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The domain of outer communication of five-dimensional asymptotically flat stationary spacetimes may
possess nontrivial 2-cycles (bubbles). Spacetimes containing such 2-cycles can have nonzero energy,
angular momenta, and charge even in the absence of horizons. A mass variation formula has been
established for spacetimes containing bubbles and possibly a black hole horizon. This “first law of black
hole and soliton mechanics” contains new intensive and extensive quantities associated with each 2-cycle.
We consider examples of such spacetimes for which we explicitly calculate these quantities and show how
regularity is essential for the formulas relating them to hold. We also derive new explicit expressions for the
angular momenta and charge for spacetimes containing solitons purely in terms of fluxes supporting the
bubbles.
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I. INTRODUCTION

A striking feature of the Einstein-Maxwell theory in four
dimensions is the absence of globally stationary, asymp-
totically flat solutions with nonzero energy—that is, there
are “no solitons without horizons” [1]. This property is
closely linked to uniqueness theorems for black holes, and
indeed it fails to hold in the Einstein–Yang-Mills theory for
which “hairy” black holes exist (see, e.g., [2]). In five and
higher dimensions, however, nontrivial topology in the
spacetime can support the existence of such horizonless
solitons even in Einstein-Maxwell supergravity theories.
For an asymptotically flat solution, the topological censor-
ship theorem [3] asserts that the domain of outer commu-
nication of a spacetime must be simply connected. In four
dimensions, that is sufficient to ensure the absence of any
cycles in the exterior. In five dimensions, simple con-
nectedness is a weaker constraint, and in particular does not
exclude the possibility of 2-cycles (“bubbles”). Physically,
these cycles are supported by magnetic flux supplied by
Maxwell fields and contribute to both the energy and
angular momenta of the spacetime.
In this article we will focus on five-dimensional asymp-

totically flat stationary spacetimes with two commuting
rotational Killing fields, possibly containing a single
black hole. In this case it has been shown that the topology
of the domain of outer communication is R × Σ, where1

Σ ≅ ðR4#nðS2 × S2Þ#n0ð�CP2ÞÞnB; ð1Þ

for some n, n0 ∈ N0 and B is the black hole region, where
the horizon H ¼ ∂B must topologically be one of S3,
S1 × S2, or Lðp; qÞ [4–7]. The integers n, n0 determine the
2-cycle structure of Σ.
In the absence of black holes, soliton spacetimes with

2-cycles supported by flux are known to exist, with a large
number of supersymmetric (see the review [8]) and non-
supersymmetric examples [9–11]. The largest known
family of solutions to our knowledge of these two types
appeared in [12] and [13], respectively. These spacetimes
carry positive energy. The relationship between the mass of
these spacetimes and their fluxes is expressed in a Smarr-
type formula, as observed for BPS solitons in supergravity
theories by Gibbons and Warner [14]. Subsequently, it was
shown that under stationary, Uð1Þ2-invariant variations
satisfying the linearized field equations, variations of the
mass and magnetic fluxes for general soliton spacetimes are
governed by a “first law” formula [15] [see (11) below].
Furthermore, one can derive a generalized mass and

mass variation formula for R ×Uð1Þ2-invariant spacetimes
containing a black hole with an arbitrary number of
2-cycles in the exterior region. Similar to the soliton case
it was found that on top of the familiar terms for a black
hole, extra terms due to the bubbles are present. However,
unlike the pure soliton case, these additional terms are most
naturally expressed in terms of variations of an intensive
quantity (a potential), as opposed to an extensive quantity
(a flux). For Einstein-Maxwell theory, possibly with a
Chern-Simons term, the mass formula is [15]

M ¼ 3κAH

16π
þ 3

2
ΩiJi þ ΦHQþ 1

2

X
½C�

Q½C�Φ½C�

þ 1

2

X
½D�

Q½D�Φ½D� ð2Þ
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1In fact, the statement regarding Σ is still true if only one

rotational Killing field is assumed, although then there are more
possibilities for the horizon topology [4].
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and the first law of black hole mechanics is

δM ¼ κδAH

8π
þΩiδJi þ ΦHδQþ

X
½C�

Q½C�δΦ½C�

þ
X
½D�

Q½D�δΦ½D�: ð3Þ

In the above [C] is a basis for the second homology of Σ,
[D] are certain disk topology surfaces which extend from
the horizon, Φ are magnetic potentials, and Q are certain
“electric” fluxes defined on these surfaces which we will
define precisely below. This shows that nontrivial space-
time topology plays an important role in black hole
thermodynamics, thus providing further motivation to
study such objects beyond the obvious implications for
black hole nonuniqueness [16].
It should be noted that most explicitly known examples

of soliton spacetimes are supersymmetric, in which case
the mass variation formula simply follows from the
Bogomol'nyi-Prasad-Sommerfield (BPS) relation. The
same is true for the supersymmetric solution describing
a rotating black hole with a soliton in the exterior region
[16]. Indeed, quite generally for BPS black hole solutions
one can show that the additional terms arising in (2) and (3)
vanish identically. This is analogous to the fact that for BPS
black holes in these theories, the surface gravity and
angular velocities also vanish identically. For nonsuper-
symmetric solutions describing black holes with exterior
bubbles, however, these terms would generically contrib-
ute. Examples of such solutions are not explicitly known,
although there seems to be no obstruction to their existence,
even in the vacuum.
The purpose of this paper is to apply the formalism

developed in [15] to explicitly compute the various poten-
tials and fluxes appearing above for some known space-
times with nontrivial Σ. In so doing we will verify the first
variation formula above. We will also derive some new
relations that show how the angular momenta and total
electric charge of a spacetime may arise solely from the
presence of flux through the 2-cycles. Finally, we will
reexamine the singly rotating dipole black ring [17]. The
solution is characterized by a local dipole “charge” result-
ing from magnetic flux through the S2 of the ring horizon.
The first law for black rings derived in [18] contains
additional terms due to the dipole charge, and we show how
this is recovered using the general formalism of [15]. This
will use in a crucial way the disk topology region that lies in
the domain of outer communication of the black ring.

II. FIRST LAW FOR BLACK HOLES AND
SOLITONS IN SUPERGRAVITY

The mass and mass variation formulas for asymptotically
flat, stationary spacetimes invariant under two commuting
rotational symmetries have been established for a general

five-dimensional theory of gravity coupled to an arbitrary
set of Maxwell fields and uncharged scalars. We will be
concerned with specific soliton and black hole solutions to
five-dimensional minimal supergravity, whose bosonic
action is (setting Newton’s constant G5 ¼ 1)

S ¼ 1

16π

Z
M

�
⋆R − 2F ∧ ⋆F −

8

3
ffiffiffi
3

p F ∧ F ∧ A

�
: ð4Þ

Here F ¼ dA, and A is a locally defined gauge potential.
The existence of a nontrivial second homology H2 implies
that F is closed but not exact. The theory can be recovered
from the general theory considered in [15] upon setting
I ¼ 1, gIJ ¼ 2, and CIJK ¼ 16=

ffiffiffi
3

p
. We will follow this

convention throughout when appealing to the construction
of potentials and fluxes used in [15]. The equations of
motion are

Rab ¼
4

3
FacFc

b þ
1

3
GacdGcd

b ;

d ⋆ F þ 2ffiffiffi
3

p F ∧ F ¼ 0; ð5Þ

whereG ¼ ⋆F. The central observation of [14] was that the
nontriviality of the second homology H2 makes it more
natural to work with G rather than the gauge potential A
which cannot be globally defined.
Let ξ be the stationary Killing field normalized so that

jξj2 → −1 at spatial infinity (in the case of a spacetime
containing a black hole, ξ is instead identified with the
Killing field which is the null generator of the event
horizon). Using the fact that F is closed and invariant
under this action, we have a globally defined potential Φξ

defined by

dΦξ ≡ iξF ð6Þ

and the requirement Φξ → 0 at spatial infinity. From the
Maxwell equation one may define a closed 2-form

Θ ¼ 2iξG −
8ffiffiffi
3

p FΦξ: ð7Þ

If, in addition to being stationary, the spacetime is invariant
under a Uð1Þ2 isometry generated by the Killing fields
mi ¼ ðm1; m2Þ (normalized to have 2π-periodic orbits), we
also have globally defined magnetic potentials

dΦi ¼ imi
F; ð8Þ

and we also fix the freedom by requiring these vanish at
an asymptotically flat end. Together ðξ; miÞ generate an
R ×Uð1Þ2 action acting as isometries on ðM; g; FÞ. Using
these potentials one can finally deduce the existence of
globally defined potentials Ui
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dUi ¼ imi
Θþ 8ffiffiffi

3
p dΦiΦH

ξ ; ð9Þ

which are again fixed by requiring they vanish at the
asymptotically flat end. Here ΦH

ξ is the pullback of Φξ to
the horizon if a black hole is present in the spacetime; for a
pure soliton spacetime this term is ignored. The potentials
and fluxes defined above can be thought of as functions on
a 2D (two-dimensional) orbit space B ≅ Σ=Uð1Þ2 [5]. The
rank of the matrix λij ¼ mi ·mj divides the space into two-
dimensional interior points, one-dimensional boundary
segments (∂B) called rods, and zero-dimensional points
that lie on “corners” where the segments intersect. A black
hole is represented by a compact rod IH ≅ H=Uð1Þ2 where
the timelike Killing field goes null. There are two non-
compact semi-infinite rods corresponding to the two
asymptotic axes of rotation extending out to spatial infinity.
The rest of ∂B contains finite rods Ii where an integer linear
combination vimi, vi ∈ Z of the rotational Killing fields
vanishes. These orbit space data thus encode the action of
the isometry group and determine the full spacetime top-
ology up to diffeomorphism [5]. In particular, finite rods
represent two-dimensional submanifolds which may have
the topology of either S2 or a closed disk D if the
corresponding rod is adjacent to IH. We will discuss below
specific examples of spacetimes containing such 2-cycles
and disks.
For purely soliton spacetimes (i.e., without black holes),

the Smarr formula and mass variation reduce to [15]

M ¼ 1

2

X
½C�

Ψ½C�q½C�; ð10Þ

δM ¼
X
½C�

Ψ½C�δq½C�; ð11Þ

where

q½C� ¼ 1

4π

Z
C
F and Ψ½C� ¼ πviUi ð12Þ

represent the magnetic flux and magnetic potential asso-
ciated with each element of [C]. Note that in (11) the
extensive variable q½C� appears naturally in the first law in
contrast to (3).
Before discussing specific examples, we would like to

present new Smarr-type formulas for the angular momenta
and electric charge for purely soliton spacetimes as a sum
over fluxes through the 2-cycles. These are useful as they
demonstrate how a spacetime can possess such conserved
charges in the absence of horizons.
First, consider the angular momenta Ji associated with

the rotational Killing field mi defined by the Komar
integrals

J½mi� ¼
1

16π

Z
S3∞

⋆dmi: ð13Þ

The Maxwell equation and Killing property of themi imply
the existence of two closed (though not necessarily exact)
2-forms ϒi defined by

ϒi ≡ 2imi
G −

8ffiffiffi
3

p FΦi: ð14Þ

Cartan’s formula immediately implies the existence of
global potential functions χij satisfying dχij ¼ imi

ϒj.
Note that we can always choose the integration constant
so that χij ¼ 0 on an interval on which mi vanishes for
fixed j. Now using Stokes’ theorem

J½mi� ¼
1

8π

Z
Σ
⋆RicðmiÞ

¼ 1

8π

Z
Σ

�
−
1

3

�
ϒi ∧ F þ 4

3
d⋆ðFΦiÞ: ð15Þ

The final term above may be shown to vanish by converting
it to an integral over S3∞ whereΦi vanishes. We can evaluate
this integral over the orbit space B, giving

J½mi� ¼
π

6

Z
B
ηjkdχji ∧ dΦk ¼

π

6

Z
B
d½ηjkχji ∧ dΦk�; ð16Þ

where ηij is the antisymmetric symbol with η12 ¼ 1. The
final term can be converted to a boundary term on ∂B, and
using the fact that the potentials vanish on the semi-infinite
rods I�, we are left with

J½mi� ¼
π

6

X
i

Z
Ii

ηjkχjidΦk: ð17Þ

This can be further simplified by using the fact that each
rod is specified by a pair of integers vi, so that vimi

vanishes. By definition vidΦi ¼ 0 on the rod, so that
Φ½C�≡ viΦi is constant. By an SLð2;ZÞ change of basis
let us define a new basis ðm̂1; m̂2Þ for the Uð1Þ2 generators
such that m̂1 ¼ vimi. The other Killing field m̂2 is non-
vanishing on the rod except at the end points (these
correspond to topologically S2 submanifolds in the space-
time). Note that in the obvious notation, χ̂1i, Φ̂1 are
constants on the rod. Using SLð2;ZÞ-invariance,
ηjkχjidΦk ¼ ηjkχ̂jidΦ̂k. Putting the above facts together
we arrive at

J½mi� ¼
1

3

X
½C�

χi½C�q½C�; ð18Þ

where q½C� are the magnetic fluxes associated with a given
cycle C and χi½C�≡ −πχ̂1i ¼ −πvjχji is a constant
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associated with each cycle. It is natural to interpret the χi½C�
as magnetic angular momenta potentials as they encode
how the magnetic flux q½C� contribute to the total angular
momenta of the spacetime.
Now let us turn to an expression for the total electric

charge Q, defined by

Q≡ 1

4π

Z
S3∞

⋆F ¼ −
1

2
ffiffiffi
3

p
π

Z
Σ
F ∧ F: ð19Þ

It may appear counterintuitive that magnetic fluxes con-
tribute to the electric charge, but it should be noted that
the Maxwell equation in supergravity is self-sourced. We
now proceed to evaluate this over the boundary of the
orbit space. Using the definition of the magnetic potentials,
we have

Q ¼ πffiffiffi
3

p
Z
B
ηijdΦi ∧ dΦj ¼

πffiffiffi
3

p
Z
∂B

ηijΦidΦj: ð20Þ

We can now express this as a sum over the 2-cycles using
the argument used above for the angular momenta. The
result is

Q ¼ −
4πffiffiffi
3

p
X
½C�

Φ½C�q½C�; ð21Þ

where Φ½C� ¼ viΦi are constant magnetic potentials asso-
ciated with each 2-cycle with corresponding rod vector vi.

III. EXAMPLES

A. Single soliton spacetime

Our first example is a charged, nonsupersymmetric
gravitational soliton with spatial slices Σ ≅ R4#CP2 which
was concisely analyzed in [14] (see also [10] for a
discussion of a generalization which is asymptotically
AdS5). In the following we will use a different para-
metrization which is convenient for our purposes. The
equations of motion (5) admit the following local solution,
invariant under an R × SUð2Þ ×Uð1Þ isometry:

ds2 ¼ −
r2WðrÞ
4bðrÞ2 dt2 þ dr2

WðrÞ þ
r2

4
ðσ21 þ σ22Þ

þ bðrÞ2ðσ3 þ fðrÞdtÞ2; ð22Þ

F ¼
ffiffiffiffiffiffi
3q

p
2

d

��
1

r2

��
j
2
σ3 − dt

��
; ð23Þ

where σi are left-invariant 1-forms on SUð2Þ,

σ1 ¼ − sinψdθ þ cosψ sin θdϕ;

σ2 ¼ cosψdθ þ sinψ sin θdϕ;

σ3 ¼ dψ þ cos θdϕ; ð24Þ

which satisfy dσi ¼ 1
2
ϵijkσj ∧ σk and ψ ∼ ψ þ 4π,

ϕ ∼ ϕþ 2π, θ ∈ ½0; π� is required for asymptotic flatness.
The functions appearing in the metric are given by

WðrÞ ¼ 1 −
2

r2
ðp − qÞ þ q2 þ 2pj2

r4
;

fðrÞ ¼ −
j

2bðrÞ2
�
2p − q
r2

−
q2

r4

�
; ð25Þ

bðrÞ2 ¼ r2

4

�
1 −

j2q2

r6
þ 2j2p

r4

�
; ð26Þ

where p, q, j ∈ R. We will take mi ¼ ð∂ ψ̂ ; ∂ϕÞ, ψ̂ ¼ ψ=2,
to be our basis for the generators of the Uð1Þ2 action with
2π-periodic orbits.
The parameters ðp; q; jÞ in the above local metric can be

chosen to describe asymptotically flat, charged rotating
black holes. However, we may obtain a regular soliton
spacetime by requiring that the S1 parametrized by the
coordinate ψ degenerates smoothly at some r ¼ r0 in the
spacetime, leaving an S2 bolt, or bubble. We therefore
require gψψ ¼ bðrÞ2 vanishes at r0. Regularity of the
spacetime metric imposes that Wðr0Þ ¼ 0. The existence
of a simultaneous root fixes

p ¼ r40ðr20 − j2Þ
2j4

; q ¼ −
r40
j2
: ð27Þ

In order for ∂ ψ̂ to degenerate smoothly and avoid a conical
singularity at r ¼ r0 requires W0ðr0Þðb2ðr0ÞÞ0 ¼ 1, or
equivalently

ð1 − xÞð2þ xÞ2 ¼ 1 ð28Þ

for x ¼ x� ¼ r20=j
2. This cubic has a unique positive

solution at x ≈ 0.870385, and in particular, r20 < j2.
With this inequality it is easy to check that WðrÞ,

bðrÞ2 > 0 for r > r0 and the spacetime metric is globally
regular. Further

gtt ¼ −
4bðrÞ2
r2WðrÞ < 0 ð29Þ

so the spacetime is stably causal, and in particular, the
t ¼ const hypersurfaces are Cauchy surfaces. It can be
verified that gtt < 0 everywhere, so ∂=∂t is globally
timelike and, in particular, there are no ergoregions.
However, if one uplifts the soliton to six dimensions, we
expect it will suffer from the instability discussed in [19].
We thus obtain a 1-parameter family of R × SUð2Þ×

Uð1Þ-invariant soliton spacetime.
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The S2 at r ¼ r0 has a round metric

ds22 ¼
r20
4
ðdθ2 þ sin2 θdϕ2Þ ð30Þ

and carries a magnetic flux

q½C� ¼ 1

4π

Z
S2
F ¼

ffiffiffi
3

p
r20

4j
: ð31Þ

It is straightforward to read off

Φξ ¼
ffiffiffi
3

p
q

2r2
; Φψ̂ ¼ −

ffiffiffi
3

p
qj

2r2
; Φϕ ¼ −

ffiffiffi
3

p
qj cos θ
4r2

:

ð32Þ

A long but straightforward calculation yields, using (7)
and (9),

dUψ̂ ¼
�
2

ffiffiffi
3

p
jq

r3
−
4

ffiffiffi
3

p
jq2

r5

�
dr; ð33Þ

dUϕ ¼
�
−
2

ffiffiffi
3

p
jq2 cos θ
r5

þ
ffiffiffi
3

p
jq cos θ
r3

�
dr

þ
�
−

ffiffiffi
3

p
jq2 sin θ
2r4

þ
ffiffiffi
3

p
jq sin θ
2r2

�
dθ; ð34Þ

which leads to

Uψ̂ ¼
ffiffiffi
3

p
jq

r2

�
q
r2

− 1

�
; Uϕ ¼

ffiffiffi
3

p
jq cos θ
2r2

�
q
r2

− 1

�
;

ð35Þ

where the integration constants have been fixed so that the
potentials vanish as r → ∞.
On the S2 “bolt” at r ¼ r0, the Killing field ∂ ψ̂ ¼ 2∂ψ

degenerates smoothly. The interval structure of the orbit
space is given below (see Fig. 1) in the basis of rotational
Killing fields orthogonal at infinity ð∂ϕ1

; ∂ϕ2
Þ where ∂ϕ1

¼
∂ψ − ∂ϕ and ∂ϕ2

¼ ∂ϕ þ ∂ψ . In this basis the two semi-
infinite rods can manifestly be seen as axes of rotation with
vanishing ∂ϕ1

or ∂ϕ2
. We now turn to the computation of the

potentials associated with the soliton. First,

Ψ½C� ¼ πUψ̂ ðr0Þ ¼
ffiffiffi
3

p
πr20ðj2 þ r20Þ

j3
: ð36Þ

We then find

Ψ½C�q½C�
2

¼ 3π

8

�
r0
j

�
4

ðj2 þ r20Þ; ð37Þ

which is indeed the Arnowitt-Deser-Misner (ADM) mass
of the spacetime, which can easily be read off from the
expansion

gtt ¼ −1þ 8M
3πr2

þOðr−4Þ: ð38Þ

Finally the first law of soliton mechanics asserts that

dM ¼ Ψ½C�dq½C�: ð39Þ

In our explicit example,

dM −Ψ½C�dq½C� ¼ 3πr50
4j5

ðjdr0 − r0djÞ ð40Þ

and the right hand side vanishes as a consequence of the
regularity condition r20=j

2 ¼ x�. We emphasize that the
Smarr-type relation for the mass does not require regularity
of the spacetime to hold, whereas the first law is, in fact, a
finer probe of regularity. Finally one can explicitly check
that the electric charge is indeed given by

Q ¼ −
4πffiffiffi
3

p Φ½C�q½C� ¼ −
ffiffiffi
3

p
πr40

2j2
: ð41Þ

To compute the magnetic angular momentum potentials
χij, it is convenient to work in the Uð1Þ2 basis ð∂ψ ; ∂ϕÞ and
then convert to the basis ð∂ϕ1

; ∂ϕ2
Þ which is orthogonal at

the asymptotically flat end, in order to fix integration
constants. A long but straightforward calculation yields

χψψ ¼ −
ffiffiffi
3

p
q2j2

4r4
þ

ffiffiffi
3

p
q

4
;

χϕψ ¼
ffiffiffi
3

p
q cos θ
4

�
1 −

qj2

r4

�
;

χϕϕ ¼ −
ffiffiffi
3

p
q2j2cos2θ
4r4

−
ffiffiffi
3

p
q

4
;

χψϕ ¼ −
ffiffiffi
3

p
q cos θ
4

�
1þ qj2

r4

�
: ð42Þ

Since the 2-cycle is specified by the vanishing of ∂ ψ̂ , using
the formula (18) we find

Jψ ¼ πr60
4j3

; Jϕ ¼ 0; ð43Þ

where in the second equality we observe that χψϕ ¼ 0 on C
using (27). It is easy to check that these expressions agree

FIG. 1. Rod structure for single soliton spacetime in ðϕ1;ϕ2Þ
basis.
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with the standard ADM angular momenta computed
from the asymptotic falloff of the metric. As expected,
the SUð2Þ ×Uð1Þ-invariant solution has equal angular
momenta in orthogonal 2-planes, J1 ¼ J2 ¼ Jψ . Note that
Jψ ≠ 0 for the soliton; indeed, we have the constraint

Jψ ¼ −
2Qq½C�

3
¼ 16πq½C�3

3
ffiffiffi
3

p : ð44Þ

B. Double soliton spacetime

Our second example is a supersymmetric, asymptotically
flat spacetime containing two nonhomologous 2-cycles.
The spatial slices Σ ≅ R4#ðS2 × S2Þ where the connected
sum with R4 corresponds to removing a point. The solution
is originally given in the more general Uð1Þ3 five-
dimensional supergravity [20]. We will quickly review this
double soliton solution to the minimal supergravity theory
(4) as this particular case does not seem to be reproduced
explicitly in the literature. Note that it belongs to the
general family of solutions with the Gibbons-Hawking base
space first analyzed in detail in [21].
The spacetime metric takes the canonical form of a

timelike fibration over a hyper-Kähler “base space”

ds2 ¼ −f2ðdtþ ωÞ2 þ f−1ds2B; ð45Þ

where V ¼ ∂=∂t is the supersymmetric, timelike Killing
vector field and ds2M is a hyper-Kähler base [21]. The
solution has a Gibbons-Hawking hyper-Kähler base

ds2M ¼ H−1ðdψ þ χÞ2 þHðdr2 þ r2ðdθ2 þ sin2 θdϕ2ÞÞ;
ð46Þ

where ðr; θ;ϕÞ are spherical coordinates on R3, the
function H is harmonic on R3, and χ is a 1-form on R3

satisfying ⋆3dχ ¼ dH.
The analysis of [21] shows a general technique for

constructing solutions of the above form. Defining the
following harmonic functions on R3 [20]:

H ¼ 1

r
−

1

r1
þ 1

r2
; K ¼ k0

r
þ k1

r1
þ k2

r2
; ð47Þ

L ¼ 1þ l0

r
þ l1

r1
þ l2

r2
; M ¼ mþm1

r1
þm2

r2
; ð48Þ

with

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a21 − 2ra1 cos θ

q
;

r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a22 − 2ra2 cos θ

q
; ð49Þ

where we assume 0 < a1 < a2, we arrive at a solution
provided

f−1 ¼ H−1K2 þ L; ω ¼ ωψðdψ þ χÞ þ ω̂; ð50Þ

where

ωψ ¼ H−2K3 þ 3

2
H−1KLþM; ð51Þ

⋆3dω̂ ¼ HdM −MdH þ 3

2
ðKdL − LdKÞ: ð52Þ

The Maxwell field is then

F ¼
ffiffiffi
3

p

2
d½fðdtþ ωÞ − KH−1ðdψ þ χidxiÞ − ξidxi�; ð53Þ

where the 1-form ξ satisfies ⋆3dξ ¼ −dK. For the above
choice of harmonic functions one finds

χ ¼
�
cos θ −

r cos θ − a1
r1

þ r cos θ − a2
r2

�
dϕ; ð54Þ

and

ξ ¼ −
�
k0 cos θ þ

k1ðr cos θ − a1Þ
r1

þ k2ðr cos θ − a2Þ
r2

�
dϕ;

ð55Þ

where we have absorbed the integration constant in χ by
suitably shifting ψ . One may also integrate explicitly
for ω̂ ¼ ω̂ϕdϕ.
For a suitable choice of constants this solution is

asymptotically flat provided Δψ ¼ 4π, Δϕ ¼ 2π, and
0 ≤ θ ≤ π. In particular, setting r ¼ ρ2=4 and sending
ρ → ∞ one finds

ds2M ∼ dρ2 þ ρ2

4
½ðdψ þ cos θdϕÞ2Þ2dθ2 þ sin2 θdϕ2� ð56Þ

with Oðρ−2Þ corrections in the associated Cartesian chart.
Finally, choosing

m ¼ −
3

2
ðk0 þ k1 þ k2Þ ð57Þ

and suitably fixing the integration constant in ω̂ϕ, we find
f ¼ 1þOðρ−2Þ, ωψ ¼ Oðρ−2Þ, and ω̂ϕ ¼ Oðρ−2Þ. Thus
the spacetime is asymptotically Minkowski R1;4.
The free parameters characterizing these local “three-

center” solutions may be chosen so that globally the
spacetime describes a two-soliton spacetime (see, e.g.,
[14]). It is clear that the spacetime metric is regular apart
from possible singularities at the “centers” which lie at the
points x0 ¼ ð0; 0; 0Þ, x1 ¼ ð0; 0; a1Þ, and x2 ¼ ð0; 0; a2Þ in
the usual Cartesian coordinates on the ambient R3 on the
base space. To ensure that the spacetime metric degenerates
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smoothly at these points, it is sufficient to first require that
the base space be smooth. It can be shown that this is, in
fact, the case without any further restriction of parameters
(the base space metric approaches, up to an overall sign, the
Euclidean metric near the origin of R4). Note that on the
base space, ∂ψ degenerates smoothly at the centers.
Next to ensure that the spacetime metric is well behaved

and has the correct signature, we must have f ≠ 0 (f ¼ 0
would correspond to an event horizon). Equivalently we
must ensure f−1 does not diverge, which fixes

l2 ¼ −k22; l1 ¼ k21; l0 ¼ −k20: ð58Þ

Further, since ∂ψ degenerates on the base, near the centers
we have

j∂ψ j2 ¼ −f2ω2
ψ ≤ 0; ð59Þ

which immediately implies that ωψ must vanish at these
points. It turns out generically ωψ actually has simple poles
at these points. Removing these requires

m1 ¼
k31
2
; m2 ¼

k32
2
; k0 ¼ 0: ð60Þ

Actually imposing that ωψ ¼ 0 leads to the so-called
“bubble equations”

a2k31 þ a1k32 − 3a1a2ðk1 þ k2Þ ¼ 0; ð61Þ

a1ðk1 þ k2Þ3 þ ða2 − a1Þðk31 − 3a1ð2k1 þ k2ÞÞ ¼ 0; ð62Þ

a2ðk1 þ k2Þ3 − ða2 − a1Þðk32 þ 3a2k1Þ ¼ 0; ð63Þ

which correspond to the enforcing regularity at
r ¼ 0; r ¼ a1, and r ¼ a2, respectively. This leaves a
one-parameter family of 2-soliton spacetimes parametrized
by ða1; a2; k1; k2Þ subject to the three regularity constraints.
An analysis of the geometry shows that the spacetime is
stably causal (gtt ≤ 0) [14].
Let us now consider the boundary structure of the orbit

space B ¼ Σ=Uð1Þ2, which determines the topology of the
spacetime. There is a semi-infinite rod Iþ corresponding to
one of the axes of symmetry in the asymptotically flat
region. The appropriately normalized Killing field which
vanishes on this rod is vþ ¼ ∂ψ − ∂ϕ. In terms of the
spherical coordinates on the ambientR3 associated with the
Gibbons-Hawking space, Iþ ¼ fr > a2; θ ¼ 0g. Next,
there is a finite rod IC2

¼ fa1 < r < a2; θ ¼ 0g with

associated vanishing Killing field v2 ¼ −ð∂ϕ þ ∂ψ Þ.
Note that the Killing field ∂ψ is nonvanishing on C2

and degenerates smoothly at the end points r ¼ a1; a2
implying that C2 is a topologically S2-submanifold in the
spacetime. The second bubble corresponds to the interval
IC1

¼ f0 < r < a1; θ ¼ 0g with associated Killing field
v1 ¼ −∂ϕ þ ∂ψ . The Killing field ∂ψ is again nonvanishing
on this interval and degenerates smoothly at the end points
r ¼ 0; r ¼ a1. Finally, there is a second semi-infinite rod
I− ¼ fr > 0; θ ¼ πg with associated Killing field v− ¼
∂ϕ þ ∂ψ .
The rod structure (see Fig. 2 below) is most naturally

expressed in terms of the basis of Killing fields m1 ¼
vþ; m2 ¼ v− which have 2π periodic orbits,

vþ ¼ ð1; 0Þ; v2 ¼ ð0;−1Þ;
v1 ¼ ð1; 0Þ; v− ¼ ð0; 1Þ; ð64Þ

from which it is easy to check that the compatibility
condition j detðvTi vTiþ1Þj ¼ 1 is satisfied for adjacent rods.
We now turn to a computation of the various intensive and
extensive quantities appearing in the first law. The magnetic
fluxes through the bubbles C1, C2 are found to be

q½C2� ¼
1

4π

Z
S2
2

F ¼ −
ffiffiffi
3

p

2
ðk1 þ k2Þ;

q½C1� ¼
1

4π

Z
S2
1

F ¼
ffiffiffi
3

p

2
k1: ð65Þ

The computation of the “electric” potentials Ui requires
some more work. For a general supersymmetric solution in
the timelike class, one can derive the relation

iξ⋆F ¼
ffiffiffi
3

p

2
f2⋆4dω −

fGþffiffiffi
3

p ; ð66Þ

where ⋆4 is the Hodge dual taken with respect to the base
space and Gþ ¼ f

2
ðdωþ ⋆4dωÞ is a self-dual 2-form.

Using this and the general form of the Maxwell field leads
to the simple expression

Θ ¼
ffiffiffi
3

p
dðf2ðdtþ ωÞÞ − 4F ð67Þ

from which it is manifest that Θ is closed, though not exact,
as expected. We then have

Uψ ¼ −
ffiffiffi
3

p
f2ωψ þ 4Aψ þ 2

ffiffiffi
3

p
ðk1 þ k2Þ; ð68Þ

FIG. 2. Rod structure for double soliton spacetime in the ðϕ1;ϕ2Þ basis. Here, ∂ϕ1
¼ ∂ψ − ∂ϕ and ∂ϕ2

¼ ∂ϕ þ ∂ψ .
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Uϕ ¼ −
ffiffiffi
3

p
f2ωϕ þ 4Aϕ; ð69Þ

where Aψ , Aϕ are the components of the gauge field and
integration constants have been chosen so that Ui vanish at
spatial infinity. As discussed above, viC2

Ui and viC1
Ui must

be constant on the 2-cycles C2 and C1, respectively. In
order to demonstrate this, one must make use of the
regularity constraints (61). We find

Ψ½C2� ¼ πUC2
≡ −πðUψ þ UϕÞjIC2 ¼ −4

ffiffiffi
3

p
k1; ð70Þ

Ψ½C1� ¼ πUC1
≡ πðUψ −UϕÞjIC1 ¼ 4π

ffiffiffi
3

p
ðk1 þ k2Þ: ð71Þ

Using this we can indeed verify that

1

2

X
C

Ψ½C�q½C� ¼ 6πk1ðk1 þ k2Þ ¼ M: ð72Þ

The first law

δM ¼ Ψ½C1�δq½C1� þΨ½C2�δq½C2� ð73Þ

can then be verified explicitly [we emphasize this is
independent from (72)]. Note that it is straightforward to
check that the magnetic potentials are

Φ½C1� ¼ −
ffiffiffi
3

p
ðk1 þ k2Þ ¼ −

1

4π
Ψ½C1�;

Φ½C2� ¼
ffiffiffi
3

p
k1 ¼ −

1

4π
Ψ½C2�; ð74Þ

and inserting these into (41) for the total electric charge
expressed as a sum over the basis of 2-cycles, one recovers
the usual BPS relation M ¼ ffiffiffi

3
p

Q=2. The variational
formula (73) is surprising as it represents a genuine “first
law” for BPS geometries, whereas for BPS black holes,
the first law trivially follows from the BPS condition
(i.e., δM ¼ ffiffiffi

3
p

δQ=2).
The calculation of angular momenta from the general

formula (18) is less straightforward. The difficulty arises
from the complexity of the solution, and although it is
possible to show that dχij ¼ 0, obtaining the integrated
potentials in closed form has proved difficult. However, it
should be noted that the asymptotic conditions viþχij ¼ 0

on Iþ and vi−χij on I−, as well as the evaluation of χi½C� on
each cycle, only require knowledge of χij on the “axes”
θ ¼ 0, π. Hence we need only integrate for χijðr; 0Þ and
χijðr; πÞ on each segment on the axis (i.e., I�, ICi

). Since
the χij must be continuous functions of r along the axes
across the rod points at r ¼ a2; r ¼ a1, and r ¼ 0, the
integration constants arising from integrating separately
over each segment are determined completely by the
asymptotic conditions. Carrying this out carefully one finds

χϕ½C2� ¼ 2
ffiffiffi
3

p
k1ðk1 þ 2k2Þ;

χϕ½C1� ¼ −2
ffiffiffi
3

p
ðk22 − k21Þ ð75Þ

and

χψ ½C2� ¼ −2
ffiffiffi
3

p
k1ð3k1 þ 2k2Þ;

χψ ½C1� ¼ 2
ffiffiffi
3

p
ð3k21 þ 4k1k2 þ k22Þ; ð76Þ

where we have used the regularity constraints (61) to
significantly simplify these expressions. Using the expres-
sions for the fluxes (65) we obtain the angular momenta

Jψ ¼ 3πk1ðk1 þ k2Þð2k1 þ k2Þ;
Jϕ ¼ −3πk1k2ðk1 þ k2Þ; ð77Þ

which do, in fact, agree with the standard ADM angular
momenta provided that (61) is used to simplify the latter.
Using the above expressions for the charges ðJψ ; Jϕ; QÞ

and fluxes q½Ci�, we can derive

Jψ ¼ Q
2
ðq½C1� − q½C2�Þ

¼ 8πffiffiffi
3

p q½C1�q½C2�ðq½C2� − q½C1�Þ; ð78Þ

Jϕ ¼ Q
2
ðq½C2� þ q½C1�Þ

¼ −
8πffiffiffi
3

p q½C1�q½C2�ðq½C2� þ q½C1�Þ: ð79Þ

The angular momenta about the ψ− and ϕ− directions thus
is a measure of the difference and sum of the magnetic
fluxes out of the two bubbles.

C. Dipole black ring

As a last example, we consider asymptotically flat dipole
black rings [17] where the horizon topology is S1 × S2 and
Σ ≅ R4#ðS2 ×D2Þ [22,23]. The rings are a solution to five-
dimensional Einstein-Maxwell theory (and also the mini-
mal supergravity theory because the Chern-Simons term is
of no consequence to the solutions). For convenience to
match with the conventions used in [17], in this section we
take gIJ ¼ 1=2 in the general formalism of [15]. The metric
is given by

ds2 ¼ −
FðyÞ
FðxÞ

�
HðxÞ
HðyÞ

��
dtþ Cðν; λÞ 1þ y

FðyÞ dψ
�

2

þ R2

ðx − yÞ2 FðxÞðHðxÞHðyÞ2Þ
�
−

GðyÞ
FðyÞHðyÞ3 dψ

2

−
dy2

GðyÞ þ
dx2

GðxÞ þ
GðxÞ

FðxÞHðxÞ3 dφ
2

�
ð80Þ
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with the gauge potential,

Aφ ¼
ffiffiffi
3

p
Cðν;−μÞR 1þ x

HðxÞ : ð81Þ

The functions in the metric are defined as follows:

FðξÞ ¼ 1þ λξ; GðξÞ ¼ ð1 − ξ2Þð1þ νξÞ; HðξÞ ¼ 1 − μξ

with 0 < ν ≤ λ < 1; 0 ≤ μ < 1; and Cðα; βÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðβ − αÞ 1þ β

1 − β

s
; ð82Þ

where α and β are any two of the parameters μ, ν, and λ.
The following relations remove conical singularities at y ¼ −1, x ¼ −1, and x ¼ þ1:

Δψ ¼ Δφ ¼ 2π
ð1þ μÞ3=2 ffiffiffiffiffiffiffiffiffiffi

1 − λ
p

1 − ν
;

1 − λ

1þ λ

�
1þ μ

1 − μ

�
3

¼
�
1 − ν

1þ ν

�
2

: ð83Þ

Thermodynamic quantities for (80) were calculated in [17].
Here, we specifically focus on rederiving the extra
terms that contribute to the mass using the results in
[15]. These extra terms arise from disk topology surfaces
denoted by D that meet the horizon. The fluxes and
potentials evaluated on these surfaces may equivalently
be evaluated on any other surface that is homologous to D
with the same boundary as D. Studying the rod structure of
the solution reveals a disk topology surface at x ¼ 1 (see
Fig. 3 above). The disk D is parametrized by ðy;ψÞ at
constant t, ϕ, and x ¼ 1. The flux Q½D� is given by

Q½D� ¼
Z
½D�

Θ

¼ −
ffiffiffi
3

p
πðμþ 1ÞR ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

μð1 − λÞð1 − μÞp
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðμþ νÞp : ð84Þ

(For usual Einstein-Maxwell theory gIJ ¼ 1
2
and CIJK ¼ 0.)

∂φ vanishes at x ¼ 1. ðv1; v2Þ ¼ ð0; 1Þ in the ð∂̂ψ ; ∂̂φÞ
basis, where the Killing fields are normalized to have 2π
periodic orbits,

Φ½D� ¼ viΦi ¼ −
2

ffiffiffi
3

p ð1þ μÞR ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μð1 − λÞðμþ νÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − μÞp ð1 − νÞ : ð85Þ

It is easily checked that the potential Φ½D� ¼ −2D
and flux Q½D� ¼ − 1

2
Φ̂ where D is the local dipole charge

and Φ̂ is the magnetic potential introduced2 in [17].
Therefore, we see that the Smarr relation and first law
given in [17]

M ¼ 3

16π
κAH þ 3

2
ΩHJ þ

1

2
DΦ̂;

δM ¼ κδAH

8π
þ ΩHδJ þ Φ̂δD ð86Þ

match precisely with the derived expressions in (2) and (3).
An important point to emphasize is that, although the local
dipole charge D arises as a flux integral of F over the S2 of
the black ring [17], in our formalism it arises as the constant
value of Φ evaluated on the equipotential disk surface D
which ends on the horizon. Hence, although it seems
counterintuitive that variations of an “intensive” variable
such as Φ½D� appear in the general first law, we see that at
least in the present case, it is more naturally interpreted as
an extensive variable (the dipole charge). Indeed, if one
looks at the falloff of the gauge field A at the asymptotically
flat region [24], this quantity can be interpreted as pro-
ducing a dipole contribution. The fact thatΦ½D� captures, in
an invariant way, the dipole charge has also been observed
in the context of black lenses [25–27]. In the case of black
lenses, there is, in fact, no natural 2-cycle in the spacetime
on which to define a dipole charge as there is for a ring [26].

FIG. 3. Rod structure for dipole ring.

2The quantities D and Φ̂ are referred to as Q and Φ,
respectively, in the notation of [17]. We are using different
symbols to avoid confusion with the notation of [15].
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IV. DISCUSSION

We have explicitly computed the additional terms in the
Smarr relation and first law arising from nontrivial space-
time topology in three different geometries, two describing
solitons and another describing a black ring. For purely
soliton spacetimes, we have complemented the results in
[15] with a Smarr type formula for J and Q. These
expressions also demonstrate the presence of conserved
charges in the absence of a horizon. We have seen that
spacetime regularity is crucial for the first law to be
satisfied for all examples.
A conjectured relation [28] between dynamical and

thermodynamic instability has been established by
Hollands and Wald [29]. They have shown that the black
p-brane spacetime M × Tp associated with a thermody-
namically unstable black hole M is itself dynamically
unstable. This result, of course, applies to spacetimes with
horizons only and does not pertain to the soliton spacetimes
considered here. Very recently, the linear stability of

supersymmetric soliton geometries has been investigated
[30] (see also [31] for a rigorous analysis of the scalar wave
equation). In particular, the authors of [30] have produced
evidence that these solutions suffer from a nonlinear
instability associated with the slow decay of linear waves.
It would be interesting if a connection could be found
between these studies of dynamical instability and an
analogue of thermodynamic instability using the laws of
soliton mechanics discussed in this work.
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