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Vacuum polarization of scalar fields in the background of a long throat is investigated. The field is
assumed to be both massive or massless, with arbitrary coupling to the scalar curvature, and in a thermal
state at an arbitrary temperature. Analytical approximation for hφ2iren is obtained.
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I. INTRODUCTION

The study of vacuum polarization effects in strong
gravitational fields is a pertinent issue since such effects
may play a role in the cosmological scenario and in the
construction of a self-consistent model of black hole
evaporation. These effects may be taken into account by
solving the semiclassical backreaction equations,

Gμ
ν ¼ 8πhTμ

νiren; ð1Þ
where hTμ

νiren is the expectation value of the stress-energy
tensor operator for the quantized fields. Possible vacuum
fluctuations of quantized fields can create wormholes
[1–4].
The main difficulty in the theory of semiclassical gravity

is that the effects of the quantized gravitational field are
ignored. The popular solution to this problem is to justify
ignoring the gravitational contribution by working in the
limit of a large number of fields, in which the gravitational
contribution is negligible. Another problem is that the
vacuum polarization effects are determined by the topo-
logical and geometrical properties of spacetime as a whole
or by the choice of quantum state in which the expectation
values are taken. It means that calculation of the functional
dependence of hTμ

νiren on the metric tensor in an arbitrary
spacetime presents formidable difficulty. Only in some
spacetimes with high degrees of symmetry for the con-
formally invariant fields hTμνiren can be computed and
Eqs. (1) can be solved exactly [5–9].
Numerical computations of hTμ

νiren are usually extremely
intensive [10–17]. In some cases hTμνiren is determined by
the local properties of a spacetime, and it is possible to
calculate the functional dependence of the renormalized
expression for the vacuum expectation value of the stress-
energy tensor operator of the quantized fields on the metric
tensor approximately (too long). One of the most widely
known examples of such a situation is the case of a very
massive field. In this case hTμ

νiren can be expanded in terms
of powers of the small parameter

1

ml
≪ 1; ð2Þ

where m is the mass of the quantized field and l is the
characteristic scale of the spacetime curvature [18–24].
Approximate calculations for conformally coupled mass-

less fields have also been made. For hTμ
νi in static Einstein

spacetimes (Rμν ¼ Λgμν) these include the approximations
of Page, Brown, and Ottewill [25–27]. These results have
been generalized to arbitrary static spacetimes by Zannias
[28]. A different approach to the derivation of approximate
expressions for hφ2i and hTμ

νi for conformally coupled
massless fields in static spacetimes has been proposed by
Frolov and Zel’nikov [29]. Their calculations were based
primarily on geometric arguments and the common proper-
ties of the stress-energy tensor rather than on a field theory.
Using the methods of quantum field theory the expressions
for hφ2i and hTμ

νi of a scalar field in static spherically
symmetric asymptotically flat spacetimes have been
obtained by Anderson, Hiscock, and Samuel [10]. They
assumed that the field is massive or massless with an
arbitrary coupling ξ to the scalar curvature and in a zero
temperature quantum state or a nonzero temperature
thermal state. The result was presented as a sum of two
parts, numerical and analytical:

hTμ
νiren ¼ hTμ

νinumeric þ hTμ
νianalytic: ð3Þ

The analytical part of their expression is conserved. This
has a trace equal to the trace anomaly for the conformally
invariant field. For these reasons they proposed to use
hTμ

νianalytic directly as an approximation for hTμ
νiren. An

analogous result has been obtained by Groves, Anderson,
and Carlson [30] in the case of a massless spin 1

2
field in a

general static spherically symmetric spacetime.
Let us stress that the single parameter of length dimen-

sionality in problem (1) is the Planck length lPl. This
implies that the characteristic scale l of the spacetime
curvature [which corresponds to the solution of Eqs. (1)]
can differ from lPl only if there is a large dimensionless
parameter. As an example of such a parameter one can*apopov@ksu.ru
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consider a number of fields the polarization of which is a
source of spacetime curvature.1 In the case of massive field,
the existence of an additional parameter 1=m does not
increase the characteristic scale of the spacetime curvature l
which is described by the solution of Eqs. (1).2 For the
massless quantized fields such a parameter can be the
coupling constants of field to the curvature of spacetime
[4]. Another possibility of introducing an additional
parameter in the problem (1) is to consider the nonzero
temperature of quantum state for the quantized field. It is
known (see, e.g., [31]) that in the high-temperature limit
(when T ≫ 1=l; T being a temperature of thermal state)
hTμ

νi for such a thermal state is proportional to the fourth
power of the temperature T.
In this paper, the approximate expression for hφ2iren of a

quantized scalar field in the background of a long throat
is derived. The field is assumed to be both massless or
massive with a coupling ξ to the scalar curvature and in a
thermal state at an arbitrary temperature.
In Sec. II the expression for the Euclidian Green’s

function of a scalar field in a general static spherically
symmetric spacetime is derived. In Sec. III the WKB
approximation for hφ2iunren is obtained and the renormal-
ization procedure is described. The results are summarized
in Sec. IV. Here we give also an example of the evaluation
hφ2iren near the ultraextremal horizon. In the Appendixes
some technical results are derived and long expressions are
displayed.
The units ℏ ¼ c ¼ G ¼ kB ¼ 1 are used throughout

the paper.

II. AN UNRENORMALIZED
EXPRESSION FOR hφ2i

The metric of the static spherically symmetric spacetime
is analytically continued into Euclidean form

ds2 ¼ fdτ2 þ dρ2 þ r2ðdθ2 þ sin2 θdφ2Þ; ð4Þ
where f and r are functions of ρ, and τ is the Euclidean time
(τ ¼ it, where t is the coordinate corresponding to the
timelike Killing vector, which always exists in static
spacetime).
In this paper, the point-splitting method is employed for

the regularization of ultraviolet divergences. The expect-
ation value hϕ2ðxÞi is found from the coincidence limit of
the Euclidean Greens function GEðx; xÞ≡ lim~x→xGEðx; ~xÞ.
For a scalar field in a spacetime given by Eq. (4), GEðx; ~xÞ
satisfies

½□x −m2 − ξRðxÞ�GEðx; ~xÞ ¼ −
δ4ðx; ~xÞffiffiffiffiffiffiffiffiffi

gðxÞp ; ð5Þ

where□x is the Laplace-Beltrami operator of the Euclidean
metric corresponding to Eq. (4), andm is the mass of scalar
field ϕ with coupling ξ to the scalar curvature R of
spacetime.
The representation for the Euclidean Green’s function

GEðx; ~xÞ of a scalar field in a static spherically symmetric
spacetime used by Anderson et al. [10] is the following:

GEðx; ~xÞ¼
T
4π

X∞
l¼0

ð2lþ1ÞPlðcosγÞC0lp0lðρ<Þq0lðρ>Þ

þ T
2π

X∞
n¼1

cos½2πnTðτ− ~τÞ�

×
X∞
l¼0

ð2lþ1ÞPlðcosγÞCnlpnlðρ<Þqnlðρ>Þ; ð6Þ

where Pl is a Legendre polynomial, T is the temperature of
the field, cos γ ≡ cos θ cos ~θ þ sin θ sin ~θ cosðφ − ~φÞ, Cnl is
a normalization constant, ρ< and ρ> represent the lesser and
greater of ρ and ~ρ, respectively, and the modes pnlðρÞ and
qnlðρÞ satisfy the equation�

d2

dρ2
þ
�
1

2f
df
dρ

þ 1

r2
dr2

dρ

�
d
dρ

−
�ð2πnTÞ2

f
þ lðlþ1Þ

r2
þm2þξR

���
pnl

qnl

�
¼ 0: ð7Þ

Normalization of pnl and qnl is given by the Wronskian
condition

Cnl

�
pnl

dqnl
dρ

− qnl
dpnl

dρ

�
¼ −1

r2f1=2
: ð8Þ

Above, it is assumed that the field is in a nonzero
temperature vacuum state defined with respect to the
timelike Killing vector.
By the change of variables

pnl ¼
1ffiffiffiffiffiffiffiffiffiffiffi
2r2W

p exp

�Z
ρ
Wf−1=2dρ

�
;

qnl ¼
1ffiffiffiffiffiffiffiffiffiffiffi
2r2W

p exp

�
−
Z

ρ
Wf−1=2dρ

�
; ð9Þ

one sees that the Wronskian condition (8) is satisfied by

Cnl ¼ 1; ð10Þ
and the mode Eq. (7) gives the following equation for
WðρÞ:

W2 ¼ ð2πnTÞ2 þ f
r2
½lðlþ 1Þ þ 2ξþm2r2�

þ f0

8

ðW2Þ0
W2

þ f
4

ðW2Þ00
W2

−
5f
16

ðW2Þ02
W4

þ V; ð11Þ

1Here and below it is assumed, of course, that the characteristic
scale of change of the background gravitational field is suffi-
ciently greater than lPl so that the very notion of a classical
spacetime still has some meaning.

2The characteristic scale of the componentsGμ
ν on the left-hand

side of Eqs. (1) is 1=l2 and on the right-hand side is lPl2=ðm2l6Þ.
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where

V ¼ f
�ðr2Þ00

2r2
þ f0ðr2Þ0

4fr2
−
ðr2Þ02
4r4

�

þ ξf

�
−
f00

f
− 2

ðr2Þ00
r2

þ f02

2f2
þ ðr2Þ02

2r4
−
f0ðr2Þ0
fr2

�
: ð12Þ

The prime denotes a derivative with respect to ρ.
Now one can write expression for hφ2ðx; ~xÞiunren ¼

GEðx; ~xÞ using expressions (6) and (9) and then suppose
ρ ¼ ~ρ; θ ¼ ~θ;ϕ ¼ ~ϕ (Plð1Þ ¼ 1). The superficial divergen-
ces in the sums over l that appear in this case can be
removed as in Refs. [10,11,32–34]:

hφ2iunren ¼
T

4πr
ffiffiffi
f

p
X∞
l¼0

� ffiffiffiffiffi
f
r2

r
ðlþ 1=2Þ
Wjn¼0

− 1

�

þ T
2πr

ffiffiffi
f

p
X∞
n¼1

cosðunεÞ
X∞
l¼0

� ffiffiffiffiffi
f
r2

r
ðlþ 1=2Þ

W
− 1

�
;

ð13Þ

ε ¼
ffiffiffiffiffi
f
r2

r
ðτ − ~τÞ; un ¼ 2πnT

ffiffiffiffiffi
r2

f

s
: ð14Þ

III. WKB APPROXIMATION

Equation (11) can be solved iteratively when the metric
functions fðρÞ and r2ðρÞ are varying slowly, that is,

εWKB ¼ L⋆=L ≪ 1; ð15Þ
where

L⋆ðρÞ ¼
rðρÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j2ξþm2r2ðρÞj
p ; ð16Þ

and L is a characteristic scale of variation of the metric
functions:

1

LðρÞ ¼ max

�				 r0r
				;
				 f0f

				;
				 r0r

ffiffiffiffiffi
jξj

p 				;
				 f0f

ffiffiffiffiffi
jξj

p 				;				 r00r
				1=2;

				 f00f
				1=2;…

�
: ð17Þ

We call the region of spacetime where the metric functions
fðρÞ and r2ðρÞ is slowly varying the long throat. This type
of region exists, for example, in the neighborhood of the
ultraextremal horizon [35].
The zeroth-order WKB solution of Eq. (11) corresponds

to neglecting terms with derivatives in this equation

W2 ¼ U0; ð18Þ
where

U0 ¼ ð2πnTÞ2 þ f
r2

�
lþ 1

2

�
2

þ f
r2
μ2;

μ2 ¼ m2r2 þ 2ξ −
1

4
: ð19Þ

Let us stress that U0 is the exact solution of Eq. (11)
in a spacetime with metric ds2 ¼ f0dτ2 þ dρ2þ
r20ðdθ2 þ sin2 θdφ2Þ, where f0 and r0 are constants.
Below as in Ref. [36] it is assumed that

μ2 > 0: ð20Þ
The forth-order solution is

W2 ¼ U0 þ U2 þU4 ð21Þ
with

U2 ¼ V þ f0

8

U0
0

U0

þ f
4

U0
00

U0

−
5f
16

U0
02

U0
2

ð22Þ

and

U4 ¼
f0

8

�
U2

0

U0

−
U0

0U2

U0
2

�
þ f

4

�
U2

00

U0

−
U0

00U2

U0
2

�
−
5f
8

�
U0

0U2
0

U0
2

−
U0

02U2

U0
3

�

¼ 1

U0

�
f0V 0

8
þ fV 00

4

�
þ 1

U0
2

��
f0f00

64
−
5fV 0

8
þ ff000

32
−
f0V
8

�
U0

0

þ
�
ff00

8
þ 3f02

64
−
fV
4

�
U0

00 þ 3ff0

16
U0

000 þ f2

16
U0

0000
�

þ 1

U0
3

��
−
9f02

128
−
7ff00

32
þ 5fV

8

�
U0

02 −
15ff0

16
U0

0U0
00 −

9f2

32
U0

002

−
7f2

16
U0

0U0
000
�
þ 1

U0
4

�
27ff0

32
U0

03 þ 27f2

16
U0

02U0
00
�
−

1

U0
5

�
135f2

128
U0

04
�
: ð23Þ

The approximate (of fourth WKB order) expression for hφ2iunren is obtained by substituting the WKB expansion of W2

[Eq. (21)] into Eq. (13):
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hφ2iunren ¼
1

4π2

�
1

r2
S0
0ðε; μÞ −

V
2f

S0
1ðε; μÞ −

r2

16f2

�
f0
�
f
r2

�0
þ 2f

�
f
r2

�00�
S1
2ðε; μÞ

−
r2

16f2

�
−6V2 þ 2f

�
μ2

f
r2

�00
þ f0V 0 þ f0

�
μ2

f
r2

�0
þ 2fV 00

�
S0
2ðε; μÞ

þ 5r4

32f2

�
f
r2

�02
S2
3ðε; μÞ −

r4

128f3

�
f0f00

�
f
r2

�0
þ 8ff00

�
f
r2

�00
− 40fV 0

�
f
r2

�0

þ3f02
�
f
r2

�00
þ 12f0f

�
f
r2

�000
− 40f

�
f
r2

�0�
μ2

f
r2

�0
þ 2ff000

�
f
r2

�0
− 20Vf0

�
f
r2

�0

þ4ðfÞ2
�
f
r2

�0000
− 40Vf

�
f
r2

�00�
S1
3ðε; μÞ −

r4

128f3

�
4f2

�
μ2

f
r2

�0000
þ f0f00

�
μ2

f
r2

�0

−40fV 0
�
μ2

f
r2

�0
− 20Vf0

�
μ2

f
r2

�0
þ 8ff00

�
μ2

f
r2

�00
− 20f

�
μ2

f
r2

�02

−40Vf
�
μ2

f
r2

�00
þ 3f02

�
μ2

f
r2

�00
þ 12f0f

�
μ2

f
r2

�000
þ 2ff000

�
μ2

f
r2

�0�
S0
3ðε; μÞ

−
r6

512f4

�
−84f2

�
f
r2

�002
− 112f2

�
f
r2

�000�f
r2

�0
− 21f02

�
f
r2

�02
− 56ff00

�
f
r2

�02

þ280Vf

�
f
r2

�02
− 252f0f

�
f
r2

�0�f
r2

�00�
S2
4ðε; μÞ −

r6

256f4

�
−56ff00

�
f
r2

�0�
μ2

f
r2

�0

− 21f02
�
f
r2

�0�
μ2

f
r2

�0
þ 280Vf

�
f
r2

�0�
μ2

f
r2

�0
− 56f2

�
μ2

f
r2

�000�f
r2

�0

− 126f0f
�
μ2

f
r2

�0�f
r2

�00
− 84ðfÞ2

�
f
r2

�00�
μ2

f
r2

�00
− 126f0f

�
f
r2

�0�
μ2

f
r2

�00

−56ðfÞ2
�
f
r2

�000�
μ2

f
r2

�0�
S1
4ðε; μÞ −

r6

512f4

�
280Vf

�
μ2

f
r2

�02�f
r2

�
2

− 112f2
�
μ2

f
r2

�0�
μ2

f
r2

�000�f
r2

�
2

− 252f0f
�
μ2

f
r2

�0�
μ2

f
r2

�00�f
r2

�
2

−21f02
�
μ2

f
r2

�02�f
r2

�
2

− 56ff00
�
μ2

f
r2

�02�f
r2

�
2

− 84f2
�
μ2

f
r2

�002�f
r2

�
2
�
S0
4ðε; μÞ

−
231r8

512f4

�
2f

�
f
r2

�02�f
r2

�00
þ f

�
f
r2

�03
f0
�
S3
5ðε; μÞ −

231r8

512f4

�
3f0

�
f
r2

�02�
μ2

f
r2

�0

þ4f

�
f
r2

�00�f
r2

�0�
μ2

f
r2

�0
þ 2f

�
μ2

f
r2

�00�f
r2

�02�
S2
5ðε; μÞ

−
231r8

512f4

�
2f

�
f
r2

�00�
μ2

f
r2

�02
þ 4f

�
μ2

f
r2

�00�f
r2

�0�
μ2

f
r2

�0

þ3f0
�
f
r2

�0�
μ2

f
r2

�02�
S1
5ðε; μÞ −

231r8

512f4

�
2f

�
μ2

f
r2

�00�
μ2

f
r2

�02

þf0
�
μ2

f
r2

�03�
S0
5ðε; μÞ þ

1155r10

2048f4

�
f
r2

�04
S4
6ðε; μÞ

þ 1155r10

512f4

�
f
r2

�03�
μ2

f
r2

�0
S3
6ðε; μÞ þ

3465r10

1024f4

�
f
r2

�02�
μ2

f
r2

�02
S2
6ðε; μÞ

þ 1155r10

512f4

�
f
r2

�0�
μ2

f
r2

�03
S1
6ðε; μÞ þ

1155r10

2048f4

�
μ2

f
r2

�04
S0
6ðε; μÞ

�
: ð24Þ
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The mode sums and integrals in these expressions are of the form

Smk ðε; μÞ ¼
πTrffiffiffi
f

p
X∞
l¼0

� ðlþ 1=2Þ2mþ1

½μ2 þ ðlþ 1=2Þ2�ð2kþ1Þ=2 − subtraction terms

�

þ 2πTrffiffiffi
f

p
X∞
n¼1

cosðεunÞ
X∞
l¼0

� ðlþ 1=2Þ2mþ1

½u2n þ μ2 þ ðlþ 1=2Þ2�ð2kþ1Þ=2 − subtraction terms

�
; ð25Þ

where m and k are integers and m; k ≥ 0. The subtraction
terms for the sum over l can be obtained by expanding the
function that is summed in inverse powers of l and
truncating at Oðl0Þ. Such subtracting corresponds to
removing the superficial divergences in the sums over l
discussed above:

Smmðε; μÞ ¼
πTrffiffiffi
f

p
X∞
l¼0

� ðlþ 1=2Þ2mþ1

½μ2 þ ðlþ 1=2Þ2�ð2mþ1Þ=2 − 1

�

þ 2πTrffiffiffi
f

p
X∞
n¼1

cosðεunÞ

×
X∞
l¼0

� ðlþ 1=2Þ2mþ1

½u2n þ μ2 þ ðlþ 1=2Þ2�ð2mþ1Þ=2 − 1

�
:

ð26Þ

For other quantities Smk ðε; μÞ there are no subtraction
terms. The details of calculations of Smk ðε; μÞ in the limit
ε → 0 are discussed in Appendix A:

S00ðε;μÞ¼
1

ε2
þ4μ2Jða=μÞþ

�
μ2

2
−

1

24

��
Cþ1

2
ln

				μ2ε24

				
�

−
μ2

4
−μ2I1ðμÞþOðε2 ln jεjÞ; ð27Þ

S01ðε;μÞ ¼ −
�
Cþ 1

2
ln

				μ2ε24

				
�
þ μ

d
dμ

I0ðμÞ þOðε2 ln jεjÞ;

ð28Þ

Smmþ1ðε; μÞ ¼
1

ð2mþ 1Þ!!
�
−ð2mÞ!!

�
Cþ 1

2
ln

				 μ2ε24

				
�

þ μ2
� ∂
μ∂μ

�
mþ1

ðμ2mI0ðμÞÞ
�

þOðε2 ln jεjÞðm ≥ 1Þ; ð29Þ

Smk ðε; μÞ ¼
ð2mþ 1Þ!!
ð2kþ 1Þ!!

�
−

∂
μ∂μ

�
k−m−1

Smmþ1ðε; μÞ

ðm ≥ 0; k ≥ mþ 2Þ; ð30Þ

where

Jða=μÞ ¼
Z

∞

1

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
e2πμη=a − 1

dη;

ImðμÞ ¼
Z

∞

0

η2m−1 ln j1 − η2j
1þ e2πμη

dη;

a ¼ 2πTrffiffiffi
f

p : ð31Þ

The renormalization of hφ2i is achieved by subtracting
the renormalization counterterm from hφ2iunren and then
letting ~τ → τ:

hφ2iren ¼ lim
~τ→τ

½hφ2iunren − hφ2iDS�; ð32Þ

where

hϕ2iDS¼
1

8π2σ
þ 1

8π2

�
m2þ

�
ξ−

1

6

�
R

��
Cþ1

2
ln

�
m2

DSjσj
2

��

−
m2

16π2
þ 1

96π2
Rαβ

σασβ

σ
; ð33Þ

C is Euler’s constant, Rαβ is the Ricci tensor, R ¼ Rα
α, σ is

one-half the square of the distance between the points x and
~x along the shortest geodesic connecting them, σμ is the
covariant derivative of σ [37].

σi ¼ −ðxi − ~xiÞ − 1

2
Γi
jkðxj − ~xjÞðxk − ~xkÞ

−
1

6

�
Γi
jmΓm

kl þ
∂Γi

jk

∂ ~xl
�
ðxj − ~xjÞðxk − ~xkÞðxl − ~xlÞ

þOððx − ~xÞ4Þ;

σ ¼ 1

2
gμνσμσν; ð34Þ

where Christoffel symbols Γi
jk are calculated at point ~x. For

the metric (4) the quantities σμ and σ are

στ ¼ −ðτ − ~τÞ þ f02

24f
ðτ − ~τÞ3 þOððτ − ~τÞ5Þ;

σρ ¼ f0

4
ðτ − ~τÞ2 þOððτ − ~τÞ4Þ;

σθ ¼ σϕ ¼ 0: ð35Þ
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The constant mDS is equal to the mass m of the field for a massive scalar field. For a massless field mDS is an arbitrary
parameter due to the infrared cutoff in hφ2iDS. A particular choice of the value of mDS corresponds to a finite
renormalization of the coefficients of terms in the gravitational Lagrangian and must be fixed by experiment or observation,

hϕ2iDS ¼
1

8π2

�
2

fðτ − ~τÞ2 þ
f02

f2
þ
�
m2 þ

�
ξ −

1

6

��
2

r2
−
f00

f
−
2r200

r2
þ f02

2f2
−
f0r20

fr2
þ r202

2r4

��

×

�
Cþ 1

2
ln

�
m2

DSfðτ − ~τÞ2
4

��
−
m2

2
−

f0r20

12fr2
−

f00

12f

�
: ð36Þ

The procedure described above gives a renormalized expression for hφ2iren in the framework of the second-order WKB
approximation:

4π2hφ2iren ¼ 4π2ðhφ2ið0Þrenþhφ2ið2ÞrenÞ

¼ 4μ2

r2
Jða=μÞ− 1

4r2

�
2ξ−

1

4

�
þ 1

4r2

�
m2r2þ2

�
ξ−

1

6

��
ln

				m2r2þ2ξ−1=4
m2

DSr
2

				
−
μ2

r2
I1ðμÞþ

r200

24r2
−

r202

48r4
þ f0r20

48fr2
þ
�
f00

12f
þ r200

6r2
−

f02

24f2
−

r202

24r4
þ f0r20

12fr2
þξ

�
−
f00

2f
−
r200

r2
þ f02

4f2
þ r202

4r4
−
f0r20

2fr2

��

×

�
1

2
ln

				m2r2þ2ξ−1=4
m2

DSr
2

				−μ
dI0ðμÞ
dμ

�
; ð37Þ

where

a ¼ 2πTrffiffiffi
f

p ; μ2 ¼ m2r2 þ 2ξ −
1

4
: ð38Þ

The terms of a fourth WKB order are given in Appendix B. Note that limT→0Jða=μÞ ¼ 0.

IV. CONCLUSION

We have obtained an analytical approximation for hφ2iren of quantized scalar fields in the background of a long throat
(15)–(17). The field is assumed to be both massive or massless, with arbitrary coupling to the scalar curvature, and in a
thermal state at an arbitrary temperature.
As an example, we consider spacetime with metric

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2ðdθ2 þ sin2θdφ2Þ; ð39Þ

where fðrÞ is
fðrÞ ¼ −

ðrþ 3rþÞ
6rþ2r2

ðr − rþÞ3: ð40Þ

It was shown in [35] the WKB approximation (15)–(17) remains valid near the ultraextremal horizon r ¼ rþ. It means that
we can obtain an explicit expression for hφ2iren near the ultraextremal horizon r ¼ rþ,

4π2hφ2iren ¼
4μ2

r2þ
Jðaþ=μþÞ−

1

4r2þ

�
2ξ−

1

4

�
þ 1

4r2þ

�
m2r2þ þ 2

�
ξ−

1

6

��
ln

				 μ2þ
m2

DSr
2

				− μ2þ
r2þ

I1ðμþÞ

þ
�
aþ
μ2þ

�
2ξ− 1=4
rþμþ

−
f0ðrþÞ
2fðrþÞ

�
dJðaþ=μþÞ
dðaþ=μþÞ

þ 2ξ− 1=4
24r3þμ2þ

þ 2
2ξ− 1=4

r3þ
I1ðμþÞ

þm2μþ
rþ

dI1ðμþÞ
dμþ

þ 2μþ
r3þ

�
ξ−

1

6

�
dI0ðμþÞ
dμþ

�
ðr− rþÞþOððr− rþÞ2Þ; ð41Þ

where aþ ¼ 2πTrþffiffiffiffiffiffiffiffi
fðrþÞ

p ; μ2þ ¼ m2r2þ þ 2ξ − 1=4.
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APPENDIX A: THE DETAILS OF CALCULATIONS OF Smk ðε;μÞ IN THE LIMIT ε → 0

To calculate the quantities Smk ðε; μÞ it is necessary to compute the various sums over l. We start from the sums in
expression (25):

Smk ðε; μÞ ¼
πTrffiffiffi
f

p
X∞
l¼0

� ðlþ 1=2Þ2mþ1

½μ2 þ ðlþ 1=2Þ2�ð2kþ1Þ=2 − subtraction terms

�

þ 2πTrffiffiffi
f

p
X∞
n¼1

cosðεunÞ
X∞
l¼0

� ðlþ 1=2Þ2mþ1

½u2n þ μ2 þ ðlþ 1=2Þ2�ð2kþ1Þ=2 − subtraction terms

�
: ðA1Þ

For calculation of this sum we can use the Abel-Plana
method [38–40]

X∞
l¼0

Fðlþ 1=2Þ ¼
Z

∞

q
FðxÞdxþ

Z
q

q−i∞

FðzÞ
1þ ei2πz

dz

−
Z

qþi∞

q

FðzÞ
1þ e−i2πz

dz; ðA2Þ

where −1=2 < q < 1=2, fðzÞ is a holomorphic function for
Rez ≥ q, fðzÞ satisfies the condition

jFðxþ iyÞj < ϵðxÞeajyj; 0 < a < 2π; ðA3Þ
and ϵðxÞ is an arbitrary function with asymptotic behavior

ϵðxÞ → 0 for x → þ∞: ðA4Þ
Using this formula we can calculate the sums in Eqs. (25):

X∞
l¼0

� ðlþ 1=2Þ2mþ1

½u2n þ μ2 þ ðlþ 1=2Þ2�ð2mþ1Þ=2 − 1

�

¼ lim
q→0

�Z
∞

q

�
x2mþ1

ðu2n þ μ2 þ x2Þð2mþ1Þ=2 − 1

�
dxþ

Z
q

q−i∞

�
z2mþ1

ðu2n þ μ2 þ z2Þð2mþ1Þ=2 − 1

�
dz

ð1þ ei2πzÞ

−
Z

qþi∞

q

�
z2mþ1

ðu2n þ μ2 þ z2Þð2mþ1Þ=2 − 1

�
dz

ð1þ e−i2πzÞ
�

¼
Xm
k¼0

ð−1Þmþkm!

k!ðm − kÞ!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2n þ μ2

p
ð2m − 2k − 1Þ þ 2ð−1Þmlim

δ→0

�Z ffiffiffiffiffiffiffiffiffiffi
u2nþμ2

p
−δ

0

x2mþ1

ð1þ e2πxÞðu2n þ μ2 − x2Þð2mþ1Þ=2 dx

− ðterms of this integral that diverge in the limit δ → 0Þ
�

¼
Xm
i¼0

ð−1Þmþim!

i!ðm − iÞ!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2n þ μ2

p
ð2m − 2i − 1Þ þ

2

ð2m − 1Þ!!
Z ffiffiffiffiffiffiffiffiffiffi

u2nþμ2
p

0

xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2n þ μ2 − x2

p �
d
xdx

�
m x2m

ð1þ e2πxÞ ðm ≥ 0Þ; ðA5Þ

X∞
l¼0

ðlþ 1=2Þ2mþ1

½u2nþμ2þðlþ 1=2Þ2�ð2mþ3Þ=2 ¼ lim
q→0

�Z
∞

q

x2mþ1

ðu2nþ μ2þ x2Þð2mþ3Þ=2 dx

þ
Z

q

q−i∞

z2mþ1

ðu2nþμ2þ z2Þð2mþ3Þ=2
dz

ð1þ ei2πzÞ−
Z

qþi∞

q

z2mþ1

ðu2nþμ2þ z2Þð2mþ3Þ=2
dz

ð1þ e−i2πzÞ
�

¼ 2mm!

ð2mþ 1Þ!!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2nþμ2

p þ 2ð−1Þmlim
δ→0

�Z ffiffiffiffiffiffiffiffiffiffi
u2nþμ2

p
−δ

0

x2mþ1

ðu2nþ μ2− x2Þð2mþ3Þ=2
dx

ð1þ e2πxÞ

− ðterms of this integral thatdiverge in the limitδ→ 0Þ
�

¼−
2

ð2mþ 1Þ!!
Z ffiffiffiffiffiffiffiffiffiffi

u2nþμ2
p

0

xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2nþμ2− x2

p �
d
xdx

�
mþ1 x2m

1þ e2πx
ðm≥ 0Þ; ðA6Þ
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X∞
l¼0

ðlþ 1=2Þ2mþ1

½u2n þ μ2 þ ðlþ 1=2Þ2�ð2kþ1Þ=2 ¼
ð2mþ 1Þ!!
ð2k − 1Þ!!

�
−

∂
μ∂μ

�
k−m−1X∞

l¼0

ðlþ 1=2Þ2mþ1

½u2n þ μ2 þ ðlþ 1=2Þ2�ð2mþ3Þ=2

¼ 2ð−1Þk−m
ð2k − 1Þ!!

� ∂
μ∂μ

�Z ffiffiffiffiffiffiffiffiffiffi
u2nþμ2

p

0

xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2n þ μ2 − x2

p �
d
xdx

�
mþ1 x2m

1þ e2πx

�
m ≥ 0;

k ≥ mþ 2

�
:

ðA7Þ

Now we can calculate the sums over n in (25),

X∞
n¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2n þ μ2

q
cosðεunÞ ¼

�
−

d2

dε2
þ μ2

�X∞
n¼1

cosðεanÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n2 þ μ2

p
¼ a

�
−

d2

d~ε2
þ ~μ2

��
−
1

~μ
þ
X∞
n¼0

cosð~εnÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ~μ2

p �
; ðA8Þ

where

a ¼ 2πTrffiffiffi
f

p ; ~ε ¼ aε; ~μ ¼ μ

a
: ðA9Þ

For calculation of the last sum over n we can use the Plana sum formula [41],

X∞
n¼0

FðnÞ ¼ 1

2
Fð0Þ þ lim

q→0

�Z
∞

q
FðyÞdyþ i

Z
∞

q

dy
e2πy − 1

½Fðqþ iyÞ − Fðq − iyÞ�
�
: ðA10Þ

Consequently,

X∞
n¼0

cosð~εnÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ ~μ2

p ¼ 1

2~μ
þ
Z

∞

0

cosð~εyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2

p dyþ 2

Z
∞

~μ

coshð~εyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − ~μ2

p dy
ðe2πy − 1Þ : ðA11Þ

Note that the sum (A8) can be expanded in powers of ε:

X∞
n¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2n þ μ2

q
cosðεunÞ ¼ a

�
−

d2

d~ε2
þ ~μ2

��
−

1

2~μ
þ K0ð~ε ~μÞ þ 2

Z
∞

~μ

coshð~εyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − ~μ2

p dy
ðe2πy − 1Þ

�

¼ a

�
−
~μ

2
−
~μ

~ε
K1ð~ε ~μÞ − 2

Z
∞

~μ

coshð~εyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − ~μ2

p y2dy
ðe2πy − 1Þ þ 2~μ2

Z
∞

~μ

coshð~εyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − ~μ2

p dy
ðe2πy − 1Þ

�

¼ a

�
−
~μ

2
−
~μ2

2

�
Cþ 1

2
ln
ð~ε ~μÞ2
4

�
−

1

~ε2
þ ~μ2

4
þOð~ε2 ln j~εjÞ

�
− 2a

Z
∞

~μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − ~μ2

p
dy

e2πy − 1
; ðA12Þ

where KnðxÞ is Macdonald’s function and C is Euler’s constant.
The second type of sum over n has the form

I− ¼
X∞
n¼1

cosðεunÞ
Z ffiffiffiffiffiffiffiffiffiffi

u2nþμ2
p

0

GðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2n þ μ2 − x2

p dx: ðA13Þ

Using the formula (A10) one can obtain

I− ¼ −
1

2

Z
~μ

0

Gð~xaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~μ2 − ~x2

p d~xþ lim
q→0

�Z
∞

q
dy cosð~εyÞ

Z ffiffiffiffiffiffiffiffiffi
y2þ~μ2

p

0

Gð~xaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2 − ~x2

p d~x

þ i
Z

∞

q

dy cos½~εðqþ iyÞ�
e2πy − 1

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqþiyÞþ~μ2

p

0

Gð~xaÞd~xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqþ iyÞ2 þ ~μ2 − ~x2

p
−i

Z
∞

q

dy cos½~εðq − iyÞ�
e2πy − 1

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq−iyÞþ~μ2

p

0

Gð~xaÞd~xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq − iyÞ2 þ ~μ2 − ~x2

p �
: ðA14Þ
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Changing the order of integration over y and ~x ¼ x=a
gives

Z
∞

0

dy cosð~εyÞ
Z ffiffiffiffiffiffiffiffiffi

y2þ ~μ2
p

0

Gð~xaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2 − ~x2

p d~x

¼
Z

~μ

0

d~xGð~xaÞ
Z

∞

0

dy
cosð~ε ~yÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2 − ~x2

p
þ
Z

∞

~μ
d~xGð~xaÞ

Z
∞ffiffiffiffiffiffiffiffiffi
~x2− ~μ2

p cosð~εyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2 − ~x2

p dy: ðA15Þ

Since

Z
∞

0

cosð~εyÞdyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2 − ~x2

p ¼ K0ð~ε
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~μ2 − ~x2

q
Þ

¼ −
�
Cþ 1

2
ln

				 ~ε2ð~μ2 − ~x2Þ
4

				
�

þOð~ε2 ln j~εjÞ; ðA16Þ

Z
∞ffiffiffiffiffiffiffiffiffi
~x2− ~μ2

p cosð~εyÞdyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2 − ~x2

p ¼ −
π

2
N0ð~ε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~x2 − ~μ2

q
Þ

¼ −
�
Cþ 1

2
ln

				 ~ε2ð~x2 − ~μ2Þ
4

				
�

þOð~ε2 ln j~εjÞ; ðA17Þ

where N0ðxÞ is Neumann’s function, one can obtain

Z
∞

0

dy cosð~εyÞ
Z ffiffiffiffiffiffiffiffiffi

y2þ~μ2
p

0

Gð~xaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ ~μ2 − ~x2

p d~x

¼ −
Z

∞

0

d~xGð~xaÞ
�
Cþ 1

2
ln

				 ~ε2ð~x2 − ~μ2Þ
4

				
�

þOð~ε2 ln j~εjÞ

¼ −
1

a

Z
∞

0

dηGðxÞ
�
Cþ 1

2
ln

				 ε2μ24

				þ 1

2
ln

				 x2μ2 − 1

				
�

þOðε2 ln jεjÞ: ðA18Þ

Thus,

I− ¼ −
1

2

Z
μ

0

GðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 − x2

p dx

−
1

a

Z
∞

0

dxGðxÞ
�
Cþ 1

2
ln

				 ε2μ24

				þ 1

2
ln

				 x2μ2 − 1

				
�

þ 1

a

Z
∞

μ

du

e2πu=a − 1

Z ffiffiffiffiffiffiffiffiffi
u2−μ2

p

0

½iGðizÞ − iGð−izÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − μ2 − z2

p dz

þOðε2 ln jεjÞ: ðA19Þ

If we also take in consideration

Z
∞

0

xdx
1þ e2πx

¼ 1

48
;

Z
∞

0

x3dx
1þ e2πx

¼ 7

1920
; ðA20Þ

∂
μ∂ηGðμηÞ ¼

∂
η∂μGðμηÞ; ðA21Þ

the resulting expressions for Smk ðε; μÞ can be presented as
Eqs. (27)–(30).

APPENDIX B: THE TERMS OF A FOURTH WKB ORDER OF hφ2iren
The terms of a fourth WKB order of hφ2iren are

4π2hφ2ið4Þren ¼
��

−
3f02ðr2Þ02
16f2r2

þ r2f02f00

8f3
−
f0ðr2Þ0f00

4f2
−
r2f04

32f4
−
ðr2Þ00f0ðr2Þ0

2fr2

−
ðr2Þ04
32r6

þ ðr2Þ02f00
8fr2

−
r2f002

8f2
−
r2f002

8f2
þ f03ðr2Þ0

8f3
þ f0ðr2Þ03

8fr4
þ ðr2Þ00ðr2Þ02

4r4

þ f02ðr2Þ00
4f2

−
ðr2Þ002
2r2

−
ðr2Þ00f00
2f

�
ξ2 þ

�
5r2f0f000

48f2
þ 3ðr2Þ00f0ðr2Þ0

16fr2
þ f0ðr2Þ0f00

3f2

−
5f0ðr2Þ03
96fr4

þ ðr2Þ00f00
24f

þ ðr2Þ0ðr2Þ000
24r2

−
r2f0000

24f
−
3ðr2Þ00ðr2Þ02

16r4
þ 5ðr2Þ04

96r6
−
17f03ðr2Þ0

96f3

þ 5ðr2Þ002
24r2

−
ðr2Þ0000
12

þ 11r2f04

96f4
−
f000ðr2Þ0
8f

−
f0ðr2Þ000
12f

þ r2f002

8f2
þ f02ðr2Þ02

16f2r2

−
7r2f02f00

24f3
−
ðr2Þ02f00
24fr2

�
ξ −

49f0ðr2Þ0f00
960f2

þ ðr2Þ02f00
480fr2

−
ðr2Þ00f0ðr2Þ0

60fr2
þ f0ðr2Þ03

192fr4
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−
3ðr2Þ002
160r2

−
11ðr2Þ04
1920r6

þ 13f03ðr2Þ0
480f3

−
3f02ðr2Þ02
640f2r2

þ 11f000ðr2Þ0
480f

þ f0ðr2Þ000
80f

−
ðr2Þ0ðr2Þ000
240r2

þ r20000

80
−
r2f0f000

48f2
þ r2f0000

120f
−
r2f002

48f2
−
7r2f04

320f4
−
7f02ðr2Þ00
960f2

þ ðr2Þ00f00
120f

þ 3ðr2Þ00ðr2Þ02
160r4

þ 13r2f02f00

240f3

�
d2I0ðμÞ
dμ2

þ
��

−
3f02ðr2Þ02
16f2r2

þ r2f02f00

8f3
−
f0ðr2Þ0f00

4f2
−
r2f04

32f4

−
ðr2Þ00f0ðr2Þ0

2fr2
−
ðr2Þ04
32r6

þ ðr2Þ02f00
8fr2

−
r2f002

8f2
þ f03ðr2Þ0

8f3
þ f0ðr2Þ03

8fr4
þ ðr2Þ00ðr2Þ02

4r4

þ f02ðr2Þ00
4f2

−
ðr2Þ002
2r2

−
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