PHYSICAL REVIEW D 94, 124007 (2016)

Light propagation in the gravitational field of one arbitrarily moving
pointlike body in the 2PN approximation
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An analytical solution for the light trajectory in the near zone of the gravitational field of one pointlike
body in arbitrary slow motion in the post-post-Newtonian approximation is presented in harmonic gauge.
Expressions for total light deflection and time delay are given. The presented solution is a further step
toward high-precision astrometry aiming at nanoarcsecond level of accuracy.
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I. INTRODUCTION

In order to determine the positions and motions of
astronomical objects on the sky, astrometry uses light
signals (photons) which are emitted by the celestial objects.
These light rays propagate from the celestial light source
through the gravitational field of the Solar System and do
finally arrive at the observer. Therefore, the precise deter-
mination of the trajectories of light signals through the
warped space-time of the Solar System is a fundamental
assignment of a task in relativistic astrometry. According to
the theory of general relativity [1,2] light rays propagate
along null geodesics governed by the geodesic equation,
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where (1) represents the geodesic equation and the con-
straint (2) must be imposed for null geodesics which states
that the tangent four-vector along light rays is isotropic.
In (1) and (2) the four-coordinates of a light signal x*(1)
depend on affine parameter 4, and the Christoffel symbols
in (1) are related to the metric g,4 of curved space-time,
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with metric signature (—,+,+,+). The geodesic equa-
tion (1) and the isotropic condition (2) are valid in any
reference system. With the aid of the zeroth component of
(1), the geodesic equation and the isotropic condition can
be expressed in terms of coordinate time ¢ rather than the
affine parameter A as follows [3-5],

dx*(t) dxP(t)
=0 5
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while the zeroth component in (4) vanishes identically. The
equations in (4) and (5) are more appropriate in order to
integrate the geodesic equation and also in view of the fact
that real astrometric measurements do by all means imply
the use of concrete reference systems. In line with the
resolutions of International Astronomical Union (IAU) [6],
the Barycentric Celestial Reference System (BCRS) is
adopted, which is the standard global chart in modern-
day astrometry. The origin of the spatial axes of the BCRS
is located at the barycenter of the Solar System, the
harmonic coordinates of the BCRS are denoted by
(ct,x") where ¢ is the BCRS coordinate time and x' are
the three-dimensional coordinates referred to the spatial
axes of the BCRS, and obey the harmonic gauge condition
(de Donder gauge):

0y=ag" _
o O ©

where g = det(g,, ) is the determinant of metric tensor.

For a unique solution of the geodesic equation (4)
mixed initial-boundary conditions must be imposed
[4,7-13]:

xg = x(1o), (7)
o=t " ®

where the dot in (8) denotes total derivative with respect to
coordinate time. The first condition (7) defines the spatial
coordinates of the photon at the moment 7, of emission of
light. The second condition (8) defines the unit direction of
the light ray at past null infinity, which means the unit-
tangent vector along the light path in the infinite past hence

d*x'(1) Y dxt (1) dx* (1) —10 dx/ (1) dx* (1) dx'(t) 4 infinite spatial distance from the origin of the global
c2dr? W oedt  cdt oedt  cdt cdt’ coordinate system. Then, the exact solution of (4) for the
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trajectory of the light ray, propagating from the light
source through the Solar System towards the observer,
can formally be written as follows:

x(1) =xg+ c(t — tg)o + Ax, 9)

where the term Ax denotes gravitational corrections to the
unperturbed light ray.

In case of weak gravitational fields it is useful to
decompose the metric tensor as follows:

ga/i(t’x) = ’1(1[)’ + h(lﬁ(t’x)’ (10)

where 7,5 = 7/ = diag(—1,+1,+1,+1) is the metric of
Minkowskian space and for any components of the metric
perturbations |/1,45| < 1. Because the gravitational fields are
weak in the Solar System, the orbital motions of the Solar
System bodies are slow (virial theorem), m, /P, < 1 and
vy/c < 1 (for notations see Appendix A), hence an
expansion of the metric in terms of inverse powers of
the speed of light can be applied, called post-Newtonian
expansion or weak-field slow-motion approximation
[4,6,8,14—17], which for the covariant and contravariant
components reads

2 3 4 —
ga/f = naﬂ + h((xﬁ) + h((z/}) + hfx/) + O(C 5)’ (11)
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where hé’;) = O(c™) with n =2, 3, 4; e.g. Egs. (4.17)-
(4.19) in [17]. Notice that the post-Newtonian expansion in
(11) describes the metric in the near zone of the Solar
System defined by |x| < A, where A, is a characteristic
wavelength of gravitational radiation emitted by the Solar
System. It should be mentioned that, according to the
famous theorem in [18], the post-Newtonian expansion of
the metric tensor is, in fact, nonanalytic because it contains
logarithmic terms. However, in the near zone the post-
Newtonian expansion in inverse powers of the speed of
light is valid up to 4PN approximation, which means
logarithmic terms in metric coefficients emerge at the order
of O(c7%) [19].

The post-Newtonian expansion of the metric in (11)
inherits a corresponding post-Newtonian expansion of the
light trajectory (9), which up to terms of the order O(c™)
reads

x(1) =x0 4 c(t —19)6 + Ax1py + Ax| spy + AXopy. (13)

where the labels 1PN, 1.5PN, and 2PN refer to terms of the
order O(c™?), O(c™3), and O(c™*), respectively.

The expressions for Ax;py and Ax;spy for a light
trajectory in the field of N arbitrarily moving bodies of
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finite size have recently been determined in [12,13]. In
these investigations each individual body A = 1,2, ..., N is
allowed to move along its own arbitrary worldline x4(¢)
and the global metric of the Solar System has been
described in terms of the full set of time-dependent intrinsic
mass multipoles M%(¢) and full set of time-dependent
intrinsic spin multipoles S% (7), allowing for arbitrary shape,
inner structure and rotational motion of the massive bodies
of the Solar System. About the magnitude of these terms in
time delay and light deflection we refer to Tables II and III
in [13].

However, rapidly growing accuracy in astrometric
measurements demands to account for post-post-
Newtonian terms Ax,py as well. In particular, it is well
known that present-day precision in astrometry has
reached a level of a few microarcseconds (uas) in angular
observations of stars [20,21] and a level of a few nano-
seconds (ns) in measurements of time delay [22]. Such
extremely high-precision astrometry necessitates to
account for 2PN effects in the theory of light propagation
[8,23]. On the other side, results about the post-post-
Newtonian terms Ax,py in (13) are fairly rare. So far, 2PN
effects in light propagation have mainly been determined
for the case of mass monopoles at rest [24-29], which
means where the position of the mass monopole remains
constant: x4, = const. In this respect, important progress in
calculating post-post-Newtonian effects on light propaga-
tion in the monopole field has been achieved in [4,7] where
an explicit 2PN solution for light trajectories in the
Schwarzschild field as a function of coordinate time has
been found and later been confirmed within several
progressing investigations [8,9,13,30-32]. Also alterna-
tive approaches for the calculation of directions of light
rays and their propagation time in 2PN approximation have
been developed, which avoid the peculiarities of solving
the null geodesic equations, based on the eikonal concept
[33], on the Synge’s world function [34] or on the time
transfer function formalism [35,36].

An ambitious goal in astrometric measurements in the
near future is to aim at submicroarcsecond (sub-uas) level
in angular determination and subnanosecond (sub-ns) level
in time delay measurements. For instance, several space-
based astrometry missions are under discussion which have
been proposed to the European Space Agency (ESA) which
aims at precisions on subnanoarcsecond (sub-nas) level in
angular determination of celestial objects [37-44]. Such
extremely high-precision astrometry needs to account for
the impact of the motion of massive bodies on the light
propagation in 2PN approximation. The problem, however,
of light propagation in the field of moving monopoles in
2PN approximation has not been considered yet, aside from
the investigation in [30] which was not intended for the
problem of light propagation in the Solar System. For this
reason, we will consider the problem of light propagation
through the gravitational field of one pointlike body in slow
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but otherwise arbitrary motion in the 2PN approximation.
The article is organized as follows: In Sec. II the geodesic
equation in 2PN approximation is presented, in Sec. III the
metric of one massive pointlike body in arbitrary motion in
2PN approximation is given, and in Secs. IV and V the first
and second integration of geodesic equation is represented.
The observable effects of total light deflection and time
delay are given in Sec. VI. A summary and outlook can be
found in Sec. VII. The notation in use is given in
Appendix A.
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II. GEODESIC EQUATION IN
2PN APPROXIMATION

The Solar System is composed of N massive bodies of
finite size which move according their mutual gravitational
interaction. In our investigation we will consider one of
these massive bodies and approximate the body as a
pointlike object with Newtonian rest mass M 4. By inserting
the metric (11) into (4) we obtain the geodesic equation in
2PN approximation, which in terms of global coordinate
time reads [4,11,30]

) _ Lo o ¥OX0O) 0 XOF) 10 YO0 _ e )

2 :Jrihoo,i_hoo, c _hij,k c Ehjk,z c hij,O c
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where we have taken into account that in general hg) =

hiy = h{) = 0 [3-6,15,16]. The last term in (14), i.. the

term h(()‘}.)o’ is a peculiarity in the sense that this term is

seemingly of the order O(c~>) but by inspection of (25)
one realizes that the first integration (30) of this term results
into 4mya, /c*which is of the order O(c™*) and, therefore,
cannot be neglected. Furthermore, the following relations
have been used:

2 _ 2) _ 4ij
hog =y b = hpy,

(3) _ i (“4) _ i
i = _h(()3)7 hyiw = _h?zt)’

hoo =W — WA b = b+ A (1)
which result from g,,¢" = &, = diag(+1, +1,+1,+1).

The metric perturbations in (11) are functions of the field
points (¢,x), while in the geodesic equation (14) the metric
perturbations are of relevance at the coordinates of the
photon x(z). Consequently, the derivatives in (14) are taken
along the light ray:

(n) _ ‘%g/l;)(ﬁx)

P Ox x=x(1) ’

n=234 (16)

The geodesic equation in 2PN approximation in (14) can
be solved by iteration and allows one to determine the
coordinate velocity (first integration) and the light

oro +0(c™), (14)

trajectory (second integration) up to terms of the order

O(c™):
x(t) = co + Axipy + AX) spy + AXopN. (17)
x(1) = x0 + c(t —t9)o + Axpy + Axy spy + Axopy. (18)

As mentioned above, the 1PN and 1.5PN terms in (17) and
(18) have recently been determined in [12] and [13],
respectively, for the case of N bodies in slow but otherwise
arbitrary motion and the bodies may have arbitrary shape
and inner structure and can be in arbitrary rotational
motion. The aim of this investigation is to determine the
2PN terms for the case of one pointlike body in arbitrary
slow motion.

III. METRIC IN 2PN APPROXIMATION
FOR ONE BODY

We shall assume that the one-body system is isolated
(Fock-Sommerfeld boundary conditions), which means
flatness of the metric at spatial infinity and the constraint
of no-incoming gravitational radiation is imposed at
Minkowskian past null infinity 73, which in terms of
trace-reversed metric perturbation h* = ¥ — V=99"
read as follows [6,8,17,45-47]:

lim  7#(t,x) = 0, (19)

r—
t+-=const
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0 - 0 -
lim <— rh#(t,x) + — rh””(t,x)) =0, (20)
t+£:cognst r aCt
where r = |x|. In addition, rd,#** should be bounded in
this limit [45,46], which means any component of the
metric tensor obeys the constraint

O™ (t,x)

K
ox“ <7

r

lim

r—00
t+-=const

, (21)

where K > 0 is some positive number related to the total
rest mass of the gravitational system. According to (11) and
Egs. (C17)—(C22), the metric perturbations for the gravi-
tational fields of one pointlike body in slow motion read:

B () =+ 228 @)
W2 (t,x) = + 2A"Z;‘) 5. (23)
1) 0.0) = = 2 1), 20
B 1.2) = -, 40, (25)
HO (1) = + ;‘A"g?) vf::(zt) _ rzi(At) (ma(1) (;sz(t)V
- a0 1) 208, -

ma (ma(1) -va(0) - dmy 0} (1) 0 (1)

(4)
h~ t, = — 51"
g X =-T T 2 it ¢ e
(4(1) -an (1)) mj
— Mmy C2 5ij+r124(t)5ij
2
ma i J
L(t 1), 27
A (0 @)
where m, = GM ,/c? and
ra(t) =x —x,(1), (28)

while its absolute value r, () = |r4(¢)|, and we introduce
the unit vector ny (1) = r,(t)/rs(t). The constraints (19)—
(21) restrict the time dependence of the acceleration so that
it vanishes at past null infinity: lim,_,_ a4 () = 0.

The BCRS metric coefficients /g, 4., hly, hly in the
mass-monopole approximation for N slowly moving
bodies were given by Eqs. (8) and (51)-(55) in [6]. The
same metric coefficients were also given by Eqgs. (39.63a)-
(39.63c) in [3]. In the limit of one monopole in slow motion

PHYSICAL REVIEW D 94, 124007 (2016)

they agree with our metric coefficients in Egs. (22), (23),
(24) and (26). We also notice that in the limit of one body A
at rest, the metric in (22)-(27) agrees with the metric in
Egs. (25) in [9] if the body is assumed to be located at the
origin of the global reference system. For further details
consult [14,31,48] and Appendix C.

The three-vector x in (28) is an arbitrary spatial field
point. But according to (16), as soon as the partial
derivatives in the geodesic equation (14) are performed,
the field-point x has to be identified with the exact spatial
position of the light signal x(r), which means after all
partial derivatives are performed we have

ra(t) = x(1) = x5 (2). (29)

Of course, one has strictly to distinguish between (28) and
(29), but nevertheless the same notation r4(7) for these
expressions is in use and will certainly not cause any
confusion.

IV. FIRST INTEGRATION OF GEODESIC
EQUATION IN 2PN APPROXIMATION

The first integration of the geodesic equation yields the
coordinate velocity of the photon,

’“’):/l o™ (30)

CZ

where ¥(¢) is given by (14) and the boundary condition (8)
must be imposed. The geodesic equation (14) is solved by
iteration, which means in first iteration the integration is
performed along the unperturbed light ray and in the second
iteration the integration proceeds along the light ray in 1PN
approximation. Owing to the fact that the metric, thence the
geodesic equation, depends on the arbitrary worldline of
the body, a solution of geodesic equation is obtained by
means of integration by parts with respect to coordinate
time. One may show that, after a finite set of partial
integrations, the remaining nonintegrated terms of such an
approach are terms beyond 2PN approximation. The
solution for the coordinate velocity of the photon is, first
of all, given in terms of the spatial position of the massive
body at coordinate time, x4 (). Since gravitational action
propagates with the finite speed of light, it is meaningful to
reexpress this solution in terms of retarded time of the
massive body’s position x,(#'). The retarded time is
defined by an implicit relation,

tre[
tfet:r——rA(c ), (31)

where r, (1) = |r,(£°Y)| with

ra(t) = x(2) —xp (1), (32)
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and x(7) being the exact photon trajectory. Further details
are given in Appendix B.

Accordingly, we may define an impact vector of the
incident light ray associated with the body’s position at
retarded instant of time, given by

d, (1) =6 x (ry(") x 6), (33)
and weak gravitational field means
my < dA(tret), (34)

where d, (') = |d,(")|. For grazing light rays the
impact vector at the retarded position equals the radius
of the massive body, while in general it will be larger:
d, (1) > P4. It should also be remarked that the solution
for the coordinate velocity of the photon takes the most
simple form in terms of x, (#'). In this way one obtains the
following 2PN solution for the photon’s coordinate velocity
in the field of one arbitrarily moving pointlike body:

x(1)

— =°F maA (PN () + mpAy (P (£), v (1))

+maAs(ri (%)) + O(c™). (35)

A (x) = —2<M+f>, (36)

x(x—6-x) x

lo-x
2 x*

6 X (x X06) 6 X (x X06)

As(x) = x(x —6-x)?

x*(x—6-x)
% QE_E(G x)
x(x—6-x) 2x* 4

156 x (x X 6) 6-x 7w
- 2020 et 7). 38
3 loxxP (arcan|axx+2> (38)

6 X (x X0)
x*|o x x|?

where the arguments of the vectorial functions are given in
Appendix D. One may demonstrate that in the case of body
at rest (35) agrees with [4,7-9], and the terms up to order
O(c™*) agree with [13,49]. In view of the complexity of the
2PN solution, all those terms in (37) have been combined in
some small parameter €; which can be estimated by

(39)

which amounts to be less than myle;| < 0.14 nas for
grazing light rays at Jupiter and even less for all the other
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Solar System bodies. We emphasize that the solution in
(35) does not depend on the acceleration of the massive
body, as long as it is given in terms of the retarded position
of the massive body. This fact is related to the case of an
arbitrarily moving and radiating electron in classical
electrodynamics where the radiation fields do not depend
on the acceleration of the electron if the worldline of the
electron is expressed in terms of its retarded position
[50,51]. Finally, we remark that the vectorial function A,
in Eq. (36) agrees with the vectorial function in Eq. (46) in
[9], and the vectorial function A3 in Eq. (38) agrees with
the vectorial function in Eq. (48) in [9], recalling that in
general theory of relativity the PPN parameter are
a = =y =¢€=1. But of course, the arguments of the
vectorial functions in Eq. (35) (moving monopole) differ
from the arguments in Eq. (44) in [9] (monopole at rest).

V. SECOND INTEGRATION OF GEODESIC
EQUATION IN 2PN APPROXIMATION

The second integration of geodesic equation yields the
trajectory of the light signal,

x() = [ 'dcz’@, (40)

where x(7) is given by (35) and the boundary condition (7)
must be imposed. Note that (35) is given in terms of retarded
time, but in order to proceed with the integration in (40) all
terms in (35) must have to be reexpressed in terms of
coordinate time by means of relations (B4)—(B6). Like in the
case of the first integration in (30), the second integration in
(40) is performed by iteration. Furthermore, since the
worldline of the body remains arbitrary, x, (), the integra-
tion is performed by means of integration by parts. In this
way, one obtains the light trajectory in terms of the spatial
position of the massive body at coordinate time, x4(7), but
can be rewritten in terms of retarded time of the position
of massive body, x4 ('), which is also from the physical
point of view more appropriate because gravitational action
travels with the finite speed of light. Altogether, we obtain
the following 2PN solution for the photon’s trajectory in
the field of one arbitrarily moving pointlike body, for an
illustration see Fig. 1:

x(1) =0 (1= 10)o -+ m (B, (FPN (1)) — B (PPN 15))
(B (). wa (1)) = B (15) w4 (1))
(B3 (PN (1) B (Y (15))) + O(e ™), (41)

By(x) = 22259 o n(r—g-x), (42)

X—0-X

oxXxx9) (xXo-)ﬂ—Zzln(x—o'-x)—|—2K
X—6-X ¢ c c

+€2, (43)

Bz<x, V) =2

124007-5



SVEN ZSCHOCKE
unperturbed lightray

exact light trajectory
P

jBCRS worldline of pointlike body A

FIG. 1. A geometrical representation of the light trajectory x(7)
of Eq. (41) through the gravitational field of one pointlike massive
body A moving along an arbitrary worldline in slow motion
v, < c. Atthe same instant of coordinate time the body’s position
is x4 () (gray sphere). However, since gravitational action travels
with the finite speed of light, the light ray at x(z) is influenced by
the gravitational field generated by the body at its retarded position
x4 (") (black sphere). The spatial vector r, (7' is defined by
Eq. (32) and points from the massive body A atits retarded position
toward the exact photon’s position at instant .
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c cx(xxo) lx
B3(x)_4x—o'-x+4(x—(6-x)2) 4x2
15 .
4o xx|arcmn\o'xx|
15 6 X (x x0) 6-x 1
_I(U.X)W(amtan|o-xx|+§>’

(44)

where the arguments of the vectorial functions are given in
Appendix D. One may demonstrate that in the case of
body at rest (41) agrees with [4,7-9], and the terms up to
order O(c™*) agree with [13,49]. In view of the complex-
ity of the 2PN solution, all those terms in (43) have been
combined in some small parameter €, which can be
estimated by

C2 dA (tret)

wﬂgvﬂﬁv¢(mw%+v-mw%

which yields myle,| < 107 m for grazing light rays at
Jupiter and even less for all the other Solar System bodies
(assuming an observer nearby the Earth). We emphasize that
the solution in (41) does not depend on the acceleration of
the massive body, as long as the solution is given in terms of
the retarded position of the massive body. This important
fact resembles the case of an arbitrarily moving electron,
where its radiation field does not depend on the acceleration
as long as the worldline of the electron is given in terms of
its retarded position [50,51]. We notice that the vectorial
function B, in Eq. (42) agrees with the vectorial function in
Eq. (50) in [9], and the vectorial function B3 in Eq. (44)
agrees with the vectorial function in Eq. (51) in [9], recalling
that in general theory of relativity the PPN parameter are
a = =y =¢e=1. But of course, the arguments of the
vectorial functions in Eq. (41) (moving monopole) dier from
the arguments in Eq. (45) in [9] (monopole at rest).

VI. OBSERVABLE EFFECTS

In this section we briefly consider the observable effects
of total light deflection and time delay which are of upmost
relevance for astrometry and belong to the classical tests of
relativity.

A. Total light deflection

The total light deflection of a light signal propagating
through the gravitational field of one arbitrarily moving
body is defined by the angle between the coordinate light
velocity at t — F-o00. From (35) we first of all obtain up to
terms of the order O(c™):

>2 n <ln(rA(tret) — - rA(tret)))Z’ (45)
[
L o
lim )@ =v
t—>+o00 C
o ) (e
—o— gty (1- 5
_ 8m2 o _ gﬂ-mz M
A (dg(tret))Z 4 A (dﬁ(tret)f:
g2 dg](fe‘) (ri(tret) +6- rﬁ(lre[)).

(47)

In the limit of one body at rest and located at the origin
of reference system, the expression in (47) agrees with
Eq. (64) in [9]. The impact vector d, (') and the impact
vector dY(7!) are related to each other subject to (D2).
Then, from (47) one obtains for the total light deflection up
to terms of the order O(c™):

4 . tret
lo xv| = lim NmAt _oralr®)
t—-+oo N\ (1) c

Al + 0 a5 () ()

—2m
(@) (@) (r5"))?
15 my
— 4
* 16”d§(f€t)]’ (48)

where ' = t, — r4(1§')/c and
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ra(tg") = x(to) — x4(15"), (49)

and terms |6 x €| have been omitted in (48) in view of the
estimate in (39). Furthermore, in (48) the impact vector at
15" and 1" of the unperturbed light ray has been used:

Ay (15) = o x ((xo —xa(1")) x 0), (50)
A (1) = 6 x ((xg — x4(1)) x 6), (51)

which in the case of a motionless body at the origin of the
coordinate system coincides with the impact vector defined
by Eq. (55) in [9]. The expression in (48) depends on the
direction of the light ray 6, on the coordinates of the light
source x, ¢, and on the mass, position and velocity of the
massive body my, x4, v, and it generalizes the corresponding
2PN expression for a body at rest [4,7,9], cf. Eq. (3.2.44) in
[4] or Eq. (65) in [9]. The occurrence of the third term in the
brackets in (48) is caused by the fact that the total light
deflection, which is a coordinate-independent observable, is
expressed in terms of coordinate-dependent quantities. This
assertion can be shown by introducing a coordinate inde-
pendent impact vector similar to the one given by Eq. (57)
in [9]. But, as emphasized above, the use of concrete
reference systems is inevitable in real astrometric data
reduction.

B. Time delay

A light signal which propagates through the curved space
of a massive body takes a longer time to travel from one
space-time point to another space-time point compared to the
flat Minkowskian space. Let us assume the light source and
the observer to be located at (x, #) and (x,, ¢, ), respectively,
and to be at rest with respect to the global reference system,
and we may define a spatial distance R = |x; — x;|. Then,
from (41) one obtains the following expression for the time
delay up to terms of the order O(c™>):

o-va(ff) o VA(tBet)>
C

C(tl —to) :R—ZmA(

(1 -220)

c

X In (ra(F") — 6 - ra(£FY) + 2my)
. ret
+2m, (1 _ovalit) >)
C
xIn(ra(f5') — 6 - ru(15") +2my), (52)

where 717 = t; — r4 (") /c; the terms o - €, were neglected
in view of the estimate in (45). The expression in (52)
generalizes the corresponding 2PN expression for one
monopole at rest [4,7,9,52] and it generalizes the expression
in Egs. (146)—(148) in [13] which is valid for arbitrarily
moving monopoles but in 1.5PN approximation.
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VII. SUMMARY AND OUTLOOK

Present-day astrometry has reached a level of a few
microarcseconds in angular determination of celestial
objects and prospective astrometry aims at submicroarc-
second or even nanoarcsecond level of precision.
Associated therewith is the precise determination of light
trajectories through the warped space-time of the Solar
System as one central issue in relativistic astrometry. An
exact solution for the light ray is, however, not possible
because of the involved structure of the metric of the Solar
System and one has, therefore, to resort to approximation
schemes. The gravitational fields of the Solar System are
weak, m, /P, < 1, and the velocities of the bodies are
slow, v,/c < 1, so that an expansion of the metric tensor
of the Solar System in inverse powers of the speed of light
becomes meaningful as given by Eq. (11),

— ©) ©) )
gaﬂ - ’/Iaﬁ + haﬂ + haﬂ + haﬂ ’ (53)

up to terms of the order O(c3). This so-called post-
Newtonian expansion (weak-field slow-motion approxima-
tion) implicitly assumes that all retardations are small,
which is well justified inside the near zone of the Solar
System. A corresponding expansion of the light trajectory
is given by Eq. (13) and reads

x(t) =x0+c(t—19)0 + Axipy + Axy spy + Axopy,  (54)

up to terms of the order O(c™>). One of the most intricate
problems in the relativistic theory of light propagation
concerns the impact of the motion of the massive bodies on
light trajectory. In recent investigations [12,13] the 1PN and
1.5PN terms, Ax;py and Ax; spn, have been determined for
the case of N arbitrarily moving bodies having full mass-
multipole and spin-multipole structure. The rapid advance
in astrometric measurements enforces one to account for
post-post-Newtonian effects Ax,py in the theory of light
propagation as well. The 2PN terms in (54) are only known
for the case of one monopole at rest, first determined in
[4,7] and later confirmed within several ongoing inves-
tigations [8,9,13,31,35,36]. But little is known about these
terms in (54) for the case of moving bodies. So far, the only
investigation in 2PN approximation regarding light trajec-
tory in the field of moving bodies has been performed in
[30] which was, however, not intended for light propaga-
tion inside the Solar System.

In our investigation, the problem of light propagation in
the field of one arbitrarily moving pointlike monopole has
been considered. Especially, an analytical solution in post-
post-Newtonian approximation for coordinate velocity x(7)
and trajectory x(7) of the light ray is presented. According
to the recommendations of IAU [6] the metric is given in
terms of harmonic coordinates. Because of the fact that
the worldline x4 (#) of the massive body is arbitrary, an

124007-7



SVEN ZSCHOCKE

integration of the geodesic equation in (14) is only possible
by means of integration by parts. The first integration (30)
and the second integration (40) has been performed in
terms of coordinate time. In this respect one has to keep in
mind that the post-Newtonian expansion of the metric (53)
and of the light ray (54) inherits that all retardations are
small, but they are not negligible. Instead, the fact remains
that gravitational action travels with the speed of light also
inside the near zone of the Solar system. The phrase
smallness of retardation effects in the Solar System means
that a series expansion of the retarded time is meaningful,
as given by Egs. (B2)—(B6). By means of these relations the
solution, first of all given in terms of the instantaneous
position of the body x4 (), can be expressed in terms of the
retarded position of the body x,(#'), where the first
integration and the second integration of geodesic equation
adopt the most simple form, as given by Eqgs. (35) and (41),
respectively. The expressions for the observables of total
light deflection and of Shapiro time delay are given by
Egs. (48) and (52).

The case of N arbitrarily moving pointlike bodies is
rather involved and needs special consideration. But in
view of the fact that the impact of two-body effects on light
deflection is less than 0.1 nas in the Solar System [31],
one might assert that the 2PN light trajectory in the field
of N pointlike monopoles in arbitrary slow motion can be
obtained from our solution just by a summation over N
individual bodies, at least for an envisaged accuracy on nas
level. These aspects will have to be scrutinized within more
detailed prospective analyses.
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APPENDIX A: NOTATION

Throughout the article the following notation is in use.
(1) G is the Newtonian constant of gravitation.

(2) c is the vacuum speed of light.

(3) M, denotes the rest mass of body A.

(4) my = GM,/c? is the Schwarzschild radius.

(5) P, denotes the equatorial radius of body A.

(6) vy denotes the orbital velocity of massive body A.
(7) 1 pas = 107¢ rad = 4.85 x 107!2 rad.

(8) 1 nas = g5 107" rad = 4.85 x 107" rad.

(9) Lower case Latin indices take values 1, 2, 3.

(10) Lower case Greek indices take values 0, 1, 2, 3.

(11) The three-dimensional coordinate quantities (three-
vectors) referred to the spatial axes of the reference
system are in boldface: a.

(12) The contravariant components of three-vectors
a = (a',a* a%).

(13) The contravariant components

a' = (d d',d?, a).

N
180x60x60

of four-vectors
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(14) The absolute value of a three-vector a = |a| =
Valal + d?a* + dad.

(15) The scalar product of two three-vectors a-b =
8;;a'b/ = a'b" with Kronecker delta &;;.

(16) The vector product of two three-vectors reads
(a xb)' = ¢;;,a’b* with Levi-Civita symbol ¢, ;.

APPENDIX B: RETARDED TIME

Gravitational action travels with the finite speed of light
which implies that the gravitational field at some field point
x is generated by the pointlike body at its position x, (#') at
the retarded instant of time defined by

ra (1)

c

tret = f—

, (B1)

where 7, (1) = [x —x,(")|. In the near zone of the
Solar System [3,17,53] one may assume that all retarda-
tions are small, hence a series expansion of (B1) becomes
meaningful,

et — f rACFt) _rA(t)C‘sz(t) + 0(0_3),

(B2)

which will later be used for the series expansion of the
metric tensor. Using (B2) and the series expansion of the
retarded position of the body which up to terms of the order
O(c™3) reads

(tret _ l)
1!

(tret_t)Z
2! 7

x4 (1) =24 (1) +%4 (1) +x4 (1) (B3)

we find the following relations:

Pa(820) = 1y (1) +

Laa() A1)
"3 e et
ra(r) = ry(0) (1424

+l(vA(t) ra()? 1ra() ‘aA(t)>

2 () 2 c?

+O(c™),
va(t™) _va(t) _as(r) ra1) + O,

1v3(7)
2 2

(BS)

(B6)

where v, (1) = x, () and a,(r) = ¥,(¢) is the velocity and
acceleration of the body, respectively. These relations agree
with Egs. (47)—(49) in [54] up to the term proportional to
the acceleration a4. These relations have been obtain for
ra (") = x — x4 ("), but we notice that the relations in
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(B2) and (B4)-(B6) remain its validity for ry (') =
x(1) — x4 ("), because they root on the expansion
in (B3).

The series expansions in (B4)—-(B6) are useful as long
as the retardations are small which is well justified in the
near zone of the Solar System. It especially constrains the
accelerations,

an(1)ra(1)

(B7)
for any moment of time.

APPENDIX C: 2PN METRIC FOR ONE
ARBITRARILY MOVING BODY

For our intention we need the 2PN metric in harmonic
gauge (6) for the case of one arbitrarily but slowly moving
pointlike monopole. The 2PN metric contains terms pro-
portional to G and terms proportional to G2, which are
considered in what follows.

1. Metric coefficients proportional to G

The terms proportional to G can easily be obtained from
the metric for one arbitrarily moving pointlike monopole in
post-Minkowskian approximation, which has been given
by Eq. (10) in [49], by Eq. (11) in [55], and also by Eq. (43)
in [54]:

4mA

=] ATy

c

y (u;&(tret) ui}(ﬂet) N @>
c c 2 )

where y;! (1) = /1 — v3(*!)/c? is the Lorentz factor

and (M) denotes monopole. The vector pointing from the
retarded position x,(7') of the body A towards the field
point x reads

hffy)(fe‘,x) _

(C1)

ra(f) = x — x4 (1"). (C2)
Let us note that in (C1) we present the covariant compo-
nents of the metric perturbations, while in [49,54,55] the
contravariant components have been used. Accordingly, the
covariant components of the four-velocity of the body are
uy (1) = y () (—c,va (")), and v, () is the three-
velocity of the body in the global system. Let us also
draw attention to the fact that the metric tensor in (C1) does
not depend on the acceleration but only on the velocity of
body A because it is given in terms of retarded time, see
also the comment below Eq. (39).

The metric in (C1) is valid for an arbitrarily moving body
which could even be in ultrarelativistic motion. We are
interested in the case of a slowly moving body, and a
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corresponding series expansion of (Cl) in terms of the
small parameter v,/c < 1 yields up to order O(c™):

(M) ¢ ret 2my vA(trm)'rA(tret)

hyy ' (£, x) = 1

e =+ s (1

(VA([ret) } rA(tret))z %1}124 (tret)) , (C3)

+ c? rf1 (1) 2 2

h (1, x) = =

dmy v’ (1) <1

ra(Y) ¢

v (tret) . rA(tret)>
+-4 ,

crp (1)

(C4)

(M) ¢ ret 2mA VA(tret)'rA<tret)
A (et ) = S 1A LAY
1y ( x) +,,A(tret) ]< + C}"A(l‘re[)
L Bal™) ra ()P 1030
c2ri (1) 2 2
dmy 0l (1)} (1)
rA(tret) C2

(C5)

The retarded time argument in (C3)—(C5) has to be replaced
by the global coordinate time using the relations in
(B4)—(B6).

Before going further, one has to realize that the accel-
eration of some body A is proportional to G according to
the equations of motion for N pointlike bodies,

%m:—cgﬁ@ﬁ@;ﬁ@+0@ﬁ,

BZA oy

(Co)

where the terms of order O(c™2) are given by the Einstein-
Infeld-Hoffmann equations [3-5,17,56]. Here, however,
we cannot use the equations of motion (C6) because we
consider the metric of one body A in arbitrary motion and
the physical origin of the motion of the body is not relevant
for the moment being. Especially, we do not have some
kind of equations of motion like in an N-body system (just
imagine accelerating rockets tied to that body). Therefore,
we are enforced to keep the acceleration terms explicitly in
Egs. (B4)-(B6). Of course, if one would go back and
consider an N-body system under the influence of their
mutual gravitational interaction, then one could make use
of the equations of motion (C6) and then such an accel-
eration term would appear as a term of the order G in the
metric tensor. According to these considerations, to order G
we obtain

2m
B2 (1 x) = + 224 C7
OO( ) rA(t) ( )
WO (x) = + 24 s (C8)
ij A(t) ij
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3) _
while 4y = hfy = A\ =0 and
96 (; ¢y = + 4my fogf) _my (ma(2) ';’A(f>)2

ra(t) ¢ ra(?) ¢

_ my (rA([) ) aA(t)) (CIO)
ra(t) c? '

t

WO (1.x) = +am, A (1)

4my vy (1) ”ix(t)

19 (1 x) = my (ny(1) .vA(t))z(s

ij ra(t) c2 RN
my (ra(t) -au(1))
e (C12)

We recognize that in (C10)—(C12) there are terms propor-
tional to the acceleration of the body. The metric in
Egs. (C7)~(C12) agrees with the metric given by
Egs. (7.2a)—(7.2c) in [14] for all terms proportional to G
and up to the order O(c™®). But we notice that in
Egs. (7.2a)—(7.2¢) in [14] there are no acceleration terms,
because they have been rewritten by means of the equations
of motion of an N-body system (C6), cf. Eq. (3.11) in [14]
and the text above that equation.

Another point to mention concerns the expression in
(CI1). For an N-body system it is a strict law that there
are no terms to power c*in 9oi [3,4,17,53], because in an
N-body system, instead of (Cl1), we would have a
summation over all bodies,

N
o Z i (1
A=
4G d
=+ LR =0, (C13)
where Pi(r) =Y X_, M0, (1) is the total Newtonian

momentum of the N-body system, which is strictly con-
served to order O(c™?), which means 4 Pi(r) = O(c™?)
[53]. Therefore, in an N-body system there is in fact no
term to power ¢~ in gg; [3,4,17,53]. But in our case of one
single body which moves along an arbitrary worldline
without resorting to the equations of motion (C6), there is
no conservation of total Newtonian momentum, hence we
have to keep that term in (C11). Nevertheless, there is an
important difference regarding the acceleration terms: in
2PN approximation the acceleration term in (C11) would
disappear for an N-body system, while the acceleration
term in (C10) and (C12) could be, by means of Eq. (C6),
rewritten in a form proportional to G2, but they remain to be

PHYSICAL REVIEW D 94, 124007 (2016)

of the order O(c™*), hence they would not disappear for an
N-body system in 2PN approximation.

2. Metric coefficients proportional to G*

The metric of a system of two pointlike bodies under the
influence of their mutual gravitational interaction has been
determined in the 2.5PN approximation in [14], which
means goo. gio and g;; up to terms of the order O(c™®),
O(c™"), and O(c™®), respectively. Recently, the metric of N
pointlike bodies has been determined in [31] in the 2PN
approximation for the light rays, which is g, up to terms of
the order O(c~?). In order to find all terms proportional to
G2, we may issue the results from Ref. [31], but have
to take the limit Mz — O for all bodies except body A. In
this way we obtain from Eqgs. (47)-(49) in [31] (with
a=p=r=1

LA 2m3

LX) =——-, Cl4
00 ( X) ri(t) ( )
W (1) = sy T (). (CI5)
ii s = ii n n .
/ A0
The metric perturbations hg}}) are given by
) 4G Cles

hog = oy + oy (Cl16)

with 1) given by (C10)~(C12) and 1) given by (C14)
and (C15).

Let us draw attention to the fact that if we insert the
equations of motion (C6) into the last term in (C10), then
we would get the next-to-last term in Eq. (47) in [31].
Similarly, if we insert the equations of motion (C6) into the
last term in (C12), then we would get the next-to-last term
in the second line of Eq. (49) in [31]. But we emphasize
again that we are not allowed to do such replacements
[which in [14] were called the order-reduced form of the
metric, cf. text above Eq. (3.11) ibid.], because we do not
consider an N-body system but a system of one body which
moves arbitrarily along its worldline without resorting to
the equations of motion in (C6).

3. Collection of all terms

Collecting all metric coefficients in Egs. (C7)—~(C12)
and in Egs. (Cl14)—-(C16), the post-post-Newtonian
metric for light rays can also be expressed in terms of
so-called potentials (w, w;, 7;;) in the following form,
cf. Egs. (A1)—(A3) in [57] or Eq. (2) in [58]:
= —1 +2w(t,x) = 2w?(t,x) + O(c™),

oo (1. X) (C17)

goi(t,x) = —dw;(1,x) + O(c™), (C18)

124007-10



LIGHT PROPAGATION IN THE GRAVITATIONAL FIELD OF ONE ...

gij(t,x) = (1 + 2W(l,x) + 2W2(l,x))6ij + 4T,~j(l‘,x)
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APPENDIX D: LIGHT TRAJECTORY
IN 1PN APPROXIMATION

The Newtonian and the first post-Newtonian solution
for the light ray appears as an argument in the vectorial
functions of the 2PN solution in (35) and (41). In this
Appendix we will present these expressions. In Newtonian
approximation we have

(1) = xg + c(t — tg)o — x4 (1'). (D1)

Furthermore, the light trajectory in the field of one
arbitrarily moving body in the first post-Newtonian
approximation can be obtained from [13] by means of
relations (B4)—(B5) and reads

}"N ) — g . rN et
r}‘PN(trel) — rII;I(trel) + 2on_1n g( ) A( )
r

[
N o ()
(2 (R () x o)

) =0 ()

+ O(C_S), (C19)
where the potentials read
my 3 my vi(t) 1my d®
I3 = — _ t
WX = T @ T2 ar W
_ M4 ma vx(1) 1 my (ma(t) - va(r))?
ra(t) ra(t) @ 2r(r) c?
1 (ny(2) -as(1))
, C20
my vy(1) a, (1)
(t,x) = — , C21
WI( ) rA(t) c A CQ ( )
omy v3(n) my vy (1) v} (1)
7;(t,x) = — 7 0jj
ra(t) ¢ rat) ¢ c
1 mi 1 m% ) ;
—-= S;i+— nt (Hn’ (1), Cc22
47'124(2‘) J 4},%({) A() A() ( )
recalling r4 (1) = |x — x4 (7).
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