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A detailed study of vortices is presented in Ginzburg-Landau (or Abelian Higgs) models with two
complex scalars (order parameters) assuming a general U(1) x U(1) symmetric potential. Particular
emphasis is given to the case in which only one of the scalars obtains a vacuum expectation value (VEV). It
is found that for a significantly large domain in parameter space vortices with a scalar field condensate in
their core [condensate core (CC)] coexist with Abrikosov-Nielsen-Olesen (ANO) vortices. Importantly, CC
vortices are stable and have lower energy than the ANO ones. Magnetic bags or giant vortices of the order
of 1000 flux quanta are favored to form for the range of parameters (“strong couplings”) appearing for the
superconducting state of liquid metallic hydrogen (LMH). Furthermore, it is argued that finite energy/unit
length 1VEV vortices are smoothly connected to fractional flux 2VEV ones. Stable, finite energy CC-type

vortices are also exhibited in the case when one of the scalar fields is neutral.
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In a considerable number of physical theories describing
rather different situations, vortices often play an essential
role in understanding key phenomena. In gauge field
theories spontaneously broken by scalar fields, the vortex
of reference is undoubtedly the celebrated Abrikosov-
Nielsen-Olesen (ANO) one [1] associated to the breaking
of a U(1) gauge symmetry by a complex scalar doublet.
ANO vortices correspond to the planar cross sections
of static, straight, magnetic flux tubes, with an SO(2)
cylindrical symmetry. Their magnetic flux is quantized as
® = nd,,, where P is an elementary flux unit and » is an
integer. The integer n can be identified with a topological
invariant, the winding number of the complex scalar,
which is also responsible for their remarkable stability.
Rotationally symmetric ANO vortex solutions form fam-
ilies labeled by n and by the mass ratio § = m,/m,, where
myg and m, denote the mass of the scalar and of the vector
field, respectively.

The ubiquity of vortices in different branches of physics,
ranging from condensed matter systems, such as super-
fluids, superconductors [2—4], and holographic supercon-
ductors [5,6] to cosmic strings in high-energy physics [7,8],
greatly contributes to their importance. By now, models of
superconductors with several order parameters (scalar
doublets) have become the subject of intense theoretical
and experimental studies [9-11]. Under extremely high
pressure, liquid metallic hydrogen (LMH) is expected to
undergo a phase transition to a superconducting state,
where two types of Cooper pairs are formed, one from
electrons and another one from protons [12-17]. For
experimental data on the existence of liquid metallic
hydrogen, see Refs. [18,19], and for numerical simulations,
Refs. [20,21]. Multicomponent order parameters have
also been considered in the context of Bose-Einstein
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condensates (BECs) of trapped atoms [22-26] and even
for modeling of the interiors of neutron stars [27].

In multicomponent Ginzburg-Landau (MCGL) models a
number of vortex solutions differing from the ANO ones
have been found. Considering two-component Ginzburg-
Landau (TCGL) theories is already sufficiently interesting
for many applications in condensed matter systems, and we
shall also restrict our attention to such systems in the
present paper. In two-band superconductors, fractional flux
vortices have been found [28-33], with the quite remark-
able property that intervortex forces change their character
from attractive to repulsive as the separation decreases.
This phenomenon is related to type 1.5 superconductivity
[9-11,34-36]. Nonmonotonous and nonpairwise forces
also lead to the formation of vortex patterns [37,38].
The purely scalar version of the theory, the two-component
Gross-Pitaevskii equation, has been applied to atomic
BECs in Refs. [22-26]. The case with one field being
nonzero at the minimum of the potential was addressed for
BECs in Ref. [26], and for a TCGL with an additional Z,
symmetry in Ref. [38]. A similar, multicomponent theory
has also been applied to the physics of neutron star interiors
in Ref. [27], where the different fields correspond to
condensates of different particle species.

It has already proved fruitful to study “universal”
properties of vortices, which may turn out to be important
in rather different physical settings, bringing to light
analogies between condensed matter and high-energy
physics. Scalar fields with several components also appear
in the standard model (SM) of particle physics, as well as in
grand unified theories (GUTs), resulting in a rich catalogue
of vortices [7,39—-45]. The important problem of existence
and stability of vortices in the standard electroweak model,
and its @y — x/2 limit, the semilocal model, have been
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considered in Refs. [42-49]. It has been found that ANO
strings can be embedded in the SM; however, for realistic
parameter values, these strings are unstable. Vortex sol-
utions different from the embedded ones have been con-
structed in Refs. [43,44,50-52]. It has been shown that in
the semilocal model for f > 1, the instability of the
embedded ANO vortex corresponds to its bifurcation with
a one-parameter family of solutions, which are, however,
still unstable [53-56]. The existence of a lowest energy
limit of this family of solutions with a less symmetric
potential has been demonstrated in Ref. [57], and a short
report on their stability properties can be found in Ref. [58].

The aim of the present paper is to present a detailed
investigation of vortices in a class of Abelian gauge models
with an extended scalar sector. In the literature such models
are referred to either as multicomponent Ginzburg-Landau
or extended Abelian Higgs (EAH) theories. As mentioned
we shall concentrate on two-component GL theories, which
already exhibit a number of interesting vortices and some
interesting physics related to them. Moreover we shall focus
on the case where in the minimum of the potential one of the
fields assumes a nonzero value, which has not been explored
in detail up to now. We consider the most general scalar
potential with a U(1) x U(1) symmetry. We expect the
presented vortex solutions to be of interest both to con-
densed matter and to high-energy physics. The 1VEV
vortices are of importance when the system is in between
two different symmetry-breaking transitions. The vortices
we investigate are also of relevance in a high-energy physics
setting when additional scalars without a VEV couple to the
fields of the SM. This is the case in some models of dark
matter known under the name of portal models [59,60],
when additional scalars are coupled to the Higgs sector of the
SM. The effect of an additional scalar on the stability of
semilocal and electroweak strings has been considered in
Ref. [61] and that of a dilatonlike coupling in Ref. [62]. The
opposite case, dark sector strings with coupling to standard
matter, was the subject of Refs. [63,64].

Some of our main results can be summarized as follows.
In purely scalar TCGL theories for a certain parameter
range of the scalar potential, global vortices for n > 1
exhibit stability (at the linear level) in sharp contrast to the
known splitting instability of the single-component case.
This implies that the character of vortex-vortex interaction
in TCGL theories changes from repulsive to attractive as
the separation between the vortices decreases.

In TCGL theories with a gauge field in the 1VEV case
we have investigated in detail vortex solutions and their
linear stability. The case when both scalars are charged (i.e.,
coupled to the gauge field) is particularly relevant for LMH
and two-band superconductors. We have found that the
genuinely two-component vortices with n > 1 are stable
for such parameter values when the embedded ANO one
exhibits the splitting instability. Moreover their energy is
always smaller than that of the embedded ANO solution.
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In the case when the ratio of the effective masses of the
two kinds of Cooper pairs, M = m,/m,, is large (e.g., in
LMH), the vortex with the smallest energy/flux ratio has a
remarkably large number of flux quanta. This number of
flux quanta is determined by the competition of two
phenomena: (i) the condensate in the vortex core lowers
the potential energy (shifting the behavior of the system
towards type I), and (ii) with the growth of the condensate
in the core, the interaction energy between the condensate
and the magnetic field becomes larger (analogously to
type II behavior). The resulting “giant” vortices or mag-
netic bags are a manifestation of neither type I nor type II
superconductivity.

Furthermore we explore the relationship of the 1VEV
vortices with the fractional flux 2VEV ones of
Refs. [28,29]. We have shown that the 1VEV and 2VEV
solutions are continuously connected as the parameters of
the potential vary, even though the energy of the 2VEV ones
diverges.

There is another case of interest when only one of the
(complex) scalars is charged. We also analyze 1VEV and
2VEV vortices and their large flux limit in this case. It is
worth pointing out that in contrast to the case of two
charged fields, the energy of 2VEV vortices is finite.

In addition to numerical studies, we present a simple
analytic approximation for large flux vortices (magnetic
bags) for both 1VEV cases.

The plan of the paper is as follows. In Sec. I, we recall the
construction of the most general U(1) x U(1) invariant
potential and study its vacuum manifold. Two classes,
I'VEV and 2VEYV, are introduced, depending on the nature
of the minimum. In Sec. II, we consider vortices and their
stability in the global model. In Sec. III, two-component
EAH models are introduced, and twisted vortices are
studied. In Sec. IV stable condensate core vortices are
studied numerically. Main stability results are contained in
Sec. V. Large flux vortices are studied in detail in Sec. VI.
In Sec. VII we present our results in the 2VEV case, with an
emphasis on the large M limit. Conclusions are presented in
Sec. VIII. Details of the calculations are relegated to the
Appendix.

I. U(1) x U(1) INVARIANT POTENTIALS
AND THEIR VACUA

Considering two complex scalar fields the most general
U(1) x U(1) symmetric self-interaction potential has
already been given in Ref. [39]:

V= % (Ips > —1)2 +%|¢2|4 + |1 [*|a|* = alpa |,
(1)

containing four real parameters, /3, f3,, /', and a. In the rest
of our paper we shall consider theories where the potential,
V, is given by (1); moreover we require that V > 0 for
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|p1[%, |¢h»]* — oo, resulting in the following restriction of
the parameters: ; > 0, $, > 0, and f' > —/f,5,.

The following two types of minima of the potential (1)
shall be considered: either a state when only a single scalar
field has a VEV, referred to as the 1VEV case, or a 2VEV
case where both fields obtain a VEV. The conditions for a
2VEV state are

a>f, piBr > af. (2)
In this 2VEV case, the two vacuum expectation values of
the scalar fields, #,, i, satisfy

]12 _ ppr—aff ”2 _ ﬂl(a_ﬂ/>
BB - (B 2B - (B

and the previous conditions guarantee that 73, 73 > 0.

If at least one of the conditions in Eq. (2) fails to hold, the
system is in a IVEV state, and the component having the
nonzero VEV is as follows:

(3)

| B> P* Pifr <"
p>a B > a. (4)
p<a Pipr <a

Upper

Lower

The classification in Egs. (2) and (4) is crucial. If
BB, > B, then at @ = f#/, there is a boundary between
the upper component 1VEV and the 2VEV cases. If, on
the contrary, 3,5, < %, then at a = /B3, there is a
boundary between the upper component and lower com-
ponent 1VEV cases. There the lower component obtains a
VEV, n, = \/a/p>.

To derive Eq. (4), for the global minimum of the
potential to be at the field values (1,0),

2
S B (5)

2 2p,

has to hold with 73 = a/f,. Condition (5) is that out of the
two possible local minima (1,0) and (0, #,), the first one
must be the global minimum. This can be assumed without
loss of generality (because otherwise the second compo-
nent would be the one obtaining a VEV, and the two
components could be interchanged).

V(¢1 =0,¢, = ’12)

II. GLOBAL VORTICES WITH A SINGLE VEV

Let us start by considering the two-component scalar
theory with interaction potential (1), admitting a global
U(1) x U(1) symmetry, defined by the Lagrangian

L=0,9"0rd - V(7 P), (6)

where ® = (¢, ,)T and &' = (¢, ¢3), and the potential
V is given by Eq. (1). We shall now consider global vortex
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solutions of the theory (6) with rotational symmetry in
the plane, with the following (standard) ansatz for the
scalars,

b1 = fr(r)e™, by = fa(r)e™, (7)
where n and m are integers and (r,9) are the polar

coordinates in the plane. The radial equations read in
this case

Lo v n’ 2 )

;(”fl) =fi |:ﬁ+ﬂl(f1_1)+ﬁf2:|a

Lo v m’ 2 ' 2

Loy =n v pBmarpR]®)

and with the ansatz (7), the energy density from the
Lagrangian in Eq. (6) is

£ = /\2 1 \2 I’l_22 m_22 \% 9
(fl) +(f2)+r2fl+r2f2+ . ()

In the following we shall focus on vortices with m = 0,
as they are expected to give solutions of “lowest” energy.
In the present 1VEV case, embedded global ANO-type

vortices, (¢1,¢,) = (dJE"),O), automatically satisfy Egs. (8).
As it is known, the total energy of global vortices diverges:

R
Rcore> ’ (10)

where R, is an arbitrary (core) radius, outside of which
all fields can be replaced with their asymptotic form. The
energy of the vortices diverges logarithmically with the
sample size.

As a nonzero ¢, lowers the potential energy in the vortex
core, it is natural to expect that Egs. (8) may also admit
vortex solutions with a nontrivial ¢,. A simple method to
search for such nontrivially two-component vortices is to
look for the instability of the embedded one. This can be
done by linearizing Eqs. (8) around an embedded vortex in
the small parameter ¢ = f,(0) as follows:

R
E(R) = 271'/ Erdr ~ E(Rcore) + 27n? ]0g<
0

a= oy +€2a2 + ...,
fi=r0+erd +
fr=efy) + ..., (11)

and fél) satisfies the following linear Schrodinger-type
equation, with a “potential” determined by the embedded

vortex, f go)’

1
—fY =AY = gy (12)
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To obtain a linearized vortex solution, one has to impose

fg) — 0 for r - oo. Then Eq. (12) can be interpreted as an
eigenvalue problem for the energy o, as a function of the
parameter f'. For the parameter range o, < a < ff,
embedded global vortices are unstable, and they bifurcate
with a new family of solutions with a nontrivial f, as
a — a,, which we shall refer to as condensate core (CC)
vortices. A numerical solution for a global CC vortex is
depicted in Fig. 1. Although the energy of a CC vortex is
also divergent logarithmically, just as for an embedded one,
for a fixed sample size R, the energy difference between the
two types can be computed. It turns out that CC vortices
have lower energy than the embedded ones, and in some
cases the energy difference is remarkably large (Table I).

For n = 1, remarkably good approximate solutions of
Eq. (12) are known for both large and small values of #'. In
the case when g > f,, the lowest eigenfunction is con-
centrated close to the origin; therefore a good approxima-
tion of the potential term is only needed there. As noted in
Ref. [65], the potential to leading order is harmonic,
yielding a qualitatively good approximation of Eq. (12).
The harmonic approximation can be substantially improved
by taking into account the Taylor expansion of f2 up to the
r® order via perturbation theory [26], yielding

1 5+ 16¢2
! ~2 / _ 0 /—1/4’
X VB 2+ “ p

32 (ﬁ/ >ﬂl)’ (13)

3
where ¢y = f7(0). For small f/, a matching procedure at
the boundary of the vortex core yields the eigenvalue [26]

4 2 2c32 P
a=f _ﬁe 27 C(z) exp [—ﬁarctan\/—%} , (ﬁ/ < ?) ,

(14)

FIG. 1.
a=124.

A global CC vortex for g; =1, , =2, f/ =2, and
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TABLE I. Energy difference between embedded and conden-
sate core global vortices, n = 1, f/; = 1. For reproducibility, we
have also added the initial data at the origin needed to integrate
radial equations Eq. (8).

ﬁZ ﬂ, a Ee - Ecc fll (0) f2 (0)
1 1 0.94 2.161 0.2916 0.8750

2 1.24 8.795 x 1073 0.5530 0.2716
50 10 6.2 0.8864 0.3580 0.3367

where yg =~ 0.5772 is the Euler-Mascheroni constant. A
similar result has been obtained in Ref. [65] for the case of
gauged vortices, based on approximate eigenvalues of
shallow potentials in 2D [66].

In Ref. [67], it has been demonstrated numerically that
global vortices for n > 1 are unstable against splitting into
vortices of lower winding. This is in agreement with the
known repulsive interaction between global vortices at
large separations [2]. For CC vortices, the leading order
asymptotic behavior is unchanged; therefore at large
separation there should be a repulsive interaction between
them. On the other hand, for CC vortices close to each
other, the nonzero second component also contributes to
the intervortex force. We have performed a stability
analysis with the methods of Ref. [67]. We have found
that for parameter values of a away from the bifurcation
a> a,, n =2, 3, CC vortices are stable at the linear level.
In the case of the embedded vortex, for n = 2, there is an
energy-lowering perturbation (an eigenfunction of the
perturbation operator with a negative eigenvalue) in the
partial wave channel # =2, and forn =3 in £ =2, 3, 4.
For the CC vortex, sufficiently far from the bifurcation,
these eigenvalues become positive. We denote by « the
value of a where all of the eigenvalues become positive.
See Table II for numerical data. See also Sec. V and the
Appendix for details of the method.

It is remarkable that the character of the intervortex force
changes in the two-component theory, from attractive at
small separations to repulsive at large ones. This is
analogous to the behavior of vortices in type 1.5 super-
conductors. Interestingly, in the 2VEV case, a monotonous
potential between a pair of vortices has been found
for static and stable multiquantum vortices for rotating
superfluids [68,69].

TABLE 1II. Stabilization of global CC vortices. For
a, <a<p, no negative eigenvalues were found. Here
pr=L1Lp=p=2

n Qy, A

1 1.2052 Not applicable
2 0.60143 1.3208

3 0.34771 1.3454
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III. TWISTED VORTICES IN EXTENDED
ABELIAN SCALAR MODELS

The Lagrangian of the two-component EAH model (the
relativistic version of the TCGL) is

1
L==2FuF" +(D,®) (D'2) - V(2 2T),  (15)

where D,¢, = 0, — ie,A, is the standard gauge covariant
derivative of the scalars, where for later use we assume
general couplings, (e, e,), of ® = (¢, )" to the U(1)
gauge field, and V is defined by Eq. (1).

The U(1) gauge symmetry acts on the fields as ¢, —
exp(ie y)pq A, = A, + 0,x, where y = y(x) is the gauge
function. The other U(1) symmetry is global, and it acts on
the fields as ¢, — exp(—ia)¢,, ¢, — exp(ia)¢p,, where a
is a constant.

The field equations obtained from the Lagrangian (15)
read

8/)F/,ﬂ = izeu{(Dﬂ¢a)*¢a - ¢2Du¢u}’
D,D’® = -9V (dF, ®) /9" (16)

The theory defined in Eq. (15) is a member of the
family of semilocal models, i.e., gauge theories with
additional global symmetries [45]. A thoroughly studied
case is the SU(2)gopy X U(1)ocq semilocal model [45],
corresponding to the limit 6y — z/2 of the standard
electroweak model corresponding to the parameter choice
br=p=p=a

Importantly, in the 1VEV case, solutions of the ordinary
one-component Abelian Higgs model can be embedded in
the theory, as ¢y = pan, ¢ =0, and A, = A, sy, Where
®ams Ay, an 18 a solution of the one-component model with
f = p;. In this way, we can consider embedded ANO
vortices in the 1VEV two-component theory.

Conserved currents correspond to both U(1) symmetries
(rotating the phases of ¢, separately) of the theory (15),
given by

jl(la) = _i<¢sz¢a - ¢a(D/4¢a)*)’ (17)

(with no summation over the repeated index a). The
electrical current in Eq. (16) is given by j, =) e, jff”,
and to the additional symmetry of changing the phase
difference,

B=i =i = =i ¢iDugy — $3D,b
=1 (Dy1)" + 2 (Dypr)*).  (18)

which agrees with the third isospin component of the global
SU(2) current of the semilocal theory [50,51].
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The general stationary, cylindrically symmetric ansatz
introduces z-dependent phases for the scalars, and a
suitably reduced ansatz in the radial gauge can be
written as

$1(r.9.2) = f1(r)e™?,
$a(r,9,2) = fo(r)e™es,

Ag(r,9,z) = na(r),
Az(r, 9, z) = was(r),
(19)

with Ay = A, = 0 and w is real; it shall be referred to as the
twist parameter. The ansatz (19) describes cylindrically
symmetric fields in the sense that a translation along the z
direction can be compensated by the application of internal
symmetries [50,51,70]. All twisted solutions, where the
spacetime dependence of the relative phase is timelike, can
be brought to the form of Eq. (19) by a Lorentz boost.

With the ansatz, Eq. (19), the field equations, Eq. (16),
become

1
;(rag)’ = 2a3(e1f1 + €3/3) — 2esf3,
a’’ 2 2
r(r> =2ftei(eja—1)+2f3ey(e;a —m/n),
1—e,a)*n?
A=

2.2 2
2 + ejw a3

1
HENE

+ﬁ1(f%_1)+ﬂ/f%]’

_ 2
(€I 4 21— era?

HUAEA

2

+ﬁﬁ%—a+ﬁvﬂ. (20)

The boundary conditions for regular, 1VEV solutions of
Egs. (20) imply that f,(r=0)=0, and for m =0
f2(r =0) = const., while for r > oo we impose that f/,
a— 1 and f,, a3 —> 0. In the 2VEV case, f|, = 712,
where ¢ = (11,7,) is a minimum of V. In this latter case, a
twisted vortex solution would have infinite energy (propor-
tional to the sample volume), since one cannot satisfy for
(r - o) both D3¢y — 0 and D3¢, — 0 simultaneously.
We start with the description of finite-energy twisted vortex
solutions of Egs. (20); therefore we impose f, — 0 for
(r - o).
The energy density for the ansatz (19) is found to be

1 2(41\2
£= 1|y ] + (112 + (2
n*(1 ;Zela)zf% n (eznarz— m)? P

+ w*(efasfi + (1 — exa3)*f3) + V(f1.f2). (21)
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with V(f1.f2) = Bi(f1 = 1)*/2+ Pof3/2+ B f1f3 — af3.
The total energy (per unit length), E, is given as the integral
over the plane of &,

E=2x /  dre. (22)
0

E is a monotonously increasing function of the parameters
B, B, P, and of the twist, @, while it is a monotonously
decreasing function of a. This follows from the fact that, e.g.,

OE 1
w = 271'/ rdr |:2 (ag)z + (e%a% %

- e2a3>2f%>} -0, (23)

where the terms due to the implicit @ dependence of f, f»,
a, and as cancel, since these functions satisfy the Euler-
Lagrange equations, Eq. (20). Some curves depicting the
total energy as a function of the twist for some solution
families are shown in Fig. 2(a).

Plugging the ansatz (19) into (18), the relevant current
component is

J3 =2was(e f2 — erf3) + 2wf3. (24)

The global current, Z(w), is depicted in Fig. 2(b), where the
SU(2) symmetric case, 1 , = /' = a = 2, is compared to a
less symmetric one, for f, =a =2, f/ =2.1. In the
SU(2) symmetric case, Z(w) diverges for w — 0
[50,51], and there is no finite energy solution correspond-
ing to @ = 0. As we shall demonstrate in the general,
nonsymmetric case, finite energy vortex solutions exist in
the @ — 0 limit.

The numerical solutions of Egs. (20) have been calcu-
lated using the shooting method with a fitting point [71],
which is also used for the solution of the linearized

1.22
12
1.18
&
o 116 |
[in]
p=2.1,n=1 ——
1.14 p=2.1, n=2 -
B=2, n=1 oo
142 b p=2, n=2
ANO n=1 -=--
; ANO n=2 ---e
11 1 < S 1 1 T
0 0.1 0.2 0.3 0.4 0.5 0.6

(a)
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equations for the stability analysis. For higher winding
number vortices, we also use a minimization of the energy
functional (21) directly, in a finite difference discretization.

A. Bifurcation with embedded ANO strings

It is by now well known that embedded ANO vortices are
unstable to small perturbations of the f, variable [43,44], and
that this instability corresponds to the aforementioned bifur-
cation [50,51]. Close to the bifurcation, a systematic expan-
sion of the solution in a bifurcation parameter ¢ has been
carried out in Ref. [54] in the SU(2) symmetric case. The
analysis of Ref. [54] can be repeated in the present case with
minimal modifications. The systematic expansion of a twisted
vortex near the bifurcation point can be then written as

a=a"%+ea? + ..
0 2
fr=f"+Ef7

as = ezagz) + ...
fr=eff + 2P+ .
o=, + oy + ... (25)

where a¥, f EO) denote the ANO vortex, whose equations can
be read off from Egs. (20) by putting f, = a3 = 0. For
details, and the Taylor expanded equations, see [54].

The leading order equation is

0 1 1 1 (e na® — m)?
O ol ==L oy 4 [l

+of—a+ ﬂ’(fﬁo))2]f§” =0. (26)

The expansion coefficients @; are dictated by the conditions
for the cancellation of resonance terms. The procedure
yields w; = 0, and thus

1}
0.8}
e 06}
N
0.4}
p=2.1,n=1 ——
02r p'=2.1,n=2 --------
p=2, n=1
B=2, n=2 --ooe
oL . . , : , .
0 0.1 0.2 0.3 0.4 0.5 0.6

()

(b)

FIG. 2. The energy E and the current Z as a function of the twist w.
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€= L(a)—a)b)—i—.... (27)
20)

Energy difference Twisted vortices have lower energies
than embedded ANO ones (see Sec. III B for numerical
values), and in some cases, this energy difference is
remarkably large. The explanation is that in the core of
an embedded vortex, there is a false vacuum, which, in the
case of a twisted vortex, is filled with the second con-
densate, reducing the potential energy. This also has costs
in the form of derivative and interaction terms. In those
cases, where f, < 1 [e.g., close the bifurcation (v = )],
this energy difference can be calculated approximately,
with the help of the bifurcation equation, Eq. (26) [26].
Neglecting the term quartic in f, and the backreaction of f,
on f in the energy density (21) and performing a partial
integration yields

(e;na — m)?
2

1
E_EANOzZﬂ'/rder{_f/zl_rf/2+f2|:

-« +ﬁ'f%} } = —w§2ﬂ/ rdrf3. (28)

B. Numerical solutions

Let us first consider the case of ¢; = ¢, = 1. The SU(2)
symmetric case has been considered in Refs. [42-45].

The range of solutions can be found by solving the
bifurcation equation, Eq. (26). In the SU(2) symmetric
case, for #; > 1, an instability is found. In these cases,
twisted vortices exist for 0 < @ < @y. For some parameter
values, @y, is shown in Table III.

In Fig. 2(a), the dependence of the vortex energy on the
twist is displayed, and the dependence of the global current
7 on the twist w is depicted in Fig. 2(b). See also the SU(2)
symmetric case in Refs. [50,51].

Numerically we have found that twisted string solutions
exist for 0 < w < @y, where the upper limit is a function of
the parameters f,, f,, f', and « of the potential and the flux
n of the vortex, similarly to the SU(2) symmetric case
[50,51] (we have assumed m = 0).

In the case of one charged and one neutral field, e, = 0,
as seen from Eqs. (20), a3 = 0. In both the field equations
and the energy, Eq. (21), the same profile functions and

TABLE III.  The value of the twist at the bifurcation for e, = 1.
P p a Wp

1.25 1.25 1.25 0.136 67
2 2 2 0.329 89
2.5 2.5 2.5 0.427 44
1.25 1.255 1.25 0.121 00
2 2.1 2 0.194 53
2.5 2.6 2.5 0.33726
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energy are obtained with the replacement w — 0
and a - a— o, with the global current j3 = 2wf3.
Therefore, for e, = 0 twisted vortices can be considered
as trivial transformations of zero twist ones. [A similar
argument applies to the case of the global theory (Sec. II)
as well.]

IV. CONDENSATE CORE VORTICES

The @ — 0 limit of twisted vortices is quite remarkable:
as the energy is a monotonous function of the twist,
assuming its maximum at the embedded vortices,
@ = wy, the zero twist limit, i.e., condensate core, or
coreless [26] vortices are minimum-energy solutions,
coexisting with embedded ANO vortices, with energies,
in some cases, significantly lower.

If a<p, they are exponentially localized,
fa~ Fyr~'/2exp (=\/f — ar), where F, is a constant,
determined by the global solution of the boundary value
problem [i.e., by the numerical solution of the radial
equations, Eq. (20)]. As minimum-energy solutions, they
are expected to be stable: n = 1 ANO vortices in this theory
are known to have one negative eigenvalue mode, the
one corresponding to the bifurcation [43,44,50,51]. For
n > 1, ANO vortices are also unstable for f; > 1 against
decay into lower winding number ones; therefore, for CC
vortices, n > 1 requires a numerical investigation of the
linearized equations.

In the case of ANO vortices, the instability of higher
flux vortices for f>1 is a consequence of the
repulsive interaction between unit flux ones. That
the change in the stability occurs at f = 1 follows from
the fact that for f < 1, the scalar field has a slower
radial falloff, ~Fr~'/? exp(—+/2fr), than the gauge field,
~Ar'/? exp(—/2r), whereas for f < 1, the scalar field falls
off more slowly, and the interaction is attractive. Here, for a
wide range of parameters, the second scalar has the slowest
radial falloff, and thus the interaction between two vortices
can be attractive even if f; > 1.

The existence of zero twist vortices if f/ = a is also
possible. In the SU(2) symmetric model, no such solutions
exist for # > 1, although a consistent asymptotic solution
can be found. As w — 0, vortices become diluted [50,51].
In the f =1 case, there is a one-parameter family of
solutions with degenerate energy [43,44]. In the nonsym-
metric case, we have found that if #,8, # 2, zero twist CC
vortices still exist, with a power-law asymptotic behavior,
fo ~ F,/r, where F, is a constant. See also Ref. [38] for the
U(1) x U(1) x Z, symmetric case. In the latter case, due to
the high degree of symmetry of the potential, a domain
structure also exists.

If B3, # (B')?, the CC vortices, continued into the range
a > f' (2VEV), become the 2VEV vortices with winding
in the upper component. If e, # 0, these are fractional flux
vortices of Refs. [28,29]. We shall briefly return to the
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2VEV case in Sec. VI In the f,5, = %, a = f case,
there seems to be no limiting solution. In these cases, as the
twist @ decreases, the profile functions reach their asymp-
totic values farther from the origin. This way, the string
expands and its energy density becomes more dilute. In
Refs. [50,51], this behavior has been described with a
scaling argument in the SU(2) symmetric case, which can
be generalized to the 3,3, = (f')*> case without major
changes.

If 5, = & (the boundary between upper and lower
component 1VEV), solutions with the upper and the lower
component having a nonzero VEV coexist. For the special
case of U(1) x U(1) x Z, symmetry, see Ref. [38]. The
domain structure observed there is a consequence of the
high degree of symmetry of their potential.

The energy difference between embedded ANO and CC
vortices can be calculated in a similar manner to that of
ANO and twisted vortices. Close to the bifurcation, a ~ o,

Eano —Ez2ﬂ(a—ab)/rdrf§. (29)

According to Eq. (29), the energy of CC vortices is lower
than that of embedded ANO vortices.

Condensate core vortices, two charged fields The zero
twist limit of twisted vortices, condensate core vortices,
was calculated for a number of parameter values. One such
solution, with exponential radial localization (i.e., ' > @)
is shown in Fig. 3(a). In Fig. 3(b), on the other hand, a CC
vortex with power-law localization is shown. The energies
of condensate core vortices are collected in Table IV. As
already mentioned, their energies are below that of the
embedded ANO vortex with the same value of /.

For ANO vortices for # > 1, E,,/n assumes its minimum
for n =1, rendering higher flux vortices unstable.
Interestingly, for CC vortices this is not the case. The

PHYSICAL REVIEW D 94, 125018 (2016)

(b) =0 =a=2and B, =3

Zero twist solutions.

minimum of E, /n is assumed at a finite value of n. A plot
of E, vs n is shown in Fig. 5.

Condensate core vortices: A charged and a neutral field
To obtain the range of parameters where solutions exist, we
need to solve the bifurcation equation, Eq. (26), again.
Results for some parameter values are displayed in Table V.
Here, as the twist @ is obtained with a trivial trans-
formation, we have collected a,. We have also calculated
full nonlinear solutions numerically. Their energy values
are shown in Table VI. We would like to draw attention to
the fact that the nature of E,, /n is in these cases a decreasing
function of n, in contrast to ANO vortices for ; > 1. In
these cases, embedded ANO vortices are unstable both

TABLE IV. Energy per unit flux, E,/(2zn), of CC vortices for
@po=a=2,=21;0b),=2,5=8p =42, a=4;
and (¢) f, =2, f, = 3872, f/ = 87.4, « = 83 compared to ANO
f =2. In the middle table, some data are shown for f; = 2,
P, = 3872, f/ = 87.4, and a = 83. For reproducibility, we also
display parameters at the origin in case (a). Some additional data
are collected in the Supplemental Material [72].

n (a) (b) (c) ANO
1 1.152 1.008 0.78 1.157
1.121 0913 0.75 1.210
3 1.107 0.882 0.72 1.239
n E/(2zn)
10 0.657
13 0.655
16 0.656
n £/t £2(0) a®/2
1 0.9576 0.4793 0.5068
2 0.2321 0.9262 0.079 46
3 0.037 39 0.9852 0.017 68
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TABLE V. The value of coupling o at the bifurcation for
€y = 0.

P B Ay

1.25 1.25 1.1235
2 2 1.7610
2.5 2.5 2.1791
1.25 1.255 1.1272
2 2.1 1.8309
2 2.3 1.9669
2.5 2.6 2.2477
TABLE VI. Energy per unit flux, E,/(2zn), of vortices with

e, =0 for (a) f; =2, fpb=3, f/ =23, and a =2.05 and
) pr =2, =9, f/ =3.98372, and a = 3.5507. For repro-
ducibility, values at the origin are also displayed for case (a).

n (a) (b) ANO
1 1.152 1.113 1.157
2 1.102 1.054 1.210
3 1.055 1.011 1.239
n £ /n) £ a2
1 1.0242 0.3573 0.5807
2 0.4599 0.7213 0.2473
3 0.1739 0.7874 0.1563

against the formation of the condensate and against decay
into unit flux vortices.

V. LINEAR PERTURBATIONS AND STABILITY

To assess the stability of the solutions obtained, a linear
stability analysis of the solutions has been performed. The
formalism of Ref. [67] has been used, extended to the case
of two components. The SU(2) symmetric case has been
considered in Refs. [53-55]. Here, the Lagrangian of the
theory, Eq. (15), is expanded to second order in small
fluctuations of the fields, d¢), and 6A,, and then, the
resulting equations are solved with the help of a suitable
form of partial wave expansion and Fourier transformation
in ¢, z. An important part of the procedure is the choice of
gauge. The gauge condition is also perturbed, in a way that
removes first order derivatives from the first order equa-
tions [67]. The only drawback of this procedure is that the
spectrum of the gauge-fixing operator is also needed to
distinguish physical modes from ghost ones. However, in
our case, all ghost mode eigenvalues turn out to be positive;
i.e., all unstable modes are physical.

The resulting equations, for a mode in partial wave
channel # and z direction wave number k, can be written in
the form

Mf(k)\:[/f - QZ\I/f, (30)

PHYSICAL REVIEW D 94, 125018 (2016)

where Q is the frequency eigenvalue, M,(k) a matrix
differential operator, and Q> < 0 corresponds to an insta-
bility. Here W, = (514,87 4. 27, 8% 40 Qg A"y, azp.ag.0)"
are the radial functions of the perturbations. For the details
of this analysis, see the Appendix. The perturbations of a »
decouple in all cases.

The linearized problem and its application to assess the
stability of the solutions will be presented in Sec. III B for
the case of e; = e, = 1. For the embedded ANO string, the
following sectors of the perturbations decouple: 6¢p;, 5A;;
0Ag; 6As; and that of 5¢,. The instability in the §¢, sector
signals the bifurcation; the perturbation operator in that
sector agrees with that in the bifurcation equation, Eq. (26).

The application of the expansion of the vortex solution
around the bifurcation to the stability problem has been
addressed in Ref. [54] in the SU(2) symmetric case.

The same argument can be repeated here, M, = M,;O)—I—

GZM?). This shows that the perturbation problem of the
twisted vortices is a one-parameter deformation of that of the
embedded ANO vortices, and therefore, twisted vortices
close to the bifurcation are unstable. Vortices farther from
the bifurcation need to be treated numerically.

Let us also remark that the perturbation treatment of the
instability problem is a bit involved: for f; > 1.5, a
contribution from the continuum spectrum of the embedded
ANO vortex perturbations (as intermediate states in
second order perturbation theory) needs to be taken into
account [54].

A. Stability of vortices with two charged fields

For twisted vortices, 0 < @ < @y, the results are similar
to those in the case of an SU(2) symmetric potential (see
Refs. [53-55]): firstly, the mode corresponding to the
lowest value of the squared frequency Q? is a one-
parameter deformation of the instability mode of the
embedded ANO vortex. Second, for all values 0 < w <
wy that were available to our numerical code, we have
found one unstable mode in the £ = 0 sector; i.e., the
instability of the embedded ANO vortex persisted for all
examined twisted vortices, and, for lower values of the
twist, @, the value of |Q?| also got smaller. The value of Q?
is negative for a range of the wave number. Close to the
minimum k = k,;, (most negative Q?), an approximate
dispersion relation

Q> = Q?

‘min

+ Q3 (k — kyyin)® (31)

holds. For the embedded ANO vortex, Eq. (31) is exact,
and k;, = wy,. As @ becomes smaller, the errors grow; it is
likely that this is because of A5 decoupling at @ = 0. For
@ — 0, a very small 6A; has to be calculated, which is
weakly coupled to the other components. On the other
hand, for v = 0, the eigenvalues for 6A; are those of the
ghost mode.
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The ghost mode eigenvalues change slowly with param-
eters of the potential and @. Their order of magnitude is
unity. Most importantly, the lowest energy modes relevant
for stability are not canceled by them.

Most importantly for our subject matter, in all examined
cases, the eigenvalues in the @ = 0 case are O for k =0
within numerical precision. For zero twist (o = 0), the
dispersion relation (31) is exact with k,;, = 0 and Q3 = 1.
This implies that for any k # 0, the eigenvalue is positive.
As any local perturbation necessarily contains modes with
k # 0, it is a positive energy perturbation. This is strong
evidence for the stability of the zero twist vortices.

We have also examined the stability of higher flux
vortices. We have found that for many parameter values,
n =2, 3 vortices are stabilized by the addition of the
condensate in their core. This is in accord with the non-
monotonicity of the energy per unit flux as a function of the
flux. For vortices with a number of flux quanta below the one
with the strongest binding, it is energetically favorable to
avoid decay. This happens when the parameters are far
enough from the bifurcational value. See Table VII: CC
vortices exist for o, < a < f/, and they are stable fora > a.
As we shall see in the large mass ratio limit, in Sec. VI, this
phenomenon is even more pronounced.

B. Stability of vortices with one charged and
one neutral field

We have also examined the stability of CC vortices
in the e, =0 case. We have found qualitatively similar
results, as in the charged case: the eigenvalue of the
mode that is a deformation of the eigenmode of ANO
vortices corresponding to the bifurcation loses its energy-
lowering property for CC vortices. The corresponding
eigenvalue becomes zero within numerical precision, for
z-independent perturbations, and k2 for perturbations with z
direction wave number k, implicating that there are no
energy-lowering local perturbations in this sector.

For higher winding vortices, we have also observed the
stabilization in the case of a neutral second field. For some
numerical data, see Table VIII.

TABLE VII. Stabilization of two-flux (n = 2) vortices, e, = 1.
b P p Ay 8
1.25 1.25 1.255 1.1742 1.2350
2 2 2.1 1.6811 1.9335
2.5 2.5 2.6 1.9756 2.3984
TABLE VIII. Stabilization of two-flux (n =2) vortices,
€y = 0.

b 2 P Ay A

2 3 2.3 1.4325 1.8287
2 9 4 1.9490 2.7948

PHYSICAL REVIEW D 94, 125018 (2016)

VI. MAGNETIC BAGS AND LARGE
MASS RATIO M

Large flux A remarkable limit of ANO vortices has been
considered in Refs. [73,74]. An approximate vortex con-
figuration has been constructed as

0, if r<R, r’/R?, if r <R,

f(r) = . a(r) = .
1, if r > R, 1, if r > R,
(32)

with optimal radius R = R, = v/2nf~"/* and energy
E, = E4, ~ 2nn+/p. It is straightforward to generalize this
approximation to the case of a neutral second field, e, = 0
with using Eq. (32) for f, and a, and setting

fa(r) = { Vi W<k (33)

0, if >R,

yielding R = Rey = V2n(f, — o?/B,)~"/* and E = E¢y =
27n (B — a?/B,)"/?. Tt is remarkable that in this limit, an
effective Ginzburg-Landau parameter, S = 5, — &>/,
can be introduced. In the e, = 0 limit, the large flux limit of
the effective ANO vortex reproduces well the large flux
limit of CC vortices as well. However, the large flux
behavior is more delicate in the case of two charged fields:
in that case, we have observed numerically that for n — oo,
E, /n approaches the same limit for CC and ANO vortices.
For numerical data, see Figs. 5 and 4.

Large mass ratio, M The large mass ratio limit is another
interesting limit, and one that is also physically relevant. In
LMH, ¢, corresponds to Cooper pairs formed of electrons,
and ¢, to ones of protons.' The GL free energy density is

B2 [ A
F 2 + - |:2ma | ¢a| + 2 |¢a| lull|¢a|
+ 2|1 *|op ], (34)

where D¢, = (V —ee,A)p,; A, A, and p, are material
constants; e, is the charge of the field ¢, in some arbitrary
units e (e.g., for superconductors, twice the elementary
charge is suitable); and we have assumed that there is no
Josephson coupling, y(¢j¢, + ¢1¢5), which would fix the
relative phase of the fields at the minimum of the potential,
and disallow a 1VEV state. Such is the case if there is a
symmetry enforcing the separate conservation of the two
fields (e.g., conservation of particle numbers).

"Wortices in LMH have been considered in Ref. [32] assuming
A = 0. In Ref. [33], this assumption is not used. For another two-
component superconductor, MgB,, in the weak-coupling Bardeen-
Cooper-Schrieffer theory, A/ =0 is obtained [9], and in later
calculations, beyond the weak coupling limit, A’ # 0 [10].

125018-10



VORTICES AND MAGNETIC BAGS IN ABELIAN MODELS ...

9 T T T T T T T T

85} W
8

7.5k, i

7

E/n

6.5 [x
X

[
X 2my
X Be"

6

L%
L

55F E
k

5L 4

45 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180

n

FIG. 4. Energy of vortices per unit flux, f; =2, ﬁz =3,
,B' =23, a=2.05 and e, =0, compared to Abrikosov
(ANO) vortex energies.

With the help of a rescaling of the field ¢; by \/u; /A,

¢, by /mo/m\/u; /4, the vector potential A by
hnpy/p1/2/m,, and distances by /2m,/(upeie’n;), the
penetration depth, A, = \/m;/(upele’n;), is scaled to

1/4/2, and we obtain the GL free energy with the potential
in the form used in Eq. (1). The parameters are then related
to the microscopic parameters as

b= 4/11”1%/(71262#0),
Pr= 4/12’”’1%/(71232#0)’
B =4 mymy [ (h*e*pq),
a= 4V2m1m2/(fl2€2ﬂ0’7%)- (35)

As for LMH, the mass ratio M = m,/m; =~ 1836 (the mass
ratio of protons and electrons), 3, > a, #/ > f3,. Suitable
parameters are introduced as

ﬂZ :Mzﬁb ﬂ/ :Mﬁ/v a= Ma. (36)
The tilde parameters are expected to be of the same order of
magnitude. We shall consider here the limiting behavior of
CC vortices for M > 1.

In Fig. 5, the energy per unit flux, E, /n, is plotted for a
large range of fluxes, and some values of the mass ratio.
Remarkably, E,/n is not a monotonous function of n, in
contradistinction with both the case of type I (f < 1) and
type II (# > 1) superconductors. As a result, in the two-
component theory with large mass ratio, “giant” vortices
exist. Even for moderate values of M (e.g., 20 or 100), the
minimum of E,/n is shifted to 13 and 78, respectively.

Qualitative properties of the function E,/n can be
reproduced with the following approximate vortex con-
figuration. Let us consider a bag-type vortex, with f; = 0,

PHYSICAL REVIEW D 94, 125018 (2016)
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FIG. 5. Energy of vortices per unit flux, f; =2, f, = Mzﬁz,
B =MB,a=Ma, /B, =968 =437, a=4.15and e, = 1,
compared to Abrikosov (ANO) vortex energies. The arrows show
the minima at n = 13 and n = 78, respectively.

f2 = v/ a/p, (the lowest energy false vacuum with f; = 0)
in its core, from r =0 to (1 — §)R. It is assumed that the
vortex has a thin wall, with f; and f, having a linear
transition to their respective VEVs between r = (1 — §)R
and R. The gauge field is @ = (r/R)? forr < Rand a = 1
otherwise.

The energy of such a configuration is approximately
minimized as R = \/ﬂﬂ}i/ . In & we expand the energy in
a series containing terms starting with 1/6 and ending with
5°. We have found, with a numerical minimization, that a
good approximate minimum is obtained by minimizing
the 5°! and & terms, yielding & = (5/2)7"/4((p, +a)/
(B> — 3a))/*n~1/2, With these, it is obtained that

251 M=1  + + 1
+
M=2  x +
P
20 M=10 o N
eff ANO +
+ * x
x x X
+ X
+ x
15 X _
5%» + x X
x
2 . M X x
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+ « x X
+ x
x
+ x o o
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5F + x % 0 0 0 000 4
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FIG. 6. Energy of 2VEV vortices per unit flux, f; =2,
By =24, f =18, @a=22, and e, = 1. For comparison, the
energy per unit flux of the corresponding effective ANO vortices
for large flux, (@er/Aetr)27v/Aegr> 18 also indicated.
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8z (2\V4[ 1 _MH 12
3 <5> [l 410 (7ﬂeff puts )"

o 27/451/4 3. 51/2
— |1 - n3/? n
Mp, 3 212

(37)

The qualitative formula (37) gives an order of magnitude
correct value. It also shows that E,/n is nonmonotonous,
with a minimum at a value of n growing with M. This
minimum is significantly below the energy/flux of
embedded ANO vortices (in the bag approximation of
Refs. [73,74], 2z,). The existence of the minimum is the
result of the competition of two phenomena, the expansion
of the vortices due to the magnetic energy, and the large M
behavior, fixing f, to its minimal energy value in the core,
at the cost of the interaction energy between the second
scalar and the gauge fields. If n becomes much larger than
at the minimum of E,/n, CC vortices approach embedded
ANO ones.

Boundary of upper and lower component 1VEV: Wall-
type vortices Close to a = +/f}15,, the potential energy in
the core becomes small, the vortices become large, and
their flux is localized closer to the outer end of their cores.
At the same time, the minimum of E, /n is shifted to larger
values of n, and at a = \/f§;», E, « n for large n. Here,
ANO vortices in the lower component also become
allowed. In this case, it is possible to exchange the role
of the two components, with the rescaling ¢, — 1,¢,,
x = x/ny, A = A, where 3 = a/f,. In this way, we get
the same expression for the energy of the vortices with the
potential (1) and an overall multiplier a/f,. With the same
configuration as above, the estimated energy of these
vortices is E = 2z(4a/B, + a/+/3p,), which is M° asymp-
totically. However, using the large-f# asymptotics of
Abrikosov vortex energy [2], we get E ~27z5izlog NI

PHYSICAL REVIEW D 94, 125018 (2016)

ie., ~(logM)/M, telling us that at the transition, it is
energetically favorable for the vortices to break up into
n =1 lower component Abrikosov vortices. Linearizing
the equations in the other component shows that these
vortices are then stable against the formation of a con-
densate in their core. This can be seen as follows: the large-
S asymptotic form of the vortex profile is a small core with
size proportional to 1//f, o 1/M. The linearized equation
is of the form of an eigenvalue equation, and we have
verified numerically that it has no bound modes, so
therefore if a > +/f;f,, vortices in the lower component
do not have a condensate in their cores.

VII. THE CASE OF A TWO-COMPONENT
VACUUM EXPECTATION VALUE

Global 2VEV vortices Let us briefly consider global
2VEV vortices. These, in the context of atomic BECs, are
discussed in Refs. [22-25]. Let us note that as for r — oo,
f1—n, and f, — n,, the asymptotic behavior of the
energy density [see Eq. (10)] is &~ (n?n} + m*n3)/r?;
therefore, the energy of the vortex is

E:/dzxé’

RCOTE R
= 27[/ drré + 2x(n*n} + m*n3) log (R > (38)
0 core

An interesting case is the behavior close to the boundary
between 1VEV and 2VEV classes, at « = /. Unless
BiB> = (B)?, a limiting vortex exists in the 1VEV case,
with power-law localization. It is also a smooth limit of
2VEV vortices: at the transition, 7, becomes 0. For the
comparison of a IVEV and a 2VEV global vortex, both
close to the transition, see Fig. 8. Numerical data are
collected in Table IX.
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FIG. 8. Comparison of 1VEV and 2VEV global vortices close

to the boundary: g, =pf =2, f, =4.5, a =199 1VEV, and
a=2.0112VEV.
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TABLE IX. Comparison of IVEV and 2VEV vortices close to the boundary: (a) e; = e, = 1; (b) ¢; = 1, e, = 0; and (c) global. The
coefficient of the 2z log(R/R,) term in the energy, E; , is always 1 for IVEV global vortices. It is displayed for the e; = ¢, = 1 case in
the table, where R is defined as a(R.y.) = 0.95a(r — o), and for the global case, f|(Reoe) = 0.95f(r — ).

i P P a IVEV @ 2VEV E/(2z), IVEV R . E; E/(27), 2VEV  Riore
@ 2 3 2 2 2.011 1.136 Not applicable 0.011 1.107 3.60
b 2 3 2 2 2.011 1.070 Not applicable Not applicable 1.035 Not applicable
c 1 45 2 199 2.011 1.71 9.13 0.956 1.67 10.7

Two charged fields Let us note first that with two
nonzero VEVs, the energy per unit length of a twisted
vortex diverges quadratically in R, as there is only one
longitudinal gauge field component, A;, which would
either not cancel the longitudinal derivative of ¢, or lead
to a nonvanishing Ds¢;. Also, as Ay cannot cancel the
angular derivatives of both fields unless n = m, the energy
of 2VEV vortices is only finite in this case.

Vortices with a mildly, i.e., logarithmically divergent,
energy exist, however, for any pair of windings, n, m.
From minimizing the logarithmic energy contribution,
a(r — o) = (n + mn3)/[n(n; +m3),  agreeing  with
the number of flux quanta in the vortices, is obtained; in
general, this is noninteger. In Refs. [28,29,34,35], these
vortices have been termed fractional flux vortices.

Let us now consider the case of n = 1, m = 0. Inserting
the limiting value of a and the VEVs into the energy
density, Eq. (21), the asymptotic form of the energy is

>
RCOI €

R
= Eore + 27E; log <R_> , (39)

core

RCOI’C
E = 277.'/ drr€ + 2nE; log<
0

where the coefficient of the logarithm is given as

FIG. 9. Comparison of 1VEV and 2VEV vortices close to the
boundary: p;, = =a=2, =3 1VEV, and a=2.011
2VEYV, ¢, = 1.

2.2

mn;
E, — . (40)
Lom

In the 1VEV case, close to the transition, the radial falloff of

the second field component is ~F,r~'/% exp(—+/f — ar),
which gets slower if the system is closer to the 2VEV case.
For a finite size sample, at some point, I VEV solutions and
2VEV fractional flux vortices become indistinguishable in
those cases when the zero twist limit exists for f/ = a. Fora
comparison of 1VEV and 2VEV vortices close to the
transition, see Fig. 9 and Table IX.

Let us also mention that in the large mass ratio (M) limit,
1, is independent of M, and 73 = i73/M. As a result, in the
large mass ratio limit, £, = O(M~"), and the dependence
of the energy on R becomes weak. The limit of the flux is

o
na(rﬁw):nn%_;n%
lﬁl(a—/?’)] -
"{ Mg —ar) M)

i.e., the deviation of the flux from the integer value in the
M > 1 limit decreases with M, and in the case of LMH,
distinguishing between fractional flux and ANO vortices is
expected to require the measurement of the flux to a

FIG. 10. Comparison of 1VEV and 2VEV vortices close to the
boundary: p, = =a=2, =3 1VEV, and a=2.011
2VEYV, ¢, = 0.
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TABLE X. The energy of some 2VEV vortices for e, = 0,
n=1,m=0.

PHYSICAL REVIEW D 94, 125018 (2016)

TABLE XII. [Initial data for the radial equations for 2VEV
vortices, f; =2, =3, =2, and a = 2.1.

B b p a E/Qr)  n el e f'/nt  fr  a?p2 E/(2an)
2 3 2 2.011 1.03519 1 0 0 04693 0.7688 Not applicable Not applicable
2 3 2 2.1 0.905 88 2 0 0 0.093498 0.8296 Not applicable Not applicable
2 12 4 4.2 0.874 61 1 1 0 0.7426 0.6961 0.4302 0.9059
2 27 6 6.3 0.861 28 2 1 0 0.3462 0.7921 0.2037 0.8696
2 48 8 8.4 0.853 89 11 1 07522 0.6670 0.3477 Not applicable

2 1 1 03450  0.7609 0.1284 Not applicable
TABLE XI. The energy of some 2VEV vortices for e; =0,  proportional to n, and E, /n grows with n despite the fact
n=2,m=0. thatﬁeff< 1.

One field charged, one neutral In the 2VEV case with
/ E 4 >

b e 4 a /(4m) one neutral condensate, ¢, =0, the m = 0 case yields
2 3 2 2.011 0.98606  finite-energy vortices with integer flux, a(r — o) — 1,
2 3 2 21 0.869 58 and the number of flux quanta agrees with n. For other
2 12 4 42 0.842 19 5 5
5 7 6 63 0.831 59 values of m, E ~ 2zm*n510g(R/R o)
2 48 ] 8.4 0.82593 We have calculated some 2VEV vortices with n = 1,

precision of less than one part in a thousand. At the same
time, the coefficient of the logarithmic term [see Eq. (40)]
in the energy also becomes small,

_1h@=-p) ?/) +0(1/M?).

E, = =
L Mpp, - P

Also, f| becomes similar to the scalar field of an ANO
vortex, with A and a.y effective couplings, as in the
IVEV case; see Sec. VI. Some numerically calculated
(core) energy values of 2VEV vortices with both fields
charged are shown in Fig. 6, and the corresponding radii in
Fig. 7. Note that there seems to be an energy contribution

5.4
53 |
K
5.2 |+
.
51 +
c *, M=1  +
o 5F ++++ M=100  x
~ K eff ANO -+
x .
49 '« Ty —
X ++++++++
iy
“er %Xy”%ww::::iiﬁﬂﬂ*“#w%
47t ,
46 —— i [ iy i T i [ I i
10 20 30 40 50 60 70 80 920 100
n
FIG. 11. Energy of 2VEV vortices per unit flux, f; =2,

Bz =3, B’ =2,a = 2.1, and e, = 0. For comparison, the energy
per unit flux of the corresponding effective ANO vortices for
large flux, (ctegr/Aest)27/ 2etr» 18 also indicated.

m = 0 for a neutral scalar field numerically. The data are
collected in Table X. Note that there is a series of data for
pi1=2 p=3 =2 a=21and M =1, 2, 3. For
M — oo, the lowest energy state with ¢ =0 is
|po| = \/a/B2 = O(1/\/M). With this assumption, the
leading terms in the equation of f, in Eq. (20) are
Paof3 —a+ Bf7; neglecting the remaining terms yields
f3 = (@—p'f?)/B,/M. Substituting this into the equation
of f, yields an ANO vortex profile equation with A =
Bi — (B)?/B, and a = B — f'@/f,. Rescaling this into
the usual ANO form yields an approximate energy
et/ Aett EAnO (f = Aet). For comparison, for the case in
Table X, second to fifth rows yields E/(27)~ 0.8279
[Wlth ieff = 06667, Qeff — 06, and EANO (ﬁ = 06667)/
(27) = 0.9199].

A comparison of IVEV and 2VEV vortices close to the
transition is show in Fig. 10.

Some data for n =2 are collected in Table XI. For
the parameter values in Table XI, second to fifth row,
the approximation from the effective ANO vortex gives
E/(4r) ~0.8071 [with Exno(n=2,=0.6667)/(47)=
0.8967]. See also Fig. 11.

Numerically, f3 ~ (a—f'f1)/B, holds with a good
accuracy even for M = 4.

Some initial data (values at the origin) for the integration
of the radial equations are collected in Table XII for the
reproducibility of the results.

VIII. CONCLUSIONS

In the present paper, we gave a detailed study of vortex
solutions in a broad class of U(1) x U(1) symmetric, two-
component scalar field theories. We emphasize the hitherto
unexplored case in which one of the scalars obtains a
vacuum expectation value (1VEV), and we also consider
the case with both fields having a VEV (2VEV).
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In the 1VEV case of the purely scalar (Gross-Pitaevskii)
theory, vortices can lower their energy by the formation of a
condensate of the second field in their core. The result is a
condensate core vortex. We found that the condensate in the
core of the vortex can stabilize higher winding vortices
against the splitting instability, in strong contrast with the
ordinary GP theory.

In the 1VEV case of the gauged theory, two-component
Ginzburg-Landau theory (or in the relativistic case, the
extended Abelian Higgs model), CC vortices also exist.
They coexist with embedded Abrikosov vortices and have
significantly lower energy. Importantly, CC vortices are
stable. Higher flux CC vortices also stabilize against the
splitting instability, even in such cases when embedded
Abrikosov vortices split into unit flux ones. In a strong
coupling limit, relevant to, e.g., superconducting liquid
metallic hydrogen, we have demonstrated the existence of
stable giant vortices, i.e., vortices with O(1000) flux
quanta. The physical implication is that these materials
are neither type II superconductors (which only have stable
unit flux vortices), nor type I (as the energy/flux of vortices
does have a minimum here). We obtained similar results in
the case when only one of the scalar fields is charged. In
this case, we have found a remarkably simple description of
the high flux limit of CC vortices, quite similar to that of
Abrikosov vortices.

In all three cases of the GP and GL models with one or
two charged fields, we have demonstrated that vortices in
the 1VEV case are smoothly connected with the ones in the
2VEV case with the winding in only one component. As in
the case of two charged fields, the energy of 1VEV vortices
is finite and that of the corresponding 2VEV ones is
logarithmically divergent. This connection is quite remark-
able. In the case of one charged and one neutral field, all
1VEV and 2VEV vortices have finite energy.

The fact that CC vortices with higher fluxes become
stable also implies a richer physics of intervortex forces.
For example, in the case of the GL theory, the stability of
higher winding vortices implies that the intervortex forces
become attractive as the distance between the vortices
decreases. This is analogous to the behavior of vortices in
certain neither type I nor type II superconductors.
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APPENDIX: DETAILS OF THE PERTURBATION
EQUATIONS

We have studied the stability of the solutions at the linear
level, writing the perturbed solution as ¢, = ¢, + €66,
and A, = A,,, + €5A,. Here, the fields with index “bg”
denote the static solution. In what follows, the bg index will
be dropped. Here we repeat the analysis of Ref. [54], with
the modified potential, and using the methods of Ref. [67].
For the (in)stability analysis of the SU(2) symmetric case,
see also Refs. [53-55].

The linearized perturbation equations are cast into a form

6

U=10p; | =0,
SAH

DV =0, (A1)

where the operator D is calculated from the linearized
field equations. Simply linearizing the field equations we
would get

Dupy=Var =V By,
D = _Vab DZI; - Vab* B?m s
ij Bav g/w(D + UA) - aﬂav
(A2)
with (no summation over indices a, b implied)
Dah = 5ah(_|:| + eZAz) + 2iea6abA”6#, 0= (9”(9”,

UA = zze%kﬁﬂ’ Bbu = ZiebDy¢b + iebd)baﬂ’
a

) | . o’V
By, = iey0upy +2€;Auy — iepd0ye Vap = 9. 0p,
82‘/ 82‘/ 82‘/
Vab =557 ab* = a5y Ve = 5o
a¢aa¢b 8¢aa¢h a(paa(ﬁb
(A3)

However, the gauge condition can also be perturbed. In the
background field gauge,

F(A) = 0,0A" +1Y_e,(8¢ipa — pidpa) = 0.  (A4)

which is added to the matrix in Eq. (A2), to each line as
—ie,p,F, ie,pF, 0,F (no summation over a), yielding

D;b - Va*h _Va*b* + eu¢aeb¢b 21Dy¢b
D' = _vab + €a¢§§€b¢§§ DZZ - vab* _Q’i(Dy(ﬁb)* s (AS)
_2Z(D1/¢a)* 21Du¢a gﬂD(D + UA)

/ —_ *
where D), = D, — e, e,}.
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The temporal component of the gauge field, A,
satisfies a decoupled equation

which agrees with the equation satisfied by the generators
of infinitesimal gauge transformations,

Oy = 6¢o + ie iy
0A, = 0A, + 0.1, (A7)
that are still allowed by the gauge fixing (A4), correspond-
ing to ghost modes, obeying

(O4+ Uy =0. (A8)
The ghost modes cancel the 0A spectrum and a part of the
spectrum of the remaining components of Eq. (Al).

Equation (A1) can be brought to the form of an
eigenvalue equation by Fourier transforming in the ¢ and
z variables. The resulting equations take the form

MU = Q2 (A9)
where the z direction wave number & is a parameter in M.
By expanding the fields in Fourier components in the
angular variable, 9, separate eigenvalue equations
MU, =Q>V, (A10)
are obtained for each partial wave ¢, where M, is an
ordinary differential operator in the radial variable r.
Similar treatment is possible for the 64, and ghost modes.
Here, Q? < 0 is the sign of an instability.

Equations (A10) possess a symmetry: replacing k — —k
and exchanging the positive and negative frequency field
components. This makes it possible to examine only the
k > 0 region. We have solved Eq. (A10) with a slightly
modified version of the shooting to a fitting point method

of Ref. [71].
We take one Fourier mode for the perturbations as

8p1 (2, 1:3;) = €Iy (k, Q3 x;)

5 (2, t;x;) = RISt (—k, —Q; x;)

Sy (2, 13 x;) = =) 5h, (k, Q; x;)

5 (2, t;x;) = X)) 5 (e, —Q; x;)
8A,(z.t;x;) = ¥ ISA  (k, Qs x;). (A11)

with the index i running over 1, 2. The variables A y are real
functions, so therefore

PHYSICAL REVIEW D 94, 125018 (2016)
Ak, Q,x;) = A (—k, —Q, x;). (A12)

Substituting these into Eqs. (Al) yields the perturbation
operator M of Eq. (A9):

D] ul vl V/l A]k Bl
I R S i Bi
VZ /2 DZ Z/{Z A2k 62
M=1Vy Vs U Dy A B
oAy Ay Ay Dy 0
BTi Bli B;z BZi 0 D3 0

S O O O O

0 0 0 0 0 0 Dy
(A13)

with
Dy = k2 — 3 + 2(A? + A2) + 2ie,AD; + 2ke As + W,
Di = 12— & + 2(A? + A2) — 2ie\A,0; — 2e kA5 + W,
Dy = (k= w)* = 07 + e3(A} + A3)

+ 2ie,A;0; — 2e5(w — k)Az + W,,
D; = (k+ w)* — 07 + e3(A7 + A3)

—2iesA;0; —2ey(w + k)As + W,,
Dy = k> = 07 + ei| |* + &3¢,

and (with no summation over a, b)

82V 2 1k x 62‘/ 2 px
e ogiog, e e agiag, e
PV ,_ OV .
ua:ad)zz_e?ﬂ% uazad)g_eg a2
% o*v
V +eje V +ee
1 8¢*¢ 1 2¢1¢2 2 = a¢2¢1 1 2¢2¢1
V. (92
V) = —eje 2 —epe
A= Zel(elAitl)l +i0i) Ay = 2er(erAipy + i0i¢hy)
By; = 2eiAz¢, By = 2e;(e2A3 — @)h,.

The Fourier transform takes Eq. (A8) of the ghost
modes into

Dyy = Q%y, (A14)

while a gauge transformation takes the form [see also
Eq. (A7)]
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SA; — SA; + Oy,
SAy — 8A; — iky,

Ay — OA( + iLy. (A15)

It is useful to introduce complex coordinates

r—§A8> A= f/h;(A-l- As)
(A16)

o—id
A= (a

Fourier expansion in the angle variable [in cylindrical
coordinates x' = r, x> = 9; see Eq. (A9)], omitting the
sum over 7, yields

5y (k, Q) = sy e!"+0)9
57 (—k, —Q) = s7 _,e 02,
8ps (k. Q) = 5, pe'm+7)?
53(—k, —Q) = 53 _,em=0,
SA (k. Q) = iaye'" 19,
SA_(=k,—Q) = —ia* ,e'"+?
8Ay(k, Q) = ag se?
aj _o(—k, =) = ag (k, Q).
0A5(k, Q) = as ye?,
ay _,(—k,—Q) = a3 ,(k, Q) (A17)

Substituting expansion (A17) into the linearized equations
of motion (A1), one obtains an eigenvalue problem of the
form (A10) with the operator

D, U v VI A A B 0

u, Dy V. v A, A B O

v V' D, U, A, A, B, 0
M, = ViV U, D5 A, A, B, 0 ’

A A A A, D; 0 0 O

Al A A, A, 0 D} 0

B, B B, B, 0 0O D, O

0O 0 O O O 0 0 Dy

(A18)

with
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n(l —eja) + £)*
Dlz—V3+(k—ela)a3)2+(( ;2) )+W1
n(l —eja) —¢)?
DT:—V%+(I€—€10)02)2+<( rlz) )+W1
m— e na +¢£)*?
DZI—V%+(I€—O)+€2&)G3)2+%+W2
m— e na —£)?
DE:—V%+(k+a)—ezwa3)2+%+W2
—1)2
D3:Da+( 2)
’
+1
D§:Da+< 2)
’
I/ﬂ2
Dy=D,+—, (A19)
with

D, ==V +k>+2(elf7 + €3f3),
and

=2 +e)fi =B +P13
=02k +e)fi-a+pfi
= (B —eDfi

= (h—e)f3
= (f +eer)f1f2
= (B = e1e2)f1f>

A= —\/561 <f1 —%(1 - el“))
Ve, <f2/ _m=—emna f2>

r

—\/§e1< | +n—fl(1—€1a))

m— e,na
Ay=V2e, <f2/ + %fz)
B, = 2e2wasf)
B, =2e;0(eya3 — 1) f5.

The expansion of the gauge transformation generator
function can be chosen as

X =xce. (A20)

Using this expansion, the ghost mode equation (A13)
assumes the form

Dyyr = Q. (A21)
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Gauge transformations satisfying the above equation act on the fields as

. . . . i Cxe
Sar = Sar tie)efas So—e = Su_¢—leiefas ap = ay— NG <)(/f + r)’
. UL VR 7 — ik Q A22
a_, = a_,+ NG Xe=—") azp = az e — 1KYy, Qo = A3+ 1827, (A22)
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