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We examine the electroweak gauge sector of the noncommutative standard model and, in particular, obtain
the OðθÞ Feynman rules for all quadrilinear gauge boson couplings. Surprisingly, an electroweak-
chromodynamics mixing appears in the gauge sector of the noncommutative standard model, where the
photon as well as the neutral weak boson is coupled directly to three gluons. The phenomenological
perspectives of the model inW−Wþ → ZZ scattering are studied and it is shown that there is a characteristic
oscillatory behavior in azimuthal distribution of scattering cross sections that can be interpreted as a direct
signal of the noncommutative standard model. Assuming the integrated luminosity 100 fb−1, the number of
W−Wþ → ZZ subprocesses are estimated for somevalues of noncommutative scaleΛNC at different center of
mass energies and the results are compared with predictions of the standard model.
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I. INTRODUCTION

Over the last 15 years, there has been increasing interest in
studying the noncommutative standard model as a candidate
for beyond the Glashaw, Weinberg, and Salam model of
particle physics [1–8]. This is partially because of themodern
foundations of string theory, where in its context it was
shown that noncommutative models occur in the description
of low energy excitations of open strings in the presence of a
constant background B-field [9]. On the other hand, non-
commutative theories are of interest on their own as a
nontrivial generalization of ordinary gauge theories on a
deformed background, which is defined by commutation
relations ½xμ; xν� ¼ iθμν, where xμ denotes the spacetime
4-vector and θμν is a constant, real, and antisymmetricmatrix
of dimensions GeV−2 [10]. It is generally believed that
signatures of noncommutative spacetime can be observed at
string scale, typically on the order of Planck distance, where
the quantum effects of gravitational fields become signifi-
cant. Although the Planck scale (1019 GeV) is actually far
from our direct access, assuming the possibility of the
existence of large extra dimensions and given that the onset
of string effects is at TeV scale, signatures of the non-
commutative background are expected to be observable at a
few TeV [11,12]. Today, there is a positive attitude, both
experimentally and theoretically, about a new physics at TeV
scale and intense experimental efforts [13,14], phenomeno-
logical studies [15,16], as well as many independent model
buildings [17,18] are currently underway to find signs of the
new physics beyond the standard model. Noncommutative
extension of the standard model appears to be a suitable
candidate for the new physics and it may finally be realized
by nature at the TeV domain of energy. Nevertheless, the

situation is uncertain and some alternative scenarios with
compatible success, such as supersymmetry models [19,20]
and D-branes [21,22], also have been suggested, all awaiting
experimental confirmation.
Noncommutative field theories can be constructed by the

Moyal-Weyl correspondence, where the usual product of
functions is promoted to an associative star product that is
defined as [23,24]

fðxÞ ⋆ gðxÞ ¼ fðxÞ exp
�
i
2
θμν

∂⃖
∂xμ

~∂
∂yν

�
gðyÞjy¼x: ð1Þ

There are, however, two serious problems in constructing the
noncommutative standard model based on this approach.
The first and probably the most important difficulty in the
Moyal-Weyl correspondence is the problem of charge
quantization. That is, the possible charges for the matter
fields are automatically restricted to the values −1; 0;þ1.
Secondly, it turns out that in the non-Abelian case, only
noncommutative models with U(N) gauge symmetry are
allowed in this approach [25,26]. An idea to resolve these
problems was proposed by Chaichian et al. [27]. They built
up a noncommutative Uð3Þ ⊗ Uð2Þ ⊗ Uð1Þ gauge theory
and then reduced it to the noncommutative SUð3Þ ⊗
SUð2Þ ⊗ Uð1Þ model by breaking the original symmetry
of the theory in an appropriate manner. The model, however,
introduces some extra bosons (three vector and one scalar) in
comparison with the standard model. An alternative solution
that cures both the problems and at the same time preserves
the particle content of the standard model is to use Seiberg-
Witten maps for noncommutative gauge field Âμ and the
corresponding gauge transformation parameter Λ̂ [9]. Under
such a construction noncommutative objects arewritten as an
infinite series on deformation quantity θμν, which then, up to
an arbitrary order in θμν, can be expressed in terms of usual
(commutative) fields and gauge parameters. Contrary to
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ordinary field theories because of the presence of the
⋆-product the commutation relations of noncommutative
gauge fields as well as the gauge parameters do not close to
the Lie algebra of the symmetry group. This problem can be
circumvented by constructing noncommutative models
based on the enveloping algebra of the gauge group. This
idea was proposed by Jurčo et al. [28,29] and used to extend
the Siberg-Witten maps to non-Abelian gauge fields as well
as the gauges coupled to matter fields. Along these lines,
Calmet et al. [30] introduced the minimal noncommutative
standard model (mNCSM) and later developed it in the
nonminimal extension (nmNCSM) (according to the free-
dom in choice of traces in the gauge sector) of the model
[31,32]. The Seiberg-Witten construction by Jurčo and
collaborators. [28] also has found applications in relation
to gravitation and topology [33,34]. Recently, some of the
geometric and topological implications of noncommutative
Wilson loops have been studied in Ref. [35].
Noncommutative models have a rich phenomenological

content and many interesting features. In particular, the
noncommutative standard model introduces new inter-
actions that are forbidden in the standard model. Such
interactions can be used to test the model through rare
events (see for example [36–38]) and may lead to a distinct
phenomenology. Another remarkable feature of the model
is that there are contributions from the Higgs part of the
noncommutative action that enter directly into the pure
gauge sector of the theory and can affect the electroweak
gauge boson interactions. The Feynman rules for trilinear
gauge boson couplings including contributions from the
Higgs sector for both the minimal and nonminimal models
have already been obtained [31]. Recently, the rules for the
Higgs couplings with gauge bosons have also been com-
pleted [39]. Here, we obtain the OðθÞ Feynman rules for
quadrilinear gauge boson couplings (QGCs) in both the
minimal and nonminimal noncommutative standard model.
This paper is organized as follows. In Sec. II, we review

briefly the minimum required basis of the noncommutative
standard model. In particular, we emphasize the gauge and
Higgs sectors of the model and identify the relevant
interactions for QGCs. In Sec. III, we obtain the
Feynman rules for all QGCs including the anomalous
couplings of photon and the weak boson Z0 to three
gluons. In Sec. IV, we study phenomenological perspec-
tives of the model inW−Wþ → ZZ scattering and in Sec. V
summarize the paper and outline the concluding remarks.
We use a notation close to the original paper by Melić et al.
[31] to make the next review section short and the results
readily applicable for phenomenological studies.

II. SEIBERG-WITTEN MAPS AND THE
NONCOMMUTATIVE STANDARD MODEL

To begin, let us recall that the action of the non-
commutative standard model can be easily built up from
the action of the standard model by replacing the normal

products between fields with ⋆ ones, and the fields by their
corresponding Seiberg-Witten maps. For the fermion field
ψ and an arbitrary gauge field Vμ, up to the first order of
deformation parameter θμν this means [28,30]

ψ → ψ̂ ½ψ ; V� ¼ ϕ −
1

2
θρσVσ∂ρϕþ i

8
θρσ½Vρ; Vσ�; ð2Þ

Vμ → V̂μ½V� ¼ Vμ þ
1

4
θρσf∂ρVσ þ Fρσ; Vσg: ð3Þ

A hat on letters indicates the noncommutative objects. The
bracket f; g denotes the anticommutator of operators and
Fμν is the usual field strength tensor. The noncommutative
field tensor is defined as F̂μν ¼ ∂μV̂ν − ∂νV̂μ − ig½V̂μ; V̂ν�⋆
and ⋆-commutator means V̂μ ⋆ V̂ν − V̂ν ⋆ V̂μ. In order to
construct the noncommutative standard model one can
choose the gauge potential Vμ ¼ g0AμY þ g

P
3
a¼1 B

a
μTa

Lþ
gs
P

8
b¼1G

b
μTb

S, where Aμ, Ba
μ, and Gb

μ represent the fields
associated respectively to UYð1Þ, SULð2Þ, and SUCð3Þ
gauge groups with corresponding coupling constants g0, g,
gs. Also, Y, Ta

L, and Tb
S are generators of the relevant

structure groups.
On the other hand, the noncommutative Higgs field Φ̂ is

given by the hybrid Seiberg-Witten map as

Φ → Φ̂½Φ; V; V0� ¼ Φþ 1

2
θρσVσ

�
∂ρΦ −

i
2
ðVρΦ −ΦV 0

ρÞ
�

þ 1

2
θρσ

�
∂ρΦ −

i
2
ðVρΦ −ΦV 0

ρÞ
�
V 0
σ:

ð4Þ

Observe that the noncommutative Higgs field can be
transformed under two different gauge groups on the left
and the right corresponding respectively to gauge potentials
Vμ and V 0

μ [31]. The action of the noncommutative standard
model can be formally written as

SNCSM ¼ Sferimion þ Sgauge þ SHiggs þ SYukawa: ð5Þ
The relevant expressions for each part of the above action
have been obtained in [31]. For our purposes, it suffices to
rewrite only the gauge and Higgs parts in detail.

A. Gauge sector

The gauge action is [31,32]

Sg ¼ −
1

2

Z
d4xTr

1

G2 F̂μν ⋆ F̂μν;

1

g2I
¼ Tr

1

G2 T
a
I T

a
I ; ð6Þ

where, gI’s are usual (commutative) coupling constants g0,
g, gs. Here, the trace is over all the unitary and irreducible
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representations of the symmetry group andG is an operator
that commutes with generators of the gauge group and
determines the coupling constants of the model. It is in
general a function of Y and Casimir operators of SULð2Þ
and SUCð3Þ. Because the noncommutative fields are valued
in the enveloping algebra of the gauge group, the trace in
Eq. (6) is not unique and depends strongly on the choice of
a representation for gauge fields [30,31]. All the repre-
sentations that appear in the standard model are important
and must be considered. Using the Seiberg-Witten map (3)
and the ⋆-product prescription in (1) up to the first order in
θμν we can rewrite the gauge action as

Sg ¼ −
1

2

Z
d4xTr

1

G2 FμνFμν

þ θρσ
Z

d4xTr
1

G2

�
1

4
FρσFμν − FρμFσν

�
Fμν: ð7Þ

1. Minimal noncommutative standard model

The simplest choice for the representation of gauge fields
is the adjoint representation. In this case the trace is taken
independently over generators of the symmetry groups, i.e.,
respectively over Y, Ta

L, and Tb
S. In this case the resulting

(gauge) action remains as close as possible to that of the
standard model. By substitution of the gauge potential Vμ

in (7) and rearranging the fields we get

Smg ¼ −
1

2

Z
d4x

�
1

2
AμνAμν þ Ba

μνBμν;a þ Ga
μνGμν;a

�

þ 1

4
gsdabcθρσ

Z
d4x

�
1

4
Ga

ρσGb
μν −Ga

ρμGb
σν

�
Gμν;c;

ð8Þ
where

Aμν ¼ ∂μAν − ∂νAμ; ð9aÞ

Ba
μν ¼ ∂μBa

ν − ∂νBa
μ þ gϵabcBb

μBc
ν; ð9bÞ

Ga
μν ¼ ∂μGa

ν − ∂νGa
μ þ gsfabcGb

μGc
ν: ð9cÞ

TheAμ and Ba
μ fields can be expressed in terms of physical

fields as usual using

B1
μ ¼

Wþ
μ þW−

μffiffiffi
2

p ; B2
μ ¼ i

Wþ
μ −W−

μffiffiffi
2

p ; ð10aÞ

Aμ ¼ cos θwAμ − sin θwZμ; ð10bÞ

B3
μ ¼ sin θwAμ þ cos θwBμ: ð10cÞ

Here, Aμ is the photon field, Zμ and W�
μ are weak boson

fields, and θw stands for theweakmixing angle. FromEq. (8)

it follows that in the minimal noncommutative model and at
leading order of θμν, the electroweak part of the gauge action
is the same as that of the standard model. The QCD sector,
however, differs from its corresponding action in the standard
model and has already been discussed in [32].
By substitution of field tensors (9b) and (9c) in (8) we

can isolate the relevant parts of the gauge action to
(electroweak) QGCs as

−
1

2
g2

Z
d4xϵabcϵab

0c0Bb
μBc

νBμ;b0Bν;c0 ; ð11Þ

which then using (10b) and (10c) can be written as

∼ g2
Z

d4xðWþ
μ W−μWþ

ν W−ν þ � � �

þ sin2θwWþ
μ W−μAνAν þ � � �

þ cos2θwWþ
μ W−μZνZν þ � � �

þ sin θw cos θwWþ
μ W−μAνZν þ � � �Þ; ð12Þ

where each line represents a typical number of interaction
terms that differ from each other in indices and up to a
numerical factor. From these interactions we obtain the
gauge part of Feynman rules for W−WþW−Wþ, W−Wþγγ,
W−WþZZ, and W−WþZγ couplings in the context of the
minimal model. Notice that because the minimal extension
of the standard model leaves the electroweak gauge action
invariant, these expressions are the same as the rules in the
standard model. The rules are given in Sec. III.

2. Nonminimal noncommutative standard model

In the nonminimalmodel, the trace in (6) is chosen over all
particles existent in the model (with different quantum
numbers), which have covariant derivatives acting on them.
In the standardmodel, there are fivemultiples of fermions for
each generation and one Higgs multiplet (see Table I in
[30,31]). The nonminimal gauge action up to the linear order
in θμν is

Snmg ¼ Smg þ g03k1θρσ
Z

d4x

�
1

4
AρσAμν −AμρAνσ

�
Aμν

þ g0g2k2θρσ
Z

d4x

��
1

4
AρσBa

μν −AμρBa
νσ

�
Bμν;a

þ cyclic permutation of fields

�

þ g0g2sk3θρσ
Z

d4x

��
1

4
AρσGa

μν −AμρGa
νσ

�
Gμν;a

þ cyclic permutation of fields

�
: ð13Þ

The constants ki, i ¼ 1, 2, 3 are model parameters that by
using a set of constraints can be determined in terms of
coupling constants of the model [36,37,40].
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The pure electroweak QGCs arise from the following
interactions:

g0g2k2

Z
d4xϵabcθρσ

�
Aρσ∂μBa

νBμ;bBν;c

þAμν∂ρBa
σBμ;bBν;c þ 1

2
Aμν

�
Bb
ρBc

σ∂μBν;a

−
1

2
Bb
ρBc

σ∂νBμ;a

�
−Aμρð∂νBa

σBμ;bBν;c

− ∂σBa
νBμ;bBν;c þ Bb

νBc
σ∂μBν;a

− Bb
νBc

σ∂νBμ;aÞ −Aμνð∂μBa
ρBb

νBc
σ

− ∂ρBa
μBb

νBc
σ þ Bb

μBc
ρ∂νBa

σ − Bb
μBc

ρ∂σBa
νÞ

−Aνσð∂μBa
ρBμ;bBν;c − ∂ρBa

μBμ;bBν;c

þ Bb
μBc

ρ∂μBν;a − Bb
μBc

ρ∂νBμ;aÞ
�
: ð14Þ

By inserting (10b) and (10c) in (14) we find

∼ g0g2k2

Z
d4xθρσðcos2θw∂ρAσ∂μW−

νWþμZν þ � � �

þ sin θw cos θw∂ρAσ∂μWþ
ν W−μAν þ � � �

þ sin2θw∂ρZσ∂μWþ
ν W−μZν þ � � � : ð15Þ

An important point to be noted here is that the
W−WþW−Wþ coupling is not affected by interactions in
the gauge sector of the nonminimal noncommutative model
because there is no interaction term containing four charged
boson fields in (15).
On the other hand, in addition to pure elctroweak gauge

couplings, because of the interactions involved in (13) there
is also an electroweak-chromodynamics mixing in the
gauge sector of the nonminimal model that arises from
interactions in the last two lines of (13). They are

g0g3sfabc
Z

d4xθρσ½Aρσ∂μGa
νGμ;bGν;c

þAμρð∂νGa
σGμ;bGν;c − ∂σGa

νGμ;bGν;c

þ ∂μGν;aGb
νGc

σ − ∂νGμ;aGb
νGc

σÞ
þAμνð∂μGa

ρGν;bGc
σ − ∂ρGμ;aGν;bGc

σ

þ ∂νGa
σGμ;bGc

ρ − ∂νGσ;aGμ;bGc
ρÞ

þAνσð∂μGa
ρGμ;bGν;c − ∂ρGa

μGμ;bGν;c

þ ∂μGν;aGb
μGc

ρ − ∂νGμ;aGb
μGc

ρÞ�: ð16Þ
Here a, b, c run from 1 to 8 for gluon fields Gμ. Proceeding
as before, the relevant interactions for the coupling of
photon to gluons are

∼ g0g3sfabc
Z

d4xθρσ½cos θw∂ρAσ∂μGa
νGμ;bGν;c

þ cos θwð∂μAρ∂μGa
σGμ;bGν;c þ � � �Þ�: ð17Þ

Also, for Z0 coupling to gluons we obtain

∼ g0g3sfabc
Z

d4xθρσ½cos θw∂ρAσ∂μGa
νGμ;bGν;c

þ cos θwð∂μAρ∂μGa
σGμ;bGν;c þ � � �Þ�: ð18Þ

B. Higgs sector

The Higgs part of the noncommutative action is

SHiggs ¼
Z

d4x½ðD̂μΦ̂Þ† ⋆ ðD̂μΦ̂Þ − μ2Φ̂† ⋆ Φ̂

− λΦ̂† ⋆ Φ̂ ⋆ Φ̂† ⋆ Φ̂�: ð19Þ
Here, μ and λ are respectively the mass parameter and
coupling constant. Also, D̂μ denotes the covariant deriva-
tive, which is defined for the noncommutative Higgs field
as D̂μ ¼ ∂μΦ̂ − iV̂μ ⋆ Φ̂þ iΦ̂ ⋆ V̂ 0

μ. The expansion of
(19) using (1) and (4) yields

SHiggs ¼
Z

d4x½ðDμΦÞ†ðDμΦÞ − μ2Φ†Φ − λðΦ†ΦÞ2�

þ 1

2
θμν

Z
d4xΦ†

�
Uμν þ U†

μν þ 1

2
μ2Fμν

− 2iλΦðDμΦÞ†DνΦ
�
Φ; ð20Þ

where Dμ ¼ ∂μ − iVμ and the operator Uμν is

Uμν ¼ ½∂⃖ϱ þ iVϱ�
�
−∂ϱVμ∂ν − Vμ∂ϱ∂ν þ ∂μVϱ∂ν

þ iVϱVμ∂ν þ
i
2
VμVν∂ϱ þ

i
2
∂ϱðVμVνÞ

þ 1

2
VϱVμVν þ

i
2
fVμ; ∂νVϱ þ Fνϱg

�
: ð21Þ

Here, Vμ is a 2 × 2 matrix that is defined as
Vμ ¼ g0AμYΦ1þ gBa

μTa
L. The explicit form of Vμ is [31]

Vμ ¼
� eAμ þ g ð1−2 sin2 θwÞ

2 cos θw
Zμ

gffiffi
2

p Wþ
μ

gffiffi
2

p W−
μ − g

2 cos θw
Zμ

�
: ð22Þ

Analysis of Eq. (20) reveals that the Higgs sector induces
contributions into the pure gauge sector of the noncom-
mutative standard model. Proceeding similarly as in [31]
the interactions yielding to QGCs are those terms in (20)
that contain multiplication of four Vμ matrices, i.e.,

−
1

2
θμν

Z
d4xΦ†ðiVϱVϱVμVν þ iVϱVμVνVϱ

− iVϱVμVϱVν þ iVμVνVϱVϱ − iVμVϱVνVϱ

þ Hermitian conjugateÞΦ: ð23Þ
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Using the explicit form of Vμ and choosing the Higgs field
to be in unitary gauge

ΦðxÞ ¼ 1ffiffiffi
2

p
�

0

hðxÞ þ υ

�
; υ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−μ2=λ

q
ð24Þ

after symmetry breaking, the Higgs-induced interactions
into the pure gauge sector are found to be

− i
2M2

W

g
θμν

Z
d4xðZρW−ρWþ

μ Zν þ � � �

þW−
ρAρAμWþ

ν þ � � �
þW−

ρAρZμWþ
ν þ � � �

þW−
ρWþρW−μWþν þ � � �Þ; ð25Þ

where we have used υ ¼ 2MW
g for later convenience. These

interactions are of dimension 4 and hence momentum
independent. Notice that the electroweak gauge action of
the minimal noncommutative model is exactly the same as
that of the standard model. In this case, only the Higgs-
induced interactions can contribute to OðθÞ Feynman rules
for electroweak QGCs.

III. FEYNMAN RULES FOR QGCS

The Feynman rule associated to a coupling diagram can
be obtained straightforwardly by variation of the corre-
sponding interactions. We used Eq. (12) to obtain the
standard rules for W−WþW−Wþ, W−Wþγγ, W−WþZZ,
and W−WþZγ. In the minimal model the effective inter-
actions that contribute to OðθÞ Feynman rules arise from
the Higgs-induced interactions, i.e., (25). In the nonmini-
mal model, contrary to the minimal case, the effective
interactions arise from the OðθÞ extension of the pure
gauge action. We used Eq. (15) to get the rules of the
nonminimal model for pure electroweak QGCs and
Eqs. (17) and (18) to derive the associated vertex functions
for γggg and Zggg couplings. All momenta are assumed to
be incoming into vertices. Here are the θ-expanded
Feynman rules for all QGCs in the electroweak gauge
sector of the noncommutative standard model.
(a) W−WþW−Wþ coupling,

(i) Standard model

ig2ð2gνλgμκ − gνκgλμ − gμνgκλÞ; ð26Þ

(ii) minimal/nonminimal model

Eq: ð26Þ − 3

4
M2

Wg
2ðθκλgμν þ θκνgμλ

þ θμλgνκ þ θμνgκλÞ: ð27Þ

Equation (26) is the standard Feynman rule for the
W−WþW−Wþ coupling. It is derived from the gauge
action of the standard model and is symmetric under
substitutions μ ⇄ κ and independently under ν ⇄ λ. It
is also symmetric under simultaneous substitutions of
μ ⇄ κ and ν ⇄ λ. These symmetries can be inferred
from the above coupling diagram because exchanging
two W− bosons with each other does not change the
physical situation. A similar argument can bemade also
for exchange ofWþ bosons. The θ-dependent part of the
rule (27) results from the Higgs-induced interactions
(25) in the minimal case. It satisfies explicitly the
symmetries of Eq. (26). As we mentioned earlier, the
gauge sector of the nonminimal model does not
contribute to the W−WþW−Wþ coupling and expres-
sion (27) is the θ-expanded Feynman rule for both the
minimal and nonminimal models.

(b) W−Wþγγ coupling,

(i) Standard model

−ie2ð2gνλgμκ − gνκgλμ − gμνgκλÞ; ð28Þ

(ii) minimal model

Eq: ð28Þ − 2M2
We

2ðθκλgμν − θνκgμλÞ; ð29Þ
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(iii) nonminimal model

Eq: ð29Þ þ g0g2k2 sin θw cos θwðfð−2θαρgμκgνλ þ 2θαρgκλgμνÞq0ρ
þ ½ð−θσαpþ

σ þ θσαp−
σ Þgμλ þ 2θμαq0λ þ 2θαλq0μ − θμαp−

λ − θαλpþ
μ

þ ð−pþ
α − 2q0α − p−

α Þθμλ�gνκ þ ½θσαpþ
σ gμν − 2θανq0μ − 2θμαq0ν þ θανpþ

μ þ θμαpþ
ν

þ ð2q0α − pþ
α Þθμν�gκλ þ ½−θσαp−

σ gνλ þ 2θανq0λ − 2θαλq0ν þ θαλp−
ν − θανp−

λ

þ ð−p−
α þ 2q0αÞθνλ�gμκ þ ½−θακp−

ν þ θανp−
κ þ θακpþ

ν − θανpþ
κ

þ ðp−
α − pþ

α Þθνκ�gμλ þ ½2θακq0μ þ θμαp−
κ − θακpþ

μ − θμαpþ
κ

þ ðpþ
α þ p−

α þ 2q0αÞθμκ�gνλ þ ½−2θακq0λ − θαλp−
κ þ θακp−

λ þ θαλpþ
κ

þ ðpþ
α þ p−

α þ 2q0αÞθκλ�gμνgqα þ f½ð−θσρpþ
σ þ θσρp−

σ Þgμλ − θμρp−
λ − θμλp−

ρ

þ 2θμρqλ − θρλpþ
μ − θμλpþ

ρ þ 2θρλqμ�gνκ þ ðθνρpþ
μ þ θμρp−

ν þ θμνpþ
ρ − θμρpþ

ν

− 2θνρqμ þ θμνp−
ρ − θσρp−

σ gμνÞgκλ þ ½θσρpþ
σ gνλ þ θνλpþ

ρ þ θνλp−
ρ þ 2θνρqλ

− θνρp−
λ þ ð−p−

ν þ pþ
ν Þθρλ�gμκ þ ½θνκpþ

ρ − θνκp−
ρ þ ðp−

κ − pþ
κ Þθνρ

þ ð−pþ
ν þ p−

ν Þθρκ�gμλ þ ðθρκpþ
μ − θμκpþ

ρ þ θμρpþ
κ − 2θμρqκ − 2θρκqμÞgνλ

þ ð−θρκp−
λ þ θρλp−

κ þ 2θρκqλ − 2θρλqκ − θκλp−
ρÞgμνgq0ρ þ ½ðθμρq0λ þ θμρqλ

þ θρλqμ þ θρλq0μÞpþ
ρ þ ð−θσμp−

σ − θσμpþ
σ Þq0λ þ ðθρλqμ þ θρλq0μÞp−

ρ þ ð−θσμp−
σ

− θσμpþ
σ Þqλ�gνκ þ ½ðθνρq0μ − θμρq0ν þ θνρqμÞpþ

ρ þ θνρp−
ρ q0μ þ ð−θσνp−

σ

− θσνpþ
σ Þq0μ − θσνpþ

σqμ þ ðθσμpþ
σ þ θσμp−

σ Þq0ν�gκλ þ ½ð−θρλq0ν − θνρq0λÞpþ
ρ

þ ð−θνρp−
ρ þ θσνp−

σ þ θσνpþ
σ Þq0λ þ ð−θνρqλ − θρλq0νÞp−

ρ þ θσνp−
σqλ�gμκ

þ ½ð−θνρqκ þ θρκq0νÞpþ
ρ þ ðθσνpþ

σ þ θνρp−
ρ − θσνp−

σ Þqκ − θρκp−
ρ q0ν�gμλ

þ ½ð−θμρqκ − θρκq0μ − θρκqμÞpþ
ρ þ ðθσμpþ

σ þ θσμp−
σ Þqκ − θρκp−

ρqμ�gνλ
þ ðθρκqλ − θρλqκÞgμνpþ

ρ þ ðθρκp−
ρ q0λ − θρλp−

ρ qκ þ θρκp−
ρ qλÞg−μν þ ðθμλpþ

ν

þ θμνp−
λ þ θνλpþ

μ þ θμλp−
ν − 2θμνq0λ − 2θνλq0μ þ 2θμλq0νÞqκ þ ð−θμνp−

κ

− θμνpþ
κ − θνκpþ

μ þ 2θνκqμ − θμκp−
ν þ θμκpþ

ν Þq0λ þ ð−θμνp−
κ − 2θμκq0ν þ θμνpþ

κ

− θμκp−
ν − θμκpþ

ν þ θνκpþ
μ − 2θνκq0μÞqλ þ ð−θκλpþ

ν − θνλp−
κ þ θνκp−

λ þ θκλp−
ν

− θνλpþ
κÞq0μ þ ð−θνκp−

λ þ θνλp−
κ − θκλp−

ν − 2θκλq0ν − θκλpþ
ν − θνλpþ

κ Þqμ
þ ðθμλpþ

κ þ θκλpþ
μ þ θμκp−

λ þ θμλp−
κ Þq0νÞ: ð30Þ

Equation (28) for W−Wþγγ coupling is familiar from the standard model. The exchange of two photons leads to a
topologically equivalent diagram. The associated rules are therefore required to be symmetric under substitutions
ν ⇄ λ. Equations (28) and (29) obviously satisfy this requirement. The OðθÞ contribution of the rule (29) is derived
from the Higgs sector induced interactions. Equation (30) represents the Feynman rule for the nonminimal extended
model and contains a lengthy momentum dependent part. These terms are derived from (15). In this case, momenta
must be simultaneously replaced with each other as ν, λ indices are substituted.

(c) W−WþZZ coupling,
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(i) Standard model

−ig2 cos2 θwð2gνλgμκ − gνκgλμ − gμνgκλÞ; ð31Þ

(ii) minimal model

Eq: ð31Þ − M2
W

cos2θw
g2½−7θμκgνλ − 2θκλgμν þ 2θνκgμλ þ 2θμλgνκ þ 2θμνgκλ

þ sin2θwð−3θκλgμν þ 3θνκgμλ − θμλgνκ − θμνgκλ þ 4θμκgνλÞ þ sin4θwð4θκλgμν − 4θνκgμλÞ�; ð32Þ

(iii) nonminimal model

Eq: ð32Þ þ g0g2k2 sin θw cos θwðfð−2θαρgμκgνλ þ 2θαρgκλgμνÞk0ρ
þ ½ð−θσαpþ

σ þ θσαp−
σ Þgμλ þ 2θμαk0λ þ 2θαλk0μ − θμαp−

λ − θαλpþ
μ

þ ð−pþ
α − 2k0α − p−

α Þθμλ�gνκ þ ½θσαpþ
σ gμν − 2θανk0μ − 2θμαk0ν þ θανpþ

μ þ θμαpþ
ν

þ ð2k0α − pþ
α Þθμν�gκλ þ ½−θσαp−

σ gνλ þ 2θανk0λ − 2θαλk0ν þ θαλp−
ν − θανp−

λ

þ ð−p−
α þ 2k0αÞθνλ�gμκ þ ½−θακp−

ν þ θανp−
κ þ θακpþ

ν − θανpþ
κ

þ ðp−
α − pþ

α Þθνκ�gμλ þ ½2θακk0μ þ θμαp−
κ − θακpþ

μ − θμαpþ
κ

þ ðpþ
α þ p−

α þ 2k0αÞθμκ�gνλ þ ½−2θακk0λ − θαλp−
κ þ θακp−

λ þ θαλpþ
κ

þ ðpþ
α þ p−

α þ 2k0αÞθκλ�gμνgkα þ f½ð−θσρpþ
σ þ θσρp−

σ Þgμλ − θμρp−
λ − θμλp−

ρ

þ 2θμρkλ − θρλpþ
μ − θμλpþ

ρ þ 2θρλkμ�gνκ þ ðθνρpþ
μ þ θμρp−

ν þ θμνpþ
ρ − θμρpþ

ν

− 2θνρkμ þ θμνp−
ρ − θσρp−

σ gμνÞgκλ þ ½θσρpþ
σ gνλ þ θνλpþ

ρ þ θνλp−
ρ þ 2θνρkλ − θνρp−

λ

þ ð−p−
ν þ pþ

ν Þθρλ�gμκ þ ½θνκpþ
ρ − θνκp−

ρ þ ðp−
κ − pþ

κ Þθνρ þ ð−pþ
ν þ p−

ν Þθρκ�gμλ
þ ðθρκpþ

μ − θμκpþ
ρ þ θμρpþ

κ − 2θμρkκ − 2θρκkμÞgνλ þ ð−θρκp−
λ þ θρλp−

κ þ 2θρκkλ

− 2θρλkκ − θκλp−
ρÞgμνgk0ρ þ ½ðθμρk0λ þ θμρkλ þ θρλkμ þ θρλk0μÞpþ

ρ

þ ð−θσμp−
σ − θσμpþ

σ Þk0λ þ ðθρλkμ þ θρλk0μÞp−
ρ þ ð−θσμp−

σ − θσμpþ
σ Þkλ�gνκ

þ ½ðθνρk0μ − θμρk0ν þ θνρkμÞpþ
ρ þ θνρp−

ρ k0μ þ ð−θσνp−
σ − θσνpþ

σ Þk0μ − θσνpþ
σkμ

þ ðθσμpþ
σ þ θσμp−

σ Þk0ν�gκλ þ ½ð−θρλk0ν − θνρk0λÞpþ
ρ þ ð−θνρp−

ρ þ θσνp−
σ

þ θσνpþ
σ Þk0λ þ ð−θνρkλ − θρλk0νÞp−

ρ þ θσνp−
σkλ�gμκ þ ½ð−θνρkκ þ θρκk0νÞpþ

ρ

þ ðθσνpþ
σ þ θνρp−

ρ − θσνp−
σ Þkκ − θρκp−

ρ k0ν�gμλ þ ½ð−θμρkκ − θρκk0μ − θρκkμÞpþ
ρ

þ ðθσμpþ
σ þ θσμp−

σ Þkκ − θρκp−
ρkμ�gνλ þ ðθρκkλ − θρλkκÞgμνpþ

ρ þ ðθρκp−
ρ k0λ

− θρλp−
ρ kκ þ θρκp−

ρ kλÞg μν þ ðθμλpþ
ν þ θμνp−

λ þ θνλpþ
μ þ θμλp−

ν − 2θμνk0λ
− 2θνλk0μ þ 2θμλk0νÞkκ þ ð−θμνp−

κ − θμνpþ
κ − θνκpþ

μ þ 2θνκkμ − θμκp−
ν

þ θμκpþ
ν Þk0λ þ ð−θμνp−

κ − 2θμκk0ν þ θμνpþ
κ − θμκp−

ν − θμκpþ
ν þ θνκpþ

μ − 2θνκk0μÞkλ
þ ð−θκλpþ

ν − θνλp−
κ þ θνκp−

λ þ θκλp−
ν − θνλpþ

κÞk0μ þ ð−θνκp−
λ þ θνλp−

κ − θκλp−
ν

− 2θκλk0ν − θκλpþ
ν − θνλpþ

κ Þkμ þ ðθμλpþ
κ þ θκλpþ

μ þ θμκp−
λ þ θμλp−

κ Þk0νÞ: ð33Þ

The symmetry properties of (31)–(33) are exactly the same as Eqs. (28)–(30). The exchange of Z0 bosons leaves the
physical content of the diagram unchanged. The rules to be consistent with this requirement must be symmetric under
substitutions ν ⇄ λ. Notice that in (30) momenta must be replaced with each other simultaneously as the indices are
exchanged.
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(d) W−WþZγ coupling,

(i) Standard model

−ie2 cot θwð2gνλgμκ − gνκgλμ − gμνgκλÞ; ð34Þ

(ii) minimal model

Eq: ð34Þ þ 1

2
M2

Weg½−6θκλgνμ − 2θκμgνλ − 3θνκgλμ þ 2θμλgκμ þ θνμgκλ þ ð4θκλgνμ − 4θνκgλμÞsin2θw�; ð35Þ

(iii) nonminimal model

Eq: ð35Þ þ g0g2k2½cos2θwððθκλgμν − θμλgνκ − θνλgμκ þ θμκgνλ þ θνκgμλÞqα2
þ fð−θακgνλ þ θαλgνκÞqμ þ ½2θακqλ þ ð−θαρp−

ρ − θαρkρÞgκλ − 2θαλqκ þ θακkλ

þ ðp−
κ − kκÞθαλ þ ðkα þ p−

α Þθκλ�gμν þ ½θαρp−
ρgμλ þ ð−p−

μ þ kμÞθαλ
þ ð−p−

α − kαÞθμλ þ θμαkλ�gνκ þ ½θαρkρgμκ þ ð−kμ − p−
μ Þθακ þ ðkα þ p−

αÞθμκ
− θμαkκ − θμαp−

κ �gνλ þ ðθανp−
μ þ θανkμ þ θμαp−

ν − θμνp−
α þ θμνkαÞgκλ

þ ðθαλgμκ − θακgμλÞqν þ ðθνλkα − θανkλÞgμκ þ ð−θνκp−
α − θανp−

κ þ θακp−
νÞgμλgqα

þ ½−θνκqλ þ ðθρλkρ þ θρλp−
ρ Þgνκ þ ð−2θρκp−

ρ þ θρκkρÞgνλ þ ðθνρp−
ρ þ θνρkρÞgκλ

− θκλqν þ θνλqκ − θνκkλ þ ð−kκ − 2p−
κ Þθνλ − θκλp−

ν �qμ þ ½ðθρκp−
ρ − θρκkρÞqλ

− θρλqκp−
ρ �gμν þ ½ðθμρkρ þ θμρp−

ρ Þgνκ − θμκqν − θνρkρgμκ − θμκp−
ν þ ðkμ þ p−

μ Þθνκ
þ θμνp−

κ − θμνkκ�qλ − θμρqκp−
ρ gνλ − 2θμρqνkρgκλ þ ð−θμκkλ þ θμλkκ − θρλkρgμκ

− θκλkμ þ θμλqκÞqν − θνρqκp−
ρgμλ þ ðθμλp−

ν þ θνλp−
μ ÞqκÞ

þ sin2θwðf½ð−θσηp−
σ þ θσηqσÞgκλ þ ð−pþ

λ þ qλÞθηκ þ ðpþ
κ − p−

κ Þθηλ
þ ðkηÞθκλ�gμν þ ½ð−θσηpþ

σ þ θσηp−
σ Þgμλ þ ðp−

μ − qμÞθηλ
þ ðpþ

λ − qλÞθμη þ ð−kηÞθμλ�gνκ þ ½ðθσηpþ
σ − θσηqσÞgμκ þ ðp−

μ − qμÞθηκ
þ ðp−

κ − pþ
κÞθμη þ ðkηÞθμκ�gνλ þ ½ðpþ

λ − qλÞθην þ ðqν − pþ
ν Þθηλ

þ ðpþ
η − qηÞθνλ�gμκ þ ½ðp−

κ − pþ
κ Þθην þ ðpþ

ν − p−
ν Þθηκ þ ð−pþ

η þ p−
η Þθνκ�gμλ

þ ½ð−p−
μ þ qμÞθην þ ð−p−

ν þ qνÞθμη þ ð−qη þ p−
η Þθμν�gκλgkη þ ½ðθσλpþ

σ þ θσλqσ

þ θσλp−
σ Þkκ þ ðθσκkσÞkλ�gμν þ ½ðθσλkσÞkμ − θσμkσkλ�gνκ

þ ½ð−θσκkσÞkμ þ ðθσμkσÞkκ�gνλ þ ½ðθσνp−
σ − θσνqσÞgκλ þ ðpþ

λ − qλÞθνκ þ ðp−
κ − pþ

κ Þθνλ
− ðkνÞθκλ�kμ þ ½ð−θσνp−

σ þ θσνpþ
σ Þgμλ þ ð−pþ

λ þ qλÞθμν þ ðkνÞθμλ þ ð−p−
μ þ qμÞθνλ�kκ

þ ½ð−θσνpþ
σ þ θσνqσÞgμκ þ ðpþ

κ − p−
κÞθμν − ðkνÞθμκ þ ð−p−

μ þ qμÞθνκ�kλÞ�: ð36Þ
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The rule (34) is the standard model vertex function for the W−WþZγ coupling. In the present case there is no
explicit exchange symmetry. Equation (35) represents the θ-expanded rule for the minimal noncommutative model. Its
θ-dependent part is obtained from the Higgs-induced interactions. Equation (36) is the Feynman rule for the
nonminimal extended model. The momentum dependent part of (36) is derived from the gauge action (15).

(e) γggg coupling,

(i) Nonminimal model

g0g3s cos θwfbacðf½2θσρp0
σgκλ − 2θσρp00

σgκλ þ ð2p0
λ − 2pλÞθρκ

þ ð−2p00
κ þ 2pκÞθρλ�gνμ þ ½−2θσρpσgνλ þ 2θσρp00

σgνλ þ ð−2p0
λ þ 2pλÞθνρ

þ ð2p00
ν − 2p0

νÞθρλ�gκμ þ ½2θσρpσgνκ − 2θσρp0
σgνκ þ ð2p00

κ − 2pκÞθνρ
þ ð2p00

ν − 2p0
νÞθρκ�gλμ þ ðð−2p0

λ þ 2pλÞθρμ þ ð−2pμ þ 2p0
μÞθρλÞgνκ

þ ½ð2p00
κ − 2pκÞθρμ þ ð−2p00

μ þ 2pμÞθρκ�gνλ þ ½ð−2p00
μ þ 2p0

μÞθνρ
þ ð2p0

ν − 2p00
νÞθρμ�gκλgqρ þ ½−2θσλqσqκ þ 2θσκqσqλ þ 2θκλqσqσ�gνμ þ ½2θσλqσqν

− 2θσνqσqλ − 2θνλqσqσ�gκμ þ ½−2θσκqσqν þ 2θσνqσqκ þ 2θνκqσqσ�gλμ þ ½−2θσμp0
σgκλ

þ 2θσμp00
σgκλ þ ð2p0

λ − 2pλÞθκμ − 2qμθκλ þ ð−2p00
κ þ 2pκÞθλμ�qν

þ ½2θσμpσgνλ − 2θσμp00
σgνλ þ ð2p0

λ − 2pλÞθνμ þ 2qμθνλ þ ð2p00
ν − 2p0

νÞθλμ�qκ
þ ½−2θσμpσgνκ þ 2θσμp0

σgνκ þ ð−2p00
κ þ 2pκÞθνμ − 2qμθνκ þ ð2p00

ν − 2p0
νÞθκμ�qλ

þ ½ð2θκμgνλ − 2θλμgνκÞpσ þ ð2θλμgνκ − 2θνμgκλÞp0
σ − ð2θκμgνλ − 2θνμgκλÞp00

σ�qσÞ: ð37Þ

The γggg coupling is forbidden in the standard model. The rule (37) is derived from (17) and is allowed only in the
nonminimal noncommutative model. Because the exchange of gluons leaves the diagram topologically invariant, the
rule must be symmetric under simultaneous substitutions of ν ⇄ κ, a ⇄ b, p ⇄ p0 and independently under ν ⇄ λ,
a ⇄ c, p ⇄ p00 as well as under κ ⇄ λ, b ⇄ c, p0 ⇄ p00. Also, the cyclic symmetry ν ⇄ κ ⇄ λ, a ⇄ b ⇄ c, p ⇄
p0 ⇄ p00 must be satisfied.

(f) Zggg coupling,
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(i) Nonminimal model

g0g3s sin θwfabcðf½2θσρp0
σgκλ − 2θσρp00

σgκλ þ ð2p0
λ − 2pλÞθρκ

þ ð−2p00
κ þ 2pκÞθρλ�gνμ½−2θσρpσgνλ þ 2θσρp00

σgνλ þ ð−2p0
λ þ 2pλÞθνρ

þ ð2p00
ν − 2p0

νÞθρλ�gκμ½2θσρpσgνκ − 2θσρp0
σgνκ þ ð2p00

κ − 2pκÞθνρ
þ ð2p00

ν − 2p0
νÞθρκ�gλμðð−2p0

λ þ 2pλÞθρμ þ ð−2pμ þ 2p0
μÞθρλÞgνκ

þ ½ð2p00
κ − 2pκÞθρμ þ ð−2p00

μ þ 2pμÞθρκ�gνλ þ ½ð−2p00
μ þ 2p0

μÞθνρ
þ ð2p0

ν − 2p00
νÞθρμ�gκλgkρ þ ½−2θσλkσkκ þ 2θσκkσkλ þ 2θκλkσkσ�gνμ þ ½2θσλkσkν

− 2θσνkσkλ − 2θνλkσkσ�gκμ þ ½−2θσκkσkν þ 2θσνkσkκ þ 2θνκkσkσ�gλμ þ ½−2θσμp0
σgκλ

þ 2θσμp00
σgκλ þ ð2p0

λ − 2pλÞθκμ − 2kμθκλ þ ð−2p00
κ þ 2pκÞθλμ�kν

þ ½2θσμpσgνλ − 2θσμp00
σgνλ þ ð2p0

λ − 2pλÞθνμ þ 2kμθνλ þ ð2p00
ν − 2p0

νÞθλμ�kκ
þ ½−2θσμpσgνκ þ 2θσμp0

σgνκ þ ð−2p00
κ þ 2pκÞθνμ − 2kμθνκ þ ð2p00

ν − 2p0
νÞθκμ�kλ

þ ½ð2θκμgνλ − 2θλμgνκÞpσ þ ð2θλμgνκ − 2θνμgκλÞp0
σ − ð2θκμgνλ − 2θνμgκλÞp00

σ�kσÞ: ð38Þ

The Zggg coupling is also forbidden in the standard
model at tree level. This vertex function is derived
from (18) and is allowed only in the nonminimal
model. The symmetry properties of (38) are the same
as that of the rule (37).

IV. DISCUSSION ON PHENOMENOLOGICAL
PERSPECTIVES OF THE MODEL

To give an intuitive understanding of the model and, in
particular, the Feynman rules developed in the previous
section, let us consider the W−Wþ → ZZ scattering. In the
context of the standard model and at tree level, the
scattering amplitude of the process is the sum over
amplitudes of diagrams 1–4, in Appendix A. Using the
analysis of relevant diagrams the scattering cross section is
estimated approximately to be around 68 pb (10−12 barn).
The amplitude for the contact interaction grows rapidly as
the center of mass (c.m.) energy

ffiffiffi
s

p
increases. The

amplitudes of the t-channel and the exchange diagrams
give rise respectively to forward and backward scattering.
On the other hand, the Higgs mediated diagram effectively
tames the amplitude of the contact interaction and there is a
strong cancellation in the high energy behavior of indi-
vidual amplitudes. The total cross section ultimately
reaches a nearly constant value at large c.m. energies. It
is well known that only the scattering of longitudinally
polarized bosons is responsible for the leading behavior of
scattering amplitudes at the high energy limit. Then, let us
define the kinematics of scattering as

p� ¼ ðE; 0; 0;�pÞ; ð39aÞ

k� ¼ ðE; 0;�p sin θ;�p cos θÞ; ð39bÞ

ε�ðpÞ ¼
�

p
MW

; 0; 0;� E
MW

�
; ð39cÞ

ε�ðkÞ ¼
�

p
MZ

; 0;�E sin θ
MZ

;�E cos θ
MZ

�
: ð39dÞ

Here, θ and ϕ are respectively the polar and azimuthal
angle. The momenta of incoming W� and outgoing Z0

bosons in the c.m. reference frame are respectively denoted
by p� and k�. Also, ε�ðpÞ and ε�ðkÞ are used for
polarization vectors of corresponding bosons. The general
features of the scattering can be understood from Figs. 1–3.
In the standard model, the azimuthal distribution of differ-
ential cross section, i.e., dσ

dϕ, is expected to be flat. The dσ
dϕ

distributions at θ ¼ π
2
have been shown in Fig. 1, forffiffiffi

s
p ¼ 1.0, 1.5, and 2.0 TeV. Figure 2 displays the θ-
integrated dσ

dϕ distributions at the same c.m. energies. On the
other hand, because of the t and u-channel diagrams the ϕ-
integrated cross sections dσ

d cos θ are expected to be very
forward-backward distributions. The dσ

d cos θ distributions
have been shown in Fig. 3. For numerical evaluations
some approximations were made. We neglected the decay
width of intermediate bosons and assumed they were nearly
stable particles. Also, the integrations on θ and ϕ were
performed approximately because the subsequent similar
integrations on dσNC

dΩ (dΩ ¼ sin θdθdϕ) could not be evalu-
ated exactly in a reasonable computation time. We pre-
ferred to use the same level of accuracy for all of the
numerical evaluations from the beginning. The masses of
weak bosons are MW ¼ 80.38, MZ ¼ 91.18 and the Higgs
mass isMH ¼ 125.0 GeV based on last issue of the Particle
Data Group [41]. Furthermore, the parameter k2 [see the
rule (33)] is assumed to be 0.4 [40]. In our evaluations the
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total cross section approaches 28 pb at
ffiffiffi
s

p ¼ 1.5 TeV. This
is about 12.5% smaller than the exact value 32 pb [42].
Now, we consider the process in the context of the

noncommutative standard model. The usual parametriza-
tion for the deformation quantity is θμν ¼ cμν=Λ2

NC where
cμν is a dimensionless matrix of order unity and ΛNC is the
overall scale that characterizes the threshold at which
noncommutative effects become relevant [43–45]. The
cμν matrix is analogous to the (electromagnetic) field tensor
in structure. However, it is not at all a tensor because its
elements are assumed to be constant in all reference frames.
Before proceeding to numerical analysis let us make
some general remarks regarding calculation of scattering
amplitudes.
First, two distinct cases should be discussed separately:

The space-space or B-field-type noncommutativity that
means the elements cij (i, j run from 1 to 3) are non-
vanishing and space-time or E-field-type noncommutativ-
ity that means c0j elements are nonzero. Two types may
have some features in common. The later type has been
known to have some problems concerning the unitary and
causality considerations [46–48]. Here, we consider only
the case of space-space noncommutativity.
Secondly, because the vertex functions for minimal and

nonminimal extended models are different, their phenom-
enological perspectives should be discussed separately. In
evaluation of amplitudes we used (32) and (33) (based on
the model under consideration) and also the relevant θ-
expanded rules developed in [31,39]. Notice that the
amplitude of diagram 4 is equal in the minimal and
nonminimal models because the Higgs couplings remain
the same in both model extensions. This diagram may
cause a distinction between two cases through interference
contributions.
Lastly, as we mentioned earlier, the noncommutative

model introduces new interactions that are forbidden in the
standard model. Those that are relevant to our discussion
are ZZZ and γZZ couplings [31]. By using these vertices, it
is possible to add diagrams 5 and 6 into the standard
Feynman graphs. Note that the latter diagram is allowed
only in the nonminimal noncommutative extension of the
standard model. The scattering amplitudes of these dia-
grams are of order ðθ2Þ and their interference contributions
are much more important than their individual contribu-
tions to the total cross section.

A. B-type noncommutativity

Let us assume ~θB ¼ 1ffiffi
3

p ðîþ ĵþ k̂Þ where θkB ≡ ϵijkcij
for the case of B-field-type noncommutativity. This is a
constant vector and aligns in a specific direction in space
(in all reference frames). As the Earth rotates and revolves

around the Sun, the direction of ~θB continuously changes
and observable quantities are expected to show a specific
time dependence. For those instants that our assumption on

the direction of ~θB is satisfied the dσNC
dϕ and dσNC

d cos θ distribu-
tions show a characteristic oscillatory behavior. We have
shown the numerical results of the noncommutative stan-
dard model in Figs. 4–15 in Appendix B. The figures
correspond respectively to dσNC

dϕ at θ ¼ π
2
, the θ-integrated

dσNC
dϕ , and ϕ-integrated dσNC

d cos θ distributions for different values

of ΛNC. Figure 4 exhibits the azimuthal distributions dσNC
dϕ at

θ ¼ π
2
and

ffiffiffi
s

p ¼ 1.0 TeV for ΛNC ¼ 0.6, 0.8, 1.2, 1.5,
1.8 TeV and ∞ in the context of the minimal noncommu-
tative model. Figure 5 represents the integrated dσNC

dϕ

distributions and Fig. 6 is the integrated dσNC
d cos θ distribution

at the same c.m. energy for different scales. The
evolution of differential cross sections by variation of
the noncommutativity scale can be easily understood from
these graphics. We see that dσNC

dϕ distributions show an

oscillatory behavior with crests at ϕ ¼ 3π
4
; 7π
4
. As the

noncommutativity scale increases, the crests smoothly
collapse and disappear at large enough scales. In
particular, in the limit of ΛNC ¼ ∞, we recover the results
of the standard model (see blue curves in Figs. 1–3). The
dσNC
d cos θ distributions show a symmetric pattern around θ ¼ π

2

with two local maxima at θ ¼ π
4
; 3π
4
as in Fig. 6. The dashed

curve is for ΛNC ¼ 0.6 TeV. Others are, however, hidden
because they are tiny at

ffiffiffi
s

p ¼ 1.0 TeV. From the phe-
nomenological point of view the appearance of local
maxima at θ ¼ π

4
; 3π
4

means that particles are scattered
more likely either in forward direction from θ ¼ 0 to θ ¼
π
4
or in backward direction from θ ¼ 3π

4
to θ ¼ π. Note that

dσNC
d cos θ distributions are forward-backward symmetric as in
the standard model. In Figs. 7–9, we have shown the
same distributions at

ffiffiffi
s

p ¼ 1.5 TeV. The general features
of azimuthal distributions are as those in Figs. 4 and 5
except that in the present case crests are much sharper for
ΛNC ¼ 0.6 while others are hidden. Observe that the local
maxima for ΛNC ¼ 0.8 are visible in Fig. 7. By
comparing the results we can conclude immediately
that for a given scale ΛNC as the center of mass energy
increases crests become sharp and much stronger (compare
Figs. 4–6 respectively with Figs. 5–7). Again, by increasing
ΛNC, the oscillation amplitudes collapse and disappear as
before.
Next, we consider the nonminimal noncommutative

standard model. Figures 10–12 display the numerical
results of the nonminimal model at

ffiffiffi
s

p ¼ 1.5 TeV. The
phenomenological implications of the minimal and non-
minimal models can be easily understood and compared
using Figs. 7–12. In the context of the nonminimal model,
azimuthal distributions up to a numerical factor of order
105 are essentially the same as those in the minimal model.
The dσNC

d cos θ distributions are, however, much different from
similar distributions in the minimal case both in shape and
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scale. In this case, dσNC
d cos θ distributions show a strong peak at

θ ¼ π
2
and outgoing Z0 bosons are expected to scatter most

likely around θ ¼ π
2
. Let us recall that Z0 bosons are

distributed symmetrically in forward and backward direc-
tions. Figures 13–15 exhibit the expected results of the
nonminimal model at

ffiffiffi
s

p ¼ 2.0 TeV. Again, as ΛNC
increases, the characteristic oscillations of distributions
are suppressed and disappear at ΛNC ¼ ∞.

B. Estimation of the number of events in the
noncommutative model

The number of events, i.e., the number of WþW− → ZZ
(subprocess) scatterings, can be used to give a direct sense
of the implications of the noncommutative model.
Assuming the integrated luminosity 100 fb−1, we estimated
the number of signals in the context of the SM, mNCSM, as
well as nmNCSM for some values of ΛNC at c.m. energiesffiffiffi
s

p ¼ 1.0, 1.5, and 2.0 TeV in Table I. The last three lines
(ΛNC ¼ ∞) correspond to predictions of the standard
model.

V. SUMMARY AND CONCLUSION

We examined the gauge sector of both the minimal and
nonminimal noncommutative standard model and obtained
theOðθÞ Feynman rules for all QGCs. It was found that the
Higgs part of the action induces contributions in the
electroweak gauge sector of the noncommutative standard
model. In the minimal case and up to the leading order of
the deformation quantity, the electroweak gauge sector of
the model is the same as that of the standard model and
only the Higgs sector induced interactions contribute to
OðθÞ Feynman rules for gauge boson couplings. These
contributions are of dimension 4 and momentum

independent. In contrast, in the nonminimal case the gauge
sector of the model contributes to QGCs through dimen-
sion-6 and momentum dependent interactions. Also, two
anomalous couplings appear in the nonminimal model
where the photon as well as the neutral weak boson are
coupled directly to three gluons. Such an electroweak-
chromodynamics mixing is forbidden in the standard model
at tree level. We studied the phenomenological implications
of the model in W−Wþ → ZZ scattering and showed that
noncommutativity of spacetime manifests itself through a
characteristic oscillatory behavior in the azimuthal distri-
bution of differential cross sections. In particular, for the
case of space-space noncommutativity we evaluated scat-
tering cross sections at

ffiffiffi
s

p ¼ 1.0, 1.5, 2.0 TeV for ΛNC

from 0.6 to 1.8 TeV and found that the dσNC
dϕ distributions at

θ ¼ π
2
as well as the integrated dσNC

dϕ distributions show a

sinusoidal behavior with crests at ϕ ¼ 3π
4
; 7π
4
. For a given

c.m. energy as ΛNC increases crests smoothly collapse and
disappear at large scales. On the other hand, for a fixed
value of ΛNC by increasing the c.m. energy crests become
much stronger and appear as sharp peaks. Also, the dσNC

d cos θ
distributions show a symmetric pattern around θ ¼ π

2
.

However, the patterns for minimal and nonminimal models
are different in shape. In the minimal model, two separate
crests appear at θ ¼ π

4
; 3π
4
while in the nonminimal case

there is a central peak at θ ¼ π
2
and curves smoothly

disappear in forward-backward directions. Analysis of
dσNC
d cos θ distributions indicates that in the minimal model
the number of events, in comparison with the standard
model, increases considerably in the backward direction
from θ ¼ 0 to θ ¼ π

4
and also in forward direction from

θ ¼ 3π
4
to θ ¼ π while from θ ¼ π

4
to θ ¼ 3π

4
this remains

essentially the same. In contrast, in the nonminimal case the
number of events is expected to increase from θ ¼ π

4
to

θ ¼ 3π
4
with a sharp maximum at θ ¼ π

2
. However, in both

the models the scattering is forward-backward symmetric.
Assuming the integrated luminosity 100 fb−1, we estimated
the number of W−Wþ → ZZ scatterings in both the
minimal and nonminimal noncommutative models for
some values of ΛNC at c.m. energies

ffiffiffi
s

p ¼ 1.0, 1.5,
2.0 TeV and compared the results with predictions of the
standard model. The number of events is expected to
increase by a factor of order 101 up to 105 in some cases.

APPENDIX A: FEYNMAN DIAGRAMS

In the standard model, there are four diagrams that
contribute to W−Wþ → ZZ scattering. These are contact
coupling, t-channel, u-channel, and Higgs-mediated
s-channel diagrams. In the context of the noncommutative
standard model the scattering amplitude of these diagrams
is evaluated using the θ-expanded vertex functions.
Also, two new diagrams 5 and 6 are allowed in the

TABLE I. Number of signals in the mNCSM, nmNCSM, and
SM at integrated luminosity 100 fb−1.

Model
ffiffiffi
s

p
(TeV) ΛNC (TeV) No. of events

mNCSM 1.0
0.6 1.130 × 107

1.2 3.651 × 106

1.8 3.158 × 106

mNCSM 1.5
0.6 1.921 × 109

1.2 1.080 × 108

1.8 6.200 × 108

nmNCSM 1.5
0.6 5.543 × 1012

1.2 1.790 × 1011

1.8 1.036 × 1011

nmNCSM 2.0
0.6 1.054 × 1013

1.2 3.427 × 1012

1.8 1.972 × 1011

SM
1.0 ∞ 2.960 × 106

1.5 ∞ 2.862 × 106

2.0 ∞ 2.763 × 106
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noncommutative extended model. Observe that the last
diagram contributes only in the nonminimal model.
(1) Contact

(2) t channel

(3) u channel,

(4) s channel,

(5) s channel,

(6) s channel,

APPENDIX B: FIGURES

See Figs. 1–15.

FIG. 1. Differential distributions dσ
dϕ at θ ¼ π

2
in the SM forffiffiffi

s
p ¼ 1.0, 1.5, 2.0 TeV.

FIG. 2. The θ-integrated dσ
dϕ distributions in the SM forffiffiffi

s
p ¼ 1.0, 1.5, 2.0 TeV.
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FIG. 3. The ϕ-integrated dσ
d cos θ distributions in the SM forffiffiffi

s
p ¼ 1.0, 1.5, 2.0 TeV.

FIG. 4. Differential distributions dσNC
dϕ at θ ¼ π

2
in the mNCSM

for
ffiffiffi
s

p ¼ 1.0 TeV.

FIG. 5. The θ-integrated dσNC
dϕ distributions in the mNCSM forffiffiffi

s
p ¼ 1.0 TeV.

FIG. 6. The ϕ-integrated dσNC
d cos θ distributions in the mNCSM forffiffiffi

s
p ¼ 1.0 TeV.

FIG. 7. Differential distributions dσNC
dϕ at θ ¼ π

2
in the mNCSM

for
ffiffiffi
s

p ¼ 1.5 TeV.

FIG. 8. The θ-integrated dσNC
dϕ distributions in the mNCSM forffiffiffi

s
p ¼ 1.5 TeV.
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FIG. 9. The ϕ-integrated dσNC
d cos θ distributions in the mNCSM forffiffiffi

s
p ¼ 1.5 TeV.

FIG. 10. Differential distributions dσNC
dϕ at θ ¼ π

2
in the nmNCSM

for
ffiffiffi
s

p ¼ 1.5 TeV.

FIG. 11. The θ-integrated dσNC
dϕ distributions in the nmNCSM forffiffiffi

s
p ¼ 1.5 TeV.

FIG. 12. The ϕ-integrated dσNC
d cos θ distributions in the nmNCSM

for
ffiffiffi
s

p ¼ 1.5 TeV.

FIG. 13. Differential distributions dσNC
dϕ at θ ¼ π

2
in the nmNCSM

for
ffiffiffi
s

p ¼ 2.0 TeV.

FIG. 14. The θ-integrated dσNC
dϕ distributions in the nmNCSM forffiffiffi

s
p ¼ 2.0 TeV.
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