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In this paper we investigate a particular ghost-free bimetric theory that exhibits the partially massless
(PM) symmetry at quadratic order. At this order the global SO(1,4) symmetry of the theory is enhanced to
SO(1,5). We show that this global symmetry becomes inconsistent at cubic order, in agreement with a
previous calculation. Furthermore, we find that the PM symmetry of this theory cannot be extended beyond
cubic order in the PM field. More importantly, it is shown that the PM symmetry cannot be extended to
quartic order in any theory with one massless and one massive spin-2 fields.
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I. INTRODUCTION

Nonlinear partially massless gravity is an elusive theory
closely related to massive [1-3] and bimetric gravity [4,5]
but propagating fewer degrees of freedom." At quadratic
order in the action, this is achieved via an additional gauge
symmetry that removes the scalar mode of the massive
spin-2 field described in both of these theories [9-15]. A
particularly appealing feature of this theory is that it
requires a positive cosmological constant that is propor-
tional to the squared mass of the spin-2 field. Since
all corrections to the latter must be proportional to the
mass itself, the cosmological constant can be naturally
small [16].

The existence of this theory is in doubt, however, as
several no-go results prevent extensions of the partially
massless (PM) gauge symmetry beyond quadratic order
[16-20]. In particular, in Refs. [16,17], it was shown that
massive gravity suffers from an obstruction at fourth order
in the action that prevents the extension of the PM
symmetry beyond cubic order. Different approaches where
one considers either one or a multiplet of partially massless
fields yield similar no-go results [18-20].

An alternative proposal is to consider partially massless
gravity as a theory that requires an additional massless
spin-2 field, i.e. as a bimetric theory with a particular set of
coupling constants [21-24]. There, the PM symmetry is
seen to exist up to sixth order in a derivative expansion of
the equations of motion [24]. Furthermore, in a de Sitter
background, a global version of the local PM symmetry is
found to all orders in the fields [21]. If the massless spin-2
field transforms nontrivially under the PM symmetry, it
may then be possible to overcome the results found in
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massive gravity.” Indeed, variation of the action under the
PM transformation yields

58 / d*x(T"8¢,, + T16h,,), (1.1)

where ['** and 1" denote the variations with respect to the
massive ¢,, and massless h,, fields. In principle, the
second term in Eq. (1.1) can counter the obstruction found
in massive gravity at fourth order.

A similar setup has recently been considered in Ref. [25],
which studies the global symmetries of the theory of a
massless spin-2 field and a partially massless graviton order
by order in the fields. Therein, it is shown that, while the
theory admits a global SO(1,5) symmetry to lowest order
in the fields, the global symmetry algebra fails to close at
cubic order. Crucially, this inconsistency of the global
symmetry algebra implies the inconsistency of the local PM
symmetry beyond cubic order. The analysis of Ref. [25]
does not directly apply to the candidate PM bimetric theory,
however. The reasons are twofold: first, the cubic-order
Lagrangian is not derived directly from the bimetric theory;
second, the set of parameters considered in Ref. [25]
actually make the cubic-order Lagrangian of the bimetric
theory vanish.

In this paper, we analyze the gauge and global sym-
metries of the candidate PM bimetric theory beyond
quadratic order in the fields. We find that at cubic order
the bimetric action reduces to that considered in Ref. [25]
after appropriate field redefinitions and choice of param-
eters. The analysis of global symmetries then reveals that
the SO(1, 5) symmetry algebra does not close in agreement
with the general results of Ref. [25]. The only way to satisfy
the closure condition is to consider parameters in the theory

*This is somewhat reminiscent of higher spin theories where
the massless spin-2 field necessarily transforms under the higher
spin gauge symmetry.
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where the distinction between the massless and the would-
be partially massless fields becomes degenerate and the
expansion of the action breaks down. Interestingly, this is
precisely the set of parameters for which the equations of
motion of the bimetric theory reproduce the equations of
motion of conformal gravity at lowest order in a derivative
expansion [23,24]. Since bimetric gravity is an otherwise
consistent theory to all orders, we conclude that the
enhanced SO(1,5) symmetry seen at quadratic order is
accidental. Hence, the candidate PM theory admits only the
standard SO(1,4) global symmetries associated with the
background de Sitter spacetime.

Next, we consider the PM gauge symmetry of the
bimetric theory and attempt to extend it beyond quadratic
order in the massive spin-2 field. The nonclosure of the
global symmetry algebra would imply the absence of local
PM symmetry beyond cubic order in the PM field [25].
However, this analysis is not valid for all the possible
parameters of the bimetric theory, particularly for the
choice of parameters that make all odd powers of the
PM field vanish. Ideally, since the bimetric action is known
to all orders, one could search for the additional constraint
that is responsible for removing one of the degrees of
freedom from the spectrum. This is a technically challeng-
ing task due to the square root structure characterizing the
potential of massive and bimetric gravity. Furthermore, as
recalled above, an order-by-order construction of the PM
gauge symmetry already fails at fourth order in massive
gravity. Hence, it proves rewarding to check first whether
the bimetric theory is able to overcome this “fourth-order
wall.” A hint that this may be possible is given by Eq. (1.1)
provided that the massless spin-2 field transforms non-
trivially under the PM symmetry. Although the massless
field does transform nontrivially, we find that the local PM
transformations cannot be extended beyond cubic order in
the bimetric theory for any choice of parameters, in
agreement with Ref. [25]. In fact, there is no quartic-order
action that would allow us to do so. Among all the possible
quartic-order actions, the one from bimetric gravity comes
the closest to realizing the partially massless symmetry at
nonlinear order.

The paper is organized as follows. In Sec. II, we present
the candidate PM bimetric theory and expand the action up
to cubic order in the massive field. In Sec. III, we find the
nonlinear transformations of the massless and massive
fields that leave the action invariant up to cubic order. In
Sec. IV, we consider the algebra of global symmetries and
show that the enhanced global symmetry algebra is incon-
sistent beyond quadratic order. Finally in Sec. V, we
consider the action to fourth order and show that no
nonlinear extension of the PM symmetry can keep the
action invariant, despite the additional contributions from
the massless spin-2 field. Furthermore, we find that no
quartic action can render the action invariant under the PM
symmetry. We end with our conclusions in Sec. VI. The
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explicit expression for the fourth-order action is given in
the Appendix.

II. BIMETRIC GRAVITY AND PARTIAL
MASSLESSNESS

In this section, we present the quadratic theory of a
partially massless field and introduce the candidate parti-
ally massless bimetric theory of Ref. [21]. We then expand
the action of the latter up to cubic order in the massive
(would-be partially massless) field.

A. Partial masslessness

Let us begin by discussing the free theory of a partially
massless field ¢, in four dimensions [9-15]. The latter is
described by the Fierz-Pauli action [26] on a de Sitter
background,

Igp = / d*xy —@{ - % vpﬁ”ﬂuv%ﬂw + % vp(:"vﬂ(ﬂ
- vp(pva(ppg =+ vp(pﬂbvb(pﬂp (21)

1 1
+A <(p;¢u§0ﬂy - §§02> - imz(wﬂu(pﬂy - §02)}’ (22)
where ¢ = #“¢,,, g, is the de Sitter metric and A is the
cosmological constant. In Eq. (2.2), the mass of the
graviton satisfies the Higuchi bound [27]

m? >

A, (2.3)

Wl

which is the minimum value of the mass for which the
action (2.2) is ghost free.

While the Fierz-Pauli action admits a gauge symmetry
when m? — 0, namely, the standard diffeomorphism invari-
ance of General Relativity, this action also features a gauge
symmetry when m? saturates Eq. (2.3). This is the partially
massless symmetry where ¢, transforms as

- = A
5§0/4u = (vﬂvl/ + §gﬂb) 5()6) (24)

In particular, the PM symmetry is responsible for removing
the helicity-0 component of the otherwise massive graviton.
Thus, in four dimensions, partially massless fields propa-
gate four degrees of freedom, in contrast to the five degrees
of freedom of a massive graviton.

In principle, a self-interacting theory of partially mass-
less fields can be constructed order by order in the fields
until, eventually, a pattern emerges which points toward a
nonlinear formulation. However, as discussed in the
Introduction, several no-go results suggest that such a
theory does not exist as long as it contains at most
two derivatives and one or several partially massless

124055-2



GAUGE AND GLOBAL SYMMETRIES OF THE CANDIDATE ...

fields [16-20]. Here, we will consider the candidate
partially massless theory of Refs. [21-24], which can in
principle circumvent these no-go results by adding a
massless spin-2 field to the spectrum.

B. Bimetric action

Consistent nonlinear theories of two interacting spin-2
fields are described by the bimetric action [4,5]

Ilg, f] = mz/d“x{\/—_gRg + az\/ijf-

4
~2VETY hren(S) . 25)
n=0

where g, and f,, are two metrics of which the perturba-
tions correspond to linear combinations of a massless and a
massive spin-2 fields. The constants m and g in Eq. (2.5)
have dimensions of energy, while a and f,, are dimension-
less constants. The functions e, (S) denote the elementary
symmetric polynomials of the matrix S, which is defined by

R a (2.6)
In particular, we are interested in
eo(S) = 1. Mm—ﬁmfawm,am—gg.

0
9

(2.7)

The candidate nonlinear theory of partially massless
gravity that propagates an additional massless spin-2 field
was identified in Ref. [21]. It corresponds to the bimetric
action (2.5) with the following choice of 3, parameters,

Ps = 3(12,52,
(2.8)

Po = 3a2ps, s =0, B3 =0,

where f, and a are left undetermined. Note that it is
possible to recover the quadratic action of a partially
massless field given in Eq. (2.2) for several choices of
P, parameters. However, it is only for Eq. (2.8) that the
bimetric action admits a global version of the local PM
symmetry, namely, one where the function £ in Eq. (2.4) is
constant. Furthermore, for this set of parameters, the local
PM symmetry can be extended up to sixth order in a
derivative expansion of the equations of motion [23,24].
Interestingly, the $3, parameters given in Eq. (2.8) make
the potential of bimetric gravity symmetric upon exchange
of the g, and f,, metrics. They also guarantee that
proportional solutions to the equations of motion, namely,
(2.9)

— 7 — 27
g;u/ - gﬂl/’ fm/ =cC g;w’
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leave the constant ¢ undetermined. In particular, the
equations of motion admit proportional de Sitter solutions
where the cosmological constant is given by

3u? 2.2
This allows us to express the action entirely in terms of «
and the dimensionful constants m, u, and A.

C. Bimetric action at quadratic and cubic order

Let us now consider the bimetric action to quadratic and
cubic order in the massive field ¢,,. We begin by expand-
ing the g, and f,, metrics around a de Sitter background
gy With a cosmological constant given by Eq. (2.10),

9 = G + 09w S = (G +0f).  (2.11)
In particular, we have

G =G = 69" + 599+

=@ o oSS ), (202)

where all indices are raised with the background metric g, .
The massless h,, and massive ¢, fields correspond to
linear combinations of g, and 5f,,. Up to normalization,
they are given by [21]

1
59/41/ = h/w - az¢uv7 5f/41/ = h/w + ?(pﬂw (213)

The factors of a® and ¢? are important. For example, if we
set a*c* =1, the g,, < f,, exchange symmetry of the
potential extends also to the full action and leads to a
vanishing cubic-order action for the ¢, field.*

The action of bimetric gravity (2.5) can then be written as

113, ¢] = (1 + P2c*)m? / d4x\/—f}{R —-2A + iﬁn},
n=2
(2.14)

where all contractions, covariant derivatives, and curvature
tensors are defined with respect to the metric

gyy — g;w — hH _’_hyah(1u+
(2.15)

g;w = g;w + h;wv

*While it is common to refer to A as the perturbation of the
field A, for convenience we parametrize the perturbation of the
metric f,, by ¢*5f,, instead.

*In fact, all the terms in the action containing an odd number of
@, fields vanish.
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In other words, in Eq. (2.15), we have resummed the
perturbations of the massless spin-2 fields to all orders.
Hence, the bimetric action reduces to the action of a
symmetric rank-2 tensor ¢,, coupled nonminimally to
the metric g,,. This is equivalent to expanding the action
(2.5) around the off-shell metric g,, via

f}ll/ = czgﬂl/ + (pﬂl/' (2'16)
A relative factor of ¢? is still allowed since, in the absence
of the ¢, perturbations, the equations of motion for the g,,
and f,, metrics both reduce to the Einstein equation,
namely, R,, — 3§, R + Ag,, =0.

052

Ly, =—
2702

A 1. 1.
- g(pZ + G <_ 79;41/50/70(”/’6 + Zg;w(pz + 2§0pu(pup - (/)(p/w) }7

2

where ¢ = ¢*, and G,, =R, —1Rg,, + Ag,, is the
Einstein tensor with the cosmological constant term. In
particular, if we expand £, around the de Sitter back-
ground, cf. Eq. (2.15), we recover the Fiertz-Pauli action
given in Eq. (2.2) where the mass of the spin-2 field ¢,
saturates the Higuchi bound [27],

2
m2y == A. (2.18)

3
|
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The Lagrangian density £, in Eq. (2.14) depends on an
n-number of ¢, fields and contains single powers of the
Ricci tensor. The fact that £, which would be linear in ¢,,,,
is missing from the action can be traced back to the relative
sign and the extra factors of a® and ¢? accompanying @ in
Egs. (2.13) and (2.16). Indeed, while the coefficients of ¢,
in the expansion around the de Sitter background, cf.
Egs. (2.11) and (2.13), diagonalize the action at quadratic
order, they also guarantee the absence of linear instabilities
in the action when expanding around the off-shell metric
9w in Bq. (2.16).

At quadratic order in ¢,,, we find that, up to total
derivatives,

1 1 2A
{3000 V090 9,090 VT 2

(2.17)

|
Hence, at quadratic order, the bimetric action describes a
massless and a partially massless field propagating a total
of 2 + 4 degrees of freedom [9—15]. Let us note that this
action, which is defined to all orders in the massless
excitation h,,, was also considered in the bottom-up, i.e.
order-by-order, approach to partially massless bimetric
gravity of Ref. [25].

At cubic order, the Lagrangian density derived from the
bimetric action (2.5) reads

1 1
L= e =30V Vs + 300V = V0~ 0V V0

1 N 1
+ V0V g = 0V, 0V g — 0"V 9,V + Etﬂvy(pvwﬁ

1
+ 2(0pﬂvn(py/lvl(ppy + Wavy(polvi(ppy - (ppdvl(pnyvlq)py - Egov}/g”a/lvi(pay

1 1 1.
+ Zwvwaywcﬂ +7 (R”" - €R9M> (80," 0o 0,1 — 20,50,

1
- 44)/)74)6}/4) + (/)p(r(pz) + E A(4§0ﬂy§0pa(po'y - (p(pn}/qaﬂy) } ’

where 15 is given by

dy= 2 (a2 —1). (2.20)

This Lagrangian is different from the cubic-order
Lagrangian considered in Ref. [25], which, in particular,
does not contain any curvature tensors and is the simplest

(2.19)

I

covariantization of the cubic-order Lagrangian found in
Ref. [17]. Nevertheless, it is possible to recover the cubic
Lagrangian of Ref. [25] via a field redefinition of the
metric and the massive field. These field redefinitions are
given by

(@*c®—1)
T(pﬂp(pplﬂ (2.21)

Pw = P —
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y . d(aPr-1)
9w = G — T

5. 3. 1.
X (g GuPd 9P 05, — igﬂy(pfppycoﬂy + gg,qu3

+ (paﬁ(paﬂqoyu - (pz(pw/ + 3(/7(##”(,0”, - 4(pa/i(/);4(l¢yﬂ) .

(2.22)

III. GAUGE SYMMETRIES TO CUBIC
ORDER IN THE ACTION

We now proceed to determine the PM gauge sym-
metry of the action order by order in the massive field
¢~ It will be convenient to find the transformation of
the fields in a de Sitter background first and then to
extend these results to all orders in the massless field
h,,. We will use a notation similar to that of Ref. [25]
where, schematically,

I(iz)N/d4x /_‘a(p(n—2)v(pvw’

30~ ¢ VVy,
(3.1)

for any field O. In Eq. (3.1), y is a function of the
coordinates that parametrizes the PM transformation,
and I corresponds to the Einstein-Hilbert action.

A. Zeroth order

At zeroth order in the massive field, the variation of the
action reads

_&10)
510 = / d*x/—§——2560 g, (3.2)

LoYiad
which admits the standard gauge symmetry associated with
diffeomorphisms, i.e.

50 G =

v(;tél/)’ (33)

where we (anti)symmetrize indices with unit weight, e.g.
Vié =1(V,& +V,&,). In particular, the nonlinear
analysis of Eef. [24] suggests that, under PM transforma-
tions of ¢,,, the metric transforms up to a convenient
normalization by

- acct -1
5}(,0)gﬂy = —< )Vﬂvyy. (3.4)

202

Since Eq. (3.4) looks just like a diffeomorphism, at this
order in ¢,,, we can always counter the transformation of
the metric by a change of coordinates sx* = VHy.
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B. Second order

At second order in ¢,,, variation of the action yields

51 51O
51(1>=/d4 V-3 —6© ——sgv i, (3.5
x\/ =g 50 co,w+5g,w g (3.5)
The second term is the contribution from the Einstein-
Hilbert action which vanishes in the de Sitter (dS) back-

ground g,,. Then, 6,1 (1) vanishes in the background if

- = A
0 -
51 W|ys =0 = 5 )‘/’m|ds = (vuvu + §QW> v (3:6)

where v,, denotes the covariant derivative with respect to
9~ Equation (3.6) is the standard PM gauge transforma-
tion (2.4) that, at quadratic order, is responsible for
removing one of the degrees of freedom of what is
otherwise a massive graviton [9-15].

We can extend the invariance of the action away from the
de Sitter background provided that the metric transforms
nontrivially under the partially massless gauge symmetry.
Indeed, we have

o A
57](1) 0= 5}(, )gglw = <V”V,, +§g,w Y (3.7)

s; @

v G = 72 (2v(ﬂ(py)p - v/,gOm,)vp}/. (38)

Note that this result was previously obtained in Ref. [25]
since the authors’ quadratic action agrees with ours up to
normalization. Note also that the transformation of the
metric is ambiguous up to total derivatives. The latter
correspond to field-dependent diffeomorphisms, i.e. to
transformations of the form 5(1)§W =2V,¢,) where &
depends linearly on ¢,, . For example, & may be given by
& = 9"V, y. These extra transformations do not change
our results, however.

C. Third order

At third order in the massive field, the variation of the
action reads

510) 51
am:/wmﬁﬂ_—wwﬁ_—ﬂwy
A

@)
O sz +

+ 5§yy 9 aauu

(3.9)

Since the last term in Eq. (3.9) vanishes in the de Sitter

background, vanishing of 5y1(2) determines the linear

transformation of the massive field 63(,”(,0”,,. We find

124055-5
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2.0
1 a-c-—1
@y =0= 5§ )(ﬂ;w‘ds = (7>

_ _ 1= - A
X <v(/4(py)pvpy - E vp(p/u/vpy - g%»?’)
(3.10)

(0)

up to a transformation of the form &;"¢, where

7y = @y. The latter corresponds to a field-dependent PM
transformation which can be trivially cancelled via an

appropriate shift of 652)%,,. Although these kinds of
transformations do affect the higher-order transformations
of the fields, they leave our results unchanged. The
normalization used in Eq. (3.4) was chosen so as to
simplify the expression for 5§l) @, given above.

We now have all the ingredients necessary to carry out
the analysis of global symmetries in the bimetric theory. We

should note that, while 5§1) 9y agrees with Ref. [25], 55” Doy

does not. The differences in 5](,])(;)”,, can be traced back to

1) the nonlinear field redefinition given in Eq. (2.21) and
2) an extra diffeomorphism that results from having a
nonzero 5;0) Z}”D transformation. However, it is not immedi-
ately clear whether these extra ingredients of the bimetric
theory are enough to change the no-go results found
in Ref. [25].

Before we turn to the analysis of global symmetries, let
us generalize the above results away from the de Sitter
background. The vanishing of &,/ (2) under PM transfor-

mations yields

2
() a’c?—1

=
1 A
V), V’y = 2Vp<p,wV T (3.11)

2 2.2
- o fac—1 1 "
57 9w = 3 (7) <v(ﬂ(pl/)6 - Eva(p/,u/)(p pvp}/
(3.12)

up to trivial transformations similar to the ones discussed
above and in the previous section.

IV. GLOBAL SYMMETRIES

Let us now consider the global symmetries of the
candidate PM theory. As in any gauge theory with non-
trivial boundary conditions, not all of the generators of
gauge symmetries are proportional to the constraints.
Indeed, some generators receive boundary contributions
that lead to finite, nonvanishing charges. For asymptotically
de Sitter spacetimes, the set of diffeomorphisms leads to an
SO(1,4) global symmetry group. Since the partially

PHYSICAL REVIEW D 94, 124055 (2016)

massless theory possesses an enlarged set of gauge
symmetries, it is natural to expect an enhancement of
the global symmetry group, although this is not automati-
cally guaranteed.

This question was recently considered in Ref. [25] in an
order-by-order approach to partially massless bimetric
gravity. The authors of Ref. [25] first compute the algebra
generated by the PM and diffeomorphism transformations
to lowest order in the fields. This field-independent algebra
is the algebra of global symmetries provided that there exist
gauge parameters that leave the background invariant. To
lowest order in the fields, the global symmetry algebra of
the partially massless theory is enhanced from SO(1,4) to
SO(1,5) [25]. Since in de Sitter space there is no analog of
the Coleman-Mandula theorem, this enhancement of space-
time symmetries may be consistent at higher orders; i.e. it
may be realized in an interacting theory.

Let us first check that the bimetric theory admits an
enhanced set of global symmetries. The reason why this
check is nontrivial is that the commutator of symmetries
depends on the transformation of 5§l)(pm,, which differs
from that considered in Ref. [25]. It is convenient to write
down the PM transformations of the massless and massive
fields up to linear order in the fields. First, we expand
around the de Sitter background using Eq. (2.15). Then,
from Egs. (3.4), (3.6), and (3.10), we have

- - A _
hl“/ = llvﬂvy}’ - ?1 <2v(” vo'hﬂlz)agy

- ﬂ2<zv(ﬂ(py)o— - va(puv)aayv

- - A 1 _
5y(:0;w = (vyvv + gg/w> V= 5 (Zv(ﬂhv)o - vahﬂv)aay

A A
+ gh;w}/ + /11 §¢yuy
-
- El (zv(ﬂ(pv)o’ vn(pﬂu)a 1£ (42)
where 4; and A, are given by
a’c® -1 o’
l -, /1 = —=. 43
1 202 2 2C2 ( )

On the other hand, the transformations of #,,, and ¢, under
diffeomorphisms, denoted here by 35, are given by the

standard expressions

Schy, =2V e+ EVoh, + 2V,

5 va¢;w + zv(ygafpy)a' (44)

5§(p;w =

>See Ref. [28] for the construction of charges in the quadratic
partially massless theory.
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To zeroth order in the fields, the algebra of PM trans-
formations (6,) and diffeomorphisms (&) closes,

66,5,]0 = 6,0, [5,,5,]0 = 68.0, [5,,65]0 = 5,0,

(4.5)

where O denotes either the massless £, or massive ¢,
fields, and the parameters y*, z, and 6 are given by

70, = .8 = (W& =&V, (46)
t=[n,7] = 10,7, (4.7)
2.2 2
040, = [p.v] = ((161,6%1) 077V ,0p — aﬂﬁvgﬁl‘y)(?”.
C

(4.8)

These results agree with Ref. [25] except that the commu-
tator [5,, Sn]h,w does not vanish. This reflects the fact that
the metric has a nonzero PM transformation at lowest order
and, more importantly, that it leads to a consistent algebra.
In order to determine the global symmetry algebra, one
must first find the parameters y and £ which leave the
background g,, = g,, and ¢, =0 invariant. We have
two cases.
Case 1.—Diffeomorphisms and PM transformations vanish
independently, whereby the only solution to

0= yg;w = /Ilv;tvuy’

- A
0=26,0, = (Vﬂvy + §9W> 7, (4.9)
is y = 0. In this case, the global symmetry algebra is
the standard SO(1,4) symmetry algebra of de Sitter
space obtained from Eq. (4.6) and generated by the
solutions to
0 =6:9,, = 2V,&,). (4.10)

Case 2.—Use a diffeomorphism to undo the PM trans-
formation of the background. In this case, we can

define a new PM transformation é’y =06, — 54 with
= —%‘8"7/ where, to lowest order in the fields,
8,9, = 0, while the transformation of ¢,, is left

unchanged. Then, the background is left invariant
provided that

0= 0:Gu = 2V )

- = A
0 = 5;,(plw = (Vﬂvy + 39’”’> Y. (411)

These equations do admit nontrivial solutions. Fur-
thermore, since the algebra (4.5) is left unchanged by

PHYSICAL REVIEW D 94, 124055 (2016)

the prescription §, — &, the solutions to Eq. (4.11)
lead to an SO(1,5) algebra as shown explicitly in
Ref. [25].

This is not the end of the story, however, since the
closure of the algebra (4.5) may not hold to higher orders.
This would render the global symmetry algebra incon-
sistent at higher orders. To check whether this is the case for
the candidate PM bimetric theory, let us write down the
transformations of the fields under the &, PM transforma-
tions. Up to linear order in the fields, these are given by

Syhy, = _12(26(;4(%/)0 - va(pﬂu)agy’ (412)

[ _ 1 _
5;/40;411 = <vyvu + g /41/) v — 5 (zv(ﬂhl/)ﬂ - vahuv)aay

A A Mo =
+ g h,“,]/ + /1] §¢yuy - 51 (2V(/4§00)a - VGQDIW)a”]/

+ % (aoyvo(p/w + 2V(Mag}/(pu)0)' (4 13)
The crucial point is that on the parameters generating the
global symmetries, i.e. on the solutions to Eq. (4.11), these
transformations reduce to the transformations considered in
Ref. [25] for appropriate values of the coefficients 1; and
A>. In particular, this implies that at linear order in the
massive field, the commutator of two PM transformations
does not close [25],

202 1 1)
(ac+)c

T6c? we (4.14)

[6}//7 5,15](/7/41/ = S«fq);w +

where 3§(pﬂy is given by Eq. (4.4) for some & while C,, is a
function of ¢,, and the parameters y and f. Since the
commutator of two PM transformations should close into a
diffeomorphism, cf. Eq. (4.5), the second term in the rhs of
Eq. (4.14) should vanish.

Thus, the algebra of global symmetries becomes incon-
sistent at higher orders. One should note that this analysis is
not valid for the choice a?c? = 1, in which case both the
left- and right-hand sides of Eq. (4.14) vanish. Also note
that the action contains only factors of @ and ¢?, so setting
a*c? = —1 is valid insofar as it leads to a real action.
However, this choice of parameters leads to an action (2.14)
where our calculations can no longer be trusted. That the
expansion of the action breaks down for this choice of
parameters can be seen directly from Eq. (2.13), where the
choice a?c? = —1 degenerates and leads to an inconsistent
parametrization of the massless and massive fields. Indeed,
when a?c? = —1, the quadratic action can no longer be
diagonalized in terms of massless and massive excitations.
Interestingly, this is precisely the set of parameters for
which the equations of motion of the bimetric theory
reproduce those of conformal gravity at lowest order in
derivatives [23,24].
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Since the bimetric theory exists to all orders and can be
rendered free of pathologies [29], we conclude that the
global symmetry algebra SO(1,5) is accidental. Thus, the
candidate PM theory admits only the standard SO(1,4)
global symmetries of de Sitter space.

V. GAUGE SYMMETRIES TO FOURTH ORDER

Let us return to the gauge symmetries of the candidate
partially massless bimetric theory. The absence of an
enhanced global symmetry group may be taken as a hint
of a larger problem. Indeed, in the analysis of Ref. [25] the
nonclosure of the global symmetry algebra shows that the
local PM symmetry cannot be extended beyond cubic
order. However, the analysis of Ref. [25] is not valid for the
choice a?c? = 1 of the bimetric theory where terms odd in
|
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the PM field vanish. Therefore, a natural question to ask is
whether the PM gauge symmetry can be extended beyond
cubic order in the bimetric theory for any choice of
parameters. In principle, this is a hopeless endeavor since
success at fourth order does not guarantee success at fifth or
higher order. A more promising approach would be to
search for an additional first class constraint in the
Hamiltonian formulation of bimetric gravity that would
be responsible for removing the helicity-0 mode from the
massive spin-2 field. However, the square root structure in
the potential in Eq. (2.5) makes this a complicated task.
Furthermore, the fact that an order-by-order approach fails
in massive gravity already at fourth order makes a similar
calculation in the bimetric setup worthwhile.

At fourth order in ¢,,, the variation of the action reads

s5I% 510 51 510
510) — / e/ 50, O s, L ey, O oy
X\ =g 500 P+ 50, P+ 500 Pt 7 g
s1® 510
+ 5 sWgw + 5 5(3)9"”}, (5.1)

where I® is the fourth-order action described by the
Lagrangian density (A1) given in the Appendix. As before,
let us first consider variation of the action in the de Sitter
background g,, . Then, the last term in Eq. (5.1) vanishes.

On the other hand, the variations 550)@” and 5§1)§W of the
massless field do contribute to the variation of the action.
These have already been determined in Egs. (3.4) and (3.8),
and the only undetermined term in Eq. (5.1) is the second-

order variation of ¢,,, namely, 5;2)40,“,.

Unfortunately, the presence of 5 Gy terms is not
sufficient to overcome the no-go result found in massive
gravity [16]. There, it was found that terms of the form
|

510 — a’m?(1 + a’c?)*A
T 48¢°

|
8,13 ~ [ d*xpVpVey cannot be cancelled for any choice

of 6£2)¢ﬂp. Indeed, in the bimetric theory, we find that, for a
relatively simple transformation of the form

4 4
) B 1+ac - 1= o
57 Py = ( 2C4 ) <v(ﬂ§0v)a _Evagy/,w)(p /apy

A1+ a2c2\2/1_ . a
+§ T2 ggﬂy%aqlp — 0 P |7
(5.2)

variation of the action yields

/ d*x\/=gr{20°°V 0V .0 — 20"V 0"V 40,

—2¢0"°V,oV, 0,7 + 20V .oV @,, — oV, 0V ¢ — 9V .07V 0,
- zwavy(ppovi(p/ + 2§0vy(pvi(pyl + 2(ppy(pp6vlvy(pal - 2¢py¢pgvlvl(pay
+ 49"V o0,V 0, = 20"V 10, V0,7 — 9V, 05, V0 + @V 105,V 07 }.

It is possible to further simplify the variation of the action at the cost of introducing more terms in 6, ¢,, . For example,

adding the following terms to Eq. (5.2),

4c2 3

(2)

2 2 L+a?c)\2[ 2, : ., o
57(’ >(p;w - 5; )q)/w + <— Ag/wq)po'(p/) 4 + 2A(p/4 Py — vo‘((p pvy(ppPY)

1- -

+ vu ((pyavawpp},) - va(gopuvvgowy) - va((pap(ppﬂvy}/) +5 vﬂ (va(pav§07)

2

, . 1 = - 1o - 1 - -
+V (05, V. 077) = 5 oV,oV,y — 3 VoV, 0y + Ecov,,vyw +(u <) }
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reduces the variation of the action to

510 — a?m?(1 + a®c?)3A
i 48¢°

One would expect that adding more terms to 51(’2)(/’;w could

render the action invariant under PM transformations,
however unnatural the transformation may become. Un-
fortunately, there are no such terms, and there is no 5152)(,0””
transformation that leads to an invariant action, in agree-
ment with the general results of Ref. [25]. Thus, the
partially massless symmetry cannot be extended beyond
cubic order, and the bimetric theory with the 3, parameters
given in Eq. (2.8) propagates a total of 2 4+ 5 degrees of
freedom corresponding to a massless and a massive spin-2
field.

A. Generalizing the quartic action

It is now reasonable to ask whether there exists any
action for which the PM symmetry can be extended beyond
the cubic order. In order to investigate this, let us once again
consider Eq. (5.1), where we now let /) be the most
general fourth-order two-derivative action, rather than the
one given in Eq. (Al). In the de Sitter background g, , this
action can be schematically written as

74 — / d*x/=3{@* VoV + Ap*}, (5.4)

with all possible index contractions and arbitrary coeffi-
cients in front of all terms. The second-order variation of
Puvs 5§2)(pﬂ,,, remains undetermined in Eq. (5.1), whereas all

other terms have already been fixed at lower orders. We

then consider the most general 5§2>(pﬂy transformation with

at most two derivatives. It is schematically given by

57 = VoV V2 VoVy + ¢*V2y + Ag?

r @ PNVQy + oV @y + @VVy + @~ V7y + Ap7y.
(5.5)

Up to cubic order in the massive field, the variation of the
action takes the following form,

SI0) = /d“x\/—gy{(pzv“(p + oVopVgp
+ (N%pv%p + wwv%p

+Ap*V2p + ApVoVo + N0}, (5.6)

where once again all index contractions and coefficients
have been omitted. The question is now if it is possible to
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/ d*x\/=gr{49"°V ,0,,V" 0, = 20"V "'V 10,

— 20"V 1005,V 0," — 9V, 01V 0% + 9V 10,V 07 }.

(5.3)

choose the parameters of /) and 5§Z)¢ﬂy in such a way
that this variation vanishes and the partially massless
symmetry is preserved up to quartic order. It turns out
that one can choose parameters such that all terms in
Eq. (5.6) vanish, except for terms of the form ApVpVey.
In fact, the best one can do is reduce the variation of the
action given in Eq. (5.6) to that of the bimetric theory
given in Eq. (5.3). The quartic action for which this
maximal cancellation of terms takes place is precisely
that of bimetric gravity.® Hence, the bimetric theory is the
closest we can get to a working PM theory with only two
spin-2 fields.

VI. CONCLUSIONS

In this paper, we have analyzed the gauge and global
symmetries of the candidate partially massless bimetric
gravity up to fourth order in the massive field. We have
seen that the action of the theory reduces to the action
of a massive spin-2 field coupled nonminimally to
gravity. Using the appropriate parametrization of the
massless and massive fields, cf. Eqgs. (2.13) and (2.16),
we have shown that the cubic-order action does not
vanish. In particular, this action reduces to the cubic
action of a partially massless field studied in Ref. [17],
as well as the covariantization considered in Ref. [25],
after suitable field redefinitions. Crucially, we have seen
that the global symmetry analysis of Ref. [25] extends
to the bimetric setup. This implies that the SO(1,5)
global symmetry of the candidate PM bimetric theory is
accidental and only the standard SO(1,4) symmetry of
de Sitter space survives nonlinearly.

The absence of an SO(1,5) global symmetry is not
surprising in light of our second result. Namely, the PM
gauge symmetry cannot be extended beyond cubic order
in the action, in agreement with the results presented in
Ref. [25]. In fact, there is no quartic action which is
invariant under an extension of the PM symmetry. Thus,
the presence of an additional massless spin-2 field is not
sufficient to render the quartic interactions of a massive
spin-2 field invariant under PM transformations. Our
results fall in line with similar results found in the

®Note that the quartic action can be changed from that of
bimetric gravity at the cost of adding extra terms to the
transformation 6§2>¢W. We have ignored such terms throughout
this paper since they do not remove the nontrivial contributions
to Eq. (5.1) that originate from lower-order terms.
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literature that rule out the existence of a nonlinear theory
of partially massless gravity describing one or a multiplet
of PM fields [16-20].

One way to avoid these no-go results is to further
enlarge the spectrum of the theory, i.e. to add lower or
higher spin fields that transform nontrivially under the
PM gauge symmetry. For example, Refs. [30,31] con-
sider a three-dimensional model of colored gravity
interacting nontrivially with SU(N) vector fields.
Upon spontaneous breaking of the SU(N) symmetry,
it is seen that all except one of the spin-2 fields
become partially massless. However, this construction
works only in three dimensions, and it is not obvious
whether the partially massless symmetry can be
extended beyond quadratic order. A related four-dimen-
sional theory where the partially massless symmetry
can be extended to all orders will be presented
in Ref. [32].

A
a’c? + atct)

= :/14{6(1 -
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APPENDIX: FOURTH-ORDER ACTION

The quartic Lagrangian in the action (2.14) is compli-
cated but not particularly illuminating. Its distinguishing
feature is that terms without derivatives, i.e. terms propor-
tional to the cosmological constant, depend on the param-
eters o and ¢?, unlike the quadratic (2.17) and cubic (2.19)
Lagrangian densities. Up to total derivatives, the quartic
Lagrangian density reads

[4(5 - 2a2c2 + 5“404)40,)760’”(/’0&(/’;/,1 - 4(1 + aZCZ)ZW)/)(/)Oﬂ(p(w(pM

- (1 + 6(126‘2 + a4c4>§0po'(ppg§0y,1(pﬂ + Sazczﬁﬂppq)gafﬂyﬂﬂﬂ - azczfpppwaofpyygol/l]

1

1
+ § (Rpa - gRg/w) (96¢py§0ol§07ﬂ§01/4 - 16(ppa(py”§0ﬂ§0ly - 24(ppy(pay¢iﬂ(pm

+ 120,007 0200 = 480,705 90" . + 120, 0oy 0" 10" s = 20,607 0" 20%)
+ 160797V .0,V 0, = 80,7 0N o™V 01 4 497 , 07V ™V 0,
+ 80,7 ¢V 4"V, 0" = 4¢P y07 N " N @, — 160,70 " V10,
+ 80,0V, " NVt = 160707 0 N 10 — 160797V 10,V 1007,
+ 1607 9""V .0,V 190", = 160,79 10"V 1,0, 4 807 , 0"V, 0,V ",
+ 160,79V, N0y = 80,0V 10" N0y = 200,00V 1904 N9,
+ @00 V2" N, = 1607 07N 0,V 10 — 160, 97N 95,V ,03F
+ 807 0"V 9 V01 + A0,V 0" NV i = 207 10V 97 V0¥

— 160" 9"'V 10, V" @5 + 8¢ 9"V 10,V 0o + 3207707V 106,V 0,
=8¢V .05 V' 9y 4 320, 97V 03, V" = 1607 107V 01,V 0,
+ 160, 9"°V,10,, V' 0" — 8¢ .07V 10,V " — 160,797V 10,V
+ 80,0V 0,V 0" = 40,50V 10, N 97+ 207 ,0° V10, V07

+ 2(p/)o’(;0'[mv/,t(vaM(pﬂL - (pppqoo—(fv,u(pyivﬂ(pﬂ}’

2
where 14 = 35 (1 — a*c® + a'c?).
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