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The more carefully defined and more appropriate 2™ tensor glueball current is a SU.(3) gauge-
invariant, symmetric, traceless, and conserved Lorentz-irreducible tensor. After Lorentz decomposition, the
invariant amplitude of the correlation function is abstracted and calculated based on the semiclassical
expansion for quantum chromodynamics (QCD) in the instanton liquid background. In addition to taking
the perturbative contribution into account, we calculate the contribution arising from the interaction (or the
interference) between instantons and the quantum gluon fields, which is infrared free. Instead of the usual
zero-width approximation for the resonances, the Breit-Wigner form with a correct threshold behavior for
the spectral function of the finite-width three resonances is adopted. The properties of the 2*" tensor
glueball are investigated via a family of the QCD Laplacian sum rules for the invariant amplitude. The
values of the mass, decay width, and coupling constants for the 2*" resonance in which the glueball

fraction is dominant are obtained.
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I. INTRODUCTION

Within the framework of quantum chromodynamics
(QCD), the hadron spectrum is expected to be more
complex than the prediction of the usual quark model.
The gluons (which mediate the strong interactions) carry
color charges and interact among themselves, so that a
particular type of bound state—glueballs—should exist
even in the quarkless world. The study of glueballs may
give a unique insight into the non-Abelian dynamics of
QCD. Theoretical investigations—including lattice simu-
lations [1-3], model researches [4—6], and sum-rule analy-
ses [7-18]—have been going on for a long time, but no
decisive evidence of the existence of glueballs has been
confirmed by experimental research up to now [19,20].
Further investigation on glueballs still makes sense.

One of the obstacles in the theoretical study of glueballs
is that the nonperturbative dynamics of QCD—which is
responsible for the formation of hadrons—is difficult to
handle. In particular, the tunneling effect between the
degenerate vacua of QCD should be taken into account.
In the leading order, this effect is described by instantons
[21,22] and shown to be of great significance in generating
the properties of the unusual hadrons (glueballs). Now, the
QCD vacuum is recognized to be a medium with nontrivial
structure, and it may have a large impact on the attributes of
hadrons. Moreover, the glueball may be mixed with usual
mesons of the same quantum numbers, making the iden-
tification of the glueballs more complicated [12,23].

Instantons, as the strong topological fluctuations of
gluon fields in QCD, are widely believed to play an
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important role in the physics of the strong interaction
(for reviews, see Refs. [22,24]). In particular, instantons
provide mechanisms for the violation of both U(1), and
chiral symmetry in QCD, and may therefore be important
in determining hadron masses and the resolution of the
famous U(1), problem. Furthermore, it was recently
shown that instantons persist through the deconfinement
transition, so that instanton-induced interactions between
quarks and gluons may underlie the unusual properties of
the so-called strongly coupled quark-gluon plasma recently
discovered at RHIC [25].

In conventional perturbation theory one computes fluc-
tuations around the trivial zero solution. The correct
quantization process is to consider all classical solutions
of the field equations and their quantum fluctuations. In the
path integral representation of QCD the partition function
is, hence, dominated by an ensemble of extended particles
(instantons) in four dimensions. In the simplest case the
partition function describes a diluted ideal gas of indepen-
dent instantons. Unfortunately, this assumption leads to an
infinite instanton density caused by large instantons, which
is obviously against the dilution gas hypothesis for instan-
tons. This problem is called the infrared problem.

The problem is avoided by assuming a repulsive inter-
action between instantons [26] which prevents the collapse.
This is the model of a four-dimensional instanton liquid.
Under certain circumstances the interaction can be replaced
by an effective density. The instanton liquid model in a
narrow sense describes the QCD vacuum as a sum of
independent instantons with radius p = (600 MeV)~! and
effective density 7 = (200 MeV)*. The correctness of this
model is still being intensively investigated. So far the
model is essentially justified by its phenomenological
successes. The most important predictions of the model
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are probably the breaking of the chiral symmetry in the
axial triplet channel [27,28] and the absence of Goldstone
bosons in the axial singlet channel.

The instanton distribution is closely connected with the
vacuum condensates, which have been proposed as the
nonperturbative effects of QCD arising from the nontrivial
vacuum, since the mean size and density of instantons can
be deduced from the quark and gluon condensates and vice
versa. Moreover, the values of condensates can be repro-
duced from the instanton distribution [29-32]. The con-
tributions of instantons and those of the condensates may
reveal the same nonperturbative effects, and thus including
both contributions at the same time will cause the so-called
double-counting problem [33]. To avoid it, a semiclassical
expansion in instanton background fields was suggested in
our previous works to analyze the properties of the lowest
0" scalar glueball [13,34] and 0~ pseudoscalar one [15—
18], where the correlation functions of the glueball currents
are calculated by just including the contributions from the
pure instantons, the pure quantum gluons, and the inter-
ference between both, instead of working with both
instantons and condensates at the same time. In fact, the
condensate contributions turned out to be very small as
compared with those of instantons (including the classical
and quantum interference contributions) in the glueball
channels, and may be understood as a small fraction of the
latter in the local limit [13,15,16].

In this paper, we investigate the mass scale and the
magnitude of the width for the lowest state of tensor
glueballs along the same line with our previous works
[13—18]. This issue was first considered in a nonrelativistic
approach by assuming a large value of the effective gluon
mass [35], and the mass m,++ of the lowest tensor glueball
was predicted to be about 1.6 GeV; later, relying on the
construction of an efficient quasiparticle gluon basis for
Hamiltonian QCD in Coulomb gauge, m,~+ was deter-
mined to be 2.42 GeV. The lattice simulation on an
anisotropic lattice for quenched QCD shows that the mass
of the lowest state of the tensor glueballs is about
2.3-2.4 GeV [36,37]. The first prediction of the traditional
QCD sum-rule approach was m§++ ~ 1.6 GeV? [38,39].
By assuming very small mixing between the tensor glueball
and quarkonia, the sum-rule prediction was increased to
my++ = 2.00 GeV [40,41]. Up to now, the theoretical
results have been controversial. Finally, let us mention
that the prediction in the flux tube model—being composed
of a closed loop of fundamental flux with no constituent
gluons at all—is my++ = 2.84 GeV [42].

Our paper is organized as follows. In Sec. II we define
our form for the current of the tensor glueball and the
corresponding correlation function, and make its Lorentz
decomposition and associate it with a unique Lorentz-
invariant amplitude. In Sec. III a low-energy theorem
suitable for the correlation function is derived. The pure
quantum and pure instanton contributions (including the
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traditional condensate one) are presented in Sec. IV. Our
main work—namely, the calculation of the interference
contribution—is carried out in Sec. V. In Sec. VI we
construct the spectral function for the invariant amplitude
of the correlation function. The finite-width Laplacian sum
rules—which we also used in our previous works—are
presented in Sec. VII. The numerical simulation is
described in Sec. VIII. Finally, in Sec. IX our results
and conclusions are summarized, and a discussion of some
issues is given.

II. THE CORRELATION FUNCTION AND ITS
LORENTZ DECOMPOSITION

The current composed of two gluon fields, which carries
the quantum numbers J©¢ = 27+, is defined as

Oﬂl/ = ’1”(1(8)77143 (a)asea[)’v ( 1 )

with
a (a 1 a (a
9(1/5 - _GrlyG/)’y + ZéaﬂG},&G},é (2)

being the traceless energy-momentum density tensor in
Euclidean pure QCD, where Gy, is the gluon field strength
tensor with the color index a and Lorentz indices y and v,
and 7,,(9) = §,, —0,0,/0% is the transverse projection
operator. It is important to note that the overall subscript
“—~" on the rhs of Eq. (2) indicates that the corresponding
trace anomaly should be deleted, and this subscript will
not be specified hereafter. The current O, is a Lorentz-
irreducible, SU,.(3) gauge-invariant, and local composite
operator with the lowest dimension. Obviously, O, is also
a Lorentz-symmetric traceless tensor obeying the trans-
verse condition

0

=0 0,,=0, 0,0,=0, (3)

Hv vy Hp u v

where the third equation is valid not only in pure QCD but
also in full QCD by means of using the projection
operator 7,,(0).

The QCD correlation function of the current O, is
defined as

M 0(q) = / et (QIT0,, ()0, (0)|Q). (4)

Equation (3) leads to the symmetric, traceless, and trans-

verse conditions for IT,, ,/(g) as follows:
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For any momentum ¢, there is a unique transverse
symmetric Lorentz tensor in Euclidean space-time, namely,

9.9
nﬂu(Q) = 6;41/ - ;zl/ .

(6)

By means of 77, (¢), it is easy to find that there are only two
possible Lorentz tensors of rank four that satisfy the
symmetric and transverse conditions shown in Eq. (5):

1
T/(w),;/p’ - 7]#U(‘1)’7ﬂ@’(‘1)7
2
T/(w).ﬂ’z/ = nﬂﬂ/(Q)”w’(q) + nﬂv’(Q)nw’(Q)~ (7)

Then, the traceless Lorentz tensor of rank four, 7, s/, can
be expressed as the linear combination of the above two
tensors:

2
Muw ' = My Mo/ + N/ My — grl;wn//yU (8)

where the factor —2/3 in front of the third term is
determined by the traceless condition, and the argument
q of n is ignored from now on for the sake of brevity. It is
important to note thatr,, ,, is the unique Lorentz tensor of
the fourth rank constructed from ¢ and §,,, and it is
proportional to the density matrix of spin two possessing
the desired properties of Eq. (5). We conclude that the

correlation function IT,, ,,(g) can be expressed as

1
Hﬂp,y’y’(‘]) = Er]w,ﬂ’v’n(qz)’ (9)

with IT(¢?) being a scalar function of ¢, and we introduce
the factor of 11—0 for convenience. By contracting both sides
of Eq. (9) with the product of the metric tensors 6,,,6,,, and
using the identity &,,/8,,1,,,» = 10, we have

(q*) = My 0 (q). (10)

which is the Lorentz-invariant amplitude that our sum rule
1s, of course, written for.

III. LOW-ENERGY THEOREM

To compare with the scalar and pseudoscalar cases of
glueballs, we want to evaluate the correlation function in
the low-energy limit of ¢,

limI1(g%) = lim

d*xe'*(Q|T0,,(x)0,,(0)|Q). (11)
low g low g
We note that the current O is the energy-momentum tensor
in pure QCD which is symmetric and conserved according
to our definition, and so it is in fact renormalization group
invariant at least at one-loop order.
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Now, it is noticed that the renormalization group
invariance of O enables us to extrapolate it to a low-energy
scale, at which it may be reduced to the symmetric and
conserved energy-momentum tensor in the low-energy
limit of QCD. On the other hand, the 1/N, expansion
indicates that the confinement is present for large N ., and in
the region of confinement the fundamental theory of QCD
is reduced to a weakly coupled field theory of mesons, such
as pions [43,44]. Therefore, at the low-energy scale, the
energy-momentum tensor of QCD may be reduced to
the symmetric and conserved energy-momentum tensor
for the pion field theory at the leading order,

: 1
Of“) = 0,m"0,7" — 55/” [0 0qn® — m2a?], (12)

where 7¢ is the pion isotopic amplitude (z¢7% = 7°%72°+
2z % 77). In fact, the low-energy energy-momentum tensor
(12) is Lorentz reducible, and its nonvanishing trace
(possessing no projection on the 2** state) should be
deleted according to our definition. The traceless part of

o) is

1
Zaﬂyaanaaan“. (13)

O — ,790,7 -
Inserting the two-pion intermediate states between the two
currents on the rhs of Eq. (11), using Eq. (13), we obtain

3
imI1(g%) = 10 x 2 x 3 mi0(g* = 4mz),  (14)

low g

where the factor 10 is introduced by convention [see
Egs. (9) and (10)], and the factor of 2 comes from the
multiplicity of the pion isotopic states z¢ with the approxi-
mate equal mass m,. We note that the appearance of a step
function 9(q*> — 4m?2) is due to the consideration of the
energy conservation. For the finiteness of the pion mass, we
have

limI1(¢?) = / dx(QITOE) (x)OF(0)|Q) =0,  (15)
q—)

without consideration of the possibility of a 2*" meson or
glueball decaying into two photons.

There is also another argument for the low-energy
theorem (15) for the tensor glueball current. Inserting
the full intermediate states into the correlation function
between the two currents O,,(x) and 0,,(0), it is easy to
see that all intermediate states have no contribution, with
the possible exceptions of the vacuum |Q) and the multi-
massless pions |nz) with n=2,4,--- due to energy-
momentum conservation. The intermediate vacuum state
has no contribution,
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QIO (0)]2) = 15

= 2 3,(QI0EL(0)jQ) = 0. (16)

where the first equality is due to the Lorentz covariance,
and the second equality comes from our definition of our
current O which is exactly traceless. The intermediate
multipion states |nz) do not contribute as well, since n
pions—each of which has vanishing energy and momen-
tum in the massless limit—cannot possess the total angular
momentum of two so that

(n7| O (0)|2),, 040 = O,

in keeping the angular momentum conservation.

IV. PURE QUANTUM AND PURE INSTANTON
CONTRIBUTIONS

We work in the framework of the semiclassical expan-
sion to evaluate the Euclidian path integrals, as in lattice
QCD. Instead of using the global minimum of the QCD
action (A, = 0) as the starting point in the usual perturba-
tion theory, we may use the local minima (instantons)
A,(x), which are the nonperturbative solutions of the
classical field equations of Euclidean QCD with a finite
action, so that the glue potential field B(x) may be
decomposed into a summation of the classical instanton
A and the corresponding quantum gluon field a as

B,(x) = A,(x) + a,(x). (17)

Consequently, the pure-glue Euclidean action can be
expressed as

1
S[B] = SO - / d4X{L[A + a] + TgaaMDabyDbcyacv}
1
= SO - 5/ d4x{aa;¢ |:Dab/1Dbciayv + 29fachb;w
1
-1 _E Dabqucy Aey — ngabcabyachadyady

1
- Engabcabyacufadeaduaeu}’ (18)

where S, = 872 /¢ is the one-instanton contribution to the
action, F,,, is the instanton field-strength tensor

Fa/w(A) - aﬂAay - aL/AaM + gsfabcAbﬂAcw (19)

and D,;,(A) is the covariant derivative associated with the
classical instanton field A,,,

Dabﬂ (A) = 8/451117 + gfaCbAC/l' (20)
In addition, following ’t Hooft [21], the background field
gauge
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D,(A)a, =0 (21)

is used, with & being the corresponding gauge parameter,
and certainly the corresponding Faddeev-Popov ghosts
according to the standard rule should be added to restore
unitarity. We note here that the structure constants f .
should be understood as €,,. when any one of the color
indices (a, b, or ¢) is associated with an instanton field due
to the property of the closure of any group.

According to the decomposition (17), the invariant
amplitude of the correlation function splits into three parts,
namely, the pure classical part, the pure quantum part, and
the interference part in the leading order,

€D — (el 4 1yqu) 4 ing) (22)

where the superscript indicates that it is calculated in the
underlying dynamical theory (QCD). It is important to note
that every part on the rhs of Eq. (22) is gauge-invariant
because the decomposition (17), in principle, has no impact
on the gauge invariance of the correlation function.

The first part of Eq. (22) arises from the contribution of
pure classical field configurations—the Belavin-Polyakov-
Schwarz-Tyupkin instanton and anti-instanton—which are
the simplest nonperturbative solutions of the Euclidean
pure-QCD field equation, and the instanton field is written
(in the singular gauge) as

Ald) = Ztpu == (23

s
with
2

_ P
L e )

(24)

and the corresponding field-strength tensor is

XNy T =7 5 7P (h < v), (25)
where z and p denote the center and size of the instanton,
respectively, which are called collective coordinates
together with the color orientation, and 7,,, is the ’t
Hooft symbol which should be replaced with the anti—’t
Hooft one 7, for an anti-instanton field. The fact that the
strong coupling constant g, appears in the denominator of
the rths of Eq. (23) reveals the nonperturbative nature of
these classical configurations. However, at the leading
order, the so-called direct instantons do not contribute to
the correlation function considered [7,38], namely,

e = o, (26)
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because

1
—Fo, Fj, + ZéaﬂF?aF?g =0, (27)

9(1/3(F )
as expected for vacuum fields, for which the energy-
momentum tensor should vanish.

The second part of Eq. (22) arises from the pure quantum
contribution, and has already been calculated at the leading
order [38],

7

1
nw=—_—yg anEa (28)
w? H

2
with u being the renormalization scale, and with the
additional ordinary power corrections due to the gluon
condensates

[p(cond) _ 50za;

7 (20, - 0,), (29)

where

01 = (fathb Gzcza) ’

na 02 = (fabc Gb G(LI/)’) (30)
with f%¢ being the structure constants for SU.(3). We note
that the contribution from the vacuum condensates starts
with the Q73 term, and in fact is negligible (as checked in
Fig. 5 in Appendix C) in comparison with the Borel

transformations of T1(), T1(a%) and T1(cond)

V. THE INTERFERENCE CONTRIBUTION

One of our main tasks in this work is to calculate the
contribution ITM in Eq. (22), which comes from the
interference between the classical instantons and quantum
gluons in the framework of the semiclassical expansion for
QCD with the instanton background, and which is certainly
very important because of the vanishing pure-classical
contribution (26). After imposing the background covariant
Feynman gauge (¢ = 1) for the quantum gluon fields, we
are still free to choose a gauge for the background field A.
In the following, the singular gauge is chosen for the
nonperturbative instanton field configurations, as shown
in Eq. (23).

Before starting with the contraction between the quan-
tum fields, we note that the time development of the
instanton vacuum produces the preexponential factor for
the distribution of the instantons [21,45,46], and 100 s
understood as taking the ensemble average over the
collective coordinates in addition to taking the usual
vacuum expectation value due to the separation (23),

) — Z/dpn(p)/d“z/d“xeiq'x
11

x (QIT{0,,,(x)0,,(0)}™]Q), (31)
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where the superscript “(int)” indicates that the correspond-
ing quantity only contains the interference part between the
quantum and classical ones. Using the spike distribution for
the random instantons, Eq. (31) becomes

mt _2I’l/d4 /d4xequ

< (QIT{0,,(x)0,,(0}™|Q).  (32)

where the value of the instanton effective density 7 is
already given in the introduction, and the factor of 2 comes
from the mutually equal contributions of both the instanton
and anti-instanton. The next important step is to specify the
form of the gluon propagator which in the background-field
Feynman gauge can be read from the part of S[B] quadratic
in a [47,48],

Dy (x.y) =

(QIT{aj(x)a;(y)}Q)

1 ab
= B S — , 33
e
with P4 = —iD4?. Keeping only terms proportional to F,

one has [49]

- | 2
/d4xethDah(x y) _ elq-(} Z)5 { 25/“/ +g.v?F/w(Z)

- (V= 2),Fpe(2)gs
—1gs pq—f(s;w(z)—i_ (e

(34)

where the first term on the rhs of the above equation is the
pure-gluon propagator in the usual Feynman gauge, and
the second and third terms are the leading contribution of
the instanton field to the gluon propagator. For the short-
distance region, we assume that the contribution from a
single instanton is dominant over multi-instantons [50]. At
the leading loop level, the gluon propagator (33) in the
background-field Feynman gauge becomes the pure-gluon
one in the usual Feynman gauge, which is what we use in
our calculation.
Rewriting the tensor glueball current (1) as

~ 1 ~
O,uu = 0/41/ - Z 5;41/00«11 (35)
with
é Ga/mGamx’ (36)

the invariant amplitude (32) becomes

- 45,w5,,,) / d*z

y / dxe T (QIT{0,0 (x) Oy (0)}|Q).  (37)

Y — 27 (5;44’ S,y
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In our calculation, we expand (N)/w into terms which are
products of quantum gluon fields and their derivatives with
coefficients being composed of the instanton fields,

(38)

where the operators 6,(,’,2 in terms of the instanton and
quantum gluon fields are listed in Appendix A. Then,

Eq. (37) can be expressed as

‘ 1
H(lnt) = 2ﬁ (6;4/4'6111/ —_ Z(Sﬂyéﬂly/>

xZ/d“z/d“x
ij

x eiq-X(Q|T{Offy) (x)bf/{L(O)}lm
12

=3 m" (39)

i=1

where - - - denotes the contributions from the products of
operators that are proportional to g7, and the expressions for

Hgmt) are shown in Appendix B. The corresponding 12
kinds of Feynman diagrams are shown in Fig. 1, where the
contributions from the first three diagrams are of the order
of ay, the contributions of the remainders are superficially
of the order of a2, and those from diagrams 4 and 6 are in
fact vanishing as they violate the conservation of color

charge, namely,

H(int) -0,

1

for i = 4,6. (40)

Now, we are in the position to evaluate the contributions
of the remainder diagrams in Fig. 1. Using the standard
technique to regularize the ultraviolet divergence in the
modified minimal subtraction scheme, the result for the
interference part of the correlation function is

iy — ﬁ{clnazl<u2> T eon(ap) s () + 5

2
_ _ q
T calap) + [eslap)® + co+ erlap)?) 1M}

(41)

where u is the renormalization scale, we have ignored terms
that are proportional to the positive powers of g> which
vanish after Borel transformation, and (after a tedious
calculation) the dimensionless coefficients c; are

PHYSICAL REVIEW D 95, 014024 (2017)

FIG. 1. Feynman diagrams for the interference contribution
0 where spiral lines, dotted lines, and the lines with circles
denote gluons, instantons, and the instanton field-strength tensor,
respectively, and crosses stand for the positions of the instantons.

cp = 48,
¢y = —144,
4
03 =764 + % (y — Indr) = —1196.44,
cy, = —4416,
Cy = 27,
e = 364 — 140(y — In4r) = 637.53,
¢y = 2208, (42)

where y is the Euler constant. The detailed calculation will
appear elsewhere. It should be noted that there is no
infrared divergence, as expected due to the instanton size
being fixed in the liquid instanton vacuum model, which
actually provides the regularization for the interference
correlation function with the standard parameters.

Putting everything above together, our final expression
for the invariant amplitude IT?CP calculated in QCD is of
the form
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[OCD(g2) — ﬁ{clmzl () + ean(gp)2a7 () + ¢
+ [es(gp)* + ¢

2 2
q I, . q
| 43
Mz} 22 (43)

+ ca(gp) ™

+ ¢7(gp) ] In

where the condensate contribution I1°™ given in Egs. (29)
and (30) is neglected due to its small magnitude, as shown
in Appendix C.

VI. SPECTRAL FUNCTION

Now we construct the spectral function for the invariant
amplitude (the scalar part of the correlation function) of the
tensor glueball current, [T2P. The usual lowest resonance
plus a continuum model is used to saturate the phenom-
enological spectral function:

1
_ ImHPHEN( S)

1 1
= —pHAD(§) + 0(s — 50) —ImITP (),
z P T

(44)

where s, is the QCD-hadron duality threshold, 8(s — s¢) is
the step function, and p"AP(s) is the spectral function for
the lowest tensor glueball state. In the usual zero-width
approximation, the spectral function for a single resonance
is assumed to be
PHAP (5) = F28(s — m?), (45)
where m is the mass of the lowest glueball, and F is the
coupling constant of the current to the glueball defined as

(0/0(0)|G) = F. (46)
The threshold behavior for pHAP () is

pHAP(s) > A3s%0(s —4m3), for s — 4mZ. (47)
In fact, the threshold behavior (47) may only be valid near
the chiral limit. Therefore, instead of considering the
coupling F as a constant [7], we choose the following
model for F:

0, for s < 4m?2,
F =< 29s0(s —4m2), for 4m2 < s < 4m2 +5s, (48)
fm?, for s > 4m2 + Js,

where A, and f are some constants determined late in the
numerical simulation, and §s is a small constant determined
by simulation.

To go beyond the zero-width approximation, in facing
the near-actual situation, the Breit-Wigner form for a single
resonance is assumed for ptHADP(s)

E)

PHYSICAL REVIEW D 95, 014024 (2017)
F*mD

HAD () _
(s) (s —m?> +T?%/4)> + m*T%’

p (49)

where I' is the width of the lowest glueball. Further, the
one-isolated-lowest-resonance assumption is questioned
from the admixture with quarkonium states, and it is
known from the experimental data that there are three
2" tensor resonances up to and around the mass scale
1.525 GeV. The form of the spectral function for three
resonances is taken to be

3 2
Frm;T;

HAD L L , (50)

; (s —m? +T%/4)? + m1?
where m; and I'; are the mass and width of the ith
resonance, respectively. For the sake of simplicity, all
coupling constants F; for s < m2 are fixed with the same
Ao as shown in Eq. (48).

VII. FINITE-WIDTH LAPLACIAN SUM RULE

Now we are in a position to construct the appropriate
sum rules of the tensor glueball current. The invariant
amplitude IT obeys a dispersion relation,

tg’) = [ as

which is defined up to a finite number n of subtractions. To
dispose of the dependence on these subtractions, one takes
the nth derivative of I1(¢?) to obtain

d" [ n! l
H(Q ) - [) ds (S 4 Q2)11+1 n.ImH(S)’

1
—ImII(s) + subtractions, (51)

s—|—q2

(52)

with Q% = ¢?, which can be regarded as a global duality
relation (i.e., sum rule) in the sense that the weighted
average of the physical spectral function (1/7)ImII(s) =
(1/7)ImITPHEN () [a model of (1/7)ImITPHEN(s) is given
in Eq. (44)], for sufficiently large QO values in the weight,
must match the nth derivative of I1(¢?) = TP (Q?) on the
lhs, which is a calculable quantity in QCD [an approxi-
mated form is given in Eq. (43)]. To make the sum rule
more sensitive to the low-energy behavior of the spectral
function, one applies the Borel transformation

)Y L d N
=P i@ (dQ2> &%)

to both sides of Eq. (52). Then, a family of Laplacian sum
rules can be formed [51],
£

s0:1) = L (s0.1) (54)
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and
; 1
£ (s0.t) = [ dsste g, (55)
0 T

for the phenomenological contributions to the sum rules,
and for the theoretical contributions

LI (s9.1) = LIP(1) = LEON (59.1).  (56)
with £I(r) and LSONT (s, 7) being
LI (1) = 1L](-0*)HICP(Q?)] (57)

and

1
LEONT (50 1) :/ dsske=s/t = ImHQCD< ). (58)

So

Substituting Eq. (43) into Eq. (57), we have

L9 (1) = —ale maz (1) + coma; (1) (1p?) ™!
+c3 4 cu(tp?)™! = estp® — cgy
+er(L=7)(1p*) 7] = apt?, (59)
LEP(1) = Alerna; (0p72 + cap™ + est?p?

—cet — c7yp?] = 2a,t?, (60)

LIP(1) = —7i(=2¢5p*F + ¢ = c7p721) — 6agt*.  (61)

VIII. NUMERICAL ANALYSIS

The expressions for the three-loop running coupling
constant a,(Q?) with three massless flavors (N ; = 3) at the
renormalization scale y [52]

R

are used, where a” (u?)/x is the two-loop running cou-

pling constant with (N, = 0)

() 1 p InL

x Bl fo L) o
and
ln<1/<22>
Po = i{ll—%Nf]
P %[102—?Nf]

PHYSICAL REVIEW D 95, 014024 (2017)

with the color number N, = 3 and the QCD renormaliza-
tion invariant scale A = 120 MeV. We take u”> =t after
calculating Borel transforms based on the renormalization
group improvement for Laplacian sum rules [53]. The
values of the average instanton size and the overall instanton
density are adopted from the instanton liquid model [29],

7=1fm™* = 0.0016 GeV*,
1
p=3fm=1667 GeV~". (65)

The resonance masses and widths appearing in Eq. (50)
could be estimated by optimally matching both sides of the
sum rules (55) in the fiducial domain (sum rule window)
where the mentioned resonance parameters should be
approximately stable. At f,,, of the sum rule window,
the resonance contribution should be greater than the
continuum one,

‘CSCD (SO’ tmax) = ‘CEONT(SW tmax)’ (66)

according to the standard requirement that in the energy
region above 7,,,,, the perturbative contribution is dominant.
At .0, Which lies in the low-energy region, we require that
the single instanton contribution should be relatively large
so that

L (50, tyin)
e > 50%. (67)
'Ck (SO’ tmin)

At the same time, to keep the multi-instanton correction
negligible, we simply adopt the rough estimate

. 2 -2
fnin > (29) 72 ~ (m) . (68)

To determine the value s, for the threshold, it is obvious
that s, must be greater than the squared masses of all of the
considered resonances, and should guarantee that there is a
sum rule window for the stability of our Laplacian sum
rules. According to the above requirements, we find that in
the domain

€ (1.0,3.0) GeV?, 5o € (2.9,3.9) GeV?  (69)
our sum rules work very well for, e.g., k=—1, 0, 1, as usual,
to consider the very important information comes from the
low-energy theorem. Finally, in order to measure the
compatibility between both sides of the sum rules (55)
in our numerical simulation, we divide the sum rule
window [fin, fmax] into N =100 segments of equal width,
[ti,tiy1], With fg =t and ty = fp., and introduce a
variation ¢ which is defined as
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TABLEIL The optimal fitting values of the mass m, width I', coupling constant f, continuum threshold s, and compatibility measure &
for the possible 27+ resonances in the sum rule window [¢,,i,, fmax] for the best matching between the lhs and rhs of the sum rules (55)
with k = —1, 0, 1 are listed, while all of the pure perturbative and interference contributions are included in the correlation function for
cases A, B, and C, in which a single zero-width resonance plus the continuum model of the spectral function is adopted for case A, a
single finite-width resonance plus the continuum model is adopted for case B, and three finite-width resonances plus the continuum

model is adopted for case C.

Cases k Resonances m (GeV) I (GeV) f (GeV) 50(GeV?) [fmin> fmax) (GeV?) 5
-1 1.520 0 0.140 3.9 1.0-3.0 34 x 107
A 0 Glueball 1.523 0 0.112 33 1.0-3.0 8.4 x 107
1 1.521 0 0.094 3.0 1.0-3.0 49 %1075
-1 1.525 0.105 0.058 3.1 1.0-3.0 43 x 107
B 0 Glueball 1.525 0.110 0.059 3.1 1.0-3.0 1.8 x 107
1 1.525 0.097 0.052 29 1.0-3.0 8.3 x 107
f2(1270) 1.275 0.185 0.022
-1 f’2(1525) 1.525 0.073 0.052 3.0 1.0-3.0 44 %107
f2(1950) 1.944 0.472 0.010
f2(1270) 1.275 0.185 0.010
C 0 % (1525) 1.525 0.073 0.050 3.0 1.0-3.0 4.1x107
f2(1950) 1.944 0.472 0.028
£2(1270) 1.275 0.185 0.010
1 f5(1525) 1.525 0.073 0.054 3.0 1.0-3.0 1.4 x107*
12(1950) 1.944 0.472 0.010
N 2
S = l Z M (70) of three finite-width resonances plus the continuum model
N4 |L(#;)R(1;)|

where L(t;) and R(t;) are the lhs and rhs of Eq. (55)
evaluated at ¢;.

Let us first consider the case of single-resonance-plus-
continuum models [specified by Egs. (46) and (50),
respectively] for the spectral function. The optimal param-
eters governing the sum rules with zero and finite widths
are listed in the first six lines of Table I and the corre-
sponding curves for the lhs and rhs of Eq. (55) with
k=-1, 0, and +1 are displayed in Figs. 2 and 3,
respectively. From Table I, the optical values of the tensor
glueball mass, width, coupling, and duality threshold with
the best matching are

m = 1.522 +0.002 GeV,
f=0.11540.025 GeV,
5o = 3.4+ 0.5 GeV? (71)

for one zero-width resonance model, and

m = 1.525 GeV,

I' =0.104 £ 0.007 GeV,

S =0.055+0.004 GeV,

so=3.0£0.1 GeV? (72)
for one finite-width resonance model, where here and

hereafter the errors are estimated from the uncertainties
of the spread between the individual sum rules. For the case

(50) for the spectral function, the optimal parameters
governing the sum rules are listed in the remaining lines
of Table I. The corresponding curves for the lhs and rhs of
Eq. (55) with k = —1, 0, and +1 are displayed in Fig. 4.
Taking the average, the optical values of the widths of the
three lowest 271 resonances in the world of QCD with
three massless quarks and the corresponding optical fit
parameters are predicted to be

My, (1270) = 1.275 GeV,
J (12700 = 0.016 + 0.006 GeV,
Ffz(1270) =0.185 GeV, (73)

My (1525) = 1.525 GeV,
Fry1525) = 0.052 £ 0.002 GeV.,
Ff/z(1525) =0.073 GeV, (74)

my, 1950y = 1.944 GeV,
f 10050 = 0.019 £ 0.009 GeV,
1—‘f2(1950) = 0472 GeV, (75)

with

so = 3.0 GeV. (76)
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FIG. 2. The lhs (dot line) and rhs (solid line) of the sum rules
(55) with k = —1, 0, 1 versus ¢ in the case where the correlation
function TI®P contains the interference and pure perturbative
contributions, and a single zero-width resonance plus the con-
tinuum model is adopted for the spectral function.
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FIG. 3. The lhs (dashed line) and rhs (solid line) of the sum
rules (55) with k = —1, 0, 1 versus ¢ in the case where the
correlation function TI%P contains the interference and pure
perturbative contributions, and a single finite-width resonance
plus the continunum model is adopted for the spectral
function.

014024-10



FINITE-WIDTH LAPLACIAN SUM RULES FOR 2+ ...

0.045
— QCD
1|11 HAD

0.035

0.04

o

o

@
T

QCD/HAD[GeV*]
o o
o © o
- o N
[6)] N [6)]

0.01f

0.005;

0.5 1 15 2 2.5 3 35
t{GeV?]

0.09

0.08 1

0.07

0.06

0.04

QCD/HAD[GeV*|

0.03

0.02

0.01F

QO

t{GeV?]

0.2

0.18H

0.16

0.14}

0.12F

0.1p

0.08f

QCD/HAD[GeV*]

0.06}

0.04

0.02f

0 . . . . .

t[GeV?]

FIG. 4. The lhs (dashed line) and rhs (solid line) of the sum
rules (55) with k= —1, 0, 1 versus ¢ in the case where the
correlation function TP contains the interference and pure
perturbative contributions, and a three-finite-width-resonances-
plus-continuum model is adopted for the spectral function.

IX. CONCLUSION AND DISCUSSION

The main results of this work can be summarized as
follows.

First, the contribution to the correlation function arising
from the interference between the classical instanton fields

PHYSICAL REVIEW D 95, 014024 (2017)

and the quantum gluon ones was derived in the framework
of the semiclassical expansion of the instanton liquid
vacuum model of QCD. The resultant expression is gauge
invariant, and free of the infrared divergence. It plays a
great role in sum-rule analysis in accordance with the spirit
of the semiclassical expansion. The imaginary part of the
correlation function including this interference contribution
is positive, as shown in Fig. 6 in Appendix D. Moreover,
the traditional condensate contribution is excluded in the
correlation function to avoid double counting [7], because
condensates can be reproduced by the instanton distribu-
tions [29-32]. Another reason to do so is that the usual
condensate contribution is proven to be unusually weak,
and cannot fully reflect the nonperturbative nature of the
low-lying gluonia [7,15,16,54]; in our opinion, the con-
densate contribution may be considered as a small fraction
of the corresponding instanton one, so it is naturally taken
into account already.

Second, the properties of the lowest-lying 2™+ tensor
glueball were systematically investigated in a family of
Laplacian sum rules in three different cases: a single zero-
width resonance plus the continuum model of the spectral
function was adopted for case A, a single finite-width
resonances plus the continuum model was adopted for
case B, and the three finite-width resonances plus the
continuum model was adopted for case C. The optimal
fitting values of the mass m, width I', coupling constant f,
and continuum threshold s, for the possible 2** reso-
nances were obtained, and are quite consistent with each
other. The resultant Laplacian sum rules with k =
—1,0,+1 were carried out with a few of the standard
QCD input parameters, in accordance with the experi-
mental data.

Let us now identify where the lowest-lying 2+ tensor
glueball is located. The results for the single-resonance-
plus-continuum models A and B [namely, Egs. (70) and
(72)] imply that the meson f5(1525) may be the most
viable candidate for the lowest-lying 27" tensor glueball
because the difference between the two models is just the
width of the resonances, and the latter is of course
believed to be more in accordance with reality. This
conclusion can further be justified by the result of the
three-resonances-plus-continuum model [namely,
Egs. (73), (74), and (75)], which shows that ff/z(l525) is
dominant.

As a discussion, we compare our result with other works.
Let us mention the following points in order.

(a) The results from lattice QCD are extracted from the fit
equation (2) in Ref. [55] by the variational procedure
in Monte Carlo simulations [36]; however, the mass of
the lowest-lying glueball should be understood as the
upper bound of the glueball in the channel of interest.
It is important to note that our result in this work is
estimated from the match both sides of our sum rule,
and should be compared to reality; in the sense of an

014024-11



JUNLONG CHEN and JUEPING LIU

(b)

(©)

(d)

(e)

®

upper bound on the mass, our result is consistent with
those of lattice QCD.

The so-called mass hierarchy [56] for the lowest 0",
2%, and 0" glueballs (namely, mg+ < my++ < mg-+)
comes from lattice QCD; it is difficult to understand
because it is, in fact, an inequality of the possible upper
bounds on the mass determined by the variational
principle. On the other hand, phenomenologically,
the identification of the pseudoscalar glueball has been
a matter of debate since the Mark II experiment
proposed glueball candidates [57]. Later, in the mass
region of the first radial excitation of the # and #
mesons, a supernumerous candidate—the 7(1405)—
was observed. It seems to be clear that #(1405) is
allowed as a glueball-dominated state mixed with
isoscalar gq states due to its behavior in production
and decays, namely, it has comparably large branching
ratios in the J/y radiative decay, but it has not been
observed in yy collisions [19,55,58]. A review of the
experimental status of gg was given in Ref. [19].
However, this state lies considerably lower than the
theoretical expectations: the lattice QCD predictions
suggest a glueball around 2.5 GeV [36,59]; the mass
scale of the pseudoscalar glueball obtained in the QCD
sum rule approach is above 2 GeV [7,15,16,60].
Moreover, there are attractive arguments for the scalar
and pseudoscalar glueballs being approximately degen-
erate in mass [61], and even the scenario that a
pseudoscalar glueball may be lower in mass than the
scalar one was recently discussed in Ref. [62]. The
possibly nonvanishing gluonium content of the ground
state 77 and 7’ mesons was discussed in Refs. [12,63-65].
Up to now, only the topological model of the glueball as
aclosed flux tube [61] predicts a degeneracy of the 0"
and 0" glueball masses and admits the region 1.3—
1.5 GeV before our recent result [13,14,17,18] was
published.

The results in QCD-based constituent models are
inconsistent and even contradictory with each other:
the lowest-lying 27+ glueball lies in the mass region
0.96-2.5 GeV [55], and our prediction is located in
between.

In the QCD sum rule approach, our result is higher
than the previous one (~1.26 GeV) from Refs. [66,67],
and lower than the other ones (x2.0 GeV) [40,41].
We note here that a recent phenomenological analysis
[68] predicted that the mass of the lowest-lying tensor
glueball 1.40 £ 0.14 GeV, which is close to, but lower
than our present result.

Finally, it is important to note that the Laplacian sun
rule (54) is based on the Borel transform for the global
duality relation (52), and not based on the so-called
strict local duality

1 1
_HQCD(S) _ _HPHEN(S)’
T

- (77)

PHYSICAL REVIEW D 95, 014024 (2017)

which corresponds the Gauss-Weierstrass transformed
sum rule in an appropriate limit [51]. This limit would
be equivalent to knowing the spectral function
everywhere, as well as the full perturbative and non-
perturbative dynamical effects of QCD; however, it is
an impossible task given the present state of develop-
ment of QCD and the experiments. We note here that
by integrating both sides of Eq. (77) from s =0 to
s =5y, we get the so-called finite-energy sum
rule

s 1 S| 1
/”dsHQCD(s)=/°dsHPHEN(s), (78)
0 0

T T

which is usually used to determine the approximate
value of the threshold s, in the sum rule. The lhs and
rhs of Eq. (78), as functions of s, are shown in Fig. 7
in Appendix E, where the abscissa of the intersection
point of the two curves gives the value of s, which is
very close to that given in Eq. (76).

In summary, our results suggest that f%(1525) is a good
candidate for the lowest 2" tensor glueball with some
mixture with the nearby excited isovector and isoscalar ggq
mesons. The predicted mass of the lowest-lying tensor
glueball is only a little bit higher than that of the scalar one
(1500 MeV) determined recently according to the same
approach [14]. The reason may be that, although the
leading instanton contribution is absent from the tensor
channel of glueballs, there is still a strong attractive force
arising from the interference between the quantum gluon
fields and the classical one, which almost solely governs
the final result. Such a situation is somehow the same as in
the case of the scalar channel, which causes the lowest
scalar and tensor glueballs to be almost degenerate, just as
predicted in the conventional bag model. The small differ-
ence between the masses of the glueball states could be
understood as the spin splitting. To explore the deep
physical reason for the above points, further investigation
will certainly be needed.
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APPENDIX A: THE OPERATORS 0,

The operators éuv(i) in terms of instanton and quantum
gluon fields are
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al(ly = FappF avp: - - . 1 | —LL"‘(t)
02 = FapptipadasGupBsp = 0up030) G pu + 0,00): 5 - o té:il’m i
o) = 95F agpAcatppf ach (Bapdpp = Oappy) 4 \6350
X (5(/,”54)” + 5¢U5¢”), % ,
(3,(,‘,‘,) = App. 04z kOabOad(8au0pp — 0upOpu) (8xu02p — SpOin) gg
6,(2) = 95(Aec@0r@pp af acadab + Acalipapi achOad) .;; ’
X (8O = BapOpu) (G 02p — GicpOsu ) r 0.2026
o) = G5 A caA exbpaif achf aead(SauBpp — SapOpu) ohrw s s
X <5Ku5/1p - 51(/)5/11/)7 p ‘ ‘ ‘ ‘ | | | | |
OEZ/) _ nga(/)/lahﬂadﬂfubdéﬁ(p (5(/}”54)1/ + 6(/"/5(/)”), 1 1.2 1.4 1.6 1.8 t[Givgl 2.2 2.4 2.6 2.8 3
08 = 9500,0p i af adeOas BayBpp = Oapdsy) ¢ — -
+ 95Apuep@ap i abePad (B 0ip — Op0i)s S | KRR b
01(4?/) = s f acv adeAcabp@aneop 8085y — 8apdpy) i 05105
+ G5 f ach S adeAexpulep@a;(8,82p = 8p0s). s 1 i
O = 93 ey opf apef ades (A1) v% (:- e
where F,,, is the instanton field strength associated with g ol
the instanton field A. i
APPENDIX B: THE INTERFERENCE -
CONTRIBUTIONS 1™ IN TERMS OF o
THE OPERATORS 0, " 5
The expressions for HEim) in terms of f),(l’,,) are iz 14 16 18 t[GiVZ] 22 24 26 28 3
™ = H@IT0L) (x) 07, (0)]Q), e —
i = 270ITOR (955 0)10) A
™ = 7(Q705 (x)01) (0)[). k
3" = 21(QIT05 (1) 0} (0)]€). £
" = 27(QIT0k (x) 05, (0)]Q). 5 o}
H(6int) — 9 <Q|T0,(4? (X)él(,,j/ (0)]Q), g’f | 4.8634
™ = HQIT0R (x)0}7) (0)|).
g™ = 7(QIT05) (x)04),(0)|2). T oowe T
Héim) =21 <Q|T@’(‘?’) () él(/t)/ (0)1€2). STz 14 16 18 2 22 24 26 28 3
iy = 27(QIT0L (10 (0)2), et
L 10 e b e o 1
)

Y = 1(QIT0oL) (x)01),(0)|Q). (B1)  k=-10 1 versus .
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where
T — N7 1 4 4 iqx
T =27 06,6, — Zéﬂ,ﬁﬂy d*z | d*xe'?*. (B2)

APPENDIX C: THE BOREL TRANSFORM OF
THE CONDENSATE CONTRIBUTION

Substituting Eq. (29) into Eq. (57), we obtain the
expression for the Borel transformation of the condensate
contribution as follows:

. 1 50za;
L) = 23 (20, - 0,), (C1)
1507
Le(r) =~ (20, - 0y), (€2)
50za;
L(1) = —— (20, = 0,). (C3)

The comparison of £ with the other Borel-transformed
contributions is shown in Fig. 5.

(QCD)

T
ImIT

16H o 7oy
== =t

-2 L

FIG. 6. The contributions to the imaginary parts of the
correlation function from the interference (dashed line), pure
perturbative (dotted line), and total contribution (solid line)
Versus .
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APPENDIX D: THE IMAGINARY PARTS OF THE
INIERFERENCE AND PERTURBATION
CONTRIBUTIONS

The imaginary part of the correlation function from the
interference contribution is

MM = 7i[csp’s — cg + c5(sp?)7"]. (D1

and the one from the pure perturbative contribution is

2

ImIT(aw) — 5

> (D2)

Both contributions are shown in Fig. 6.

APPENDIX E: DETERMINATION OF THE
THRESHOLD s, FROM THE FINITE-ENERGY
SUM RULE

The finite-energy sum rule for determining the value of
the threshold s, reads

K 1 S, 1
/“ds—nQCD(s):/"ds—pHAD(s). (El)
0 0 T

T

The lhs and rhs of Eq. (E1) versus s are plotted as the solid
and dotted curves, respectively, in Fig. 7, and the abscissa
of the intersection point of the two curves is
5o = 2.98 GeV?, as indicated in the figure.

0.16
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0.15 s

‘ ‘
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0.08f
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sO[GeVZ]

FIG. 7. The lhs (solid line) and rhs (dotted line) of Eq. (El)
Versus Sg.
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