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Higgs-stoponium mixing near the stop-antistop threshold
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Supersymmetric extensions of the standard model contain additional heavy neutral Higgs bosons that are
coupled to heavy scalar top quarks (stops). This system exhibits interesting field theoretic phenomena when
the Higgs mass is close to the stop-antistop production threshold. Existing work in the literature has examined
the digluon-to-diphoton cross section near threshold and has focused on enhancements in the cross section
that might arise either from the perturbative contributions to the Higgs-to-digluon and Higgs-to-diphoton
form factors or from mixing of the Higgs boson with stoponium states. Near threshold, enhancements in the
relevant amplitudes that go as inverse powers of the stop-antistop relative velocity require resummations of
perturbation theory and/or nonperturbative treatments. We present a complete formulation of threshold effects
at leading order in the stop-antistop relative velocity in terms of nonrelativistic effective field theory. We give
detailed numerical calculations for the case in which the stop-antistop Green’s function is modeled with a
Coulomb-Schrodinger Green’s function. We find several general effects that do not appear in a purely
perturbative treatment. Higgs-stop-antistop mixing effects displace physical masses from the threshold
region, thereby rendering the perturbative threshold enhancements inoperative. In the case of large Higgs-
stop-antistop couplings, the displacement of a physical state above threshold substantially increases its width,
owing to its decay width to a stop-antistop pair, and greatly reduces its contribution to the cross section.
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I. INTRODUCTION

In extensions of the standard model (SM), new heavy
particles typically appear. For example, supersymmetric
extensions of the SM include heavy stop quarks (stops),
which are the supersymmetric partners of a top quark [1-5].
A stop quark and a stop antiquark (antistop) can bind to
form a spectrum of stoponium states. The decays of these
states into two photons potentially provide a clean signal
for their detection. However, stoponium states typically
have rather small gluon-fusion cross sections times branch-
ing ratios into two photons [6—12].

Extensions of the SM can also contain heavy Higgs
bosons [13]. The presence of new Higgs doublets is
motivated by weak-scale extensions of the SM that aim
to address the disparity between the electroweak and
Planck scales and to provide explanations of the origins
of flavor and of the matter-antimatter asymmetry. In these
theories, the SM description is recovered in the so-called
decoupling regime, in which the masses of the heavy Higgs
bosons become large. In such a regime, the heavy neutral
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Higgs bosons may decay into pairs of third-generation
fermions, including top quarks. Owing to the presence of
these tree-level decays, the branching ratio of loop-induced
decay processes is suppressed, making it difficult to
observe the decay of the heavy Higgs boson to two
photons.

The interplay of a heavy stop-antistop system with a
heavy Higgs boson whose mass is near the stop-antistop
production threshold results in interesting and intricate new
phenomena. Loop-induced processes may be enhanced in
the presence of heavy quarks or squarks that are strongly
coupled to the heavy Higgs boson. In supersymmetric
extensions of the SM, the dimensionful coupling of stops
to the heavy Higgs bosons is governed by the Higgsino mass
parameter u. Loop-induced processes may be significantly
modified if the heavy quarks or squarks have masses that
are comparable to that of the heavy Higgs boson. The
modification to loop-induced processes may be especially
important if there is a production threshold for heavy
particle-antiparticle pairs that is close to the Higgs mass [14].

Near threshold, QCD perturbation-expansion contribu-
tions of relative order n may receive 1/¢" enhancements,
where v is half of the relative velocity between the stop and
the antistop in the stop-antistop center-of-momentum (CM)
frame. Such enhanced contributions are typically propor-
tional to a(m;v)/v", where a; is the strong-interaction
running coupling and mj; is the stop-quark mass. The
presence of these enhanced contributions requires a resum-
mation of the perturbative contributions, which, among
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other things, takes into account the formation of stop-
antistop bound states.

The issue of gluon-fusion Higgs production and decay to
diphotons at the stop-antistop production threshold has
been addressed recently in Ref. [15]. The authors of
Ref. [15] recognized the possibility that Higgs-stoponium
mixing and the formation of stop-antistop bound states
could have a significant effect on the gg —» H — yy rate.
They pointed out, as is stressed in Ref. [16], that stoponium
effects lead to Higgs-digluon (Hgg) and Higgs-diphoton
(Hyy) form factors that are enhanced relative to the form
factors that are obtained in fixed-order perturbative
calculations. We note, though, that the description in
Refs. [15,16] does not explicitly account for all of the
Higgs-stoponium mixing effects [6].

In this article, we provide a detailed analysis of the
interplay between a heavy Higgs boson and a heavy stop-
antistop pair for Higgs masses that are close to the stop-
antistop production threshold.! We take into account
threshold enhancements to the stop-antistop amplitudes
by means of the analogues for scalar quarks of the effective
field theories nonrelativistic QED (NRQED) [17] and
nonrelativistic QCD (NRQCD) [18,19]. In this framework,
we are also able to give a description of Higgs-stop-antistop
mixing near threshold that incorporates fully the effects that
are contained in the stop-antistop Green’s function.”

In order to make contact with recent numerical work on
the Higgs-stop-antistop system, we choose, in our numeri-
cal work, a stop mass of 375 GeV, and we assume that the
Higgs mass is near the stop-antistop production threshold,
which is 750 GeV. Much of the recent numerical work in
the literature was motivated by initial results from the
ATLAS and CMS experiments that showed excesses in
rates for the process pp — yy at diphoton masses around
750 GeV [20,21]. (For an extensive list of theoretical work
that is related to this signal, see Ref. [22].) However, we
emphasize that our work is not tied to any particular
phenomenological model and that it is aimed at under-
standing the general features of a Higgs-stop-antistop
system near threshold.

'In the cases of SM extensions that contain more than one stop
quark, we will assume that the heaviest stop mass eigenstate is
significantly heavier than the lightest one. This implies that the
Higgs mass is far below the threshold for production of a heaviest
stop and a heaviest antistop. Therefore, the heaviest stop
contribution becomes subdominant with respect to the lightest-
stop contribution. We will consider the heaviest stop contribution
to be a perturbation to the rates that are computed in this work. It
should be taken into account in precision studies. For large values
of the trilinear Higgs-stop-antistop coupling, the coupling of the
heavy stop to the Higgs boson is of the same order as and
opposite in sign to the coupling of the lightest stop to the Higgs
boson. Hence, the contribution of the heavy stop to the diphoton
rate may be non-negligible in the regime of strong Higgs-stop-
antistop coupling.

*In Ref. [14], the effects of mixing between the Higgs boson
and discrete stoponium resonances were considered.
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We find that effects of Higgs-stop-antistop mixing go
beyond the modification of the Hgg and Hyy form factors
and significantly change the diphoton production rate near
the stop-antistop threshold with respect to the rate that would
be obtained from the simple addition of the Higgs and
stoponium contributions. For Higgs masses near threshold,
we find that several mechanisms that arise from Higgs-stop-
antistop mixing suppress the diphoton rate relative to the
rates that are obtained in perturbative calculations: (1) for
small stop widths, mixing significantly increases the width
of the narrowest physical state relative to the width of the
unmixed stoponium state; (2) mixing shifts masses of
physical states away from the region in which form-factor
enhancements occur; (3) mixing shifts some physical-state
masses above threshold, where, in the case of strong Higgs-
stop-antistop couplings, the states develop large decay
widths into stop-antistop pairs; (4) for strong Higgs-stop-
antistop couplings, the mixing changes the heights and
widths of the physical resonances that lie below threshold.

In some of our numerical work, we employ rather large
values of the Higgs-stop-antistop coupling. In some spe-
cific models of the Higgs-stop-antistop system, such large
values of the coupling could lead to the presence of color-
symmetry-breaking minima in the potential for the vacua
[23-25]. Since, in our work, we are not focused on any
specific model realization of the Higgs-stop-antistop sys-
tem, we will not study these possible constraints. However,
they would have to be taken into account in the construc-
tion of detailed models.

The remainder of this article is organized as follows. In
Sec. II, we describe the effective-field-theory approach that
we employ. We also give formulas for the gg — yy
amplitude that account fully for the Higgs-stop-antistop
mixing. Section III contains a discussion of a simplified
model in which the stop-antistop states are replaced by a
single Breit-Wigner resonance. That model exhibits a
number of the features of the full theory. In Sec. IV, we
present and discuss our numerical results for the gg — yy
amplitude and cross section as a function of the Higgs
mass, relative to the stop-antistop threshold. Section V
contains our conclusions.

II. EFFECTIVE-FIELD-THEORY APPROACH

A. NRQED/NRQCD analogues for scalar quarks

We wish to compute the amplitude for gg — yy in the
presence of a Higgs boson with mass my that couples to a
heavy stop quark and a heavy antistop quark, each of which
have mass m;. We are concerned with the situation in which
mpy is near 2mj;, the threshold for stop-antistop production.
Because the amplitude is computed near threshold, there
can be important effects from the binding or near binding of
the stop-antistop pair that are not captured in fixed-order
perturbation theory. It is convenient to take these effects
into account by making use of the analogues for scalar
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quarks of the effective field theories NRQED [17] and
NRQCD [18,19].°

We will carry out the effective-field-theory computation
at the leading nontrivial order in the heavy stop velocity v
in the stop-antistop CM frame, where v is given by

v = |p|/m; = \/2m;E/m;. (1)

Here, p is the 3-momentum of the stop in the stop-antistop
(or yy) CM frame,

E:\/:—2m; (2)
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is the nonrelativistic CM energy of the stop-antistop
system, v/3 is the partonic CM energy,

Vi=m,, (3)

and m,, is the yy mass.

The effective field theory is an expansion in powers of v.
Hence, our calculation should be valid as long as » is much
less than 1. We expect corrections to our calculation of the
gg — yy amplitude to be of relative order v°.

The heavy stop part of the effective Lagrangian density
that we will use, which is valid at the leading order in v, is

Li; = w'(2imiDy + D)y + " (2im;Dy +D?)y — iCoiiH(w' y + xTy)

+ (i/Z)ng;;iN% 3

+0/2)Cogn iz

W'y +x'w)Ge,G% + (i/2)C,i:(y'x + x"w)F, F*

1
———HG},G*" + (i/2)C,,yHF ,,F**

, [N 1
= iCripii W w o+ T g w o (4)
c c

where mj; is the stop pole mass, y is the field that
annihilates a stop, y is the field that creates an antistop,
Gy, is the gluon field with adjoint color index a, Gy, is the
gluon field strength with adjoint color index a, A, is the
electromagnetic field, and F,, is the electromagnetic field
strength. The covariant derivative contains both the electro-
magnetic field and the gluon field:

D, =0, —iee;A, — igGit,, (5a)

where e is the electromagnetic coupling, e; is the stop-
quark charge, ¢ is the strong-interaction coupling, and 7, is
an SU(3) matrix in the adjoint representation that is
normalized to

Trtyty, = Trbap = (1/2)34p- (5b)

In the calculations in this paper, we ignore the couplings of
stops and antistops to the electromagnetic field, except in
the annihilation of a stop-antistop pair into two photons.
The C;’s are short-distance coefficients, which will be
determined by matching the effective theory with full QED
and full QCD at the stop-antistop threshold. The short-
distance coefficient Cy; 77 takes into account the 7-channel
exchange of the heavy Higgs boson between the stop and

*In Ref. [26], an effective field theory for stoponium systems
was developed, and a resummation of threshold logarithms in the
stoponium production cross section was carried out by making
use of soft-collinear effective theory [27]. However, the formal-
ism in Ref. [26] does not address the possibility of stoponium-
Higgs mixing.

|

the antistop. The quantity Im75;_,,, ;; is also a short-
distance coefficient that accounts for decays of a stop-
antistop pair into two gluons. It is given by (—2) times the
imaginary part of the contribution to the stop-antistop
forward T-matrix that contains a two-gluon intermediate
state, evaluated at the stop-antistop threshold. Note that,
because we are working at leading order in v, there are only
S-wave couplings to the stop-antistop pairs.

B. Computation of the short-distance coefficients

In this section, we compute the short-distance coefficients
in Eq. (4) by matching the effective theory to the full theory.
Because our focus is on the formulation of the calculation
and on the qualitative features of the threshold physics, we
work at the lowest nontrivial order in the electromagnetic
and strong couplings. Therefore, one should take care in
comparing our numerical results with those in the literature,
which often are performed at next-to-leading order, and,
therefore, include two-loop effects in the couplings of the
Higgs boson to digluons and diphotons [28-31].*

We compute the short-distance coefficients that appear at
the Born level by evaluating the corresponding amplitude
in the full theory at the stop-antistop threshold. We compute

*An expansion of in powers of a; is valid for the short-distance
coefficients, since they contain no 1/v enhancements. However,
in the computation of the effective-field-theory amplitudes in
Sec. I1 C, the expansion in powers of a, can fail because there are
contributions to the stop-antistop Green’s function in order o
that are enhanced by factors 1/v". We compute these contribu-
tions to all orders in «;.
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the short-distance coefficients that appear at one-loop level
by evaluating the one-loop amplitude in the full theory at
threshold and subtracting the corresponding one-loop
amplitude in the effective theory.

The short-distance coefficients Cy;7, C,,i7, and Cijpii
are easily obtained by carrying out Born-level calculations
in full QCD at the stop antistop threshold. They are
given by

) T
Cygi7 = 8imay(m;) \Tf,— (6a)
C,;ii = 8imae?\/N,, (6b)
i
Ciimii = iNCzt%é’ (6¢)

where a = e?/(4x), e; is the stop electromagnetic charge,
a, = ¢*/(4x), and N, = 3 is the number of SU(3) colors.
We have chosen the effective-field-theory factorization
scale to be mj, which accounts for the argument of «,.
We have also taken the color-singlet projection of the stop-
antistop pairs, making use of the projector

P;; :5ij/\/N76’ (7)

2
- lgi T8 9Hbb

Agg—»H (3‘)

Ajpp(7) =2[r+ (1 —7)f(7)], (11a)
Ao(7) = —1[l = 2f(7)], (11b)

arcsin®(1/+/7) T>1,
flo) = [Iog <1+P —in <1, (12)

and
T, = 4’:%, (13a)
S (13b)
4m?

T = (130)

Al/z( ») +
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where i and j are the squark and antiquark color indices,
respectively.

The short-distance coefficient Cy;; is simply the Born-
level Higgs-stop-antistop coupling, gy77, rescaled by a

factor of \/N_:

Cuyiz = l'\/N>ch?7 = —iy/Nkm, (8)

where we have normalized the Higgs coupling to stops in
terms of the stop mass, with x being an adjustable
parameter.

The short-distance coefficients C,y and Cp,, are
generated by quark loops and stop loops. We take into
account the b-quark, ¢-quark, and stop loops, which give
the most important contributions. In full QCD, we have the

amplitude [32-34]

. . € -kyer - k .
lMgg—w(S) = <€1 ) —%> 5ab"495—>H(s)1
1 K2
9)
where
Giin
A, o) + 25 () (10
m; i

|

Here, (k,€;) and (k,,€,) are the (momentum, polariza-
tion) of the initial gluons, a and b are the gluon color
indices, m;, and e, are the bottom-quark mass and electric
charge, m, and e, are the top-quark mass and electric
charge,

g m
Iubh = ;w i tan 3, (14a)
myy
gewin;
—__gewi 14b
9Hn 2my tan ( )
Iuii = —Km;, (14c)

gew 1s the electroweak coupling, my, is the W-boson mass,
tan S is the ratio of heavy and light Higgs vacuum expect-
ation values in a supersymmetric model, and we have listed
the values of the couplings in the heavy-Higgs-boson
decoupling limit, ignoring small deviations of the couplings
from those values.

Similarly, in the case of H — yy, we have the amplitude
[34-37]
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. . €3 - kyey - ki R
iMpu,(3) = (e es =) Ay, (3). (15)
ks - ky
where
Apoyy (3) = i—aN 5 20555 e}A; (7)) + 2051 e?A; (1) +g—H;;€%A0(T> , (16)
" 8z | my, ° m, ! m2

t

and (k3,€3) and (ky,€,) are the (momentum, polarization) of the final photons.

The corresponding quantities in the effective theory are
produced by the stop loop that is generated by the Cysi7,
Cygiw» and C,;; terms in the effective action. In the
modified-minimal-subtraction (MS) scheme, we obtain

—i -

Agn = Cag??CH??m —m;(E + ie),  (17a)
—i -

Agf-w - Cmicmzm —m;(E + ic). (17b)

The effective-theory amplitudes in Eq. (17) vanish at the
stop-antistop threshold (E = 0). Therefore, the short-
distance coefficients Cyyy and C,,y are obtained simply
by evaluating A, and Aj_,,, at stop-antistop threshold:

Cyn = Agqu(4m%), (18a)

C}/;’H = AH_>7},(4m;2). (18b)
Finally, as we have mentioned, the short-distance coeffi-
cient Im77%;_,,,_7; is obtained by computing the contribu-
tion from a two-gluon intermediate state to the imaginary
part of the stop-antistop forward 7-matrix, evaluated at the
stop-antistop threshold. By making use of unitarity, one can
obtain this quantity simply from a cut diagram. The result is

1
2AmT 70077 = |C giil*- (19)

C. Computation of the gg — yy amplitude

In the nonrelativistic effective theory, the stop-antistop
interactions can be taken into account by considering the
stop-antistop Green’s function

G;;(@) = Piijl/dxoei(ﬁ_zm;;)xO <0|)(,T (x070)‘l/j(x0,0)l//1t(07 0))(1(07 0>|0>- (20)

Note that the fields in the Green’s function are evaluated at
zero spatial separation and that color-singlet projections of
the initial stop and antistop and the final stop and antistop
have been taken by making use of the projectors P;;Py,
[Eq. (7)]. The Green’s function contains all of the effects of
the 1/v" enhancements that we have mentioned.

The Green’s function G7;(8) can be evaluated in a
systematic expansion in powers of » by considering a
reformulation of the nonrelativistic effective theory in terms
of an effective theory that is the scalar-squark analogue of
potential NRQCD [38]. In this effective theory, the Green’s
function can be evaluated by considering interactions of the
stop and antistop through nonrelativistic potentials. (The
potentials scale with definite powers of ».) The 1/2"
enhancements arise from n exchanges of heavy-stop-anti-
stop potentials. A resummation of the potential exchanges,
through the use of the Schrodinger equation, brings the
1/v" enhancements under control. The resummation of the
potential exchanges takes into account, among other things,
the formation of stop-antistop bound states. The potentials
incorporate both perturbative and nonperturbative effects. If
m;v is sufficiently large, they are well approximated by

|
perturbative expressions, but they are also valid when m;v
is in the nonperturbative regime.

We can take into account the four-fermion terms in the
effective action that are proportional to C;;p;; and
ImT7;,,,-77 by replacing G;;(8) with

- 1
G (8)(0,0.E) = Cyipzi + ImTy5 77

. (21)

In the case of a stoponium state, this replacement accounts
for the decay width into two gluons, which, for small values
of the stop width, is the dominant stoponium decay width.”

>For large values of the coupling of the SM-like Higgs boson
to a stop-antistop pair, the stoponium state can also decay with a
significant rate into a pair of 125 GeV Higgs bosons. This occurs,
for instance, in the minimal supersymmetric standard model, for
large values of the stop mixing parameters [39]. In our work, we
have assumed that this coupling takes moderate values and,
consequently, that the decay width of the stoponium state into
pairs of SM-like Higgs bosons is much smaller than its decay
width into gluon pairs.
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The coupling of the Higgs-boson to a stop-antistop pair
leads to several contributions to the gg — yy amplitude. We
write these contributions to the amplitude as

€3 k €4 k3
x (53 €4 _4%4> SapAi(99 = 17).
(22)
There is a contribution in which the initial gg pair

transitions to the Higgs boson and the Higgs boson
transitions to a yy pair:

Ai(99 = 17)

= Cyou[Su(3) + Su(3)CriiGri(8)CoiiSu(3) + ...]Cpp
(23a)
! C (23b)

- H ™1/~ ~ ~ H

gg SHI(S)_C%.I;;GH(S) g

i

=C — C,y. 23c
WS —my + imyTy — iC2-Gi(3) ™" (23¢)
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i

Sy = (24)

5 — m%, + imyly

is the Higgs propagator (that is, the Higgs Green’s function
in the absence of Higgs-stop-antistop interactions), my is
the Higgs pole mass, and I'y is the Higgs width.

There is also a contribution in which the initial gg state
transitions to a Higgs boson, which transitions to a stop-
antistop pair, which transitions to a yy pair:

i

Ax(99 = 1r) =C =
o )= Coun 5 m3; + imyTy — iC2--G5;(5)
x CpiiGyi(3)C (25)

yyiis
There is a contribution in which the initial gg pair

transitions to a stop-antistop pair, which transitions to a
Higgs boson, which transitions to a yy pair:

A3(99 = 17) = CiiG1:(8) Ciz
i

§ —mfy + imyly — iCh-G3;(3)

c

(26)

There is a contribution in which the initial gg pair
transitions to a stop-antistop pair, which transitions to a
Higgs boson, which transitions to a stop-antistop pair,
which transitions to a yy pair:

i ~

As(99 = vy) = C,7:G:(3) Cryii ——— Cpy77G7(3)C 7. 27
4(99 77’) ggit tt( ) H”§_m%]‘f‘ierH_iCi];;G?}(@) Hit tt( ) it ( )
I
Finally, there is a contribution that does not involve the We also note that the total amplitude
Higgs boson: S
As(99 = 17) = CoiiGii(8)C, i (28) A9 = 17) = ;Ai(gg = 77) (30)
We note that the amplitudes A, and A5 can be combined ... be obtained from the matrix expression
to give a simpler expression:
/ Awoi(99—77)
AL (99 = vy) = As(gg — vr) + As(gg = 1) (29a) A -l
Sk (S) —Chyii nyH
1 = (Cygr Cygit) C &3 C - (31a)
= Cpii = : —C, (29b) —Cyii G (8) vyt
G (3) - CH;;SH(S) . 1( ) c
~ Gy (8 Chii rrH
= C,iiG3i (3 = (Cyon C“)( !
gort iid) ” ot Cuii SI_Jl (3) Cpii
§ - m%, + imHFH C - 1
a_ 2 imalw — iC2 Con(3) 1T X , (31b)
§ —my + imuly — iCy:.Gi7(8) SHl(s)G;;l(s) _ C%—];;
(29c¢)

The form of A}(gg — yy) in Eq. (29b) is the same as the
form of A;(gg — yy) in Eq. (23b), but with the roles of the
Higgs boson and the stop-antistop pair interchanged.

where the matrix whose inverse is taken in Eq. (31a) is (—i)
times the effective Hamiltonian for the Higgs-stop-antistop
system. The expression in Eq. (31a) is a generalization of
Eq. (7) in Ref. [15].
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D. Coulomb-Schriodinger Green’s function

The stop-antistop Green’s function G;;(8) can be com-
puted at the leading nontrivial order in v, by allowing the
stop and antistop to interact only through the potential of
the leading order in v, which is called the static potential.
One could take the static potential from lattice data, which
are well described by a Coulomb-plus-linear potential
(Cornell potential [40]) with a roll-off to a flat potential
above the stop-antistop threshold. The Green’s function
corresponding to such a potential could, in principle, be
evaluated numerically. In this paper, we choose instead to
|
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deal with a completely analytic Green’s function, which,
we believe, illustrates the qualitative features of the Higgs-
stop-antistop system. In particular, we make use of a
modified Coulomb-Schrédinger Green’s function, which
we describe in detail below.

We obtain the relationship between Gj;(§) and the
Schrodinger Green’s function as follows. Potential inter-
actions are independent of the relative momentum p, of the
stop quark and the antistop quark. Therefore, we integrate
the effective-field-theory stop and antistop propagators
over p, to obtain

27 2m;(po + E/2) — p? + im; Ty + ie —2m;(po + E/2) — p* + im;T; + ie
i 1 —i
= 2G5 (E+il3.p), (32)

R

where I'; is the stop-quark width and G(SO) (E,p) is the
Schrodinger propagator (Schrodinger Green’s function in
the absence of interactions). Hence, we conclude that, in the
case of a Coulomb potential,

. —i :
Gi(8) = ch—s(O’ 0.E+il%), (33)
t

where Gc_g(0,0,E 4 il;) is the Coulomb-Schrodinger
Green’s function evaluated at zero spatial separation
between the initial stop and antistop and zero spatial
separation between the final stop and antistop.

In the MS scheme, G¢_g(0,0,E + il;) is given by

[41,42]
- a,Cp 1 1 —4m;E
o) Pt § B ,
Ges(0,0.B) == m,[ 21 2°g< 2 )
+1+i ! (34a)
2 “n(n/i-1)
aCp o[ 1 1 (~4mE
T4 T 2% e
+y-re-wli-A). (340)
where
E=E+il3, (34c)
c
p=—2or (34d)
—4E/m;

u is the MS scale, y is Euler’s constant, and (1 — 1) is the
digamma function. We take y = m;.6

The first and second terms in Eq. (34a) correspond to zero
and one Coulomb interaction, respectively. These are the only
contributions that are ultraviolet divergent and that, therefore,
depend on the renormalization scheme. The sum in Eq. (34a)
contains the contributions involving two or more Coulomb
interactions. When I'; = 0, the nth term in the sum contains
the pole [y, (0)|?/(E, — E), where E,, is the energy of the nth
bound state and y,, (0) is the wave function at the origin of the
nth bound state. The nth term in the sum also contains
nonpole contributions. It is best not to separate the pole and
nonpole contributions, as either of them alone produces a
spurious logarithmic singularity at £ = 0 (threshold).

In this work, we wish to capture the essential features of the
QCD Green’s function, which we expect to contain only a few
bound-state poles below threshold. Therefore, we modify
Gc_5(0,0, E) by retaining only a few terms in the sum in
Eq. (34a). We expect that, for large m;, the lowest-lying bound
states will be given approximately by the bound states of the
Coulomb potential, and so the modified Coulomb Green’s
function should give a qualitative description of the system.’

®Another reasonable choice is y = 2m;, which would shift the
expressions in square brackets in Egs. (34a) and (34b) by —log 2.
We believe that such a shift, which is small in comparison with
the term 1/2 in the expressions in square brackets, would have no
qualitative effect on our results.

"Lattice measurements of the static quark-antiquark potential
[43], which is identical to the static squark-antisquark potential,
suggest that the static potential is predominantly Coulombic at
short distances, as would be expected from asymptotic freedom. A
recent lattice calculation [44] indicates that the stoponium ground-
state wave functions at the origin, for 100 GeV < m; < 750 GeV,
may have values that are substantially larger than those that are
obtained from potentials that match QCD perturbation theory at
short distances [45]. There is not, as yet, an independent con-
firmation of this surprising result.
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In computing the Coulomb Green’s function, we set a; to
a constant by requiring that

Ip| = vm; = a,(vm;)m;. (35)

This equation should be approximately valid for the low-
lying bound states. It yields a, ~ 0.13.

E. Higgs-boson form factors

The perturbative form factor for the coupling of the
Higgs boson to diphotons through a stop loop is given by

F(H - 11— yy) = Cpy + Ci:Gi:C (36)

it
The amplitude A; + A, is proportional to this form factor,
and, hence, this form factor is built into our formalism.
There is a similar form factor for the Higgs coupling to two
gluons through a stop loop:

F(H - 11 - gg9) = Cypnr + CpiiG1iC i1 (37)

The amplitude A, + A; is proportional to this form factor,
and, so, this form factor is also built into our formalism.
The amplitude A, is proportional to the cross term between
the Higgs-to-diphoton form factor and the Higgs-to-
digluon form factor:

F(H - it — yygg) = C,::C2 .G%.C

99t t~ Hit i1

it (38)

The factors G;; in the second terms of the form factors in
Egs. (36) and (37) and in the form-factor contribution in
Eq. (38) give enhancements of the total amplitude when
§ is near a threshold peak in G;;. Such enhancements are
already present in the perturbative calculations that make
use of the first and second terms of the Coulomb Green’s
function [Eq. (34a)], and they become stronger when one
takes into account the additional effects that are associated
with the stop-antistop bound states [16]. However, as we
will illustrate in detail in Sec. III, when the Higgs mass is
close to stop-antistop threshold, the effect of Higgs-stop-
antistop mixing is to displace the physical mass peaks away
from threshold. Consequently, when the full effects of
Higgs-stop-antistop mixing are taken into account, this
enhancement effect is not operative.

III. CASE OF A SINGLE BREIT-WIGNER
RESONANCE IN THE STOP-ANTISTOP
GREEN’S FUNCTION

We now discuss the situation in which we model f};;
with the simplified form of a Breit-Wigner resonance.® This

This simplified model has also been considered in Ref. [6]. In
Ref. [46], this model was used to investigate the effects of mixing
of a light pseudoscalar particle with 7, (n) states in the context of
decays of the pseudoscalar particle to the 7, (n) states.

PHYSICAL REVIEW D 95, 015013 (2017)

is the only modification to the effective theory that we
make. In particular, we use the formulas for the short-
distance coefficients that are given above.

A. Structure of the Breit-Wigner amplitude
We consider the situation in which f};; is given by

Gy = N%S3#(5), (39a)

where

§) = i , (39b)

~ 2 TS n
§ —mg; + imyly;

Sii(

my; is the bound-state mass, I';; is the bound-state width,
N7 = lw(0))/ms. (40)

and y(0) is the bound-state wave function at the origin. The
bound-state width is given by

G =215+ F;;gg.

(41a)

Here, I

71gg0 18 the width of the bound state to two gluons:

1
1

(41b)

For the Coulomb ground state, |y(0) |* =8a3 (m;v)m3 / (27x).
Now, we can write Eq. (31a) as

A SHG) =Cui\ ™!
Atot(gg - 77) = (ngH ngf? )< ~ 1 A”>
7 (%)

—Cii
C
x (fyH), (42)
Cyii
where  Cyi=NiiCyiis Cpii=NiiCppiiy and  Cpiz =

N3;Cyy3. We can diagonalize the matrix in Eq. (42) by
making use of a similarity transformation:

_i<:c2—mi+im+r+ 0 )
0 82 —m2 +im_T_
S (8)  Cui
_ 5(9)-1< f’( ) o )5(9), (43)
Cuii 57 (3)

which implies that
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Awilg99—=77)
i 0 C
§°—m +1m+l“+ +
= (Cogr Coy- )( 0 i )(Cn’ )’
S—mE+im_T_ e
(44a)
where
C C
( J’}”r) :S—1(9)<A}’}’H>’ (44b)
C}’}’— ny?;
and
(Cogr Cyg-) = (Cyrr Cpii)S(0).  (44c)

The masses and widths are given by

1

PHYSICAL REVIEW D 95, 015013 (2017)

precisely to the values of § at which the denominators in
A;...A; [Egs. (23)-(27) and Eq. (31b)] vanish.
Approximate expressions for the masses and widths are

1 1
mi ~ 3 (my; +m3,) + EA, (46a)
! mpy —m3;
myly NE mylUy+mils £ (mp Ty — mﬁFZZ)T ,
(46b)
where
A= \/(m} - m2) (46¢)

In the approximate forms in Eq. (46), we have neglected
terms of higher order in (myl'y — m;:13;)%/ A%, which is

mt —im, Ty = 5 (my; — imyTy 4+ m?. — imy;T;) less than 2% for the values of myT 'y, m;;1;;, and CH;; that
1 we use in our cross-section calculations in Sec. III B.
+ 5 \/(mH — imyLy — m2 + im;iTi;)? 4 4|Cyi The matrix S(0) is given by
(45) S(0) cos@ —sind ’ (47)
. . sinf cos@
(Recall that, in our definition, Cp;; is purely imaginary.)
Note that these values of m, —im, ", correspond  where
|
tan @ — 2|CH?7| ~ 2|CHII
\/(m%{ impTy — m2; + im;T57)? + 4| Cri|? = (3, — impTy — m2, + im;:15;) A = (mfy = mi;) + 6
(48a)
[
with In the case of maximal mixing, the widths are given by
2 2
_ e (1 T M 1
6 = (muly = miil's) <1 A ) (48b) m.Ly & o (myly + myl). (50)

In the approximation in Eq. (48a), we have again neglected
terms of higher order in (myl'y — m;;15;)%/ A%

Note that m? " and m? are always centered at the average
of m% and m~~ and separated from each other by a nonzero
amount, namely, A. When 2|C w77 is small in comparison
with [m?%, — m%E , , and the masses and
widths approach their original values. On the other hand,
when |mg; — mZ| is negligible in comparison Wlth 2|Chil,
mixing is maximal, and 0 is very close to 7/ 4.° In this case
of maximal mixing, A approaches its minimum value,
2|Cpzil, and

1 a
mi~ 5 (my +m2.) £ |Cyz (49)

°For the values of the theory parameters that are given in
Sec. I B, the real part of @ is within 1% of z/4, while the
imaginary part of € is less than 7%.

That is, the widths I', and I'"_ become approximately the
average of I'y; and I3;.

It is illuminating to compute the physical mass separa-
tions and widths for the values of the theory parameters that
we use in our cross-section calculations in Sec. III B. Even
in the case of maximal mixing, for which the separation
between m, and m_ is minimal, that separation is still
substantial: about 4.7 GeV for x = 1 and about 37.4 GeV
for k = 8. These separations are much greater than the
widths of the Breit-Wigner resonances, which are
I'y~12 GeV, I5;%0.3 MeV for I =0.1 MeV, and
[5;~20.2 GeV for I'; = 0.1 GeV. Consequently, the mass
separations are also much greater than I'... That is, the
physical resonances are well separated for any value of my
relative to m;;.

In Sec. ITE, we discussed the threshold enhancements
that are present in the form factors for the Higgs couplings
to gg and yy. We now see that those enhancements are
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rendered inoperative because, when my approaches the
stop-antistop threshold, the physical masses are displaced
from threshold by a sizable amount. In the next section, we
will provide a detailed numerical analysis of this effect.

B. Qualitative features of the Breit-Wigner cross section

In this section, we present numerical results for the short-
distance coefficients and also for cross sections at the LHC
at a CM energy /s of 13 TeV. We note that the gg
contribution to the total cross section is given by the
expression

L [VamedVE 1 dx
~ 128azs Vo V3 Jys x

Oot

12 )0l
(51

where f, is the gluon distribution and /58, and /3, are

the lower and upper limits, respectively, of the range in /5
that includes all relevant contributions to the cross section.
In the computations of o, in the remainder of this paper,
we take /S, = 600 GeV and /5, = 900 GeV.

As we have already mentioned, the Breit-Wigner reso-
nances are always well separated in comparison to their
widths. Therefore, we can approximate the cross section in
Eq. (51) as a sum of the individual contributions of the two
resonances. If we also neglect the dependences of the gluon
distributions on § over the width of the resonance, then we
obtain the narrow-resonance approximation

Y
%0 = 12878 Zofo m

X |ngjcm|2F(mj) +O(T;/m;)

i

A_ 2 . . )
§—mj;+ lmjl"‘,

1 |ngjcyri|2
256s; i) 0T, /my). (522

where F(m;) is the gluon flux factor:

1 4 2
Fon) = [ 5, (S) 0

As can be seen from Fig. 1, F(m;) is a slowly varying
function of m; over the range of interest.'” It has only a
small effect on the shape of the cross section as a function
of my, which is determined mainly by the dependences of
the short-distance coefficients C,; and C,,; and the
resonance widths I'; on my.

Note that the cross section in the narrow-resonance
approximation varies inversely as the width I';. In general,

(52b)

10 . L
In the calculations of cross sections in this paper, we make
use of the CTEQ6M parton distribution functions [47].
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FIG. 1. The gluon flux factor F(m;).

the cross-section contribution of a Breit-Wigner resonance
is proportional to the square of the absolute value of the
maximum height of the amplitude times the width of the
resonance. In the Breit-Wigner model of this section,
the inverse of the diagonal matrix in Eq. (43) has elements
whose maximum absolute values are equal to 1/(m;I;).
Therefore, the effect of this matrix factor on the cross
section can be characterized completely in terms of the
widths of the physical resonances. We use this characteri-
zation for the remainder of this section. As we will explain
in Sec. III C, in case of the Coulomb-Schrodinger model,
the corresponding diagonal matrix is more complicated,
and its effect on the cross section cannot be characterized
completely in terms of the widths of the physical
resonances.

We discuss below the behavior of the cross section for
four cases: k =1, I; =0.1 MeV; k=1, I'; =0.1 GeV;
k=38, I''=0.1 MeV; and « =8, [; =0.1 GeV. The «
value of 8 is near the upper limit of the values of x that
are allowed by unitarity constraints [48]. As we have
mentioned, in order to make contact with previous numeri-
cal work, we take the stop mass to be m; = 375 GeV.
We also use the input values m,(2m;) = 2.46 GeV,
m;(2m;) = 149.95 GeV, where m,(2m;) and m;(2m;)
are the MS running masses at the scale 2m;. We estimate
the Higgs width by computing its widths to top- and
bottom-quark pairs through order a, [49,50]"" and its width
to a z-lepton pair at the Born level, using the Higgs
couplings to top-quark, bottom-quark, and z-lepton pairs
that occur in the decoupling limit of large Higgs mass [13].
We will make use of an intermediate value of tan f, setting
tan f = \/m,(2m;)/m,(2m;). At this value of tanp, the
Higgs decay width into third generation fermions is
minimized, and our estimate is ['y; = 1.2 GeV.

""We have converted the result in Ref. [50], which is expressed
in terms of quark pole mass, to an expression in terms of the
quark modified-minimal-subtraction (MS) mass by adding 2 +
(3/2)log[4/(1 = f*)] to Ay in Eq. (2.26) of Ref. [50].
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FIG. 2. Numerical results for the case in which the stop-antistop Green’s function is given by a Breit-Wigner resonance for x = 1 and
I3 = 0.1 MeV. Quantities are presented as functions of my. The left panel shows the products of absolute squares of short-distance

coefficients: |C,, . C,, |* (dotted, blue line), |Cy,_C,,-

|* (narrow, dashed, orange line), |C,;;C,,|* (solid, black line), and |Cyyr; C, 1 |*

(dash-dotted, black line). The right panel shows cross sections times branching ratios into yy: contribution in the narrow-resonance
approximation of the larger-mass eigenstate (dotted, blue line), contribution in the narrow-resonance approximation of the smaller-mass
eigenstate (narrow, dashed, orange line), sum of the contributions in the narrow-resonance approximation (thick, dashed, red line), exact
cross section times branching ratio into yy (thin, black line), and exact cross section times branching ratio into yy in the absence of

mixing (dash-dotted, black line).

1. x=1,I=01 MeV

We consider first the case of weak Higgs-stop-antistop
coupling, x = 1, and small stop width, I'; = 0.1 MeV.

Let us examine the effect of mixing on the short-distance
coefficients. In the left panel of Fig. 2, we show
|C,,+Cyyr|* as functions of my. We also show
|C,iiCygii* and |C,,yC,yp|?, so that one can judge the
importance of the mixing effects. At small values of my,
the lower-mass eigenstate corresponds to the Higgs boson,
and the higher-mass eigenstate corresponds to the stop-
antistop bound state. This correspondence is reversed for
large values of my. That s, at both large and small values of
my, the upper line corresponds to the Higgs coefficients,
and the lower line corresponds to the stop-antistop coef-
ficients. Maximal mixing occurs when my is equal to the
stop-antistop bound-state mass my;, which is about
747 GeV. For large values of |my — my;|, the mixing angle
decreases approximately as 1/|my — mj;|. However, we
remind the reader that the nonrelativistic approximation
that we use in our calculations is valid only when
|my — my;| << my;. The structure that appears in the quan-
tities |C,,.C,,+|* is a consequence of the fact that the
Higgs coefficients contain real and imaginary parts that are
comparable in magnitude. The mixing then produces a
complicated pattern of interference. We emphasize that the
peak that appears in the upper line is not produced by a
resonance or by a threshold enhancement from the Higgs to
gg or yy form factors. Rather, it is entirely a consequence of
interference effects in the short-distance coefficients.

Now, let us consider the behavior of the cross section as a
function of my. In the right panel of Fig. 2, we show the

contributions of the larger-mass eigenstate and the smaller-
mass eigenstate to the cross section times the branching
ratio into yy in the narrow-resonance approximation, the
sum of those contributions, and the exact cross section
times the branching ratio into yy. We also show the exact
cross section in the absence of mixing so that one can judge
the importance of the mixing effects.

We can understand the qualitative features of the cross
section times the branching ratio into yy from the formula
for the narrow-resonance approximation to the cross
section in Eq. (52). As can be seen from Fig. 2,
the factors 1/I';. in Eq. (52a) have a strong effect on the
shape of the cross section. When my is small (large), the
mixing is minimal, and I", (I'_) is equal to I';; ® 3 MeV.
When mp approaches mj;;, the mixing becomes maximal,
and 'y ~ (T'y +T37)/2 = 0.6 GeV. The dependence of the
cross section on 1/T", completely overwhelms the depend-
ence of the cross section on the short-distance coefficients,
resulting in the shape for the total cross section that is
shown in the thick, dashed, red line in the right panel. The
cross section times the branching ratio is suppressed at
values of my that are close to mj;;, owing to the increase in
the width of the narrowest resonance from the stoponium
width to the average of the stoponium and Higgs widths.
Even at my = 720 GeV and my = 780 GeV, where the
mixing angles are fairly small, the effect of mixing on the
width of the narrowest resonance leads to a considerable
suppression of the values of the cross section times the
branching fraction relative to the values in the absence of
mixing. We note that the narrow-resonance approximation
gives a result for the cross section that is very close to the
exact result. (The line for the exact result is almost
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FIG. 3. Numerical results for the case in which the stop-antistop Green’s function is given by a Breit-Wigner resonance for x = 1 and
I'; = 0.1 GeV. Quantities are presented as functions of my. The left panel shows the products of absolute squares of short-distance
coefficients: |Cyy, C,, |* (dotted, blue line), |Cy,_C,,_|* (narrow, dashed, orange line), |C,;7C,,:1|* (solid, black line), and |Cyyzy C,, ]
(dash-dotted, black line). The right panel shows cross sections times branching ratios into yy: contribution in the narrow-resonance
approximation of the larger-mass eigenstate (dotted, blue line), contribution in the narrow-resonance approximation of the smaller-mass
eigenstate (narrow, dashed, orange line), sum of the contributions in the narrow-resonance approximation (thick, dashed, red line), exact
cross section times branching ratio into yy (thin, black line), and exact cross section times branching ratio into yy in the absence of
mixing (dash-dotted, black line).

completely obscured by the line for the narrow-resonance-  |C,,;Cy.u|?, so that one can judge the importance of the
approximation result.) mixing effects. As can be seen by comparing the left panel
of Fig. 3 with the left panel of Fig. 2, the effect of mixing on

2.k=1,TI;=01GeV the short-distance coefficients in the case of large stop

Next, we consider the case of weak Higgs_stop_anﬁstop width is essentially the same as in the case of small stop
coupling, k¥ = 1, and large stop width, I'; = 0.1 GeV. width. However, the stop-antistop width is now

In Fig. 3, we display the values of |C,,.C,.[* as  I7;~0.2 GeV, which is not far from the Higgs width
functions of my. Again, we also show |nyiicgg??|2 and I'm~12 GeV. It follows that the width of the narrowest
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FIG. 4. Numerical results for the case in which the stop-antistop Green’s function is given by a Breit-Wigner resonance for x = 8 and
I; = 0.1 MeV. Quantities are presented as functions of my. The left panel shows the products of absolute squares of short-distance
coefficients: |Cy,. C,,, |* (dotted, blue line), |Cy,_C,,_|* (narrow, dashed, orange line), |C,;:C,,71|* (solid, black line), and |C,yy C,,p|*
(dash-dotted, black line). The right panel shows cross sections times branching ratios into yy: contribution in the narrow-resonance
approximation of the larger-mass eigenstate (dotted, blue line), contribution in the narrow-resonance approximation of the smaller-mass
eigenstate (narrow, dashed, orange line), sum of the contributions in the narrow-resonance approximation (thick, dashed, red line), exact
cross section times branching ratio into yy (thin, black line), and exact cross section times branching ratio into yy in the absence of
mixing (dash-dotted, black line).
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resonance goes from about 0.2 GeV for minimal mixing to
about 0.7 GeV for maximal mixing, which is a much
smaller range than in the case of a small stop width.
Consequently, as can be seen from the right panel of Fig. 3,
the effect of mixing on the resonance widths has a much
less dramatic effect on the shape of the cross section times
the branching ratio than in the small-stop-width case. The
shape of the cross section times the branching ratio in the
thick, dashed, red line now exhibits a peak that corresponds
to the peak in the sum of the magnitudes of the products of
short-distance coefficients. Comparing with the situation
for small stop width, we see that the cross section times the
branching ratio away from threshold is significantly
smaller, owing to that fact that the stoponium width is
now much larger. For the same reason, the cross section
times the branching ratio away from threshold more closely
approaches the cross section in the absence of mixing.
Again, we note that the result from the narrow-resonance
approximation for the cross section times the branching
ratio into yy agrees well with the exact result.

3. k=8 I';=01 MeV

Next, we consider the case of strong Higgs-stop-antistop
coupling, x = 8, and small stop width, I'; = 0.1 MeV.

As can be seen from the left panel of Fig. 4, the effect of
mixing on the short-distance coefficients now produces
only monotonic functions with no peaks or dips. This
simple structure is attributable to the fact that Cp,, and
Chy, are dominated by their imaginary parts. Furthermore,
as can be seen from the figure, the product of Higgs short-
distance coefficients is much larger in magnitude than the

k=28, I'y=0.1GeV
[ O e e e e e s L s e

|Cyge Crt|* x 107* (GeV?)
/

.
.
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FIG. 5.
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product of stop-antistop coefficients, and so the Higgs
coefficients dominate at minimal mixing. At mpy =
720 GeV and my = 780 GeV, the effects on the short-
distance coefficients are still considerable, especially at
my = 780 GeV. The stop-antistop width [5; at my =
720 GeV is about 0.24 GeV and increases as my approaches
the stop-antistop threshold. Therefore, owing to the domi-
nance of the Higgs short-distance coefficients, the stop-
antistop resonance does not contribute greatly to the cross
section times the branching ratio. At maximal mixing, there
are two resonances, whose widths are equal to about %FH
and whose values of |C,,.C,,.|* are about 3[Cy,nC, n|*.
Consequently, the cross section times the branching ratio
changes very little from minimal mixing to maximal mixing,
as can be seen in the right panel of Fig. 4. Even at my =
720 GeV and my = 780 GeV, the values of the cross
section times the branching ratio lie somewhat above the
values in the absence of mixing. The result from the narrow-
resonance approximation for the cross section is essentially
featureless. We note that it agrees well with the exact result.

4.x=8 I;=01GeV

Finally, we consider the case of strong Higgs-stop-anti-
stop coupling, x = 8, and large stop width, I'; = 0.1 GeV.

As can be seen from the left panel of Fig. 5, the effect of
mixing on the short-distance coefficients is essentially the
same as in the case of k = 8 and I'; = 0.1 MeV (Fig. 4).
Again, owing to the dominance of the imaginary parts of
Chygy and Cyy,, the effects of mixing on the short-distance
coefficients result in a simple structure. Since the product of
Higgs short-distance coefficients is much larger in
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Numerical results for the case in which the stop-antistop Green’s function is given by a Breit-Wigner resonance for x = 8 and

I; = 0.1 GeV. Quantities are presented as functions of my. The left panel shows the products of absolute squares of short-distance
coefficients: |C,,. C,,, |* (dotted, blue line), |Cy,_C,,_|* (narrow, dashed, orange line), |C,;:C,,:1|* (solid, black line), and |C g C,, 1y |*
(dash-dotted, black line). The right panel shows cross sections times branching ratios into yy: contribution in the narrow-resonance
approximation of the larger-mass eigenstate (dotted, blue line), contribution in the narrow-resonance approximation of the smaller-mass
eigenstate (narrow, dashed, orange line), sum of the contributions in the narrow-resonance approximation (thick, dashed, red line), exact
cross section times branching ratio into yy (thin, black line), and exact cross section times branching ratio into yy in the absence of
mixing (dash-dotted, black line).
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magnitude than the product of stop-antistop coefficients,
the Higgs coefficients dominate at minimal mixing.
The stop-antistop width at mpy =720 GeV is now
I5; 2 0.44 GeV. This larger stop-antistop width has only
a small effect on the cross section times branching ratio at
minimal mixing, where the Higgs contribution is dominant,
and changes the resonance widths only slightly at maximal
mixing. Consequently, as in the case of x =8 and
I3 =0.1 MeV, the cross section times branching ratio
changes very little from minimal mixing to maximal mixing.
This can be seen in the right panel of Fig. 4. In this case, the
contributions from the two eigenstates sum to produce a total
of the cross section times the branching ratio that deviates
very little from the total of the cross section times the
branching ratio in the absence of mixing. Again, the result
from the narrow-resonance approximation for the cross
section is essentially featureless, and it agrees well with
the exact result.

C. Differences between the Breit-Wigner resonance and
the Coulomb-Schrodinger Green’s function

As we will see, many of the qualitative features of the
model in which we replace the stop-antistop Green’s
function with a Breit-Wigner resonance persist when we
model the stop-antistop Green’s function with the Coulomb-
Schrodinger Green’s function. There are, however, several
important differences.

First, the Coulomb-Schrodinger Green’s function devel-
ops an imaginary part above the stop-antistop threshold,
owing to the fact that the physical states can decay into a
stop-antistop pair. In the case of large Higgs-stop-antistop
coupling, this imaginary part can broaden the higher-mass
physical state significantly and lead to a substantial
reduction in its contribution to the cross section.

Second, the logarithm of E in Eq. (34) can produce
additional structure near the stop-antistop threshold. For the
examples that we have considered, this additional structure
appears to have a small effect on the cross section times the
branching ratio to yy.

Third, the Coulomb-Schrodinger Green’s function con-
tains multiple bound-state poles. As we will see, the
additional poles beyond the ground-state pole do not have
a dramatic effect on the cross section times the branching
ratio to yy.

Fourth, the Coulomb-Schrodinger Green’s function has a
much more complicated dependence on § than does the
Breit-Wigner resonance. This situation is analyzed in detail
in the Appendix. The generalization of the matrix in
Eq. (42) is diagonalized by a similarity transformation
that depends on 5. Each of the matrix eigenvalues a.. can
have multiple poles in its inverse. The real parts of the poles
locations, m., and the imaginary parts of the pole locations,
m I, determine the resonance widths, which are different
than in the Breit-Wigner case. An important additional
difference is that the residues of those poles, Z, which are
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equal to unity in the Breit-Wigner case, can now have
magnitudes that are larger or smaller than unity. This
change in the pole residues is driven largely by the term
that is proportional to 1/4 in Eq. (34). However, the specific
value of the residue depends on the other terms in Eq. (34),
as well.

Fifth, in the Coulomb-Schrodinger analysis, we include
the effects of the r-channel Higgs exchange on the stop-
antistop propagator. Had we included these effects in the
Breit-Wigner analysis, they would have produced only
small shifts in the mass of the Breit-Wigner resonance.
In the Coulomb-Schrodinger analysis, it turns out that the
t-channel Higgs exchange has a negligible effect for the
case kx = 1. However, it produces small, but noticeable,
effects for the case k = 8, particularly for the smaller stop
width. These f-channel-Higgs-exchange effects do not
change the qualitative picture for the total cross section.

As we have mentioned, in the approximation in which a
resonance amplitude is given by a Breit-Wigner form and
the separation of the resonance from other resonances is
small in comparison to the resonance widths, the contri-
bution of a resonance to the cross section is proportional to
the square of the maximum height of the absolute value of
the amplitude times the full width at half maximum of the
peak in the absolute value of the amplitude. Specifically,
the cross-section contribution is proportional to |Z, |>/T ;.

IV. CASE OF THE COULOMB-SCHRODINGER
GREEN’S FUNCTION

In this section, we present numerical results for the gg —
yy amplitudes and the associated LHC cross sections at
\/s =13 TeV for the case in which the stop-antistop
Green’s function is calculated from the Coulomb-
Schrodinger Green’s function [Eq. (34)].

Heavy-Higgs production and decay rates depend not
only on the Higgs coupling to the stop squark, but also on
the Higgs couplings to the top and bottom quarks. As we
have mentioned, we make use of an intermediate value of

tan 3, setting tan # = /m,/m,, where m, and m, are the
MS running masses at the scale 2m;. At this value of tan 3,
the Higgs decay width into third generation fermions is
minimized and is about 1.2 GeV. The additional contribu-
tions to the Higgs production rate and decay width that are
associated with Higgs couplings to stop-antistop pairs are
automatically taken into account within our theoretical
framework. The contributions to the total width from the
decay of the heavy Higgs boson into pairs of Higgs bosons
or heavy gauge bosons tend to be small, and we omit them
in our analysis.

Our results depend strongly on the Higgs coupling to the
stop-antistop pair and on the stop width. Therefore, we
present numerical results for two representative cases of
weak and strong Higgs coupling to the stop-antistop pair
and for small and moderate values of the stop width. In

015013-14



HIGGS-STOPONIUM MIXING NEAR THE STOP-ANTISTOP ...

particular, as in our analysis of the Breit-Wigner-resonance
model, we give results for the cases x =1 and
I[7=01MeV, k=1 and I;=0.1GeV, k=8 and
[ =0.1 MeV, and k=8 and I;=0.1 GeV. We use
the input values of the various parameters that were
discussed in Sec. III B. We present results for various
values of the Higgs mass and the partonic center-of-mass
energy /3.

In computing cross sections, we take into account only
the gluon-gluon initiated process, which has been the focus
of our discussion. As we have mentioned, the true stop-
antistop Green’s function likely contains only a few bound
states below threshold. Therefore, we give results that are
obtained by taking into account only the first term or the
first three terms in the sum in Eq. (34a). For comparison,
we also give results that are based on the full Coulomb-
Schrodinger Green’s function in Eq. (34a). In the figures for
the amplitudes below, we show, for clarity, the results that are
obtained by retaining only one pole in the stop-antistop
Green’s function. That is, take only the n = 1 term in the
sum in Eq. (34a). In these figures, we show the following:
(1) A (2) AB] = |AD 4 B 4 A+ ABe], where
superscript “bare” means that the stop-antistop corrections
to the Higgs propagator in Eq. (23), which are proportional
to Cfm, have been neglected; and (3) |A§’§Ie|, where A';";‘Ie =
As is the stop-antistop amplitude in the absence of Higgs
coupling to the stop. Note that A% contains all of the Higgs-
form-factor contributions that were discussed in Sec. I E.
However, the absence of stop-antistop corrections to the
Higgs propagator in A% affects that amplitude in two
important ways: (1) the Higgs-stop-antistop-mixing effects
that lead to the displacement of the physical mass eigen-
values from threshold are not present, and (2) some of the
corrections to the Higgs width that are associated with Higgs
decays into stop-antistop pairs for Higgs masses above the
stop-antistop threshold are not present.

We remind the reader that, as we have explained in
Sec. III, the cross-section contribution of a resonance
whose amplitude can be approximated by a Breit-Wigner
form is proportional, in the narrow-width approximation, to
the square of the maximum height of the absolute value of
the amplitude times the full width at half maximum of the
absolute value of the amplitude.

A.x=1,T;=0.1 MeV

In this case, the Higgs boson couples only weakly to the
stop, and the stop width is much less than the Higgs width.

In Fig. 6, we show [Ayl|, |A}™|, and |AP*<| for
my = 720, 750, and 780 GeV. The results for the three
different Higgs masses show that, for x = 1, the mixing has
a small effect on the physical masses, which remain close to
their values in the absence of mixing. At my = 720 GeV
we can clearly identify the Higgs and stoponium contri-
butions to the total amplitude. At my = 780 GeV, we can

PHYSICAL REVIEW D 95, 015013 (2017)

also see the separate contributions from the Higgs and the
stoponium peaks, but we see a large increase in the width of
the Higgs peak that is associated with the Higgs decay to a
stop-antistop pair. At my = 750 GeV, where the mixing is
maximal, the physical masses are slightly displaced relative
to the Higgs and stoponium masses. Comparison of the
upper left panel with the upper right panel shows that |A,|
for the Coulomb-Schrodinger Green’s function and the
Breit-Wigner Green’s function are quite similar, although
the lower-mass peak is somewhat broader and higher in the
Coulomb-Schrodinger case. Note that, at maximal mixing,
both physical peaks are much broader than the unmixed
stoponium peak.

In Fig. 7, we show the total diphoton production cross
section o as a function of my. For comparison, we also
show o (which corresponds to A%™) and 6% (which

corresponds to A?‘;‘“”) as functions of my. Figure 7 shows
that there are only small quantitative changes in o, as one
includes additional stoponium poles in the stop-antistop
Green’s function.

A comparison of Fig. 7 with the right panel of Fig. 2
shows that the total cross section o, in the Coulomb-
Schrodinger case has the same qualitative features as in the
Breit-Wigner case. The Higgs cross section 65 is much
less than the stop-antistop cross section a%’?re. The cross
section is dominated by the width of the narrowest peak. At
minimal mixing, this narrowest peak corresponds to the
stoponium peak. At maximal mixing, the width of the
narrowest physical peak is much greater than at minimal
mixing, and the height shrinks roughly as the inverse of the
width, resulting in a suppression of the cross section. As in
the Breit-Wigner case (Sec. III B 1), this suppression is so
great that it overwhelms the peaking effect that results from
mixing of the short-distance coefficients. We see that, even
at my = 720 GeV and my = 780 GeV, mixing broadens
the narrowest peak and reduces its height sufficiently that

the total cross section is well below 61[’?“’.

B.x=1,T;=0.1GeV

In this case, the Higgs boson still couples weakly to the
stop, but the stop width is much closer to the Higgs width
than in the previous example.

In Fig. 8, we show |Ay|, |A}™|, and |A%|. The left and
right panels show the results that are obtained in the
Coulomb-Schrodinger case and the Breit-Wigner case,
respectively. Again, these two choices for the stop-antistop
Green’s function result in qualitatively similar amplitudes.
However, the height and width of the lower-mass resonance
are both enhanced in the Coulomb-Schrédinger case
relative to the Breit-Wigner case. At my = 750 GeV,
where mixing is maximal, we see that the physical masses
are displaced slightly relative to the Higgs and stoponium
masses. Comparison with Fig. 6 shows that there is a
marked increase in the width of the stoponium peak in

2
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FIG. 6. Amplitudes for the case k = 1, I'; = 0.1 MeV. Upper left figure: the amplitudes |A| (thick, blue line),
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A;’?re, owing to the increase in the stop width. Because of
mixing effects, the width of the narrowest peak in A is
much larger than the width of the stoponium peak in A?;are.
The width of the narrowest peak in A, is larger in Fig. 8
than in Fig. 6, owing to the increase in the width of the stop.

In Fig. 9, we display oy, 65, and o-‘;’?fe, as functions of
my. As can be seen, there are only small quantitative
differences that are associated with the inclusion of addi-
tional stoponium poles in the stop-antistop Green’s
function.

A comparison of Fig. 9 with the right panel of Fig. 3
shows that the total cross section o, in the Coulomb-
Schrodinger case again has the same qualitative features as
in the Breit-Wigner case. However, there are minor
differences in the shapes, and the Coulomb-Schrédinger
cross section is considerably enhanced relative to the Breit-
Wigner cross section, owing to the increase in the height
and width of the lower-mass resonance, which can be seen
in Fig. 8. Once again, the Higgs cross section 6% is much

: : bare bare
less than the stop-antistop cross section 677", although 25
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with a Breit-Wigner resonance, as in Eq. (39b).

is reduced in this broad-stop-width case in comparison to
0'5';“ in the small-stop-width case. Nevertheless, the cross
section is dominated by the width of the narrowest peak,
which corresponds, at minimal mixing, to the stoponium
peak. We see that, in contrast with the small-stop-width
case, the cross section now displays a peak at maximal
mixing. As we explained in Sec. III B 2, this peak arises
from the effects of mixing on the short-distance coefficients
and is unrelated to threshold-enhancement effects. A peak
persists in o, because, owing to the large stop width, the
width of the narrowest peak in A, does not change
sufficiently between minimal and maximal mixing to
reverse the peaking effect from the short-distance
coefficients.

C.x=8, I;=0.1 MeV

Next, we discuss the case of a large Higgs-stop-antistop
coupling, x = 8, and a small stop width, I; = 0.1 MeV.

Large values of the Higgs-stop-antistop coupling have a
very large impact on the diphoton production rate, as has
been emphasized in the context of perturbative calculations
in Ref. [15]. As we will see, for « = 8, the Higgs-stop-
antistop mixing effects become dramatic, and it is essential
to include those effects, which go beyond the effects that
are contained in fixed-order perturbation theory, in order to
compute the diphoton rate reliably.

In Fig. 10, we show |Ayl|, |A}™|, and |A%e| for
my = 750 GeV. The left and right panels show the results
that are obtained in the Coulomb-Schrddinger case and the
Breit-Wigner case, respectively. In both the Coulomb-
Schrodinger case and the Breit-Wigner case, there is a
clear shift of the physical poles at maximal mixing away
from the stop-antistop threshold. However, there are several
important differences between the Coulomb-Schrédinger
amplitude and the Breit-Wigner amplitude. First, at maxi-
mal mixing, the larger-mass peak that is present in the

Breit-Wigner amplitude has almost disappeared in the
Coulomb-Schrédinger amplitude. The reason for this is
that the larger-mass physical state has a very large decay
width into a stop-antistop pair. The very narrow peak in the
Coulomb-Schroédinger amplitude near threshold does not
correspond to the larger-mass peak in the Breit-Wigner
amplitude. Rather, it arises from the logarithmic term in
Eq. (34). It gives a small contribution to the cross section.
We also see that the width of the lower-mass peak is
significantly smaller in the Coulomb-Schrodinger ampli-
tude than in the Breit-Wigner amplitude, while its height is
about the same. This results in a reduced contribution of
this peak to the cross section.

In Fig. 11, we show 6, 05", and 6%, as functions of
mpy. A comparison with the right panel of Fig. 4 shows that
the shape of o, in the Coulomb-Schrodinger case is similar
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FIG. 9. Cross sections for the case k = 1, I'; = 0.1 GeV: oy,
(thick, blue lines), o2 (dotted, red line), and a';’?re (thin, green
lines) vs my. In the cases of o, and a‘;’?re, the dashed, dashed-
dotted, and solid lines correspond, respectively, to taking 1, 3, or
all terms in the sum in Eq. (34a).
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and |A%™| (dashed, red line) vs my, for my =750 GeV. Right figure: the same amplitudes, but with the stop-antistop propagator

replaced with a Breit-Wigner resonance, as in Eq. (39b).

to the shape of o, in the Breit-Wigner case: Both are fairly
featureless, although the slopes are different. As in the case
of the Breit-Wigner cross section, this featureless nature of
the Coulomb-Schrodinger cross section is a consequence of
three properties of the amplitude: (1) the short-distance
coefficients are dominated by their imaginary parts, and so
the mixing of the short-distance coefficients produces no
pronounced peaks or dips; (2) the Higgs short-distance
coefficients dominate over the stop-antistop short-distance
coefficients, and so the stoponium peak does not contribute
greatly to the cross section; and (3) the height and width of
the lower-mass resonance are not very different from those
of a Higgs resonance over the range of my.

The cross section is considerably smaller in the
Coulomb-Schrodinger case than in the Breit-Wigner case.
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FIG. 11. Cross sections for the case k = 8, I'; = 0.1 MeV: oy,
(thick, blue lines), 6% (dotted, red line), and a';::re (thin, green
lines) vs my. In the cases of o, and al;’i;“e, the dashed, dashed-

dotted, and solid lines correspond, respectively, to taking 1, 3, or
all terms in the sum in Eq. (34a).

The reasons for this are the disappearance of the higher-
mass peak in the Coulomb-Schrodinger case, owing to its
large width into a stop-antistop pair, and the narrowing of
the lower-mass peak while its width remains constant.

In the case k = 8, in comparison to the case of k = 1, al};‘m
is greatly enhanced by the large Higgs-stop-antistop cou-
pling and is greater than o';";“e. Atmy = 750 GeV, we see the
threshold enhancement of %% that is associated with the
Higgs diphoton and digluon form factors. However, o, does
not show a similar threshold enhancement because of the
shifts of the masses of the physical states away from
threshold. Although o, is enhanced at small values of the
Higgs mass with respect to 6%, this enhancement becomes a
suppression of factors of a few at values of the Higgs mass
that are close to the stop-antistop production threshold."*

D. k=8, I;7=0.1 GeV

Finally, we discuss the case of a large Higgs-stop-antistop
coupling, k = 8, and a large stop width, I'; = 0.1 GeV.

In Fig. 12, we show [Al, |A}™[, and |A¥| for
mpy = 750 GeV. The left and right panels show the results
that are obtained in the Coulomb-Schrodinger case and the
Breit-Wigner case, respectively. As in the case of the
smaller stop width, at maximal mixing there is a clear
shift of the physical poles away from the stop-antistop
threshold. There are again several important differences
between the Coulomb-Schrédinger amplitude and the
Breit-Wigner amplitude. At maximal mixing, the larger-
mass peak that is present in the Breit-Wigner amplitude has
almost disappeared in the Coulomb-Schrédinger amplitude,

2We have also examined the cross sections for the inter-
mediate value k = 5. The results are qualitatively similar to those
at k = 8, except that a‘;}“e is reduced relative to oy, and, so, there

is a mild enhancement of o, relative to %",
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replaced with a Breit-Wigner resonance, as in Eq. (39b).

owing to the large decay width of the larger-mass physical
state into a stop-antistop pair. There is again a structure near
threshold that appears only in the Coulomb-Schrédinger
amplitude that arises from the logarithmic term in Eq. (34),
but in this large-stop-width case, the structure has nearly
disappeared. We also see that both the height and the width
of the lower-mass peak are significantly smaller in the
Coulomb-Schrodinger amplitude than in the Breit-Wigner
amplitude. These changes in the lower-mass peak resultin a
greatly reduced contribution of the lower-mass peak to the
cross section. In this larger-stop-width case, the stoponium
peak in |A%*| is much broader than in the smaller-stop-
width case and is so small as to be nearly invisible.

In Fig. 13, we show 6, 6%, and o-';?fe, as functions of
mpy. A comparison with the right panel of Fig. 5 shows that
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FIG. 13. Cross sections for the case k = 8, [ = 0.1 GeV: oy,

(thick, blue lines), 6% (dotted, red line), and a';::re (thin, green
lines) vs my. In the cases of o, and al;’i;“e, the dashed, dashed-

dotted, and solid lines correspond, respectively, to taking 1, 3, or
all terms in the sum in Eq. (34a).

the shape of o, in the Coulomb-Schrodinger case is again
similar to the shape of oy, in the Breit-Wigner case. The
cross section is featureless for the reasons that we men-
tioned in the discussion of the cross section for the narrower
stop width. For this larger stop-width, the cross section is
much smaller in the Coulomb-Schrodinger case than in the
Breit-Wigner case. As in the case of the smaller stop width,
the higher-mass peak has disappeared in the Coulomb-
Schrodinger amplitude, owing to the large width of the
higher-mass peak into a stop-antistop pair. Furthermore, the
reduction in both the height and the width of the lower-
mass peak has resulted in an additional reduction of o,
relative to its values in the smaller-stop-width case.

Again, we see that the larger value of the Higgs-stop-
antistop coupling greatly enhances o%. Owing to the
larger stop width, o-l;"?fe has almost disappeared in the figure.
At my = 750 GeV, we again see the threshold enhance-
ment of 6% that is associated with the Higgs diphoton and
digluon form factors. As in the smaller-stop-width-case,
0 does not show a similar threshold enhancement because
of the shifts of the masses of the physical states away from
threshold. In this larger-stop-width case, o, is comparable
to 6% at small values of the Higgs mass and is much
smaller than 6% at values of the Higgs mass that are close
to the stop-antistop production threshold."

V. CONCLUSIONS

The system of a heavy Higgs boson that is coupled to a
stop-antistop pair exhibits some interesting field-theoretic
phenomena near the stop-antistop production threshold.

BAtk = 5, the cross-section results are qualitatively similar to
those at k = 8, except that 6}’;’3 is reduced relative to o, and, so,
there is a mild enhancement of o, relative to 6%, except in a
small region of my between 750 and 770 GeV.
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This system has attracted interest in the context of the
production of a heavy Higgs boson near the stop-antistop
threshold and its subsequent decay to two photons [15],
owing to the perturbative enhancement of the Higgs cou-
plings to photons and gluons near threshold. However, as is
well known, the appearance of Coulomb infrared singular-
ities near threshold invalidates the use of fixed-order
perturbation theory. These Coulomb singularities first
appear at two-loop order in the Higgs-to-diphoton and
Higgs-to-digluon form factors. They occur when v (one-
half the stop-antistop relative velocity in the stop-antistop
CM frame) goes to zero, and they are a manifestation of the
general phenomenon of 1/v enhancements of two-particle
amplitudes near threshold. These enhancements require an
all-orders treatment, and they lead, among other things, to
the formation of stoponium bound states.

A discussion of nonperturbative threshold effects is given
in Ref. [15] and focuses on the enhancements of the Higgs-
to-diphoton and Higgs-to-digluon form factors that are
induced by the stop-antistop bound states [16]. The dis-
cussion in Ref. [15] suggests that nonperturbative threshold
effects produce an enhancement of the digluon-to-diphoton
cross section, relative to the predictions for the cross section
that are based on perturbative treatments of the Higgs-to-
diphoton and Higgs-to-digluon form factors near threshold.
However, a correct treatment of the threshold effects also
requires a complete analysis of Higgs-stop-antistop mixing
effects.

In this paper, we have formulated the calculation of the
threshold enhancements to the digluon-to-diphoton cross
section in terms of the scalar-quark analogues of the
effective field theories NRQED and NRQCD. Our treat-
ment is valid up to corrections of relative order 2. The
effective theory gives a complete accounting of Higgs-stop-
antistop mixing in the threshold region. We have studied
these enhancement and mixing effects numerically by
making use of a model Green’s function for the stop-
antistop system, namely, the Coulomb-Schrddinger Green’s
function. The Coulomb-Schrédinger Green’s function does
not correctly account for the QCD confining potential,
which should be Coulombic only for the lowest-lying
stoponium bound states. Therefore, we have considered
the case in which the expression for the Coulomb-
Schrodinger Green’s function is truncated so that it contains
only a few bound states. This approach retains only bound
states for which the Coulombic approximation is expected to
be valid, and it is in keeping with the actual stoponium
spectrum, which is expected have only a few bound states.
At a qualitative level, we have checked that the results that
we have obtained are independent of the number of bound
states that we have retained. Moreover, the quantitative
differences that are associated with the inclusion of heavier
bounds states are small, giving us confidence that our
conclusions are not dependent on the specifics of the model
Green’s function that we have chosen.
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We have also investigated a simplified model in which
the stop-antistop Green’s function is represented by a
simple Breit-Wigner resonance. This simplified model
exhibits some, but not all, of the qualitative features of
the more complicated Coulomb-Schrédinger model.

We have found that the Higgs-stop-antistop mixing
produces three general effects that are very significant.
First, the mixing leads to mass eigenstates whose widths
are larger than the widths of the stoponium states. For a
single stoponium state and for large values of the Higgs-
stop-antistop coupling, the widths of the mass eigenstates at
threshold approach the average of the Higgs and stoponium
widths. These increases in the widths, and the concomitant
reductions in the peak heights, reduce the contributions to
the cross section relative to the contribution that would be
obtained from a narrow stoponium state. Second, the
physical masses are shifted from the input Higgs and
stoponium masses, and, when the Higgs mass is near
threshold, the physical masses are displaced away from
the threshold region. This effect is particularly important for
large values of the Higgs-stop-antistop coupling and can
render the perturbative threshold enhancements inoperative.
Third, when the Higgs-stop-antistop coupling is large, the
displacement of the mass of the higher-mass physical state to
a point above threshold can give that state a very large width
into a stop-antistop pair, resulting in a drastic reduction of its
contribution to the cross section.

In addition, to these general effects, there are some effects
that depend on the details of the couplings of the Higgs
boson and the stop-antistop pair to photons and gluons and
on the details of the Coulomb-Schrédinger Green’s function.
For example, the couplings can mix in such a way as to
produce a peak near threshold that has nothing to do with the
threshold enhancements that are associated with the pertur-
bative Higgs-digluon and Higgs-diphoton form factors. The
Coulomb-Schrodinger Green’s function can also lead to
changes in the heights and widths of the physical peaks in the
amplitudes, relative to their heights and widths in the simple
Breit-Wigner model. These effects are driven largely by the
term of lowest order in «,, in the Coulomb-Schrédinger
Green’s function. That term is universal in that it is
independent of the nature of the squark-antiquark static
potential. However, the details of the effects that arise from it
seem to depend on nonuniversal features of the Coulomb-
Schrodinger Green’s function.

In general, for large values of the heavy-Higgs coupling to
the stop-antistop pair, the mixing effects result in suppres-
sions of the digluon-to-diphoton cross section at threshold
relative to the cross section that is predicted in one-loop
perturbation theory. The precise suppression factor depends
not only on the Higgs-stop-antistop coupling but also on the
stop width. We remind the reader that, because our focus is
on the formulation of the calculation and on the qualitative
features of the threshold physics, we have computed the
Higgs couplings to digluons and diphotons at the one-loop
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level, and, so, one should take care in comparing our
numerical results with those in the literature, which often
include two-loop effects.

Although we have concentrated on the case of the Higgs-
stop-antistop interaction, the theoretical framework that we
have developed is applicable to the coupling of Higgs
bosons to other scalar particles in the region near the
particle-antiparticle threshold. It can also be generalized
easily to the case of a Higgs boson coupled to heavy
fermions and to calculations of rates to different final states.
For example, one could study the case of a 7"z~ final state
by replacing the yy short-distance coefficients in Eq. (31a)
with the corresponding 77~ short-distance coefficients.'*
We reserve the study of these additional cases for a separate
publication.
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APPENDIX: DIAGONAL FORM OF THE
AMPLITUDE IN THE GENERAL CASE

In the general case, which includes the example of the
Coulomb-Schrédinger Green’s function, we can write
Eq. (31a) as

SHB3)  —Cuii >_ <C77H> (A1)
—Cyii G (5) C,i7

> The eigenvalues of the matrix in Eq. (A1) whose inverse is taken

1 1 1 1 2
ai(§) =—= —t—= =+ ————= +4|Criil* ¢, A2
:i:( ) B —lSH(S) —iG;;(S‘) \/|:—lSH(S) —lG;;(S‘):| ’ Htt| ( )
and the tangent of the rotation angle of the similarity transformation that diagonalizes that matrix is given by
2|Chi
tan[0(3)] = Cuii (A3)

We see that both the eigenvalues and the rotation angle now
depend on 3.

The physical-state poles are located at the values § = §.
for which a, (3) vanishes. [Note that there may be more

"We note that C,-;; vanishes if one neglects electromagnetic
and weak interactions.

5The choice of N;z; is somewhat arbitrary. Here, we have
chosen N;z; so as to be consistent with the choice that we made in
the Breit-Wigner case.

! 1 -l

than one value of §. for which a, (8) vanishes.] Near a
pole, the eigenvalues of the inverse matrix that appears in
Eq. (Al) are

i B iz,

(Ada)

Z;l (3’ — s — mi + imiri ’

where

m? = Re(3.), (Adb)
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I = Imfiay (5)]];—e (Adc)
0 A
77" = geRelias(3)]liope (Add)

PHYSICAL REVIEW D 95, 015013 (2017)

miri = IiZi, (A4e)
and the tangent of the rotation angle is given by
tan[0(m3)] = tan[0($)]l;—,,. - (A4f)
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