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We consider a real, massive scalar field on PAdS,, |, the Poincaré domain of the (d 4 1)-dimensional
anti—de Sitter (AdS) spacetime. We first determine all admissible boundary conditions that can be applied
on the conformal boundary, noting that there exist instances where “bound states” solutions are present.
Then, we address the problem of constructing the two-point function for the ground state satisfying those
boundary conditions, finding ultimately an explicit closed form. In addition, we investigate the singularities
of the resulting two-point functions, showing that they are consistent with the requirement of being of
Hadamard form in every globally hyperbolic subregion of PAdS,,,; and proposing a new definition of

Hadamard states which applies to PAdS,, .
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I. INTRODUCTION

Quantum field theory on curved backgrounds is nowa-
days a well-established, thriving branch of mathematical
and theoretical physics. In the past decade, especially
thanks to the algebraic approach [1,2], not only several
specific models, including those with perturbative inter-
actions, were thoroughly studied, but also foundational and
structural aspects, such as renormalization or local gauge
invariance, were analyzed.

A comerstone of most of the recent papers is the
assumption that the underlying background is globally
hyperbolic. This condition on the geometry of the space-
time guarantees that solutions to wavelike operators, such
as the Klein-Gordon, the Dirac, or the Proca equation, can
be found in terms of an initial value problem. As a
consequence, whenever one considers a free field theory,
one can follow a well-established quantization scheme, to
associate with any such systems an algebra of observables,
encompassing the information on structural properties such
as dynamics, locality, and causality. The only choice
consists in the selection of a quantum state, but, also in
this respect, it is nowadays universally accepted that a
physically acceptable criterion lies in the so-called
Hadamard condition. This is a technical requirement which
guarantees, on the one hand, that the singular behavior of
the two-point function G (x, x’) of the underlying free field
theory mimics in the ultraviolet regime that of the Poincaré
vacuum, while, on the other hand, the quantum fluctuations
of all observables are finite [3,4]. As a consequence one can
give a covariant definition of Wick polynomials, extending
the standard one on Minkowski spacetime, and, as a by-
product, interactions can be introduced at a perturbative
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level. In other words, if one focuses the attention on quasi-
free/Gaussian states, selecting a physically acceptable state
boils down to the construction of a positive, two-point
function G*(x,x’). This is a solution of the equation of
motion in both entries, with a prescribed singular behavior.
The most famous examples of Hadamard states are the
Poincaré vacuum and the Bunch-Davies state on de Sitter
spacetime [5,6], but several construction schemes are
nowadays known, especially on black hole [3,7-9] and
cosmological spacetimes [10-13].

The situation changes drastically the moment we drop
the assumption of the spacetime being globally hyperbolic.
Already at a classical level we face additional difficulties
since we cannot construct and characterize the solutions of
the equations of motion just in terms of an initial value
problem. It is therefore tempting to take the easy path of
concluding that these scenarios are not of interest since they
bear no physical information. This attitude is not justified
as there are renowned, experimentally verified effects, e.g.
the Casimir force, which are described by field theoretical
models whose underlying geometry is not that of a globally
hyperbolic spacetime, since the manifold possesses boun-
daries [14].

Another relevant instance of a manifold which is not
globally hyperbolic, while being central in several, impor-
tant physical models is the (d 4 1)-dimensional anti—de
Sitter AdS,,; spacetime, d > 2. This is a maximally
symmetric solution of the vacuum Einstein equations with
a negative cosmological constant A whose underlying
manifold M = S' x R? is such that the time coordinate
runs along S', hence yielding closed timelike curves
[[15], §5.2].

In this paper, we will focus on this class of backgrounds,
more precisely on the so-called Poincaré fundamental
domain PAdS,,; which covers only a portion of the full
AdS,.; spacetime and which is extensively used in the
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prominent AdS/CFT correspondence—see, for example,
the recent monograph [16]. Contrary to AdS,, |, PAdS,.,
can be described as the subset R?x (0,00) of R4+!

endowed with the metric dszz’;i_z(—dt2+dz2+5’7 dux;dx;),

i,j=1,...,d—1, where £? = —@ and where (1, z, x;)
are standard Cartesian coordinates with z ranging only over
the half line. One can realize per direct inspection that we
can attach to PAdS,,; a conformal, timelike boundary
at z = 0.

From the point of view of the matter content, we will
consider a real, massive scalar field, with a possibly
nonminimal coupling to scalar curvature. Although the
dynamics is ruled by the Klein-Gordon operator, its smooth
solutions cannot be constructed only starting from suitable
initial data, but one needs also to prescribe boundary
conditions at z = 0. This additional input has dramatic
effects at the level of quantum theory, both in the con-
struction of the collection of all possible observables and in
the identification of a physically acceptable quantum state.
In this paper, we will be focusing on the second problem.
As a matter of fact, we will be asking ourselves two
questions. The first is if one can construct the two-point
function G*(x,x") for the ground state. This must be
invariant under all isometries of PAdS,,;, a solution of
the equations of motion in both entries, and it must also
encode the choice of boundary conditions. The second
question is whether such G*(x,x’) is the two-point
function for a physically acceptable state. In this respect,
the notion of Hadamard states cannot be invoked since it is
strongly tied to spacetimes which are globally hyperbolic.
When such a requirement is missing, there is no universally
accepted replacement and actually this is an interesting
open problem. Nonetheless, a minimal request, which one
can ask, is that at least the restriction of the two-point
function to any globally hyperbolic subregion of PAdS,.
1s of Hadamard form, a condition which can be traced back
to [17].

As a first step, we will be showing that for a certain range
of the mass and curvature coupling no boundary condition
at z = 0 is required, whereas for its complement a whole
one-parameter family of boundary conditions can be
considered. As a second step, we will show that a two-
point function G*(x,x’) with the desired characteristics
exists and it encodes in particular the choice of boundary
conditions. It is important to stress that, while Dirichlet and
Neumann are always unproblematic choices (whenever
admissible), the Robin boundary conditions are rather
tricky. As a matter of fact, we will prove that there exist
instances where, upon choosing Robin boundary condi-
tions, “bound states” solutions, which are exponentially
suppressed for large z, appear. This is a very troublesome
feature, first of all since it destroys the invariance under the
PAdS,,, isometry group. This peculiar scenario is dras-
tically different from the usual free field theories, and for
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this reason we will highlight its existence, leaving a more
detailed analysis to future works.

In terms of the singular behavior of G* (x,x’), we will
show that singularities occur whenever x and x' are
connected by a null geodesic, possibly reflected at the
boundary. This behavior is consistent not only with the
requirement that G*(x, x’) be of Hadamard form in every
globally hyperbolic subregion but also with the construc-
tion via the method of images of the two-point function,
associated with the Casimir effect [14], which corresponds
to one of the particular cases considered here: a massless,
conformally coupled scalar field.

It is important to stress that we are not the first ones to
study the quantization of a real, massive scalar field in anti—
de Sitter, since a first analysis appeared already in the late
1970s in [18]. Also the construction of a maximally
symmetric two-point function was tackled before; see
[19,20]. Other recent works for this and other matter fields
on AdS include [21,22]. Yet, these works considered only
the special case of the Dirichlet boundary condition, which
corresponds to the Friedrichs extension of the Helmholtz
operator built out of the PAdS,;, | metric at constant time. In
[23], the Friedrichs extension was shown to be only one of
the possible self-adjoint extensions of the Helmholtz
operator, which correspond to different Robin boundary
conditions. In this paper, we use an alternative method to
determine all these possible boundary conditions,' and, in
addition, we construct the associated two-point functions
for a ground state, obtaining their singular behavior.

The paper is organized as follows: In Sec. II, we will
recall the basic structural, geometric properties of AdS,,
and in particular of the associated Poincaré fundamental
domain. In Sec. III, we will consider the Klein-Gordon
equation on PAdS,.; and, by means of a conformal
rescaling, we will transform it to a wave equation with a

singular potential on H4+!, the subset of Minkowski
spacetime with z > 0. After a Fourier transform in the
directions orthogonal to z we will reduce the dynamics to a
one-dimensional ordinary differential equation of Sturm-
Liouville type. This is a well studied topic, in particular
with reference to the assignment of boundary conditions at
the end point of the domain of definition of the equation. As
a matter of fact, at the point z = 0, where we want to
prescribe boundary conditions, the potential of the differ-
ential equation is singular. Hence, it fails the usual idea that
Dirichlet, Neumann, or Robin boundary conditions are
nothing but a prescription at the boundary of the behavior
of a linear combination between a solution of the

'In the spirit of analyzing a correspondence between
dynamical theories in the bulk and in the boundary of an AdS
spacetime, one might wish to adapt to this case the Wentzell
boundary conditions, a generalized version of the Robin ones.
A preliminary, recent investigation along these lines can be found
in [24].
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differential equation and its derivatives. We will outline
how this obstruction can be circumvented in the language
of a Sturm-Liouville problem. In Sec. IV, we will construct
via a mode expansion the two-point functions for all
admissible boundary conditions. We will show that for a
certain class of Robin boundary conditions bound states
solutions appear, while, in all other cases, one can push the
analysis to the very end obtaining a closed form expression
for the two-point function. In addition, we will show
invariance under all isometries of the background, hence
proving that we have constructed a maximally symmetric
state. Finally, we will study the singular behavior of the
two-point function, unveiling its consistence with the
standard Hadamard prescription in all globally hyperbolic
subregions and proposing a new definition of Hadamard
states which apply to PAdS,. .

II. ANTI-DE SITTER AND THE
POINCARE DOMAIN

In this paper, our starting point is the anti—de Sitter
spacetime, AdS,, |, the maximally symmetric solution to
the (d 4 1)-dimensional Einstein’s equation (d > 2) with a
negative cosmological constant A. It can be constructed
starting from the embedding space M9, that is, R
endowed with metric

d+1
ds? = i BdX,dXp = —dX3 — dX} + > dX?,
i=2

where (X, ..., X4.1) are the standard Cartesian coordi-
nates, and considering only the region identified by the
relation

d+1 d(d—1>

K-y x=-r =10 oy
=2

For our purposes and in many physical applications, we
do not work directly on AdS,. |, but rather on the Poincaré
fundamental domain, PAdS,, |, which is identified via the
coordinate transformation

X():gl,
Xl-zgx,-, lzl,d—l,
s 2 sif
PP ik S S A T %)
27 2z
1+22 -2+ 8xx;
Xgp1=¢ - .
o = (T3 )

where both ¢ and all x; are ranging over the whole R,
whereas z € (0, 00). This translates the constraint which
descends from the identity X, + X, = f, hence showing
that PAdS,,; covers only half of the full AdS,.; (see
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FIG. 1. Conformal diagram of AdS, | and the Poincaré domain
and the representation with one spatial dimension restored.

Fig. 1). In addition, the metric of the Poincaré domain
becomes

£ y
ds? = — (=dr* + dz? + 6dx;dx;),
<

(2.3)

where 57 stands for the Kronecker delta. Hence, PAdS;,
is conformal to a portion of Minkowski spacetime, the
“upper-half plane”

R = {(tx1, 0. 2) € Rz > 0},

where we adopted the same Cartesian coordinates as in
(2.3). If we endow 1**" with the standard Minkowskian
metric 77, then p = Qg = fég where g is the metric (2.3) of
PAdS;; and Q = £ is the conformal factor.

To finish this short introduction on the geometric aspects
of the background, let us briefly describe the notion of
invariant distance in AdS. One can proceed in two distinct,
albeit equivalent ways. Intrinsically, one can define the
geodesic distance s on PAdS, | between two arbitrary
points x and x’ and Synge’s world function ¢ given by
o(x,x') = %s(x,x')% In view of (2.1), one can start instead
from the chordal distance s, between x and x’ through the
embedding space M>¢ and from Synge’s world function
defined on M?>< as

1 1
6.6, ¢) = 350X = 5P (X = X3) (X = X)), (24)

where x and x’ are two points constrained by (2.1), hence
lying in AdS,,,. These two notions are related by

2 2
cosh (%) =1 —|—2s—;2, cosh <ﬁ> —1+2 (2.5)

¢ £*
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(see e.g. Sec. 2.4 of [25]). In the rest of the paper, we
set £ = 1.

III. MASSIVE SCALAR FIELD ON ADS

A. Klein-Gordon equation

We consider a real, massive scalar field ¢: PAdS,;,; = R
such that
P = (0, —m§—ER)p =0, (3.1)
where [, is the D’Alembert wave operator built out of
(2.3), mq is the mass of the scalar field, £ is the scalar-
curvature coupling constant, and R = —d(d + 1) is the
Ricci scalar.
In order to study the solutions of this equation, we follow

a slightly unconventional strategy which relies on the

observation made previously that PAdS,,, is conformal

o d+1
to H°°

differential equation intrinsically defined on 1", Thisis a
standard procedure, see e.g. Appendix D of [26]. Let ¢:
PAdS,,, — R be any solution of (3.1), and let & = Q3¢

The latter can be read as a scalar field ®: H'™' — R,
solution of the equation

and it consists in translating (3.1) into a partial

P,® = (D,, - m—;) ®(z) =0, (32)

Z
in which [J, is the standard wave operator built out
of the Minkowski metric # and we define® m?
m}+ (£—%HR. In other words, the Klein-Gordon
equation in PAdS, | is transformed to a wave equation

on F*™" with a potential, singular at z = 0.

In order to construct solutions of (3.2), in view of
the invariance of the metric under translations along
the directions orthogonal to z, we take the Fourier
transform,

d
P(x,z) = Ad(d—ie"@ﬁf)&(z), (3.3)

27)

where X = (t,xl, ...,Xd_1>, ]_C = ((1), kl’ ""kd—l)’ and @]_{
are solutions of

. > m?\ . R
Lo, = (‘ a2t Zz) Py (2) = AP(2),
d-1
=g =0* - ) k. (3.4)

*Note that m? differs from the “effective mass” m(z) + £R used
in other references.
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This is a singular Sturm-Liouville equation3 on z €
(0, +o0) with spectral parameter A.

To fully specify a well-posed Sturm-Liouville problem,
we need to add at most two boundary conditions at the end
points 0 and +oco. The required number and the form of the
boundary conditions depend on the classification of the end
points, as explained in the next section. After specifying
appropriate boundary conditions, it is known that there is a
continuous spectrum contained in (0, o) and, for some
boundary conditions, there is also a point spectrum with
negative eigenvalues, which is indicative of the existence of
bound states in the space of solutions of (3.4), that is,
exponentially decaying solutions in z. To the best knowl-
edge of the authors of this paper, these solutions have not
been discussed so far in the literature of scalar field theory
on AdS.

The next step is therefore to study the possible
(A-independent) boundary conditions that can be applied
to this problem. For that purpose, as a preliminary step, we
note that two linearly independent solutions of (3.4) are
VzJ,(V2z) and \/zY,(V/z), where J, and Y, are the
Bessel functions of the first and second kinds, respectively,
and

vil\/1+4m2.

. (3.5)

We assume that v €[0,00) or, equivalently, m? €
[—4.0) (the lower bound is the Breitenlohner-Freedman
bound [28]).

B. End point classification

The types of boundary conditions that are allowed at a
given end point depend on the integrability of the solutions
near the end point. This classification of end points for a
Sturm-Liouville problem has its origins with Weyl’s
classical limit-point and limit-circle theory [29]. A modern
overview may be found e.g. in [27]. Here, we summarize
the main results.

For the Sturm-Liouville problem (3.4) the two end points
are 0 and +oo0.

1. End point 0

Concerning the end point 0, it is classified as

(i) regular if the “potential term” z > ’;—’; € L'(0,z)
for some z5 € (0, +0), ie. if m?>=0 (1/:%);
otherwise, it is singular, i.e. if m* #0 (v #3);

(i) limit circle (notation LC) if, for some 1 € C, all
solutions of the equation are in L2(0,z,) for
some 7 € (0,400); otherwise, it is limit point
(notation LP).

A good reference on singular Sturm-Liouville problems
is [27].
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Given that, for any 1 > 0, z = 1/zJ,(V22) ~,0 217 is in
L?(0, z¢) for all v € [0, 00) and that z - \/ZY,(v/A2) ~._
7 is in L2(0,zy) only if v€[0,1), for any
79 € (0,4+0), we may conclude that the end point O is
LC for v € [0,1) (in particular, it is regular for v = 1) and
LP for v € [1, ).

2. End point +

As for the end point +o0, it is classified as

(1) singular, as it is not finite;

(i1) limit circle if, for some A € C, all solutions of the
equation are in L?(zy, +o0) for some zq € (0, +-00);
otherwise, it is limit-point.

For any 1 € C, we see that the solutions z \/EJ,,(\//_lz) ~
7>+ COS(\//_IZ - % - %) and  z+> \/EYD(\/ZZ)NZ—FFDO
sin(vAz =% —%) are not in L?(zy,+oo) for all ve€
[0, 00). There is a solution, given by z > \/ZHy)(\//_lz) ~
o0 €XPli(V/Az — 2 — )], called the first Hankel function,
which is in L?(zy, +c0) when Im(1) # 0, but any other
linearly independent solution is not. Hence, the end point
+o0 is always LP.

C. Boundary conditions

In this section, we identify the A-independent boundary
conditions that may be assigned to the end points of the
Sturm-Liouville problem (3.4). Their necessity and type
essentially depend on the classification of the end points
given in the previous section.

We note that in [23] the boundary conditions that can be
applied to the conformal boundary of AdS were determined
by finding all self-adjoint extensions of the Helmholtz
operator built out of the PAdS,,; metric. Here, we give
an alternative method that is consistent and complements that
of [23] and, in addition, it gives an account of the bound states
solutions that occur for a class of boundary conditions.

We pick as a fundamental pair of solutions {®}, 2},
with

bil(e) = \/gqﬂ/ih(qzx (3.6a)
$2(2) = { —\/34° V2 -,(q2), ve (0.1),
: —/EVlYo(qz) - Hlog(q)], v =0.
(3.6b)

For future reference, we note that & 1 is the principal
solution at the end point 0, as it is the uni_que solution (up to
scalar multiples) such that lim,_q-$4(z)/¥;(z) =0 for
every solution \i/,_( which is not a scalar multiple of <i>,1C The
other solution @% is called a nonprincipal solution and is not
unique, as it r_nay be given by a linear combination
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of the principal solution with any linearly independent
solution.

A general solution may then be written as

@K(z) = /\/,_{[cos(a)@é(z) + sin(a)@z(z)], (3.7)
where A, and a € [0,7) are independent of z. The
fundamental solutions (3.6) were chosen such that « is
in addition independent of k.

We note that this Sturm-Liouville problem is discussed
in Sec. 4.11 of the classical work of Titchmarsh [30], in the
context of Fourier-Bessel expansions, and instead of a, it is
used as constant ¢ € R, also independent of k, which is
related to @ by ¢ = cot(a).

We consider separately the following cases for different
values of v.

1

1. Case v=3

This corresponds to the massless, conformally coupled
scalar field. The end point 0 is regular in this case, whereas
the end point +oo is singular. o

The fundamental pair of solutions {®}, ®?} reduces to

A 7z sin(gz
di(z) = 1/ZJ%(qz) = ; ),

nqz

i(2) = = [ 4(qz) = = cos(qz).

(3.8)

Since the end point O is regular, the most general
homogeneous boundary condition that may be applied is
a Robin boundary condition in its regular form
cos(a)®;(0) + sin(a)®,(0) =0,  a€[0.7). (3.9)
The particular case which selects the principal solution d ’
i.e. a = 0, is called the Friedrichs boundary condition, and
it corresponds to the standard homogeneous Dirichlet

boundary condition @k(O) = 0. Other common examples
are the homogeneous Neumann boundary condition,

Cﬁ/k(O) = 0, which corresponds to a =3, and the trans-

parent boundary conditions,® which corresponds to a = 7.

An important feature occurs when we impose a Robin
boundary condition with ¢ > 0 or, equivalently, a € (0,%).
In this case, it can be shown (Sec. 4.11 of [30]) that the
spectrum of the eigenvalue problem associated with the
Sturm-Liouville problem (3.4) does not consist purely
of the continuous spectrum but it also includes a negative
eigenvalue A, = —c? = —cot’(a). This indicates the
existence of a bound state solution, that is, of a mode
solution which exponentially decays with z, given by
e~ = e~z and which satisfies trivially the boundary
condition. This eigenvalue implies that the Fourier transform
(3.3) does not represent the full solution to the equation when

“The transparent boundary conditions were used in [18] for the
quantization of the massless, conformally coupled scalar field.
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TABLE 1. Allowed boundary conditions at z = 0, with a € [0, z) and @Dé and (ﬁi defined in (3.6).

U= %,/1 1 4m? Classification of z =0 Boundary condition at z =0
v=1 Regular (R) cot(a)@k(O) + 'i)k/(O) =0
velo,l),v# % Limit circle (LC) cot(a)W, [é‘k’ &,ﬂ +w, [i‘k’ qgﬂ -0
vel, o) Limit point (LP) Not required

¢ > 0. A general solution for a boundary condition of this
type needs to include this bound state, besides the usual
propagating modes.

2. Casev € [0,1)\{%}

In this case, the end point 0O is singular and limit circle.
Hence, both solutions @é and (I)i are square integrable near
the origin and may be used to construct a general solution.
However, a Robin boundary condition written in the regular
form (3.9) is no longer valid, as for instance limz_,oti)z(z)
diverges.

To motivate a natural way to implement a Robin
boundary condition for a singular end point, note that in
the regular case (3.9) may be equivalently written as

lirré{cos(a)Wz[(f)k, 1] + sin(a)W,[®,, 3]} =0, (3.10)
Fand - - - -

since ®}(0)=0, ($})(0)=1, $2(0)=—1, and ($})'(0)=0
when v =1 In the expression, W [u,v] = u(z)v'(z) —
v(z)u/(z) is the Wronskian of two differentiable functions
u and v. However, (3.10) is also valid in the singular case as
the limit exists.” Hence, one may take (3.10) as the form of a
Robin boundary condition when the end point 0 is singular
and limit circle, a natural generalization of the regular case.
Therefore, (3.10) is the most general boundary condition that
can be applied for all v € (0, 1).

The important particular example of the Friedrichs boun-
dary condition, which selects the principal solution at 0,
corresponds to & = 0, and we use it to define the generalized
Dirichlet boundary condition. When v € (0,1), we also
define the generalized Neumann boundary condition to
correspond to @ = 7, which selects the nonprincipal solution
2. However, note that, given the nonuniqueness of non-
principal solutions, there is no unique way to define a
generalized Neumann boundary condition in the singular
case which reduces to the standard definition in the regular
one, i)’k(O) = 0. For instance, since J_i(z) = —Y1(z), the

boundary condition obtained by replacing @)i in (3.10)

°In fact, the Wronskians in (3.10) are independent of z, but this
formula remains valid if instead of the solutions @L, @z we pick

two functions # and » whose Wronskian limit is nonzero and Lu
and Lv are square integrable near the origin (see more details
in [27]).

by a solution proportional to ¢“,/zY,(gz) and setting
a=7% is not equivalent to the generalized Neumann
boundary defined above. Finally, when v = 0, we define
these examples of generalized boundary conditions
similarly.6

As in the regular case, it can be shown (Sec. 4.11 of [30])
that, if ¢ > 0, or, equivalently, a € (0,3), there is a negative
eigenvalue in the spectrum of the eigenvalue problem
associated with the Sturm-Liouville problem (3.4), 4, =
—c" = —cot¥(a) if ve(0,1) and Ay =—€e" =
—emt@) jf 1 = (). Hence, there is a bound state solution

of the form /ZK, (\/]Aps|2) ~2m0 €~V ™I, where K, is the
modified Bessel solution of the second kind. This negative
eigenvalue implies once more that the Fourier transform
(3.3) does not represent the full solution to the equation
when ¢ > 0. A general solution for a boundary condition of
this type needs to include this bound state solution, besides
the usual propagating modes.

3. Case v € [1,00)

In this case, the end point O is singular and limit point.
Among the two fundamental solutions (3.6), only the
principal solution i)}( is square integrable near the origin,
and, hence, no boundary condition is required. In practice,
this is as if one had chosen the generalized Dirichlet
boundary condition. Furthermore, there are no eigenvalues
in the spectrum of the eigenvalue problem associated with
the Sturm-Liouville problem (3.4), and thus there is no
bound state solution.

All the cases analyzed above and the allowed boundary
conditions, when necessary, are summarized in Table I.

IV. TWO-POINT FUNCTION

In this section we calculate the two-point or Wightman
function’ G* for a massive scalar field on PAdS,, |,

G (x.x) = (w[@(x)(x)[w), (4.1)

®The definition of Neumann boundary conditions for the
nonregular cases varies from author to author, given the non-
uniqueness of nonprincipal solutions. For instance, in [23], when
v = 0 it coincides with the Dirichlet boundary condition.

In the literature of algebraic quantum field theory, the two-
point function associated with a given algebraic state w is denoted
by w,. Also, note that G is sometimes reserved for the advanced
propagator.
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for the ground state |y). We perform the calculation in two
ways: by a mode expansion and by closed form solutions of
the differential equation satisfied by G™. We show that both
approaches coincide in Appendix A.

A. Mode expansion

In order to construct the two-point function for the
ground state, we first use a mode expansion, a procedure
already advocated in previous works, e.g. [31], but always
in the special case of Dirichlet boundary conditions. Here,
we want to consider all admissible boundary conditions
discussed in the previous section. We perform the calcu-
lation for the two-point function Gjj in 1", but we can
immediately obtain the two-point function on PAdS dt+1> DY
using the relation G*(x,x') = (z2)T Gy (x. x').

Starting from (3.2), we look for Gy satisfying

(P, ® )G, = (1® P,)Gf; =0, (4.2)

where P, is the operator defined in (3.2). We consider the
Fourier transform®

ddk
Gj(x,z: %, 7 :/
[H](, FA ) R (2”)d

The remaining unknown G (z,z’) is a solution of

Gl (z,7).  (4.3)

(LRNG = (1® L)Gf = iG],

and where appropriate boundary conditions are applied at
z=0and 7 =0 whenv € [0,1).

Given that Gy is radially symmetric in the (d — 1) spatial
directions excluding the z direction, instead of a Fourier
transform along those directions we consider a Hankel or
Fourier-Bessel transform

Gt x7x/ — lim e—l(u(l—f—lc)
H ( ) =0+ Jo \/‘2—7;
o K\ .
s [T dkk(5) T Tk G (2. 2).
0 r 2 =
where 7 = Y %1 (x" — x'')2, only positive frequencies are

taken for the ground state and ie was introduced to
regularize the two-point function [32]. Finally, a change
of integration variables ¢*> = w” — k* leads to

The Fourier transforms exists, as we are performing the
computation for the ground state, which is maximally symmetric
on AdS. For the two-point function of any other quantum state, it
is sufficient to add a smooth, positive, and symmetric bisolution
of (4.2).

PHYSICAL REVIEW D 94, 125016 (2016)
k2+q (t—1'—ie) k =
[ )
2r(k* + ¢?) \r

x @(kr)f;;( ).

At this point, some comments are in order. The anti-
symmetric part of the two-point function is given by
iG(x,x"), where G(x, x') = (y|[®(x), ®(xX)]|y) is the com-
mutator function. In addition to satisfying (4.2) as the two-
point function, it also satisfies

Gy (x,x') = lim

e—0"

G(x,x)|1=y =0,

d-1
0,G(x.x)| =y = 0,G(x.x)| =y = [ [ 6" = x")8(z ~ 2).

(4.4)

We can then write it as
G(x,x") = lim \/— dqq

e—0"
x/oodkksm(\/kz+q2(t—t’—i€)) <k>%
0 n(k* + ¢*) r

X J%(kr)GZ( 7).

The second condition in (4.4) implies that

\// dqq/ dkk() Juz(kr) g(z,z’)
- ga(xi _ i)

If we assume that (A}k does not depend on k (as it is the
case), then by using the identity derived in Appendix B,

/ dkk<k> Jaa(kr)
0 r 2

- 2#1"((1_ 1) 5(r) Wﬁ%—l

(z—17').

we obtain the one-dimensional delta distribution represen-
tation

(22)T(%5h)
RZON

In other words we are looking for a resolution of the
identity in terms of eigenfunctions of L. This problem has
its roots in the theory of eigenfunction expansions, and, for
the case in hand, it has been tackled in Sec. 4.11 of [30]. We
present the results below and leave the details of their
derivation to Appendix C.

) /)oo dquZ(z, 7)=6(z-7).
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1. Case v € [1,00)

When v € [1, o), as we have seen in the previous section, no boundary conditions are required at the end point 0. The
delta distribution expanded in terms of eigenfunctions of L is given by

8(z—7) = \/ZZ’/ dqqJ,(qz)J,(q7).
0
Hence, the two-point function is

e~ IV K +q (1=1'~ie) )
——J,(q2)J,(q7),
2r(k* + %) (@2))(e2)

(4.5)

e—0" r

o0 k dez 0
Gy (x,x') = im N'Vz7 dkk (—) Jua(kr) / dqq
0 0

where N is a normalization constant.

2. Case v € (0,1)
|

This case, which includes the v = 5 example, requires a Robin boundary condition of the form (3.10) to be applied to the
solutions of the field equation. The delta distribution, expanded in terms of eigenfunctions of L which satisfy the boundary
condition with ¢ < 0, is given by

A 7 & [c],,(qz) - qzbJ—u(qZ)} [CJ,,(C]Z/) - qzy‘l—v(qz/)]
8(z—-7) = \/EA dgq 7= 20q® cos(un) + 4" ) (4.6)

Hence, for ¢ < 0, the two-point function is given by

e IVRHC =110 (o] (2) — 4T, (q2))[c], (g2) — 7T, (q2))]
270(k2 + ¢2) c? =2cq* cos(vr) + g% .

oo k 3 o
Gy (x.') = im NVZZ / dkk(—) “Js(kr) [ dgq
e—0" 0 r 2 0
(4.7)

If we denote GE(D

conditions at z =0 and 7/ = O:

) = Giil,o and Gﬁm) = G} ‘a:%? we verify that the two-point function satisfies the following boundary

lim{cos(a) W.[Gy. G ™1 + sin(a)W,[Gf;. Ga™ ]} =0, (4.8a)
>
lim {cos (@)W, Gy, G ™)) + sin(a) W, (G, GN] = 0. (4.8b)

In the particular case v = % these reduce to

dG+ , /
cos(@)G§(0.2) + sin(@2ZHED)] g,
dz z=0
dG+ , !
cos(a)Gyy(z,0) + sin(a)M —0.
dz 7=0
For ¢ > 0, the existence of a bound state solution with spectral parameter A = —c!/* adds a contribution to the delta

distribution

s 7 _ ZyJ_ J AN 21/]_ / :
5(2 _ Z/) _ \/5/ dqq [C v(qz) q2 v(qzz)}[c ,,(QZ ) 4q v(qz )] + zx/gcl/y Sln(ﬂ'y) K,,(cl/(2”)z)K,,(cl/<2”)Z/).
0 c* =2cq*® cos(vm) + g™ V.17

Hence, for ¢ > 0, the two-point function is given by
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. k d=3 s —i\/m(t—t’—ie)
G (x,x') = lim N'Vz7 A dkk(;) ’ Jde(kr){ A dgq [6—

e=0* 2n(k* + ¢7)

"

c/,(qz) = ¢*J-,(q2))[c],(q2) = 4* T, (q2))]
c? = 2cq* cos(vm) + q*
—iVIR= T (1= —ie€) sin(7v)

4.9
2r(k> — c'vy (49)

—|—2€1/”e

KU(CI/(Z”)Z)KU(Cl/(zy)z')}.

The extra term is not invariant under the isometries of AdS, as it is not a function of the geodesic distance (the first term is in
fact invariant, as it is shown in the next section). Therefore, it is not the two-point function for the ground state. Note,
however, that it is still invariant under translations along the directions orthogonal to z and 7', and hence the Fourier
transform (4.3) still makes sense.

3. Case v=0

This case also requires a Robin boundary condition of the form (3.10) to be applied to the solutions of the field
equation. The delta distribution, expanded in terms of eigenfunctions of L which satisfy the boundary condition, is

given by

S(z—2) = \/5[” dgq [(c + 2log(q))Jo(q2) — Yo(q2)][(c + 2log(q))Jo(q2') — Yo(q2')]

(c+2log(g))* + 1

+2 ZZ/e_ﬂCKO(e_”cﬁZ)Ko(e_ﬂc/zZ/)-

For any ¢ € R there is an extra contribution from a bound state solution. The two-point function is given by

- NG - —in/R P (1= —ie)
Gﬁ(x, x’) = limNv ZZ’/ dkk <—> ’ J%(kr){/ dgq |:e—
0 r 0

e—0"

2n(k* + q?)

(e +2log(a))Jo(qz) = Yo(g2)l[(c + Flog(q))Jo(q2) = YO(CIZ')]}
(c+ %log(c]))2 +1

—iVI2—e2 (1—1' —i€)
27(k* — e‘”c/z)

+ 2e77¢ ¢

Similar to the case v € (0, 1), the extra term is not invariant
under the isometries of AdS, as it is not a function of the
geodesic distance. Therefore, when v = 0, we conclude
that we are unable to construct a ground state. This may be
seen as the counterpart of a massless, minimally coupled
scalar field on four-dimensional de Sitter spacetime, for
which there is also no ground state [33].

B. Closed form expression

The two-point function G*(x,x’) for a scalar field in
AdS,.; on the ground state, or more generally in any
maximally symmetric state, may also be given in closed
form. Because of the maximal symmetry of the spacetime
and of the state, it depends only on the geodesic distance
between x and x’. In Ref. [19] it was shown that G*
satisfies an ordinary differential equation of hypergeomet-
ric type,

Ko(e—frc/ZZ)KO(e—frc/ZZ/) } .

(4.10)

{u(l L AT ab}G+(u> o,

du? du
(4.11)
where
d d d+1
= — — b:— s =,
a > v, 2—|—l/ c >
and

u = u(c) = cosh? <\/2§(;>

is an invariant quantity which depends only on Synge’s
world function ¢ defined in Sec. II. In the Poincaré domain,
using (2.4) and (2.5), u may be written as
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(=)
V2
u = cosh? <—26> — 1M _%u

N 277 2z7

(4.12)
where, with i = 1,....,d—1,
[=(r = 1) + 89 (x; = x}) (x; = ;) + (2= '),

J

o)

= N —

[—(r=1) + 67 (x; = x}) (x; = ¥;) + (z + 2)?).

Note that u € [0, 1) for timelike separation and u € (1, o)
for spacelike separation.
Two independent solutions of (4.11) when v > 0 are

4 FE+ v+ 1+ 20 u7t)

G (u) = limu.® . (413
() = g r(1+2v) (4.132)
ay, Fe—vi—v1 = 20;u7")
Gf(u) = limuy2 " —2 22 7 </ (4.13b
2 (1) = limu r(1-20) (4.13b)

where u, = u(o + 2ie(t — ') + €*) implements the regu-
larization of the two-point function.

The function F(a,b;c;z)/T(c) (known as the regular-
ized hypergeometric function) is an entire function of its
parameters a, b, and c (see e.g. §9.4 of [34]). Hence, the
solutions above are defined for all v > 0. However, they are
identical for v = 0, and thus a second linearly independent
solution needs to be found. In this case, two independent
solutions are

a (d 1
Gi(u) = limuezF(E,E;l;ue‘l), (4.14a)

e—0"

ddd+1

The second independent solution may equivalently be
written as

fo — tmr (A L S TEHATG )
65 = timr (5 () > TG
« log(=11) + (),

where

h(j) i21//(J'+1)—l//<§+j) —WG—J’),

and y(w) =TI"(w)/T(w) is the digamma function.

These closed form expressions for the two-point func-
tions coincide with the mode expansions obtained in the
previous section. In Appendix A, we show that for v > 0

PHYSICAL REVIEW D 94, 125016 (2016)

. o k\T
G (u) « lim (z2')? A dkk(—) zlg(kr)

e—0" r
. e~ iV R+ (1=1'~ie)

X dgqg————1J,(q2)J,(q7),
0 e aa)

d © k o
G5 (u) « lim (zZ') / dkk (—) ’ Jizs(kr)
e—>0" 0 r 2

. e~ iV R+ (1=1'~ie)

9q9—F—J,
27(k* + ¢°)

I

(gz)J -, (q2').

We see that, up to normalization, Gf is the two-point
function for v € [1, o) and for v € (0, 1) when Dirichlet
boundary conditions are applied, G| o G*(P), whereas G5
is the two-point function for v € (0,1) when Neumann
boundary conditions are applied, G o G+ Since they
are linearly independent, we conclude that the two-point
function for v € (0, 1) and Robin boundary conditions of
the form (4.8) is

G*(x,x') = Ncos(a)G (u) + sin(a)GF (u)],

c V3
a Z
27” b

where A is a normalization constant. For Robin boundary
conditions with a € (0,%), the contributions from the
bound state solutions obtained in Sec. IVA need to be
added. Observe in particular that the admissible range for o
includes also 7, which corresponds to transparent boundary
conditions. In this case, thus, we expect that bound states
must be taken into account, a feature which was not
highlighted previously in the literature.

In the case v = 0, the first result in (4.14) is still valid,

(4.15)

. d © k &
G (u) « lim (z2')? A dkk(—) QJ%(kr)

e—0" r
o e~ iV K+ (1=1'—ie)

/
dgq mJO(‘]Z)JO(qZ )
and thus G is still the two-point function when Dirichlet
boundary conditions are applied, G; o G*(P), minus the
contribution coming from the bound states. We were unable
to show explicitly that G5 o G*M™), but given that it is a
nonprincipal solution of (4.11) it must be given by a linear
combination of Gt(®) and G*M™), as given in (4.10).
However, we note once more that, when v = 0, the two-
point function obtained above is not that of the ground
state, given the lack of maximal symmetry.

V. HADAMARD CONDITION

In this section, we verify that the states for which the
two-point functions were obtained in the previous section
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satisfy a natural generalization of the Hadamard condition
for PAde_H.

First, recall that, for globally hyperbolic spacetimes, a
quantum state is said to satisfy the local Hadamard
condition if its two-point function is of Hadamard form.
A two-point function is of the Hadamard form if it is
given by

G*(x,x) = H4 (6(x,x')) + O(c°)

I {( Ulx,x)

1m d+1 /
02215 (6, (x.))

u%@ux»+“&ﬁ

+ V(x,x')

a1
2

(5.1)

where 6, = ¢ + 2ie(t — ') +¢€* and U and V are smooth
biscalars which are uniquely determined and only depend
on the geometric features of the spacetime and on the
parameter m? [35]. The biscalar V is identically zero for
odd d + 1 spacetime dimensions. H'¥*)(s(x,x')) is the
so-called (d + 1)-dimensional Hadamard parametrix. It is
important to keep in mind that, having set £ = 1 in (2.3),
o(x,x") is a dimensionless quantity. Hence, although in the
standard version of the local Hadamard form of the two-
point function the argument of the logarithm is divided by a
reference scale length, in our case this is not necessary as
this length has been fixed a priori.

In globally hyperbolic spacetimes, it follows that the
local Hadamard condition is equivalent to the global
Hadamard one [36,37], which entails in addition that the
only singularity of the two-point function is at ¢ = 0 and
that it is of Hadamard form. A more rigorous definition
requires the tools of microlocal analysis and may be found
in [[2], Chap. 5].

Even though AdS is not globally hyperbolic, we can still
verify if the two-point functions obtained above are of
Hadamard form for every globally hyperbolic subregion. If
that is the case, we say that the maximally symmetric state
in AdS satisfies the local Hadamard condition. However, it
does not follow that the state satisfies a global Hadamard
condition, as the standard definition, adopted in globally
hyperbolic spacetimes, does not apply. A novel analysis is
required, and we plan to address it in future work [38], also
in view of the investigation in [39,40]. Here, we verify that
the two- }9)01nt functions in PAdS have a richer singularity
structure” than those in globally hyperbolic spacetimes,
while at the same time satisfying the local Hadamard
condition in any globally hyperbolic subregion.

We will focus on the study of the singularities of the two-
point functions obtained for the ground state in the cases of

?As a side comment, this feature resembles what happens in de
Sitter spacetime when one considers the so-called a vacua [41],
although, in this case, the additional singularities are pathologi-
cal, being the underlying background globally hyperbolic.

PHYSICAL REVIEW D 94, 125016 (2016)

d =2 and d = 3. Analogous comments can be made for
larger d, as we discuss briefly below.

We start with d = 3, the physically relevant case, and
assume v > 0. The two-point function is a linear combi-
nation of the solutions (4.13), and we know that the
hypergeometric functions in those solutions have only
three singular points: u# = 0,1, 00. The latter, u — oo,
occurs when either z — 0 or 77 — 0, which takes one of
the points x, x' to the boundary and, therefore, does not
belong to the spacetime.

The singularity u = 1 corresponds to ¢ = 0; cf. (4.12). If
we expand the solutions (4.13) with d = 3 in o, such that x
and x’ belong to a globally hyperbolic subregion of AdS,,

24211 4-0)

G ) = @ oI+ 20)
[ ; <yz _ _> log(o,) + O(GO)} :
G (u.) = \/—I%(l_ Z_DI,;(;( -2v)
« [Gi = (1/ - 1) log(o,) + O(c ﬁ

This expansion is exactly the Hadamard expansion (5.1),
up to normalization constants, presented for d = 3 in [35]
for a globally hyperbolic subregion of AdS,. Hence, in
view of (4.15), the two-point function reads

Gt (x,x')  [cos(a) + sin(a)|H® (a(x, x')) + O(c").
By choosing a suitable a-dependent normalization con-
stant, we can make G*(x,x’) satisfy the local Hadamard
property (5.1), except if a = 3%

The singularity # = 0 corresponds to ¢(~) = 0, where
o'7) is such that [cf. Eq. (4.12)]

u= —sinh2< 26(_>> — U'(VE)

2 2z7°
Two points x and x’ are such that (=) (x, x’) = 0 if there is a
null geodesic starting at x that is “reflected” at the boundary

tA

A\

FIG. 2. Singularity structure of the two-point function.
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and ends at x’ (see Fig. 2). More rigorously, if we consider

the conformally related spacetime 11 and allow z to take all
real values, o(‘>(x, x') vanishes if a,(M? ) (x,x') =0, or
equivalently if oy (x(7),x) =0, where x(7) =x|, .
Note that there is no globally hyperbolic subregion of
AdS, in which ¢ (x,x") = 0; hence this singularity is not
present for a two-point function on a globally hyperbolic
submanifold.

If we now expand the two solutions in a(‘), we
obtain

2420 (1 +v)
Valr(3 +v)I(1 + 2v)

X{i3+%<ﬁ_%)mgéﬁy+0«aﬂwﬂ,

21-21(1 —v)
VA G- o1 - 2)

« {% + % <y2 - %) log(ol”)) + O((GH)O)} .

Gi (u) = i(-1)"

Gy (ue) = i(=1)

This has exactly the same Hadamard form, up to

normalization constants, but with respect to o).
Hence, in view of (4.15), the two-point function reads

G*(x,x') « [cos(a) + (=1)"2sin(a) | H® (67 (x, 1))
+ O((6\)0).

The singular contribution vanishes for v :% and a =17,
for which there are no singularities along reflected null
geodesics. This justifies why a =7 is referred to as
transparent boundary conditions for the massless, con-
formally coupled scalar field.

We analyze now the two-point function for d = 2 and
v > 0. The two solutions (4.13) with d = 2 have the same
two singularities at u = 1 and u = 0. If we expand them in
o, such that x and x' belong to a globally hyperbolic

subregion of AdS;, we obtain

Gy (u.) = 72%+2D 1 +0(0”)
1 e (1 +2v),/o, o)
2w
+ _ 0
G, (u.) = M=) /e + O(a").

Again, this is of the same Hadamard form (5.1) as
presented in [35] for d =2 in any globally hyperbolic
subregion of AdS;. Hence, in view of (4.15), the two-
point function reads

G*(x,x') « [cos(a) + sin(a)]H®) (6(x,x")) + O(c?).

If we instead expand them in 7)., we obtain

PHYSICAL REVIEW D 94, 125016 (2016)

GHug) = iy =2 L o)
u)=i(-1)y —mm —— ,
be I'(1+2v) o) ’
) 2%—0—21/ 1
Gy (u.) =i(-1)™ Fi(l " 21/)— + O(0).
aﬁ‘)

Hence, in view of (4.15), the two-point function reads

G*(x,x') «x i(=1)*[cos(a) + (—=1)7% sin(a)]
x HO (o) (x,x)) + O((6))).

Therefore, we shall also call a quantum state Hadamard
in PAdS; a state whose two-point function has the
singularity structure described above.

Similar investigations can be made for larger d.
However, it becomes increasingly impractical to perform
the expansions in ¢ and 6(~) since we would have to resort
to a case by case analysis. There are recursive methods to
obtain the expansions of U and V in ¢ for any fixed d, but
they get significantly more complex for larger d (detailed
expressions for d + 1 up to 6 may be found in Ref. [35]).
Nevertheless, using the tools of microlocal analysis, it is
possible to show that the singularity structure observed for
d =2 and d = 3, with which we defined the notion of a
Hamadard state on PAdS; and PAdS,, is verified for any d.
We leave this proof to a forthcoming work [38].

In view of the above analysis, we define a Hadamard
quantum state in PAdS,, |, d > 2, to be any state whose
two-point function G (x,x’) is such that

G*(x,x') = H4 D (a(x,x)) — i(=1)"

" cos(a) + (—1)7% sin(a)
cos(a) + sin(a)

H(d+1)(g(_) (_x’ _x/))

is a smooth function on PAdS,, | x PAdS,, . In particular,
ifa = %T”, we cannot find a Hadamard state satisfying this
definition.

Notice that although a ground state does not exist for
a € (0.5), on account of the presence of bound state

solutions, the proposed definition still applies to these cases.

VI. CONCLUSIONS

In this paper, we have considered a real, massive scalar
field on PAdS, ;, the Poincaré domain of the (d + 1)-
dimensional AdS spacetime. In particular, we have deter-
mined all admissible boundary conditions that can be
applied on the conformal boundary, and we have con-
structed the two-point function associated with the ground
state, finding ultimately an explicit closed form. In addi-
tion, we have investigated its singular structure, showing
consistency with the minimal requirement of being of
Hadamard form in every globally hyperbolic subregion
of PAdS,. ;. As a consequence we propose a new definition
of Hadamard states which applies to PAdS, ;.
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To conclude our work, we would like to highlight two
open issues which we deem appropriate of further inves-
tigations. The first concerns the choice of boundary
conditions. As we have shown, there are instances where
bound state solutions appear in the construction of the two-
point and of the commutator functions. The main direct
consequence of this unexpected feature is the lack of a
ground state for the underlying system, as invariance under
the action of certain isometries is broken. On the one hand,
we can observe that this poses no obstruction to the
existence of Hadamard states, but, on the other hand, there
is no clear physical interpretation why such bound state
solutions appear and what are the concrete consequences of
their existence.

The second open problem lies in the investigation of the
notion of Hadamard states for a real, massive scalar field on
PAdS,, ;. In the last section we have given a local
definition, which exploits ultimately the existence of a

global coordinate chart on 1% If one aims at generalizing
these results to asymptotically AdS spacetimes or even to
manifolds with timelike boundaries, we cannot expect that
a local construction becomes practical. Hence, following a
similar path to the one taken by those who investigated

d=3

Gi(x.x) = NVzZ / ~ dkk (é) TJ%(kr)
0 0

PHYSICAL REVIEW D 94, 125016 (2016)

Hadamard states on globally hyperbolic spacetimes, we
expect that a necessary step is to translate our analysis in the
language of microlocal analysis. In this way, we hope to be
able to give a global definition of Hadamard states and to
formulate a version of the work of Radzikowski [36,37] in
the context of asymptotically AdS spacetimes.

ACKNOWLEDGMENTS

We are grateful to Jorma Louko for enlightening dis-
cussions and for pointing out Ref. [30]. We are also grateful
to Nicold Drago, Gabriele Nosari, Pedro Lauridsen Ribeiro,
Nicola Pinamonti, and Michat Wrochna for useful com-
ments and discussions. The work of C. D. was supported by
the University of Pavia. The work of H. F. was supported by
the INFN postdoctoral fellowship “Geometrical Methods in
Quantum Field Theories and Applications.”

APPENDIX A: TWO-POINT FUNCTION
COMPUTATION FOR v > 0

The two-point function for a massive scalar field in !
for v € [1, ) or in the case of Dirichlet boundary con-
ditions for v € (0, 1) is given by (4.5),

e~V K+ (1=t ie)

dgg———o—J, Al
27(k> + ¢%) (A1)

(q2)J,(q7"),

where we omit the limit € — 0T for presentation simplicity. The two-point function in the case of Neumann boundary
conditions when v € (0, 1) can also be obtained from (A1) by allowing v € (—1,0) (see Sec. Il C 2).
In this appendix, we compute explicitly the integrals in (A1) and obtain the two-point function in closed form, as

presented in Sec. IV B.

Using Egs. (6.737.5) and (6.737.6) of [42], for d = 2, 3, we obtain

Gi(x.x') = NVeZ / " daq7, (4200, (42){ ~0(r (1= 1))

Ky, (q )(2)

()

Jl—g(q —xﬁ)—in_g(q —xi)

—%@(t—t’—r)

T

(V=)

Vzd e Ki, (q )(?)
:N Iz dqqlfl 2
0 7)\5-!
(v#)

J(q2)J,(q7"), (A2)

where 2 = r* — (1 — { — i€)?, © is the Heaviside function, K a_y is the modified Bessel function of the second kind, and we

used (see e.g. [[34], §5.6-5.7])

— ¥, (w) = HY (w)

in _ina
e

Ja(w)

= ei”“H(_z()),(w),

2 Hg)(—iw),

w ¢ (—o0,0],

_r
2,7{ b

arg(w) €

where H 512) is the second Hankel function. Even though the calculation leading to (A2) is valid for d = 2, 3, the result can be

analytically continued to d > 2.
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At this point, it is convenient to consider even and odd d separately. Let d =2n+ 1, n = 1,2, .... Then,
n—\4X e
Gilx.x) = N YE % 1(q2),(g2)
2
27 )()
N ) 2 142 a)
X=Xe
) " dge7,(g2)J,(¢2)
2” X=Ae
n”
+
:J\/ ) U__(erzl;()
2z X=Xe
=N'h— QJW
2 (ZZ)" ' 2 ly=n,
1 da”
=N—n— y__(2u -1)
V2r3(2z7' ) du du" u=u,
N—— L0, (cosh(s)) (A3)
— — cos ,
V273 (z7)n \sinh(s) ds 3 s—s,
where
2 2 2 _ t— l‘/ _1-)2
eiz rer ,( ie) = 2u, — 1 = cosh(s,),
22z
QD_% is the Legendre function of the second kind, and where we used Eq. (6.612.3) of [42] and the relation
1 d " —a —a—n
L& (T Ka)) = 2" Karn(r)- (Ad)
Note that (A3) is valid for v > —5 but is not defined for v = —1/2; hence it cannot be used as currently written for

the case of Neumann boundary COIldlthIlS However, we can extend it analytically to v > —1 as follows. From Eq. (14.10.4)
of [43],

(1= )0, = (143 ) 0@ursn) = Quvala)] (A5)

QD_% is not defined for v = —1/2, as for Eq. (14.3.7) of [43] one has

Ot = 3ot + 1)

Val(v +3) v 3uv 1 1
Flo+> 24 v+ 1
2+mz+w”+’¢’

for v ¢ —25H and 7 > 1. Nevertheless, one can analytically continue (A5) to v > —1 as

Val(v +32) v 3 v 1 1 1
(1=n2)Q) y(n) = — o ———F(S+ .5+ v+ Lis) = (v+35) Quuslne).
2 vt (v + 1) e

Using the same notation for the extended function, (A3) may be used for the Neumann boundary conditions
with v € (—1,0).
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Letd =2n,n=1,2,.... Then,

G (x,x")

\/Z/ K, l(q}(e)J (QZ)JD(CIZI)

V(1

/s dy

) / ® dgaKolgr)],(42),(¢7)
N +\/;( +(z

N G%) - \/()E;/XZZ +7) \)/)({); T (Z>_ <))

X=Xe

X=Xe

-1 dn-1 (l’] + v/ I’[2 - 1)_D
P T
nN=Ne¢

p gt (2u- 14 Vu(u=1)"

= N 1 n—1
m(zZ )2 du u(u—1)
Y v=l1 | ( . 1 i)n—l .e_” ,
n(zz')"~z \sinh(s) ds sinh(s){,_,

where we used Eq. (6.522.3) of [42] and (A4).

To prove that these results are equivalent to the ones written in terms of the hypergeometric functions (4.13), we show that
they satisfy the same initial conditions, since they are all solutions of the same differential equation.

First, we verify the claim for d = 2, 3. In terms of the invariant quantity u, for d = 2, let

1
=2 (u) = uz! ”F<1+v,—+v;1+21/2“e_1>’

2
A2 () = 4 (20 -1+ Z(V ”6(”1‘; - 1)>_D,

Then,

A2 = 200 = a1+ 20+ 06 ).

Hence, g{=2 = ¢4=2. For d = 3, let

3 3 1
@3 (u) = ue® DF<§+1/,§+IJ;1+2V;M€_1>,

41+v F(l +U)
d=3 — _ S Ars 14 ] 2 . —-1).
9 (u) \/7_1_ F(%+D) QU_E( u )
Then,
d=3 4=3 v S+v 2
A2 = 20 = (14224 06 ).
Hence, ¢{=3 = ¢4~
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For arbitrary d, we give a proof by induction. For even d,

let it be true for a fixed d = 2n. For d = 2(n + 1), let

3 1
g7 () = u" TV VF <n + 1+ V.5 +uv;1 42, ”e_l)’

ar (2146 -14+2/u(u, — 1))_,,

du" ue(ue - 1)

G () = N

for some constant N"t!. We know that

g7 (u) = g5 (u)
net (2u, =1+ 2y /u(u, — 1))

du”_l ”e(”e - 1)

and that

Nn+l d gd—2n
N du”?

n+1

A ) = () == 3 o

Comparing with

n+1+4+v
T O(u? ,
S o)

gd:2n+2 with

gtli:2n+2(u) — ue—n—y <1 +

we conclude that g¢=2""% =

Nn B (_l)n Nl B (_1)n4v
n+uv Fn+1+v) Tn+14v)

Nn+1 — _

Similarly, for odd d, let it be true for a fixed d = 2n + 1.

For d = 2n + 3, let

3 3 1
g3 () = u" DF<n +§+l/,§+’/;1 +2v; ”;1>’
d:2n+3( ) Nn+1 drt 0 (2u - 1)
9 B At ’

for some constant /"1, We know that

d= 2n+1( )

dl’l
g1 g " u) = N — 0,1 (2u. — 1)

dun

and that

PHYSICAL REVIEW D 94, 125016 (2016)

e Nn+1 d o Nn+1 d e
g_z +3<u) Nn dugd 2 +1( ) Nn dugd 2 +1(u>
Nn+1
=T (n += 5 + 1/)

N +34
g <1 + % + O(u‘2)>.
u

Comparing with

3

A5 = (1

we conclude that g¢=>""3 = ¢4=23 with
n 1
Nl = — ad = (=1)"- N3
n+v I(n+s5+v)
41+v (—1)"+1F(1 —|—y)

- VETG+v)I(n+3+v)

This concludes the proof.

APPENDIX B: DELTA DISTRIBUTION
REPRESENTATION

In this appendix, we prove the identities

A%kk(k)ﬂjd_ (kr) = 25° r( . )fdrz

_emreshE
= g U=

(B1)

where d > 2 is an integer and r > 0.
We start with a standard representation of the delta
distribution [Eq. (1.17.13) of [43]],

S(r—r)=r /0 " dkkd , (kr)J, (k).

with Re(u) > —1 and r, ' > 0. Given that §(r — ) is zero
when r # ¥/, we may write

r/H—l
s(r—r) =" / dkkl (k)T (kr").
r 0
Using
AN (%krl)ﬂ Ju+1
Jﬂ(kr)—m+o<rﬂ >’

and letting ' — 0, we get
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! e +1
or) =——=— dkkt 1 J , (kr).
" I)A k)
Letting y = M this allows us to obtain

o (KT e (d—=1Y 8(r)
A dkk(;) J%(kr):22F<T>W.

Finally, by changing from the Cartesian coordinates x’,

i=1,...,d—1, to spherical coordinates,
d-1
. . o
5(xz_x/z):LdQ ( ) 51”3,
i1 Ad—l r 27[2 r

where A,_; is the area of a (d — 1) sphere. Hence, we obtain
the desired identity

. k d—3 d_ d—
/ dkk <—> %(kr) d S(xl — X'
0 r § i—1

1

APPENDIX C: EIGENFUNCTION EXPANSION
OF THE DELTA DISTRIBUTION

In this appendix, we show how to compute the expansion
of the Dirac delta distribution in terms of the eigenfunctions
of the operator L defined in (3.4) in an efficient way, as
presented e.g. in Chap. 7 of Ref. [44]. These expansions
can be found in Sec. 4.11 of [30], but the computation
presented there involves convoluted and old-fashioned
methods.

We present the computation of the expansion (4.6) in
eigenfunctions of L which satisfy Robin boundary con-
ditions when v € (0, 1). The others can be obtained in a
similar way.

First, we compute Green'’s function G(z, 7'; A) associated
with the Sturm-Liouville problem (3.4), which satisfies

L®I-2)G=(01QL-1)G=6z-17),
and appropriate boundary conditions at z = 0 and z’ = 0, if
necessary. This can be done as follows. For z < 7/,
G(z,7/;4) is the solution of the homogeneous equation
in the first entry, u(z; 1), satisfying the boundary condition
at z = 0, whereas for z > 7/, G(z, z’; 1) is the solution of the
homogeneous equation, v(z;4), which is Lz(zo,oo) for
some 7z, > 0 and for some A € C. Then, ensuring continuity
at z = 7/, one has
G(z.252) = Nyu(zs )v(z-34),

where z_ = min{z,7z'} and z. = max{z,7Z'}. The jump
condition,

iQ(z,z';ﬂ) —EQ(Z,Z’;/I) =-1,

dz =7+ dz =7~

PHYSICAL REVIEW D 94, 125016 (2016)

fixes the normalization constant

1
W [u(-32),

Na=s e

Green’s function can also be obtained as an expansion in
terms of the eigenfunctions of L which satisfy the same
boundary conditions. If the operator L only had a point
spectrum with real eigenvalues 4, and corresponding
eigenfunctions y,,, it is easy to show that G(z, z’; 1) would
be written as

G(z,754) =

Zl//n(z

As a function of the complex parameter 4, G has simple
poles at 4 = 1, and corresponding residues —y,, (2)w, (2).
Hence, one can write

Zm/ dg(z,752) = Zl//n )p.(7) =68(z—7'),

where C, is an infinitely large circle in the 1 plane and the
integral is taken counterclockwise. If there is also a
continuous spectrum (as it happens in our case), Green’s
function has a branch cut and the integral above, besides the
sum of the residues at the eigenvalues, includes a branch-
cut integral over a portion of the real axis,

1

2r7i Jc,

= w2V (2)

=6(z-2).

dig(z, 7’5 4)

+ / Ay, (2)w,(2')
(C1)

Equation (C1) allows us to obtain the expansion of the delta
distribution in terms of the eigenfunctions of L by perform-
ing the integral of Green’s function G, which we obtained
above, over the spectral parameter A.

In the case at hand, we obtain the expansion in terms
of eigenfunctions of the operator L defined in (3.4)
when v € (0,1), satisfying the boundary conditions
(3.10). The solution of the homogeneous equation satisfy-
ing the boundary condition at z =0 may be written as

u(z;2) = \/z[ed,(V2z) — 2J_,(V/Az)], whereas v(z; 1) =

\/EH,(JI)(\/ZZ) is in L?(z, 00) for any z5 > 0if 4 ¢ [0, 00).
Thus, Green’s function is given by

G(z,754)
iz 2], (Viz) =240, (Viz ) = HLY) (Viz.)
- 2 Cc— e imv v ’
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with 1 ¢ [0, o) for all ¢ € R and additionally with A # —c!/* if ¢ > 0, which is a pole of G. This is the negative eigenvalue
in the spectrum with corresponding bound state eigenfunction of the form \/ZK,,(c'/ 2)2).
Consider first the case ¢ < 0, for which there is no point spectrum and the continuous spectrum is [0, c0). Then,

1
8(z—7) = 507 ). dig(z,7;2)
1 [ . . .
=-— [ d[A|lim[G(z,2';|A] + ie) = G(z, s || — ie)]
2ri 0 e—0"
[Al2)][ed, (VIAlZ') = AT (V1412)]

V[ gl ) = it

c? —2¢|A|Y cos(av) + |A|*

© e, (qz) — ¢*I_,(q2)][c],(q2) — ¢*T_,(q)]
—VzZ | d
« /) 14 c? —2cq? cos(av) + g%

which is Eq. (4.6).

’

Finally, for ¢ > 0 besides the continuous spectrum [0, oo) there is the eigenvalue —c!/%; hence, according to (C1), one

adds an extra term,

2v ! 1
q*J_,(q7)] 1 2v/zd e sin(7v) K, (/@)K (/7))

8(z=2)=VzZ Am agq 192 — T (q)][e)(g7) -

c? = 2cq* cos(nv) + g%
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