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We perform calculations showing that a source producing K�K̄� in J ¼ 2 and L ¼ 0 gives rise to a
triangle singularity at 1810 MeV with a width of about 200 MeV from the mechanism K� → πK and then
KK̄� merging into the a1ð1260Þ resonance. We suggest that this is the origin of the present f2ð1810Þ
resonance and propose to look at the πa1ð1260Þ mode in several reactions to clarify the issue.
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I. INTRODUCTION

Triangle singularities, discussed long ago by Landau [1],
are catching the attention of hadron physicists recently. The
large amount of phenomenology gathered in different
facilities studying intermediate energy reactions and hadron
spectra has widened the range of possible cases where
triangle singularities are relevant. In essence the singular-
ities appear from Feynmann diagrams with three particles
in a loop when the particles are placed on shell and the
momenta are collinear. Yet, some condition is also neces-
sary for the singularity to appear and it is that the
mechanisms reflect a classical problem in which the
external particle A decays into 1 and 2, particle 1 decays
into 3 and an external particle B and then 2 and 3 fuse to
give an external particle C. This is the content of the
Coleman-Norton theorem [2]. Avery simple analytical way
to see when the triangle singularity appears can be seen in
Ref. [3], where a critical discussion of the suggestion made
in Refs. [4–6] associating the narrow peak of the penta-
quark Pcð4450Þ observed in the LHCb collaboration [7] to
a triangle singularity is made.
Recent examples of relevant triangle singularities can be

seen in the ηð1405Þ → πa0ð980Þ and ηð1405Þ → πf0ð980Þ
decays [8], the latter one violating isospin, which is
abnormally enhanced due to the triangle singularities
[9–11]. Another example is the case of the “a1ð1420Þ”
claimed as a new resonance by the COMPASS collabora-
tion [12], which, as suggested in Ref. [13] and shown
explicitly in Refs. [14,15], represents the decay mode of the
a1ð1260Þ into πf0ð980Þ due to a triangle singularity
coming from the a1ð1260Þ → K�K̄, K� → Kπ and KK̄
combining to give the f0ð980Þ.
A more recent example is given in Ref. [16], where the

enhancement in the cross section of the γp → KþΛð1405Þ

reaction around the γp center of mass energy W ¼
2110 MeV is associated to a triangle singularity stemming
from the formation of a resonance called N�ð2030Þ that is
dynamically generated from the vector-baryon interaction
[17]. This resonance finds support in the γp → K0Σþ
reaction close to the K�Λ and K�Σ thresholds [18] (see
Ref. [19] for the theoretical analysis). For the present
problem the resonance decays intoK�Σ, thenK� → πK and
the πΣ merge to give the Λð1405Þ.
In this work we wish to show that a peak appears

precisely at 1810 MeV due to a process induced by the
nearby f2ð1640Þ going to K�K̄�, K� → πK and K̄�K
merging into the a1ð1260Þ resonance. The strength of
the peak will have the same quantum numbers as the
resonance from which it comes from, but the singularity
appears at 1810 MeV, producing a peak that has given rise
to the claim of the f2ð1810Þ resonance [20].
The information on the f2ð1810Þ in the particle data

group book (PDG) [20] is scarce. It has been seen in a few
experiments and the mass and width are quoted as 1815�
12 MeV and 197� 22 MeV, respectively. The decay
modes reported are ππ, KK̄, ηη, 4π0, and γγ, but one finds
there Γηη=Γtotal ∼ 0.008þ0.028

−0.003 [21], Γππ=Γ4π0 < 0.75 [22],
Γ4π0=Γηη ∼ 0.8� 0.3 [22], ΓKþK−=Γtotal ∼ 0.003þ0.019

−0.002 [21],
from which one concludes that the sum of branching
fractions of all decay channels, where the resonance is
observed, is only a small fraction of the total. The main
decay mode is still not identified. From the study
presented here we would conclude that the main decay
mode of the peak should be the πa1ð1260Þ, which can be
seen in the ππρ channel, a decay mode not investigated
so far.
We should note that in the present edition of the PDG

[23] the f2ð1810Þ resonance appears with the cautionary
labels, “omitted from the summary table” and “needs
confirmation.” The present work will contribute to clarify
the situation.*lisheng.geng@buaa.edu.cn
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II. FORMALISM AND INGREDIENTS

The tensor mesons have been for a long time an example
of a successful classification in SUð3Þ multiplets with a qq̄
structure [24–26]. However, the low lying tensor mesons,
f2ð1270Þ, f02ð1525Þ, andK�

2ð1430Þ qualify well as dynami-
cally generated states from the vector-vector interaction
[27,28] (see Ref. [29] for a list of reactions supporting this
picture). In this sense, the f02ð1525Þ is mostly made from
K�K̄� [28]. If we allow this resonance to decay into K�K̄�,
then K� → πK and K̄�K → a1ð1260Þ (with a mass slightly
above the mass threshold of K̄�K), we find a triangle
singularity at 1810 MeV.1 Since the width of the f02ð1525Þ
is only 73 MeV, the strength of this resonance at 1810 MeV
is very small and the chances of the singularity at
1810 MeV to show up due to the decay of the f02ð1525Þ
in that particular channel are very dim. Yet, an inspection of
the PDG shows that in between the f02ð1525Þ and f2ð1810Þ
there are two f2 resonances, the f2ð1565Þ and f2ð1640Þ.
Due to the proximity of the mass of the f2ð1640Þ to the
1810 MeV, this latter resonance has more chances to
influence the 1810 MeV region. The f2ð1640Þ is also
not a very well studied resonance, but the decay modes ωω,
4π and KK̄ have been observed. If the f2ð1640Þ couples to
ωω, then it should also couple to K�K̄�, which guarantees
that it also decays into KK̄ if K�K̄� → KK̄ via π exchange.
The mechanism that we study is depicted in Fig. 1.
The coupling of the f2ð1640Þ has the structure of a

tensor [27,30], where the polarizations of K�K̄� couple to
J ¼ 2 but in L ¼ 0. We have

−iVf2;K�K̄� ≡ gf2;K�K̄�

�
1

2
½ϵið1Þϵjð2Þ þ ϵjð1Þϵið2Þ�

−
1

3
ϵmð1Þϵmð2Þδij

�
; ð1Þ

where ϵi are the polarization vectors, 1 for K� and 2 for K̄�,
and only spatial components are considered, neglecting the

three momentum of the vector mesons versus their masses,
as done in Refs. [27,28]. In Eq. (1) gf2;K�K̄� is the coupling
constant of the f2 meson to the K�K̄� channel.
We also need the coupling of K� → πK which is easily

obtained from the Lagrangian,

LVPP ¼ −ighVμ½P; ∂μP�i; ð2Þ

where V and P are the SUð3Þ vector meson matrix and
pseudoscalar meson matrix [27,28], respectively. The
coupling g is,

g ¼ MV

2fπ
; MV ¼ 780 MeV; fπ ¼ 93 MeV: ð3Þ

Similarly we need the coupling of the a1ð1260Þ to K̄�K
and πρ, which are a constant times ~ϵðAÞ · ~ϵðVÞ [31], where
~ϵðAÞ stands for the polarization vector of the axial vector
meson a1ð1260Þ and ~ϵðVÞ for the one of the vector meson
K̄� or ρ. We are only concerned about the shape of the
amplitude compared to a pure f2ð1640Þ propagator, hence
the couplings do not play a role at this step. Then we have
for the diagram of Fig. 1

t ¼ 1

P2 −M2
f2
þ iMf2Γf2

tT; ð4Þ

whereMf2 and Γf2 are the mass and width of the f2ð1640Þ
meson. In this work we take Mf2 ¼ 1639 MeV and Γf2 ¼
150 MeV as in Refs. [20,32]. Meanwhile, tT is the triangle
amplitude

tT ¼ i
Z

d4q
ð2πÞ4

1

q2 −m2
K� þ iϵ

1

ðP− qÞ2 −m2
K� þ iϵ

×
1

ðP− q− kÞ2 −m2
K þ iϵ

�
1

2
½ϵið1Þϵjð2Þ þ ϵjð1Þϵið2Þ�

−
1

3
ϵmð1Þϵmð2Þδij

�
~ϵð1Þ · ð2~k− ~Pþ ~qÞ~ϵð2Þ · ~ϵðAÞ

×
1

ðP− kÞ2 −M2
A þ iMAΓA

~ϵðAÞ · ~ϵðρÞ; ð5Þ

where the momenta are shown in Fig. 1 andMA and ΓA are
the mass and width of the a1ð1260Þ resonance. We take
MA¼1230MeV and ΓA¼425MeV as in Ref. [20]. Besides,
~ϵðρÞ stands for the polarization vector of the ρ meson.

Using the following property

X
pol

~ϵi~ϵj ¼ δij ð6Þ

and taking ~P ¼ 0 for the f2ð1640Þ at rest, we find the
vertex combination

FIG. 1. Triangle singularity for the production of the
πa1ð1260Þ. The circle indicates an external source that produces
the f2ð1640Þ albeit with an energy different than 1640 MeV. The
momenta of the particles are also shown.

1It can be easily obtained with the formalism shown in Eq. (8)
of Ref. [15]. The position of the singularity in case of zero width
for the loop particles can be easily obtained by means of Eq. (18)
of Ref. [3].
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1

2

�
ð2kþ qÞiϵjðρÞ þ ð2kþ qÞjϵiðρÞ −

1

3
ð2kþ qÞlϵlðρÞδij

�
:

ð7Þ
Since when integrating over ~q, the only remaining vector

is ~k, we can writeZ
d3~qqiFð~q; ~kÞ≡ Aki; ð8Þ

with Fð~q; ~kÞ the rest of the integrand. From this we can get

A ¼
Z

d3~q
~q · ~k

j~kj2
Fð~q; ~kÞ: ð9Þ

We also perform analytically the q0 integration as done
in Ref. [33] and finally we find

tT ¼ I2Vij; ð10Þ
with

Vij ¼ kiϵjðρÞ þ kjϵiðρÞ −
2

3
klϵlðρÞδij; ð11Þ

and

I2 ¼
1

M2
inv −M2

A þ iMAΓA
I02; ð12Þ

I02 ¼
Z

d3~q
ð2πÞ3

�
2þ ~q · ~k

j~kj2
�

1

8ωK̄� ðj~qjÞωK�ðj~qjÞωKðj~qþ ~kjÞ
1

k0 − ωKðj~qþ ~kjÞ − ωK�ðj~qjÞ
×

1

P0 þ ωK̄� ðj~qjÞ þ ωKðj~qþ ~kjÞ − k0
1

P0 − ωK̄�ðj~qjÞ − ωKðj~qþ ~kjÞ − k0 þ iΓK�=2

×
1

P0 − ωK�ðj~qjÞ − ωK̄�ðj~qjÞ þ iΓK�

× fP0ωK̄�ðj~qjÞ þ k0ωKðj~qþ ~kjÞ − ½ωK̄� ðj~qjÞ þ ωKðj~qþ ~kjÞ� × ½ωK̄� ðj~qjÞ þ ωKðj~qþ ~kjÞ þ ωK� ðj~qjÞ�g; ð13Þ

whereωK̄� ðj~qjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K� þ j~qj2
p

,ωK� ðj~qjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K� þ j~qj2
p

,

andωKðj~qþ ~kjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K þ j~qþ ~kj2
q

are the energies of K̄�,
K�, andK in the triangle loop, respectively.We take themass
ofK�mesonmK� ¼893.1MeVandwidthΓK� ¼ 49.1 MeV.
In addition, Minv is the invariant mass of the πρ system2

decaying from the a1ð1260Þ resonance, and j~kj is the π
momentum in the f2ð1640Þ rest frame,

j~kj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmπ þMinvÞ2�½s − ðmπ −MinvÞ2�

p
2

ffiffiffi
s

p ; ð14Þ

with s ¼ P2 the invariant mass squared of the initial
f2ð1640Þ meson.
In order to evaluate jtj2 we must sum over polarizations

X
ij

X
pol

VijVij ¼
20

3
j~kj2; ð15Þ

and then

X̄ X
jtj2 ¼ 20j~kj2

3

���� 1

s −M2
f2
þ iMf2Γf2

����
2

jI2j2: ð16Þ

The differential mass distribution for the πρ decaying
from the a1ð1260Þ is given by

dΓ
dMinv

¼ 1

ð2πÞ3
j~kj ~pρ

4s

X̄ X
jtj2; ð17Þ

where ~pρ is the ρ momentum in the rest frame of the
a1ð1260Þ meson,

~pρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½M2

inv − ðmρ þmπÞ2�½M2
inv − ðmρ −mπÞ2�

q
2Minv

; ð18Þ

with mρ ¼ 775.26 MeV and mπ ¼ 138.04 MeV.
Finally, we obtain Γ by integrating Eq. (17) in Minv,

Γ ¼
Z ffiffi

s
p

−mπ

mρþmπ

dΓ
dMinv

dMinv: ð19Þ

This step allows the contribution of a range of masses for
the a1ð1260Þ weighted by its spectral function, which is
relevant since the mass of K̄�K is 1383 MeV that is above
the nominal mass of the a1ð1260Þ.

III. NUMERICAL RESULTS

In Fig. 2 we show the results for Γ of Eq. (19) as a
function of

ffiffiffi
s

p
, removing the propagator of the f2ð1640Þ in

2In this work, when we talk about the πρ system, the π is
always from the decay of the a1ð1260Þ. Otherwise, the π is from
the decay of the K� in the triangle loop.
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Eq. (16) and the j~kj3 factor3 (Model A). This is done to
show the strength of the triangle singularity alone. We see a
broad peak around 1810 MeV.
Although a triangle singularity gives indeed rise to an

infinite amplitude when the particles in the triangle diagram
have zero width, in practice some of them have width and
the amplitude becomes finite. The explicit consideration of
the width of the intermediate K�, K̄� and the mass
distribution of the a1ð1260Þ renders the results finite and
the singular peak becomes the broad peak that we observe
in Fig. 2.
In Fig. 3 we plot the full width of Eq. (19), taking into

account the f2ð1640Þ propagator in Eq. (16) and the j~kj3
factor (Model B). For comparison we also show the shape
of the modulus squared of the propagator (Model C),
removing tT and normalizing the two curves to the peak.
We can see clear differences between the two curves, with a
large enhancement of the results in the region around
1800MeVwhere the triangle singularity appears. The result
with the solid line gives the shape thatwe predict if one looks
at the decay mode of the πa1ð1260Þ in the region of 1600–
1900 MeV. A resonancelike bump shows clearly around
1800MeVas a combination of the f2ð1640Þ propagator and
the structure of the singularity shown in Fig. 2.
In order to further clarify the issue we take the amplitude

corresponding to the diagram of Fig. 1, removing the spin
operator Vij of Eq. (11). Hence, we consider the amplitude

~t ¼ 1

s −M2
f2
þ iMf2Γf2

I02; ð20Þ

in analogy to Eq. (4), which corresponds to the production
of πa1ð1260Þ from an external source with the a1ð1260Þ
treated as a stable particle.

We plot the results for jT1j2 (T1 ¼ −i~t) in Fig. 4 with a
red-solid curve. In addition, the modulus squared of the
f2ð1640Þ propagator, jT2j2 ¼ j 1

s−M2
f2
þiMf2

Γf2
j2, is shown in

Fig. 4 with a black-solid curve, which is normalized to the
peak of jT1j2. Like in Fig. 3 we see the bump corresponding
to the “f2ð1810Þ” resonance. In the figure we also show the
real and imaginary parts of T1 with green-dashed and blue-
dashed curves, respectively. We observe two structures.
Around

ffiffiffi
s

p ¼ 1640 MeV, looking at ~t instead of T1, we see
the typical Breit-Wigner (BW) structure that we have
introduced by hand in the propagator of f2ð1640Þ in
Eq. (20), where Imð~tÞ [see ReðT1Þ in Fig. 4] has a minimum
and Reð~tÞ [see ImðT1Þ in Fig. 4] changes sign at the
f2ð1640Þ resonance mass. Then, when multiplying ~t by
the phase −i we get a second structure in T1 that also looks
like aBWwith aminimum for ImðT1Þ, andReðT1Þ changing
sign around

ffiffiffi
s

p ¼ 1780 MeV. We adopt now an experi-
mental attitude and try to fit this second structure of T1 by
means of a BW amplitude

FIG. 2. Γ as a function of
ffiffiffi
s

p
for Model Awithout the f2ð1640Þ

propagator.
FIG. 3. Γ as a function of

ffiffiffi
s

p
for Model B (solid curve) and

Model C (dashed curve).

FIG. 4. Results of jT1j2, jT2j2, ReðT1Þ, ImðT1Þ, ReðTBWÞ, and
ImðTBWÞ as a function of

ffiffiffi
s

p
.

3This factor is from the p-wave decay of f2ð1640Þ →
πa1ð1260Þ and the phase space.

JU-JUN XIE, LI-SHENG GENG, and E. OSET PHYSICAL REVIEW D 95, 034004 (2017)

034004-4



TBW ¼ β

s −M2
R þ iMRΓR

; ð21Þ

where MR ¼ 1780 MeV can be easily obtained at the zero
point of ReðT1Þ. We then fit β to the value of ImðT1Þ at
s ¼ M2

R and also get ΓR from the results shown in Fig. 4,
ΓR ≃ 200 MeV. Then

β ¼ −MRΓR × ImðT1Þjs¼M2
R
: ð22Þ

The results of ReðTBWÞ and ImðTBWÞ are shown in
Fig. 4 with green-solid and blue-solid curves. We find an
excellent agreement with T1 from

ffiffiffi
s

p ¼ 1750 MeV on.
From the experimental point of view, this would qualify
as a resonance, and the exercise we have done, shows that
it is in the πa1ð1260Þ channel [we have taken the nominal
mass of the a1ð1260Þ to make Fig. 4] where this resonant
structure shows up. This allows us to trace the behavior to
the triangle singularity. Apart from the fit of the amplitude
one wishes to see the meaning of the structure observed
experimentally. One wishes to associate resonances to
states stemming from the interaction of quarks and gluons
[34–36] or from the interaction of hadrons making
molecules [27,28,37–40]. However, in the present case
the structure observed comes from neither of these. It
comes from a singularity in a triangle diagram that
contains K�K̄�K in the intermediate states and has
nothing to do with the interaction of quarks or the
interaction of πa1ð1260Þ which is not taken into account
in our work.
Since one important aim in hadron physics is to know the

origin of the resonances and their nature, it is important to
single out those cases where a resonant structure can be
attributed to a triangle singularity or a threshold effect.
Identifying them is an important task, and it would be better
to exclude them as “genuine” resonances to prevent the
misleading work of trying to get them from theories of
quarks or hadron interactions.

IV. CONCLUSIONS

We have studied a triangle singularity driven by a
source giving rise to K�K̄� in J ¼ 2, with K� → πK and
KK̄� merging to give the axial vector resonance a1ð1260Þ.
We have shown that this triangle singularity gives rise to a
resonancelike structure with a peak at 1810 MeV and a
width of about 200 MeV, consistent with the basic
properties of the f2ð1810Þ listed in the PDG [20]. We
have taken an arbitrary external source and have chosen
the nearby f2ð1640Þ resonance to be the driving element
giving rise to K�K̄� with the f2ð1640Þ quantum numbers,
the same as the catalogued f2ð1810Þ “resonance.” We
find a natural explanation in the singularity to explain the
observed peak, and predict that the main decay mode
should be the πa1ð1260Þ. This does not contradict the
information on the decay modes of the f2ð1810Þ

tabulated in the PDG [23] since the few decay modes
where it was observed account for only a small fraction of
the total width.
It would be interesting to look at the πa1ð1260Þ

channel in the region of 1600–1900 MeV in some
decay processes to eventually find the clear structure
that we predict in our calculations. Possible reactions to
see this decay mode would be J=ψ → ϕπa1ð1260Þ,
J=ψ → ωπa1ð1260Þ, or J=ψ → γπa1ð1260Þ. Actually,
the mode J=ψ → γf2ð1810Þ with f2ð1810Þ → ηη is mea-
sured with a branching ratio 5.4þ3.5

−2.4 × 10−5 [41].
According to our discussion, the mode J=ψ →
γf2ð1810Þ → γπa1ð1260Þ should have a much bigger
rate. Actually, the signal for the f2ð1810Þ in Ref. [41]
is weak and only extracted through partial wave analysis
with some ambiguities. The detection of the πa1ð1260Þ
mode should show a much clearer signal around
1810 MeV, according to the results obtained here. We
have shown that in the πa1ð1260Þ mode the amplitude
shows indeed a resonant structure that can be cast into a
Breit-Wigner form. Yet, this structure does not stem from
the interaction of quarks or hadrons but from the triangle
diagram that we have discussed, which produce a
kinematical singularity. It is important to know that to
distinguish structures of this type from other ones
corresponding to genuine states that have a dynamical
origin from the interaction of more elementary compo-
nents. We can only encourage the performance of
experiments like those quoted above that can shed light
on the f2ð1810Þ and pave the way to investigate other
peaks that might have a similar origin as the one
discussed here.
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