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A recently presented general procedure to find static and axially symmetric, interior solutions to the
Einstein equations is extended to the stationary case, and applied to find an interior solution for the Kerr
metric. The solution, which is generated by an anisotropic fluid, verifies the energy conditions for a wide
range of values of the parameters, and matches smoothly to the Kerr solution, thereby representing a globally
regular model describing a nonspherical and rotating source of gravitational field. In the spherically
symmetric limit, our model converges to the well-known incompressible perfect fluid solution. The key stone
of our approach is based on an ansatz allowing to define the interior metric in terms of the exterior metric
functions evaluated at the boundary source. The physical variables of the energy-momentum tensor are
calculated explicitly, as well as the geometry of the source in terms of the relativistic multipole moments.
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I. INTRODUCTION

Since the discovery of the Kerr metric [1] there have
been many attempts to find a physically meaningful matter
distribution that could serve as its source (see [2–17] and
references therein). However, no satisfactory solution has
yet been found to this problem.
It is the purpose of this work to provide an interior

solution to Einstein equations, satisfying all the usual
physical conditions, and smoothly matched on the boundary
surface of the fluid distribution, to the Kerr metric. With this
aim we shall generalize a procedure, recently proposed to
find sources of the Weyl metrics [18], to the stationary case.
As a particular example we shall find a source for the

Kerr metric which consists in an anisotropic fluid, satisfy-
ing the Darmois matching conditions on the boundary
surface of the matter distribution, thereby excluding the
presence of thin shells, and exhibiting a well behavior of all
physical variables, for a wide range of values of the
parameters of the solution. These include values which
are commonly assumed in realistic models of rotating
neutron stars and white dwarfs.

II. THE GLOBAL MODEL OF A SELF-
GRAVITATING STATIONARY SOURCE

A. The exterior metric

The line element for a vacuum stationary and axially
symmetric space-time in Weyl canonical coordinates may
be written as

ds2E ¼ −e2ψðdt − wdϕÞ2 þ e−2ψþ2Γðdρ2 þ dz2Þ
þ e−2ψρ2dϕ2; ð1Þ

where ψ ¼ ψðρ; zÞ, Γ ¼ Γðρ; zÞ and w ¼ wðρ; zÞ are
functions of their arguments.
For vacuum space-times, Einstein’s field equations

imply for the metric functions

fðf;ρρ þ ρ−1f;ρ þ f;zzÞ − f2;ρ − f2;z þ ρ−2f4ðw2
;ρ þ w2

;zÞ
¼ 0; ð2Þ

fðw;ρρ þ ρ−1w;ρ þ w;zzÞ þ 2f;ρw;ρ þ 2f;zw;z ¼ 0; ð3Þ

with f ≡ e2ψ and

Γ;ρ ¼
1

4
ρf−2ðf2;ρ − f2;zÞ −

1

4
ρ−1f2ðw2

;ρ − w2
;zÞ

Γ;z ¼
1

2
ρf−2f;ρf;z −

1

2
ρ−1f2w;ρw;z: ð4Þ

Notice that (2) and (3) are precisely the integrability
condition of (4); that is, given any ψ and w satisfying (2)
and (3), a function Γ satisfying (4) always exists.
We can write the line element above, in Erez-Rosen [19],

or standard Schwarzschild-type coordinates fr; y≡ cos θg
or in spheroidal prolate coordinates fx≡ r−M

M ; yg [20]:

ρ2 ¼ rðr − 2MÞð1 − y2Þ; z ¼ ðr −MÞy; ð5Þ

where M is a constant which will be identified later.
In terms of the above coordinates the line element (1)

may be written as
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ds2E ¼ −e2ψðr;yÞðdt − wdϕÞ2 þ e−2ψþ2½Γðr;yÞ−Γs�dr2

þ e−2½ψ−ψ s�þ2½Γðr;yÞ−Γs�r2dθ2 þ e−2½ψ−ψs�r2sin2θdϕ2;

ð6Þ

where ψ s and Γs are the metric functions corresponding to
the Schwarzschild solution, namely,

ψ s ¼ 1

2
ln

�
r − 2M

r

�
Γs ¼ −

1

2
ln

�ðr −MÞ2 − y2M2

rðr − 2MÞ
�
;

ð7Þ

where the parameter M is easily identified as the
Schwarzschild mass.

B. The interior metric

We shall now assume for the interior axially symmetric
line element

ds2I ¼ −e2âZðrÞ2ðdt −ΩdϕÞ2 þ e2ĝ−2â

AðrÞ dr2 þ e2ĝ−2âr2dθ2

þ e−2âr2sin2θdϕ2; ð8Þ

with

â≡ aðr; θÞ − asðrÞ; ĝ≡ gðr; θÞ − gsðr; θÞ; ð9Þ

where Ω ¼ Ωðr; θÞ, and asðrÞ and gsðr; θÞ are functions
that, on the boundary surface, equal the metric functions
corresponding to the Schwarzschild solution (7), i.e.
asðrΣÞ ¼ ψ s

Σ and gsðrΣÞ ¼ Γs
Σ. Also, AðrÞ≡ 1 − pr2 and

Z≡ 3
2

ffiffiffiffiffiffiffiffiffiffiffiffi
AðrΣÞ

p
− 1

2

ffiffiffiffiffiffiffiffiffi
AðrÞp

, where p is an arbitrary constant
and the boundary surface of the source is defined
by r ¼ rΣ ¼ const.
The case w ¼ 0, ĝ ¼ â ¼ 0, corresponds to a spherically

symmetric distribution, more specifically to the well-
known incompressible (homogeneous energy density) per-
fect fluid sphere, and hence the matching of (8) with the
Schwarzschild solution implies p ¼ 2M

r3Σ
. The simple con-

dition w ¼ 0 recovers, of course, the static case.
It should be noticed that for simplicity we consider here

only matching surfaces of the form r ¼ rΣ ¼ const, of
course more general surfaces with axial symmetry could
however be considered as well.

C. The matching conditions

We shall now turn to the matching (Darmois) conditions
[21]. Thus the continuity of the first and the second
fundamental form across the boundary surface implies
the continuity of the metric functions and the continuity
of the first derivatives ∂rgtt, ∂rgθθ, ∂rgϕϕ, producing

aΣ ¼ ψΣ; a0Σ ¼ ψ 0
Σ; gΣ ¼ ΓΣ; g0Σ ¼ Γ0

Σ;

asΣ ¼ ψ s
Σ; ðasÞ0Σ ¼ ðψ sÞ0Σ;

gsΣ ¼ Γs
Σ; ðgsÞ0Σ ¼ ðΓsÞ0Σ;

ΩΣ ¼ wΣ; Ω0
Σ ¼ w0

Σ; ð10Þ

where prime denotes partial derivative with respect to r and
subscript Σ indicates that the quantity is evaluated on the
boundary surface. It is important to keep in mind that
we are using global coordinates fr; θg on both sides of the
boundary.
Thus, our line element (8) matches smoothly with

any stationary exterior (6), provided conditions (10) are
satisfied.
In the particular case when we want to match our interior

with the Schwarzschild exterior (the static limit), then
ψ ¼ ψs and Γ ¼ Γs, and the source is a perfect fluid
if â ¼ ĝ ¼ Ω ¼ 0.
We shall now see how the field equations constrain

further our possible interiors.

D. The field equations and constraints

Let us first analyze the well-known case when the
interior is spherically symmetric, then â ¼ ĝ ¼ 0, and
the physical variables are obtained from the field equations
for a perfect fluid, the result is well known and reads (in
relativistic units)

−T0
0 ≡ μ ¼ 3p

8π
;

T1
1 ¼ T2

2 ¼ T3
3 ≡ P ¼ μ

� ffiffiffiffi
A

p
−

ffiffiffiffiffiffi
AΣ

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p
�
; ð11Þ

with A ¼ 1 − 2mðrÞ
r ¼ 1 − pr2 ¼ 1 − 2Mr2

r3Σ
, where μ and P

denote the energy density and the isotropic pressure
respectively, and for the mass function mðrÞ we have

mðrÞ ¼ −4π
Z

r

0

r2T0
0dr; ð12Þ

implying

M ≡mðrΣÞ ¼ −4π
Z

rΣ

0

r2T0
0dr ¼

pr3Σ
2

: ð13Þ

This model, which describes the well-known incom-
pressible perfect fluid sphere, is further restricted by the
requirement that the pressure be regular and positive
everywhere within the fluid distribution, which implies
τ≡ rΣ

M > 9
4
. As it is evident from (11) the pressure vanishes

at the boundary surface.
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Finally, if we impose the strong energy condition P < μ, we should further restrict our model with the condition τ > 8
3
.

We shall now proceed to consider the general, nonspherical case. Thus, for our line element (8) we have
the following nonvanishing components of the energy-momentum tensor:

−T0
0 ¼ κð8πμþ p̂zz − Eþ 3δJþ þ δΩIÞ;

T1
1 ¼ κð8πP − p̂xx − δJ−Þ;

T2
2 ¼ κð8πPþ p̂xx þ δJ−Þ;

T3
3 ¼ κð8πP − p̂zz þ δΩI þ δJþÞ;

T3
0 ¼ −κδI; ð14Þ

T2
1 ¼ gθθT12 ¼ −

κ

r2

�
2â;θâ0 − ĝ0

cos θ
sin θ

−
ĝ;θ
r
þ ð1 − AÞ
r

ffiffiffiffi
A

p ð3 ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p Þ ð2â;θ − ĝ;θÞ − δ
Ω;θΩ0

2r2sin2θ

�
; ð15Þ

with κ ≡ e2â−2ĝ
8π , δ≡ e4âZ2, Ω;y denotes derivative of Ω with respect to y≡ cos θ, and

J� ¼
�
−Ω;y

2r2

�
2

� A
�

Ω0

2r sin θ

�
2

;

I ¼ Ω00A
2r2sin2θ

þ 2Ω0â0A
r2sin2θ

þΩ;yy

2r4
þ 2

Ω;yâ;y
r4

þ ð1 − AÞΩ0

2r3sin2θ

�
4

ffiffiffiffiffiffi
AΣ

p
− 3

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p
�
;

E ¼ −2Δâþ ð1 − AÞ
�
2
â0

r
9

ffiffiffiffiffiffi
AΣ

p
− 4

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p þ 2â00 − ĝ00
�
;

Δâ ¼ â00 þ 2
â0

r
þ â;θθ

r2
þ â;θ

r2
cos θ
sin θ

;

p̂xx ¼ −
â2;θ
r2

−
ĝ0

r
þ â02 þ ĝ;θ

r2
cos θ
sin θ

þ ð1 − AÞ
�
2
â0

r

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p − â02 þ ĝ0

r
3

ffiffiffiffiffiffi
AΣ

p
− 2

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p
�
;

p̂zz ¼ −
â2;θ
r2

−
ĝ0

r
− â02 −

ĝ;θθ
r2

− ĝ00 þ ð1 − AÞ
�
−2

â0

r

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p þ â02 þ 2
ĝ0

r

�
: ð16Þ

From the expressions above, using (14)–(16) and introducing the dimensionless parameter s≡ r=rΣ, we can now obtain
the explicit expressions for the physical variables [with A ¼ 1 − ð2s2Þ=τ, AΣ ¼ Aðs ¼ 1Þ]:

−T0
0 ¼

κ

r2Σ

�
6

τ
−
â2;θ
s2

− A½ðâ;sÞ2 þ ðĝ;ssÞ − 2ðâ;ssÞ� −
ĝ;θθ
s2

þ ð1 − 2AÞ ĝ;s
s
− 2ð1 − 3AÞ â;s

s
þ 2

s2

�
â;θθ þ â;θ

cos θ
sin θ

��

þ κδ

r4Σ

�
3

4

�ðΩ;yÞ2
s4

þ AðΩ;sÞ2
s2sin2θ

�
þ Ω

�
Ω;ssA

2s2sin2θ
þ 2Ω;sâ;sA

s2sin2θ
þΩ;yy

2s4
þ 2

Ω;yâ;y
s4

þ ð1 − AÞΩ;s

2s3sin2θ

�
4

ffiffiffiffiffiffi
AΣ

p
− 3

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p
���

;

ð17Þ

T3
0 ¼ −

κδ

r4Σ

�
Ω;ssA

2s2sin2θ
þ 2Ω;sâ;sA

s2sin2θ
þ Ω;yy

2s4
þ 2

Ω;yâ;y
s4

þ ð1 − AÞΩ;s

2s3sin2θ

�
4

ffiffiffiffiffiffi
AΣ

p
− 3

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p
��

; ð18Þ

T1
1 ¼

κ

r2Σ

�
6

τ

ffiffiffiffi
A

p
−

ffiffiffiffiffiffi
AΣ

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p þ â2;θ
s2

− ðâ;sÞ2A −
ĝ;θ
s2

cos θ
sin θ

− 2
â;s
s

ffiffiffiffi
A

p ð1 − AÞ
3

ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p −
ĝ;s
s

�ð1 − AÞð3 ffiffiffiffiffiffi
AΣ

p
− 2

ffiffiffiffi
A

p Þ
3

ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p − 1

��

−
κδ

r4Σ

�
1

4

�ðΩ;yÞ2
s4

−
AðΩ;sÞ2
s2sin2θ

��
; ð19Þ
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T3
3 ¼

κ

r2Σ

�
6

τ

ffiffiffiffi
A

p
−

ffiffiffiffiffiffi
AΣ

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p þ â2;θ
s2

þ ðâ;sÞ2Aþ ðĝ;ssÞ þ
ĝ;θθ
s2

þ 2
â;s
s

ffiffiffiffi
A

p ð1 − AÞ
3

ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p −
ĝ;s
s
ð1 − 2AÞ

�

þ κδ

r4Σ

�
1

4

�ðΩ;yÞ2
s4

þ AðΩ;sÞ2
s2sin2θ

�
þ Ω

�
Ω;ssA

2s2sin2θ
þ 2Ω;sâ;sA

s2sin2θ
þΩ;yy

2s4
þ 2

Ω;yâ;y
s4

þ ð1 − AÞΩ;s

2s3sin2θ

�
4

ffiffiffiffiffiffi
AΣ

p
− 3

ffiffiffiffi
A

p

3
ffiffiffiffiffiffi
AΣ

p
−

ffiffiffiffi
A

p
���

; ð20Þ

T2
1 ¼ −

κ

s2r3Σ

�
2â;θâ;s − ĝ;s

cos θ
sin θ

−
ĝ;θ
s
þ 2sð2â;θ − ĝ;θÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

τ − 2s2
p

ð3 ffiffiffiffiffiffiffiffiffiffi
τ − 2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ − 2s2

p
Þ

�
þ κδ

r5Σ

�
Ω;θΩ;s

2s4sin2θ

�
: ð21Þ

Obviously for any specific (nonspherical) model we
need to provide explicit forms for â, ĝ andΩ, however even
at this level of generality we can assure that the junction
conditions (10) imply ðPrr ≡ grrT1

1ÞΣ ¼ 0.
We shall first proceed to prove the above statement, and

then we shall provide a general procedure to choose â and ĝ
producing physically meaningful models.

It is always possible to choose the metric functions â
and ĝ such that, once the junction conditions (10) are
satisfied, the angular derivatives of such functions are
continuous; i.e. ðâ;θÞΣ ¼ ðψ ;θÞΣ and ðĝ;θÞΣ ¼ ðΓ;θÞΣ, as
well as ðΩ;θÞΣ ¼ ðw;θÞΣ.
Then, using AΣ ¼ rΣ−2M

rΣ
in (14), we obtain for p̂xx þ δJ−

on the boundary surface

ðp̂xx þ δJ−ÞΣ ¼ 1

r2Σ

�
−ðψ̂ ;θÞ2Σ þ ðΓ̂;θÞΣ

cos θ
sin θ

þ 2Mψ̂ 0
Σ þ rΣðrΣ − 2MÞψ̂ 02

Σ − ðrΣ −MÞΓ̂0
Σ

þ rΣe4ψ

4ðrΣ − 2MÞsin2θ
�

_wΣ
2

r2Σ
− ðw0

ΣÞ2
rΣ − 2M

rΣ

��
; ð22Þ

where ψ̂Σ ≡ ψΣ − ψ s
Σ and Γ̂Σ ≡ ΓΣ − Γs

Σ and dot also denotes partial derivative with respect to θ.
Taking into account the Einstein’s vacuum equations ðGαβ ¼ 0Þ, we find the following relation for the derivatives of the

metric function w, from the Einstein tensor component G11 ¼ 0:

−re4ψ

4ðr − 2MÞsin2θ
�
_w2

r2
− ðw0Þ2 r − 2M

r

�
¼ −ðψ ;θÞ2 þ ðΓ̂;θÞ

cos θ
sin θ

þ rðr − 2MÞψ 02 −
M2

rðr − 2MÞ − ðr −MÞΓ̂0; ð23Þ

implying the vanishing of ðT1
1ÞΣ.

In a similar way it can be shown that T2
1 vanishes on the boundary surface, if we take into account that the Einstein

vacuum equation G12 ¼ 0 produces

w0 _w
sin2θ

e4ψ ¼ 4rðr − 2MÞ _ψψ 0 − 2ðr −MÞ _̂Γ − rðr − 2MÞ2Γ̂0 cos θ
sin θ

; ð24Þ

and from (15), we have the following expression for T2
1 on

the boundary:

ðT2
1ÞΣ ¼ 2ðψ̂ ;θÞΣψ̂ 0

Σ − Γ̂0
Σ
cos θ
sin θ

−
rΣ −M

rΣðrΣ − 2MÞ ðΓ̂;θÞΣ þ
2M

rΣðrΣ − 2MÞ ðψ ;θÞΣ

−
w0
Σðw;θÞΣe4ψΣ

2rΣðrΣ − 2MÞsin2θ : ð25Þ

This last condition ðT2
1ÞΣ ¼ 0, which follows from the

Darmois conditions, and therefore is necessary, in order to

avoid the presence of shells on the boundary surface, can be
obtained at once from a simple inspection of Eq. (22)
in [22].

E. The ansatz for the metric functions

We shall provide a general procedure to choose â, ĝ
and Ω producing physically meaningful models. With
this aim, besides the fulfillment of the junction conditions
(10), we shall require that all physical variables be
regular within the fluid distribution and the energy
density to be positive.
To ensure the fulfillment of the junction conditions (10),

we may write without loss of generality,
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â ¼ ψ̂ΣðθÞ þ ψ̂ 0
ΣðθÞðr − rΣÞ þ Λðr; θÞðr − rΣÞ2;

ĝ ¼ Γ̂ΣðθÞ þ Γ̂0
ΣðθÞðr − rΣÞ þ Ξðr; θÞðr − rΣÞ2;

Ω ¼ wΣðθÞ þ w0
ΣðθÞðr − rΣÞ þ Πðr; θÞðr − rΣÞ2; ð26Þ

where Λðr; θÞ, Ξðr; θÞ and Πðr; θÞ are so far two arbitrary
functions of their arguments.
On the other hand, to guarantee a good behavior of the

physical variables at the center of the distribution we shall
demand

â00 ¼ â;θ0 ¼ â;θθ0 ¼ â0;θ0 ¼ â0;θθ0 ¼ 0

ĝ00 ¼ ĝ;θ0 ¼ ĝ;θθ0 ¼ ĝ0;θ0 ¼ ĝ0;θθ0 ¼ 0

ĝ000 ¼ ĝ00;θ0 ¼ 0; ð27Þ

Ω0 ¼ Ω0
0 ¼ Ω00

0 ¼ Ω000
0 ¼ 0

_Ω0 ¼ _Ω0
0 ¼ 0

Ω̈0 ¼ Ω̈0
0 ¼ Ω̈00

0 ¼ Ω̈000
0 ¼ 0; ð28Þ

where (15) and (16) have been used, and the subscript 0
indicates that the quantity is evaluated at the center of the
distribution.
Using the conditions above in (26) we may write for Λ, Ξ

and Π

Λðr; θÞ ¼ Λ0ðθÞ þ Λ0
0ðθÞrþ Fðr; θÞ

Ξðr; θÞ ¼ Ξ0ðθÞ þ Ξ0
0ðθÞrþ Ξ00

0ðθÞr2 þGðr; θÞ
Πðr; θÞ ¼ Π0ðθÞ þ Π0

0ðθÞrþ Π00
0ðθÞr2

þ Π000
0 ðθÞr3 þHðr; θÞ ð29Þ

with Fð0; θÞ ¼ F0ð0; θÞ ¼ 0 and Gð0; θÞ ¼ G0ð0; θÞ ¼
G00ð0; θÞ ¼ 0, as well as Hð0; θÞ ¼ H0ð0; θÞ ¼ H00ð0; θÞ ¼
H000ð0; θÞ ¼ 0. Then we can finally write for â and ĝ [please
notice that there is a misprint in Eq. (43) in [18], there it
should read Γ, instead of ψ in the two terms within the
round brackets for the metric function ĝðr; θÞ]

âðr; θÞ ¼ r2
�
−
ψ̂ 0
Σ

rΣ
þ 3

ψ̂Σ

r2Σ

�
þ r3

�
−
ψ̂ 0
Σ

r2Σ
− 2

ψ̂Σ

r3Σ

�

þ ðr − rΣÞ2Fðr; θÞ ð30Þ

ĝðr; θÞ ¼ r4
�
Γ̂0
Σ

r2Σ
− 3

Γ̂Σ

r3Σ

�
þ r3

�
−
Γ̂0
Σ

r2Σ
þ 4

Γ̂Σ

r3Σ

�

þ ðr − rΣÞ2Gðr; θÞ: ð31Þ

Ωðr; θÞ ¼ r4
�
−w0

Σ
r3Σ

þ 5
wΣ

r4Σ

�
þ r5

�
w0
Σ

r4Σ
− 4

wΣ

r5Σ

�

þ ðr − rΣÞ2Hðr; θÞ: ð32Þ

The metric functions obtained so far satisfy the junction
conditions (10) and produce physical variables which are

regular within the fluid distribution. Furthermore the
vanishing of ĝ on the axis of symmetry, as required by
the regularity conditions, necessary to ensure elementary
flatness in the vicinity of the axis of symmetry, and in
particular at the center (see [23–25]), is assured by the
fact that Γ̂Σ and Γ̂0

Σ vanish on the axis of symmetry.
Furthermore, the good behavior of the function Ω on the
symmetry axis is fulfilled since wΣ and w0

Σ vanish when
y ¼ �1. Finally, let us note that the energy-momentum
tensor components (14) and (15) do not diverge on the
symmetry axis because the first derivative with respect to
the angular variable θ of both Ω0 and Ω00 vanishes on the
symmetry axis since not only wΣ and w0

Σ vanish there but
their first derivatives with respect to θ vanish as well.
So far we have presented the general procedure to build

up sources for any stationary metric; in what follows, we
shall illustrate the method with the example of Kerr metric.

III. PARTICULAR SOLUTION

A. A source for the exterior Kerr’s solution

The Kerr metric in Weyl coordinates is given by the
following metric functions:

f ¼ ðr1 þ r2Þ2ð1 − j2Þ − 4M2ð1 − j2Þ þ j2ðr1 − r2Þ2
ðr1 þ r2 þ 2MÞ2ð1 − j2Þ þ j2ðr1 − r2Þ2

;

ð33Þ

e2Γ ¼ ðr1 þ r2Þ2ð1 − j2Þ − 4M2ð1 − j2Þ þ j2ðr1 − r2Þ2
4r1r2ð1 − j2Þ ;

ð34Þ

w ¼ jð2M þ r1 þ r2Þð4M2ð1 − j2Þ − ðr1 − r2Þ2Þ
ðr1 þ r2Þ2ð1 − j2Þ − 4M2ð1 − j2Þ þ j2ðr1 − r2Þ2

;

ð35Þ
where j≡ J

M2 ¼ a=M denotes the dimensionless para-
meter representing the angular momentum of the source,
and is related to the rotation parameter a of Kerr in
its well-known Boyer-Lindquist representation. Also,

r1;2 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz�M

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − j2

p
Þ2

q
, which in the Erez-

Rosen coordinates becomes

r21;2 ¼ ½ðr −MÞ �Myðr −MÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − j2

q
�2 −M2j2ð1 − y2Þ:

ð36Þ
As is well known, the relativistic multipole moments

(RMM) [26–30], of the Kerr solution, are easily given in
terms of the rotation parameter j (as well as a). In fact,
using the Fodor-Hoenselaers-Perjés (FHP) method [31] in
order to calculate the RMM, these are expressed in terms of
the expansion coefficients (mk) of the Ernst potential on the
axis of symmetry, but the Kerr solution is the only one
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verifying that each RMM (Mk) at any order k is just equal
to the corresponding coefficient mk for such order, which
implies

mk ¼ Mk ¼ MðiaÞk: ð37Þ

Therefore, the massive RMM (even orders) and the rota-
tional RMM (odd orders) can be expressed as follows:

M2l ¼ ð−1ÞlM2lþ1j2l; M2lþ1 ¼ ið−1ÞlM2lþ2j2lþ1:

ð38Þ

In particular let us remind that a first conclusion
derived from these RMM (38) is that the rotation of

the object leads to a negative quadrupole massive
moment, q≡ M2

M3 ¼ −j2, i.e. all the possible sources of
Kerr solution are oblate.
Let us next consider the line element (8) with metric

functions given by (30) and (31):

âðr; θÞ ¼ ψ̂Σs2ð3 − 2sÞ þ rΣψ̂ 0
Σs

2ðs − 1Þ;
ĝðr; θÞ ¼ Γ̂Σs3ð4 − 3sÞ þ rΣΓ̂0

Σs
3ðs − 1Þ;

Ωðr; θÞ ¼ wΣs4ð5 − 4sÞ þ rΣw0
Σs

4ðs − 1Þ; ð39Þ

with s≡ r=rΣ ∈ ½0; 1�.
For the Kerr solution we may write

ψ̂Σ ≡ ψΣ − ψ s
Σ ¼ 1

2
ln

�
τ

τ − 2

N þ rΣ1r
Σ
2 ð2j2 − 1Þ

N þ rΣ1r
Σ
2 ð2j2 − 1Þ − 2ð1 − j2ÞðrΣ1 þ rΣ2 þ 2Þ

�
;

Γ̂Σ ≡ ΓΣ − Γs
Σ ¼ 1

2
ln

�ðτ − 1Þ2 − y2

τðτ − 2Þ
N þ rΣ1r

Σ
2 ð2j2 − 1Þ

2rΣ1r
Σ
2 ðj2 − 1Þ

�
;

wΣ ¼ Mj
ðN þ rΣ1r

Σ
2 Þð2þ rΣ1 þ rΣ2 Þ

ðj2 − 1Þ½ðj2 − 1ÞðN þ rΣ1r
Σ
2 Þ þ 2ðN þ j4Þ� ; ð40Þ

with

rΣ1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi	
τ − 1� y

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − j2

q 
2

− j2ð1 − y2Þ
r

; ð41Þ

N ≡ −τðτ − 2Þ þ ð1 − y2Þ − j2: ð42Þ

A straightforward calculation, using (17)–(21), allows us
to find the explicit expressions for the physical variables;
these are displayed in Figs. 3–7. However, before entering
into a detailed discussion of these figures, we shall carry

out some calculations with the purpose of providing some
information about the “shape” of the source. In particular
we shall see how it is related with the rotation parameter j
of the source.
For doing so, using our interior metric, we shall calculate

the proper length lz of the object along the axis z, and the
proper equatorial radius lρ:

lz ≡
Z

rΣ

0

eĝðy¼1Þ−âðy¼1Þffiffiffiffi
A

p dz; lρ ≡
Z

rΣ

0

eĝðy¼0Þ−âðy¼0Þffiffiffiffi
A

p dρ;

ð43Þ

FIG. 1. Functions expðĝðs; y ¼ 0Þ − âðs; y ¼ 0ÞÞ and
expð−âðs; y ¼ 1ÞÞ for values of the rotation parameter j ¼
�0.1 and τ ¼ 2.7.

FIG. 2. Relation between the ellipticity of the source e and its
rotation parameter j for different values of τ.
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where ρ, z are the cylindrical coordinates associated to the
Erez-Rosen coordinates.
Obviously in the spherical case (â ¼ ĝ ¼ Ω ¼ 0), both

lengths are identical:

lsz ¼ lsρ ¼
Z

rΣ

0

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − pξ2

p ¼ rΣ

ffiffiffi
τ

2

r
arcsin

ffiffiffi
2

τ

r
; ð44Þ

where the fact that p ¼ 2
τr2Σ

has been taken into account and

where lsz, lsρ denote the lengths corresponding to the
spherical case.
It would be convenient to introduce here the concept of

ellipticity (e), which in terms of lz and lρ, is defined as

e≡ 1 − lρ
lz
. The two extreme values of this parameter are

e ¼ 0, which corresponds to a spherical object, and e ¼ 1
for the limiting case when the source is represented by a
disk. In between of these two extremes we have e > 0 for a
prolate source and e < 0 for an oblate one.
In the general (nonspherical case) we must compare

function e−âðy¼1Þ with eĝðy¼0Þ−âðy¼0Þ, since ĝðy ¼ �1Þ
vanishes along the axis. It can be seen that the sign of
both functions is positive, and their relative magnitudes
verify the inequality e−âðy¼1Þ > eĝðy¼0Þ−âðy¼0Þ for all values

of s in the range s ∈ ½0; 1�, no matter the sign of the
parameter j, leading to the well-known result that the
rotation of the object always generates an oblate source
(q < 0) since lz < lρ. In Fig. 1, one example is shown.
Figure 2 shows the ellipticity e of the source as a

function of the rotation parameter j, for different values of
the parameter τ. As can be seen, the relation between e and
j for any value of τ shows that the greater is j, the greater is
e, and therefore the shape of the source is more oblate. Of
course, for j ¼ 0 (static case) we recover the sphericity
(e ¼ 0). It is also observed from Fig. 2 that the deformation
of the source with respect to the spherical case, for any
fixed value of j, is smaller for larger values of τ (less
compact object).
Let us now turn back to the physical variables of our

model. Figure 3 exhibits the behavior of the radial pressure
Prr ≡ grrT1

1 for different values of j.
In it, we observe the variation of the radial pressure with

respect to the spherically symmetric case (j ¼ 0). This
variation is smaller for angle values close to the equator, as
it is apparent for y ¼ 0.3. Notice that the radial pressure is
positive, with negative pressure gradient, and vanishes on
the boundary surface.

FIG. 4. −r2ΣT0
0 (a), and r2ΣT

1
1 (b), as functions of y ¼ cos θ and

s, with j ¼ 0.1 and τ ¼ 2.7.

FIG. 5. (a) r2ΣT
3
3 and (b) r3ΣT

2
1 as functions of y and s.

(a) (b)

FIG. 3. Four profiles of r2ΣPrr ≡ r2ΣgrrT
1
1, as a function of s, for

y ¼ 0.3 (a), and y ¼ 1 (b) with τ ¼ 2.7, and different values of j.

FIG. 6. r2Σ½ð−T0
0Þ − T1

1� as a function of y and s, with j ¼ 0.1
and τ ¼ 2.7.
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Figures 4 and 5 depict the behavior of different energy
momentum components, for a specific choice of the
parameters q and τ.
Figure 6 shows the verification of the strong energy

condition ð−T0
0Þ − T1

1 > 0 (also for a specific choice of the
parameters j and τ).
Figure 7 shows the component T3

0.

IV. DISCUSSION

By extending the general procedure developed in [18] to
the stationary case, we have been able to build up a
physically meaningful source for the Kerr metric, satisfying
the matching conditions on the boundary surface of the
matter distribution. In spite of the fact that a perfect fluid
source for the Kerr metric might exist [32], our source is
necessarily anisotropic in the pressure.
Particular attention deserves the presence of a non-

vanishing T3
0 component of the energy-momentum tensor.

Indeed, defining as usual an energy-momentum flux vector
as Fν ¼ −VμTνμ (where Vμ denotes the four velocity of the
fluid), it appears that, in the equatorial plane of our system,
energy flows round in circles around the symmetry axis.
This result is a reminiscence of an effect appearing in
stationary Einstein-Maxwell systems. Indeed, in all sta-
tionary Einstein-Maxwell systems, there is a nonvanishing
component of the Poynting vector describing a similar
phenomenon [33,34] (of electromagnetic nature, in this
latter case). Thus, the appearance of such a component
seems to be a distinct physical property of rotating fluids,
which has been overlooked in previous studies of these
sources.
We have carried out a systematic search for the range of

values of τ and j for which our models exhibit acceptable
physical properties. We have focused on the fulfillment of
positive energy density (P.E.D.) (−T0

0 > 0), strong energy
condition (S.E.C.) (ð−T0

0Þ − Ti
i > 0) and positive radial

pressure (P.R.P.) (Prr ¼ g11T1
1 > 0). The results of this

search are shown in Table I. It appears evident that
physically meaningful sources exist for a wide range of
values of the parameters.
On the other hand, the chosen range of values of the

parameters incorporates values considered in the existing
literature, to describe realistic models of rotating neutron
stars and white dwarfs. Let us elaborate on this issue with
some detail.
The rotation of the source is determined by the param-

eters a, M of the exterior solution. Indeed, the rotation
parameter j ¼ J=M2 ¼ a=M stands for the dimensionless
angular momentum of the rotating source. So, if we
restrict ourselves to a subextreme Kerr solution (a < M),
then j < 1.
In [35] numerical models of rotating neutron stars are

constructed for different equations of state (EOSs). For
each EOS the star’s angular momentum ranges from J ¼ 0

FIG. 7. r3ΣT
3
0 as a function of y and s, with j ¼ 0.1 and τ ¼ 2.7.

TABLE I. Fulfillment (F) or violation (V) of different criteria for good physical behavior: positive energy density (P.E.D.) (−T0
0 > 0),

strong energy condition (S.E.C.) [ð−T0
0Þ − Ti

i > 0] and positive radial pressure (P.R.P.) (Prr ¼ g11T1
1 > 0). The symbol � over F means

that although the criterion is fulfilled, nevertheless ∂rPrr changes its sign in the interval s ∈ ½0; 1� within the source. This table
corresponds to an oblate source (due to the rotation) of the Kerr solution for different values of j and a sequence of different values of the
parameter τ.

P.E.D./S.E.C./P.R.P.

τnj 0.9 0.8 0.7 0.5 0.3 0.1 0.05 0.03

2.67 V V V V V V V V F� V V F F V F F V F F V F F F F
2.7 V V V V V V V V F� V V F F V F F F F F F F F F F
2.8 V V V V V F� V V F� V V F F V F F F F F F F F F F
2.9 V V V V V F� V V F� F V F F F F F F F F F F F F F
3 V V F� V V F� V V F� F V F F F F F F F F F F F F F
3.1 V V F� V V F� V V F� F V F F F F F F F F F F F F F
3.5 V V F� F V F� F F F� F F F F F F F F F F F F F F F
4 F F F� F F F� F F F F F F F F F F F F F F F F F F
4.5 F F F� F F F F F F F F F F F F F F F F F F F F F
5 F F F F F F F F F F F F F F F F F F F F F F F F
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to the Keplerian limit J ¼ Jmax, and the dependence of the
quadrupole moment on the rotation parameter j is estab-
lished. Within the interval 1.0 to 1.8 solar masses for the
mass M, the parameter j is in the interval between 0.1
and 0.8.
In [36] upper limits on the parameter j are found for

representative EOSs; uniformly rotating neutron star
models with maximum mass for various equations of
state are studied, and the parameter j does not exceed the
value 0.7.
In [37] realistic equations of state for rapidly rotating

neutron stars are explored, including a wider range of
values for j.

Finally, we would like to conclude with the following
comment. In some static sources it may occur that lz < lρ
does not imply that the source is oblate (q < 0) (see [18,38]
for a discussion on this issue). However, as we have seen,
this is not the case of our source.
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