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The existence of interactions between dark matter and dark energy has been widely studied, since they
can fit well the observational data and may provide new physics through such an interaction. In this work,
we analyze these models and investigate their potential relation with future cosmological singularities.
We find that every future singularity found in the literature can be mapped into a singularity of the
interaction term, that we call the Q singularity, where the energy flow between the dark components
diverges. Furthermore, this framework allows us to identify a new type of future singularity induced by the
divergence of the first derivative of the dark energy equation of state parameter.
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I. INTRODUCTION

Over the past decade, one of the main challenges in
theoretical physics, and particularly in cosmology, refers to
identifying the mysterious nature of the two dominant
components that, according to observations and most of
the theoretical frameworks, compose the Universe, namely,
the so-called dark energy and dark matter. While the latter
is likely behaving nowadays as a pressureless fluid, the
former should have an effective negative pressure in order
to explain the accelerated expansion of the Universe. Most
of the dark energy models assume an extra and unknown
field which would be responsible for the accelerated
expansion, but other realistic proposals include infrared
modifications of general relativity (for some reviews, see
[1]). In any case, the main problem arises because of the
large number of models, either extra fields or modified
gravity, capable of explaining the observational data and
leading to similar statistical evidence.
However, searching for models that include other effects

may provide an alternativeway of exploring the nature of the
dark sector to, hopefully, allow for discriminating among
the different theoreticalmodels. In this sense, someproposals
introduce the possibility of an interaction between dark
matter and dark energy, which may reveal new features of
both components (for a recent review, see [2]). Indeed,
several interactions have been suggested, where basically
the full Lagrangian contains a particular interaction term,
including nonminimally coupled theories [3]. A different and
more phenomenological way of exploring such a possibility

goes directly through the field equations, where an interact-
ing term, usually dubbed Q, is included in the continuity
equations such that the total energy is conserved but a flow of
energy exists between the two components, assuming
that both behave like perfect fluids [4–11]. Note that, despite
the fact that these models are constructed from a phenom-
enological viewpoint, they can also be obtained from a
variational principle [12]. Moreover, a major motivation to
explore dark couplings, besides the search for new physics,
lies in the possibility of solving the coincidence problem,
since some suitable interaction terms lead to attractor
solutions with an order one ratio of dark matter and dark
energy [4,5]. The existence of such scenarios has been
explored in different frameworks, from holographic dark
energy to periodic universes or future singularities [6,7].
An important issue that these models face is the potential
presence of instabilities at early cosmological times [10].
In any case, it is interesting to notice that some cosmological
observations point to the viability of some of these
interactions [11].
The required negative pressure for the dark energy

component has led to exploring models with an effective
equation of state (EOS) that violates the null energy
condition (NEC) ρþ p > 0, usually called a phantom
[13]. Violations of the NEC can be easily achieved with
extra fields that can arise from modified gravity theories or
high energy physics. However, violating the NEC is not
harmless, and, in fact, phantom models may give rise to
divergences in some cosmological parameters occurring at
a finite time, thus potentially inducing physical singular-
ities that jeopardize the regular structure of the spacetime.
Moreover, in many situations, these divergences addition-
ally signal the presence of pathologies in the perturbations.
In fact, a phantom cosmological evolution supported by
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minimally coupled scalar fields necessarily leads to the
appearance of Laplacian and/or gradient instabilities in the
perturbations. On the other hand, the so-called big rip,
which is one of the most extensively studied future
singularities, is characterized by a divergent scale factor
at a finite time, called the rip time, and this makes every
binding structure in the Universe eventually break apart.
Other future singularities analyzed in the literature lead to
regular spacetimes in the sense of geodesic completeness
but still may give rise to arbitrarily large tidal forces so that
the passage of physical structures through the singularity is
not free of peril. It is worth mentioning that the standard
lore relies on quantum effects to tame all these divergences,
since quantum corrections should become important when
the Planck scale is reached [8].
In addition to the theoretical appeal of these scenarios, it

is interesting to note that an effective EOS for dark energy
w < −1 is allowed by observational data (and, from some
sources, even favored [14]) and, thus, a universe with a
future singularity might be a plausible scenario for our
Universe. In this sense, the classification provided in
Ref. [7] and updated in Ref. [15] shows how each
divergence, usually appearing in the scale factor and its
derivatives, affects the Universe expansion and its struc-
tures. Moreover, there are some alternative nonsingular
scenarios (understood as the absence of divergences in
finite time) that may lead to the break of some structures, as
the little rip [16], pseudorip [17], and little sibling [18].
In this paper, we present an analysis of future singular-

ities within the framework of interacting dark energy–dark
matter models. The appearance of different singular cos-
mological scenarios in interacting models with a variable
cosmological constant and exotic quintessence fields has
been analyzed in Ref. [19]. Here, we will describe the
interactions in an effective way through the continuity
equations, and we find that every singularity found so far in
the literature can be mapped into a singularity of the
interaction term Q, and so we dub it the Q singularity. This
means that the flow of energy between the dark matter and
dark energy components diverges at a finite time, inducing
a divergence in the scale factor and/or its derivatives and
leading to one of the future singularities analyzed in the
literature. Furthermore, a new future singularity is ana-
lyzed, where the Q singularity provides a divergence in the
derivative of the EOS for dark energy. We then study some
specific interacting terms and EOS for dark energy,
analyzing those cases where the interaction diverges.
The paper is organized as follows: In Sec. II, a review on

cosmological singularities is given. Section III is devoted to
the introduction of the Q singularities, where several
Ansätze are considered and some models reconstructed.
In Sec. IV, some interacting terms, previously analyzed in
the literature, are considered, where for some particular
EOS for dark energy aQ singularity occurs. Finally, Sec. V
contains the conclusions of the paper.

II. FUTURE SINGULARITIES IN COSMOLOGY

Assuming a homogeneous and isotropic universe at large
scales, in compliance with the cosmological principle, the
line element is given by the Friedman-Lemaître-Robertson-
Walker (FLRW) metric

ds2 ¼ −dt2 þ aðtÞ2ðdx2 þ dy2 þ dz2Þ; ð1Þ

where aðtÞ is the scale factor and we have assumed
spatially flat sections. For the matter sector, we shall
consider a perfect fluid, whose energy-momentum tensor
is given by

Tμν ¼ ðρþ pÞuμuν þ pgμν; ð2Þ

where uμ is a normalized timelike vector, uμuμ ¼ −1, and
ρ and p are the energy density and pressure of the fluid,
respectively. Under these assumptions, the Einstein
equations GμνðgÞ ¼ κ2Tμν, where κ2 ¼ 8πG with G
Newton’s constant, yield the equations

H2 ¼ κ2

3
ρ and _H ¼ −

κ2

2
ðρþ pÞ: ð3Þ

These equations determine the background evolution of the
Hubble parameter H ≡ _a

a (a dot denotes a time derivative),
once the matter content (2) is fully specified. The above
equations can be combined to obtain the continuity
equation _ρþ 3Hðρþ pÞ ¼ 0, which can be trivially solved
for a constant EOS, w≡ p

ρ, as ρðtÞ ∝ a−3ð1þwÞ. Inserting
this result into the Friedman equations (3) yields the well-
known result

H ¼ 2

3ð1þ wÞðt − tsÞ
⇒ aðtÞ ∝ ðt − tsÞ

2
3ð1þwÞ; ð4Þ

where ts is some constant. Then one just needs to provide
a specific EOS w and Eq. (4) gives a full solution.
This immediately brings forward a potential problem: If
w < −1, the above solution leads to an expanding universe
such that at t ¼ ts both the scale factor aðtÞ and the energy
density ρ diverge. This is indeed the tip of a broader
problem; namely, depending on the properties of the matter
under consideration, some cosmological quantities may
diverge at a finite time t ¼ ts.
In a curved spacetime, the trouble with singularities is

very subtle, and the broad literature deals with this problem
from different perspectives. In this sense, the most rigorous
and well-accepted criterion about the nature of spacetime
singularities relies on the concept of geodesic complete-
ness, namely, whether any null and timelike geodesic can
be extended to arbitrarily large values of its affine param-
eter or not [20,21]. In this sense, a number of theorems have
been established to determine the conditions upon which a
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given spacetime contains a singularity [22]. These theorems
give a precise mathematical formulation to the physically
intuitive idea that, being null geodesics attached to the
transmission of information and timelike geodesics to the
free falling of idealized physical observers, in a well-
behaved spacetime nothing should suddenly cease to exist
or emerge from nowhere.
Let us review the analysis of the geodesic equation when

assuming a flat FLRW spacetime (1). A geodesic curve
γμ ¼ xμðλÞ, where λ is the affine parameter, satisfies, in a
coordinate system, the following equation [21,23]:

d2xμ

dλ2
þ Γμ

αβ

dxα

dλ
dxβ

dλ
¼ 0; ð5Þ

where Γμ
αβ are the Christoffel symbols of the spacetime

metric gμν. This way, the geodesic equations (5) become

d2t
dλ2

þHa2δij
dxi

dλ
dxj

dλ
¼ 0; ð6Þ

d2xi

dλ2
þ 2H

dxi

dλ
dt
dλ

¼ 0: ð7Þ

By using H ¼ _a
a ¼ 1

a
da=dλ
dt=dλ , Eq. (7) can be rewritten as

follows:

d
dλ

�
a2

dxi

dλ

�
¼ 0; ð8Þ

which gives

dxi

dλ
¼ ui0

a2
; ð9Þ

where ui0 are integration constants. Then, using the above
result, Eq. (6) yields

�
dt
dλ

�
2

¼ j~u0j2
a2

þ C0; ð10Þ

where C0 is another integration constant. We thus see that
the geodesics will be regular (with a well-defined tangent
vector) as long as the scale factor remains regular. Hence, if
the scale factor does not diverge and is nonvanishing (so the
metric is regular), the 4-velocities of the geodesics remain
regular and the spacetime will be said to be nonsingular. If
the scale factor diverges at some point, then the geodesics
stop there and cannot go through it. As we have discussed
above, it is important to notice that the geodesics are
insensitive to divergences in the expansion rate H or its
derivatives if they do not correspond to a singular behavior
of the scale factor. This will be the case of the type-II, -III,
and -IV singularities below, where the scale factor remains

finite while all the divergences appear only in its
derivatives.
When any geodesic path cannot be indefinitely extended,

one would be interested in understanding the underlying
reason for that. Taking into account that in many space-
times their geodesically incomplete character comes along-
side the divergence of (some) curvature scalars, one might
blame the presence of infinitely large tidal forces for the
existence of incomplete paths. Therefore, a framework has
been developed to determine the impact of tidal forces upon
physical (extended) observers [24], establishing the criteria
of strong singularities if the body is unavoidable destroyed
as it crosses the divergent region and weak in the case it
could retain its identity, i.e., its finite extended nature.
There are two broadly used criteria (known as Tipler and
Krolak criteria) to classify singularities as weak or strong
according to the convergence of the following integrals:

TðuÞ≡
Z

λ

0

dλ0
Z

λ0

0

dλ00Rijuiuj; ð11Þ

KðuÞ≡
Z

λ

0

dλ000Rijuiuj; ð12Þ

where ui is the 4-velocity of the geodesic towards the
singularity and Rij the components of the Ricci tensor.
From these expressions, it is clear that a spacetime
containing a divergence in (some of) the curvature scalars
can still be regular according to the above criteria.
Equipped with the two tools described above (geodesic

completeness and weak or strong singularities), a number
of future singularities have been found and studied in detail
in the literature:

(i) Type I (“big rip singularity”).—For t → ts, a → ∞,
ρ → ∞, and jpj → ∞, this case yields incomplete
null and timelike geodesics [25]. Thus, it represents
a genuine spacetime singularity.

(ii) Type II (“sudden singularity”).—For t → ts,
a → as, ρ → ρs, and jpj → ∞, geodesics are com-
plete and observers are not necessarily crushed
(weak singularity [26,27]).

(iii) Type III (“big freeze singularity”).—For t → ts,
a → as, ρ → ∞, and jpj → ∞, geodesically com-
plete solutions, which can be either strong or
weak [28].

(iv) Type IV (“generalized sudden singularity”).—For
t → ts, a → as, ρ → ρs, and jpj → ps, but second
and higher derivatives of the Hubble parameter H
diverge, geodesics are complete and the singularity
is weak [27,29].

(v) Type V (“w singularity”).—For t → ts, a → ∞,
ρ → 0, and jpj → 0, but the equation of state
w → ∞, these singularities are weak as well [30].

This list summarizes the current knowledge on cosmological
singularities in the literature, where the divergent quantities
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are identified. In this classification, it is common to implicitly
assume that the usual Friedman equations hold, so that the
singularities originate from some exotic properties of the
matter sector (e.g., violation of the NEC). However, it is
worth pointing out that some scenarios might lead to the
appearance of cosmological future singularities for nonex-
otic matter fields, e.g., dust or radiation fluids. This is the
case, for instance, in some Born-Infeld-inspired theories
[31], fðRÞ gravities [32], or modified gravity theories
formulated in generalized Weyl geometries [33].

III. Q SINGULARITIES

In this section, we shall further specify the setup
discussed in the previous section and consider that the
matter sector comprises nonrelativistic dark matter, with
wm ¼ 0, and dark energy, with wDE ≡ pDE=ρDE ≠ 0 a
certain function of time. These two components will be
assumed to interact according to [34]

∇μTμðmÞ
ν ¼ Qν; ∇μTμðDEÞ

ν ¼ −Qν; ð13Þ

where the 4-vector Qν governs the stress-energy transfer
between the two dark components. The choice of Qν will
determine the specific model under consideration. A
natural choice is to assume that this vector lies within
the space spanned by the 4-velocities of dark matter and
dark energy. While this is important at the level of the
perturbations, the fact that dark energy and dark matter are
usually assumed to share a common rest frame on large
scales makes it irrelevant for the homogeneous evolution.1

In other words, dark matter and dark energy have the same
background 4-velocity uν, and, thus, the interaction term
simply becomes Qν ¼ Quν. With these considerations in
mind, Eqs. (13) read

_ρm þ 3Hρm ¼ QðtÞ; ð14Þ

_ρDE þ 3Hð1þ wDEÞρDE ¼ −QðtÞ; ð15Þ

which is nothing but the field equations of the matter sector.
In these equations, QðtÞ accounts for the energy exchange
rate between the two dark sectors, so that QðtÞ > 0 implies
a transfer of energy from the dark matter sector to the dark
energy one and the other way around for QðtÞ < 0.
Although we have added an interaction between the two
dark components, the modification is such that the gravi-
tational field equations remain unchanged:

H2 ¼ κ2

3
ðρm þ ρDEÞ; ð16Þ

_H ¼ −
κ2

2
½ρm þ ρDE þ pDE�: ð17Þ

These two equations are consistent with the Bianchi
identities as well as with the modified continuity equations.
We can combine the two gravitational equations to express
the dark matter and dark energy densities in terms of the
Hubble expansion rate and the dark energy equation of
state as

ρDE ¼ −
1

wDEκ
2
ð3H2 þ 2 _HÞ; ð18Þ

ρm ¼ 1

wDEκ
2
½3ð1þ wDEÞH2 þ 2 _H�: ð19Þ

We can now combine these equations with the matter ones
(14) and (15), so that we finally obtain an expression for
QðtÞ as

QðtÞ ¼ 1

κ2wDE
½9ð1þ wDEÞH3 þ 6ð2þ wDEÞH _H

þ 2Ḧ −
_wDE

wDE
ð3H2 þ 2 _HÞ�: ð20Þ

Hence, by assuming a particular cosmological evolution
H ¼ HðtÞ, the corresponding interacting term QðtÞ can be
obtained. In the above expression for QðtÞ, we can see that
a future singularity implying a divergence in H, _H, or Ḧ
will typically induce a divergence in Q. Moreover, diver-
gences in the equation of state will also lead to a divergent
interaction. As a novel feature, we additionally find that a
divergence in _wDE gives rise to a singular interaction as
well. Since the background field equations do not involve
the derivatives of the equation of state parameter, this type
of divergence is expected to be harmless for the homo-
geneous evolution, but the perturbations might be sensitive
to them, since the adiabatic sound speed in a barotropic
fluid is given by

c2s ¼
_p
_ρ
¼ w

�
1þ ρ _w

_ρw

�
; ð21Þ

and, therefore, a divergence in _wDE could induce a
divergence in the sound speed of dark energy. Here we
are mainly interested in how the different types of singu-
larities can be mapped into a divergence of Q, so we will
not explore any further these potential physical implica-
tions, which, in addition, would require a full covariant
formulation to study the perturbations.
We will end our general treatment by giving an alter-

native relation between the interaction term and the Hubble

1In models of moving dark energy [35], the two dark
components can have a relative motion even at the background
level, so that more general interactions could be envisioned. We
will not consider these scenarios here, and, in any case, if dark
energy interacts with dark matter, they are expected to have a
common rest frame at large scales.
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expansion rate that will complement Eq. (20). For that, we
first note that the continuity equations (14) and (15) can be
solved for the energy densities given an arbitrary expansion
rate, a dark energy equation of state, and an interaction
term. The solutions can then be expressed as

ρm ¼ ρm

�
1þ

Z
Q
ρm

dt

�
; ð22Þ

ρDE ¼ ρDE

�
1 −

Z
Q
ρDE

dt
�
; ð23Þ

where ρm and ρDE denote the homogeneous standard
solutions in noninteracting models, i.e.,

ρm ¼ ρ0ma−3; ð24Þ

ρDE ¼ ρ0DE

Z
e−3

R
Hð1þwDEÞdtdt; ð25Þ

with ρ0m and ρ0DE integration constants. We can then insert
these solutions into the Friedman equation (16) to obtain

H2 −
κ2

3
ðρm þ ρDEÞ ¼

κ2

3

�
ρm

Z
Q
ρm

dt − ρDE

Z
Q
ρDE

dt

�
:

ð26Þ

Analogously, the second gravitational equation (17) can be
expressed as

_H þ κ2

2
½ρm þ ð1þ wDEÞρDE�

¼ −
κ2

2

�
ρm

Z
Q
ρm

dt − ð1þ wDEÞρDE
Z

Q
ρDE

dt

�
: ð27Þ

In these expressions, we have explicitly separated the usual
gravitational equations in the absence of interactions (lhs)
from the modifications coming from the interactions (rhs).
We can easily see that a divergence in Q can give rise to
divergences in H or _H, but one can have a singular
interaction Q while H and _H remain finite. This is so
because Q enters the above expressions only inside the
integrals, which can improve the smoothness ofQ. In order
to obtain Eq. (20), we had to take derivatives of the
equations, and this can introduce additional divergences
that might lack physical relevance (like the singularities
originating from _w that are expected to have effects only at
the perturbation level). However, expressions (26) and (27)
are obtained after solving the continuity equations, and,
thus, divergences appearing there have a more direct
physical relevance.
In this work, we are interested in knowing under which

circumstances the interacting term yields future singular-
ities on the cosmological background evolution. To this

end, we shall split our analysis into constant and time-
dependent EOS for the dark energy component in the
following.

A. wDE = const

This choice removes the _wDE contribution in Eq. (20).
Let us parameterize the Hubble factor as

HðtÞ ¼ Aþ 2

3t
þ Bðts − tÞα; ð28Þ

where A and B are some constants and α ≠ 0 controls the
type of singularity at time ts. Note that such a para-
metrization is assumed in such a way that the matter-
dominated epoch is recovered asymptotically while at late
times the cosmological constant term should dominate
together with the last term in (28), which denotes deviations
from the ΛCDM model. For the appropriate value of α, the
last term will eventually dominate when approaching the
singularity, if it occurs. From the parametrization (28), one
obtains the dominant term for the scale factor aðtÞ as

aðtÞ ¼ a0t2=3e
½AtþBðts−tÞαðt−ts1þαÞ�; ð29Þ

if α ≠ −1, and

aðtÞ ¼ a0t2=3
eAt

ts − t
; ð30Þ

if α ¼ −1. In these expressions, a0 is an integration
constant. We can now expand QðtÞ as given in (20) around
t ¼ ts with the parametrization (28) to obtain

QðtÞ≃ ðt − tsÞα−2; ð31Þ

which diverges for α < 2. We will proceed by splitting the
analysis into different subcases for α to identify the type of
future singularity and its relation to the divergence of QðtÞ.

(i) α ¼ −1.—At t ¼ ts, one has

aðtÞ≃ a0
t2=3eAt

ts − t
→ ∞; ð32Þ

HðtÞ≃ B
ts − t

→ ∞: ð33Þ

According to the classification introduced in Sec. II,
the divergence of both the scale factor and the
Hubble parameter is distinctive of a big rip singu-
larity, which prevents the completeness of geodesics.
Note that it is the divergence of H that induces the
one of QðtÞ at t ¼ ts.

(ii) −1 < α < 0.—At t ¼ ts, one has

aðtÞ≃ a0t2=3eAts ¼ as; ð34Þ
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HðtÞ≃ B

ðts − tÞjxj → ∞: ð35Þ

According to the classification introduced in Sec. II,
this is a type-III big freeze singularity.

(iii) 0 < α < 1.—At t ¼ ts, we have

aðtÞ≃ t2=3eAt ¼ as; ð36Þ

HðtÞ≃ A; ð37Þ

and thus both are finite, corresponding to an asymp-
totically de Sitter space. However, the first derivative
of the Hubble parameter, _H ≃ B

ðts−tÞjα−1j, diverges at

t ¼ ts, which is the term in (20) related to the
divergence of Qðt ¼ tsÞ → ∞. This is a sudden
singularity.

(iv) 1 < α < 2.—At t ¼ ts, one has

aðtÞ≃ t2=3eAt ¼ as; ð38Þ

HðtÞ≃ A; ð39Þ

_H ≃ −
2

3t2
; ð40Þ

and thus all of them are finite. However, the second
time derivatives of H appearing in Eq. (20) do
diverge, Ḧ ≃ Bαðα−1Þ

ðts−tÞjαj → ∞. This is a generalized

sudden singularity.
It is also worth pointing out that, in those cases with
α < −1, at t ¼ ts one has

aðtÞ≃ a0
t2=3

ðts − tÞj1þαj e
− B
j1þαj → 0; ð41Þ

HðtÞ≃ B

ðts − tÞjαj → ∞; ð42Þ

which is a big-bang-type singularity.
The analysis above shows that the four classes of future

singularities introduced by Nojiri, Odintsov, and Tsujikawa
in Ref. [7] can be understood to be just particular cases of
singularities of the function QðtÞ at t ¼ ts, where each type
of divergence in the scale or Hubble factor or its derivatives
comes from a different degree of divergence ofQðtÞ. In this
sense, if α ≥ 2, the function QðtÞ is finite and no future
singularity emerges.

B. wDE ≡ wDEðtÞ
Next, we will extend our analysis to a nonconstant dark

energy EOS. Let us parameterize it around t ¼ ts as

wDE ≃ ws þ ðts − tÞβ; ð43Þ

with ws some constant. A glance at Eq. (20), in combina-
tion with Eq. (43), tells us that if the parameter β < 1, the
term _wDE=w2

DE will diverge. There are indeed several cases
to be analyzed separately.

(i) If − 1 < β < 0, then we have

wDEðtÞ≃ 1

ðts − tÞjβj → ∞; ð44Þ

QðtÞ≃ β

ðts − tÞj1−βjðws þ ðts − tÞβÞ2 → ∞: ð45Þ

Thus, in this case we have a divergence in the
function wDE, which induces the one of QðtÞ. These
are wDE singularities, which correspond to the
type-V singularities discussed in Sec. II.

(ii) If 0 < β < 1, then at t ¼ ts one has

wDEðtÞ → ws; ð46Þ

_wDE ≃ 1

ðts − tÞjβ−1j → ∞; ð47Þ

QðtÞ → ∞: ð48Þ

This is a _wDE singularity; i.e., it is this contribution in
(20) that is responsible for inducing a divergence in
QðtÞ (while w remains finite). As this scenario is not
included into the five types of future singularities
discussed in Sec. II, we call them type-VI singular-
ities. Assuming the finiteness of both aðtÞ and HðtÞ
in this case (otherwise, one would end up in one of
the type-I–IV singularities above), it is easy to see
that the corresponding spacetimes are geodesically
complete due to the finiteness of the geodesic
equations (6) and (7) (recall the discussion of
Sec. II), and, like their wDE singularity partners,
these type-VI singularities are weak. As discussed
above, although this type of singularity does not
represent any divergence for the homogeneous
cosmological evolution, it might induce divergences
in the perturbations through the adiabatic sound
speed of dark energy. Finally, it would remain to
check if this type of singularity can happen for a
realistic physical model.

(iii) If β < −1, then the term _wDE=w2
DE yields a finite

contribution to QðtÞ in Eq. (20). In such a case, one
would need to consider the behavior of the other
terms in Eq. (20), thus obtaining again types I–IVof
singularities.

From the analysis above, it is clear that the known five
types of future singularities (and the new type VI found
here) can be seen just as particular cases of the divergence
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of the energy flow between the dark components, that is, Q
singularities. In the next section, we shall review some
particular interacting models and discuss their relation with
Q singularities.

IV. DARK ENERGY–DARK MATTER
COUPLINGS REVISITED

In this section, we will consider some specific models for
interacting dark energy and dark matter where we can
explicitly show the appearance of different types of future
cosmological singularities induced by the interacting terms.

A. Q= ζHρDE
Over the past years, couplings between dark energy and

dark matter have been widely explored in the literature
where the effectiveQ term is taken to be proportional to the
energy density, either the dark matter or the dark energy or
a combination of both, i.e. (see, e.g., [5,36–38]),

Q ¼ ζHρ; ð49Þ

where ζ is a constant to be determined by the observations
and ρ can be an arbitrary combination of the dark matter
and dark energy densities. Then, let us explore the
possibility of the existence of a Q singularity when
considering this type of interaction.
First, we will focus on the case when the interacting term

is proportional to the dark energy density Q ¼ ζHρDE. In
such a case, by combining the FLRW equations (3), the
interacting term Q can be expressed as follows:

Q ¼ ζH
3H2 þ 2 _H

~κ2
; ð50Þ

where ~κ2 ¼ −wDEκ
2. From this expression it is clear that a

possibleQ singularity can induce only a big rip or a sudden
singularity, depending on the magnitude that diverges in
(50), H and/or _H. It is important to note that these are only
potential singularities that might occur. In particular, big rip
singularities involve a divergence of the scale factor as well,
and this cannot be directly inferred from the expression for
Q, but we need to look at the corresponding solutions. We
can reduce the cosmological evolution within this scenario
to a second-order differential equation for the Hubble
expansion rate by combining expressions (20) and (50)
to obtain

2Ḧ þ 9ð1þ wDEÞH3 þ 6ð2þ wDEÞH _H

−
_wDE

wDE
ð3H2 þ 2 _HÞ þ ζHð3H2 þ 2 _HÞ ¼ 0: ð51Þ

From this equation, we can analyze the behavior of
HðtÞ and, thus, study the presence of future singularities.
The remaining cosmological quantities, i.e., the energy

densities, are algebraically related to the solutions of the
above equation, and, therefore, the cosmological evolution
is completely determined by (51). For simplicity, from now
on we will assume the constant equation of state for dark
energy _wDE ¼ 0. It is easy to see that the only critical point
in that case is the Minkowski solution withH ¼ 0, which is
unstable (see Fig. 1). Moreover, although the equation is
nonlinear, it is easy to obtain exact solutions by taking
advantage of its time rescaling invariance. This motivates to
look for solutions with _H ¼ λ−1H2 with λ some dimen-
sionless parameter. These solutions lead to the usual
cosmological evolution given by

H ¼ λ

ts − t
⇒ aðtÞ ∝ jts − tj−λ; ð52Þ

with ts some reference time. When inserting this Ansatz
into (51), we obtain the following equation for λ:

ð3þ 2λ−1Þ½3ð1þ wDEÞ þ ζ þ 2λ−1� ¼ 0 ð53Þ

with two branches of solutions, namely, λ ¼ −2=3 and
λ ¼ −2=ð3ð1þ wDEÞ þ ζÞ. The first branch corresponds to
a matter-dominated universe (which is unstable in the
presence of the dark energy component), while the second
branch corresponds to a universe where either the dark
energy or the interaction term dominates. We see that, in
that branch, the effective equation of state is given by
weff ¼ wDE þ ζ=3. Thus, an interaction term with ζ <
−3ð1þ wDEÞ (transfer from dark matter to dark energy)
can induce an effective phantom behavior leading to a
type-I big rip singularity even if dark energy satisfies the
null energy condition. This can be easily understood from
the dark energy conservation equation which, with the
interacting term under consideration, can be written as

_ρDE þ 3H

�
1þ wDE þ

1

3
ζ

�
ρDE ¼ 0; ð54Þ

where we see that dark energy acquires the aforementioned
effective equation of state determining the fate of the
cosmological evolution. In Fig. 1, we show the phase
map corresponding to the cosmological evolution of this
model and a particular singular solution where our ana-
lytical results are also numerically confirmed.
Although the above results have been obtained for an

interaction fully determined by the dark energy component,
our findings are completely general for the type of
interaction under consideration. In order to show that,
let us now consider the more general interaction term
given by a linear combination of ρDE and ρm, i.e.,
Q ¼ Hðζ1ρDE þ ζ2ρmÞ. By proceeding analogously, we
find the following expression for Q:

Q ¼ H
~κ2
½3ðζ1 − ð1þ wDEÞζ2ÞH2 þ 2ðζ1 − ζ2Þ _H�: ð55Þ
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For this general case, we will also have solutions of the
form _H ¼ λ−1H2, where λ is now given by

λ−1� ¼ −
1

4

h
3ð2þ wDEÞ þ ζ1 − ζ2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3wDE þ ζ1Þ2 þ ζ2ð6wDE − 2ζ1 þ ζ2Þ

q i
: ð56Þ

We can see from this expression that we will also have
future big rip singularities very much like in the previous
case analyzed in detail. In this case, the effective equation
of state is given by weff ¼ −ð1þ 2

3λÞ and has a more
complicated dependence on the model parameters, but it
is easy to see that it can also lead to an effective phantom
behavior even if dark energy satisfies the null energy
condition. In the limit of small couplings jζ1;2j ≪ 1, we
obtain

wþ
eff ≃ wDE þ

1

3
ζ1; w−

eff ≃ −
1

3
ζ2; ð57Þ

for each corresponding branch. We see that the second
branch can never lead to a big rip for small couplings
jζ1;2j ≪ 1, because the effective equation of state is
w−
eff ∼Oðζ2Þ. The first branch, however, can give a big

rip singularity for a nonphantom dark energy component if
its equation of state is close to −1 and the interaction
satisfies ζ1 < −3ð1þ wDEÞ. Thus, if the interactions are
small, only a negative ζ1 can induce an effective phantom
behavior. However, if the interactions are allowed to be

larger, also a wide range of values of ζ2 and positive values
of ζ1 can lead to future big rip singularities. In Fig. 2, we
show the region in the parameter space where there is an
effective phantom behavior in the general case.
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1

10

100

1000

t

H

FIG. 1. In this figure, we plot the phase map (left panel) and numerical solutions (right panels) of Eq. (51) corresponding to the
interaction Q ¼ ζHρDE and with the parameters set to ζ ¼ −1 and wDE ¼ −0.98. We also show the solution for a matter-dominated
universe (green line) and the asymptotic solution with _H ¼ λ−1H2 (blue line) discussed in the main text. The black dot denotes the
unstable Minkowski critical point. The red trajectory corresponds to the solution with the scale factor and Hubble expansion rate
depicted in the right panel (where we have normalized to their initial values). This solution transits from matter domination to dark
energy domination, eventually approaching a big rip singular solution even though dark energy is not phantom, thus confirming the
analytical findings discussed in the main text.
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–30
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Effective Phantom

FIG. 2. In this plot, we show the region in the parameter space
where an interaction of the form Q ¼ Hðζ1ρDE þ ζ2ρmÞ can lead
to a future big rip singularity characterized by an effective
phantom behavior even if dark energy satisfies the null energy
condition (we have taken wDE ¼ −0.98).
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B. Q=ΓρnDE
In the previous subsection, we have shown that the most

widely used interaction terms in the literature can easily
induce a future big rip singularity even if dark energy
satisfies the null energy condition. In order to show the
appearance of other types of singularities within our

framework, we will consider a slightly modified version
of the interaction term given by

Q ¼ ΓρnDE; ð58Þ
with n a dimensionless constant and Γ a parameter with
dimension ðmassÞ5–4n controlling the strength of the
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FIG. 3. In this plot, we show the cosmological evolution for the interacting model Q ¼ ΓρnDE. We have taken wDE ¼ −0.98 and
Γ ¼ −1 to show the presence of future singularities for nonphantom dark energy. In the upper panels, we have taken n ¼ 3, which
corresponds to the case exhibiting a future sudden singularity with the asymptotic solution H ≃ Cðts − tÞp þHs as discussed in the
main text. In the upper left panel, we show the phase map and indicate the matter-dominated universe (green line), the critical points
corresponding to Minkowski (black) and de Sitter (blue), both of which are unstable, and two trajectories whose numerical solutions are
also shown in the upper right panels. We can see that most solutions asymptotically give a finite value of H while _H diverges, going to
either þ∞ (dashed curves) or −∞ (solid curves). These numerical solutions are in agreement and confirm the analytical results
discussed in the main text. Notice also that there are solutions that remain close to the matter-dominated universe but eventually evolve
towards the singularity. This shows that there can indeed be a transition from matter domination to dark energy domination with a future
singularity. Similarly, in the lower left panel we show the phase map for the case with n ¼ 5=3 that corresponds to a future big freeze
singularity where the Hubble expansion rate (and its derivatives) diverges while the scale factor remains finite, as can be explicitly seen
in the numerical solutions given in the lower right panels, again confirming our analytical results.
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interaction term. Again, the interaction can be expressed in
terms of the Hubble expansion rate as

Q ¼ Γ
�
3H2 þ 2 _H

~κ2

�n

: ð59Þ

With this expression, we can again obtain a differential
equation for H that will determine the cosmological
evolution given by

2Ḧ þ 6ð2þ wDEÞH _H þ 9ð1þ wDEÞH3

þ ~κ2ð1−nÞΓð3H2 þ 2 _HÞn ¼ 0; ð60Þ

where we have taken _wDE ¼ 0 for simplicity again. It is
interesting to notice that this system has de Sitter critical
points (in addition to the Minkowski critical point) deter-
mined by

HdS ¼
�
−
9ð1þ wDEÞ
3n ~κ1−nΓ

� 1
2n−3

; ð61Þ

which exists for dark energy models with wDE ≠ −1. Since
we are interested in obtaining additional future singularities
(other than big rip), we will now look for solutions where
j _Hj ≫ H2. Furthermore, we seek solutions driven by the
interaction term, so that we will also assume that jHj ≪
jΓð _H=~κ2Þn−1j so that the above equation reduces to

Ḧ þ μ _Hn ≃ 0; ð62Þ

with

μ≡ Γ
�
~κ2

2

�
1−n

: ð63Þ

Notice that the above equation is invariant under a constant
shift ofH, and this is important to keepH finite. In fact, the
above equation can be easily solved to give the following
asymptotic solution of the original equation:

H ≃ Cðts − tÞp þHs; ð64Þ

with ts and Hs integration constants and

p ¼ n − 2

n − 1
; C ¼ ð1 − nÞp

n − 2
μp−1: ð65Þ

This shows that the considered interaction term can induce
singularities where H remains constant while its derivative
diverges. For instance, if we take n ¼ 3, we find solutions
of the form H ≃ C

ffiffiffiffiffiffiffiffiffiffiffi
ts − t

p þHs which give HðtsÞ ¼ Hs

but _H → ∞ as t → ts, i.e., a type-II or sudden singularity.
This behavior will be general for values of n leading to
0 < p < 1. This type of solution is explicitly shown in
Fig. 3 (upper panels), where we can indeed confirm the

analytical asymptotic behavior for the solutions.
Furthermore, these interactions also allow us to find
solutions of a big freeze or type-III singularities by
imposing, for instance, p ¼ −1=2, which is achieved for
n ¼ 5=3. In that case, H diverges as H ≃ Cðts − tÞ−1=2 at
the singularity (as well as its derivatives), but the scale
factor approaches the singularity as a≃ ase2C

ffiffiffiffiffiffi
ts−t

p
and,

thus, it remains finite. This behavior will be typical for
values of n giving −1 < p < 0. Our analytical findings can
be confirmed in Fig. 3 (upper panels) from the phase map
and explicit numerical solutions.

V. CONCLUSIONS

In this work, we have revisited the so-called interacting
dark energy models, where a coupling to dark matter is
assumed, and we have established a general relation
between such interactions and future cosmological singu-
larities. We have considered the usual interaction terms at
the level of the continuity equations, so that the total energy
is automatically conserved but a flow between both dark
components exists. Within this scenario, we have found
that every future cosmological singularity taking place at a
finite time can be directly mapped into a singularity of the
interaction term, which we have dubbed as the Q singu-
larity. This means that the energy flow diverges at a finite
time, naturally inducing one of the future singularities
studied in the literature so far. Furthermore, our framework
has allowed us to find a novel type of singularity charac-
terized by a divergence in the time derivative of the
equation of state parameter of dark energy. Although this
singularity is expected to not be relevant for the background
evolution, it might signal the presence of divergences in the
sound speed of the perturbations. We have exemplified
these relations by considering parameterizations of the
Hubble expansion rate and the dark energy equation of
state.
As specific realizations of our general framework, we

have also investigated the potential occurrence of the future
singularities and their relation to Q singularities when
assuming some specific interacting terms given in terms of
the energy density of dark energy. For usual interacting
terms proportional to the energy density of dark energy, we
have shown that the interaction with dark matter can induce
a future big rip singularity even if the dark energy
component does not violate the null energy condition;
i.e., the interacting term can induce an effective phantom
behavior for dark energy even if wDE > −1. We have also
considered interactions given in terms of an arbitrary power
of the dark energy density, and we have found that this
interaction leads to other types of singularities such as
sudden and big freeze singularities. We have rigorously
shown this by performing an analytical and a phase map
analysis, whose results have also been confirmed by means
of numerical solutions.
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As a main result of our study, we can conclude that
interacting dark energy models provide a promising and
very suitable framework to study cosmologies with future
singularities, since they all can be accommodated in
appropriate interaction terms, i.e., as Q singularities.
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