ− for the hard
channel. WIMPs captured in the Earth or the Sun are
nonrelativistic and hence for mχ < mW the χχ → WþW−

FIG. 5. Same as Fig. 4, but for solar capture, with the direct detection bounds and the neutrino floor as shown in Fig. 10.

1The strongest bounds for low-mass WIMPs in the Sun from
Super-K [26,27] have been presented as upper limits on the
muon-neutrino flux in Refs. [26,27]. We convert this to an upper
limit on the muon flux by rescaling these limits with the ratio of
the muon yield Y and the corresponding quantity for the muon-
neutrino flux at the detector from WIMP annihilations in the
Sun.
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decay is kinematically suppressed. τ decay chains yield
hard neutrino spectra and thus take the role of the
χχ → WþW− channel for light WIMPs.
We show results in Fig. 4 (6) for muons originating from

Earth capture and Fig. 5 (7) for muons originating from
solar capture together with the relevant bounds, assuming
WIMPs to annihilate to WþW− (bb). We have converted
the bounds on the muon flux to bounds over the SI and SD
WIMP-proton cross sections using Eq. (18), with the
annihilation rate in Eq. (16) and the yield in Eq. (19).
Neutrino observatories rule out regions of the parameter
space with scattering cross sections smaller than those

required for the Earth to have reached equilibrium yet, but
are less constraining than direct detection bounds on SI and
SD scattering.

A. Scaling relationships

We discuss in depth the scaling relationship of different
quantities with fχ in different regions of the plots in
Figs. 4–7. Although such results can easily be derived,
they have not been discussed in previous literature, except
to some extent in Refs. [52,53] for supersymmetric WIMP
models. According to Eq. (18), the muon flux from

FIG. 6. Same as Fig. 4, but for Earth capture and WIMP annihilation into bb̄.
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annihilation in the Earth or Sun follows the same scaling
relation as that for ΓA in Eq. (17) which, when rewritten as a
function of fχ , reads

Φμ ∝
� hσviannðσspÞ2f2χ ∝ ðσspÞ2fχ for t⊙ ≲ τann;

σspfχ for t⊙ ≳ τann:
ð20Þ

In the first line, we have used the fact that approximately
hσviann ∝ f−1χ (see Fig. 2). The bounds on the WIMP-
proton scattering cross section due to indirect searches from
the Earth and Sun at a given muon flux thus scale as

σsp ∝
�
f−1=2χ for t⊙ ≲ τann;

f−1χ for t⊙ ≳ τann;
ð21Þ

while the bounds from direct detection scale as σsp ∝ f−1χ
in the whole region of the parameter space. As an
example, consider the bound from IceCube for the
Earth in Fig. 4. Since this bound is placed in the region
t⊙ ≲ τann, outside the equilibrium region of the Earth, the
green dashed line moves up by 1 order of magnitude when
fχ changes from 100% to 1%. On the contrary, the
IceCube bound for the Sun in Fig. 5 moves up by 2
orders of magnitude when fχ changes from 100% to 1%,

FIG. 7. Same as Fig. 5, but for solar capture and WIMP annihilation into bb̄.
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since the bound is placed in the region t⊙ ≳ τann where
capture and annihilation are in equilibrium. Regardless of
the capture and annihilation processes, the direct detection
bounds from LUX and PICO become weaker by 2 orders
of magnitude when fχ changes from 100% to 1%, for both
the Earth and the Sun.
Neutrino observatories place bounds that might be

competitive with the direct detection measurements.
Considering χχ → WþW−, Fig. 5, for SD capture in the
Sun it is current bounds from neutrino observatories that
put stronger limits on the WIMP-proton cross section than
direct detection experiments, while for SI capture it is direct
detection which provides the most stringent constraints.
This holds both for WIMPs composing all of DM
fχ ¼ 100% and for subdominant WIMP DM, e.g. for the
fχ ¼ 1% case we show in our plots.
For the case of χχ → bb, the same discussion of the

scaling of the bounds on the scattering cross section with
fχ also applies; see Figs. 6 and 7. However, since the
neutrino spectra are softer, the bounds are somewhat
weaker than the respective bounds assuming χχ →
WþW−=τþτ− annihilation. Also note that the vertical
dashed line in the plots with fχ ¼ 100% shows the most
recent MAGIC/Fermi-LAT constraint from WIMP anni-
hilation yielding photons in dwarf satellite galaxies [80].
The region to the left of the dotted line is ruled out. In
general, for both the hard and soft annihilation channels
we consider, the thermal relic annihilation cross section is
ruled out for mχ ≲ 100 GeV, assuming fχ ¼ 100%. These
bounds are subject to large astrophysical uncertainties
[81–83], which could considerably weaken or strengthen
such constraints. For models with subdominant WIMP
densities, the MAGIC/Fermi-LAT constraints are weak-
ened since indirect detection bounds on the WIMP
annihilation cross section scale ∝ f−2χ and the relevant
thermal relic cross section only scales ∝ f−1χ . Current
bounds from MAGIC/Fermi-LAT rule out WIMPs of mass
mχ ≲ 1 GeV for fχ ¼ 1%, below the mass range we
consider. Neutrinos in IceCube/DeepCore coming from
the direction of the Galactic center or dwarf spheroidal
galaxies can also be used to set limits on hσviann [84,85]
for the case of leptophilic DM. However, such results are
currently too weak to set bounds in the parameter space
we show.

B. Effect of updated composition of the Earth

As discussed in Sec. II A, we have updated the
chemical composition of the Earth used to compute
the WIMP capture process in the Earth with respect to
the composition tabulated in DarkSUSY and used in the
recent literature on DM capture [69]. While the impact
of the updated composition is negligible for capture via
SI scattering, for SD capture we find an increase of the
capture rate and thus also the muon flux by more than a

factor 3 with respect to using the composition of the
Earth as tabulated in DarkSUSY. We compare results in
Fig. 8. The solid black line shows the τann ¼ t⊙ curve
for our updated Earth composition, while the same
curve obtained with the elements in DarkSUSY is
shown in the dashed black line. Also shown are the
bounds from the muon flux discussed in Sec. III for
updated (solid green) and DarkSUSY (dashed green)
chemical compositions of the Earth. Updating the Earth
abundances improves bounds on σSDp by approximately a
factor 3. The new peak at mχ ∼ 52 GeV, appearing in
the solid black line, is due to our inclusion of 55Mn in
the computation of the capture rate, while the difference
between the height of the two peaks at mχ ∼ 30 GeV is
due to the inclusion of 25Mg and 29Si. Although bounds
on σSDp improve by a factor 3, the capture rate for the
Earth for both SI and SD scattering is too low to
provide bounds competitive with current direct detection
limits, as shown in Figs. 4 and 6.

IV. CONCLUSION

Neutrinos from annihilation of WIMP DM captured
in massive bodies such as the Sun and the Earth
provide a complementary test of WIMP models to
direct detection, as well as to other indirect detection
methods. The signal can be sensitive to both the
WIMP-nuclei scattering cross section through which
the capture itself proceeds and the WIMP annihilation
cross section giving rise to the neutrino flux. Direct
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FIG. 8. The curve τann ¼ t⊙ for SD capture in the Earth,
considering the elements in DarkSUSY (dashed black line)
and the set of nuclei used in this paper (solid black line). Also
shown are the corresponding bounds from the muon flux. The
peak at mχ ∼ 25 GeV is due to 25Mg, 27Al, and 29Si, while the
less pronounced peak at mχ ∼ 52 GeV is due to 55Mn.
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detection experiments on the other hand are sensitive
to the WIMP-nuclei scattering cross section only, while
other indirect detection searches depend only on the
annihilation cross section.
In this work, we have considered the standard cases of SI

and SD scattering only; see Refs. [69,86] for capture in the
nonrelativistic EFT DM framework. Comparing current
bounds from the Super-K and IceCube neutrino observa-
tories with direct detection bounds from LUX, CDMSLite
and PICO we find that direct detection places stronger
bounds on the SI scattering cross section, but that neutrinos
from capture in the Sun give the strongest bound on the SD
scattering cross section excluding σSDp ≳ 10−40 cm2 for
mχ ≲ 1 TeV. However, even where direct detection bounds
are stronger, bounds from WIMP capture and annihilation
provide an important check due to different systematic
uncertainties. For example, direct detection experiments
often rely on one target element only whereas capture in the
Sun or the Earth proceeds via scattering off a number of
different elements.
We used a refined model for the composition of the

Earth, finding that the bounds on the SD cross section from
the measured muon flux at Super-K and IceCube are
strengthened by approximately a factor 3 compared to
previous results; see Sec. III B. This is due to our inclusion
of additional elements responsible for SD capture, mainly
25Mg, 29Si, and 55Mn.
We have considered two scenarios: (i) the case where

WIMPs comprise the totality of the DM and (ii) the
case of subdominant WIMPs, in which they comprise a
smaller fraction fχ < 100% of the total DM. Assuming

thermal production, the annihilation cross section scales
approximately as hσviann ∝ f−1χ . Thus, bounds on the
WIMP cross sections from direct detection scale as f−1χ
and bounds from indirect detection as hσviannf−2χ ∝ f−1χ .
The scaling of bounds from WIMPs captured in the Sun
or the Earth depends on the equilibrium time scales as
discussed in Sec. III A. For the Sun, cross sections that
can be ruled out by neutrino observatories firmly sit in
the region where equilibrium is reached and bounds on
the scattering cross section scale like those from direct
and other indirect detection ∝ f−1χ . For the Earth on the
other hand, neutrino observatories rule out scattering
cross sections for which capture and annihilation have
yet to reach equilibrium and bounds thus scale as
∝ f−1=2χ . Since direct detection bounds on the scattering
cross section scale as f−1χ , bounds from capture and
annihilation in the Earth become more competitive with
direct detection bounds for subdominant WIMP DM
models.
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APPENDIX A: TABLE AND FIGURES FOR SOLAR CAPTURE

TABLE II. The 16 most abundant isotopes of the Sun, their total mass fractions, and their effective gravitational
potential ϕi, as given in Ref. [68].

Isotope Mass fraction Potential Isotope Mass fraction Potential
i xi ϕi i xi ϕi

1H 0.684 3.15 24Mg 7.30 × 10−4 3.22
4He 0.298 3.40 27Al 6.38 × 10−5 3.22
3He 3.75 × 10−4 3.40 28Si 7.95 × 10−4 3.22
12C 2.53 × 10−3 2.85 32S 5.48 × 10−4 3.22
14N 1.56 × 10−3 3.83 40Ar 8.04 × 10−5 3.22
16O 8.50 × 10−3 3.25 40Ca 7.33 × 10−5 3.22
20Ne 1.92 × 10−3 3.22 56Fe 1.42 × 10−3 3.22
23Na 3.94 × 10−5 3.22 58Ni 8.40 × 10−5 3.22
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FIG. 9. The total capture rate (in s−1) in the Sun, as a function of the DM mass mχ , for different values of the WIMP-nucleon cross
section. Red: σSIp ¼ 10−44 cm2or σSDp ¼ 10−38 cm2; blue: σSIp ¼ 10−45 cm2 or σSDp ¼ 10−39 cm2; yellow: σSIp ¼ 10−46 cm2 or
σSDp ¼ 10−40 cm2. The parameter fχ is introduced later in the text and gives the WIMP fraction of the total DM budget.

FIG. 10. The color scale gives the value of log10ðΓA=s−1Þ as a function of the WIMP massmχ (on the X axis) and of the WIMP-proton
scattering cross section (on the Y axis), assuming that WIMPs make up fχ ¼ 100% of DM. Also shown are contour lines (dotted gray)
for specific values of log10ðΓA=s−1Þ equal to the number labeling the contour. The solid black line represents the boundary of the region
where the Sun has reached equilibrium between capture and annihilation. Above this line, the Sun is in equilibrium while below it has
not reached equilibrium yet. We have included current bounds (dashed blue) from CDMS [73] and LUX [74] (SI) and PICO [75] (SD),
plus the expected neutrino floor to be detected in future direct detection experiments (dashed red).
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APPENDIX B: REVIEW OF THE
ANNIHILATION RATE

The constant CA is obtained from Eqs. (1), (4), and (3),

CA ¼ 2hσviann
Z

~n2ðrÞd3r

¼ 2hσviann
R
d3re−2mχΦðrÞ=T

½R d3re−mχΦðrÞ=T �2 : ðB1Þ

In the instantaneous thermalization approximation,CA does
not depend on time. For a constant density, we write the
gravitational potential inside the body as

ΦðrÞ ¼ 2π

3
Gρr2 ¼ T

mχ

r2

r2χ
; ðB2Þ

where the thermal radius rχ , which describes the radius in
which most of WIMPs are concentrated in, is given by

rχ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3T
2πGρmχ

s
: ðB3Þ

In principle, the WIMP temperature and the density
profile depend on r, although for the Sun T is well
approximated by the core temperature for mχ ≳ 10 GeV
[87]. Using the temperature T⊙ ¼ 1.57 × 107 K and den-
sity ρ⊙ ¼ 1.5 × 105 kg=m3 of the Sun’s core gives

rχ;⊙ ≈ 0.01R⊙

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
100 GeV

mχ

s
; ðB4Þ

where R⊙ is the solar radius, in agreement with [88].
For the Earth, T⊕ ¼ 5700 K and ρ⊕ ¼ 1.2 × 104 kg=m3,
yielding

rχ;⊕ ≈ 0.1R⊕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
100 GeV

mχ

s
; ðB5Þ

where R⊕ is the Earth radius. Performing the integration
in Eq. (B1) with the potential in Eq. (B2) gives
CA ¼ hσviann=Veff , where the effective volume is

Veff ¼
ffiffiffi
2

p
πr3χ

h
erfðRrχÞ − R

rχ
e−R

2=r2χ
i
2

erf
	 ffiffi

2
p

R
rχ



−

ffiffi
2

p
R

rχ
e−2R

2=r2χ
; ðB6Þ

and where

erfðζÞ ¼
Z

ζ

0

e−t
2

dt: ðB7Þ

APPENDIX C: REVIEW OF THE WIMP
CAPTURE RATE

We review the derivation of the capture rate C, following
the seminal work in Refs. [13–15,22]. In the derivation, we
include the dependence of the scattering cross section on
the recoil energy as in Refs. [36,86]. The differential
number of WIMPs with velocity within u and uþ d3u
and in the volume element d3x is given by

dNχ ¼ Ψðt;x;uÞd3x d3u; ðC1Þ

where Ψ ¼ Ψðt;x;uÞ is the DM phase space distribution
far away from compact objects, following the Liouville
theorem

dΨ
dt

¼ ∂Ψ
∂t þ u · ∇Ψ − ∇ϕ ·

∂Ψ
∂u ¼ 0: ðC2Þ

The number density is given in terms of the phase space
distribution as

nχ ¼
Z

Ψd3u: ðC3Þ

We assume that the function Ψ depends on u ¼ juj and x
only, and introduce the velocity distribution fðuÞdu ¼
4πΨu2du. Different forms of fðuÞ have been discussed
in Sec. D.
The inward differential WIMP flux across a shell of

radius R coming from a direction at an angle θ with respect
to the radial direction is [13]

dF ¼ 1

4
fðuÞu du dðcos2θÞ; ðC4Þ

from which the differential accretion rate is

dF ¼ 4πR2dF ¼ πR2fðuÞu du dðcos2θÞ

¼ π

m2
χ

fðuÞ
u

dudJ2: ðC5Þ

In the last expression, we have used the angular momentum
of the particle J ¼ mχRu sin θ as the integration variable in
place of θ. The velocity w near the shell is given by the
conservation of energy as

w2 ¼ u2 þ v2esc; ðC6Þ

where vesc is the escape velocity at radius r. Following
Ref. [22], we define the rate Ωw per unit time at which a
WIMP with velocity w scatters to a velocity less than vesc in
a shell at radius r with width dr. The time spent within the
shell is found by imposing energy conservation, and reads
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dt ¼ 2dr

w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð J

mχrw
Þ2

q Θðmχrw − JÞ: ðC7Þ

The specific capture rate, which is the number of WIMPs
captured per unit time and unit volume, is

dC
dV

¼ 1

4πr2dr

Z
J¼þ∞

J¼0

Ωs
wdFdt

¼
Z þ∞

0

Ωs
ww

fðuÞ
u

du; ðC8Þ

where s accounts for either SI or SD WIMP-nucleon
scattering.
The rate Ωs

w is the product of the probability Πw that a
WIMP after the scattering has a velocity smaller than vesc
and the rate for scattering off the element i given by

Ωs
w

Πw
¼

Z
niw

dσsi
dER

dER: ðC9Þ

In the last expression, ER is the nucleon recoil energy
that the WIMP loses in the collision with a nucleus of
species i and number density ni in the body, and σsi is the
WIMP-nucleon cross section for s being either SI or SD.
To find Πw, we consider a WIMP with velocity w and
energy Ew ¼ mχw2=2 scattering off a nucleus of mass mi.
The WIMP energy loss is

0 ≤
����ΔEw

Ew

���� ≤ 4μ2i
mχmi

; ðC10Þ

where μi ¼ mχmi=ðmχ þmiÞ is the reduced mass,
ΔEw ¼ Ew − E0

w ¼ ER, with ER being the recoil energy
of the nucleus, and the upper bound is given by energy-
momentum conservation. In order for the particle to be
bound, the energy loss must fall in the range

u2

w2
≤
����ΔEw

Ew

���� ≤ 4μ2i
mχmi

: ðC11Þ

The probability that the energy loss falls in the range in
Eq. (C11) is then

Πw ¼ mχmi

4μ2i

�
4μ2i
mχmi

−
u2

w2

�
Θ
�

4μ2i
mχmi

−
u2

w2

�
; ðC12Þ

where the Θ function has been inserted to assure that
jΔEw=Ewj is positive. The condition inside the Θ function
converts into an upper limit for the velocity at infinity,

u ≤ umax ≡ vesc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mimχ

ðmi −mχÞ2
s

; ðC13Þ

so that Eq. (C12) can be written as

Πw ¼ v2esc
w2

�
1 −

�
u

umax

�
2
�
Θðumax − uÞ: ðC14Þ

Substituting Eqs. (C9) and (C14) into Eq. (C8), and
integrating over the volume of the body, gives the capture
rate

C ¼
X
i

4π

Z
R

0

drr2v2escðrÞni

×
Z

umax

0

du
fðuÞ
u

�
1 −

�
u

umax

�
2
� Z

Emax

Emin

dER
dσsi
dER

:

ðC15Þ

Here, the limits of integration over the differential recoil
energy dER are

Emin ¼
1

2
mχu2; and

Emax ¼
2μ2i
mi

½u2 þ v2escðrÞ�: ðC16Þ

We replace the number density profile niðrÞ of the element i
in the capturing body with the mass fraction xi via

xi ¼
1

M

Z
nimidV; ðC17Þ

where M is the mass of the body. The knowledge of the
distribution of the elements inside the capturing body is
crucial in correctly determining the capture rate, as
expressed in the integral over the volume of the capturing
body in Eq. (C15). In fact, the radial dependence of the
integrand comes from the distribution of the material in the
Sun and in the Earth and from the dependency of the escape
velocity vesc ¼ vescðrÞ on the distance from the core r,
which can be approximated in terms of the mass enclosed
in the radius r, MðrÞ, as [89],

v2escðrÞ ¼ v2escð0Þ −
MðrÞ
M

ðv2escð0Þ − v2escðRÞÞ: ðC18Þ

Here, instead of performing the integration over the radius
r, we use the approximation outlined in Ref. [8], where the
authors introduce a new quantity ϕi which describes the
gravitational potential of element i in the Sun or the Earth
relative to the surface,
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ϕi ¼
R
v2escðrÞρidV
v2escðRÞxiM

: ðC19Þ

Equation (C19) neglects the radial dependence of the
bounds of integration over the recoil energy in
Eq. (C16), which are computed at r ¼ R. With this
approximation, the capture rate in Eq. (C15) is

C ¼ v2escðRÞ
vσ

ρχ
mχ

M
X
i

xi
mi

ϕi

×
Z

ξmax

0

dξ
ξ
~fðξÞ

�
1 −

�
ξ

ξmax

�
2
� Z

Emax

Emin

dσsi
dER

dER;

ðC20Þ

where

ξmax ¼
ffiffiffi
3

2

r
umax

vσ
ðC21Þ

is the maximum value of ξ for which the quantity in square
brackets is positive. All quantities are computed at r ¼ R,
and ρχ ¼ mχnχ is the WIMP energy density.
The differential cross section dσsi =dER is reviewed in

Appendix E below. Here, we anticipate the relevant result
in Eq. (E11) which, once inserted into Eq. (C20), allows us
to express the capture rate as

C ¼ KsðmχÞσspρχ ; ðC22Þ

where σsp is the WIMP-proton scattering cross section at
zero momentum for either SI or SD and

KsðmχÞ ¼
M

2mχμ
2
pvσ

X
i

ωs
i xiϕi

×
Z

ξmax

0

dξ
ξ
~fðξÞ

Z
Emax

Emin

F2
sðERÞdER: ðC23Þ

Here ωs
i , defined in Eq. (E12), describes the enhancement

due to the number Ai of nucleons in the nuclei i for SI,
and due to the total nucleon spin Ji for SD, μp is theWIMP-
proton reduced mass, and FsðERÞ is the form factor.

APPENDIX D: VELOCITY DISTRIBUTION

The velocity distribution fðuÞ is a solution to the
stationary Liouville equation, as we review in
Appendix C; see Eq. (C2). In the galactic rest frame, the
velocity follows a Maxwell-Boltzmann distribution [22]
according to the standard DM halo model [90,91],

fðuÞ ¼ 4πnχ

�
3

2πv2σ

�
3=2

u2e−ξ
2

; ðD1Þ

where ξ ¼ ffiffiffiffiffiffiffiffi
3=2

p
u=vσ and vσ ¼ 270 km=s is a velocity

dispersion.2 Boosting to the Sun’s rest frame with velocity
v⊙ relative to the galactic rest frame, Eq. (D1) becomes

fðξÞ ¼ nχ
vσ

~fðξÞ ¼ nχ
vσ

ffiffiffiffiffi
24

π

r
ξ2
�
sinh 2ξη
2ξη

�
e−ξ

2−η2 ; ðD2Þ

where

η ¼
ffiffiffi
3

2

r
v⊙
vσ

; ðD3Þ

and ~fðξÞ is dimensionless. Since the capture time τann is
much greater than 1 yr, we can average over the motion of
the Earth around the Sun and thus use the velocity
distribution Eq. (D2) for capture in both the Sun and the
Earth. It has been shown [95,96] that the changes of the
velocity distribution at the Earth from WIMP capture in
neighboring massive bodies such as other planets or the
Sun (cf. [61,62]) are negligible.

APPENDIX E: DIFFERENTIAL
CROSS SECTIONS

1. Capture rate for spin-independent interaction

The SI cross section of a WIMP off the nucleus species i
(with Ai nucleons of which Zi are protons) at zero-
momentum transfer is [8]

σSIi ð0Þ ¼
4

π
μ2i ½Zifp þ ðAi − ZiÞfn�2

≈ A2
i

�
μi
μp

�
2

σSIp : ðE1Þ

Here, σSIp is the WIMP-proton cross section at zero-
momentum transfer, which is the quantity bound by
direct detection experiments [73–75], and fp (fn) is a
model-dependent quantity parametrizing the WIMP-proton
(-neutron) matrix element. For the last approximation we
assume fn ¼ fp. The SI differential cross section is
obtained using Eq. (E1) as

dσSIi
dER

¼ σSIi ð0Þ
Emax − Emin

F2
SIðERÞ ¼

A2
i miσ

SI
p

2μ2pv2esc

F2
SIðERÞ

1 − ð ξ
ξmax

Þ2 ; ðE2Þ

2Although there has been concern that the velocity distribution
of the DM might deviate significantly from Maxwellian fðuÞ in
Eq. (D1), Refs. [92–94] showed that results obtained for DMwith
a Maxwellian profile are consistent to those obtained when
baryons are included in DM simulations, though there is as yet
possible disagreement for the high velocity tail.
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where for the SI interaction we use the Helm3 nuclear form
factor [98]

FSIðERÞ ¼ e−ER=Ei ; ðE3Þ

with energy cutoff and nuclear radius given by [22]

Ei ¼
3ℏ2

2miR2
i
; and Ri ¼

�
0.91

�
mi

GeV

�
1=3

þ 0.3

�
fm:

ðE4Þ

2. Capture rate for spin-dependent interaction

WIMPs can couple to the nucleus via spin-spin inter-
action, giving rise to SD scattering. We model the SD cross
section as [8,99–101]

dσSDi
dER

¼ σSDi ð0Þ
Emax − Emin

F2
SDðERÞ

¼ 16miG2
F

πv2esc

Ji þ 1

Ji

× ðaphSipi þ anhSiniÞ2
F2
SDðERÞ

1 − ð ξ
ξmax

Þ2 ; ðE5Þ

where ap (an) is a dimensionless model-dependent quantity
which takes the role of fp (fn) in Eq. (E1), defined in terms
of the WIMP-proton (-neutron) cross section σSDp (σSDn ) at
zero-momentum transfer,

σSDp ¼ 24

π
G2

Fμ
2
pa2p; σSDn ¼ 24

π
G2

Fμ
2
na2n: ðE6Þ

hSipi and hSini are respectively the expectation values of the
proton and neutron spins within the nucleus i with total
nuclear spin Ji, FSDðERÞ is the form factor as a function of
the recoil energy ER [7], andGF ¼ 1.17 × 10−5 GeV−2 is a
constant. The spin expectation values are computed using
detailed nuclear physics models. Here, we use the zero-
momentum spin structure obtained from the extended odd
group model [102,103] as tabulated in Ref. [104] where
available. For isotopes not listed in Ref. [104], we use the
results from the odd group model [102,103]. Other nuclear
shell models like the independent single particle shell
model [105,106] and the interacting boson-fermion model
[107] exist, with different techniques often yielding differ-
ent results. See Refs. [8,104] for a review of the effects of
these models on WIMP direct detection experiments.

Assuming that the SD cross sections of WIMPs off
neutrons and protons are equal, it is convenient to rewrite
Eq. (E5) as

dσSDi
dER

¼ λ2i miσ
SD
p

2μ2pv2esc

F2
SDðERÞ

1 − ð ξ
ξmax

Þ2 ; ðE7Þ

where the model dependency is absorbed into

λ2i ≡ 4

3

Ji þ 1

Ji
ðhSipi þ signðap; anÞhSiniÞ2

≈
4

3

Ji þ 1

Ji
ðhSipi þ signðap; anÞhSiniÞ2: ðE8Þ

There are several important differences between the form
of the SI and SD cross sections that greatly affect the
capture rate.

(i) The enhancement A2
i appearing in Eq. (E1) for SI

interaction is replaced by ðJi þ 1Þ=Ji in Eq. (E5), so
heavier nuclei do not enhance SD capture as for
capture via SI scattering.

(ii) Not all nuclei but only those with Ji ≠ 0 have
nonvanishing SD interactions.

(iii) Experimentally the proton-WIMP and neutron-
WIMP SD cross sections are not as tightly con-
strained as σSIp ; see Sec. II C below.

(iv) The dependence of the SD form factor on ER differs
from the SI approximation in Eq. (E3). Here, we use
the expression given in Ref. [7,108], obtained within
the “thin shell” approximation and valid for all
nuclei,

F2
SDðERÞ ¼

�
j20ðxÞ for x ≤ 2.55 or x ≥ 4.5;

0.047 for 2.55 < x < 4.55;

ðE9Þ
where jnðxÞ is a spherical Bessel function of the
first kind and x≡ R1ER, with the effective nuclear
radius [7,98]

R1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1.23A1=3 − 0.6Þ2 þ 2.177

q
fm: ðE10Þ

3. General expression for the differential
scattering rate

The expressions for the SI and SD scattering in Eqs. (E2)
and (E5) can be combined in the general form [36]

dσsi
dER

¼ σsi ð0Þ
Emax − Emin

F2
sðERÞ ¼

ωs
imiσ

s
p

2μ2pv2esc

F2
sðERÞ

1 − ð ξ
ξmax

Þ2 ; ðE11Þ

where the label s stands for either SI or SD scattering, σsi ð0Þ
is the WIMP-nucleon cross section at zero-momentum
transfer for the nucleus i, FsðERÞ is a nuclear form factor
accounting for the finite size of the nucleus,

3More refined nuclear form factors for each nuclear interaction
have recently been computed in Ref. [86]. Comparing the form
factors, computed in various models, usually yields negligible
changes at small WIMP masses mχ ≲ 10 GeV, while for larger
WIMP masses one finds Oð10%Þ differences in the scattering
rates [97].
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ωs
i ¼

�
A2
i for SI;

λ2i for SD;
ðE12Þ

and where λi has been defined in Eq. (E8). The denom-
inator Emax − Emin in Eq. (E11) is chosen so that, when
FsðERÞ ¼ 1,

Z
Emax

Emin

dσsi
dER

dER ¼ σsi ð0Þ: ðE13Þ

For this reason, Eq. (E11) differs from the corresponding
expression in the direct detection literature, where Emin ¼ 0
and hence

�
dσsi
dER

�
DD

¼ miσ
s
i ð0Þ

2μ2i w
2
F2
sðERÞ: ðE14Þ

APPENDIX F: COMPUTATION OF THE WIMP
RELIC DENSITY

In this appendix, we compute the thermally averaged
annihilation cross section in the early Universe
hσviann;EUðmχ ; fχÞ assuming standard freeze-out produc-
tion necessary for WIMPs to make up a fraction fχ ¼
Ωχ=ΩDM [cf. Eq. (13)] of the total DM for a given WIMP
massmχ . As long as coannihilation plays no important role,
hσviann;EU differs from hσviann in the Sun or the Earth used
to compute the annihilation rate only by the temperature at
freeze-out being different than today in the Sun or the
Earth. For this work, we assume s-wave annihilation and
neglect coannihilation, yielding hσviann;EU ¼ hσviann.
We follow the computation of [109] for the WIMP relic

density as a function of the velocity averaged annihilation
cross section hσviann and the WIMP mass mχ , assuming the
WIMPs tobe in thermal equilibriumbefore freeze-out.Under
those assumptions, the relic density can be written as [109]

Ωχh2 ¼
9.92 × 10−28cm3s−1

hσviann

�
x�
g1=2�

�� ðΓA=HÞ�
1þ α�ðΓA=HÞ�

�
;

ðF1Þ

where Ωχ ≡ ρχ=ρc with ρc ¼ 3H2
0=8πG being the WIMP

energy density ρχ in terms of the critical density ρc, and
h ¼ H0=ð100 km s−1 Mpc−1Þ is the reduced Hubble con-
stant.We use x≡m=T whereT is the temperature as a proxy
for time. g ¼ gðTÞ measures the relativistic degrees of
freedom. ΓA ¼ nχhσviann is the annihilation rate of
WIMPs where nχ ¼ ρχ=mχ is the number density. We
parametrize the deviation from thermal equilibrium by Δ
via n≡ ð1þ ΔÞneq. Starred quantities are calculated when

Δðx�Þð2þ Δðx�ÞÞ
ð1þ Δðx�ÞÞ

¼ 0; ðF2Þ

hence, shortly after departure from equilibrium when
Δ� ≃ 0.618 or n≃ 1.618neq. The effect of changing gðTÞ
is taken into account via the integral

α� ≡
Z

T�

Tf

dT
T�

ffiffiffiffiffi
g
g�

r �
1þ 1

3

dðln gÞ
dðlnTÞ

�
; ðF3Þ

where Tf is the present temperature, but as [109] we use
Tf ¼ T�=100 in our calculations since the largest contribu-
tions to the integral come from T ∼ T�.
The relic density as a function of hσviann and mχ is

computed by first solving

x� þ lnðx� − 3=2Þ − 0.5 ln x�
¼ 20.5þ lnðhσviann=10−26 cm3 s−1Þ
þ lnðmχ=GeVÞ − 0.5 ln g� ðF4Þ

to obtain x�. One then goes on to calculate g� and α�.
The annihilation rate is given by

�
ΓA

H

�
�
≃ ð1þ Δ�Þ

x� − 3=2 − dðln gÞ
dðlnTÞ

1þ 1
3

dðln gÞ
dðlnTÞ

: ðF5Þ

Figure 2 shows hσviann as a function of mχ required for
WIMPs to make up a fraction fχ of DM. For a given fχ ,
we recover the well-known behavior that hσviann is almost
independent of the WIMP mass for mχ ≳ 30 GeV. For
smaller masses, hσviann becomes dependent on mχ : The
freeze-out temperature is roughly given by Tf ≈mχ=20.
Thus, for smaller masses the number of relativistic
degrees of freedom at decoupling g� changes, because
b-quarks become nonrelativistic at T ∼mb ¼ 4.2 GeV
and c-quarks at T ∼mc ¼ 1.3 GeV. For even lighter
WIMPs, the QCD phase transition sets in at
T ≈ ΛQCD ≈ 220 MeV, reducing g� before the WIMPs
decouple.
For a given WIMP mass, we naïvely expect scaling

hσviann ∝ 1=fχ from Eq. (F1). The deviations from this
scaling, which are of the order of 20% for fχ ¼ 1% when
compared to fχ ¼ 100%, are again caused by the changing
number of effective degrees of freedom at freeze-out, since
particles with the same mass but larger hσviann freeze out
later and hence at smaller g�.
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