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The explicit expressions for the high-temperature expansions of the one-loop corrections to the
thermodynamic potential coming from charged scalar and Dirac particles and, separately, from antiparticles
in a constant homogeneous magnetic field are derived. The explicit expressions for the nonperturbative
corrections to the effective action at finite temperature and density are obtained. Thermodynamic properties
of a gas of charged scalars in a constant homogeneous magnetic field are analyzed in the one-loop
approximation. It turns out that, in this approximation, the system suffers a first-order phase transition
from the diamagnetic to the superconducting state at sufficiently high densities. The improvement of the
one-loop result by summing the ring diagrams is investigated. This improvement leads to a drastic change
in thermodynamic properties of the system. The gas of charged scalars passes to the ferromagnetic state
rather than the superconducting one at high densities and sufficiently low temperatures, in the high-
temperature regime.
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I. INTRODUCTION

We revisit the classical problem of thermodynamic
behavior of a gas of charged particles in a strong constant
homogeneous magnetic field at the one-loop level [1–16].
In the case of scalars, there are many controversies in the
literature regarding the properties of such a gas at high
temperatures and densities. In [1], it was shown using the
naive one-loop approximation that a gas of charged scalars
passes to the superconducting state at sufficiently high
densities. Later, this result was confirmed in many papers
both in the nonrelativistic and relativistic domains
[11,13,15,17–23]. However, it is astonishing that the order
of this phase transition remains unknown. In some papers
[15,17–19,21], the authors suggested that this is the
“diffusive” type of the phase transition (crossover) without
the critical temperature. In other papers, there are claims
that, in a three-dimensional space, a gas of charged scalars
does not condense (in the sense of the existence of
phase transition) at any temperature and density provided
the magnetic field is not zero [16,20,22,23], no matter
how small it is. In Ref. [13], it was shown that (using
the terminology of [13]), in any finite local magnetic
field, B ≠ 0, the Bose-Einstein condensation of a relativ-
istic boson gas does not happen, but this Bose gas can
condense in the nonzero external magnetic field, H ≠ 0.
Nevertheless, the critical temperature and the order of this
phase transition were not found in [13]. There is another
group of papers [24,25] where the authors suggested that

such a gas can condense if one goes beyond the naive one-
loop approximation and takes into account the infrared
enhanced contribution of the so-called ring diagrams
[2,3,26,27].
As for the naive one-loop approximation, the conclu-

sions following from our study in this paper mainly agree
with those given in [13]. However, we establish that, in this
approximation, such a gas of bosons behaves at high
temperatures and densities as the usual superconductor
of the first type. The phase transition from the normal to
superconducting state is first order with the definite critical
temperature, which we also find. If one considers the
relativistic Ginzburg-Landau model in the state where the
gauge symmetry is not spontaneously broken and takes into
account the contribution of the ring diagrams to the
thermodynamic potential, then the ferromagnetic phase,
rather than the superconducting state, arises at high temper-
atures and densities. The phase transition to the ferromag-
netic state is first order, and we derive the formula for the
Curie temperature in this model. This behavior takes place
for any positive self-interaction coupling constant, when
the perturbation theory makes sense, and for the physical
value of the fine-structure constant. Thus, we may infer that
the high-temperature superconductivity discussed in
[11,13,15,17–21] is just an artifact of the naive one-loop
approximation.
As a byproduct of our investigation, we verify the

general formulas for the high-temperature expansion
derived in [28,29]. Furthermore, these general formulas
allow us to obtain the high-temperature expansions of the
one-loop corrections to the thermodynamic potential from
particles and antiparticles separately, i.e., to generalize the
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results of [11,30]. Such formulas are necessary, for
example, in considering the number of particles created
by heating of the system (see, e.g., [31]), the total charge of
the system being maintained constant. These expressions
provide the leading (one-loop) approximation to the aver-
age number of particles in the system at finite temperature
and density [Eq. (91)]. We derive such high-temperature
expansions for both charged scalars and charged Dirac
fermions in a constant homogeneous magnetic field. The
explicit formulas for the nonperturbative corrections to the
effective action at finite temperature are also obtained.
These corrections are nonanalytic in the coupling constant
and cannot be reproduced by a straightforward summation
of Feynman diagrams. Their form resembles the instanton
contributions to the effective action (see, for review, [32]).
We start in Sec. II with a brief review of the general

formulas for the high-temperature expansion derived in
[28,29]. In Sec. III, we derive the explicit expression for the
heat kernel associated with the Klein-Gordon equation in a
constant homogeneous electromagnetic field at finite tem-
perature and density. In spite of the fact that the main
subject of the paper is related to the homogeneous magnetic
field only, the general formulas obtained in Sec. III lay
down the basis for further investigations both in the one-
loop and higher-loop calculations, where off-diagonal
elements of the heat kernel are necessary. In Sec. IV, we
apply the general formulas and derive the explicit expres-
sions for all the elements of the high-temperature expansion
for scalar and Dirac particles. In particular, we obtain there
the strong and weak field expansions of the one-loop
thermodynamic potential including the nonperturbative
corrections. The explicit formulas for the high-temperature
expansions are collected in Sec. V. As is known (see, e.g.,
[33]), the zero-temperature contribution to the effective
action can be found from the high-temperature expansion
because

X
α

Eα

eβ0Eα þ 1
→

β0→0

X
α

Eα

2
; ð1Þ

where β0 must be regarded as some cutoff parameter.
Therefore, we also find the zero-temperature effective
action—the particular case of the Heisenberg-Euler effec-
tive action—in this section.
Section VI is devoted to the analysis of thermodynamic

properties of a gas of charged bosons in a constant
homogeneous magnetic field at high temperatures in the
naive one-loop approximation. We describe the isochoric
and adiabatic processes in the normal (diamagnetic) phase.
As for superconductivity, we establish the main properties
of the phase transition from the normal to the super-
conducting phase. In particular, we find numerically the
dependence HðBÞ and the equilibrium curve of the dia-
magnetic and superconducting phases. The approximate
formulas for the main characteristics of the phase transition

are also obtained. In Sec. VII, we take into account the self-
interaction of charged bosons and photons by means of the
ring diagrams and improve the one-loop approximation
considered in the previous section. The ring diagrams are
taken into account with the aid of the gap equa-
tion [2,5,26,34] on the temperature-dependent effective
masses. Then it turns out that, instead of the Landau
diamagnetism, the particles (photons and scalars) effec-
tively possess the paramagnetic properties. Hence, at high
densities, it is energetically favorable for the system to
increase the magnetic field rather than to expulse it.
Numerical analysis reveals that, at high densities and
sufficiently low temperatures (but in the high-temperature
limit), the system passes to the ferromagnetic state.1 We
describe numerically the dependenceHðBÞ, which displays
the typical hysteresis loop, and the dependence of the
spontaneous magnetization on temperature. The approxi-
mate formula for the Curie temperature is also derived. We
show numerically that the ferromagnetic state can be
reached adiabatically by increasing the temperature pro-
vided the entropy per unit charge is not very large.

II. GENERAL FORMULAS FOR THE
HIGH-TEMPERATURE EXPANSION

The one-loop correction to the thermodynamic potential
of quantum particles is defined in the standard way,

∓ βΩf;b ¼
X
k

lnð1� e−βðω
ðþÞ
k −μÞÞ

¼ �β

Z
∞

0

dω
TrθðHðωÞÞ
eβðω−μÞ � 1

;

ωðþÞ
k > 0; ð2Þ

where the upper sign corresponds to fermions f, the lower

sign is for bosons b, and ωðþÞ
k is the energy of particles. The

contribution from antiparticles has the form (2) with the

replacements μ → −μ and ωðþÞ
k → ωð−Þ

k , where ωð−Þ
k > 0 is

the energy spectrum of antiparticles. The high-temperature
expansion of (2) in d-dimensional space takes the form
[28,29]

−ΩfðμÞ ¼
X
k;n¼0

ð1 − 22νþkþn−dÞΓðdþ 1 − 2ν − kÞ

× ζðdþ 1 − 2ν − k − nÞ ζkðνÞðβμÞ
n

n!βdþ1−2ν−k

þ
X∞
l¼0

ð1 − 21þlÞ ð−1Þ
lζð−lÞ

Γðlþ 1Þ σlνðμÞβl;

ν → 0; ð3Þ

1Notice that the ferromagnetism of the gas of vector bosons at
low temperatures was predicted in [15,18,35,36].
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−ΩbðμÞ ¼
X
k;n¼0

Γðdþ 1 − 2ν − kÞζðdþ 1 − 2ν − k − nÞ

×
ζkðνÞðβμÞn
n!βdþ1−2ν−k þ

X∞
l¼−1

ð−1Þlζð−lÞ
Γðlþ 1Þ σlνðμÞβl;

ν → 0; ð4Þ

up to the terms exponentially suppressed at β → þ0.
The following notation was introduced in (3) and (4).
Let us define the function

ζþðν;ωÞ ¼
Z
C

dττν−1

2πi
Tre−τHðωÞ; ð5Þ

where the contour C goes downwards parallel to the
imaginary axis and slightly to the left of it. The operator
HðωÞ is the Fourier transform with respect to time of the
wave operator. It is the Laplace-type operator, and the
common sign is chosen such that its spectrum is bounded
from above for “good” background fields. In the case when
the spectral density ofHðωÞ does not possess nonintegrable
singularities, ζþðν;ωÞ is an entire function of ν for
Reν < 1. For other ν ∈ C, the function ζþðν;ωÞ is defined
by the analytical continuation. The functions σlνðμÞ are
defined as

σlνðμÞ ¼
Z

∞

0

dωðω − μÞlζþðν;ωÞ: ð6Þ

It follows from the derivation of (3) and (4) [29] that the
integration contours in the ω plane can be rotated a little bit
and a proper domain of variable ν in the complex plane can
be chosen in order to provide a convergence of the integrals
in (6). The coefficients ζkðνÞ are the coefficients of the
asymptotic expansion

ζþðν;ωÞ ¼
X∞
k¼0

ζkðνÞjωjd−2νω−k; ω ∈ R; ð7Þ

which is obtained when one employs in (5) the standard
heat kernel expansion of Tre−τHðωÞ near τ ¼ 0 and eval-
uates the integral over τ (see for details [28,29] and below).
As a rule, the coefficients of the heat kernel expansion

and, consequently, the coefficients (7) can be easily found.
The first six coefficients of the heat kernel expansion for an
arbitrary background are given in [37] (for their adaptation
to the derivation of (7) see [28]). The nontrivial problem in
deducing the explicit expression for the high-temperature
expansions (3) and (4) is to find the nonperturbative
expression for the diagonal of the heat kernel and to
calculate the integrals in (6). As for the contribution from
antiparticles to the one-loop thermodynamic potential, the
formulas (3), (4), and (6) are modified in an obvious
way [29].

The high-temperature expansion of the one-loop correc-
tion to the thermodynamic potential of fermions allows one
to obtain the one-loop correction to the effective action at
zero temperature and both at zero and nonzero chemical
potential. The contribution of one bosonic degree of free-
dom to the nonrenormalized one-loop effective action at
zero temperature is written as (see, e.g., [33,38])

Γð1Þ
1b =T ¼ − lim

β→þ0
∂βðβΩfÞμ¼0

¼ ∂β

�
β

Z
∞

0

dω
TrθðHðωÞÞ
eβω þ 1

�
β→þ0

; ð8Þ

where T is a time interval. The nonrenormalized thermo-
dynamic potential of Dirac fermions at zero temperature
and μ ≠ 0 with the vacuum contribution takes the form

Ωð1Þ ¼ 2∂β

�
β

Z
∞

−μ
dωsgnðωÞTrθðHð−ωÞÞ

eβω þ 1

�
β→þ0

;

μ ∈ R: ð9Þ

Recall that the Lagrangian of the effective action

Lð1Þ
eff ¼ −Ωð1Þ. In particular, it follows from (8) and (9)

that, in the high-temperature expansion of the total one-
loop thermodynamic potential, the vacuum contribution is
canceled out by the analogous term in the thermodynamic
potential coming from real particles (for fermions in QED
see [39] and for the general case see [28,29,33]).
The following stability conditions are assumed in for-

mulas (2), (8), and (9):
(1) The spectrum of HðωÞ does not contain non-

negative eigenvalues at ω ¼ 0.
(2) The spectral density sgnðωÞ∂ωTrθðHðωÞÞ is a non-

negative function of ω.
The last condition is satisfied under rather general assump-
tions about the form of the background fields both for
bosons and fermions (see [40], Secs. 17 and 19).

III. HEAT KERNEL

Let us derive the exact expression for the heat kernel
entering into (5) in the case of a charged massive scalar
field on a constant homogeneous electromagnetic back-
ground (see also [6,9,10,12,30,41,42]). The heat kernel is
an evolution operator

Gðω; s;x; yÞ ≔ hxje−isð−HðωÞÞjyi; ð10Þ

taken at the imaginary time s ¼ iτ, of some quantum-
mechanical system with the “Hamiltonian” −HðωÞ. In the
case at hand

H ¼ −ημνð∂μ − iAμÞð∂ν − iAνÞ −m2 ≡ ðp − AÞ2 −m2;

ημν ¼ diagð1;−1;−1;−1Þ; ð11Þ
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where the charge e is included into the definition of the
electromagnetic potential. Therefore,

HðωÞ ¼ −ðp −AÞ2 −m2 þ ðω − A0Þ2: ð12Þ
We expand the electromagnetic field into a series

AμðxÞ ¼ Aμð0Þ þ ∂iAμð0Þxi þ
1

2
∂i∂jAμð0Þxixj þ � � � ;

ð13Þ
use the Fock gauge AiðxÞxi ¼ 0, and keep only the linear
part in x,

AiðxÞ ≈
1

2
xjFji; A0ðxÞ ≈ A0 − Eixi: ð14Þ

All the quantities on the right-hand side are taken at the
point x ¼ 0. The potential (14) corresponds to the constant
electromagnetic field. The constant A0ð0Þ can be always
included into the definition of the chemical potential (see,
e.g., [5]) conjugate to the total electric charge of the system.
Henceforth, we set A0ð0Þ ¼ 0.
The Hamiltonian (12) with the field (14) is quadratic. Let

H0ðωÞ ≔ −HðωÞ ¼
�
pi −

1

2
xjFji

�
2

− 2ωEixi − EiEjxixj − ω2 þm2: ð15Þ
The exact expression for the evolution operator generated
by the quadratic Hamiltonian is known,

Gðω; s;x; yÞ ¼
�
ð−2πiÞ−d det ∂2S

∂xi∂yj
�
1=2

eiSðω;s;x;yÞ; ð16Þ

where S is the Hamilton-Jacobi action,

S ¼
Z

s

0

dτðpi _xi −H0ðωÞÞ; ð17Þ

evaluated on the trajectory satisfying the boundary con-
ditions xð0Þ ¼ y, xðsÞ ¼ x. The immediate derivation of
the action S encounters the computational problems related
to the necessity to solve the equations of motion

ẍi − 2Fij _xj − 4EiEjxj − 4Eiω ¼ 0: ð18Þ
In the case of the constant electromagnetic field of a general
configuration, the answer is very cumbersome. Therefore,
we find, at first, the action for the four-dimensional
problem S4d, which can be readily calculated, and relate
it to the action (17).
Let us introduce

S4dðs; xμð0Þ; xμðsÞÞ ¼
Z

s

0

dτðpμ _xμ −H4dÞ; ð19Þ

where

H4d ¼ −ðp − AðxÞÞ2 þm2: ð20Þ

The solution to the equations of motion in the four-
dimensional problem with the boundary conditions
xðsÞ ¼ x, xð0Þ ¼ y takes the simple matrix form

xðτÞ ¼ yþ e−2Fτ − 1

e−2Fs − 1
ðx − yÞ: ð21Þ

We have for the action

S4d ¼ xμ
�
−
1

4
_xμ þ Aμ

�����s
0

−
1

2

Z
s

0

dτðFμα þ 2∂αAμÞxμ _xα −m2s: ð22Þ

The action (22) in the gauge A0
μ ¼ 1

2
Fνμxν is written as

S04d ¼ −
1

4
ðx − yÞF cothFsðx − yÞ − 1

2
xFy −m2s: ð23Þ

In order to obtain the action (19) in the gauge (14), we
perform the gauge transformation

Aμ ¼ A0
μ − ∂μϕ; S4d ¼ S04d − ϕjs0; ð24Þ

where ϕ ¼ 1
2
F0ix0xi. Then

S4dðs; x0 − y0;x; yÞ ¼ −
1

4
ðx − yÞF coth sFðx − yÞ

−
1

2
xiFijyj −

1

2
ðx0 − y0Þ

× F0iðxi þ yiÞ −m2s: ð25Þ
Now we find the action (17). Since AμðxÞ does not

depend on time in the gauge (14), p0 is an integral of
motion of the model (19). So, we set p0 ≡ ω ¼ const.
It follows from the Hamilton equations for (19) that

p0 ¼ ω ¼
�
−
F
2
−
F
2
cothFs

�
0ν

ðx − yÞν − F0νyν; ð26Þ

whence

x0 − y0 ¼ −
�
F
2
cothFs

�
−1

00

�
ωþ

�
F
2
cothFs

�
0i
ðxi − yiÞ

þ 1

2
F0iðxi þ yiÞ

�
: ð27Þ

In virtue of the fact that on the solutions to the equations of
motion

S4d¼
Z

s

0

dτ½ω_x0þpi _xi−H0ðωÞ� ¼ωðx0−y0ÞþS; ð28Þ

we deduce

Sðω; s;x; yÞ ¼ S4dðs; x0 − y0;x; yÞ − ωðx0 − y0Þ; ð29Þ

where, on the right-hand side, x0 − y0 must be replaced by
(27). Finally, we have
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S¼ðFcothsFÞ−100
�
ωþ1

2
ðFcothsFÞ0iðxi−yiÞþ1

2
F0iðxiþyiÞ

�
2

−
1

4
ðxi−yiÞðFcothsFÞijðxj−yjÞ−1

2
xiFijyj−m2s:

ð30Þ

In order to find the Van Vleck determinant, we employ the formula for the determinant of the block matrix

det
∂2S

∂xi∂yj ¼ det

��
F
2
coth sF −

F
2

�
ij
−
�
F
2
coth sF −

F
2

�
i0

�
F
2
coth sF −

F
2

�
−1

00

�
F
2
coth sF −

F
2

�
0j

�

¼
�
F
2
coth sF −

F
2

�
−1

00

det

�
F
2
coth sF −

F
2

�
μν

:

ð31ÞTaking all together, we obtain the heat kernel (16)

Gðω; s;x; yÞ ¼ 1

ð−2πiÞ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðF

2
coth sF − F

2
Þ

ðF
2
coth sFÞ00

s

× eifðF coth sFÞ−1
00
½ωþ1

2
ðF coth sFÞ0iðxi−yiÞþ1

2
F0iðxiþyiÞ�2−1

4
ðxi−yiÞðF coth sFÞijðxj−yjÞ−1

2
xiFijyj−m2sg: ð32Þ

In particular, on the diagonal (for the Dirac fields see [12,39])

Gðω; s;x;xÞ ¼ 1

ð−2πiÞ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðF

2
coth sF − F

2
Þ

ðF
2
coth sFÞ00

s
ei½ðF coth sFÞ−1

00
ðωþEixiÞ2−m2s�: ð33Þ

The heat kernel in the case A0ð0Þ ≠ 0 is obtained by the substitution ω → ω − A0ð0Þ in (32) and (33).
The expression (32) can be derived in a different way. Let us define the four-dimensional kernel

G4dðs; x; yÞ ¼
�

1

ð−2πiÞ4 det
∂2S4d
∂xμ∂yν

�
1=2

eiS4d

¼ 1

ð2πÞ2
�
det

�
F
2
coth sF −

F
2

��
1=2

e−i½14ðx−yÞF coth sFðx−yÞþ1
2
xiFijyjþ1

2
ðx0−y0ÞEiðxiþyiÞþm2s�: ð34Þ

The Fourier transform of (32) over ω gives precisely G4d,Z
∞

−∞

dω
2π

eiωðx0−y0ÞGðω; s;x; yÞ ¼ G4dðs; x; yÞ: ð35Þ

The integral over ω is Gaussian and is easily evaluated.
In the expression (32), the following matrix:

ðF coth sFÞμν ¼

2
6664
ðF coth sFÞ00 ðF coth sFÞ01 0 0

ðF coth sFÞ10 ðF coth sFÞ11 0 0

0 0 ðF coth sFÞ22 ðF coth sFÞ23
0 0 ðF coth sFÞ32 ðF coth sFÞ33

3
7775 ð36Þ

and the determinant,

det

�
F
2
coth sF −

F
2

�
¼

�
pþp−

4 sin sp− sinh spþ

�
2

; ð37Þ

appear. Here
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ðF coth sFÞ00 ¼
ðp2þ −E2Þp− cotðsp−Þ þ ðp2

− þ E2Þpþ cothðspþÞ
p2þ þ p2

−
;

ðF coth sFÞ11 ¼ −
ðp2þ −E2Þpþ cothðspþÞ þ ðp2

− þE2Þp− cotðsp−Þ
p2þ þ p2

−
;

ðF coth sFÞ22 ¼
pþp−

E2ðp2þ þ p2
−Þ

½ðp2þ −E2Þp− cothðspþÞ − ðp2
− þ E2Þpþ cotðsp−Þ�;

ðF coth sFÞ33 ¼
ðp2þ −E2Þp3

− cotðsp−Þ − ðp2
− þE2Þp3þ cothðspþÞ

E2ðp2þ þ p2
−Þ

;

ðF coth sFÞ10 ¼
H2E3½pþ cothðspþÞ − p− cotðsp−Þ�

p2þ þ p2
−

;

ðF coth sFÞ23 ¼ H2H3

p− cotðsp−Þ − pþ cothðspþÞ
p2þ þ p2

−
;

and

p� ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I21 þ I22

q
� I1

	
1=2

;

I1 ¼
1

2
ðE2 −B2Þ;

I2 ¼ ðEBÞ; ð38Þ

where E is the electric field strength and B is the
magnetic induction vector. All these expressions are
written in the system of coordinates where E ¼
ð0; 0; E3Þ and B ¼ ð0; B2; B3Þ. The expression for
ðF coth sFÞ00 coincides with that found in [39,42] (see
also [6]).
All the singularities of the expression (32) in the

complex s plane lie on the imaginary and real axes only.
Indeed, the singularities of the heat kernel coincide with
singularities of the determinant (37) and the matrix
F coth sF, and zeros of ðF coth sFÞ00. The singularities
of the determinant and F coth sF are the poles lying on the
real and imaginary axes and corresponding to the solution
of the equation sin sp− sinh spþ ¼ 0. The zeros of
ðF coth sFÞ00 are determined by the condition

cotðsp−Þ tanhðspþÞ ¼ a; ð39Þ

where a is some real number. Substituting s ¼ xþ iy
and taking the imaginary part of (39), we obtain that
either

sin 2p−x
sinh 2pþx

¼ sinh 2p−y
sin 2pþy

; ð40Þ

or x or y vanish. However, equality (40) is only possible for
x ¼ y ¼ 0. Therefore, all the singularities of the expression
(32) lie only on the imaginary and real axes in the complex
s plane.

IV. CONSTANT HOMOGENEOUS
MAGNETIC FIELD

A. Charged scalar field

Further, we shall investigate thoroughly the case of the
constant homogeneous magnetic field B. In this case, the
diagonal of the heat kernel becomes

Gðω; iτ;x;xÞ ¼ e3πi=2

ð4πÞ3=2τ1=2
B

sinh τB
e−τðω2−m2Þ; ð41Þ

whereB ¼ ð0; 0; BÞ. Without loss of generality, we assume
B ≥ 0. The zeta function is written as

ζþðν;ωÞ ¼
Z
C

dττν−1

2πi

Z
dxGðω; iτ;x;xÞ

¼ V
Z
C

dττν−1

2πi
Gðω; iτ;x;xÞ: ð42Þ

The integrand possesses singularities at the points iπn=B,
n ∈ N, in the form of simple poles. It also has a cut along
the positive part of the real axis. Let us close the contour in
the right half-plane. Then

ζþðν;ωÞ ¼ θðω2 −m2Þ
�Z

cut
þ
Z
pol

�
; ð43Þ

where the shorthand notation was introduced (cf. [10])

Z
cut

¼ V
ð1 − e2πiðν−3=2ÞÞB

16π5=2

Z
∞

0

dτ
τν−3=2

sinh τB
e−τðω2−m2Þ;

ð44Þ

and
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Z
pol

¼ V
eiπν

8π3=2

X∞
n¼1

ð−1Þn

×

�
πn
B

�
ν−3=2

½eiπnB ðω2−m2Þþiπ
2
ðν−3=2Þ þ c:c:�: ð45Þ

Hereinafter, c.c. denotes a complex conjugate expression
constructed in such a way as ν would be real.
The high-temperature expansion of the partition function

for fermions (3) contains the function

σlνðμÞ ¼
Z

∞

0

dωðω − μÞlζþðν;ωÞ

¼
Xl

p¼0

Cp
l ð−μÞl−p

Z
∞

0

dωωpζþðν;ωÞ;

l ¼ 0; 1; 2;… ð46Þ
The bosonic expansion (4) also includes

σ−1ν ðμÞ ¼
Z

∞

0

dωðω − μÞ−1ζþðν;ωÞ

¼
X∞
p¼0

μp
Z

∞

0

dωω−p−1ζþðν;ωÞ: ð47Þ

The latter expansion is valid since the integrand vanishes
for jωj < ω0, whereω0 is the minimal particle’s energy, and
jμj < ω0 for bosons. Thus, we can restrict our consideration
to σlν ≔ σlνðμ ¼ 0Þ,

σlν ¼
Z

∞

0

dωωlζþðν;ωÞ

¼
Z

∞

m
dωωl

�Z
cut

þ
Z
pol

�
≔ σlcutν þ σlpolν; ð48Þ

where l runs over all integer numbers.
The contribution from the poles is obtained by inter-

changing the integration and summation order and sub-
sequent integration over ω,

σlpolν ¼ V
eiπν

16π3=2

�
B
π

�
2−νþl

2

�
ei

π
2
ðν−1þl

2
Þ X∞
n¼1

ð−1Þn
n2−νþl=2 e

−iπnm

× Γ
�
lþ 1

2
;−iπnm

�
þ c:c:

�
; ð49Þ

where it is supposed that Reν > 5=2, and the notation m ¼
m2=B is introduced. As for the contribution from the cut to
σlν, having interchanged the integration order, we arrive at

σlcut ν ¼ V
eiπν

16π5=2
B2−νþl

2 cos πν

×
Z

∞

0

dτ
τν−

l
2
−2

sinh τ
eτmΓ

�
lþ 1

2
; τm

�
: ð50Þ

The integral obtained converges in the domain

Reν > 3=2 for l ≤ −1 and

Reν > l=2þ 2 for l > −1; ð51Þ

and, in this domain, the change of integration order in τ and
ω is justified.
The expressions (49) and (50) can be substantially

simplified if one introduces the lower incomplete gamma
function as

Γ
�
lþ 1

2
; τm

�
¼ Γ

�
lþ 1

2

�
− γ

�
lþ 1

2
; τm

�
: ð52Þ

The integral over the cut performed with the lower
incomplete gamma function can be represented in the form

Z
∞

0

dτ
τν−

l
2
−2

sinh τ
eτmγ

�
lþ 1

2
; τm

�

¼ 1

e2πiðν−
lþ1
2
−3
2
þlþ1

2
Þ − 1

Z
H
dτ

τν−
l
2
−2

sinh τ
eτmγ

�
lþ 1

2
; τm

�
;

ð53Þ

where H is the Hankel contour, and recall that
γðs; e2πixÞ ¼ e2πisγðs; xÞ. Then, supposing m < 1, we
unfold the contour and bring it to −∞. This results in
the contributions from the poles of 1= sinh τ lying on the
imaginary axis. The contributions obtained cancel exactly
the part of σpol containing γðlþ1

2
;�iπnmÞ.

As a result, we have

~σlpolν ¼ V
eiπν

16π3=2

�
B
π

�
2−νþl

2

Γ
�
lþ 1

2

�

×

�
ei

π
2
ðν−1þl

2
Þ X∞
n¼1

ð−1Þn
n2−νþl=2 e

−iπnm þ c:c:

�
; ð54Þ

and

~σlcutν ¼ V
eiπν

16π5=2
B2−νþl

2 cos πνΓ
�
lþ 1

2

�Z
∞

0

dτ
τν−

l
2
−2

sinh τ
eτm:

ð55Þ

Let us apply the same arguments to the new integrand
expression. Now the phase wrap on the lower edge of the
cut is e2πiðν−

lþ1
2
−3
2
Þ. For odd l, it equals to e2πiðν−3

2
Þ. In this

case, we unfold the contour as above and cancel the
contributions. Consequently, σlν ¼ 0 for odd positive l.
As for odd negative l, the considerations above do not work
due to singularities of Γððlþ 1Þ=2Þ.
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1. Strong fields

To find the explicit expression for ~σcut, we develop the
exponent in (55) as a series and change the order of
summation and integration. Then, the integrals over τ are
reduced to the Riemann zeta function

~σlcutν ¼ V
eiπν

8π5=2
B2−νþl

2 cos πνΓ
�
lþ 1

2

�

×
X∞
k¼0

mk

k!
ð1 − 21−νþl=2−kÞΓ

�
ν −

l
2
− 1þ k

�

× ζ

�
ν −

l
2
− 1þ k

�
: ð56Þ

In ~σpol we also expand the exponent. The summation order
in n and k can be interchanged (see, e.g., [43]). As a result,
we deduce

~σlpolν ¼ V
eiπν

8π3=2

�
B
π

�
2−νþl

2

Γ
�
lþ 1

2

�

×
X∞
k¼0

ðπmÞk
k!

cos
π

2
ðν − 1þ l=2 − kÞ

× ð2ν−l=2þk−1 − 1Þζðl=2þ 2 − k − νÞ: ð57Þ

Making use of the Riemann functional equation for the zeta
function in ~σpol, we join the two contributions,

σlν ¼ V
eiπν

8π5=2
B2−νþl=2 cos

πl
2
Γ
�
lþ 1

2

�

×
X∞
k¼0

ð−mÞk
k!

ð1 − 21þl=2−ν−kÞ

× Γðν − l=2 − 1þ kÞζðν − l=2 − 1þ kÞ: ð58Þ

The series obtained converges in the disc jmj < 1, i.e., for
the strong fields jBj > m2. Introducing the Hurwitz zeta
function [11],

ΓðsÞζðs; bþ 1=2Þ

¼
X∞
k¼0

ð2sþk − 1ÞΓðsþ kÞζðsþ kÞ ð−bÞ
k

k!
;

jbj < 1; s ≠ 1; ð59Þ

we have

σlν ¼ V
eiπν

16π5=2
ð2BÞ2−νþl=2 cos

πl
2
Γ
�
lþ 1

2

�
× Γðν − l=2 − 1Þζðν − l=2 − 1; ð1þmÞ=2Þ: ð60Þ

This expression vanishes for odd positive l.

2. Weak fields

In order to find σlν in the case of weak fields jBj < m2, it
is necessary to resum the series (58). To this end, we use the
Watson method (see, e.g., [44]), rewriting the series in the
form of the contour integral

X∞
k¼0

ð−1Þk
k!

fðkÞ ¼
Z
~C

ds
2πi

ΓðsÞfð−sÞ; ð61Þ

where the contour ~C is a union of circles going in the
positive direction around the poles of the function ΓðsÞ
at the points s ¼ 0;−1;−2;…, and fð−sÞ is understood
in the sense of analytical continuation. For (58), the
integrand function has poles at the points s ¼ ν−
l=2þ 2k; k ¼ −1; 0; 1; 2;…. Let us deform the contour
~C (see Fig. 1) so that it intersects the real axis at the
point slightly to the right of s ¼ 0, runs parallel to the
imaginary axis, and is closed by the arc of an infinite
radius in the left half-plane. The contribution of this arc
is zero for jmj < 1. As a result, we have the integral
along the contour L converging for j argmj < 3π=2.
Further, we bring L to the right half-plane such that it
intersects the real axis at the point sc,

s

C

s

L

sc

s

L

FIG. 1. The deformation of the contour ~C in the s plane (from left to right).
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σlν=V ¼ eiπν

8π5=2
B2−νþl=2Γ

�
lþ 1

2

�
cos

πl
2

×
Xkmax

k¼−1
Γ
�
ν −

l
2
þ 2k

�
m

l
2
−ν−2kð22kþ1 − 1Þ

×
ζð−2k − 1Þ
Γð2kþ 2Þ þ eiπν

8π5=2
B2−νþl=2Γ

�
lþ 1

2

�
cos

πl
2

×
Z

scþi∞

sc−i∞

ds
2πi

ΓðsÞm−sð1 − 21þl
2
−νþsÞ

× Γ
�
ν −

l
2
− 1 − s

�
ζ

�
ν −

l
2
− 1 − s

�
; ð62Þ

where kmax is the pole number nearest from the left to sc:
kmax ¼ ½sc=2þ l=4� (it is assumed that sc is large). The
first term in (62) gives the asymptotic expansion of σlν
with respect to a large mass, while the last term is the
remainder of this expansion. The remainder does not
have a singularity at ν ¼ 0, hence, we can safely set
ν ¼ 0 in it.
We choose sc so as to minimize the remainder and find

the explicit expression for it at m large. The integrand of
(62) for large s becomes

i
ffiffiffi
2

p

4πl=2þ3=2

es ln s−
1
2
ln s−s−s lnðπmÞ

cos π
2
ðl
2
þ 1þ sÞ : ð63Þ

The expression in the exponent possesses the minimum
at the point smin ¼ mπ. We take the point sc near smin
so that it does not hit the poles s ¼ ν − l=2þ 2k,
k ∈ Z. Such sc can be always represented as
sc ¼ mπ þ δ, jδj < 1=2. Then we parameterize the con-
tour s ¼ sc þ ix, x ∈ R, and develop the exponent as a
series saving only the terms nonvanishing in the limit
m → þ∞. The magnitude of the integration variable x
can be taken of the order of unity since the contributions
of large values of x are exponentially suppressed due to
the cosine in the denominator of (63). As a result, we
obtain

es ln s−
1
2
ln s−s−s lnðπmÞ ≈ s−1=2c esc ln

sc
eπmeix ln

sc
πm: ð64Þ

The resulting integral now has the form

Z
∞

−∞

idxeixβ

cos π
2
ðα − ixÞ ¼ 2ið−1Þk eβα0

cosh β
; α0 ∈ ð−1; 1Þ;

k ∈ Z; α ≕ α0 þ 2k: ð65Þ

Then, the last term in (62) becomes

σlnp ν=V ¼ ð−1Þ½ðπmþl=2Þ=2�

8π5=2

�
B
π

�
2þl=2

cos
πl
2

× Γ
�
lþ 1

2

�
e−πmffiffiffiffiffiffiffi
2m

p ; ð66Þ

where we neglect all the subleading contributions in the
limit m → þ∞. Obviously, this contribution is non-
perturbative; i.e., it cannot be reproduced by a naive
summation of the Feynman diagrams and is suppressed
by the exponential factor e−πm

2=B.

3. Coefficients ζkðνÞ
Apart from the functions σlν, the high-temperature

expansion also contains the coefficients ζkðνÞ (7), which
are obtained if one represents the trace of the heat kernel in
ζþðν;ωÞ in the form of the standard heat kernel expansion
and formally integrates the series over τ termwise. Then we
have for (41)

Bτ−1=2

sinh τB
¼

X∞
k¼0

ð2k − 2Þ ζð1 − kÞ
ΓðkÞ Bkτk−3=2 ≕

X∞
k¼0

akτk−3=2;

ð67Þ

where ak are the coefficients of the heat kernel expansion.
Substituting this expansion into (42) and integrating the
series over τ, we deduce from the definition (7) for the
nonvanishing coefficients

ζ2kþ2sðνÞ ¼ Veiπν
ð−1Þkþs

ð4πÞ3=2
akm2s

s!Γð5=2 − ν − k − sÞ ; ð68Þ

where k and s run over all the natural numbers and
zero.

B. Dirac fermions

Let us briefly consider the high-temperature expansion
of the one-loop contribution of the Dirac fermions to the
thermodynamic potential. The trace over spinor indices of
the diagonal of the heat kernel for Dirac fermions takes the
form [12]

Gðω; iτ;x;xÞ ¼ e3πi=2

ð4πÞ3=2τ1=2 2B coth τBe−τðω2−m2Þ: ð69Þ

The analogues of (49) and (50) in σlν are written as
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σlpolν ¼ V
eiπν

8π3=2

�
B
π

�
2−νþl

2

�
ei

π
2
ðν−1þl

2
Þ X∞
n¼1

e−iπnm

n2−νþl=2 Γ
�
lþ 1

2
;−iπnm

�
þ c:c:

�
;

σlcutν ¼ V
eiπν

8π5=2
B2−νþl

2 cos πν
Z

∞

0

dττν−
l
2
−2ðcoth τ − 1ÞeτmΓ

�
lþ 1

2
; τm

�

þ V
eiπν

4π5=2
B cos πν

Z
∞

m
dωωl

Z
∞

0

dττν−3=2e−τðω2−m2Þ: ð70Þ

Further, the considerations are completely analogous to the given above in the bosonic case. The difference is only that, in
unfolding the contour, one needs to demand m < 2. As a result, we deduce

~σlpolν ¼ V
eiπν

8π3=2

�
B
π

�
2−νþl

2

Γ
�
lþ 1

2

��
ei

π
2
ðν−1þl

2
Þ X∞
n¼1

e−iπnm

n2−νþl=2 þ c:c:

�
;

~σlcutν ¼ V
eiπν

8π5=2
B2−νþl

2 cos πνΓ
�
lþ 1

2

�Z
∞

0

dττν−
l
2
−2ðcoth τ − 1Þeτm

− V
eiπν

8π5=2
m2−2νþlB cos

πl
2
Γ
�
lþ 1

2

�
Γ
�
ν −

l
2
− 1

�
: ð71Þ

1. Strong fields

Substituting

coth τ − 1 ¼ 2

e2τ − 1
ð72Þ

into ~σcut and expanding the exponent in the integrand, we
obtain

~σlcutν ¼V
eiπν

4π5=2
B2−νþl

2 cosπνΓ
�
lþ1

2

�

×
X∞
k¼0

mk

k!
21−νþl=2−kΓ

�
ν−

l
2
−1þk

�

×ζ

�
ν−

l
2
−1þk

�
−V

eiπν

8π5=2
m2−2νþlBcos

πl
2

×Γ
�
lþ1

2

�
Γ
�
ν−

l
2
−1

�
: ð73Þ

Let us perform the same procedure with the function ~σpol.
The order of summation over n and k can be interchanged
according to the formula (see, e.g., [43])

X∞
n¼1

eian

ns
¼

X∞
k¼0

ζðs − kÞ ðiaÞ
k

k!
− Γð1 − sÞðiaÞs−1e−iπs;

Res < 0; a ∈ R: ð74Þ

Then, using the Riemann functional equation for the zeta
function, we have

~σlpolν ¼ V
eiπν

4π5=2
B2−νþl=2Γ

�
lþ 1

2

�X∞
k¼0

mk

k!
21−νþl=2−k

× Γðν − l=2 − 1þ kÞζðν − l=2 − 1þ kÞ

×

�
ð−1Þk cos πl

2
− cos πν

�

þ V
eiπν

4π5=2
m2−2νþlB cos

πl
2
Γ
�
lþ 1

2

�
× Γðν − l=2 − 1Þ: ð75Þ

As a result, adding the two contributions ~σcut and ~σpol, we
come to

σlν ¼ V
eiπν

4π5=2
B2−νþl=2 cos

πl
2
Γ
�
lþ 1

2

�

×
X∞
k¼0

ð−mÞk
k!

21−νþl=2−kΓðν − l=2 − 1þ kÞ

× ζðν − l=2 − 1þ kÞ

þ V
eiπν

8π5=2
mlþ2−2νB cos

πl
2
Γ
�
lþ 1

2

�
× Γðν − l=2 − 1Þ: ð76Þ

The series obtained is convergent in the domain jmj < 2.
Introducing the Hurwitz zeta function [45],

ΓðsÞζðs; aÞ ¼
X∞
k¼0

Γðsþ kÞζðsþ kÞ ð1 − aÞk
k!

;

j1 − aj < 1; s ≠ 1; ð77Þ

I. S. KALINICHENKO and P. O. KAZINSKI PHYSICAL REVIEW D 94, 125012 (2016)

125012-10



we arrive at

σlν ¼ V
eiπν

8π5=2
cos

πl
2
Γ
�
lþ 1

2

�
Γðν − l=2 − 1Þ

× ½ð2BÞ2−νþl=2ζðν − =2 − 1; 1þm=2Þ þm2−2νþlB�:
ð78Þ

The expression (60) in the previous section can be obtained
from (78) if one observes that

1

sinh τ
¼ coth

τ

2
− coth τ; ð79Þ

and substitutes this representation into (41). This gives an
indirect check of the both expressions.

2. Weak fields

The consideration is completely equivalent to the
consideration in the previous section with the exception
that there arises an additional pole of the gamma function at
the point s ¼ ν − l=2 − 1 with the residue

−V
eiπν

8π5=2
B2−νþl=2ml=2−νþ1 cos

πl
2
Γ
�
lþ 1

2

�
Γðν − l=2 − 1Þ:

ð80Þ

The contribution of this pole cancels the second term in
(76). Thus we have the expansion

σlν=V ¼ −
eiπν

4π5=2
B2−νþl=2 cos

πl
2
Γ
�
lþ 1

2

�

×
Xkmax

k¼−1
Γ
�
ν −

l
2
þ 2k

�
m

l
2
−ν−2k22kþ1

ζð−2k − 1Þ
Γð2kþ 2Þ

þ eiπν

4π5=2
B2−νþl=2 cos

πl
2
Γ
�
lþ 1

2

�

×
Z

scþi∞

sc−i∞

ds
2πi

ΓðsÞm−s21þl
2
−νþs

× Γ
�
ν −

l
2
− 1 − s

�
ζ

�
ν −

l
2
− 1 − s

�
: ð81Þ

For large s, Res > 0, the last term in this expression
differs from the analogous term in (62) only by the
factor −2. Therefore, at m → þ∞, the last term in (81)
becomes

σlnpν=V ¼ −
ð−1Þ½ðπmþl=2Þ=2�

4π5=2

�
B
π

�
2þl=2

× cos
πl
2
Γ
�
lþ 1

2

�
e−πmffiffiffiffiffiffiffi
2m

p : ð82Þ

This contribution is essentially nonperturbative.

3. Coefficients ζkðνÞ
Inasmuch as

2Bτ−1=2 coth τB ¼ −
X∞

k¼0;≠1
2kþ1

ζð1 − kÞ
ΓðkÞ Bkτk−3=2

≕
X∞
k¼0

akτk−3=2; ð83Þ

the nonvanishing coefficients are

ζ2kþ2sðνÞ ¼ Veiπν
ð−1Þkþs

ð4πÞ3=2
akm2s

s!Γð5=2 − ν − k − sÞ ; ð84Þ

where k and s run over all natural numbers and zero.

V. HIGH-TEMPERATURE EXPANSIONS

A. Scalar particles

As follows from the spin-statistics theorem, the scalar
particles are bosons. Thus, using the bosonic expansion (4)
and canceling the poles in the complex ν plane, we derive
the complete (up to the exponentially suppressed at
β → þ0 terms) high-temperature expansion in the case
of strong fields,

−
ΩbðμÞ
V

¼
X∞

k;s;n¼0

0ð−1Þkþsakm2s Γð4 − 2k − 2sÞζð4 − 2k − 2s − nÞ
ð4πÞ3=2s!Γð5

2
− k − sÞβ4−2k−2s

ðβμÞn
n!

þ
X∞
k;p¼0

0 β−1B
3
2
−p

2μp

ð4πÞ3=2Γðp
2
þ 1Þk!

�
−
m2

B

�
k
ð1 − 2

1
2
−p

2
−kÞΓ

�
p
2
−
1

2
þ k

�
ζ

�
p
2
−
1

2
þ k

�

þ μm2

8π2β

��
1 −

2

3

μ2

m2

�
ln
β2B
8eγ

þ 2

3

μ2

m2

�
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þ
X∞

l;p;k¼0

0ðμβÞl ð−1Þ
pζð−lÞ

p!ðl − pÞ!
B2þp

2μ−p

ð4πÞ3=2Γð1−p
2
Þk!

�
−
m2

B

�
k
ð1 − 21þ

p
2
−kÞΓ

�
k − 1 −

p
2

�
ζ

�
k − 1 −

p
2

�

−
X∞
k;s;n¼0
2þs≥k

0 ð−1Þsζð−2s − nÞβ2sþnμnm4−2kþ2sak
16π3=2ð2sÞ!n!Γð1

2
− sÞð2 − kþ sÞ!

�
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þ ψ

�
1

2
− s

�

− 2
ζ0ð−2s − nÞ
ζð−2s − nÞ − 2ψð2sþ 1Þ

�
; ð85Þ

where the primes mean that all singular terms of the series should be discarded. The last term in (85) contains by definition
only the odd powers of μ save the term with n ¼ s ¼ 0. Therefore, the finite and divergent at β → 0 parts of the expansion
look as follows:
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−
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2

3
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m2

�
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β2B
8eγ

þ 2

3

μ2
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�
þ μ4
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μ2m2
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−
�

m4

64π2
−
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�
ln
β2Beγ

32π2

−
B2
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�
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ζð−1Þ − ln

8

e1−γ

�
þ B2

16π2
X∞
k¼0

0
�
−
m2

B

�
k ð1 − 21−kÞζðk − 1Þ

kðk − 1Þ : ð86Þ

The complete expansion in the case of weak fields reads as

−
ΩbðμÞ
V

¼
X∞

k;s;n¼0

0ð−1Þkþsakm2s Γð4 − 2k − 2sÞζð4 − 2k − 2s − nÞ
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2
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þ β−1
X∞
p¼0

Xkmax
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2
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2
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2
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2
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�
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2
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2

3
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m2

�
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l;p¼0
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2
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B
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�
1

2
− s

�

− 2
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ζð−2s − nÞ − 2ψð2sþ 1Þ

�
þ � � � ; ð87Þ

where the dots denote the exponentially suppressed terms coming from (66). In this formula, the terms are discarded by the
same rule as in (85).
The sum over p in the second term can be expressed through the hypergeometric function. The finite and divergent at

β → 0 part of the expansion takes the form
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−
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24
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�
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2
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�
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−
Xkmax

k¼−1
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2
Þ
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2

þ 2μ

π1=2m
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�
1; 2kþ 1;

3

2
;
μ2

m2

��

−
�

m4

64π2
−

B2

192π2

�
ln
β2m2e2γ
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þ B2

16π2
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k¼1

�
B
m2

�
2k ð22kþ1 − 1Þζð−2k − 1Þ

2kð2kþ 1Þ þ � � � : ð88Þ
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The expansion derived in [11] readily follows from the
above expansions if one takes into account the con-
tribution of antiparticles to the thermodynamic poten-
tial, viz., if one adds the same expression with μ → −μ.
The high-temperature expansion found in [11] is a
doubled even in μ part of the expansion (85) doubled.
In particular, formulas (86) and (88) allow one to find
separately the number of particles and antiparticles in
the system [31] as

N ¼ −
∂Ωb

∂μ ; ð89Þ

and not only the total charge. For example, it follows
from (86) at μ ¼ 0 (zero total charge) that

N
V

¼ ζð3Þ
π2

β−3 þ β−1

8π2

�
B ln

Γ2ð1þm2=BÞ
2Γ2ð1þm2=2BÞ þm2 ln

β2B
8

�
;

ð90Þ

where, as in (86), the terms vanishing in the limit β → 0
are cast out. These formulas for the number of particles
give the leading term approximation of the average,

hN̂i ¼ eβΩTr

�X
α

â†αâαe−βðĤ−μQ̂Þ
�
;

e−βΩ ¼ Tre−βðĤ−μQ̂Þ; ð91Þ

where â†α and âα are the particle creation-annihilation
operators, and Ĥ and Q̂ are the Hamiltonian and
conserved charge operators, respectively.

B. Scalar fermions

Let us derive the explicit expressions for the fermionic
expansion (3) for scalars. This expansion can be used to
obtain the energy of zero-point fluctuations (8). From (3),
canceling the poles in the ν plane, we derive in the case of
strong fields

−
ΩfðμÞ
V

¼
X∞

k;s;n¼0

0ð−1Þkþsakm2s Γð4 − 2k − 2sÞηð4 − 2k − 2s − nÞ
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þ
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�
k ηð−lÞð1 − 21þp=2−kÞΓðk − p=2 − 1Þζðk − p=2 − 1Þ

ð4πÞ3=2p!ðl − pÞ!k!Γð1−p
2
Þ

−
X∞
k;r;n¼0
2þs≥k

0 ð−1Þsηð−2s − nÞðβμÞnðβmÞ2s
16π3=2ð2sÞ!n!ð2 − kþ sÞ!Γð1

2
− sÞm

4−2kak

�
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ζð1 − kÞ

−
2k ln 2
2 − 2k

þ ψ

�
1

2
− s

�
− 2

ζ0ð−2s − nÞ
ζð−2s − nÞ −

4 ln 2
2−2s−n − 2

− 2ψð2sþ 1Þ
�
; ð92Þ

where ηðsÞ ≔ ð1 − 21−sÞζðsÞ is the Dirichlet η function. The primes at the sums mean the same as in (85). The last term
contains by definition only the odd powers of μ except the term with n ¼ s ¼ 0. Explicitly, the finite and divergent at β → 0
part of the high-temperature expansion reads as

ΩfðμÞ
V

¼ −
7π2

720
β−4 −

3ζð3Þ
4π2

μβ−3 þ
�
m2

48
−
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�
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μ4
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−
B2
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B
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�
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192π2

�
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β2Beγ

2π2

þ B2

192π2

�
ζ0ð−1Þ
ζð−1Þ − ln

8

eγ−1

�
: ð93Þ

According to (8), the nonrenormalized energy of vacuum fluctuations of charged scalar bosons in a strong magnetic field
takes the form

Evac ¼ 2∂β0ðβ0Ωfð0ÞÞ ¼ V

�
7π2
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β−40 −

m2
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β−20 þ

�
m4

16π2
−

B2

48π2

�
lnðeβ0Þ −

B2

8π2
X∞

k¼1;≠2

ð1 − 21−kÞζðk − 1Þ
kðk − 1Þ

�
−
m2

B

�
k

þ
�

m4

32π2
−

B2

96π2

�
ln
Beγ

2π2
þ B2

96π2

�
ζ0ð−1Þ
ζð−1Þ − ln

8

eγ−1

��
: ð94Þ

Here β0 is to be understood as some cutoff parameter.
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In the case of weak fields, we have

−
ΩfðμÞ
V

¼
X∞

k;s;n¼0

0
Γð4 − 2k − 2sÞηð4 − 2k − 2s − nÞβ−ð4−2k−2sÞ ðβμÞ

n
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ð−1Þkþsak
ð4πÞ3=2

m2s

s!Γð5
2
− k − sÞ

þ
X∞
l;s¼0

Xkmax

k¼−1
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Γð1

2
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m
μ

�
2s
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�
B
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�
2k
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−
X0∞

k;s;n¼0
2þs≥k

ð−1Þsηð−2s − nÞðβμÞnðβmÞ2s
16π3=2ð2sÞ!n!ð2 − kþ sÞ!Γð1

2
− sÞm

4−2kak

×

�
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�
1

2
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�
− 2
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ζð−2s − nÞ −

4 ln 2
2−n−2s − 2

− 2ψð2sþ 1Þ
�
: ð95Þ

Here the notation and conventions are the same as in (85) and (92). The exponentially suppressed contributions are thrown
away. Then, the finite and divergent parts can be cast into the form

ΩfðμÞ
V

¼ −
7π2

720
β−4 −

3ζð3Þ
4π2

μβ−3 þ 1

48
ðm2 − 2μ2Þβ−2 þ μ ln 2

12π2
ð3m2 − 2μ2Þβ−1 þm2μ2

16π2
−

μ4
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−
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ð22kþ1 − 1Þζð−2k − 1Þ
2kð2kþ 1Þ
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þ
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−

B2
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�
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π
−

3m4

128π2
: ð96Þ

Consequently, the nonrenormalized energy of vacuum fluctuations of charged scalar bosons in weak fields is
written as

Evac ¼ 2∂β0ðβ0Ωfð0ÞÞ ¼ V

�
7π2
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β−40 −

m2

24
β−20 þ

�
m4

16π2
−

B2

48π2

�
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π
−
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B
π
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e−πm
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�
: ð97Þ

The renormalization of the one-loop contribution is performed in the standard way (see, e.g., [46]). The counterterms are
added to the initial action of the theory. They have the mass dimension less than or equal to 4 (without taking into account
the dimension of β0), must cancel all the divergencies, and set the coupling constants to their physical values. In our case,
the counterterms that should be added to the initial Lagrangian have the form

c:t: ¼ 7π2

120
β−40 −

m2

24
β−20 þ

�
m4

16π2
−

B2

48π2

�
ln
β0meγþ1

π
−

3m4

64π2
: ð98Þ

This corresponds to the choice of the value of the fine-structure constant α that is observed in low-energy experiments in the
absence of the external fields. As a result, the renormalized vacuum contribution in the limit of weak fields is

Eren
vac

V
¼ Evac

V
− c:t: ¼ −
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8π2
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B
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2
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B
2m2

�
1=2

e−πm
2=B; ð99Þ

which coincides exactly with formula (1.34) of [47] for the effective Lagrangian without the exponentially suppressed
contribution. In the case of strong fields, we have
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V
¼ Evac

V
− c:t: ¼ −
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−
Bm2

16π2
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�
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4B
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�
; ð100Þ

which coincides exactly with formula (1.62) of [47] for the effective Lagrangian.
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C. Dirac particles

As for Dirac particles, we use the fermionic expansion, which in the case of strong fields and after the pole cancellation in
the ν plane becomes

−
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�
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Here the same notation and conventions are implied as in (85). The finite and divergent parts of the high-temperature
expansion read as
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The contribution of charged Dirac fermions to the nonrenormalized energy of vacuum fluctuations takes the form
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In the case of weak fields, we have
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without taking into account the nonperturbative corrections. The finite and divergent parts are written as
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In particular, the density of electrons at μ ¼ 0 is given by (see, e.g., [31], Chap. 6)

N
V

¼ 3ζð3Þ
2π2

β−3; ð106Þ

up to the terms vanishing at β → 0. The nonrenormalized vacuum contribution of charged Dirac fermions is
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The counterterms to the initial Lagrangian are chosen by using the same rules as in (98),
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: ð108Þ

Therefore, in the weak-field limit, the renormalized vacuum contribution takes the form
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which coincides exactly with formula (1.19) of [47] for the effective Lagrangian without the nonperturbative contribution.
As for the strong fields, we deduce
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which coincides exactly with formula (1.53) of [47] for the
effective Lagrangian.

VI. CHARGED BOSONS IN THE
MAGNETIC FIELD

Now we employ the high-temperature expansions
obtained to analyze the main thermodynamic properties
of a charged scalar boson gas in a constant homogeneous
magnetic field at finite temperature and nonzero chemical
potential. So, we assume

βm ≪ 1; β2jBj ≪ 1; βjμj ≪ 1: ð111Þ

In this section, we neglect the contribution of photons to the
thermodynamic potential. We also neglect the change of the
effective masses of particles due to the contributions of

the ring diagrams. These factors will be taken into account
in the next section.
In the high-temperature limit, the leading contribution to

the pressure can be cast in the form

P ¼ −Ω=V ≈
π2

45
T4 þ

�
μ2

6
−
m2

12

�
T2

þ TB3=2Φ

�
μ2 −m2

B

�
;

ΦðxÞ ≔ −
ζð−1=2; ð1 − xÞ=2Þffiffiffi

2
p

π
; ð112Þ

where T ≔ β−1, the contributions of particles and anti-
particles are taken into account, and the formulas (86) and
(59) have been used. In the limit considered, the vacuum
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contribution can be neglected. The function ΦðxÞ is real for
x < 1 and possesses the square-root branch point at x ¼ 1,

ΦðxÞ ¼ ζð3=2Þ
4

ffiffiffi
2

p
π2

−
ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p

2π
þOðx − 1Þ: ð113Þ

The condition x < 1 is equivalent to jμj < ω0 ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ B

p
.

The chemical potential is found from the equation

ρ ¼ ∂P
∂μ ≈

μT2

3
þ 2μTB1=2Φ0ðxÞ; ð114Þ

where x ≔ ðμ2 −m2Þ=B < 1 and ρ ¼ Q=V is the charge
density. The last term in (114) can dominate in the region
(111) provided x → 1. It is in this parameter domain where
one ought to expect the phase transition. The higher terms
of the high-temperature expansion discarded in (112) and
(114) are regular in this limit and for other values of the
chemical potential. Hence, they can be safely neglected.
The magnetic induction B in the gas is determined by the

equation

H ¼ B − e2
∂P
∂B ðμ; T; BÞ

¼ B − e2TB1=2

�
3

2
ΦðxÞ − xΦ0ðxÞ

�
; ð115Þ

where H is the magnetic intensity vector. Recall that the
electric charge e is included in the definition of the
electromagnetic field strength, and we work in the system
of units where e2 ¼ 4πα, with α being the fine-structure
constant. Without loss of generality, we also assume B > 0
and bear in mind that

Pðμ; T;BÞ ¼ Pðμ; T;−BÞ; ð116Þ

in virtue of the time reversal symmetry. This relation is
nonperturbative and valid in any order of the perturbation
theory. In particular, HðBÞ ¼ −Hð−BÞ.
It is interesting to consider the behavior of the

chemical potential for the isochoric ρ ¼ const and adiabatic
s ≔ S=Q ¼ const processes. In the first case, it approx-
imately follows from (114) that

μ ≈ 3ρβ2; ρ ≪ ω0T2=3;

μ ≈ ω0

�
1 −

B2T2

8π2ðρ − ω0T2=3Þ2
�
;

B2T2

8π2ðρ − ω0T2=3Þ2 ≪ 1: ð117Þ

In order to find the adiabatic curve, it is necessary to
express μ ¼ μðT; P; BÞ from (112). Then the adiabatic
equation becomes

s ¼ −
∂μ
∂T ðT; P; BÞ ¼ const: ð118Þ

Differentiating (112) with respect to T, we obtain the
adiabatic equation

4π2

45
T2 −

sμ
3
T − 2sμB1=2Φ0ðxÞ ¼ 0: ð119Þ

Of course, one can solve exactly this equation with respect
to T. However, we give here only the asymptotes for
sufficiently small and large temperatures. If x is not close to
unity such that the last term in (119) can be neglected, then

μ ≈
4π2

15s
T: ð120Þ

If x is close to unity, then

μ2 ≈ ω2
0

�
1 −

�
45sB
8π3T2

�
2
�
;

�
45sB
8π3T2

�
2

≪ 1: ð121Þ

It is clear that jμj < ω0 as it should be. In both the first and
second cases

V1=3T ≈ const; PV4=3 ≈ const ð122Þ

on the adiabatic curve.
The plot of HðBÞ is given in Fig. 2 for the different

temperatures. One can see from this plot that, at the
sufficiently low temperature [but in the high-temperature
limit (111)], the system suffers the usual first-order phase
transition, and the gas of charged bosons in the external
magnetic field goes to the superconducting state. The
dependence HðBÞ shown in Fig. 2 is typical for the
superconductors of the first type (see [48], Sec. 56).
Thus we see that, at the nonvanishing external magnetic
field, H ≠ 0, the Bose-Einstein condensation of charged
scalar bosons without self-interaction is possible [1]. Then,
the magnetic field is expulsed from the condensate so that
locally, i.e., in the condensate, B ¼ 0. This is the standard
pattern of transition from the normal to the superconducting
state ([48], Sec. 57). Our conclusion is thus in agreement
with the conclusion made in [13]. We ought to add that the
configuration of the intermediate state is determined by the
minimum of μðT; P; BÞ with the account of the Maxwell
equations and is rather nontrivial ([48], Sec. 57). The
condensate does not fill homogeneously all the space, and
its wave function is not the ground state of the Klein-
Gordon equation in the homogeneous magnetic field.
Let us find the approximate explicit expressions for the

main characteristics of this phase transition. The value
H1 ≔ Hð0Þ (see Fig. 2) can be readily found from (114)
and (115) at ρ > mT2=3 and B → 0. In this case, μ → m
and [1,11]
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H1 ¼
e2

2m

�
ρ −

mT2

3

�
: ð123Þ

The magnitude of the magnetic induction B0 corresponding
to the magnetic intensity H2 [the value of H at the
extremum of the functionHðBÞ] is found from the equation
H0ðB0Þ ¼ 0, which is equivalent to

∂2P
∂μ2 ¼ e2

�∂2P
∂μ2

∂2P
∂B2

−
� ∂2P
∂μ∂B

�
2
�
; P ¼ Pðμ; T; BÞ;

ð124Þ

where, having differentiated, one has to put μ ¼ μðT; ρ; BÞ
taken from (114). Equation (124) can be written as

ΦðxÞ − 4

3
xΦ0ðxÞ þ 4

3
x2Φ00ðxÞ

¼ 4B1=2
0

3e2T
þ 4μ2B−1=2

0 ½Φ0ðxÞ − 2xΦ00ðxÞ�2
T þ 6B1=2

0 ½Φ0ðxÞ þ 2μ2B−1
0 Φ00ðxÞ�

: ð125Þ

Solving this equation with respect to B0 and substituting its
solution to (115), we obtain the dependence H2ðT; ρÞ. The
numerical solution is presented in Fig. 2. If the temperature
is so high that

4B1=2
0

3e2T
≪ 1; ð126Þ

then Eq. (125) is approximately reduced to

ΦðxÞ − 4

3
xΦ0ðxÞ þ 4

3
x2Φ00ðxÞ ≈ 0: ð127Þ

The solution of this equation is x0 ≈ 0.366. Hence,
ð3ρ=T2Þ2 ≈ μ20 ¼ m2 þ x0B0, and

c0 ≔
3

2
Φðx0Þ − x0Φ0ðx0Þ ≈ −0.030: ð128Þ

Then, it follows from (115) that

H2≈
m2

x0

��
3ρ

mT2

�
2

−1

�
−e2mTc0x

−1=2
0

��
3ρ

mT2

�
2

−1

�
1=2

:

ð129Þ

The comparison of this formula with the numerical
solution is given in Fig. 2. The curve H2ðT; ρÞ on the
plane ðH; TÞ can be approximately regarded as the
equilibrium curve of the diamagnetic and superconducting
phases. Notice that one can reach the superconducting
state moving along the adiabat (119) towards the increase
of temperature (cf. [49]).
For the sake of completeness, we present here the

dependenceHðBÞ in the so-called superdiamagnetic regime
[11,13,21]. One can easily deduce from (114) and (115)
that [21]

H ≈ Bþ 3e2TB1=2 ζð3=2Þ
ð4πÞ2 ð

ffiffiffi
2

p
− 1Þ;���� 9ρ2=T4 −m2

B

���� ≪ 1: ð130Þ

This formula describes quite well the dependence HðBÞ for
sufficiently large B, B=T2 ≪ 1.

VII. RING DIAGRAMS

In the previous section, we have investigated in detail the
one-loop thermodynamic potential of the system of charged
bosons. However, we did not take account of the fact that,
at high temperatures, the effective masses of particles are
changed considerably due to the infrared contributions of
the diagrams of higher order in the coupling constant (see,
e.g., [2,3,5,26]). In order to correctly take these infrared
contributions into account, one needs to sum an infinite
number of the so-called ring diagrams [26]. As we shall see,
the contributions of these diagrams drastically change the
behavior of the system at high densities and temperatures.
Instead of the superconducting phase, the gas of charged
bosons passes to the ferromagnetic state.
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FIG. 2. The dependence HðBÞ for different temperatures at the
charge density ρ ¼ 1000. The critical temperature at the vanish-
ing magnetic field Tc ≔

ffiffiffiffiffiffiffiffiffiffiffi
3ρ=m

p
≈ 54.77. The system of units is

chosen such that m ¼ 1. The thick solid line is HðBÞ for
T ¼ 54.7. In this case, H1 ≈ 0.12 and H2 ≈ 0.0028. The thin
solid line shows the Maxwell construction. The thin dashed line is
HðBÞ given in (130). The thick dot-dashed line is HðBÞ for
T ¼ 55. The thick dashed line is HðBÞ for T ¼ 60. The dotted
line is H ¼ B. Inset: The dependence H2ðTÞ at ρ ¼ 1000. This
dependence can be approximately considered as the equilibrium
curve in the ðH; TÞ plane of the diamagnetic (above the curve)
and superconducting (below the curve) phases. The solid line is
the approximation presented in (129). The dots denote the results
of the numerical simulations.
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Let us consider the system of charged scalar particles
with the self-interaction λϕ4 on a constant homogeneous
magnetic field background. The Lagrangian density has the
form

L ¼ ð∂μ − ieAμÞΦ�ð∂μ þ ieAμÞΦ −m2jΦj2 − λjΦj4

−
1

4
FμνFμν; λ > 0; ð131Þ

where m2 > 0. To take into account the infrared contribu-
tion of the infinite number of the ring diagrams, it is
convenient to seek the effective masses of the fields self-
consistently [26]. To this aim, we add and subtract the
corresponding mass terms

L ¼ ð∂μ − ieAμÞΦ�ð∂μ þ ieAμÞΦ − ðm2 þm2
χÞjΦj2 − λjΦj4

−
1

4
FμνFμν −

1

2
m2

γA2
0 þm2

χ jΦj2 þ
1

2
m2

γA2
0: ð132Þ

The last two terms should be regarded as the interaction
vertices and are taken into account as the perturbation. The
quadratic part of the Lagrangian determining the propa-
gators is defined with the account of the effective masses.
In order to find the pressure of the system considered, we

represent the fields in the form

ΦðxÞ ¼ ηþ χðxÞ; AμðxÞ ¼ AμðxÞ þ aμðxÞ; ð133Þ

where η ¼ const ∈ R characterizes the boson condensate.
Henceforth, we consider the system in the parameter
domain where η ¼ 0. However, we shall not set η ¼ 0
right away; instead, we find the pressure for the small
constant η’s. This allows us to obtain the correction to the
effective mass m2

χ from the self-consistency equa-
tions (134). As for Aμ, one should take Aμ ¼ ð0;AÞ, where
A is the vector potential of the constant homogeneous
magnetic field. Moreover, in quantum field theory at finite
temperature and density, the chemical potential conjugate
to the electromagnetic charge Q enters into the Lagrangian
density exactly as the zeroth component of the electro-
magnetic potential (see, e.g., [5]). Therefore, it is conven-
ient to set Aμ ¼ ðμ=e;AÞ and conduct all the calculations as
for the zero chemical potential.
The corrections to masses can be found self-consistently

as the second derivatives of the quantum correction to the
effective action (in fact, to the pressure of the system P)
with respect to the fields,

m2
χ ¼ −

1

2

∂2Pðmχ ; mγÞ
∂η2

����
η¼0;eA0¼μ

;

m2
γ ¼

∂2Pðmχ ; mγÞ
∂A2

0

����
η¼0;eA0¼μ

: ð134Þ

The following normalization conditions are assumed:

∂m2
γ

∂A0

����
η¼0;eA0¼μ

¼ ∂m2
χ

∂A0

����
η¼0;eA0¼μ

¼ 0;

∂2m2
γ

∂A2
0

����
η¼0;eA0¼μ

¼ ∂2m2
χ

∂A2
0

����
η¼0;eA0¼μ

¼ ∂2m2
γ

∂η2
����
η¼0;eA0¼μ

¼ ∂2m2
χ

∂η2
����
η¼0;eA0¼μ

¼ 0: ð135Þ

These conditions can always be satisfied in virtue of the
renormalization ambiguity [46]. From the physical point of
view, these normalization conditions say that the additional
terms in (132) renormalize only the masses of particles.
Let us find the propagators of the theory by isolating the

quadratic part of the Lagrangian (132) without the last two
terms,

Lquad ¼ ð∂μ − ieAμÞχ�ð∂μ þ ieAμÞχ
− ieηaμð∂μχ − ∂μχ�Þ þ e2η2a2

þ 2e2ηAμaμðχ þ χ�Þ
− ðm2 þm2

χ þ 2λη2Þχχ� − λη2ðχ þ χ�Þ2

þ 1

2
aμ□aμ þ 1

2
m2

γa20 þ
1

2
ð∂μaμÞ2: ð136Þ

We shall work in the Feynman gauge. In that case, the
gauge condition and the Faddeev-Popov matrix become

f ¼ ∂μaμ þ ieηðχ − χ�Þ;
δεf ¼ □εþ e2ηð2ηþ χ þ χ�Þε: ð137Þ

The ghost and the gauge-fixing Lagrangian densities are
written as

Lgh ¼ c½□þ 2e2η2 þ e2ηðχ þ χ�Þ�P;

Lgf ¼ −
1

2
f2 ¼ −

1

2
ð∂μaμÞ2 − ieη∂μaμðχ − χ�Þ

þ 1

2
e2η2ðχ − χ�Þ2: ð138Þ

If the contribution of the vertex

2e2ηAμaμðχ þ χ�Þ ð139Þ

is negligible, then the photon sector completely decouples
from the scalar one [5]. The one-loop correction to the
pressure is given by the “thermal” determinant. In the sector
of the χ fields, it takes the form

detD−1
χ ¼

������
δ2S
δχ2

δ2S
δχδχ�

δ2S
δχδχ�

δ2S
δχ�2

������
¼ det

�
δ2S
δχ2

−
δ2S
δχδχ�

�
det

�
δ2S
δχ2

þ δ2S
δχδχ�

�
: ð140Þ
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The last equality holds since χ and χ� enter symmetrically
into S. Explicitly, we obtain

detD−1
χ ¼ det½ð∂μ þ ieAμÞ2 þm2 þm2

χ þ 2λη2

þ e2η2� det½ð∂μ þ ieAμÞ2 þm2 þm2
χ

þ 6λη2�: ð141Þ

It is now easy to find the spectrum of particles in the
model (see Table I). This information is sufficient to
find the one-loop correction to the pressure with the
leading contribution from the ring diagrams at high
temperatures. In the one-loop approximation, the last
two terms in (132) are taken into account only at the
tree level.
In taking into account the mixing term (139), the

functional determinant (141) is multiplied by

detð1 −DaVTDχVÞ ≈ 1 − TrðDaVTDχVÞ; ð142Þ

where V denotes the second variational derivative of
(139), and Da is the photon propagator. Inasmuch as
we set η ¼ 0 in the final answer, the term (142) is
important only in calculating the temperature correction
(134) to the mass squared m2

χ . In the high-temperature
limit, the contribution of the mixing (142) is suppressed in
comparison with the “direct” contributions of the particles
presented in Table I. This contribution contains the two
propagators, at least, and the masses of the particles
entering these propagators are proportional to T2 in the
high-temperature limit [see (145)].
According to Table I, in the high-temperature limit, the

leading contribution to the pressure comes from the two
massive photon degrees of freedom,

P1 ¼
π2

90
T4 −

2e2η2

24
T2; P2 ¼

π2

90
T4 −

2e2η2 þm2
γ

24
T2;

ð143Þ

and from the charged scalar fields,

P3 ¼
π2

90
T4 þ

�
μ2

12
−
m2 þm2

χ þ 2λη2 þ e2η2

24

�
T2

þ TB3=2

2
Φ

�
μ2 −m2 −m2

χ − 2λη2 − e2η2

B

�
;

P4 ¼
π2

90
T4 þ

�
μ2

12
−
m2 þm2

χ þ 6λη2

24

�
T2

þ TB3=2

2
Φ

�
μ2 −m2 −m2

χ − 6λη2

B

�
; ð144Þ

where we include again the electric charge e to the
definition of the electromagnetic field strength. The ghosts
cancel the contribution of the two additional massive
photon degrees of freedom.
Making use of Eqs. (134) with the account of the

normalization conditions (135), we obtain the equations
for masses

m2
γ ¼ e2

T2

3
þ 2e2TB1=2

�
Φ0ðxÞ þ 2μ2

B
Φ00ðxÞ

�
;

m2
χ ¼ ð8λþ 5e2ÞT

2

24
þ ð8λþ e2ÞTB

1=2

2
Φ0ðxÞ; ð145Þ

where x ≔ ðμ2 −m2 −m2
χÞ=B. Solving these equations,

one can find the masses as functions of T, B, and μ. Of
course, one should keep in mind that formulas (145) are
valid only in the high-temperature limit (111), where m is
the effective mass of the particle. Notice that the naive one-
loop result of the previous section is reproduced if one
formally sets e2 ¼ λ ¼ 0 in (144) and (145).
For η ¼ 0, the total pressure can be cast into the form

P ¼ 2π2

45
T4 þ T2

12

�
2μ2 −m2 −m2

χ −
m2

γ

2

�
þ TB3=2ΦðxÞ:

ð146Þ

The chemical potential μ ¼ μðT; ρ; BÞ is obtained from the
definition of the charge density

ρ ¼ ∂P
∂ðeA0Þ

����
η¼0;eA0¼μ

¼ T2

3
μþ 2TB1=2μΦ0ðxÞ: ð147Þ

Finally, the magnetization is written as

M
e2

¼ ∂P
∂B ¼ −

T2

12

�
_m2
χ þ

1

2
_m2
γ

�

þ TB1=2

�
3

2
ΦðxÞ − ðxþ _m2

χÞΦ0ðxÞ
�
; ð148Þ

where the dot denotes the derivative with respect to B.
Sequentially substituting into this expression m2

χ¼
m2

χðT;B;μÞ and m2
γ¼m2

γðT;B;μÞ, and then μ ¼ μðT; ρ; BÞ,

TABLE I. The spectrum of real and fictitious particles of the
model (132) in the Feynman gauge.

Name Mass squared No.

Vector 2e2η2 1
Vector 2e2η2 þm2

γ 1
Vector 2e2η2 2
Ghost 2e2η2 −2
Scalar m2 þm2

χ þ 2λη2 þ e2η2 1
Scalar m2 þm2

χ þ 6λη2 1
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we obtain the magnetization as the function of the variables
T, ρ, and B. The magnetic field intensity is related to the
induction and magnetization by the standard formula (115).
The plot of HðBÞ is given in Fig. 3.
The numerical study shows that the main contribution to

the magnetization stems from the first term in (148)
proportional to T2, and

_m2
χ < 0; _m2

γ < 0: ð149Þ

The effective magnetic moment of a particle can be defined
as ([50], Sec. 71)

−
∂ε
∂B ; ð150Þ

where ε is the particle dispersion law. In our case,

−
∂εχ
∂B ¼ −

2nþ 1þ _m2
χ

2εχ
; −

∂εγ
∂B ¼ −

_m2
γ

2εγ
; ð151Þ

where n is the Landau level number. One can see from
(149) and (151) that it is advantageous for the particles
striving for a minimum energy to increase the magnetic
field. Therefore, at sufficiently high density of charged
bosons described by the model (131), the system has to
pass to the ferromagnetic state. The numerical simulations
confirm this observation. Formulas (145), (147), and (148)
allow one to deduce a rough estimate for the Curie
temperature

Tc ¼
�

24

8λþ 5e2

�
1=6



9ρ2

�
1þ

�
e4

64π

�
2=5

×

�
24

8λþ 5e2

�
3=5

�
−m2ð3ρÞ4=3

�
24

8λþ 5e2

�
2=3

�
1=6

;

ð152Þ

which is in rather good agreement with the numerical
calculations. The first-order phase transition to the ferro-
magnetic state can happen only if the charge density

ρ > ρc ≔
8m3

8λþ 5e2

�
1þ

�
e4

64π

�
2=5

�
24

8λþ 5e2

�
3=5

�
1=3

:

ð153Þ

The numerical simulations show that, as in the previous
section, where the ring diagrams were not taken into
account, one can reach the phase transition domain moving
along the adiabatic curve from the region of low temper-
atures provided the entropy per unit charge (118) is
sufficiently small (see Fig. 3). The form of ηðxÞ in the
ferromagnetic state has the standard domain structure
for ferromagnets as is described, for example, in Sec. 44
of [48].

VIII. CONCLUSION

Thus, we derived the explicit formulas for the high-
temperature expansion of the one-loop corrections to the
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FIG. 3. Left panel: The dependence HðBÞ for λ ¼ 1=10, ρ ¼ 8000, T ¼ 48.35, and the Curie temperature Tc ¼ 48.4. The system of
units is chosen such that m ¼ 1. The thick solid line is the theoretical dependence HðBÞ. It intersects the x axis at the value of the
spontaneous magnetization of the system. The filled region bounded by the two thin solid lines is a metastable region (the hysteresis
loop), where the ferromagnetic domains can form in the gas. Inset: The dependence of the spontaneous magnetization on the temperature
at ρ ¼ 8000. The numerical simulations reveal that the characteristic features of these plots (the order of the phase transition, the
ferromagnetic state, etc.) do not depend on the value of the self-interaction coupling constant 0 < λ≲ 1=10. Right panel:
The dependence of the Curie temperature on the charge density TcðρÞ. This curve can be regarded as the equilibrium curve of the
ferromagnetic (below the curve) and the normal (above the curve) phases in the ðT; ρÞ plane. The solid, dashed, and dot-dashed lines are
TcðρÞ for λ ¼ 1=10, λ ¼ 1=6, and λ ¼ 1=100, respectively, given by formula (152). The marks on the curves are the results of the
numerical simulations. Of course, these curves make sense only in the region T ≳ 10. Inset: The adiabats Tðρ; BÞ at λ ¼ 1=10 and B ¼ 1
are depicted. The thick dashed, solid, and dot-dashed lines are the adiabats for the entropies per unit charge s ¼ 33, s ¼ 34, and s ¼ 36,
respectively. The thin solid line is the plot of the Curie temperature (the equilibrium curve). The thick dashed and solid adiabats
terminate near the equilibrium curve, while the dot-dashed curve does not. This shows that the ferromagnetic state can be reached
adiabatically provided s is not too large.
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thermodynamic potential induced by both scalar and Dirac
charged particles in a constant homogeneous magnetic
field. These formulas generalize the known ones [11,30] in
the respect that the contributions of particles and anti-
particles are treated separately, i.e., one can find from them
the number of particles and not only the total charge. Then
we employed these formulas to describe the thermody-
namic properties of a gas of charged bosons in a magnetic
field at high temperatures and nonzero charge density. Two
models were considered, with and without the contribution
of the ring diagrams. The latter model was investigated in
many papers [1,11,13,15,17–23], and our conclusions
mainly agree with those given in [13]. In addition, we
established that the system suffers the usual first-order
phase transition from the normal to the superconducting

state and found the equilibrium curve of these two phases in
the magnetic field. As for the first model, we found that the
contributions of photons and of the ring diagrams drasti-
cally change the behavior of the system at high densities.
Instead of the superconducting phase, the system passes
into the ferromagnetic state. The main thermodynamic
properties of this system were analyzed and the approxi-
mate formula for the Curie temperature was obtained.
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