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We develop numerical tools and apply them to solve the relativistic Yang-Mills-Higgs equations in a
model where the SU(N) symmetry is spontaneously broken to its center. In SU(2) and SU(3), we obtain
the different field profiles for infinite and finite center strings, with end points at external monopole sources.
Exploration of parameter space permits the detection of a region where the equations get Abelianized.
Finally, a general parametrization of the color structure of SU(2) fields leads us to a reference point where
an Abelian-like Bogomol'nyi-Prasad-Sommereld (BPS) bound is reconciled with N-ality.
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I. INTRODUCTION

Over the years, many lattice studies have been oriented
toward obtaining the static potential from the Wilson loop
average in pure Yang-Mills (YM) theories, for quarks in
different representations. Asymptotic linearity [1], string-
like behavior [2], and N-ality at asymptotic distances [3]
are among the observed properties. The third one refers to
the fact that string tensions depend on how the center Z(N)
is realized in a given SU(N) quark representation.

Based on the idea of dual superconductivity [4—6], these
properties have been explored by means of lattice calcu-
lations and effective models in a Higgs phase. In the former,
the possibility to capture the path-integral measure by
quantum ensembles of magnetic configurations is analyzed
(see [7-16], and references therein). In the latter, phenom-
enological dimensionful scales are introduced from the
beginning, proposing a dual superconductor where the
confining string is a smooth vortex solution to the classical
equations of motion. This is a magnetic object in the dual
description that is supposed to effectively represent the
chromoelectric confining string. The detailed knowledge
we have about interquark lattice potentials, for different
groups and representations, makes us wonder what the
natural dual superconductor could be. In this context,
gauge models with the SU(N) — Z(N) spontaneous sym-
metry breaking (SSB) pattern have been considered (see
Refs. [17-22], and references therein). In this case, the
manifold of vacua is the coset M = SU(N)/Z(N) =
Ad(SU(N)) [the adjoint representation of SU(N)], whose
first homotopy group is IT; (M) = Z(N). Then, the con-
fining string would be represented by a smooth center
vortex, hereafter referred to as a “center string” to avoid
confusion with the center vortices in pure YM ensembles.
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This SSB scenario is attractive because it naturally leads to
N-ality (see the discussion in [21,22], and in Sec. V B).

With these ideas in mind, the initial objective of this work
is to look for and test appropriate numerical methods to solve
the center string field equations. These tools will permit one,
in a forthcoming work, to contrast different proposals with
existing lattice data obtained from Monte Carlo simulations.
A part of the data could be used to adjust the parameters, and
then we could make predictions to be compared with other
data. This type of analysis has already been considered in
Refs. [23-29]. In Refs. [26-28], an Abelian Higgs model
that essentially describes a condensate of Abelian monopoles
was analyzed. For example, in Ref. [28], the internal
structure of the flux tube, within Abelian-projected SU(2)
lattice gauge theory, sets the system in the borderline
between type I and type II superconductors. The masses
of the dual gauge and Higgs fields turned out to be quite
close, again a typical property associated with a BPS point.
In the case of SU(3), the fitted parameters in an effective
dual QCD model led to a similar limiting behavior (see
Refs. [17] and [25]), while in Ref. [27] an Abelian-like
type-II superconductor was favored. However, an Abelian
description cannot explain N-ality nor related properties (for
N > 4) such as the lattice k-string tensions [30].

In the second part of this work, we show that there exists
a choice of parameters, in the SU(N) — Z(N) model we
proposed in Ref. [22], where the center string field profiles
for N =2, 3 satisfy Nielsen-Olesen equations, thus con-
ciliating Abelian-like behavior with N-ality. Furthermore,
in the SU(2) case, a BPS bound is obtained, showing the
fundamental BPS vortex is a minimum with respect to any,
possibly non-Abelian, field deformation. This special point
will certainly serve as a place to start exploring the model
parameter space and verify its suitableness to accommodate
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the various lattice data. BPS bounds in a non-Abelian
context were previously obtained in the bosonic sector of
N =2 supersymmetric theories. The embedding of U(1)
vortices in a U(N) gauge model with one adjoint and N
fundamental scalar fields was done in Ref. [31]. With
regard to center strings, previous attempts to derive
relativistic BPS equations required an appropriate limit
in the parameters, in order to be compatible with the
original theory [32].

II. PHYSICAL MOTIVATION FOR
CENTER STRINGS

Assuming that the confining states of pure YM can be
described by an effective field model, we review here why
considering an SU(N) — Z(N) SSB pattern is attractive, as
well as some natural phenomenological choices.

A. A view from magnetic ensembles

Confinement scenarios based on magnetic ensembles in
SU(N) pure YM theory have been analyzed on the lattice
(for a detailed discussion, see [33,34] and references
therein). Center vortices are essentially obtained by decom-
posing the link variables as U,(x) = P,(x)Z,(x), where
Z,(x)I is the center element of SU(N) closest to U,,(x), and
then discarding the perturbative part P,(x). The configu-
rations thus obtained correspond to center vortex defects
located at plaquettes where [ [ Z, (x) # 1. In the continuum,
center vortex configurations for the gluon gauge field A,
have been parametrized in Ref. [10]. This parametrization
can be rewritten in terms of a local frame in color space (u4)
that contains defects (see Ref. [22]),

Aﬂ == (Pﬁ —Zﬁ)uA,
Zf} = _<1/9e)f§Bc<uB,ai“C>’
Uup = STZS_I, (1)

S € SU.(N),and TS, A = 1, ..., N> — 1, are the generators
of the chromoelectric group. A closed center vortex is
described by S = ¢*'T", where y is a multivalued function,
changing by 2z when we go around a path linking the
center vortex world sheet X, and 77 is 2N times a weight w
of the fundamental representation. The dot product is
understood as 7 - 7° = =17, T 4Tq a combination of the
Cartan generators 7¢, g = 1, . — 1, while the weights
w are (N — 1)-tuples of eigenvalues for a common eigen-
vector. With these definitions, the Wilson loop is given by
— _L.fdAXgeSwwe'i: v(z)
3(C)=e e, (2)

WelA]=3(C)W[P],

1, _2_”,747442 (x=3(01.22)). (3)
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where d?c,, integrates over ¥, parametrized by y(o1,05)

(see [10,35]), and w, is any weight of the given quark
representation. The source s, is localized on any surface
S(C) whose border is the Wilson loop and is constructed
to give the intersection number between S(C) and the
world sheet . While center vortices are good at describing
N-ality, and have a physical lattice density scaling, the
Liischer term associated with transverse fluctuations of the
string has not been observed in the center-projected data. In
the pure YM context, monopoles alone do not scale toward
a physical density, so they should be considered together
with open center vortices, forming closed chains. Indeed,
these objects have also been detected and are considered
very promising to explain the different properties of the
confining quark potential. As a two-dimensional object is
naturally associated with an effective string theory [36],
modeling the center vortex component in four-dimensional
(4D) ensembles is a hard task. On the other hand, monopole
ensembles can be described by a field theory. How to treat
both types of degrees of freedom in a unified setting is an
open problem. Here, we comment on some possible
choices for the effective fields that could describe the
monopole component.

Different phenomenological properties and correlations
will lead to a variety of effective field models exhibiting
different phases [37—41]. For example, in Ref. [41], after
assuming Abelian dominance (disregarding off-diagonal
fluctuations in P,), a model based on a set of complex
scalar fields was obtained. In this case, the following
nonzero contribution to the divergence of the dual tensor
in the continuum,

2 -
_8DF,‘{V(Z) = _ﬂzNa|q jg dyﬂé(“)(x )+ (4
g c

€

is initially considered. Here, C is the loop where a
monopole is localized, and a is given by the difference
of the fundamental weights carried by the pair of attached
vortices, which corresponds to a root of 81(N). If monop-
ole correlations were turned off, the averaged Wilson loop
would be

d4x4 M]\ ]X AM
(W) = / o P20z (5)

=z

1 o aiﬁ
e ; N! H[ka]e_m Db e fck dx, Au7

T k=1

<~

w — geijesﬂw (6)

Be = 2Nw,. The Abelian gauge field ]\H is originated
from the linearization of the YM action, while the labels

aj, s, ... refer to the positive roots a@;, s, ... of 3u(N)
[N(N —1)/2 possibilities].

025001-2



EXPLORING CENTER VORTICES IN SU(2) AND ...

As shown in Refs. [37-40], the right hand side in Eq. (6)
is a functional determinant for a vacuum to vacuum
amplitude in “particle” representation. This means that
Z, can be cast in the form

Z,= [ D)D) P
~-iZ2G A, (7)

The SSB phase, which supports Nielsen-Olesen vortices,
is observed for m?> < 0 after including density-density
monopole interactions [41].

Now, the inclusion of non-Abelian information in the
monopole ensemble naturally leads to the embedding of
Eq. (5) in a non-Abelian context. This requires an SU(N)
gauge field A,, with coupling constant g = 27/g,, and a
Higgs sector containing at least N(N — 1) real adjoint
scalars y,, ws. When the fields get Abelianized by the
identifications [22],

A, = ZTq’ S =TT, (8a)
Vot iy Yo = Wa _

N = ¢poE,. 7 boE_o.  (8D)

the average (5) should be reproduced. Here, E, denotes a
root vector of 81(N) (& positive),
[T,.E,] = al E,, g=1,...N—-1. (9)
In Sec. V, we will see (for N =2, 3) that, in the
flavor symmetric model described in Sec. I A2, this
Abelianization will be dynamically driven at a special
point in parameter space. Besides the fields v, y;, that
model contains a set of adjoint fields with a Cartan label v,
q=20,...,N —1. With a total number of flavors given by
N? — 1, the fields will be denoted by 4, with the global
flavor SU(N) symmetry acting on index A. (See Sec. IT A
1.) In the next section, we review the effective description
of a monopole loop carrying non-Abelian (magnetic) color
degrees of freedom.

1. Monopole ensembles with non-Abelian
degrees of freedom

Among the phenomenological information to be con-
sidered in magnetic ensembles, the introduction of non-
Abelian degrees of freedom is an interesting possibility. In
Ref. [42], we considered an ensemble of looplike monop-
oles in 4D with the coupling to the diagonal gauge field in
Eq. (6) replaced by

WOPNGE). P =Tha  w
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This coupling was introduced in Ref. [43] to describe a
classical relativistic particle interacting with a non-Abelian
gauge field. The z,’s are complex variables that can be
thought of as those labeling coherent states |z;, ..., zp) in a
linear space of general (magnetic) color states [42] (a
ranges from 1 to D, the dimension of the group represen-
tation). In fact, in the context of YM monopole ensembles,
using the nonlinear space of Gilmore-Perelemov group
coherent states is more natural (see Ref. [44]). However,
when the linear state calculations are projected on the
sector with total occupation number one, both descriptions
coincide. This is indeed the procedure followed in our
previous work, which is briefly reviewed here.

The non-Abelian coupling, together with the simplest
properties that characterize a loop (length and curvature),
which are physically manifested through a tension 7 and
stiffness 1/&, leads to the ensemble

z= [(Dg)Dgsle 843 2,

Z, = /[Dm]n exp [—SO + Zj{ ds (ig)'c;(,ml“‘/\ﬁ (x1)
k=1 /L

- H:0) = 1 (x|

1_. . 1 .(k).(k):|
ds|t+=(ZeZe = Ze2e) Tty W |,
> f drfers )+ g

50 =
where n sums over the number of loops. W encodes some
correlations among them; in particular, excluded volume
effects (density-density interactions) are implemented with
a ¢ term. Similarly, (magnetic) color-dependent density
interactions are introduced by means of a ¢ term in W.
Note that ¢ and ¢4,A =1, ..., D, are real fields coupled
with p and p,, respectively,

p(x) = Zn:% ds0™ (x = x(50)),
k=1 YL«

palx) = z": 7{ dsid 5 (5:)8Y) (x = xi(s1))-

The measure [Dm]|, must integrate over all possible n
closed monopole worldlines. This ensemble can be com-
puted in terms of a building block g(x, x¢, u, ug, Z, 2o, L)
that gives the end-to-end probability for a line of length L to
start at x(, with tangent 1, and internal variable z,, and end
at x, with u, z. The weight for an open curve has a path-
integral representation that can be obtained as the con-
tinuum limit of a polymer growth process [45]. This is
controlled by a Chapman-Kolmogorov recurrence relation
for diffusion in x and in tangent u space, thus leading ¢ to
satisfy a Fokker-Plank equation [42]. Upon identifying the
initial and final points of the line, we get the weight for a
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closed loop. As is customary for ensembles of loops, the
partition function depends on the trace of the operator
appearing in the diffusion equation. Besides the trace over
the values of x and u at the identified end points, there is
one over coherent states that can be rewritten as a trace over
occupation number states |ny,...,np). In what follows,
we concentrate on the contribution originated from states
where all but one of the entries vanish, with the nontrivial
entry being n, =1, a =1, ..., D. Other sectors will pro-
duce effective fields carrying product representations of the
original D-dimensional representation. In other words, the
monopole measure is taken to be

1 [odL,dL dL
[Dm]nE_/ _1_2_”/ d4x1d4x2...d4xn
o Ly L, L, Jys

n

x / DX ()]~ DX ()]

x / S D)+ 3 D2 ()

Apsdy

(10)

where [Dx(s)], ;) integrates over loops of fixed length L,
a.a) 18 designed to
compute end-to-end probabilities, starting and ending in a

state where mode a has occupation number one. For
smooth loops,

starting and ending at x, while [Dz(s)]

Z: /{D¢]e_wej;w(%ﬁi4 wa“Qaa(x’x.L)+“.7
Q% (x,x,L) :/d3uQ“”(x,x, u,u,L),

where  Q%“(x, xq,u,uy, L) is obtained by projecting
q(x, xg, u, ug, z, 29, L), and gives the end-to-end probability
for a line of length L to start at x, with tangent 1, and color
a, and end at x, with u, b. This weight satisfies the projected
Fokker-Plank equation,

(00 = (&/m)Li + (2 + ¢)1 + u- DIQ(x. xo. u. g, L) =0,
O(x, xg, u, uy, 0) = (x — x0)8(u — uy)1,

where Q[¢ = 0, 1 is a Dx D identity matrix, and
D, =19, — igh4T*. In the semiflexible limit, we can
disregard the angular momenta / > 2 in an expansion of
spherical harmonics on S* (memory loss), obtaining,

Z= / [Dgle=" (DetO) 7!,

0=-—
12¢

D,D, + (p+17)1 + TAp,. (11)
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For an ensemble of loops carrying adjoint charges in
SU(N) (D= N?-1), the matrix elements of T4 are
proportional to the 3u(N) structure constants. In this case,
(DetO)~! can be represented as a path-integral over
complex fields ¢#, with action density {40455 The
integrations over ¢, ¢, can easily be done as they involve a
Gaussian weight W and linear terms ¢4, palsT2|pclc-
For example, the second term is o« ¢4 fapcyiyS, where
fapc are structure constants of 8u(N) and yw/ (y4) is the
real (imaginary) part of {4. Then, the integration over ¢,
originates a term (y Ay,, W Ay,) in the effective action.
Here, we grouped the color components to form real adjoint
fields wy,w, € 8u(N).! Proceeding similarly with the
other terms, we obtained

7 — /[Dw]e—fd4x£(W.A)

1 2
Lly. &) =5 (Dr, D)+ ()

A n
+ - winw o winwg) + v (wwg)

4 Z<
where y;, I =1, 2, D, acts as shown in Eq. (12), and
u? o 7. These are precisely typical terms involving a pair
of flavors a, & in the effective Yang-Mills-Higgs (YMH)
model that we review below.

2. The Yang-Mills-Higgs model
To drive SU(N) — Z(N) SSB, at least N adjoint Higgs
fields w;, I =1,....,d, d > N, are required [46-49]. A
natural class is given by (see Ref. [22]),

¢

1
L= Z<F/41/7FW> +§<D”W1,D”l//1> - VHiggs(WI)’

D/l - 8ﬂ + gA”/\,
Fu=0,A, —0,A, + gAAA,, (12)

where A, is a (dual) gauge field, and / is a flavor index. The
Higgs potential is constructed with the natural SU(N)
invariant terms, up to quartic order,

Wiy, (W Apg),
(Winw Wi ApL), wiw)wewe).

The construction of a flavor symmetric model can be
motivated in analogy with that followed for a single SU(2)
adjoint Higgs field yw undergoing SU(2) — U(1) SSB.
This pattern is obtained from a Higgs potential whose vacua
are points on S,

'We are also using the Lie algebra product XAY = —i[X, Y],
and the internal product (X, Y) = Tr(Ad(X)TAd(Y)), with Ad(-)
a linear map into the adjoint representation.
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(w.w) —v*>=0.

A natural Higgs potential, with up to quartic terms, is then
obtained by squaring the vacuum condition,

A
Vitiges = 7 () = v?)2.

Now, to get a flavor symmetric model with SU(N) — Z(N)
SSB, we take d = N? — 1, so that the range of the flavor
index coincides with that of color. Replacing I — A =
1,...,N? — 1, we denote the Higgs fields as w4 and initially
propose a Higgs potential whose vacua satisfy

WaNyp — vf apcyc = 0.

The vacua are given by a trivial point w4 =0 plus a
manifold of nontrivial vacua, where y, form a Lie basis. Of
course, the space of vacua is invariant under the adjoint
action of SU(N) gauge transformations. In addition, a
given Lie basis is invariant under this action iff U € Z(N).
Then, a natural potential would be obtained by squaring the
condition above. Using the notation (X)? = (X, X),

A
Viiges = 7 WaAWs = fascowe)*. (13)

However, for this potential the trivial and nontrivial vacua
are degenerate. This can be lifted by initially expanding the
squares and then introducing general couplings for the
quadratic, cubic, and quartic terms,

1
VHiggs:c+/'t2[2+KI3+i[4’ 12:§<WA>2’

13:%fABC<WA’l//B/\V/C>’ 14:%<WA/\V/B>2- (14)
Besides being gauge invariant, this potential is flavor sym-
metric under Ad(SU(N)) transformations, w4 — Rgys.
The constant ¢ is chosen in order for Vg, to be zero when
the Higgs fields assume their asymptotic vacuum values. In
this manner, the asymptotic energy density of the vortex will
tend to zero, and the total energy will be finite. At u> = %’}—7 the

degenerate case is reobtained, while for u < %’3—2 the absolute
minima are given only by nontrivial vacua. Fork < 0, they are

K k\2 W’
= uST,S™, ==t/ (=) =&,
2= ST Y] <2,1> p

which verify

*The terms (. yp) (s wy) and (wa.p,)(yp.wy) could
also be added, although the subsequent analysis will not be

essentially modified.
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W +xv? 4+ = 0. (15)

According to Sec. IT A, itis natural to introduce the quark
sources in the form

¢
S = / d*x <Z (Fuy = Fpy —

+ Vhiges (WA)) , (16)

1
‘]ﬂIJ> +§<Dul//A7D/4WA>

where, for a given quark representation, J,, is given by

Egs. (6) and (8a). The quark pair, with charges Be and —Ee,
will be placed on the x' axis, at x! =—L/2 and
x! = +L/2, with the associated Dirac strings Jjj running
between the monopole locations and infinity.

B. A view from phenomenology

In Sec. II A, we discussed how models with adjoint
Higgs fields effectively describe ensembles of loops with
adjoint charges. These are in turn the type of loops that
interpolate center vortices in YM ensembles. The Abelian-
like models in Ref. [41] suggest that, to describe the
monopole correlations, a pair of real adjoint scalars should
be included for every positive root. We also anticipated that
additional flavors, for every Cartan index, will be needed to
(dynamically) make contact with the Abelian-like models.
Here, we review the discussion in Ref. [22] about how this
class of models, when realized in an SU(N) — Z(N) SSB
phase, can accommodate important lattice information
regarding the confining gluon states in pure YM.

Initially, we note that in this phase the manifold of vacua
is M =SU(N)/Z(N) = Ad(SU(N)), that is, it points in
the adjoint representation of SU(N). As a consequence,
(dual) topological degrees, with a mathematical description
similar to center vortices and monopoles in pure YM, but
with a completely different physical interpretation, will
enter the scene. Similar to Eq. (1), they can be described by
a local frame ny as follows [50]:

All = (A,lfl‘ - C/é)uA’
Cﬁ = —(1/9)fapc{np. inc).
ny = ST,S7!, (17)

Fy = (Fi(A) - F%(C))”A,

Fi(C) = (i/9)r(M R™"(0;. 0}]R). (18)

where F’l“J() denotes the components of the non-Abelian
field strength, and R = Ad(S) is the adjoint representation
of the map S € SU(N). In particular, F%(C) is concen-
trated at the frame defects. Locally, in the asymptotic region
where A% — 0, A, is a pure gauge that is globally non-
trivial when n, contains defects.
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1. Confining fundamental center strings

Because of I1;(Ad(SU(N))) = Z(N), the model sup-
ports smooth (dual) center vortex solutions, or center
strings. A detailed analysis of the relation between center
string charges and magnetic weights, for different groups
and representations, was carried out in Ref. [21]. Z(N)
center strings can be labeled by the weights of the different
group representations,

S=ciPT B =2Nw. (19)
A weight w is defined by the eigenvalues of diagonal
generators corresponding to one common eigenvector,
[T,.T,] =0, T jeigenvector = w| eigenvector.
When external quark sources in a given quark repre-
sentation are introduced by means of the J,, -coupling in

Egs. (16), (8a), and (6), a minimum energy configuration
will be induced between them. For fundamental quarks,

,Be is 2N times a fundamental weight, and a finite
string characterized by a phase S in Eq (19), and one

of the N p0551ble fundamental colors ﬂl (which satisfy

ﬁl -+ ﬂN = O) will be induced (see Sec. III). These
weights are associated with the simplest center strings, as
e T = ¢27/NT is the Z(N) generator.

For example, in SU(3), for three external fundamental
quark sources, the induced phase for the dynamical fields
that form a baryon in a Y-junction configuration is

S = eiX]Z}]‘%eiZZBZ‘T’ (20)

where y; and y, are multivalued when we go around a pair
of curves C; and C,. These curves coincide on a branch, so

that if a center string with charge f; (respectively f3,) is
leaving a pair of external monopoles (representlng the

green and red quarks, respectively), then a flux ﬂ 1+ ﬂ2 will
enter the third monopole, whose charge is therefore given

by —,7)'1 - ffz = f}3, thus representing the blue quark. Note in
passing that the interaction between a pair of strings with

fundamental weights ﬁl, ﬁz is expected to be attractive, as
when they exactly overlap they could form an antifunda-
mental string, lowering the energy. The analysis when
strings are at a finite distance would require a non-Abelian
ansatz.

2. Hybrid mesons

In addition to normal mesons and baryons, lattice
calculations predict a rich spectrum of exotic objects.
Some of them correspond to ggg’ hybrid mesons where
a nonsinglet color pair and a valence gluon form a colorless
state. For a review, see Ref. [51]. A collaboration based at
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the Jefferson Lab (GlueX) is aimed at mapping gluonic
excitations by searching hybrid states generated by photo-
production. In a world of heavy quarks, a successful
effective model should accommodate these hybrid excita-
tions, and, besides the normal gg potential, it should also
reproduce the lattice hybrid potentials [52]. Now, if normal
strings are to be seen as fundamental center strings, valence
gluons should be (dual) monopolelike objects, with adjoint
charges, interpolating them (color adaptors). Indeed, as
explained in Ref. [22] (see also [20] and [53]), there is an
exact homotopy sequence that gives support to solutions
formed by different center strings interpolated by a non-
Abelian monopole. The mapping required to describe this
situation is

S = e Tw(x), W (x) = e®VNTa,

Around the North Pole,
S(x) ~ eiohT

~W, = e™NT« becomes a
— W, we get the behavior,

Close to the South Pole, W (x)
Weyl reflection, so for a = w,

S(x) ~ We#hT
and the charge of the interpolating monopole is

- 0 - - )
On :_ﬂ<ﬂl - ) — ZoNa.
g g

As the roots are the weights of the adjoint representation,
which acts via commutators [cf. Eq. (9)], this monopole
is naturally identified with a valence gluon with adjoint
color a (see also Ref. [19]). A pair of external fundamental
quarks in a nonsinglet color state will induce a finite hybrid
solution.

3. Confinement of (valence) gluons

The confinement of a valence gluon (adjoint dual
monopole) is not only due to the fact that it is part of
finite energy solutions that form confined quark/
gluon/antiquark states. In fact, the second homotopy group
of a compact group is trivial, thus implying IT,(M) =
IT,(Ad(SU(N))) = 0. As a consequence, our model does
not have finite energy solutions for the isolated smooth
adjoint monopole. This is interpreted as the absence of
gluons in asymptotic states.

4. Liischer terms and non-Abelian strings

Non-Abelian strings in U(N)guyge X SU(N g1y, models
with N flavors of colored fundamental scalars, undergoing
SSB to a flavor-locking phase with global SU(N)_ g, have
been introduced in Refs. [19,54,55]. They possess attractive
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features such as decay rates of quasistable k strings [56]
similar to those present in large N pure YM. Non-Abelian
vortices have a nontrivial moduli space where an energy
scale is generated due to quantum effects. For N — oo, the
internal orientational degrees in large enough strings are
frozen out, and the Liischer coefficient approaches the
standard value due to transverse fluctuations. For smaller
strings there is a window where light orientational modes
modify this coefficient [57]. However, at finite N, these
massless states are not expected [58], suggesting that non-
Abelian strings can be compatible with the Liischer term
observed in SU(3) lattice YM, which is only due to
transverse fluctuations [2]. This behavior was also con-
firmed in SU(2), with very good accuracy [59], and up to
N = 6 for the fundamental string ground state [60].

Our model in Eq. (14) is based on N? — 1 flavors of
colored adjoint scalars and has an SU(N ) gyyge X SU(N) gayor
symmetry, realized in the adjoint representation. In
the SSB phase the vacuum displays a global Z(N) x
Ad(SU(N))c,g symmetry. Then, properties similar to
those previously discussed are expected; a careful analysis
of these aspects will be deferred to a future work. Here, we
would like to emphasize that, in view of I A, a model based
on adjoint rather than fundamental Higgs fields is a natural
choice. We also note that the flavor symmetry is introduced
as it restricts the possible terms in the potential, and it
simplifies the mathematical structure, the reduction to
Abelian-like equations, as well as the search for a BPS
point. However, at this stage, we have no additional
motivation for this symmetry, so we should be open to
also consider nonflavor symmetric models with fewer
adjoint Higgs fields and the same SSB pattern. Before
proceeding, in order to avoid confusion between the various
objects discussed in the effective model, it is convenient to
give a brief list of them:
dual fields, effective fields aimed at describing magnetic
YM ensembles;
center string, confining YM string represented in dual
language;
quarks, fundamental monopole sources at string ends
(external);
adjoint quarks, adjoint monopole sources (external);
valence gluons, dynamical adjoint monopoles (internal).
They interpolate center strings with different weights.

III. THE CENTER STRING BETWEEN
A QUARK-ANTIQUARK PAIR

In the presence of sources, the energy functional is
[cf. Eq. (16)],°

3By a redefinition of the coupling constant g, the { factor can
be set to 1.

PHYSICAL REVIEW D 95, 025001 (2017)

E= /d3x</’B + Pk + Viiges) (21)

1 1

PB = 1 <Fij - Jij>27 PK = 5 <DiWA>2- (22)

This is minimized by the static equations,

D;(Fij = Jij) = iglwa, Diy ), (23a)
DDy = pPwa + Kf apcWp AW
+ A AWaNwp). (23b)

Let us consider a center string, ending at external monop-

olelike sources, with fundamental weight . Because of
cylindrical symmetry, all field profile functions in our
ansatz are required to be ¢ independent. Taking in Eq. (17),

5 = o7, (24)

Al = %6@@ o> and the other components as zero, the
gauge field ansatz is

A= laaigoﬁ T, (25)
g

For SU(2) and SU(3), the magnetic weights are one- and
two-component tuples; they can be chosen as ,B: V2
and B = (1/3/2,1), respectively. Besides the Cartan
generators, the Lie algebra basis is completed with the
off-diagonal ~generators T, = (E, + E_,)/V2, Ty=
—i(E, — E_,)/\/2, where E_, are the root vectors asso-
ciated with the positive and negative roots +a, respectively.
For the Higgs field ansatz, using that STqS‘l = Tq, and

-

ST,S~! = cos(a- B)oT, — sin(a -

!

)oT 5,
)oT 5 (26)

!

ST,S~! = sin(a - p)gT, + cos(a-

we propose the form

) SU(2):
v :thl’ l//a] :hSTmS_l’ l//&l :hST&] S_l;
(27)
(i) SUQ3):
Lo - o -
‘/’q:hqup’ hql’:Zh1ﬁ|qﬂ|p+3h2a2|qa2|p,
(28)
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Ya, :hSTal S_lv Ya, :hOTa27 Ya, :hSTa@S_lv
(29)
l//al :hSTal S_l, l//az :hOTaz, l//a3 :hSTa3S_1.
(30)

Note that for SU(2) there is a single positive root
a; = 1/4/2, so that the pair Wa,» Wg, TOtates once when
we go around the center string. On the other hand, in
SU(3), the three positive roots satisfy a; - B =1,
G- f=0, - E = 1. Then, in this case there is a pair
Wa,» Ya, that does not rotate, while the others rotate once. In

both cases, finite energy solutions require the asymptotic
boundary conditions,

a—1, h— v,

hl -V (31)

[in SU(3), we also have hy — v, h, — v]. There are also
regularity conditions to be satisfied. The field strength
tensor is

1 - o
Fij = 5{(&‘613]'40 - 0;a0,9) + al0;, 0;le}p- T, (32)

where [0,, 03] = 2262 (x2, x*). Then, when approaching
the x! axis, we require

a—0, h—0, when|x'|<L/2, (33)

a—1, h—wv, when|x'|>L/2. (34)
In this manner, the delta singularity in Eq. (32), present for
|x!| > L/2, is canceled against the Dirac string J;;, leaving
an energy density contribution (1/4)(F;; —J;;)* that is
smooth everywhere. On the other hand, the profile func-
tions hyg, h;, and h,, associated with Higgs fields that do not
rotate, are finite on the x' axis. They are not required to
vanish there.

Now, let us consider curvilinear coordinates &', £2, & in
R3, x = x(&). To represent vectors A = A'e; = A;el, we
can use either covariant or contravariant basis vectors e; or

i : o G| _ 08
e’, with Cartesian components, €;|,; = o € | = 72 The

metric for contravariant and covariant coordinates satisfy
ik _ sk
gijgj =0,

Op Oy _ ;O O

vy = gy dEde B x5k =9 Ge g

PHYSICAL REVIEW D 95, 025001 (2017)

In curvilinear coordinates, the total energy is*
E= | & L Fo Py + 2 (D D 1%
= 5\/5 Z< ijs >+5< iYa, l//A>+ Higgs
1. .
— [ eeva(gate ryp

+ gij<Dil//A’ Djl//A> + VHiggs) ’

| =

while the components of the chromomagnetic field
B = Be' are

1 1

B; = 5 9ij [det g“ﬁejlekl’
0A; OA

Fkl = <a—§kl——k+gAk/\A1) (35)

Let us consider any system of orthogonal coordinates,
where & is the polar angle with respect to the x! axis,
& = ¢ € [0,2x). That is, the gauge field ansatz (25) is

a=a(£.&). (36)

A =25-T. (37
g

Using the scale factors s; = |e;| and the properties

| =57, gi=si. g'=s7% g=s1s83,  (38)
we obtain
N > - ) > =
BIZ azaﬂ'T, BZZ— 81aﬁ-T, B3:O,
95283 gs183
(39)
N-1
o= R )00 + () @] (40)

In addition, the covariant components of the curl of B are
V xB|; =V xB|, =0,

VxBly=—2(a,(28,a)+0,( - 0,a) )T
gs182 5153 5283
(41)

In these equations, the indices i, j, ..., refer to curvilinear

coordinates.
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Using our ansatz, it is easy to see that the right-hand side of
Eq. (23a) is also along the e* direction and that after putting
h, = h; the Lie algebra directions on the left- and right-
hand sides of the equations also coincide. In both cases,
N =2, 3, we get

% (81 <S281a) + 0, <S182a>) =g(1 —a)h’.
gs1$2 5153 $283

(42)

As h, = hg, after working out the algebra, the field
equations for w, and y,; give the same information.
They can be simplified using

V- Axdp=0, Vh(&', &) Ve = 0.

In what follows, we detail the remaining equations and
information related with the kinetic and potential energy
densities for the Higgs fields. Defining

(1-a)?
(33)2

2p_ 1 i(@é‘_f) i(@ﬁ)]
af_515253[‘9§l S 651 +352 52 352 7

SU(2):

Oh = 0%h —

h’

Oh = p*h + xhhy + (A/2)h(h? + B3), (43)
O?hy = uPhy + (k + Ahy) W2, (44)

px = [(s7'01h)* + (s3'02h)°] + (s3'h(a — 1))
67102 + (5310517, (45)

L=0/2+K, Iy=hh? I,=hh/2+h*/4,

(46)
c = —[(3/2)u*v* + kv* + (3/4)A*]. (47)
SU(3):

Oh = ii*h + (k/6)h(2hy + 3k, + h,)
+ (A/12)h(6h* + 2h3 + 3K} + h3),  (48)

hy = p*ho + (k/3)(2hohy + 1?)
+ (4/3)ho(h3 + h* + h3), (49)

82h| = ﬂzh] + Kh2 + ﬂhzhl, (50)

OPhy = W2hy + (k/3) (205 + 1) + (/3)hy(2hG + h?),
(51)

PHYSICAL REVIEW D 95, 025001 (2017)
pr = 2[(s7'01h)* + (57'0,h)* + (s3'h(a = 1))?]
+ (57'91ho)* + (57" 02h0)? +%[(S1_131h1)2

+ (571050 + (57101 ha)* + (531 0210)°), (52)

I, =2h* + h} + h3/2 + h3/2, (53)

I3 = hyh* + hyh? /3 + (2/3)[hyh} + hoh?],  (54)

I, = h3h*/2 + h3h? /6 + h3(h3 + h?)/3 + h*/2 + K /6,
(55)

c = —[4u*? + (8/3)kv? + 2404]. (56)

IV. NUMERICAL ANALYSIS

A. Infinite center string

Let us initially consider the simpler case of an infinite
string. In this way we can gain a quick understanding of
how the solutions behave under the variation of parameters,
and we can also check the suitableness of the numerical
methods we will use. If the quarks are infinitely far apart,
the problem is invariant under translations along the x'
axis. In addition, because of rotational symmetry in the
(x?, x*) plane, the problem becomes purely radial (and thus
one dimensional), strongly reducing the difficulty of the
numerical energy minimization. In this case, it is natural to
use cylindrical coordinates,

& € (—00, ), E=pel0,0), E=¢pel0,2n),

x=¢ P =EcosE, X =Esiné,

Slzl, SQ:I, S3 :gz. (57)
1. SU(2)

In this section we will focus on SU(2); the case of
SU(3) is analogous and will be shortly touched upon in
Sec. IVA 2. For SU(2), using Egs. (40) and (45), the
energy density per unit length takes the form

oo 1
25 [ oo (s P 4 P+ 5107
T /%hwu _alp) + v) (58)

To minimize this functional, we will use a Fourier finite
elements method. In short, the procedure is as follows:
Initially, we modify the problem until we have one on a
finite interval, with simpler boundary conditions, such that
all unknown functions go to zero at the boundaries. Next,
we use a Fourier series to expand them. Cutting off this
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series at a finite order, we plug the ansitze into the energy
and minimize with respect to the Fourier coefficients.
With this in mind, let us start by looking at the boundary
conditions. When p — 0, we must have a — 0, h — 0, and
hy regular. In this limit, assuming the leading term of 4 is
proportional to p', the equation for 4 yields at lowest order

in p
i(i-1)4+i-1=0&i==l1.

The solution i = +1 satisfies the boundary conditions.
Proceeding similarly with the equation for a, one finds
that the lowest order must be either p* (in which case the
leading terms originating from a will cancel the one from
the h% term) or p? (in which case the leading terms from a
cancel amongst each other and are of lower order than that
of h?). We can simply assume that the Taylor series starts
with a term in p?, as this will cover both cases. Finally, no
condition on the leading-order term of /; is obtained, but it
turns out that the term linear in p must vanish. We thus find
the following small p behaviors:

alp) = ayp® + azp® + -+, (59a)
h(p) = bip + bop* + -, (59b)
hi(p) ® co+ cop* + -+ -, (59¢)

where the dots simply continue the Taylor expansions.

When p — oo, we need a — 1, h — v, and h; — v. As
the theory is massive, due to symmetry breaking, we can
expect the functions to reach their asymptotic values
exponentially fast. In particular, the asymptotic behavior
of a is found to be

a(p) ~1+ye™,

with an undetermined constant y. Therefore, let us intro-
duce the variable 7 = tanh gvp with ¢ € [0, 1]. In this new
variable, a will be linear when p — oo (and thus ¢t — 1). In
general, the functions & and h; will not have the same
exponential factor at infinity, but this will not cause any
problems as long as the correct asymptotic value is reached:
their behavior will simply be nonlinear in . It is easily seen
that the small-p behavior in (59) will still be valid with the
replacement of p by ¢ In effect, we have the series

3
v
t:gvp.'.(ng)_F’

with a vanishing second-order term, so the leading terms
will remain leading, and the linear term in /; will still be
absent.

PHYSICAL REVIEW D 95, 025001 (2017)

Recapitulating, we can propose the ansitze

a(t) = + ta(r), (60a)
h(t) = vt +n(1), (60Db)
hi(t) = v + th(O) (1 4 cos xt) + (1), (60c)

where a(t), n(t), and n,(¢) are smooth functions in the
interval 7 € [0, 1] that vanish both at # =0 and at 7 = 1.
Then, these new functions can be represented by means of a
Fourier series only in terms of sin nzt, n € N\{0}. In other
words, the most general profiles can be expanded as

a(t)=r+ IZ a, sin nxt, (61a)
n=1

h(t) =vt+ ) b,sinnxt, (61b)
n=1

hi(t) = vi? —l—%(l + cos ) + Zch sinnzt.  (6lc)

n=1

Then, approximate static stable solutions are found by
limiting the previous expressions to some finite order,
plugging the functions into the energy density and
minimizing with respect to the unknown coefficients.
These steps can easily be performed using the computer
algebra package Mathematica. We would like to empha-
size that it is not necessary to transform the energy
integral (58) to the new variable ¢, as we can simply plug
t = tanh gvp into our ansitze and do the computations
using p as a variable.

Figure 1 shows the results of the numerical minimization
for a certain set of parameter values. The continuous lines
include six Fourier modes for each of the unknown
functions. For reference, the approximation with one
Fourier mode less, for each profile function, is shown in
a dashed line. One can see that the approximation is already
quite good and the two curves differ noticeably only in the
case of a.

2. SU(3)

As mentioned before, the SU(2) and SU(3) cases are
completely analogous. The main difference is that there
are two more unknown profiles, , and &, [cf. Egs. (48)
and (51)], and they behave exactly like /; in Eq. (59c).
Figure 2 shows our results for SU(3); again, convergence is
quite good and only in the case of a do the approximations
with three or four Fourier modes noticeably differ from
each other.
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LOF
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(c) hi(p)
FIG. 1. [SU(2),g=0.1,u=1,k=-2,42=1, v = 1.] The plots show the infinite string profiles. The dashed lines include Fourier

coefficients up to the fifth order (the term with sin 5z¢), while the continuous ones include one more Fourier mode. Each of the plots is
accompanied by a zoomed-in plot (which zooms in on the part marked with a box in the main plot) to see more clearly how far the two
lines are from each other. One can see that the numerics have converged quite well and the two successive approximations are almost on

top of each other.

B. Finite center string

For finite strings, it is convenient to use prolate sphe-
roidal coordinates with foci on the x! axis,

L
Xl = 5 cosh &! cos £2,

L
X = Esinh Elsin &2 cos &3,
s_ Lo s
X zzsmhf sin &7 sin &7,

where ¢! is non-negative, & € [0,z], & € [0,27). The

scale factors are

S| =8) =8 = %\/sinhz(éfl) + Sin2(§2)’

L
53 = Esinh &l sin &2, (62)

Defining ¢ = sinh ¢! € [0, o), together with £ = v and
& = ¢, the quark and antiquark are located at the foci
described by 6 = 0, v = 0 and ¢ = 0, v = 7, respectively.
The line joining them is given by ¢ =0, v € [0, z]. The
semi-infinite lines extending from x! = L/2 to +co and
from x! = —L/2 to —co, on the x! axis, are given by
6€(0,00), v=0and 6 € (0,), v = 7, respectively.

Then, the asymptotic boundary conditions, when
o — oo, are as follows:
a(o,v) > 1, h(o,v) = v, hi(o,v) > v. (63)

The regularity conditions, when ¢ — 0, v € [0, x|, are

h(o,v) = 0, (64)

a(o,v) = 0,
while for v — 0 or v - 7, with ¢ € (0, ), we require
(65)

a(o,v) = 1, h(o,v) = v.
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a(p) h(p)
1.0+ R :
25+
0.8
20
0.6
1.5F
04t
1.0}
0.2 : 05l
0 2 4 6 8 ]‘0 L 0 2 4 6 8 10 r
(a) a(p) (b) h(p)
ho(p) hi(p)

(e) ha(p)

FIG.2. [SU(3),9=0.1,u= 1.8,k =—4,4 =1, v = 2.87.] The plots show, in that order, the infinite string profiles a, &, hy, h;, and
h,, as functions of p, with accompanying zoom on the marked region. In this case the dashed lines include three Fourier modes for each
of the unknown functions, while the continuous ones include four.

Finally, for ¢ € [0, o), h; is finite. The SU(2) Egs. (42)—(44) become

(6% +sin*v)h?(a — 1), (66a)

2
(1+06%)d2a + d%a - <%+%> _L

o tan v 4
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(1 + )Rk + 02h + (1 207 2l 4 Ol
o tanv

6% 4 sin’v L? _
- mh((l - 1)2 = 7(62 ‘I— Sln2 I/)(ﬂzh + K]’lhl
+ (A/2)h(h* + h?)), (66b)
Ozhy 0O,k
(14 6%)82h, + 82k, + (1 +26%) 22 4 2L
tanv
L2
= T (6 o sin) (2hy + (ko 2 )2). (66¢)

Now, expanding around ¢ = 0 with v-dependent coeffi-
cients, and around v = 0 with o-dependent coefficients, we
obtain

D)+ @)+

and similar expressions around v = 7z, in powers of (v — 7).
Around the quarks, the situation is more subtle. Setting
o =rcosa, v = rsina and considering series expansions
around r = 0, with a-dependent coefficients, we get

1 1
a(r,a) ~ cos’a [1 - r’sin’a (6 sin’a + Ecos%z)

+a4(a)r4+~~},

The following functions obey all these regularity and
boundary conditions:

2

c 1
a(o,v) zm (1 - Esm 1/) + O(c??), (67a)
vo? 5
h(G, I/) %m+ O(Ul/ ), (67b)
Oc Oc
hi(o,v) = c(o,v), g (0,v) =0, W (6,0) = 0.
(67¢)

Note that the first term in Eq. (67a) can be rewritten as

PHYSICAL REVIEW D 95, 025001 (2017)

o’ | ls' 5 x'=L/24+/(x' =L/2)> +p?
————(1—=sin’v | =
6% +sin’y 2 2/ (x'=L/2)*+p?
+O((distance to quark)*)

for the quark at x! = +L/2, and a similar expression,
with x! — L/2 replaced by x'+ L/2, for the quark at
x! =—L/2. The corresponding contributions to the
energy are

2”/ dp/m 4g? (! JFL/pZ) P> (0

These are L-independent divergences, which obviously
correspond to the quark self-energies. As usual, we will
subtract them to get a finite total energy.

Now, we can follow a procedure similar to that used for
infinite vortices. Initially, we observe that, when ¢ — o0, a
behaves like ~1 4+ y(v)e™t9"?/2, Then, introducing the
variable ¢ = tanh Lgvs /2, and defining

2(1—2)" - 1 4

2(1-2)"" 4+ (Lg”)zsmzl/ -1’

g(t,v) = (1 —%(1 —tz)sin2y>, 3

fltv) =

we can introduce the ansitze,

a(t,v) = f(t,v)g(t,v) + tsinva(t,v), (69a)

h(t,v) = vf(t,v) + sinwy(t,v) (69Db)
(note that the meaning of ¢ used here is different from that
used in Sec. IVA 1). The new unknown functions a(z,v)
and #(t,v) are smooth in the region (o,v) € [0, o) X
[0, 7] and must vanish when 6 =0, 6 - o, v =0, or
v = z. In terms of the variables (7,v), they vanish on the
border of the square [0, 1) x [0, z], so they can be Fourier
expanded in terms of the basis elements sin(nzt) sin mv,
that is,

(5]

= f(t,v)g(t,v) + tsinv Z Ay Sin(nzt) sin mu,

n,m=1

a(t,v)

h(t,v) = vf(t,v) + sinv Z by sin(nzt) sinmy.  (70)

n,m=1

Similarly, %(t,v) — v vanishes when ¢ = 1 and is finite
when t =0, v = 0, or v = &, so it can be expanded in the
basis (p, m € Z),

sin [% (r+ 1)} sin mu, sin {%(r + 1)] cos mv;
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however, the conditions in (67¢) select the latter basis
elements, with p = (2n+1), n € Z. That is, we can
expand

= 1
hy(t,v)= k(t — | &t
1(t,v) = v+ cok( ,u)—i—n;()cnn,cos((n—i-z)ﬂ )cosmv,

where we defined

Lovy2 gin2
k(l,l/)z ( 2 )Ll‘ 1/. ’ (71)
21 =)+ (32 sin? v — 31t

which is one between the quarks [v € (0, z), t = 0], thus
allowing one to shift the value of /; there and zero on the
other three edges. We note that terms with even m, in the
expansions for a and A, and with odd m, in the expansion
for hy, will always vanish due to reflection symmetry
through the (x,, x3) plane.

Finally, minimizing with respect to the first several
Fourier coefficients, we obtained the profiles shown in
Fig. 3. There, we can see a, h, h;, and the energy density,
in normal Cartesian coordinates (z, p) (the mesh lines on
the plotted surfaces are the elliptic coordinates used
during the computations). In Fig. 3, we included the
Fourier coefficients app, a3, dys, dpp, Aoz, dsp, bll’ b13,
by, ¢, Coo» Coa, and c¢qg. Rerunning the minimization but
only including ay;, a;3, and a,; for a, keeping the
previous h and h; coefficients, the results are almost
unchanged. Figure 4 displays (in percent) the relative
errors defined as 2(amore - afew)/(amore + afew)’ with
Amore and ag.,, the approximation to a with more,
respectively, fewer, Fourier coefficients (and analogously
for h and h;). Applying these methods, we also obtained
approximate solutions in SU(3). In these initial compu-
tations, we included only the (1,1) mode in a and A, and
only the mode multiplying & and the (0,0) mode for A, h;,
and h,. The first two profiles, a and h, are qualitatively
similar to those obtained in SU(2), while the last three are
similar to A;.

V. A SPECIAL POINT IN PARAMETER SPACE

After developing appropriate numerical methods to solve
the center string field equations, we have a tool that will
permit us to contrast the model with existing lattice data.
For this aim, we will also need some point in parameter
space to start the search for the best fit. In this respect, we
recall that in Ref. [26], the adjusted parameters in a dual
Abelian Higgs model, when fitting the lattice interquark
potential, turned out to be quite close to the BPS point.
Moreover, in Ref. [28], the internal structure of the flux
tube, within Abelian-projected SU(2) lattice gauge theory,
was reproduced by the dual Abelian lattice description. The
masses of the dual gauge and Higgs fields turned out to be
quite close, again a typical property associated with a BPS

PHYSICAL REVIEW D 95, 025001 (2017)

point.5 In both works, small deviations from this point favor
a weakly type-I superconductor. However, these Abelian
descriptions cannot explain the observed N-ality of con-
fining strings. In this section, we will show how our
effective model permits us to reconcile both properties.

A. Center string BPS point

The SU(2) center string profiles display a particular
behavior when the mass parameter is varied. In Fig. 5, we
display a(p), h(p), and h;(p), for g=0.1, k = =2, A =1,
v = 2.87. The four cases correspond to ¢ = 0.8, 0.6, 0.4,
0.2, respectively. We see that &, (p), the profile associated
with the Higgs field along the Lie algebra constant
direction T, tends to a constant function when y — 0
(see Fig. 5). Indeed, at u> = 0, from Eq. (15), we have
v=—k/A (k <0), and it can be verified, not only for
SU(2) but also for SU(3), that Egs. (44) and (51) are
satisfied by setting 7y = v and hy = hy = hy, = v, inde-
pendent of the form of 4. That is, the field profiles for the
Higgs fields that are not required to vanish on the x' axis
become frozen at the asymptotic value v. In addition, the
equations for the profile 4, namely Eqs. (43) and (48), both
become

(1-a)
(S3)2

This, together with Eq. (42), shows that, at u>=0,aand h
exactly satisfy the equations for Nielsen-Olesen vortices.

As the equations for the non-Abelian model get
Abelianized, given that ,btz = 0, we may wonder whether
the model (with x'-translation symmetry) has a BPS point.
This would permit us to discuss the stability of the
fundamental vortex, showing these solutions correspond
to energy minima with respect to any physical, possibly
non-Abelian, change. A BPS bound in the bosonic sector
of N/ = 2 supersymmetric theory, based on a U(N) gauge
field, a complex adjoint, and N fundamental scalars, was
obtained in Ref. [31] (see also the review [61], and
references therein). The BPS solutions include not only
Abelian strings embedded in the non-Abelian description
but also monopoles attached to a pair of strings.

For center strings, the initial steps we shall follow are
similar to those given in Ref. [62], where we obtained a
BPS point in a model based on the Lagrangian (12), (14),
modified by the presence of a nonrelativistic term that tends
to align y, and B; along the same direction in the Lie
algebra. In that case, we used the condition > :§§
[cf. Eq. (14)], where the Higgs potential becomes the
perfect square in Eq. (13), and the decrease in energy due to
the alignment term led all BPS solutions to have zero

&Ph — h = (A/2)h(h? = v?). (72)

’In SU (3) a similar analysis points to a type-II superconductor
[27].
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(d) subtracted energy density

2

)

(e) distribution of the subtracted energy

FIG. 3.

[SU22),L=2,9g=0.1,4 =09,k = =2,1 = 1, v = 1.47.] Here, we show the approximation with more Fourier coefficients

described in the text. The axes are x;, the radial distance to the x; axis, and the different profiles. The mesh corresponds to the prolate
spheroidal coordinates used in the computations. (d) The energy density, after the quark self-energy density inside the integral in (68) has

been subtracted. (e) Its spatial distribution.

energy. Here, we shall consider y?> = 0 instead. In this
case, after a general parametrization of the field color
structure, the Higgs potential can also be written as a
perfect square, leading to a relativistic model that accepts a
BPS bound. This time, the minimum energy center string
states will be 2zv% and 0, for fundamental and adjoint
charges, respectively.

Let us consider infinite center strings in SU(2) and the
complexified variable,

,_=t
3 \/El .

:l//2+ill/3

llfz_—éq—gT
7 =

¢ 7

(73)

In this section, we use Cartesian coordinates and assume
translation symmetry along the x' axis. Then, using the
cyclicity property,

(X.[r.z]) = (x.27].Y), (74)
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(c) relative error on hy

FIG. 4. Relative errors, in percent, for the first three profiles in Fig. 3.

the hermiticity of A;, and the Jacobi identity, we have
(i=23)

(D;X.D;X) = (DX, DX) + g(By, [X,X"])
+ 05(X,iD,X) = 0,(X,iD;X),  (75)

where D = D, + iD;. For example, taking X ={, we
obtain

(D;$)* = (DE)* + g([¢. L) By) + 05(¢, iDyC)
— 0»(¢, D), (76)

and the energy per unit length becomes

5=/aaxp,
1

p=5 D)2+ (DCV + 3B+ 916 Bi) + Vi
(77)

where we have used the boundary condition,
D;{ -0 for (x*,x%) = oo, (78)
needed for a finite £. Now, in the general parametrization

wa = V| 5T, the 3 x3 real matrix U can always be
decomposed as the product of a lower triangular matrix L

times an orthogonal matrix. If W is invertible, requiring the
diagonal elements of L to be positive, the factorization
is unique. As a matrix in O(3) is a sign times an SO(3)
matrix, and detL =L Ly, L33, whendet ¥ > 0 (det ¥ < 0)
there is a unique decomposition ¥ = +LR” (I = —LRT),
with RT € SO(3). That is, we can represent

wy = Lyny,
Wy = Lyjny + Lyn,,
Y3 = L31n1 + L32n2 + L33n3, (79)

where ny = ST,S™! = TyRz4. For SU(2), in our con-
ventions, we have fj,; = 1/v/2. Then, setting u> =0,
using the asymptotic vacuum value v = —k/A (k < 0), and
¢ = (1/4)Av*, needed to have zero potential energy at the
vacuum, the Higgs potential can be cast in the form

A
Vhiges = 1 (L} (Lo — L33)* + 2Ly L33 (Lyy — v)?

A
+ (LypLsy; — v*)*] + 1 [(L11L3)* + (L L33)?
+ (L1 L3y — LypLy;)?). (80)

Finally, expanding

By = Byn; + Byyny + By3ns, (81)
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FIG. 5.

we note that at A = ¢> we can write

1 1 g 2
P=3 (Diy1)* + (D&)* + 3 [311 + NG (LypLsz — 92)]
2 2
gv 1 g
+ 2B - (Bl -y L
Nohil 2{12 Nk 33]
+1[B + L (LyL LL)]2
2 |Bt g \bake — Lala
&
+ q (L} (Ly — L33)? 4+ 2Ly Ly3(Lyy — v)?
+ (Ly11L3)?]. (82)

Setting the squares to zero, we get the BPS equations.
Among them, L; = v and D;r; = 0 lead to the condition
D;n; = 0. Using the fields C# defined in Eq. (17), the
general solution to this condition is (see Ref. [22] and
references therein)

A; = a;n; — Cn,, (83)

PHYSICAL REVIEW D 95, 025001 (2017)

1.OF
)5F
2 4 6 é 10 12 14
(b) p=10.6
200
1.5}
1.0
0.5
2 4 6 8 1‘0 12 14
(d) p=0.2

[SU2), g=0.1, k = =2, A= 1.] a(p) (lower blue line), h(p) (central red line), i, (p) (upper yellow-green line).

a = 2, 3, and the resulting magnetic field is along n; that
iS, Bu = 0, B13 = 0,

9 ab a
Bll = (92a3 - (93(12 _Eeljkfl hCJC[]z (84)

For a finite energy, the asymptotic behavior a; - —C! is
required, as the combination —C%n, is locally a pure gauge
field. The associated field strength is

ij = 1ij

If n, is well defined everywhere, then the only nonzero
component is F }j(C) and it is concentrated on the string
where n,, ny are ill defined, as occurs at the center string
guiding center [cf. Eq. (26)]. Noting that

/dzx(82a3 — D3ay) = j{dx,-a,- = —%dx,-c}

= /dzx@zC% —83(:%),
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we obtain

1

Then, under the condition D;n; = 0, the flux of B,
projected along n; is topological and invariant under
regular gauge transformations. For a single center string,
this flux turns out to be 277v/2/g (see [22]), and the energy
per unit length becomes € = 2zv?%. Setting the remaining
squares to zero gives

L22 :L33 - h, L21 :L31 :L32 :O,
9 2 2
D¢ =0, B = v-—h). 86
C 11 \/E( ) ( )

Finally, using that A; is locally given by S(a; + C})T,S™'+
éS@,-S‘l, we get

2
a; = £6'118]11'1]1 - Cll,
g
2
—3Inh + 226@ (xy, x3) = % (v? — ). (87)

It is important to underline that the compatibility of the
BPS and YMH equations is due to the fact that the energy
density (82) is bounded by (a constant times) the projection
(ny,B;), (n;)*> = 1. This would not be the case if the
projection were along the dynamical Higgs field y, as
occurs at p*> = %% where it is necessary to redefine the
model by subtracting a nonrelativistic term proportional
to (wy,B;) [62]. A similar field-dependent projection is
observed in the BPS center string bound of Ref. [32]. In that
case, to keep the equations compatible, an appropriate
limiting behavior of the parameters was needed.

As the BPS bound does not rely on cylindrical symmetry,
we can conclude that there are no forces between funda-
mental center strings carrying the same weight and sepa-
rated by a finite distance. This can easily be modified
by moving around in parameter space. For other
properties related with string interactions in SU(N), see
Secs. IIB 1 and V C.

B. N-ality

At the beginning of Sec. V, assuming cylindrical sym-
metry, Abelianized equations in SU(2) and SU(3) flavor
symmetric models were obtained at 4> = 0. More recently,
an extension of this property to SU(N) has also been
derived, including an ansatz for k strings6 with weight
given by k times a fundamental weight [63]. As our model
has an SU(N) — Z(N) SSB pattern, this Abelian-like

®They can be found for N > 4.
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behavior coexists with N-ality. Take, for example, a pair
of external adjoint quarks. The minimum energy solution
will not be characterized by the Abelian-like phase in
Eq. (19) but rather by a non-Abelian phase. In effect, let us
consider the maps,
_ ei(p2N&»’7” _ ei(pﬁ,-i‘eiy\/ﬁT(,e—i(p/_éz-’i"

SAbe Snon—Abe

(88)

where y € [0,z] is the angle in a bipolar coordinate
system, with foci at the quark locations, on any plane that

contains the quarks. The fundamental weights f; are

chosen such that ﬁl — ﬁz = 2Na. On the x' axis, when
x! € (=00, -L/2) or (+L/2,+0c0), y vanishes and

Snon—Abe = ei(p(ﬁl _BZ).T- (89)
On the other hand, between the quarks y = 7z, so that there
are no frame singularities in that region,

Snon—Abe ~ eiﬂ\/ﬁTa‘ (90)

In the Abelian case, the second term in the field strength
tensor (18) has a nontrivial contribution,

2 -
—FA(C)ny = §2Na5(2> (2, 2%), (91)

while in the non-Abelian case, this contribution is

—F3(C)ny = %”2N&5<2> (x2,x3)[O(x' — L/2)
+0(=x' = L/2)] = J;, (92)

where 0(-) is the Heaviside step function. Then, at points
with |x!| > L/2 on the x' axis, taking the condition
Al — 0, in both cases the external Dirac string J;; for
adjoint quarks is canceled. The difference is that, in the
Abelian case, to get a smooth energy density (22) at points
with |x'| < L/2 on the x' axis, the condition A} — C is
needed, and profiles associated with off-diagonal gener-
ators rotated by S,y should go to zero. On the other hand,
in that region, in the non-Abelian case, a smooth energy
density is compatible with the condition A% — 0 and,
because of Eq. (90), no special regularity condition for the
Higgs field profiles is needed. Then, using the Abelian or
the non-Abelian phase, the energy minimization will return
a positive or zero value, respectively. This corresponds to
an excited adjoint string (local minimum) or the absence
of a confining string between adjoint quarks (global
minimum).
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C. Perspectives

Although a BPS bound for N > 3 has not been derived
yet, it is clear that y*> = 0, A = ¢?, is a good point to start
exploring the parameter space and accommodate the field
transverse localization lengths in confining strings; at this
point, the magnetic and Higgs field localization lengths
coincide. Another important piece of information to be
accommodated was obtained in SU(N) lattice YM theory
(N >4) [30]. In particular, the ratios of k string to
fundamental string tensions are compatible with either a
sine law, o, /of = sinkﬁ” / sin%;, or a Casimir law, o /o =
k(N —k)/(N — 1). In both cases o, < 207, so it is expected
that the interaction between center strings with the same
fundamental weight is attractive. For large N, and finite &,
the ratios become linear, thus signaling they become
noninteracting in this limit. Starting at y> =0, A = ¢,
attractive or repulsive interactions can be obtained by
changing the model parameters. For example, keeping
u?> =0 and moving to A < ¢, k strings are expected to
be bound states of k£ fundamental strings. Studies about how
the above-mentioned properties depend on y2, which in the

. . 2 2 2
SSB reglon. can go frqm pegatlve values up to y .< 55 the
fitting to sine or Casimir laws, as well as the interquark
potentials are in progress [63].
In particular, the comparison with lattice potentials will

be facilitated by the use of scaled variables,

L=x/Vo.  f(x)=(1/Vo)V(x/Vo). (93)

where o is the string tension, a natural scale in the problem,
which contains a pair of parameters with dimension of
mass, ¢, k (and a pair of adimensional ones g, 4). The
tension can be computed following the methods in Sec. IV
A, for given input parameters, and it can be fixed to be
o = (440 MeV)?. For instance, the SU(2) lattice potential
was adjusted by

V(L)~c—e/L+ oL, (94)

with e ~ 0.256 (see Refs. [59,64]). This, together with the
BPS properties, can give an idea about typical input
parameters. At smaller distances our potential should be
Coulomb-like ~ — ‘8[’2;‘ where Q,, is the monopole charge
representing the fundamental quark. In our conventions, the

charge for a fundamental monopole is Q,, = 27”\@ At

u = 0, where the equations get Abelianized, the vacuum
value is v = —«k/A, and at 1 = g* the string tension is
o = 2zxv>. Thus, merging all this information, typical
values are obtained from

2r V2ro 2r
g = —, ,bl = 0, K= — s l = —,
e e e
(95)
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which implies

g=5.01,
v=—k/A=175.55 (inMeV),

u=0,
A=25.13. (96)

Finally, we note that the stringlike behavior is expected
for interquark separations much larger than both the
magnetic and the Higgs field localization widths, given
by ~1/(gv) and ~1/(v/Av), respectively. However, it is
interesting to note that lattice calculations point to a static
potential that is well described by Eq. (94) over a large
range of L values, from asymptotic to smaller distances
where the flux tube picture is no longer valid. That is,
although the origin of the 1/L effects at small and large
distances are different, both regimes are described by a
single 1/L term.” This type of “continuous” behavior was
also noted for SU(N) in Ref. [60] and could indicate that
the validity of the model could also be extended. In this
respect, it would also be interesting to analyze the hybrid
states and the effect of the adjoint dual monopole (valence
gluon) on the hybrid potential.

VI. CONCLUSIONS

The detailed knowledge we have about interquark lattice
potentials makes us wonder what the natural effective
description for the Yang-Mills vacuum could be. This
search can be guided by the symmetries, by the way they
are realized, by the identification of large distance relevant
terms in the functional energy, and, of course, by the lattice
data. Here, we analyzed a natural class of models with
SU(N) — Z(N) SSB. This is an interesting SSB pattern, as
the confining string would incorporate N-ality. Initially, we
tested a numerical method to solve the center string field
equations, obtaining the solutions for infinite and finite
center strings, the latter running between a monopole
and an antimonopole, representing the external quark
and antiquark, respectively.

In fact, the lattice interquark potential has already been
adjusted in different phenomenological models, and the
lattice data seem to set the parameters close to the interface
between type I and type II superconductors. For instance,
this has been observed in a dual Abelian Higgs model that
essentially describes a condensate of Abelian monopoles.
However, we know that in that case, N-ality cannot be
accommodated. In the second part of this work, we
reconciled both properties in our framework. We showed
numerically and analytically [for SU(2) and SU(3)] that
there is a region in parameter space where the field
equations freeze some Higgs profiles to a constant vacuum
value. In this region, the profiles for the gauge field along a
local Cartan direction, and for the Higgs fields that rotate,

"The lattice coefficient e ~0.256, obtained by including
smaller separations, turns out to match the Liischer value z/12.
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exactly satisfy Nielsen-Olesen equations. So we can
already conclude that in our non-Abelian context, the
fitting of lattice data will be as good as in the Abelian
one, with the advantage of implementing N-ality.
Moreover, in the case of SU(2), after freezing one of the
Higgs fields at a local vacuum value, we derived a BPS
bound that is topological and gauge invariant under regular
gauge transformations. This point provides the type-I/type-

II superconductor interface. The steps followed are similar
-3
A = ¢, by the inclusion of a nonrelativistic interaction that
tends to align the magnetic field and one of the Higgs fields
along the same Lie algebra direction. As a consequence, in
that work, all BPS solutions had zero energy. Here, we have
shown that to get a BPS bound at 4> = 0, A = ¢?, the model
requires no alignment term. This time, the minimum energy

to those previously given to derive a BPS point, at y°

PHYSICAL REVIEW D 95, 025001 (2017)

center string states are 2zv* and 0, for fundamental and
adjoint charges, respectively.

These are essential tools that will permit one to deter-
mine, in a forthcoming work, the appropriate model that is
compatible with the various observables already computed
in the lattice, as normal and hybrid potentials, and the
energy density profiles.
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