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Parity-doublet representation of Majorana fermions and neutron oscillation
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We present a parity-doublet theorem for the representation of the intrinsic parity of Majorana fermions,
which is expected to be useful also in condensed matter physics, and it is illustrated to provide a criterion of
neutron-antineutron oscillation in a Bardeen—Cooper—Schrieffer type of effective theory with AB =2
baryon number-violating terms. The CP violation in the present effective theory causes no direct
CP-violating effects in the oscillation itself, which is demonstrated by the exact solution, although it
influences the neutron electric dipole moment in the leading order of small AB = 2 parameters. An analog

of Bogoliubov transformation, which preserves P and CP, is crucial in the analysis.
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I. INTRODUCTION

The Majorana fermions have received much attention
recently not only in particle physics [1] but also in
condensed matter physics [2]. The Majorana fermions
are defined by the condition w(x) = Cy’(x) = y°(x),
where C = iy?/° stands for the charge conjugation
matrix [3].

We start with a neutral Dirac fermion n(x) and define the
combinations . (x) = \/LE [n(x) £ n°(x)], which satisfy
WS (x) = £y, (x), showing that y,(x) and y_(x) are
Majorana fields. We treat the fermion with w(x) =
—y_(x) also as a Majorana fermion. It is well known
[3,4] that, in theories in which the fermion number is
conserved, the discrete symmetry such as parity can
generally be defined with an arbitrary phase freedom &,
n(x) = e%y’n(t, —x). However, if fermion number is not
conserved, the equivalence of parity operators under a
phase transformation fails. As working definitions of C, P,
and T even in a theory with fermion number violation, we
use the conventional definitions given in Ref. [3]. One can
then confirm that the parity operation with vanishing phase
6 =0, which is the most common definition [3,4] and
called “y” parity” in the following when we specify it more
precisely, namely,

n(x) > n(t,=%),  n¢(x) > ="n(t. %), (1)

which satisfy P? = 1, leads to a doublet representation

fw. (). w_(x)},

i (x) = yOwe (1, =X). (2)
Only when the two fermions . (x) are degenerate is this
doublet representation consistent with dynamics [4]. The

mass splitting in . (x) inevitably breaks the y° parity as a
symmetry of the Lagrangian.
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On the other hand, one confirms that parity for an
isolated single Majorana fermion is consistently defined
only by “iy? parity” with 6§ = 7/2,

n(x) = iy’n(t, —x), n¢(x) = iy°n(t,-x), (3)

namely, by (see Ref. [4]),

wa(x) = iy (1, —X), (4)

which is consistent with the reality of w.(x) in the
Majorana representation in which y° is Hermitian but
purely imaginary. The phase freedom ¢ is thus fixed by
the Majorana condition and P> = —1. This transformation
rule (4) by itself does not tell the presence or absence of the
mass splitting of w4 (x).

The intrinsic parity of Majorana fermions, in particular,
the parity-doublet theorem stated below, are shown to play
main roles in the discussion of neutron-antineutron oscil-
lation [5,6], which has received attention recently [7-10].

II. EFFECTIVE AB =2 LAGRANGIAN
FOR THE NEUTRON

In the analysis of possible baryon-number violation and
neutron oscillation, one can study essential aspects by
analyzing the quadratic effective Hermitian Lagrangian
with general AB = 2 terms added,

L = n(x)iy*d,n(x) — ma(x)n(x)
- %el [enT (x)Cn(x) — e~7i(x)CT" (x)]

~56s [n" (x)Cysn(x) 4 7(x)Cysa’ (x)], (5)

where m, €1, €5, and a are real parameters. The most general
quadratic Hermitian Lagrangian is written in the form (5)
using the phase freedom of n(x) — n(x) = e?#n’(x); under
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this change of naming the field, the physical quantities in (5)
such as mass eigenvalues are obviously invariant. But once
one defines n¢(x) = Cn’, we have n(x) = e~#n'*(x), and
thus the C and CP properties of the solutions of the
Lagrangian (5) are changed. The first AB = 2 term with
real €, breaks the y° parity, while the second AB = 2 term
with real e5 preserves the y° parity. The term with €5 written
in the variables in (5) preserves C and CP. (In contrast, the
first AB = 2 term preserves iy’ parity, while the second
AB =2 term breaks iy® parity.) An analogy of neutron
oscillation in (5) to Bardeen—Cooper—Schrieffer (BCS)
theory was emphasized at the early stage of the study of
neutron oscillation [11].

We assume that the baryon number of the neutron in our
effective theory is fixed by strong interactions, and thus a
parity-violating AB = 0 mass term —5m'7iiysn induced by
the QCD #-vacuum, for example, should be added to a
possible parity-violating mass term induced by AB =2
interactions discussed later.

The model (5) with a =0, which preserves CP, is
related to the single-flavor neutrino model in Ref. [1] if
one replaces n(x) by v(x) and suitably adjusts the phase of
the neutrino in the latter model. The mass eigenvalues are

given by
M. =\/m>+ete. (6)

For the purpose of the analysis of CP violation later, the
Hermitian Lagrangian (5) with @ = —z/2 is interesting. For
this choice, the second term with €, breaks y° parity and
CP, although C is a good symmetry of the total Lagrangian.
The Lagrangian with @ = —z/2 is exactly solved in terms
of the solutions of

(id — M)y, (x) =0, (7)

with mass eigenvalues

My =/(m+te)*+ek (8)

The neutron fields are then given by

e G

where the chiral phase factors are defined by
M e¥0s1s = m £ ¢, £ iesys, (10)

and ©=1(9, +0_) and ®=1(0, —0_). The charge
conjugation properties of y,. are [12]

c

pi(x) =y, (x), yilx)=-y_(x) (11)
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and are thus Majorana fermions, which are consistent with
the C transformation of n and ¢ in (9) and also consistent
with the C invariance of (5) (with @ = —z/2). One can
confirm that the doublet representation of parity

wi(x) = w1, —%) (12)

does not induce the y°-parity transformation of n and n¢ for
® # 0 in (9), reflecting the P (and thus CP) violation for
€1€5 # 0 (for ;5 = 0, ® = 0) in addition to the dynamical
P breaking M, # M_ for €; #0 in (5).

It is confirmed that the CP violation in the Lagrangian
(5) (with a # 0) is not eliminated by any phase choice of
the neutron field n(x) — e”n(x) forreal e; # 0 and e5 # 0,
and in this sense, it is intrinsic; €;€5 # 0 is a necessary
condition of CP violation, and parity is inevitably broken.

III. PARITY-DOUBLET THEOREM

The presence of the neutron oscillation with the
probability P(n — 1) « sin?((AM/2)t) implies the
mass splitting of auxiliary Majorana-type fermions
as in (6) and (8). Phenomenologically, one thus
observes that the y°-parity violation by €, #0 in
(5), which gives rise to M, # M_, is the necessary
condition of neutron oscillation. The observation of the
neutron oscillation thus implies the dynamical incon-
sistency of the doublet representation of y° parity. In
contrast, the failure (or success) of iy? parity does not
tell the presence or absence of neutron oscillation.

In the following, we shall make more precise the role of
y" parity and show that the main features of the solutions of
the Lagrangian (5) can be obtained from general symmetry
considerations. We first write the action corresponding to
the Lagrangian (5) in the notation of n(x) and n¢(x) as

S(n,n e) = /d“x{%n(x)[iyf‘aﬂ — m]n(x)
+ = n°(x)[iy*d, — m]n®(x)

e1[en® (x)n(x) — e~ m(x)n° (x)]

N~ N~ | =

esmx)ysn(x)+ﬁ<x>y5nc<x>1}. (13)

The CP (or T) symmetry of the effective Lagrangian is
fixed by the choice of a in (13), and therefore we start with
an arbitrary a. The quadratic Lagrangian can be diagon-
alized, and the general solution corresponding to the
eigenvalue M(e),

[iy"0, — M(e)]y(x;€,) =0, (14)

1S written as
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w(xser) = cin(x) + coysn(x) + c3n®(x) + caysn®(x),
(15)
with suitable complex constants {c;(e;)} that generally
depend on €; (as well as on m, €5, and a, but these
parameters do not influence the transformation property
under the y° parity). One can easily ascertain that the action

(13) is invariant under the y°-parity transformation of n(x)
and n‘(x) combined with the inversion ¢; - —e¢;, namely,

S(n,n e)) = S(n?, (n)r, —e). (16)

Consequently, if one performs a y(-parity transformation
and the inversion ¢; — —¢; on the solution (14), one finds a
solution of S(n?, (n)?, —¢y),
[c1(—€1)nP (x) + ca(—€1)ysn (x)
+ c3(=€1)(n°(x))? + ca(=€1)ys(n°(x))”]
= ler(=en)n(t, =X) = ex (=€) Jysn(t, =X)

= c3(=e1)n’(t, =X) + c4(—€)ysn‘(t, =X)]
=yOw_(t.—%;—€y), (17)

yh(x—e)) =

which satisfies (as it will be justified below using the Ward-
Takahashi identity)

[iy"0, — M (=€)’ (x: =€) = 0. (18)

This relation implies

YO[iY"ay — M(—¢))lyh(x;—ey)
= ir* 0, = M(=e))]yy_(1,=%;—€;) = 0. (19)

Thus, we have found a solution of S(n?,(n)?,—e;) =
S(n,n, €;), corresponding to the eigenvalue M(—e,):

[iyﬂau - M(_el)]w—(X; _61) =0. (20)
The y°-parity transformation maps a solution y, (x;e€;)
with mass M(e;) in (14) to another solution w_(x;—e;)
with mass M(—e;) in (20) as is suggested by the broken
parity symmetry relation in (16).

We return now to the justification of the mass eigenvalue
M(—e¢;) in Eq. (18). We note that the solution [iy*0, —
M(—ep) ]yt (x;—€;) = 0 of the action S(n?, (n)?, —€) in
(18) and the solution [iy*0, — M(—e; )|y (x; —€;) = 0 of
the action S(n,n”, —¢) share the same mass eigenvalue
since one can regard n — n” and n° — (n)” as a formal
renaming of field variables. Remark, however, that
S(n,n¢, —e;) # S(n,n,¢), while S(n?, (n°)?, —¢,) =
S(n,n¢ e;). A justification of (18) is given by a Ward-
Takahashi identity for broken parity symmetry in the path
integral by starting with
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(T DV () ) = / DrDnen? (x) (0P (y)eStn 1)

= [ Dur Dy TP () 0, )

where T* stands for time ordering and we used the parity
invariance of the path integral measure Dn?D(n)’ =
DnDn¢ and the broken parity relation (16), S(n?,
(n®)?,—e) = S(n,n e;). The last path integral in (21)
is identical to the path integral in

(T*n(x)n(y)) n(y)elStrrtme,

(me)) = /DnDnCn(x)n

using the renaming of path integral variables. We thus
conclude that (T*n? (x)(n¢)?(y))|,) defined by S(n,ne,)
agrees with (T*n(x)n(y))| - deﬁned by S(n,n¢, —e).
This relation holds for other combinations of fields such as

(22)

(T*n?(x)n”(y)) also, and thus we conclude that

(T*ph (x

for the action S(n,n, ;) = S(n?, (n°)?, —¢;) agrees with

s—enw (vi—e1)) (23)

(T*y (x; =€ )Wy (y: —e1)) (24)

for the action S(n, n¢, —¢); i.e., they have the same pole
mass, M(—e;). This provides a justification of the mass
eigenvalue in (18).

A similar analysis in the inverse direction starting
with the solution w_(x;—¢;) in (20) of S(n”, (n)?,—¢)
leads to a solution y (7, —X; €, ) of S(n, (n°), €;) with mass
M(e;). We have thus established the y°-parity doublet
representation {y, (x;€;),w_(x;—¢€;)} of the solutions of
S(n,n¢ ep),

P -
vy (xe) =y w_ (1, —x;—€)),

v (x—e) 20y (1 K ey). (25)
which satisfy P? =1 (parity-doublet theorem). This
representation is valid irrespective of whether the »°
parity is conserved or not. The y%-parity violation by
€;#0 in (13) is a necessary condition of neutron
oscillation, which requires M, =M(e|)#M(—€;)=M_,
in which case the doublet representation is dynamically
inconsistent.

A more detailed specification of the solutions is
possible if one assumes some symmetry of the
Lagrangian. For example, good C in (5) and (13) with
a = —n/2 implies the relation y$ = Cy,’, where the
left-hand side <. is evaluated in terms of n and n¢ by a
unitary C transformation,
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wi(x;5€1) = cyn®(x) + caysnt(x) + cz3n(x) + cuysn(x),
(26)

while the right-hand side is evaluated directly from vy,

Cy" = ir*[eyn(x) + caysn(x) + c3n¢ (x) + caysnt (x)],
(27)

and one obtains
v (x) =cin+icyysn+ c3n +icgysn  (28)

as a general expansion analogous to (15) where all the
coefficients are now real. The condition yw¢ =y, and
the parity doublet condition y, — y%w_ in (25) then fix the
general forms

wy = (ci(er) +ica(e))ys)(n + nc),
w_ = (ci(—€y) —icy(—€y)ys)(n — nc), (29)

and the last expression w_ also satisfies the condition
w< = —y_. This is precisely the structure obtained earlier
by direct calculations in Eq. (9). Thus, we can derive the
general features of the exact solution in (9) without solving
explicitly the equations of motion but just by using the y°
parity.

The absence of the y° parity-violating €, term implies the
absence of the conventional neutron oscillation because of
the mass degeneracy of the two solutions in (25), despite
the presence of the €5 term with AB = 2, which breaks
generally defined parity in (13). We discuss what happens
in this case by setting ¢; = 0 in (13) which preserves C and
P. The solution of this Lagrangian with ¢; =0 is given
by (9),

(1) = (St i)

but now with
Ni(x) = [y (x) £w_(x)]/V2 (31)
and
sin2¢ = es/\/m? + €2, (32)
which satisfy N (x) =Nz (x) and N% (x) = £/°N_ (¢, —%)

using (11) and (12). The fields N, (x) have the degenerate
mass

M = /m>+ el (33)
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In the notation of (15) and (25), the solution with good y°
parity gives a degenerate pair of Majorana fermions or
equivalently a Dirac fermion N (x), and good C implies
the doublet representation {N, (x), N (x)}.

When one generates the neutron, one obtains

n(x) = cos N (x) — iys sin NG (x) (34)

in (30) but no oscillation in the conventional sense due to
the mass degeneracy, and thus it may appear that there are
no physical effects. But n(x) and n¢(x) are not orthogonal
in the sense

d*p  ysMsin2¢p
e

—ip(x—y) 35
(27)* p? — M? +ie - (39)

(i) = [

which shows that n(x) decays through n - p + e + 7, or
n® - p+et +v,, and n(x) annihilates when it collides
with ordinary matter containing the neutron. The implica-
tion of the absence of oscillation (with AB =2 terms
present) is the absence of the “bunching effect” in the sense
that one would observe predominantly n¢(x) starting with
n(x) when observed at a proper moment in the presence of
oscillation.

In analogy of the neutron oscillation to BCS theory [11],
we note that the relation (30) is precisely a Lorentz-
invariant version of the Bogoliubov transformation [13]
which diagonalizes the Lagrangian (with ¢; =0) by
preserving the anticommutation relations

{n(t.X).n°(1.5)} = {N,.(£.X). N$.(1.3)}  (36)

and y° parity. An interesting aspect of the relativistic
Bogoliubov transformation is that (35) implies

{n(1,%),7(2.5)} # 0, (37)

if one applies the Bjorken—Johnson—Low (BJL) prescrip-
tion, and thus n¢(x) is dynamically correlated with 72(x)
although {n°(t,x),7(r,y)} = 0. More interestingly, our
parity-doublet theorem implies that the mass splitting of
Majorana-type quasifermions may appear also in con-
densed matter physics, if parity (y° parity) is violated,
although our analysis is strictly valid for the quadratic
(mean field) approximation.

IV. CP AND RELATED ISSUES

It is well known that Majorana neutrinos modify the CP
property in electroweak interactions [14]. For example, one
can in principle have CP violation in the model with only
two generations, although such extra CP violation is not
observable in neutrino oscillation [14]. We discuss the CP
properties in the neutron oscillation using the explicit
Lagrangian (13), which is CP violating for a # 0.
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To solve (13), we first use the Bogoliubov transformation
(30) as a change of variables, which preserves C and P.
Setting N, = N, the Lagrangian (13) is then written as
L = (1/2)N[id — M — i€ ys sin asin 2¢)|N

+ (1/2)N°¢[id — M — ieys sin asin 2¢p|N¢

~ (i/2)e1e™\/1 ~ (sinasin 20)"NN + He.,  (38)

where sina = sinacos2¢/+/1 — (sinasin2¢)>.  After
performing N — e~®2N, CP violation appears only in
the parity-violating mass term. A further transformation

Al Gw) @

leads to

L=(1/2)¢, [iﬁ— <M+€1 1- (51/51)2) - iéli’s}&k
+(1/2)5- i = (M = ep\[1 = @ /e ) = iEars |-,

with €; = ¢, sinasin2¢. After a suitable chiral transfor-
mation, one obtains a pair of Majorana fermions,

L= (1/2)p, (x)[id - M ]p, (x)
+ (1/2)p-(x)[id — M_]op_(x), (40)

where ¢, = %+75p, with
(M:t(:’l 1 —(51/61)2> +i€'1ysEMi€2ieiy5, (41)

and

2

- - 1/2
M= ([MEen/1-@/e)] +@7) . @)
This mass formula covers the special cases (6) and (8) by
choosing @ = 0 and @ = —x/2, respectively.

To analyze the possible effects of CP violation, we first
look at the parity-violating mass term for the Dirac fermion
in (38), which is written

‘Cmass = _(€l€S/M) sin aﬁ(x)i;gn(x), (43)
in the leading order in € and €5. This term, which is used to
evaluate the neutron electric dipole moment, should be
added to the contributions from other sources such as the
QCD 6 vacuum.

To examine the more direct effects of CP violation in the

oscillation amplitude, we write the exact solution of the
neutron field using (30), (39), and (40),
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() = (1/VD)cos o= 1 yssingeeitrsg, (x)
+(1VD)[eosge T — s singe2le- 0.2
ne(x) = (=i/V2)[cos pe™™? — ys sin e e=0-13¢p  (x)
+ (i/V2)[cos pe'™? 4 y5 sin pe~'@2)e~10+75gp_(x).
(44)

We choose the P and C transformation laws of the mass
eigenstates (40) consistent with the doublet representation
of y° parity as in (25) [12],

P

Pl (x) = 70€0¢(Z’ —X), (45)

05 (x) = i (x).
which induce n — y’n and n¢ — —y°n¢, and n — n¢ in
(44), respectively, for the vanishing CP-breaking parameter
a = 0. The CP symmetry expressed by

9 (x) = iy . (1, —X) (46)
does not induce the CP transformation of n and n¢ for
a # 0, which shows the CP breaking in (44); to be precise,
the CP transformation of ¢, (x) in the expression of n(x)
does not lead to —y%n¢(z, —x). We regard (44) as an analog
of the “mixing matrix” between the flavor eigenstates
(n,n¢) and mass eigenstates (¢,,p_), and we test the
above CP breaking in the neutron oscillation.

One can then evaluate the oscillation probability ampli-
tude A = A(n(p) — n°(p);t) by

A = (ng(p): Olng(p): 1) + (nf(P):Olny (p):1).  (47)

where we used the chirally projected states to take care of
the y° appearing in the above solution. Thus,

A= %[cosnge‘ia — sin?¢e®]

x {6—1'6'—1'E+t<(0R.+(Z)7 0) |(/)R,+ (279 0)>
— eie—iE*t<§0R,_ (ﬁ’ 0)|(pR,— (ﬁ’ O)>
+ ei@—iE+t<(pL’+ (ﬁ7 O) |(PL,+ (ﬁv O)>

— e g (p.0)lpr-(P.0)}.  (48)
where we defined 8 = 6, — 6_. We now note
(9r+(P.0)|pr 1 (P.0)) = (¢ (P.0)|@L . (P.0))

=S (B0l (.0)  (49)

2

and similarly for ¢_(p,0) using the iy°-parity invariance of
free Majorana equations, namely, ¢% . (x) = iy%p, , (¢, —X).
Using the normalization of states (¢ (p,0)|p.(p,0)) =
{p_(p,0)|p_(p,0)), we find the amplitude
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o o 1
A = [cos’pe™ @ — sin?he’®] cos O sin <§ AEt)

x e (g (p.0)lw, (p.0)), (50)

with AE=FE, —E_ and E= (E, + E_)/2. Adopting
g, (P,0)|p,(p,0))|> =1, one obtains the oscillation
probability,

P(n(p)—n(p);t) = (1—sin?2¢cos’a)cos’Psin’ <%AEI> .
(51)

By recalling the definitions of sin & in (38) and 8, and M in
(41), the CP transformation, which is equivalent to @ — —a,
corresponds to

a—-a, 0=0, —-0_— 0, (52)

and the above oscillation probability (51) and the energy
difference AE = /p* + M% — \/p* + M2 are all invari-
ant. Although a modifies the magnitudes of AE (and thus the
oscillation time) and probability P themselves, we do not
regard these modifications as a manifestation of CP viola-
tion in oscillation which 1is typically expressed by
P(n(p) = n(p);t) # P(n°(p) = n(p);t). We observe
no direct CP violation in the neutron oscillation in vacuum.

Note that we discussed CP by looking at only the
neutron sector assuming that the flavor degree [(p,n)
multiplet structure, for example] is fixed by the baryon
number-conserving sector of the full model, unlike the
neutrino oscillation where a combination of neutrino and
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charged-lepton mixing matrices is analyzed. See also
Refs. [7-9] for related analyses.

The possible CPT violation in the hadron sector appears to
be very small as is indicated by both experimental limit |2 —
mz| < 0.44 x 107'® GeV [15] and a recent model study
within an extension of the Standard Model [16]. However, we
mention that the relevant mass scale of the neutron oscillation
is estimated at ¢; < 6 x 107>* eV and n — 7 mass splitting
itself is constrained to be less than 10~!> eV to observe the
oscillation [6]. These values are not much different from the
estimated mass difference ~1072° eV of the electron and
positron induced by the possible CPT breaking that is
required to explain the small (20) mass difference of the
observed Sun neutrino and reactor antineutrino as really
arising from the Lorentz-invariant CPT breaking [16]. See
also a recent paper [10].

In conclusion, we have clarified the full physical con-
tents of the model of neutron oscillation (5). It has been
shown that basic notions such as the parity doubling of
Majorana fermions and the Bogoliubov transformation play
main roles in the analysis of the model (5), which, as a
relativistic analog of BCS theory, is in turn suggestive of
new possibilities in condensed matter physics.
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