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Drell-Yan hadron tensor: Contour gauge and gluon propagator
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We consider the gauge invariant Drell-Yan hadron tensor which includes the standard and nonstandard
diagram contributions. The nonstandard diagram contribution appeared owing to the complexity of the
twist three BY (x,, x,)-function where the gluon pole manifests. We use the contour gauge conception
which allows us to fix easily the spurious uncertainties in the gluon propagator. The contour gauge
condition is generated by the corresponding Wilson lines in both the standard and nonstandard diagrams.
We demonstrate the substantial role of the nonstandard diagram for forming of the relevant contour in the
Wilson path-ordered exponential that leads to the spurious singularity fixing.
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I. INTRODUCTION

The investigation of the nucleon (hadron) composite
structure is still the most important subject of hadron
physics. From the experimental point of view, one of the
widespread and useful instruments for such studies is the
single spin asymmetry (SSA). Especially, the single trans-
verse spin asymmetry opens access to the three-
dimensional nucleon structure thanks to the nontrivial
connection between the transverse spin and the parton
transverse momentum dependence (see, forexample, [ 1-5]).

In QCD, the SSA related to the Drell-Yan (DY) process
was first considered in the case of the longitudinally
polarized hadron [6,7]. This SSA is especially interesting
provided the second hadron is a pion. This is because of the
sensitivity [8,9] to the shape of pion distribution amplitude,
being currently the object of major interest [10,11] (see also
[12] and the references therein). It was shown that the
imaginary phase in the SSA which is associated with
the longitudinally polarized nucleon appears due to either
the hard perturbative gluon loops [6,7] or twist four
contribution of the pion distribution amplitude [8,9].

For the single transverse spin asymmetry in the trans-
verse-polarized DY process, the imaginary part has
previously been extracted from the quark propagator in
the so-called standard [see Fig. 1 (left panel)] diagram with
quark-gluon twist three correlator only (it leads to the gluon
pole contribution to SSA, see [13,14]). The reason was that
the ambiguity in the boundary conditions provides the
purely real quark-gluon function BY (x;,x,) which para-
metrizes the (7y Aty ) matrix element. On the other hand,
the real B (x|, x,)-function kills the contribution from the
nonstandard [see Fig. 1 (right panel)] diagram which
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however is absolutely necessary to ensure the QED gauge
invariance of the DY hadron tensor. This situation has been
discussed in detail in a series of papers [15] where, with the
help of the contour gauge conception, the twist three
BY(x,,x,)-function has been proven to be in fact the
complex function. In turn, this leads to the nonzero
contribution from the nonstandard diagram which produces
the imaginary phase required to have the SSA. This
additional contribution also leads to an extra factor of 2
for SSA.

Recently, the problem of the spurious singularity fixing
in the (local) axial gauge has attracted attention again (see,
for example, [3,16,17]).

The light-cone axial gauge condition imposed on the
non-Abelian gluon field, A* = 0, naturally enables the
parton number (probability) interpretation of parton density
functions in the tree level [18,19]. However, perturbative
calculations beyond the tree approximation demand careful
treatment of the so-called spurious uncertainties in the
gluon propagator D, (k) in the light-cone gauge [20-23].
The latter arise as ill-defined pole singularities of the form
~(k*)~! and are associated, putting the same issue a bit
different, with the residual gauge freedom due to incom-
plete gauge fixing by A* = 0. For this reason calculations
in the axial (light-cone) gauge in higher perturbative orders
are cumbersome and sometimes even contradictory
[24,25]. One can attempt to overcome this difficulty by
working in the well-defined general covariant gauge setting
the gauge parameter to £ = —3 + 0(a, ), which is known to
effectively “imitate” noncovariant gauges [25,26]. Another
approach is to keep working in the light-cone gauge and to
get rid of the residual gauge freedom by an appropriate
extra gauge-fixing condition. The latter can be obtained in
terms of the various boundary conditions for the gluon
fields and/or their spatial derivatives [3,16,17].

In the present work, we investigate an alternative
approach to formulation of the more general gauge-fixing
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FIG. 1.
diagrams (right panel).

condition from the very beginning which is supposed to
entail the “right” pole prescriptions for the gluon propa-
gator. We continue to explore the contour gauge conception
and demonstrate how the spurious uncertainties in the
gluon propagator can ultimately be fixed in the nonlocal
axial gauges. Working within the collinear factorization
procedure, we emphasize the substantial role of the
nonstandard diagram to get the relevant contour in the
Wilson path-ordered exponential needed to fix ultimately
the spurious singularity in the gluon propagator.

II. GETTING STARTED: KINEMATICS

We begin with the kinematics of Drell-Yan process. As in
[15], we study the Drell-Yan process with the transversely
polarized hadron:

N (py) + N(p2) = v*(q) + X(Py)
— (1) +£(L) + X(Py), (1)

where the virtual photon producing the lepton pair
(I; +1, = g) has a large mass squared (¢g°> = Q%) while
the transverse momenta are small and integrated out. This
kinematics (anticipating the collinear factorization pro-
cedure) suggests a convenient frame with fixed dominant
light-cone directions [15]:

O
| R—=n, 2R — =N,
XB\/E )’B\/z
1 - 1 -
nt=—=,0,— ] =(17,0",0)),
(58 5) = o
1 - -1 >
n”: —,0 T — — O+,1_70 )
(\/E 1 \/i) ( J_)
n*-n=n""n"=1. (2)

It is also instructive to introduce the dimensionful analogs
of n, n* as
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The Feynman diagrams which contribute to the polarized Drell-Yan hadron tensor: the standard (left panel) and nonstandard

- +
=2 = P (3)
P1P2 P1P2
With the above vectors as a basis, an arbitrary vector can be
(Sudakov) decomposed as

a* =a'n*+ant+d,
def _def _
atT=atn*, at~=a " n*. (4)

In what follows we will not be so precise about writing the
covariant and contravariant vectors in any kinds of sum-
mations over the four-dimensional vectors, except the cases
where this trick may lead to misunderstanding.

III. DRELL-YAN HADRON TENSOR:
DERIVATION OF WILSON LINES

The polarized DY process is a very convenient process to
study the role of twist three by exploring different kinds of
SSAs. For example, one can study the left-right asymmetry
which means the transverse momenta of the leptons are
correlated with the direction S x e, where S, implies the
transverse polarization vector of the nucleon and e, is a
beam direction [27].

Generally speaking, any single spin asymmetries can be
presented in the symbolical form as

A~ deM) — de) ~ LW, (5)

where £, is an unpolarized leptonic tensor and W, stands
for the hadronic tensor. At the moment, we do not specify
the phase space in Eq. (5) because the exact expression for
SSA is irrelevant for our discussion. Instead, we mainly pay
attention to the hadron tensor which can be presented as

Wi = Wil + Wi (glA) + Wi (g14)
+ (¢"-terms|n > 2)
— W(()) A:t W(l) AJ_ W(z) AJ_ L.
ww (AF) + Wi (g|A~) + Wi/ (g|A+) + -+,
(6)
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where ¢ denotes the strong interaction coupling constant
and

W (A%) = Wi+ Wi (glA™) + Wi (gla7) + -
(7)

The hadron tensor representations can be found below.
In our case, the single transverse spin asymmetry is

only generated by the hadron tensors W,(,},) (glAt) and

Wﬁ)(gml) where the twist three contributions related to
(wy*Aty) have been extracted. As shown below, the

(wy"A*y)-correlators in the hadron tensors W,(,ly’z) (9l4)
participate in forming the corresponding Wilson lines
which appear in the quark-antiquark correlators of the

hadron tensor W,(f,)/) (A*). In the frame of usual axial gauge
(AT =0), this kind of contribution can be discarded.
However, we work in the contour gauge which is, first,
a nonlocal generalization of the well-known axial gauge.
Second, the contour gauge contains the important and
unique additional information (needed to fix the prescrip-
tion in the gluon poles) which is invisible in the case of
usual (local) axial gauge. From this point of view, before
we discard the terms with A*, we have to determine the
relevant fixed path in the restored Wilson line with A™
which eventually leads to certain prescriptions in the gluon
poles (for further explanations, see [15]).

A. The standard hadron tensor (direct process)

In this section, we analyze the part of the DY hadron
tensor which is generated by the diagram in Fig. 1 (left
panel). This is the standard hadron tensor which can be
written in nonfactorized form as

Wi (glA)

= / d*kyd*kz6™ (ky + ky — q) @V (ky)
X / d* ¢k )t Yl VY Va

2 (

=1y + (= k)t = (fL — k)7L

(€ —ky)? + ie ®)

where
q)(A)[Yﬂ k f& ST_ + A 0 ST 9
a(ky, O)=(pr, ST (m)r T gA«(2)w(0)[ST, p1),  (9)

B (ky) 2 (p, | (02) 7w (0) | pa). (10)

In Egs. (9) and (10), F, and F, denote the Fourier
transformation with the measures defined as

d*n,eemand  dty dtzemhim—ics, (11)
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respectively. For the sake of shortness, we will omit S7 in
the hadron states which indicates the transverse polariza-
tion of hadron.

We now analyze the tensor structure of the trace in Eq. (8).
We can see that the first term of the quark propagator,
£ —ky )y, singles out only the transverse components of
gluon field in the quark-gluon correlator, see Eq. (9). At the
same time, the second term of the quark propagator,
(¢~ — k3)y ™, separates out only the longitudinal component
AT in the quark-gluon correlator. This second term is very
important for derivation of the corresponding Wilson line
which defines in our approach the contour gauge. The third
term of the quark propagator gives us the quark-gluon
correlator with both indices a = (+, L).

The collinear factorization procedure for the process
under consideration can be introduced by the following
steps (for details see, e.g., Refs. [28,29]):

(a) the decomposition of loop integration momenta
around the corresponding dominant direction:

ki=x;p+ (ki- p)n+kp

within the certain light cone basis formed by the
vectors p and n (in our case, n* and n);
(b) the replacement:

d4ki = d4k,~dxi5(x,~ - ki . n)

that introduces the fractions with the appropriated
spectral properties;

(c) the decomposition of the corresponding propagator
products, which will finally form the hard part, around
the dominant direction. It is necessary to notice that in
the DY process case the corresponding S-functions
which appeared in the hadron tensor and expressed the
momentum conservation law should be also referred to
the hard parts. This statement was argued in [30] in the
context of the so-called factorization links;

(d) the use of the collinear Ward identity if it is necessary
within the given accuracy level;

(e) performing the Fierz decomposition for y,(z)w4(0) in
the corresponding space up to the needed projections.

Let us first dwell on the second term, (£~ —k;)y™,
contribution. This term is responsible for forming the
Wilson line in the gauge-invariant quark-antiquark string
operator. Indeed, making used the collinear factorization
(¢~ =0, (£ —ky)* = =2¢7k5), the above-mentioned term
contributes in the hadron tensor as

Dks — 1
W ga%) = [ duthi )8 k)5
x / dztely,y vy Tyt

X/df+ e /d477 e~ tkim
£t —ie :

< (py [ (n)rtgAT (07, 27,0, )w(0)[py),
(12)
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where the integration measure reads

kt ks
dp(kisx1.y) = dx1d4k16<x1 - p—L) dyd*k,5 <y - p—i)

1 2
x [6%W (x;p1 + yp2 = q)). (13)

The prescription —ie in the denominator of (12) directly
follows from the standard causal prescription for the
massless quark propagator in (8) (cf. [31]).

Integration over ' in (12), using the well-known
integral representation

+i [t ek
0(£x) = — dk , 14
() 2r /_oo k +ie (14)

leads to the following expression:

D[k
Wi (gl
:/d,u(k,»;xl,y)tr[yﬂy—yy},ﬂi[y‘](kz)/d4,71€—ik1.,11

0~ >
x (p1 IW(m)y*ig/ dz”AT(07, 27,0 )y (0)|py).

—0o0

(15)
where we use

1
57*1/‘7* =y (16)

It is important to stress that the leading order hadron tensor

W,(g) (¢°) differs from the hadron tensor (8) by overall sign:
the leading hadron tensor has a prefactor i> due to two
photon vertices, while the hadron tensor (8) is accompanied
by a prefactor i* thanks to two photon and one gluon
vertices together with the prefactor from the massless quark
propagator (—1)/i (we use the convention as in [32]).
Thus, if we include all gluon emissions from the
antiquark going from the upper blob in Fig. 1 (left panel)
(the so-called initial state interactions), we are able to get
the corresponding P-exponential in oMl (k,Z). The
latter is now represented by the following matrix element:

/d4’71€'ik"”' (p1[w(m)y*[=007:07 [y (0)|p1),  (17)
where
[~007507]4+ =[0F, 007, 6L§O+, 0_,6L]A+
= [P’exp{igA_oo_ dz‘A*(O*,Z_,()l)}.
(18)
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The collinear twist ( = d —s,) of AT is equal to zero,
therefore the Wilson line which is summing up all these
components does not affect the twist expansion within the
collinear factorization.

If now we include in our consideration the gluon
emission from the incoming antiquark (the mirror contri-
butions), we will obtain the Wilson line [, —co™] which
will ultimately give us, together with (18), the Wilson line
connecting the points 0 and #; in (17) contributing to W,(f,)).
This is exactly what happens, say, in the spin-averaged DY
process [33]. However, for the SSA, these two diagrams
should be considered individually. Indeed, their contribu-
tions to SSAs, contrary to the spin-averaged case, differ in
sign and the dependence on the boundary point at —co™
does not cancel.

For the pedagogical reason, we want to show the
exponentiation of the transverse gluon field (here, we
mainly follow to [16]), although we are restricted by the
twist three case and the inclusion of all degrees of the
transverse gluon field exceeds our accuracy. Let us consider
the third term, (£, — k, )7, contribution which helps us
to demonstrate the exponentiation of the transverse gluon
fields. The corresponding hadron tensor part takes the
following form:

Wﬁ)[fﬂ (g|AJ‘)
= / dp (ki x1. y)® (k) )trly, v, v ra7it]

—-L 7L
% /d4f (f — k3 )i d)ffl)w(kl f)
204k; + £ — ie

= / du(ki; xy, )@ (k) ey, r 1,y 77 Riee (19)

where we assume that %2 1 ~0. In Eq. (15) let us focus on
the Z-integration, we have

pan
- e

R, = / derde-de | —
' 207k + €1 — ie

x / dinydze= m=p [ () )y T gAL (2)w (0)| py).
(20)

We now use the a-representation for the denominator that
stems from the quark propagator:

1
20k; + £ — ie

— i/oo dae—ia[Zf*k;ﬂ?i—ie]. (21)
0

Next, in Eq. (20) we perform the integrations over dZ~
and d¢* which give §(z") and 6(z~ + 2ak; ), respectively.
We remind that the variables « in (21) are dimensionful
and dimy[a] = -2.
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Therefore, the integral & takes the following form
(cf. [16]):

. 02 2L Cd . [2;2_4]
Riog=1 [ d?C, ¢ dae™ ' L7E
0
X/d4md22le—ik1m+i2ﬁ_h

X (p1[w(n )yt gAz (0T

In Eq. (22) the transverse gluon field operator can be
presented as

AJ‘(O —00~ ZJ_ a /

==, 2w (0)[pr). (22)

da)f;A/J; , =00, wh),

(23)
where we fix the arbitrary constant C to be —oo;.

By making use of the representation (23), after integration
over a we arrive at

f fL - . -
gi,a:i/dzfi /d47]1d2ZLe_lk]”I+lflzl
fl—ié‘

><<101|W(111)7*9/Z

—00

€

Ay (0%, —co™,ar )y (0)[pi)-

(24)

We insert the obtained expression for &; ,, see Eq. (24), into
the expression for hadron tensor (15). After integration over

d*¢| and, then, after integration over d’Z, we get the
following expression for the £, -term of the hadron tensor:

W ﬁ]( |Al)

:/dﬂ(ki;xl,y)a[y](kz)tr[]/ﬂy_}/”ﬂ‘]/d4nle—ik,r“
OL

doFAF(0F, ~00™ &y (0) py).

x (P |w(m)r*i9/

OO

(25)

As well as for the case of longitudinal gluons, if we now
include all gluon emissions from the antiquark going from
the upper blob in Fig. 1(left panel), we reproduce the
corresponding P-exponential with the transverse gluons in

Rk (ky, ). Together with the result obtained above for
the A" -fields, we finally have

/ d*nie™™ e (p [ (07, 77,0, )y "
x [07, —00™,0,;0%,07,0, |-

x [0F, —c0™, =0;0%, =007, 0, ],y (0)[ 1),  (26)
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where
[0F, —c0™ —o07, 6J_]AJ_

—oot
= Pexp{ig/ da)ﬂLAj(Oﬂ—oo_,(?)L)}. (27)
OL

) _mj_; 0+7

The transverse components of gluon fields, AL, have the
collinear twist which equals 1. Therefore, the Wilson line in
Eq. (27) represents the infinite amount of the subdominant
contributions. Within our frame, it is enough to be limited
by the collinear twist three contributions only. In other
words, we leave only the terms which include the first order
of A+,

B. The nonstandard hadron tensor (direct process)

The next step of our consideration is the contribution of
the nonstandard diagram, depicted in Fig. 1 (the right
panel). The DY hadron tensor receives the contribution
from the nonstandard diagram as (before factorization)

W (gl4) = / P o (k) + by — )

X tr[yﬂf(kl)yua(kZ)]’ (28)
where the function F (k) reads
F(ky) = S(kl)Va/d4’71€_ik""‘
x(p1|w(m)gA.0)w(0)|p1).  (29)

Performing the above-described factorization procedure,
the nonstandard hadron tensor takes the following form:

W(g4) = [ dnids(ots = xs)o(y = ya)la)
X tr {yﬂ (/ d*k,8(x, py — kf)f(k1)>7uf72]

= /dxldy[5(xl —x3)0(y — y3)]
xq(y)py M, (x1).

We now consider the integral over k; in (30), we write

(30)

W,Z = /d4k]5(x1p1+ - k1+)

kKfy~ +kiyt — k7
xtr{yﬂ YKy 1171

2 kT — Ky, + ie

X/d“me‘”‘"”‘ (P17 (m1)y T 9AL(0)w (0)|py).

YoV V¥

(31)
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Technically, derivation of the longitudinal Wilson line for
this case differs from the derivation we implemented for the
standard hadron tensor. We notice that for the nonstandard
hadron tensor the quark propagator has been included in the
soft part.

Let us consider the first term, kfry‘, in the quark
propagator, see Eq. (31). Thanks to the y-structure, this
term singles out the A™-field in the corresponding corre-
lator. Moreover, the Fourier image of the quark-gluon
correlator can be presented in the equivalent form as

/d“me‘”“"7“""‘z<p1W(fh)y+

o [z -
X g@z_+/ N dotA™(0*,07,0,)[._oyw(0)|p1), (32)

—o0

where the derivative with respect to z* can be shifted to the
exponential function e*1%". As a result, we have

iky / d*n e~ kim

x (pilw(m)r*yg /_0

[Se]

4

dotA™(w",07, (h)l//(o) P1)-
(33)

Using Eq. (33), the tensor N, takes the form of (7{% 1 ~0)

NG, = / d*ki8(x, pi = kD)tely,rrrt]

X /d4l71€_ik"'7‘

x (pi Il//(m)y*ig/

—oot

ot

(34)

Thus, the first term finally contributes to the nonstandard
part of the hadron tensor as

Wi (A7)
- / dxydy[3(x1 — x)3( — y5)|a(y)
X/d4k15(xlpfr_kﬁ)tr[}’ﬂ_}’y}’ﬂ/d4’71€_ik""'

X <P1|W(’11)7+[—°°+,0_,6¢;0+,0_,6¢]A-W(O)|P1>-
(35)

The exponentiation of A~
Appendix A.

Despite the minus component, A~, has formally the
collinear twist 2 (the so-called sub-sub-dominant compo-
nent), the Wilson line with A~ in Eq. (35) will play the

has been presented in

dwtA=(&",07,0, )y (0)|py).
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FIG. 2. The longitudinal Wilson lines related to the standard
(red lines, the exponentials with A™) and nonstandard (blue lines,
the exponentials with A7) Drell-Yan hadron tensor. The circles
single out the interception points which the continuity conditions
are defined for.

substantial role for the residual gauge fixing, see the
discussion in the next section.

To conclude the section, we restore all the longitudinal
Wilson lines which emanate from both the standard and
nonstandard hadron tensors, see Fig. 2.

IV. CONTOUR GAUGE: ELIMINATION OF
LONGITUDINAL WILSON LINES

The axial gauge A™ = 0 (as well as the Fock-Schwinger
gauges) is in fact a particular case of the most general
nonlocal contour gauge determined by a Wilson line with a
fixed path. Indeed, the straightforward line in the Wilson
exponential which connects +-co0 with x gives us the axial
gauge, while the straightforward line connecting x, with x
leads to the Fock-Schwinger gauge. Notice that two
different contour gauges can correspond to the same local
axial gauge. Meanwhile, to distinguish different contour
gauge is very crucial to fix the prescriptions in the gluon
poles [15].

In the past, the contour gauge was a very popular subject
of intense studies (see, for example, [34]). One of the
advantages of using the contour gauge is that the quantum
gauge theory becomes free from the Gribov ambiguities.
On the other hand, the contour gauge gives the simplest
way to fix the gauge including the residual gauge freedom.
In contrast to the usual axial gauge, in the contour gauge we
first fix an arbitrary point (xy, g(xy)) in the fiber. Then, we
define two directions: one of them in the base, the other in
the fiber. The direction in the base R* is nothing else than
the tangent vector of a curve which goes through the given
point x,. The fiber direction can be uniquely determined
as the tangent subspace related to the parallel transport.

034032-6
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Finally, we are able to define uniquely the point in the fiber
bundle.

We continue to work with the Drell-Yan hadron tensor
derived in [15]. As shown the standard (direct and mirror)
diagrams lead to the following Wilson lines in the quark-
antiquark nonlocal operator which forms the hadron tensor,
see Fig. 2:

[0+7 77_’ 6L; 0+9 —OO_, 6L]A+’ and (36)
[0+,—°o_56L;0+,0_v6L]A+’ (37)

i.e. the gauge invariant quark string operator takes the
form of

w(0F, 7, 6L)[0+7 n, (h; 0", 00, 6J_]A+F
x [0F, —00~.0,;0%,07,0,],w(07,07,0,). (38)

Here I' implies a relevant combination of y-matrices. The
Wilson line (36) is a result of summation in the mirror
diagram and the Wilson line (37) appears in the direct
diagram.

The sum of direct and mirror diagram contributions takes
place if we study the spin-average DY hadron tensor, while,
for the single transverse spin asymmetry, we deal indi-
vidually with only the direct (or mirror) diagram contri-
bution because the direct and mirror diagrams differ in sign
to construct the corresponding SSA. For our further
considerations in the context of contour gauge, it is not
so crucial what kind of hadron tensors we work with.

The nonstandard (direct and mirror) diagrams give us the
contributions with the Wilson lines

[—m*,n‘,al;0+,n‘, 6L]A_, and

0+,07,0,;—00",07,0,],-. (39)
and, therefore, we have the string operator

W(O+’ n, Ol)[_oo+7 n, OL; O+’ n, OL]A_
xT[07,07,0,;—00", 07,0, ], w(0,0.0,). (40)
According to the contour gauge conception, we elimi-
nate all the Wilson lines with the longitudinal (unphysical)
gluon fields A* and A~. We note that the ideologically
similar approach can be found in [16].
We begin with the Wilson lines shown in Egs. (36) and
(37); we write the following gauge fixing conditions:
[O+,l’]_, 6J_; 0+, -0, 6J_]A+ = ﬂ,
0%, ~007,0,50%,07,0, 4 =1 (41)

explicit solutions of which read

PHYSICAL REVIEW D 95, 034032 (2017)

-

AT (0%, Ly _-,0,) =0, (42)

AT(0%, L. 0,) = 0. (43)
Here L, , denotes the straightforward line in the Minkowski
space connecting point x with point y. In the contour gauge

(41)—(43), the remaining gluon field components can be
represented as (with y = —, L)

AGO0", X701 ) e g (41)-(43)
X~ 8Zﬁ
/—oo- o I, )

[ 9
0

with the boundary condition

AL (0%, X7 = 71700,0 )¢ g (41)-(43) = O (45)

In Eq. (44), we use the parametrization of L_- .- as
1—e 5 -
— + T - ~_1.
z(s) (O X7 = i7lim — ,0l>,
dz,|;® = ngdse ™ |&. (46)

We now dwell on the gauge conditions for A~ gluon
component. We put the Wilson lines (39) to be equal to 1
too, i.e.

[—00+, n, 6J_; O+’ n, 6J_]A_ =1 ’
0+,07,0,;—c0",07,0,],- = 1. (47)
These conditions yield

A~ (Lot~ 117, 01) =0, (48)

A_(l]——oo+.0+ 5 O_, 6J_) - O (49)

As above, in the contour gauge (47)—(49), the remaining
gluon fields have the integral representations which read
(here y =+, 1)

Al (x T nm,0,) |e..(47)-(49)

—co™ 62,3
— dz, —= G (z]AY
l Za gy (z]Ace.)

* "

— A eG4 (xt —itHilAL,)  (50)

with the boundary condition
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Ay (xT = itToo, 1, 0, )c.q (47)-(a09) = 0. (51)

In Eq. (50) the path parametrization of L, _., is given by

e—0 £

1 — ¢t .
thhwm ewa
dz |7 = —it} dre~1[§. (52)

Further, the gluon field A; of Eq. (44) has to be
compatible with the gluon field A~ of Eq. (48). Also,
the same inference has to be valid for the gluon fields A of
Eq. (50) and A" of Eq. (43). We thus require the analytical
continuity for these gluon fields at the interception points,
see Fig. 2, and we finally arrive at the following conditions
(here we omit the subscript G):

A0, x =57,0,) =AT(x* =0",5,0,) =0,
A (x* =0",57,0,) =A~(0",x" =75.0,) =0, (53)

respectively. Having used these conditions, we stay with
the physical gluon fields A only.

V. GLUON PROPAGATOR

We now go over to consideration of the gluon propa-
gator. In the case of local axial gauge A" = 0, the gluon
propagator is still not a well-defined object because of the
spurious singularity related to the residual gauge trans-
formations. In other words, the axial gauge cannot fix
completely the unique element of each orbit defined on the
gauge group. In Appendix B, we present the handbook
material regarding the gauge and residual gauge fixing.
It is clear that if, in the local axial gauge A" = 0, we fix
the residual gauge by requiring 6§(k~, Kk 1) =0 [see
Egs. (B32)~(B37)] we immediately get that A~ =0 as
well. The same inference can be reached in the simplest
way if we use the contour gauge conception [see Eq. (53)].
Notice that the maximal gauge fixing which is based on the
contour gauge conception does not relate technically to the
problem of finding the inverse kinematical operator
[see Egs. (B45)—(B50)]. The contour gauge approach is,
therefore, an alternative method of gauge fixing compared
to the “classical” approaches based on the corresponding
effective Lagrangian (see, for example, [17]).

So, we perform our calculation in the contour gauge
defined by Egs. (41) and/or (47) together with the con-
ditions of Eq. (53) where the only physical gluons are
presented. In the framework of collinear factorization under
our consideration, the gluon momentum has the plus
dominant components.

Having used the Wilson lines from the standard and
nonstandard diagrams, we calculate the gluon propagator
which reads
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(O|TA% (0%, x7,0,)A% (07,07,0,)|0) = D*¥(x7).  (54)

Using the integral representation (44), the gluon propagator
takes the form of

o /
DY (x) = nanﬁA dsds'e=¢5¢s

% (0|TG* (x~ — =5) G (0 — 7i~s')[0)
_ iere | ()2 d(¢)
- / (@) e o e + ig)(?+ o)
(55)

In Eq. (55), we have explicitly performed the integration
over ds(ds'):

0 . . +i
d +is(£T+ie) 56
/) se £t +ie (56)

which emanates from the path parametrization. It is worth
emphasizing the gluon pole prescription can be traced from
this kind of integrations (see [15]). The transverse tensor
d'’ has been constructed as

B Lﬂu,+nzx + fy,+n/4
("] ’

reg

dy () =g (57)

where the spurious singularity [£7]
We consider the combination

reg as to be regularized.

(1)
" +ie) (7" — ie)

a7 (7). (58)

The first term of Eq. (58) includes the combination

er

" TR~

(59)

which has to be treated only as

2 \¢T+ie ¢t —ie

P
) :9””f+f—+:9””- (60)

On the other hand, for x~ > 0 [see the momentum
integral (55)], the integration contour has to be closed in
the lower semiplane, Sm#* < 0. Hence, for the g,,-term,
we obtain the integrand

7+
Y 61
T e (61)
where the denominator Z* — ie has been canceled by one
of #* in the numerator. It is clear that the remaining
combination in Eq. (61) yields g,, [cf. Eq. (60)].
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Regarding the second term of Eq. (58), we propose two
ways of reasoning.

A. The first way

We do not specify explicitly the tensor structure of this
term. The second term of Eq. (58) can be written in the
following form (here the momentum flux direction is not
fixed):

(o)  Len) L, PLMEn
ETrie) (¢ —ie) [(Tlee 0 [
where we use
+
P_ ‘ . (63)

& (F+ie)(fT —ie)

To well-define the product of two generalized functions
the pole 1/[£7],., must be treated only as

reg

1 P
GG (64
Indeed, we have
P P P
7l ETe (63)

On the other hand, if we let 1/[¢"],, be equal to

1/(¢* £ ie), we will face on the wrong-defined product
of two generalized functions [35]:

P P (P .
A (ﬁjF”“s(f)
P
= £6(")

—wrong-defined product.  (66)
B. The second way

We take into account that the tensor structure includes
the plus component of the gluon momentum. Hence, the
second term of Eq. (58) reads

fﬂ,+nv + fL/,Jrnﬂ
7]

(")
(" +ie)(¢" —ie)

(67)

reg

Here, as shown above, for the first factor, we can again use
that

G

(7 + ie) (" — ie) = (68)

and, for the second factor, we have
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A e AN 7 (nn + o)
= ntnY + o).
[£7] (6" Jree

(69)

reg

Based on this expression, it is clear that the only possibility
is to define 1/[¢"],, through the principle value, see
Eq. (64).

Thus, in the contour gauge generated by both the
standard and nonstandard diagrams, the gluon propagator
reads

reg

D (x)
_ d4f —itTx~ 1 v P Ot pt 4 vtk
= @O a9 T )
(70)
or, using Eq. (68), we obtain
V. — —itTx~ L(f”
D) = [@oecr )

where ¢" = ¢ — n**n¥ — n*nt.

We notice that the gluon propagator presented in Eq. (71)
takes place for the very specific case of the polarized
DY hadron tensor under our consideration. In the case of
deep-inelastic scattering process, where the corresponding
Wilson lines are different, the gluon propagator derived in
the contour gauge frame has the form similar to Eq. (73),
see below. We also stress that, in Eqgs. (70) and (71), the
gluon momentum flux is not important and is not specified.

We now consider a particular case wherein only the
standard diagram exists. For example, this can be achieved
if we neglect the higher twist correlators (wA~y) which
appear in the nonstandard diagram. Moreover, the gluon
field coordinates are not necessarily on the minus direction
and the gluon momentum flux is fixed in the positive
direction from the v-vertex to u-vertex. In this case, the
gluon propagator reads

g stand. dia.
D (x) fixed flux

. 1
— d4f —itx
/ S

x { g — ; (*n0(£+) + fmu@(-ﬁ))}, (72)

where the corresponding 6-functions specify the momen-
tum flux. Using the Cauchy theorem in Eq. (72), we finally
arrive at

e—ié’x
£ +i0
Hn nt

X {gﬂb St —ie £F +i£} (73)

Dol = [ (@)
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which coincides with the results in [16,17]. This expression
is sensitive to the definition of the positive (negative) flux
direction [see Eq. (72)]. Hence, the symmetry over u <> v
takes place only together with the simultaneous replace-
ment % <> —£" in the second and third terms of Eq. (73).

VI. CONCLUSIONS AND DISCUSSIONS

In the contour gauge, from the technical viewpoint, the
maximal gauge fixing is not associated with the problem
of finding the inverse kinematical operator. Hence, the
contour gauge approach has to be considered as the
alternative method of gauge fixing in comparison with
the classical approaches based on the corresponding
effective Lagrangians. It is necessary to stress that the
contour gauge contains the important and unique additional
information (needed to fix the prescription in the gluon
poles) which is invisible in the case of usual (local) axial
gauge. From this point of view, before we discard the terms
with A™, we have to determine the relevant fixed path in the
corresponding Wilson line with A* which finally leads to
certain prescriptions in the gluon poles. Moreover, the
corresponding Wilson line with A~ in the nonstandard
diagram, which contributes to the polarized DY hadron
tensor, prompts the way of residual gauge fixing.

We thus advocate the preponderance of the contour
gauge use which allows to fix completely the gauge
freedom by the most illustrative and simplest way. We
demonstrate that the nonstandard diagram plays the impor-
tant role in forming the relevant contour in the correspond-
ing Wilson line. Hence, from the viewpoint of contour
gauge, there is no way to neglect the additional nonstandard
diagram.
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APPENDIX A: EXPONENTIATION OF
COMPONENT A~

In this Appendix, we demonstrate the method of the A~
component exponentiation. In fact, there are several meth-
ods how to exponentiate the gluon fields, see e.g. [36-38].
Here, we present an alternative frame-independent and
most efficient method mainly based on the approach
described in [32], see Sec. 46.

1. Some conventional notations

Before going further, we remind of several conventions
regarding how the gauge transformations match the

PHYSICAL REVIEW D 95, 034032 (2017)

Wilson lines. Taking, for the sake of simplicity, the
Abelian gauge theory (in the case of interest the distinction
between Abelian and non-Abelian groups is irrelevant), let us
assume that the fermion and gauge fields are transformed as
— eiié(x) ( Al)

w(x) w(x),

A?(x) = A, (x) £ 6M9(x),

" (A2)

where @ stands here for the gauge transformation. Generally
speaking, the signs at the gauge function € in Egs. (A1) and
(A2) are conventional. If we fix the transformations as in
Egs. (A1) and (A2), i.e. the same signs in both expressions,
then we can readily see that the covariant derivative and the
gauge-invariant fermion string operator become

iD, = i0, + gA,(x),
0™ (x, ) = g (y) [ys o] (x). (A3)

where the Wilson line is given by

y
[Y;x]AdéflP’exp{qLig/ dz,,A”(z)}
= lim [yioy]afons oyl brsads

(14 igA(x) - (= ). (Ad)
In Eq. (A4), the starting point x and final point y are
connected by the certain path P € R* which allows the
arrangement by pounding {xy }3.

However, if the signs in both fermion and gauge boson
transformations differ from each other, i.e.

y(x) = 00y (x), (AS)
Af;(x) = Aﬂ(x) F 8ﬂ9(x), (A6)

the covariant derivative takes the form of
iD, = id, — gA,(x), (A7)

while the gauge-invariant fermion string operator, in this
case, reads (see, for example, [16])

0™ (x, y) = F(y) s ¥4 () (A8)

or

0™ (x,y) = w(y) [y a3 w(x) (A9)
with the Wilson line defined as in Eq. (A4).

In our paper, we adhere to the conventions as in
Eq. (A3).
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2. Description of the method

We begin with the most illustrative subject which is the
Green function in the external field. The gluon radiation
from the proper spinor line as shown in Fig. 1 (right panel)
is actually relevant to the Green function in the external
field.

Consider the differential equation for the Green function

[0+ gA(0)]S(x.y) = =6¥(x =), (Al0)

where the wide hat denotes the convolution with y-matrices
as A = y - A etc.

We emphasize that the Green function defined by
Eq. (A10) is not a gauge-invariant subject (see, for
example, [36,37]). As one can see below, namely the
gauge-noninvariant Green function ensures the appearance
of the gauge-invariant fermion string operator in the
corresponding hadron matrix element.

For the sake of simplicity and without the loss of
generality, we assume that o = (07,07,0,), A* =

(0F,A™, 0 ) and we, therefore, study the tensor combina-

tion as SI'1(x, y)Cl:efy+S(x, y). That is, instead of Eq. (A10)
we deal with the following differential equation:

[0 + gA~(0)]SV ) (x,y) = =6@W(x—y).  (Al1)

Hence, in the operator forms, the Green function takes the
form of

1

Ml y)=——
ST xy) [0 + gA~(x)]

sW(x=y).  (A12)

where the small hat now denotes the corresponding
operators. From the mathematical point of view, the inverse
operator is defined via the integral representation as
i 00 Al Al .
— = 1lim dyevlio”+9A™ (x)+ie] (AlS)
[i0” +9A(x)] 0Jo

Hence, we can write the Green function as

S[},+](x’ y) _ l/oo dyeiu[i3_+gf1_(x)+ie]5(4) (x _ y)
0

.y /0 " ).

Here and in what follows the limit symbol has been
omitted. In the momentum representation, U/(v) takes the
form of

(A14)

U(I/) — /(d4p)e—ip(Jc—y)Jril/f?JrilC()c,lz)—61/7 (A]S)

where the integration measure (d*p) includes all needed
normalization constants and we use
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e omip(x=y) — mip(x-y) pivp™ (A16)
which defines how the operator acts. In Eq. (Al5), the
function KC(x,v) is an unknown function which we have to
derive.

Since the function U(v) obeys (we can check that by
straightforward calculations)

‘%a’(y”) = [i0” + gA~(x) + ielU).

(A17)

—i

the function /C(x, v) has to satisfy the following differential
equation:

oK (x,v)

= -0~ K(x,v) + gA™ (x)

(A18)

provided K(x,v = 0) = 0. A solution of Eq. (A18) can be
easily found (see [32]); it reads

K(x,v) = g/y ds/(d4k)e_ik(x_s’7+)A_(k)
0

= gl dsA~(x — sii™). (A19)

Using Eq. (A19), the corresponding Green function takes
the form of

S[7+] (_x’ y) = [/oo dye_6”5(4) (X -y- U;l+)
0

X exp{—ig/y d2+A_(Z+)},

where the standard integral representation for §-function
has been used,

(A20)

SW(x—y—vitt) = / (d*p)e~ir=y+ivr - (A21])

and we trade x —uvitt (see the upper integral limit in
integration over dz*) for y thanks to the argument of
o-function.

The final stage is to write the integration of the
o-function as

i/oo dve®6™ (x —y —vit™)
0

= i/oo dve™ 9 =5 (x — y)
0

1
— _A—5(4) X — = SC[7+] X—V). A22
5 i (x=y) (x=v) (A22)

Thus, we derive that
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S (x,y) = S (x = y) s vl (A23)
where S¢(x —y) is defined through (07w (x)w(y)|0) and
we use the obvious property [x;y], = [v;x];"

The extension to the non-Abelian gauge group is
straightforward.

From Eq. (A23), we can conclude that the fermion field
operator in the external field reads

Y(xt|A) = w(xh) exp{ig /Cﬁ dZ+A_(Z+)}, (A24)

where C is, in principle, an arbitrary point which however
we choose to be equal to —co™.

We stress that the fermion in the external field differs
from the gauge-invariant fermion field which appears in the
string operator, see Eq. (A3). Indeed, as is well known (see,
for example, [37,38]) in order to get the gauge-invariant
string operator it is necessary to include the gauge boson
(gluon) radiations from the fermions after the interaction of
them with photons (or other gauge bosons) as shown in
Fig. 1 (left panel). Otherwise, we deal with the fermions in
the external fields which are not gauge invariant [see Fig. 1
(right panel)].

To illustrate the last statement, let us consider the
simplest case of Compton-like amplitude (see also [38]).
We have

= [(@e s pIrrrO)lp).  (A25)

On the handbag diagram level, we have
T = /(a"‘x)e‘iq"‘

1
x (pl:w(x)rw(x)p(0)y'w(0):[p).  (A26)

In order to include all gauge boson radiations from the
fermion propagator given by the fermion contraction, we
merely make a substitution (modulo the conventional
normalizations which are now irrelevant):

1
w()y(0) = §°(x) = S(x,0)

with S(x,0) being a gauge-noninvariant Green function,
see Eq. (A23). Using the relation which is similar to
Eq. (A23), we can obtain that

TH = /(d“x)e‘w
x (p|:w(x)r*S¢(x)[x; 0] .7y (0) : | p).

After the factorization procedure, the matrix combination
y#Sy" refers to the so-called hard part, while the

(A27)

(A28)
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nonperturbative hadron matrix element involves the
gauge-invariant string operator defined as

(pl:w(x)[x; 0],y (0):|p). (A29)

APPENDIX B: GAUGE AND RESIDUAL
GAUGE SYMMETRIES

In this Appendix, we remind of some subtleties related to
the residual gauge transformations in different gauge
theories.

1. Classical U(1)-gauge theory (Abelian theory)
The U(1)-gauge theory, where the gauge transformation

AM(x) = A, (x) + 0,A(x), (B1)

"
defines an orbit on the U(1)-group. In the Abelian case, the
strength tensor F,, is gauge invariant and, therefore, only
the longitudinal (unphysical) components of the field, A},
can be gauge transformed. Indeed, in the classical gauge
theory for both k> =0 and k> # 0, the solution of the
Maxwell equation in vacuum, 9,F,, = 0, reads (modulo
the complex conjugated terms) (see, e.g., [39])

A, (x) = Ag(x) + Ay (x)
= /(d4k)eik"kﬂaL(k)

+ / (k) e s(k2)ex Pal® k), (B2)

where (d*k) stands for the corresponding integration
measure with an appropriate normalization, a = (1,2)
and k-et® =0. With this expression, we can easily
derive the gauge transformations in p-space (= the
momentum representation)

kyap (k) + ejra’ (k) = k,a, (k) + exa, (k) + k,A(k),(B3)

where the imaginary factor i is absorbed in the definition of
A. Tn what follows summation over a and dimensionful
normalizations are not shown explicitly unless it leads to
misunderstanding.

Since k - e1(@ = 0, we conclude that

ap(k) = ay (k) + A(k).  al(k)=a (k). (B4)
or, equivalently,
A () = A (k) + K, A(K),
At (k) = A (k). (B5)

Moreover, it is easy to demonstrate that
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At (x) = —i0,a(x), (B6)

where a(x) is a scalar function which is related to a; (k) via
the Fourier transformation, a(x)ia r(k), and a; (k) =

£(k)/k* with E(k)Zk - AL (k) # 0 for k2 # 0. Notice that
if k> = 0, the Maxwell equation takes the simplest form,
k-A(k) =0, in the p-space and, therefore, k- AL(k) =
k?a; (k) = 0 or, in other words, a, (k) = &(k)/k*> ~0/0.

As is well known, to fix the certain representative on the
group orbit we have to impose a gauge condition F(A}) =
0 on the gauge-transformed fields in order to find a solution
with respect to the gauge parameter A. Here, we do not
discuss the appearance of Gribov’s ambiguity.

a. The Lorentz gauge

As the first example, we consider the Lorentz (covariant)
condition which states

0,AMx) = 9,A, + OPA(x) = 0. (B7)

In p-space, condition (B7) takes the following form:

kAL (k) + kK*A(k) =0 (B8)
which gives us the relation a; (k) = —A(k) for the case of
k> # 0. Notice that if k> = 0, then the functions a; (k) and
A(k) in the combination a; (k) 4+ A(k) are free functions
and they are independent of each other.

However, the gauge condition (B7) [or (B8)] cannot
fix the orbit representative uniquely. Indeed, there is
still the so-called residual gauge freedom defined by
F(AM) = F(A) = 0. For the Lorentz condition, two simul-
taneous conditions,

0,AMx) =0 and 9,A,(x)=0, (B9

lead to

0 No(x) =0, (B10)
where the gauge function (parameter) A, defines the
residual gauge freedom. That is, the residual gauge trans-
formation with the function A, keeps the gauge condition,
F(A) =0, gauge invariant. Hence, the gauge freedom
fixing means that one fixes all gauge freedom including
the residual gauge. In other words, if there is no residual
gauge transformation, the given gauge condition fixes the
gauge freedom completely and we deal with one repre-
sentative on a gauge orbit.

Let us consider the second gauge condition in Eq. (B9).
In p-space, it leads to the following possibilities
(k- a, =0 by definition):
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k2 =0, a(k)— arbitrary

, (B11)
K2#0, ag(k)=0.

Ka; (k) =0= {

Hence, we can see that the gauge condition (B9) cannot
eliminate the unphysical field A% for the case of k* = 0.
Working with Eq. (B10), in the same manner, we conclude
that the gauge function AO(%) is not fixed and generates the
residual gauge transformation provided k> = 0.

It is instructive to consider the condition (B10) in the
coordinate representation (x-space). Solution (B10) can be
easily found and represented, for instance, in the following
form:

const
1/x2, for x> # 0
Coe'o—*N)  with, |N| = 1.

Ao(x) = (B12)

Notice that the scalar function a(x) in Eq. (B6) which
obeys the second condition in Eq. (B9), i.e. 9*a(x) = 0,
has formally the same form as (B12).

For k? # 0, the scalar gauge function A gives also the
longitudinal (unphysical) field AL, see (B8). Therefore, the
first two solutions of (B12) are irrelevant for our study.
In order to get matched with the corresponding condition
(B11) in the momentum representation, we have to put C,
equal to zero, Cy = 0. However, for the case of k2 =0, as
mentioned above, the functions a(x) and Agy(x) are
independent and arbitrary due to the different free constant
prefactors in the plane wave solution.

We can also consider the Lorentz gauge condition (B7)
as an inhomogeneous differential equation with respect to
A(x), i.e.

OPA(x) = n(x), (B13)

where 5(x)& — d,A,(x). Solving (B13), we obtain that

AG) = Ro(x) + [ 3G =ym0).  (B14)
where the Green function G(x) is defined as

(B15)

with the suitable regularization of operator stemmed from
the corresponding boundary conditions, see [32].

B. The Coulomb gauge

Using the condition A{}(x) = 0 to amplify the Lorentz
condition (B7), we can get the Coulomb gauge condition
which reads
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2o A

OAM(x) = DA(x) + AA(x) = 0. (B16)

In p-space, the condition (B16) is transformed to (recall
that A" = 0 by construction)

- -9 ~

Kap (k) + KAk) = 0. (B17)
Again, let us study the corresponding residual gauge
freedom:

OA(x)=0 and AA(x)=0. (B18)

For the sake of simplicity, we dwell on the case of k> = 0

which leads to k* # 0. With this, instead of (B17), it is
enough to stop on the equation

(B19)

Hence, the only solution of (B19) is A = 0 which means
that there is no residual freedom at all.

Therefore, in the Coulomb gauge there are no longi-
tudinal field components and we deal with the physical
gauge field A; only.

c¢. The Hamilton and axial gauges

In a similar manner, we can study the residual gauge
symmetries in the Hamilton (A} = 0) and axial (A™" = 0)
gauges. The residual gauge transformations are given by
the corresponding free (unfixed) gauge function A(k)
provided ko = 0 or k* = 0.

2. Classical SU(3)-gauge theory (non-Abelian theory)

The next subject of our discussion is a non-Abelian
gauge theory with SU(3) gauge group. In this case, the
gauge transformation is given by

A2(x) = o(x)A, (x)o (x) + éa)(x)aﬂw‘l (x)  (B20)
which gives in the infinitesimal form
1
A (x) = A%(x) + freAL(x)6° (x) + 5@,6“ (x), (B21)

where w(x) = exp(i6“(x)t*). The decomposition of field
components in the longitudinal and transverse components
1s similar to the Abelian case, see above. In contrast to the
U(1) gauge group, the strength tensor G, is gauge
covariant. It means that all field components may change
under gauge transformations.
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a. The Lorentz gauge

We again begin with the Lorentz gauge condition:
1
0,A;" (x) = 0,A5(x) —i—f"bC@M(Aﬁ(x)Hc(x)) + §a2¢9a(x)
=0. (B22)

As mentioned above, the gauge condition is invariant under
the residual gauge transformation:

0,4 (x) = 9,A5(x) =0 (B23)
or, equivalently,
Dic0,6¢(x) = 0, (B24)
where D4 = 9,6 4 gf*°Ab(x).
In p-space, condition (B24) takes the form of
—K*6°(k) + igf**k,Ap" (k)6 (k) = 0. (B25)

If k¥ =0 and, therefore, k,A;" (k) =0, then the gauge
function €(x) cannot be fixed and generates the residual
gauge transformation.

b. The Hamilton gauge

A similar situation occurs in the Hamilton gauge,
Af = 0. The residual transformation is induced by the
gauge function which obeys

809“()60, .;C) =0. (B26)
Hence, the solution of this equation is rather trivial:
O-function is the time-independent function, 0(X).

In the momentum representation, condition (B26) gives
us the equation

/ (d*K)e™ ko0 (ko, k) = 0 (B27)
which has a solution as
05 (k) = (ko) (k). (B28)
Therefore, we find in the coordinate representation
[@neanmin =05 29

which coincides with the results of the preceding paragraph.

c. The axial gauge

Working in the axial gauge, A™® =0, in a similar
manner we are able to find the gauge function that is
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responsible for the residual gauge symmetry. We impose
the condition

At?(x) =AT(x) =0 (B30)
or, in the equivalent form,
- . 9
0t (xt,x7,x,) =0 with 9t =09_= paet (B31)
X

The solution of this trivial differential equation is the
x~-independent function 6% (x*, X ;) which has the follow-
ing form in p-space [cf. (B27) and (B28)]:

08k, k=, k) = 6(kT)0(k~,k,),  (B32)
where 6§ (k~, K 1) is an arbitrary gauge function related to
the residual symmetry.

It is instructive to focus on the finite gauge trans-
formations and corresponding gauge condition, namely

AT (x) = o(x)AT (x)w™ (x) + éw(x)@ﬁo‘l(x)
=0. (B33)

The solution of this equation can easy be found; it reads

wo(x) = Pexp{igj: dz‘A*(x*,z‘,i’L)}, (B34)

where, generally speaking, C is an arbitrary constant. We
stress that the solution wy(x) is valid for V x € R*. At the
same time, this function can be multiplied by an arbitrary
x~-independent gauge function to produce another solution
of Eq. (B33), i.e.

W(xt,x7, X)) =o(xt, X )oy(xt,x7,x,),  (B35)
where @(x", X, ) = exp(i6“(x", X, )t?). Indeed, one can
demonstrate that A™W (x) = 0.

To study the residual symmetry, we have to demand that
A™(x) = 0 for any x. Therefore, from (B35), we obtain that
the function

Wt xm, X )ar—o = @(x", %) (B36)
generates the residual transformation we are interested in.

Let us now return to the gauge function presented by
(B32). The case of k™ = 0 (which provides us the residual
symmetry) leads to the so-called spurious singularity in the
gluon propagator in the axial gauge, see the next sub-
section. If we adopt a procedure to regularize this singu-
larity with the help of some well-defined procedure,

[k ],eq # 0, then the existence condition for the residual
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symmetry, see (B31), has to be given by (in the momentum
representation)

[(@es i otk ogie k) 0. (837

Hence, the only possibility to satisfy this equation is to

demand that 6§ (k~, Kk 1) = 0 which means that we fix the
remaining residual symmetry. Thus, we conclude that the
spurious singularity is fixed if and only if we do not have
the residual gauge symmetry. On the other hand, we may
say that the residual gauge fixing is enough for the
elimination of spurious singularity.

3. Spurious singularity of gluon propagator

Let us return to the issue of the spurious singularity
which appears in the gluon propagator in the axial
gauge AT = 0.

The generating functional for gluons (gluonodynamics)
in the most general gauge F(A?) =0,

Z=N / DA, "1

=N / DA, A JAJ5(F(A))eSH], (B38)

where N involves the infinite gauge group volume, J a6,
and we use

- / dOA[AIS(F(AD)),  AJAY = AJA.  (B39)

Instead of solving the gauge condition F(A?) =0 with
respect to the group function € within the generalized
Hamilton formalism, we separate out the infinite group
volume, f d@, in the generating functional (the Faddeev-
Popov approach).

The next trick is related to the exponentiation of
5(F(A)). We introduce the generalized gauge condition
as F(A) = C with 6C/6A, = 0. The generalizing func-
tional Z must be independent on C. Therefore, to get the
C-independent functional we have to integrate out over this
parameter C. Using the integration measure defined as

dC exp (— 2%/ d*xC? (x)) , (B40)
we have

Z-N / dCeE [ ¢ ) / DA, A JAJS(F(A) — C)eiSH

=N / DA, A AW [ ), (B41)
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In (B41), the effective action with the gauge-fixing
term,

Shx = X2 (A), (B42)

2

is now not gauge-invariant anymore. As a result of this
trick, we do not need to solve the gauge condition with
respect to the gauge function.

Let the gauge condition F(A) =0 be AT =0 with
n* = 0. In this case, the determinant A [A] is independent
on A and, therefore, we are able to include this determinant
in the normalization of functional. Thus, the effective
Lagrangian reads

1 1
£eff = G,G, — —(l’l . A)2

_Z ™ uy 2 é (B43)
This Lagrangian yields the effective action which can be
written as

St =3 [ ExAWK AW, (B4

where

x Ty - (B45)

1
K, (x) = gm,az -0,0, —En
In p-space, the operator K, has an inverse operator which,
in the limit of £ — 0, is given by

d,(k,n)
Kl (k) =22,
w (K) k> +i0

k,n, + k,n
dﬂl/(k’ I’l) = g;w - u-

o (B46)
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As we have demonstrated in the preceding subsection,
when we fix/regularize the spurious singularity [k*], it
means that we fix the residual gauge symmetry defined by
the gauge function 6% (k~, K 1) and vice versa.

We also remind that it is not possible to fix the residual

gauge simply by means of adding

1

2&, (- A

(B47)

in Eq. (B43). In this case, the inverse kinematical operator
[see Eq. (B46)] does not exist due to the fact that the free
(without the coefficients) tensors n,n, and n,n; present in
the corresponding equation to determine the coefficients.
Indeed, introducing the Lorentz parametrization (where the
coefficients have to be determined)

du/)(kv n, I’l*) = 9y + alkyk/) + bkan + b3nvk/) + b4kun;

(B48)

4
+ bsnyk, + cenyn, + conpn;,

where

dimM[aﬂ = —2, dlmM[bl] = —1, dlmM[C]] = 0,

(B49)

the contraction equation on the coefficients (or, in other
words, the Green function equation)

Kudyy = gup (B50)

involves the tensors n,n, and n,n; which stay without
coefficients. It means that the inverse operator cannot be
derived.
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