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Probability density function for neutrino masses and mixings
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The anarchy principle leading to the seesaw ensemble is studied analytically with the usual tools of
random matrix theory. The probability density function for the seesaw ensemble of N x N matrices is
obtained in terms of a multidimensional integral. This integral involves all light neutrino masses, leading to
a complicated probability density function. It is shown that the probability density function for the neutrino
mixing angles and phases is the appropriate Haar measure. The decoupling of the light neutrino masses and
neutrino mixings implies no correlation between the neutrino mass eigenstates and the neutrino mixing
matrix and leads to a loss of predictive power when comparing with observations. This decoupling is in
agreement with some of the claims found in the literature.

DOI: 10.1103/PhysRevD.94.115004

I. INTRODUCTION

The Standard Model (SM) is the pinnacle of our under-
standing of particle physics. It however comes with a
plethora of parameters, the masses and the flavor mixings,
that are seemingly not fixed by any known fundamental
principle. On one hand, the spectrum of quarks spans 5
orders of magnitude and the quark mixing matrix exhibits
some form of flavor hierarchy. On the other hand, the
spectrum of charged leptons spans 4 orders of magnitude
while the neutrinos are strictly massless, hence the lepton
mixing matrix is trivial. Observations of neutrino oscil-
lations [1] however cannot be accommodated in the SM
and this suggests to extend the SM to allow for neutrino
masses and neutrino mixings. Experimental data show that
the neutrino sector prefers three massive light neutrinos
with different masses and a neutrino mixing matrix
exhibiting near-maximal mixing.

To make sense of the neutrino sector, it was argued in
[2,3] that the light neutrino mass matrix could be generated
randomly from a more fundamental Dirac neutrino mass
matrix and a more fundamental Majorana neutrino mass
matrix with random elements distributed according to a
Gaussian ensemble, a principle dubbed the anarchy prin-
ciple. These more fundamental neutrino mass matrices
would come from the extended SM where the seesaw
mechanism occurs. In [3], it was argued that the probability
density function (PDF) for the mixing angles and phases is
the appropriate Haar measure of the symmetry group,
implying near-maximal mixings. Then, the anarchy prin-
ciple was analyzed mostly numerically in a series of papers
[4-6], reaching interesting conclusions, for example about
the preferred normal hierarchy of the neutrino masses.
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Although several numerical results have been obtained,
few analytical results on the seesaw ensemble, which is
derived from the anarchy principle, exist. That it is the case
even though random matrix theory is a well-studied subject
in mathematics [7-9] is surprising. It is therefore clear that
a thorough analytical investigation of the seesaw ensemble
is possible.

This paper undertakes this task by investigating analyti-
cally the seesaw ensemble derived from the anarchy
principle with the help of the usual tools of random matrix
theory. The seesaw ensemble PDF is obtained from N x N
fundamental Dirac and Majorana neutrino mass matrices
with real or complex elements. The result is given in terms
of a specific multidimensional integral. The joint PDF for
the singular (eigen) values in the complex (real) case is then
derived and it is shown that the group variables decouple
straightforwardly as in the usual Gaussian ensembles.
Simple properties of the seesaw ensemble PDF are also
presented and their implications for the physical case
of N =3 are briefly discussed. The full investigation
of the seesaw ensemble for the physical case of interest,
SM neutrino physics with N =3, will be discussed
elsewhere [10].

This paper is organized as follows: Sec. II quickly
reviews the type I seesaw mechanism. In Sec. III the
PDF for the seesaw ensemble is obtained from the PDFs
related to the Dirac and Majorana neutrino mass matrices.
Section IV gives the general properties of the seesaw
ensemble from the PDF obtained previously. A discussion,
including a comparison with the existing literature, and a
conclusion are presented in Sec. V. Finally, Appendixes A
and B derive explicitly some useful results.

II. TYPE I SEESAW MECHANISM

This section reviews the type I seesaw mechanism [11].

© 2016 American Physical Society
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A. Type I seesaw mechanism

In the SM, neutrinos, which are part of the doublets L'
where i denotes one of the three families, are massless. To
account for the oscillations observed experimentally, the
type I seesaw mechanism postulates the existence of
three singlet fermions N’ (left-handed Weyl spinors) that
play the role of the “missing” right-handed neutrinos 6> N*.
In terms of the SM Lagrangian, the type I theory is
described by

. 1 .
L= Loy + N'ig"d,N' — (5 My ;jN'N/

+ yp.iL'HN/ + Hc> (2.1)

where H is the Higgs doublet and the allowed terms
correspond to right-handed neutrino masses M} and

Yukawa interactions y. From (2.1) the (vN) neutrino
mass matrix is given by

y <0 MD>
WML Mg )

where Mp, = ypv/+/2 is the Dirac neutrino mass matrix
and » is the Higgs vacuum expectation value,
ie. (H) = \/LE(O v)T.

The right-handed neutrino mass scale could naturally be
much larger than the Dirac neutrino mass scale since the
former is an (a priori arbitrary) energy scale while the latter
originates from a Yukawa coupling, hence (2.2) implies that
the light neutrino mass matrix is

(2.2)

M, = -MpMz'ME. (2.3)
The (symmetric) neutrino mass matrix (2.3) is the starting
point to compute the seesaw ensemble PDF from the PDFs
for the Dirac and Majorana neutrino mass matrices M, and
Mg, as described in the next section.

III. DEFINITION OF THE SEESAW ENSEMBLE

In this section we obtain the PDF for the type I seesaw
ensemble from the PDFs associated to the Dirac and
Majorana neutrino mass matrices. To be as general as
possible, the fundamental neutrino mass matrices are taken
to be N x N instead of 3 x 3.

A. Dirac and Majorana ensembles

Following the principle of anarchy [3,6], where elements
of the fundamental matrices M, and My are random, the
PDFs for the Dirac and Majorana neutrino mass matrices
are Gaussian and defined as
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1 \v2 (MM
PD(MD)dMD = (m) €X {—%]dMD,
D D

1 \AN(N-1)/4 1 \AN/2
PrMe)dMe =\ 3z 2]
R R

tr(M}Mp)

(3.1)
272

X exp {— ]dMR,

where = 1 corresponds to real matrix elements and f = 2
corresponds to complex matrix elements. The difference
between the two PDFs comes from the fact that My is
symmetric while M, is not. The PDFs (3.1) are properly
normalized with respective standard deviations Aj and Ag
(for the diagonal elements only, the off-diagonal elements
have standard deviations Ag/v/2).

Before proceeding, it is convenient to reexpress the
PDFs in terms of the dimensionless variables M, =
Mp/(v2Ap) and My = My/(v/2Ag). Hence the PDFs
(3.1) become

PD(MD)dMD = 6%N€_H(MLMD)dMD,

PR(MR)dMR = égNe_tr(M;MR)dMR, (32)
where the normalization constants are
_ _ 9BN(N-1)/4
s s
Chy = v and Chy = NI (3.3)

By the singular (eigen) value decomposition theorem,
both matrices can be diagonalized with non-negative (real)
elements as M, = U; DUl and My = UDRU” where the
U-matrices are unitary (orthogonal) for f =2 (f=1). In
terms of the singular values and the remaining variables,
the measure for the Dirac neutrino mass matrix can be
simplified to

dMp = CﬁN H |'h2D,i - sz.j|ﬂ
1<i<j<N
x| il dinp U} pdUpg. (3.4)
1<i<N

where the measure dM}, = dM is invariant under a
transformation Mb = ULAA/IDU; and UszULR is the
appropriate group (Haar) measure. Moreover, the measure
for the right-handed neutrino mass matrix, which is
invariant under My = UMpU7, ie. dMy = dMpg, can
be written as

dMyp =y [ 1tk — el T Vel ding U dU.

1<i<j<N 1<i<N

(3.5)
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where U'dU is again the appropriate group (Haar) mea-
sure. The proofs of (3.4) and (3.5) are given in Appendix A.

The normalization constants for arbitrary and symmetric

matrices cg ~ and cgN can also be found in the Appendix

and are given by (A9) and (AS5) respectively. The absolute
value is not necessary for the Dirac matrix because all
singular values are non-negative. On the other hand, the
absolute value is absolutely necessary for the real Majorana
matrix (f = 1) because the decomposition in this case is
an eigenvalue decomposition where all eigenvalues can
also be negative. In the following, the expression “singular
values” will be used for both singular values and
eigenvalues.

Since Pp, (M) and Pg(My) depend only on the singular
values, it is easy to write the joint PDFs for the singular
values,

Pp(fhp)dinp = ngv H |’h%,i - m%),ﬂﬂ

1<i<j<N
< T il e beding.
1<i<N
Py(ing)ding = Chy H |ﬁ1§,i - mg,ﬂ
1<i<j<N
< I Vgt~ e iding,.  (3.6)
1<i<N
where the normalization constants are
C/1})N = C’fmeN / UZRdULR
_ b5 VIORP
DN*™AN (2ﬂ)(ﬂ_1>N
zNﬂN(l—/i/Z) 1
N 23, DB
5 -
Chy = CﬁNcgN/ Utdu
~ 3
= Chy iy Vol(V})
ON[B(N+3)—4]/4 1
= ' I =5 (3.7)
N! lsisNr(ﬂl/z)

The volume of the Stiefel manifold VN N= VN is given in
(A1) [12]. Note that the normalization constants can also be
obtained from well-known Selberg-like integrals [7]. For
example, one has

/3/2+ )
T(Bi/2+ 1) (Bi/2)’

b, =2V H

I<i<N

for the Dirac case. This identity can be obtained by
exploiting the properties of the function I"(x).
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B. Jacobian

In terms of the dimensionless Dirac and Majorana
neutrino mass matrices M, and Mg, the light neutrino
mass matrix is given by

) fAD

R

MDMR MD’

where M, is the dimensionless light neutrino mass matrix
and A, = A% /Ay is the light neutrino mass scale. Hence
M, = —M,Mz'M%. To determine the PDF for M, from
the PDFs of M, and Mp, it is necessary to compute the
norm of the determinant of the Jacobian matrix correspond-
ing to the appropriate change of variables. Since My and
M, have the same number of independent parameters, this
computation simplifies greatly when the change of varia-
bles is chosen from (M, Mpg) to (Mp,M,). Thus the
Jacobian matrix J# is given schematically by

7 {‘WR} _ _[w] (3.8)

oM, oM,

This Jacobian can be easily obtained with the help of the
wedge product technique [8]. Indeed, since for a symmetric
matrix X = CYCT where C is a constant nonsingular
matrix, the measure satisfies dX = CdYCT and the wedge
product leads to

A dXy = (CAYCT) = p(C)(dY).

where p(C) is a polynomial in C. Using C = C,C}, one
obtains that p(C,C;) = p(C,)p(C,). The only function
satisfying this condition is a positive power of the deter-
minant, hence p(C) = (det C)* with k > 0. To obtain &, it
suffices to choose a simple matrix, for example C =

diag(c, 1, ..., 1) for which
2
Vi CYi2 o GV
Y2 Yo o Y
X:
CY1n Yon Ynn

Therefore, the wedge product for a real matrix leads to

(dX) = (CdyC")= A\ (CdyCT),;
1<i<j<N
= CN+1 /\ dYU = CN+1 (dY),
1<i<j<N

while for a complex matrix the result becomes
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(dX) = (CdYCT) = /\ Re(CdYCT);;AIm(CdYCT),;
1<i<j<N
= 2N+ A dReYAdImY;; = 2NN (ay).
1<i<j<N

Thus one concludes that the measure satisfies

= |det CJfN+1 gy, (3.9)

i.e. the positive power is k = (N + 1).
It is now straightforward to obtain the Jacobian of
interest. Indeed, using (3.9) one has

dMy = —MbdM; My, = MO avt, v, M,
= | det(M;'M ) PN +Dam,

where the identity dM;' = —M;'dM, M;" was used.
Finally, the full measure is simply

B(N+1)

det M A
e A pdiL,,

det M,

dM pdM g = (3.10)

It is now straightforward to verify that the measure dM, is
invariant under every transformation M L= M '=U DM Lur
where U, € {O(N),U(N)} for = {1,2} respectively.
Indeed, since dM), = dMp, and dM} = dMy for M), =
U Mp U}Le and My = UMRUT respectively, one obtains

0 = dM,dM'Yy — dM pdM g
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with M, = MM ML = U, M, U’ and U = Uj.
Therefore, the measure dM’, = dM,, for every transforma-
tion in the appropriate group as stated above. Hence dM,
can be written in terms of its singular values in exactly the
same way as dMp in (3.5).

C. Probability density function
Now that the norm of the determinant of the Jacobian
matrix (3.8) has been found, it is simple to determine
the PDF P, (M,)dM,. Indeed, with the help of the
change of variables from (Mp,Mg) to (Mp,M,), the
PDF is calculated from P, (Mp)Pgr(Mg)dMpdMy =
Pp,(Mp, M,)dMpdM, and the measure (3.10), which

leads to
Py, (Mp, M,)dM pdM, = Pp(Mp)Pr(—=MLM; M)

x | det J?|dM ,dM,. (3.11)
The PDF P, (M,)dM, is obtained from (3.11) after mar-

ginalizing over the variables M, which gives

p,(1,)dit, — &, [ / e} 1) e, 1 5 1 1)
det Mp[PVFD 7
detM dMD} A, (3.12)
€

where (3.3) give the normalization constant as

o N I (3.13)
det M1y |[PN+D det Mp|fWN+D wN = ConCRN = ZNaN A :
= (S50 ks, — | SRR adai, NN/
det M), det M,
det ff - IOV In terms of the light neutrino mass matrix singular values
_ |det D dM ,(dM, — dit,), m,; and group variables U,, the neutrino PDF (3.12)
detM, becomes
Usdu . Udu
Pv(my)dmy—u = |:/ PD(MD>PR( M D ]MD)| det‘]/ﬁ|dMD:| Csn |ﬁlfl - ﬁ/l[; | |ﬁ1ui|ﬁ_ldﬁ1y,iiy
VOI(V{/) 1<i1<_j['SN ! 151;[1\/ VOI(Vﬁ/)
U,dU
= OBy, s ity ) — il | TT I 7PN D, ———*-, (3.14)
1Si1<_j['§N ! 1sl!1v Vol(V’f\,)
where the normalization constant is obtained from (3.13) and is given by
= CﬁNcSNCAN [Vol(V ) ’ _ 2NWN+3)_4]/4 I(p/2+1) (3.15)
N 2N (27)P-DN N! 2y D(Bi/2 + DT(Bi/2)>

while the remaining function is
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(...
v Vol(V))

s TT Vi =iy 1P TT el o2

1<i<N

H |x; — Xj|ﬂ€_2|215k51vt;]U’”'Uki‘zx"xf

1<i<j<N

_[JevﬁA

1<i<j<N

177212
% H xﬂN+2 /21 =% 1+\Z]<I<Nz U2

1<i<N

In deriving (3.14), the change of variables M, = U,D,U”
where D, = diag(ih,, 1, ..., i, y) was used. The invariance

of the measure dM ;, under the appropriate transformations

was also necessary. To rewrite the function 1%, the Dirac
neutrino mass matrix elements was expressed in terms of its
singular values and its group variables. The group variables
for Ur were integrated over straightforwardly while the
group variables for U; (minus the phases, hence the
prime) remain due to their complicated coupling with
the singular values. Finally, the change of variables x; =
iz p.; and Uy = U were done to simplify the integral Iﬁ .

Note that integration over the light neutrino group
variables U, in (3.14) is straightforward, as in (3.6),
leading to

Pu(ﬁiu)dmu = Cleé\;/(mb.]’ L ﬁ’lu,N) H ‘ﬁlsz - Af,j|

1<i<j<N

< [ V=NV,

1<i<N

(3.17)

for the singular value PDF, with the normalization constant
(3.15). From (3.14), the PDF for the group variables U, is
thus uniquely determined by the appropriate group (Haar)
measure (minus the phases). This behavior is problematic
since there must be a correlation between the neutrino
masses (i.e. the singular values of M,) and the neutrino
mass eigenstates (i.e. the singular vectors of M, which are
given by the columns of the neutrino mixing matrix U,).
For example, the mostly electronic neutrino must be the
lightest (normal hierarchy) or the second lightest (inverted
hierarchy). This simple observation has important conse-
quences in the analysis of the physical case appropriate for
the SM.

For general N, the function (3.16) makes the analysis of
the seesaw ensemble PDF (3.17) quite intricate since it is
not only a random matrix theory PDF, it is a random matrix
theory PDF that cannot be written as an analytic function
(apart for the N =1 case, to the best of our knowledge).

For real matrices, none of the group variables in (3.16)
can be straightforwardly integrated. For complex matrices
however, the integration over group variables does not

PHYSICAL REVIEW D 94, 115004 (2016)

N
. tN) — 24/ / ZI<:]<N|Z]<I<<N i (Ui UL)’\/l mDr D/
UL.UgreV,,

(U} dU,) (UdUy)’
"IN OV (2P

(UTdU)
Vol(V)/ (2m)#P=DN

(3.16)

|

include some of the phases, hence the prime as explained in
Appendix A. This can also be seen by using an adequate
parametrization of the matrix U in (3.16). Indeed, following
in part [13], it is possible to parametrize any N x N unitary
matrix as

U= H exp(ih i Py) exp(i0; Zi) H exp(ig;P;),

1<j<k<N 1<j<N

where the matrices P; and X, are given by

Pj i = 0;ibjk, i ie = —10iOrs + 16,01,
and the range of the N? mixing angles 6 i« and phases ¢,
and ¢; are

0ix €10.7/2), ¢ €10,2m), € [0,2x).
With this parametrization it is clear that the integrand in
(3.16) is independent of the N phases ¢;, explaining why

they are not integrated over in (3.16).

IV. PROPERTIES OF THE SEESAW ENSEMBLE

This section discusses the general properties of the
seesaw ensemble PDF (3.17). The asymptotic behaviors
at m,; -0 and m,; - oo are investigated. Moreover,
the N =1 case as well as the large N case are studied
analytically.

A. Asymptotic Behaviors
First, being a PDF, (3.17) implies the following identity

forpf=1lorp=2
P 5 AP
. N(mv,lv"wmu,N) H |mv,i ml/,j'

My min 1<i<j<N

1
X H |m ﬂN+1 l/,i :CT’
vN

I<i<N

where 7, i, = —00 for p=1 (eigenvalues) and
My, min = 0 for f = 2 (singular values).
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The PDF (3.17) is difficult to study analytically for
general N since the function (3.16) is hard to evaluate
generally. It is nevertheless possible to investigate the
asymptotic behaviors of the PDF (3.17) for general N as
follows.

First, as 71, ; — d-co for a fixed i, one has

i, [PV DZONED L+ Oy, 7))
s~V + Oy | ~1)-
|

PHYSICAL REVIEW D 94, 115004 (2016)

Therefore, as long as the asymptotic expansion converges
uniformly, the average singular value (and all moments
greater than 1) is not well defined for f =1 while the
standard deviation (and all moments greater than 2) is not
well defined for # = 2. Here the constant k., depends on
the other singular values and on N and is thus difficult to
calculate analytically.

The limiting behavior at 71, ; — 0 is obtained from the

function va. From (3.16) and the rescaling x; = |, ;|y;,
one gets

[ﬂ -~ o -~ ﬂN 2N+1)/2 ﬂ 2’A12 | ﬁl;l L{"bfklzy'yk
N(my,la ey m,,,N) ~ |m,/_l.| ( >/ V/; |yj — ykl e v, ZISWSN £l J
Ue N 0 1<j<k<N
SJ<k=

x H yf(N+2)/2—1e—\’hu.i\J’_/(IH'hu.i\|Z,Sngm;}(Uﬁj\zy/‘)dyj(UTdU)/’

1<j<N

and that implies that for 71, ; — 0, the PDF behaves as

Pv(fhu) = k0|ﬁ1u,i|ﬂN(2N_l)/2_1[1 + O(|rhu,z|)}

Therefore the PDF vanishes at 77,; =0 unless N = 1.
Again the constant k, is a function of the remaining
singular values and N that is hard to evaluate exactly.

With the help of both asymptotic behaviors, it is
straightforward to conclude that the most probable singular
value is a finite number different than zero, unless N = 1.
In other words, for N > 2 the seesaw ensemble prefers the
lightest neutrino to be massive.

B. The N=1 case

For now, the only analytic case with finite N corresponds
to N = 1, for which the joint PDF is given by

ml}

4 5

FIG. 1.

7P r(3p)2)
-2 D(B/2))
x U3B/4,1/2,im2/4),

P, (i, )dii, [, |P=2)/2

(4.1)

where U(a, b, z) is the confluent hypergeometric function
of the second kind. The joint PDF (4.1) can be obtained
analytically because the function (3.16) is simple in the
N =1 case. The plot of (4.1) is shown in Fig. 1 along
with numerical results. The agreement between the two
approaches is clear.

Figure 1 shows that the most probable value for the
singular value is /72, = 0. This is easily verified by looking
at OP,(i,)/0m, which is always negative (positive) for
positive (negative) 772,. Moreover, for f# = 2, the PDF of the
light neutrino phase is the Haar measure which is flat and
therefore uninteresting. Also, from the limiting behaviors,
which can be obtained directly from

Probability density function for the seesaw ensemble with N = 1. The red curve corresponds to the analytic result while the

histogram corresponds to numerical results (with 5 x 10* dimensionless light neutrino mass matrices generated). The left panel shows
matrices with real elements (f = 1) while the right panel shows matrices with complex elements ( = 2).
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(36/4.1/2,z2) { Z_Sﬂ/4[1 T O(Z_l)] for z - oo
UGHA1/2) =1 |
s L+ OE?)] forz—0

none of the moments exist except for the average value of
the singular value for f = 2. A simple computation using
the following Mellin transforms:

/°° #7'U(a,b,7)dz = F@a - YA -b+1)

INa)l(a-b+1)

for max(b—1,0) <1 <a,

shows it is given by (71, )s— = \/z. Since (4.1) is an even
function of /7, one can nevertheless formally define the
average value for =1, and it is (i,),— = 0. These
observations agree with the general analysis of Sec. IVA.

C. The large N case

For usual Gaussian ensembles, both the N = 1 PDFs and
the level densities at large N are simple. Indeed, for the usual
Gaussian random matrix theory, one can show the celebrated
Wigner’s semicircle law using the moment method or the
resolvent method. It is therefore plausible that the level
density at large N for the seesaw ensemble is also a simple
analytic function. Moreover, from the 1/N expansion, the
large N case could shed some light on the physical case of
N = 3 neutrinos, as occurs for example with quantum
chromodynamics. It is however impossible here to use the
moment method or the resolvent method since both methods
rely on the computation of the moments and most moments
do not exist for the seesaw ensemble, as argued above.

Another option is to translate the problem to a Coulomb-
like gas and take the thermodynamic limit, which effec-
tively corresponds to the limit N — co. To do so, the
singular value PDF (3.17) is reexpressed as a thermal
_u’ . -
system e~ where the temperature is fixed. In this picture,
the Hamiltonian for the seesaw ensemble is obtained from

(3.17) and is given by
Hy ==Y =]+ (BN+1) Y In|x]
1<i<N

1<i<j<N

—In I (xy. ..o xy), (4.2)

where the positions of the N charged particles are given by
x;. It is important to note that the Hamiltonian (4.2)
corresponds to a Coulomb gas only for = 1. Indeed,
the characteristic logarithmic two-dimensional Coulomb
potential occurs only for = 1.

The thermodynamic limit is computable with the help of
the level density of singular values p”,, (x), which is defined

as the following correlation function:

pyN N/ X ml/Z?"'vﬁ/ll/,N) H d’/hl/,i?

2<i<N

PHYSICAL REVIEW D 94, 115004 (2016)

such that | pf ~(x)dx = N the number of charged particles.
Assuming the distance between charged particles decreases
as N tends to infinity, the Hamiltonian (4.2) in the large N
limit can be approximated by a continuum of singular
values with Hamiltonian,

1
Hiy == [ dsdyily () e = 0

/dxpﬂN I./N’

Vi =(BN+1)In|x|+---, (4.3)

where the ellipses represents the contribution from the
integral va to the potential VfN Extremizing the
Hamiltonian (4.3) with respect to the level density of
singular values subject to the constraint [ pﬂ oy (X)dx =

leads to an equation for the level density of s1ngular Values
which can usually be solved analytically. This is done in
Appendix B for real and complex arbitrary matrices as well
as real and complex symmetric matrices with Gaussian
ensembles. This is however not the case here due to the

complexity of the integral If\,. Indeed, for usual Gaussian

ensembles, the potential va o x*> depends only on one
variable and extremization of the Hamiltonian is straightfor-
ward (see Appendix B). For the seesaw ensemble however,

the potential VfN is a complicated integral function of
several variables, thus extremizing the Hamiltonian is not
so simple. Moreover, since e~1/%* does not have an expan-
sion around x = 0, it is not possible to compute the first

contributions to the potential from the integral Iﬁ,.

To proceed, it is proposed to approximate the problem by
computing the level densities in the thermodynamic limit
for both the Dirac and Majorana neutrino mass matrices
first, and then marginalizing to get the level density of
singular values for the seesaw ensemble. Since interchang-
ing the order of the steps gets rid of all complications
related to the group variables, this technique can at best
give an approximation to the true level density of singular
values. Although a comparison between the analytical
approximation obtained with this technique and numerical
results shows that the approximation is quite good, it will
be argued that the results are wrong.

The level densities for the Dirac (arbitrary) and Majorana
(symmetric) matrices are given in (B5). Following the
same procedure as in Sec. III C and marginalizing with
the approximation %, = 2,/% where % = %,, which is the
analog of My = —MbM;'Mp, gives

P@) / dippp (Gp)pr(8/3)] detJ].

Here the normalized quantities % = x/v/N and p(3) =

p(x)/V/N are introduced in Appendix B. Moreover, the
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A2 /A
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change of variables leads to the Jacobian | detJ | = 22 /&2. The solution to the marginalization procedure of the two level

densities is given by

/}3/4 1 2
102°72 3|12 [F(_ Z) 3F2(
() = _&ﬂr(ly F <1 35.3 ux_)}
PuN - 2125172 a) 3%2\4°4>4°2°74 >4p

) for |3 > 2v/B

The continuity at % =21/ and the normalization
S d3ply (&) = 1 of the level density (4.4) can be verified
exactly by using generalizations of the Gauss’s identity

,Fi(a,b;c;1) :% for ¢ —a — b > 0. The level

density for the seesaw ensemble (4.4) is shown in Fig. 2
with a comparison to numerical results. The behaviors of
the level density around zero and infinity (more precisely
|| = 2) match the numerical results quite well while the
intermediate regime is not as good. The agreement is
nonetheless satisfying considering the approximations
made.
The limiting behaviors at ¥ — 0 and X — Fo0 are

PR s
R R m or |x| -0
Pw() = ¢ ,

e for |X] = o0
X

and they imply that none of the moments exist although the
level density is integrable. This is consistent with the results
obtained in Sec. IVA from the full PDF for # = 1 but not
for f = 2. It is therefore expected that the match between
the approximated level density (4.4) and numerical results
is better for f# = 1 compared to f = 2. Although both the
real and complex cases seem to agree with the numerical
results as seen in Fig. 2, it is clear from the difference in the
moments that the level density at large N (4.4) is wrong for
f = 2. The error originates from all the simplifications

|""l"I"m||ﬁ|||illimii||uumu
1 2 3 4 5

ml}

for %] < 2v/B. (4.4)

made, most likely from the Jacobian of the transformation.
Indeed, the expected  dependence of the Jacobian, as in
(3.10), does not occur due to the approximations, making
the analogy with the full PDF possibly correct only for
p = 1. Hence computing the level densities at large N for
the Dirac and Majorana neutrino mass matrices and then
marginalizing to obtain the level density at large N for the
seesaw ensemble do not commute for f = 2.
Furthermore, contrary to usual level densities, the level
density for the seesaw ensemble does not have compact
support due to the inverse Majorana neutrino mass matrix
that appears in the marginalization. Hence there are
arbitrarily large singular values, although the level density

and the mean level spacing, given by 1/ ﬁfN (%), show that
large singular values are rare and far apart from each other.

Finally, apart from the fact that the approximated
analytic level density seems wrong, it seems ill advised
to work back and compute the potential for the seesaw
ensemble from the level density since it is already known

that VfN depends on more than one variable.

D. Comparison between N =1 and large N

Before concluding, it is interesting to compare the results
for N = 1 and large N. Indeed, although those regimes are
as far apart as possible, by definition the PDF for N = 1 is
the N = 1 (normalized) level density. Hence, (4.1) can be
compared directly with (4.4), allowing a qualitative

FIG. 2. Level density at large N for the seesaw ensemble. The red curve corresponds to the approximated analytic result while the
histogram corresponds to numerical results (with 10° singular values generated from 50 x 50 matrices). The left panel shows matrices
with real elements (f = 1) while the right panel shows matrices with complex elements (f = 2). Although the fits seem good, the
approximated analytic result for f = 2 is without a doubt not correct.
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FIG. 3.
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Comparison between the probability density function at N = 1 and the level density at large N for the seesaw ensemble. The

red curve corresponds to probability density function, the black curve corresponds to the approximated analytic result while the
histogram corresponds to the same numerical results as in Fig. 2. The left panel shows matrices with real elements (# = 1) while the right

panel shows matrices with complex elements (f = 2).

understanding of the dependence on N. Moreover, this
comparison will help show that the analysis of the previous
section is most likely wrong even for f = 1.

In the usual Gaussian ensemble, the comparison is
between a Gaussian distribution for the PDF and
Wigner’s semicircle distribution for the level density at
large N. It is clear that the agreement between the two
functions is poor. Nevertheless, comparing qualitatively the
distributions shows quite strikingly that the support of the
normalized level density changes from being noncompact
at N = 1 to being compact at large N.

For the seesaw ensemble, it is convenient to discuss the
real and complex cases separately.

For the complex case (f = 2), it is already known that
the approximated analytic level density at large N is not
correct, hence it is only possible to compare the analytic
PDF (4.1) with the numerical results in Fig. 2 at large N.
The comparison as shown in the right panel of Fig. 3
demonstrates that the PDF at N = 1 agrees well with the
level density at large N for X = 2 only. This shows
qualitatively that the first moment of the level density at
large N exists, as expected. Moreover, it is clear that as N
increases, the number of normalized singular values around
zero changes from a constant for N = 1 to possibly become
infinite at large N. Finally, as already mentioned, the
support stays noncompact even as N — oo.

The real case (f = 1) is more interesting. Since the
approximated analytic level density at large N is consistent
with the moments and the numerical results, it is possible to
compare the analytic results of (4.1) and (4.4) as well as the
numerical results of Fig. 2, as shown in the left panel of
Fig. 3. A quick glance at Fig. 3 is enough to realize that
although the PDF at N = 1 and the approximated analytic
result for the level density at large N are quite alike, the
former is an even better fit to the numerical results for the
level density at large N. Hence the normalized level density
at large N is well approximated by the PDFat N =1 (4.1)!
This observation implies that the normalized level density

does not change much as N increases. It would be
interesting to investigate this behavior in more detail.

In summary, the action of first computing the PDF for the
seesaw ensemble from the Dirac and Majorana neutrino
mass matrices and then obtaining the seesaw ensemble
level density at large N is not the same than first obtaining
the level densities at large N for the Dirac and Majorana
neutrino mass matrices and then computing the seesaw
ensemble level density at N — oo. The simplifications
made by interchanging the order of the steps are too
extreme to generate a useful result. From the numerical
analysis, one can nevertheless conclude that ﬁf;l is well
approximated by P, at N = 1 while AEZ (%) most likely
behaves as 71/2 when £ — 0 and 23 when & — o0.!

V. DISCUSSION AND CONCLUSION

This paper investigated the seesaw ensemble originating
from the anarchy principle with the help of random matrix
theory. The starting assumption was an extended SM with
the type I seesaw mechanism, although the same analysis
can be done for the type III seesaw mechanism since the
light neutrino mass matrix is analogous.2 It is shown that
the seesaw ensemble joint PDF for the singular values is a
complicated function of the singular values and that it
decouples from the seesaw ensemble joint PDF for the light
neutrino mixing angles and phases which is simply given
by the appropriate group (Haar) measure. The fact that the
light neutrino mass PDF and the light neutrino mixing
matrix PDF are statistically independent is important when
comparing with actual neutrino physics since it restricts the

'The behavior of the PDF around zero suggests that the level
density vanishes at zero. If the level density peaks very close to
zero before reaching zero as % decreases, this feature would be
lost in the numerical analysis due to the finite binning.

2Type II seesaw mechanism is trivial since the light neutrino
mass matrix would be generated by a Gaussian ensemble.
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predictive power of the anarchy principle. Its implications
are briefly discussed below.

The asymptotic behavior of the PDF at large mass values
suggests that, apart from the average value for complex
matrices, none of the positive moments exist. The N = 1
case, for which the complicated function simplifies, is
studied analytically. The level density at large N is then
approximated but it is shown afterwards that the technique
used to reach a simplified analytic result is most likely
wrong. Moreover, the numerical behavior of the level
density at large N found here does not seem to match
with the answer found in [5] where an ansatz was used.

Although the physical case of complex 3 x 3 matrices
will be discussed extensively elsewhere [10], the analysis
presented here is sufficient to lay out some physical
implications of the seesaw ensemble:

1. The seesaw ensemble prefers three massive light
neutrinos, a massless neutrino is forbidden.

2. In the seesaw ensemble, there does not exist a
correlation between the light neutrino mass eigen-
states and the mixing angles and phases, which results
in a lost of predictive power when comparing with
observations.

3. This lack of correlation implies that the distribution
of light neutrino mixing angles and phases is simply
the appropriate Haar measure, as pointed out in [3],
and hence near-maximal mixings observed exper-
imentally are highly probable although the connec-
tion with the mass eigenstates is lost.

4. The absence of a correlation also implies that the
spectrum of light neutrino masses can exhibit the
normal hierarchy, the inverted hierarchy or some-
thing else (contrary to the claim of [5]), as the mostly
electronic neutrino could be the heaviest one, in
conflict with observations.

The last two observations can be answered quantitatively
with a thorough investigation of the seesaw ensemble PDF
for N =3 and f =2, an analysis that will appear in
subsequent work [10].
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APPENDIX A: MEASURES

This appendix rederives important results on the singular
value decompositions of the measures encountered in the
computation of the seesaw PDF. Note that these measures
were already discussed in [3], yet their derivation relied in
part on some heuristic arguments that led to conjectures
for matrices of arbitrary dimensions. This appendix presents
complete proofs making use of the wedge product technique.

PHYSICAL REVIEW D 94, 115004 (2016)
1. Stiefel manifold

In constructing the measures from the singular value
decomposition theorem, a recurrent quantity of interest is
the volume of Stiefel manifolds [12]. The volume of the
Stiefel manifold V]ﬁ\, = Vﬁ,_ ~ 1s a well-known result and is
simply given by

Vol(V) = /

veV,

ON ZAN(N-+1)/4

UldU==—-—_
[Ti<ienT(Bi/2)

(A1)

This quantity helps define the group measures that appear
in the singular value decomposition.

2. Singular value decomposition

With the knowledge of Stiefel volumes, it is now possible
to obtain the measures (3.4) and (3.5) using the power of the
wedge product approach. Because of its anticommutativity,
the wedge product approach allows us to obtain Jacobians
simply. However, since each singular value decomposition is
different [14], in the following each of the four cases (real
symmetric, complex symmetric, real arbitrary and complex
arbitrary) are proved independently. Note that overall minus
signs are not important in the wedge product approach since
only the absolute value of the Jacobian is of interest.

a. Real and complex symmetric matrix

For a real (complex) N x N symmetric (denoted by the
subscript S) matrix M, the eigen (singular) value decom-
position theorem states that there exists a real (complex)
matrix U satisfying UTU = 1 such that M = UDU” where
D is real diagonal, i.e. D = diag(4y,...,4y), with 4y >
Ay_y > ---> A and 4; > 0 (4; > —o0). Thus, one has

dM = d(UDUT) = dUDUT + UdDU" + UDdU".
(A2)

Multiplying (A2) by U" on the left and by U* on the right
leads to

UTdMU* = (UTdU)D + dD + D(U'dU)"
— (U'dU)D + dD — D(U*dU)*

B 2;(UtaU),; _Ai(UTdU);‘j fori#j’
(A3)

where the second and last equalities come from
U'dU = d(U'U) = dU'U = —(U'dU)". From (3.9), the
wedge product on the lhs of (A3) is simply the wedge
product of dM, i.e. of its independent elements, hence
using the wedge product on the rhs for a real symmetric
matrix one gets
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(dM)= )\ dM;
1<i<j<N
= A di N\ (4-24)(U'dU);
I<i<N  I<i<j<N
= I W-2) A d A (U'dv),,
1<i<j<N I<i<N  1<i<j<N

while for a complex symmetric matrix one obtains

1<i<j<N
1<i<N 1<i<j<N

xRe(U'dU);;A(2;+2,)Im(UTdU),;

=2V T[4 [ B-2) A au A (U'dV),.

1<i<N  1<i<j<N 1<i<N 1<i<j<N

Hence, the measure is

5 5 —1
am =gy [ W =2 [] #'dautdu.  (A4)
1<i<j<N 1<i<N
where the normalization constant is
2(B—1)N 1
o = VNI~ 20-ANNY (A3)

and the integration region is extended to —oco < 4; < o0
(0 < 1; < o) for all eigen (singular) values [hence the
factor of N! in the denominator of (A5)]. The extra factor
of 2V in the denominator of (A5) accounts for the
remaining freedom in the eigen (singular) value decom-
position M = UDU” where U is replaced by US with
S = diag(+£1, ..., £1). This factor implies the integration
region for the group measure is the full region with the
Stiefel volume mentioned above.

b. Real and complex arbitrary matrix

The proof of the measure for an arbitrary (denoted by
the subscript A) matrix is mostly equivalent. For a real
|

PHYSICAL REVIEW D 94, 115004 (2016)

(complex) N x N arbitrary matrix M, the singular value
decomposition theorem implies that there exist real (com-
plex) matrices U and V satisfying UTU = 1 and VIV = 1
such that M = UDV' where D is real diagonal, i.e.
D:diag(/h,...,llN), with /?'N >/1N—l > e >/11 > 0.
Therefore, one has

dM = d(UDV') = dUDV' + UdDV® + UDdV'. (A6)
Multiplying (A2) by U™ on the left and by V on the right
leads to

U'dMV = (U'dU)D + dD + D(V'dV)*
= (U'dU)D +dD — D(V'dV)

{ di; + A [(UTau),; — (Viav),] fori=j
- 4(Utav), - a(viav),; fori#j’
(A7)

where the last two equalities come from VidV =
d(\VIV)—=dV'V = —(VTdV)'. Again, the wedge product
on the lhs of (A7) is simply the wedge product of dM.
Hence using the wedge product on the rhs for a real
arbitrary matrix one obtains

(dM) A dM;;

1<i,j<N

A dii N\ [4(UdU); = 4(VidV),]

ISiSN 1<i#j<N

A di N UV, = k(Vidv),]

I<iSN - 1<i<j<N
A (Viav),; = 4(UTdU),)]
= H (/1/2‘_/112) ANZIA (UTdU%j

1<i<j<N I<isN I<i<jsN

A(VTdV)

ij

while for a complex arbitrary matrix one gets

= A diraIm|(UTdU),, — (VidV).] N\ [ﬂjRe(UTdU)ij —ﬂiRe(V*dV)U]/\[ﬂjlm(UTdU)l-j —/I[Im(VTdV),-/-]

(dM)= /\ dReM;;AdImM,;
1<i,j<N
I<i<N 1<i#j<N
1<i<N 1<i<j<N
1<ig<N[ﬂjIm(U7dU)ij — 4Im(V'dV) | A4 Im(UTdU),;; — 2Im(VaV), ]

= H/li H (/112'_/11'2>2 N daAm[(UTdU); — (Viav),] N (UTdU)ij/\(VTdV)ij’

I<i<N  1<i<j<N I<i<N

1<i<j<N
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Therefore, the final measure becomes

am =y, [ 13 -2P [[ % anutavy(viavy,

1<i<j<N 1<i<N
(A8)

where the normalization constant is
o= L A9
CAN — 2(2_/;)NN! ’ ( )

and the integration region is over all non-negative singular
values, i.e. 0 < 1; < co. Again, this accounts for the factor
of N! in the denominator of (A9). The other factor of
22-AN in the denominator of (A9) accounts for the
remaining freedom in the singular value decomposition
M = UDV" where U and V are replaced respectively by
US and VS with § = diag(=+1, ..., £1). For a real arbitrary
matrix, this factor implies the group measure is integrated
over the full region with the Stiefel volume mentioned
above. For a complex arbitrary matrix, the remaining
freedom is already taken care of by the fact that not all
diagonal elements of U'dU and V'dV appear in the
measure (A8) but only the specific combination
Im[(UTdU),; — (V'dV),.] does. This observation is denoted
by a prime on UdU and V'dV. Although it is counter-
intuitive to have more integration parameters on the rhs
than the lhs of (A8), it is always possible to introduce the
missing integration variables [for example, Im(U'dU); ]
and compensate by dividing the measure by the appropriate
volume, i.e. (27)#~DN, This trick allows integrating over
the full Stiefel volumes of both U and V in the complex
case also, as in Sec. IIT A.

APPENDIX B: CIRCULAR LAW

In this appendix the different circular laws for Gaussian
ensembles are rederived from the Coulomb gas approach.

1. Level density

The level density p(x) for real (f = 1) and complex
(# =2), symmetric (S) and arbitrary (A), matrices M
with usual Gaussian ensembles for the singular values 4;
given by

Ndio T[ 14 =21 T WwlP-te .

1<i<j<N 1<i<N
Ndioe [ 13-2p ] 4 e di.
1<i<j<N 1<i<N

[compare to (3.6)] can be computed from the associated
Coulomb-like gas with Hamiltonians

PHYSICAL REVIEW D 94, 115004 (2016)
Hy =3 [ drdyply()phy () ¥ = 37| = (6= 1)
/dxpﬁN ) In | x| +/dxp'/;N(x)x2,
H, :—;/dxdypﬁl\, pﬁN )In |x* — y?|

(3) fortmr o

Extremizing (B1) with respect to the level density, subject
to the normalization constraint [ dxp(x) = N, leads to

(B1)

g:—/@%mwMﬁ—ﬂ—w—mmm+ﬁ
1 1
&y = —/dypﬁN(y) In |x* = y?| - (1 —[;> In(x) +[;x2,
(B2)

where £ is the constant Lagrange multiplier. Deriving (B2)
with respect to x gives

e [l 0=,
N1 2
2x77/dyp§’v(y (1 _5>;+3x’ (B3)

where P denotes the principal value. At this point, it is
convenient to rescale the variables such that the thermo-
dynamic limit with N large can be easily taken. This is done
with the help of x =+/Ni and p(x) = v/Np(k) which
change (B3) to

o lp/dAp?N Bl

Aﬁ B %

0=-2% P/dAp/iN <1—/l})$+[%x

and the normalization condition to [d%p(%) = 1. In the
thermodynamic limit, the second term in each equation of
(B4) is negligible and can be discarded. From now on the
normalized level density is easily obtained from the usual
treatment and is given by

(BS)

Note that the small differences between the circular laws
obtained here and the usual ones come from the different
normalizations used.
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