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The anarchy principle leading to the seesaw ensemble is studied analytically with the usual tools of
random matrix theory. The probability density function for the seesaw ensemble of N × N matrices is
obtained in terms of a multidimensional integral. This integral involves all light neutrino masses, leading to
a complicated probability density function. It is shown that the probability density function for the neutrino
mixing angles and phases is the appropriate Haar measure. The decoupling of the light neutrino masses and
neutrino mixings implies no correlation between the neutrino mass eigenstates and the neutrino mixing
matrix and leads to a loss of predictive power when comparing with observations. This decoupling is in
agreement with some of the claims found in the literature.
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I. INTRODUCTION

The Standard Model (SM) is the pinnacle of our under-
standing of particle physics. It however comes with a
plethora of parameters, the masses and the flavor mixings,
that are seemingly not fixed by any known fundamental
principle. On one hand, the spectrum of quarks spans 5
orders of magnitude and the quark mixing matrix exhibits
some form of flavor hierarchy. On the other hand, the
spectrum of charged leptons spans 4 orders of magnitude
while the neutrinos are strictly massless, hence the lepton
mixing matrix is trivial. Observations of neutrino oscil-
lations [1] however cannot be accommodated in the SM
and this suggests to extend the SM to allow for neutrino
masses and neutrino mixings. Experimental data show that
the neutrino sector prefers three massive light neutrinos
with different masses and a neutrino mixing matrix
exhibiting near-maximal mixing.
To make sense of the neutrino sector, it was argued in

[2,3] that the light neutrino mass matrix could be generated
randomly from a more fundamental Dirac neutrino mass
matrix and a more fundamental Majorana neutrino mass
matrix with random elements distributed according to a
Gaussian ensemble, a principle dubbed the anarchy prin-
ciple. These more fundamental neutrino mass matrices
would come from the extended SM where the seesaw
mechanism occurs. In [3], it was argued that the probability
density function (PDF) for the mixing angles and phases is
the appropriate Haar measure of the symmetry group,
implying near-maximal mixings. Then, the anarchy prin-
ciple was analyzed mostly numerically in a series of papers
[4–6], reaching interesting conclusions, for example about
the preferred normal hierarchy of the neutrino masses.

Although several numerical results have been obtained,
few analytical results on the seesaw ensemble, which is
derived from the anarchy principle, exist. That it is the case
even though random matrix theory is a well-studied subject
in mathematics [7–9] is surprising. It is therefore clear that
a thorough analytical investigation of the seesaw ensemble
is possible.
This paper undertakes this task by investigating analyti-

cally the seesaw ensemble derived from the anarchy
principle with the help of the usual tools of random matrix
theory. The seesaw ensemble PDF is obtained from N × N
fundamental Dirac and Majorana neutrino mass matrices
with real or complex elements. The result is given in terms
of a specific multidimensional integral. The joint PDF for
the singular (eigen) values in the complex (real) case is then
derived and it is shown that the group variables decouple
straightforwardly as in the usual Gaussian ensembles.
Simple properties of the seesaw ensemble PDF are also
presented and their implications for the physical case
of N ¼ 3 are briefly discussed. The full investigation
of the seesaw ensemble for the physical case of interest,
SM neutrino physics with N ¼ 3, will be discussed
elsewhere [10].
This paper is organized as follows: Sec. II quickly

reviews the type I seesaw mechanism. In Sec. III the
PDF for the seesaw ensemble is obtained from the PDFs
related to the Dirac and Majorana neutrino mass matrices.
Section IV gives the general properties of the seesaw
ensemble from the PDF obtained previously. A discussion,
including a comparison with the existing literature, and a
conclusion are presented in Sec. V. Finally, Appendixes A
and B derive explicitly some useful results.

II. TYPE I SEESAW MECHANISM

This section reviews the type I seesaw mechanism [11].
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A. Type I seesaw mechanism

In the SM, neutrinos, which are part of the doublets Li

where i denotes one of the three families, are massless. To
account for the oscillations observed experimentally, the
type I seesaw mechanism postulates the existence of
three singlet fermions Ni (left-handed Weyl spinors) that
play the role of the “missing” right-handed neutrinos σ2Ni�.
In terms of the SM Lagrangian, the type I theory is
described by

L ¼ LSM þ N̄iiσ̄μ∂μNi −
�
1

2
MR;ijNiNj

þ yD;ijLiHNj þ H:c:

�
; ð2:1Þ

where H is the Higgs doublet and the allowed terms
correspond to right-handed neutrino masses Mij

R and
Yukawa interactions yijD. From (2.1) the ðνNÞ neutrino
mass matrix is given by

MνN ¼
�

0 MD

MT
D MR

�
; ð2:2Þ

where MD ¼ yDv=
ffiffiffi
2

p
is the Dirac neutrino mass matrix

and v is the Higgs vacuum expectation value,
i.e. hHi ¼ 1ffiffi

2
p ð0 vÞT .

The right-handed neutrino mass scale could naturally be
much larger than the Dirac neutrino mass scale since the
former is an (a priori arbitrary) energy scale while the latter
originates from a Yukawa coupling, hence (2.2) implies that
the light neutrino mass matrix is

Mν ¼ −MDM−1
R MT

D: ð2:3Þ

The (symmetric) neutrino mass matrix (2.3) is the starting
point to compute the seesaw ensemble PDF from the PDFs
for the Dirac and Majorana neutrino mass matricesMD and
MR, as described in the next section.

III. DEFINITION OF THE SEESAW ENSEMBLE

In this section we obtain the PDF for the type I seesaw
ensemble from the PDFs associated to the Dirac and
Majorana neutrino mass matrices. To be as general as
possible, the fundamental neutrino mass matrices are taken
to be N × N instead of 3 × 3.

A. Dirac and Majorana ensembles

Following the principle of anarchy [3,6], where elements
of the fundamental matrices MD and MR are random, the
PDFs for the Dirac and Majorana neutrino mass matrices
are Gaussian and defined as

PDðMDÞdMD ¼
�

1

2πΛ2
D

�
βN2=2

exp

�
−
trðM†

DMDÞ
2Λ2

D

�
dMD;

PRðMRÞdMR ¼
�

1

πΛ2
R

�
βNðN−1Þ=4� 1

2πΛ2
R

�
βN=2

× exp

�
−
trðM†

RMRÞ
2Λ2

R

�
dMR; ð3:1Þ

where β ¼ 1 corresponds to real matrix elements and β ¼ 2
corresponds to complex matrix elements. The difference
between the two PDFs comes from the fact that MR is
symmetric while MD is not. The PDFs (3.1) are properly
normalized with respective standard deviations ΛD and ΛR
(for the diagonal elements only, the off-diagonal elements
have standard deviations ΛR=

ffiffiffi
2

p
).

Before proceeding, it is convenient to reexpress the
PDFs in terms of the dimensionless variables M̂D ¼
MD=ð

ffiffiffi
2

p
ΛDÞ and M̂R ¼ MR=ð

ffiffiffi
2

p
ΛRÞ. Hence the PDFs

(3.1) become

PDðM̂DÞdM̂D ¼ ~Cβ
DNe

−trðM̂†
DM̂DÞdM̂D;

PRðM̂RÞdM̂R ¼ ~Cβ
RNe

−trðM̂†
RM̂RÞdM̂R; ð3:2Þ

where the normalization constants are

~Cβ
DN ¼ 1

πβN
2=2

and ~Cβ
RN ¼ 2βNðN−1Þ=4

πβNðNþ1Þ=4 : ð3:3Þ

By the singular (eigen) value decomposition theorem,
both matrices can be diagonalized with non-negative (real)
elements as M̂D ¼ ULDDU

†
R and M̂R ¼ UDRUT where the

U-matrices are unitary (orthogonal) for β ¼ 2 (β ¼ 1). In
terms of the singular values and the remaining variables,
the measure for the Dirac neutrino mass matrix can be
simplified to

dM̂D ¼ cβAN
Y

1≤i<j≤N
jm̂2

D;i − m̂2
D;jjβ

×
Y

1≤i≤N
m̂β−1

D;i dm̂D;iU
†
LRdULR; ð3:4Þ

where the measure dM̂0
D ¼ dM̂D is invariant under a

transformation M̂0
D ¼ ULM̂DU

†
R and U†

LRdULR is the
appropriate group (Haar) measure. Moreover, the measure
for the right-handed neutrino mass matrix, which is
invariant under M̂R

0 ¼ UM̂RUT, i.e. dM̂R
0 ¼ dM̂R, can

be written as

dM̂R ¼ cβSN
Y

1≤i<j≤N
jm̂β

R;i − m̂β
R;jj

Y
1≤i≤N

jm̂R;ijβ−1dm̂R;iU†dU;

ð3:5Þ
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where U†dU is again the appropriate group (Haar) mea-
sure. The proofs of (3.4) and (3.5) are given in Appendix A.
The normalization constants for arbitrary and symmetric
matrices cβAN and cβSN can also be found in the Appendix
and are given by (A9) and (A5) respectively. The absolute
value is not necessary for the Dirac matrix because all
singular values are non-negative. On the other hand, the
absolute value is absolutely necessary for the real Majorana
matrix (β ¼ 1) because the decomposition in this case is
an eigenvalue decomposition where all eigenvalues can
also be negative. In the following, the expression “singular
values” will be used for both singular values and
eigenvalues.
Since PDðM̂DÞ and PRðM̂RÞ depend only on the singular

values, it is easy to write the joint PDFs for the singular
values,

PDðm̂DÞdm̂D ¼ Cβ
DN

Y
1≤i<j≤N

jm̂2
D;i − m̂2

D;jjβ

×
Y

1≤i≤N
m̂β−1

D;i e
−m̂2

D;idm̂D;i;

PRðm̂RÞdm̂R ¼ Cβ
RN

Y
1≤i<j≤N

jm̂β
R;i − m̂β

R;jj

×
Y

1≤i≤N
jm̂R;ijβ−1e−m̂2

R;idm̂R;i; ð3:6Þ

where the normalization constants are

Cβ
DN ¼ ~Cβ

DNc
β
AN

Z
U†

LRdULR

¼ ~Cβ
DNc

β
AN

½VolðVβ
NÞ�2

ð2πÞðβ−1ÞN

¼ 2NπNð1−β=2Þ

N!

Y
1≤i≤N

1

½Γðβi=2Þ�2 ;

Cβ
RN ¼ ~Cβ

RNc
β
SN

Z
U†dU

¼ ~Cβ
RNc

β
SNVolðVβ

NÞ

¼ 2N½βðNþ3Þ−4�=4

N!

Y
1≤i≤N

1

Γðβi=2Þ : ð3:7Þ

The volume of the Stiefel manifold Vβ
N;N ≡ Vβ

N is given in
(A1) [12]. Note that the normalization constants can also be
obtained from well-known Selberg-like integrals [7]. For
example, one has

Cβ
DN ¼ 2N

Y
1≤i≤N

Γðβ=2þ 1Þ
Γðβi=2þ 1ÞΓðβi=2Þ ;

for the Dirac case. This identity can be obtained by
exploiting the properties of the function ΓðxÞ.

B. Jacobian

In terms of the dimensionless Dirac and Majorana
neutrino mass matrices M̂D and M̂R, the light neutrino
mass matrix is given by

Mν ¼
ffiffiffi
2

p
ΛνM̂ν ¼ −

ffiffiffi
2

p
Λ2
D

ΛR
M̂DM̂

−1
R M̂T

D;

where M̂ν is the dimensionless light neutrino mass matrix
and Λν ¼ Λ2

D=ΛR is the light neutrino mass scale. Hence
M̂ν ¼ −M̂DM̂

−1
R M̂T

D. To determine the PDF for M̂ν from
the PDFs of M̂D and M̂R, it is necessary to compute the
norm of the determinant of the Jacobian matrix correspond-
ing to the appropriate change of variables. Since M̂R and
M̂ν have the same number of independent parameters, this
computation simplifies greatly when the change of varia-
bles is chosen from ðM̂D; M̂RÞ to ðM̂D; M̂νÞ. Thus the
Jacobian matrix Jβ is given schematically by

Jβ ¼
�∂M̂R

∂M̂ν

�
¼ −

�∂ðM̂T
DM̂

−1
ν M̂DÞ

∂M̂ν

�
: ð3:8Þ

This Jacobian can be easily obtained with the help of the
wedge product technique [8]. Indeed, since for a symmetric
matrix X ¼ CYCT where C is a constant nonsingular
matrix, the measure satisfies dX ¼ CdYCT and the wedge
product leads to

ðdXÞ≡ ⋀
1≤i≤j≤N

dXij ¼ ðCdYCTÞ ¼ pðCÞðdYÞ;

where pðCÞ is a polynomial in C. Using C ¼ C2C1, one
obtains that pðC2C1Þ ¼ pðC1ÞpðC2Þ. The only function
satisfying this condition is a positive power of the deter-
minant, hence pðCÞ ¼ ðdetCÞk with k ≥ 0. To obtain k, it
suffices to choose a simple matrix, for example C ¼
diagðc; 1;…; 1Þ for which

X ¼

0
BBBBB@

c2y11 cy12 � � � cy1n
cy12 y22 � � � y2n

..

. ..
. . .

. ..
.

cy1n y2n � � � ynn

1
CCCCCA:

Therefore, the wedge product for a real matrix leads to

ðdXÞ ¼ ðCdYCTÞ≡ ⋀
1≤i≤j≤N

ðCdYCTÞij

¼ cNþ1 ⋀
1≤i≤j≤N

dYij ¼ cNþ1ðdYÞ;

while for a complex matrix the result becomes
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ðdXÞ ¼ ðCdYCTÞ≡ ⋀
1≤i≤j≤N

ReðCdYCTÞij∧ImðCdYCTÞij

¼ c2ðNþ1Þ ⋀
1≤i≤j≤N

dReYij∧dImYij ¼ c2ðNþ1ÞðdYÞ:

Thus one concludes that the measure satisfies

dX ¼ j detCjβðNþ1ÞdY; ð3:9Þ

i.e. the positive power is k ¼ βðN þ 1Þ.
It is now straightforward to obtain the Jacobian of

interest. Indeed, using (3.9) one has

dM̂R ¼ −M̂T
DdM̂

−1
ν M̂D ¼ M̂T

DM̂
−1
ν dM̂νM̂

−1
ν M̂D

¼ j detðM̂−1
ν M̂DÞjβðNþ1ÞdM̂ν

where the identity dM̂−1
ν ¼ −M̂−1

ν dM̂νM̂
−1
ν was used.

Finally, the full measure is simply

dM̂DdM̂R ¼
���� det M̂D

det M̂ν

����βðNþ1Þ
dM̂DdM̂ν: ð3:10Þ

It is now straightforward to verify that the measure dM̂ν is
invariant under every transformation M̂ν→ M̂0

ν¼UνM̂νUT
ν

where Uν ∈ fOðNÞ; UðNÞg for β ¼ f1; 2g respectively.
Indeed, since dM̂0

D ¼ dM̂D and dM̂0
R ¼ dM̂R for M̂0

D ¼
ULM̂DU

†
R and M̂0

R ¼ UM̂RUT respectively, one obtains

0 ¼ dM̂0
DdM̂

0
R − dM̂DdM̂R

¼
���� det M̂0

D

det M̂0
ν

����βðNþ1Þ
dM̂0

DdM̂
0
ν −

���� det M̂D

det M̂ν

����βðNþ1Þ
dM̂DdM̂ν

¼
���� det M̂D

det M̂ν

����βðNþ1Þ
dM̂DðdM̂0

ν − dM̂νÞ;

with M̂0
ν ¼ −M̂0

DM̂
0−1
R M̂0T

D ¼ ULM̂νUT
L and U ¼ U�

R.
Therefore, the measure dM̂0

ν ¼ dM̂ν for every transforma-
tion in the appropriate group as stated above. Hence dM̂ν

can be written in terms of its singular values in exactly the
same way as dM̂R in (3.5).

C. Probability density function

Now that the norm of the determinant of the Jacobian
matrix (3.8) has been found, it is simple to determine
the PDF PνðM̂νÞdM̂ν. Indeed, with the help of the
change of variables from ðM̂D; M̂RÞ to ðM̂D; M̂νÞ, the
PDF is calculated from PDðM̂DÞPRðM̂RÞdM̂DdM̂R ¼
PDνðM̂D; M̂νÞdM̂DdM̂ν and the measure (3.10), which
leads to

PDνðM̂D; M̂νÞdM̂DdM̂ν ¼ PDðM̂DÞPRð−M̂T
DM̂

−1
ν M̂DÞ

× j det JβjdM̂DdM̂ν: ð3:11Þ

The PDF PνðM̂νÞdM̂ν is obtained from (3.11) after mar-
ginalizing over the variables M̂D, which gives

PνðM̂νÞdM̂ν ¼ ~Cβ
νN

�Z
e−trðM̂

†
DM̂DÞ−trðM̂†

DM̂
−1†
ν M̂�

DM̂
T
DM̂

−1
ν M̂DÞ

×

���� det M̂D

det M̂ν

����βðNþ1Þ
dM̂D

�
dM̂ν; ð3:12Þ

where (3.3) give the normalization constant as

~Cβ
νN ¼ ~Cβ

DN
~Cβ
RN ¼ 2βNðN−1Þ=4

πβNð3Nþ1Þ=4 : ð3:13Þ

In terms of the light neutrino mass matrix singular values
m̂ν;i and group variables Uν, the neutrino PDF (3.12)
becomes

Pνðm̂νÞdm̂ν
U†

νdUν

VolðVβ
NÞ

¼
�Z

PDðM̂DÞPRð−M̂0T
DD

−1
ν M̂0

DÞj det J0βjdM̂D

�
cβSN

Y
1≤i<j≤N

jm̂β
ν;i − m̂β

ν;jj
Y

1≤i≤N
jm̂ν;ijβ−1dm̂ν;i

U†
νdUν

VolðVβ
NÞ

¼ Cβ
νNI

β
Nðm̂ν;1;…; m̂ν;NÞ

Y
1≤i<j≤N

jm̂β
ν;i − m̂β

ν;jj
Y

1≤i≤N
jm̂ν;ij−ðβNþ1Þdm̂ν;i

U†
νdUν

VolðVβ
NÞ

; ð3:14Þ

where the normalization constant is obtained from (3.13) and is given by

Cβ
νN ¼

~Cβ
νNc

β
SNc

β
AN

2N
½VolðVβ

NÞ�3
ð2πÞðβ−1ÞN ¼ 2N½βðNþ3Þ−4�=4

N!

Y
1≤i≤N

Γðβ=2þ 1Þ
Γðβi=2þ 1Þ½Γðβi=2Þ�2 ; ð3:15Þ

while the remaining function is
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IβNðt1;…; tNÞ ¼
2N

VolðVβ
NÞ

Z
UL;UR∈V

β
N

Z
∞

0

e−
P

1≤i;j≤N
j
P

1≤k≤N
t−1k ðULÞkiðULÞkjj2m̂2

D;im̂
2
D;j

×
Y

1≤i<j≤N
jm̂2

D;i − m̂2
D;jjβ

Y
1≤i≤N

e−m̂
2
D;i jm̂D;ijβðNþ2Þ−1dm̂D;i

ðU†
LdULÞ0ðU†

RdURÞ0
VolðVβ

NÞ=ð2πÞðβ−1ÞN

¼
Z
U∈Vβ

N

Z
∞

0

Y
1≤i<j≤N

jxi − xjjβe−2j
P

1≤k≤N
t−1k UkiUkjj2xixj

×
Y

1≤i≤N
xβðNþ2Þ=2−1
i e−xið1þj

P
1≤j≤N

t−1j U2
jij2xiÞdxi

ðU†dUÞ0
VolðVβ

NÞ=ð2πÞðβ−1ÞN
: ð3:16Þ

In deriving (3.14), the change of variables M̂ν ¼ UνDνUT
ν

where Dν ¼ diagðm̂ν;1;…; m̂ν;NÞ was used. The invariance
of the measure dM̂D under the appropriate transformations
was also necessary. To rewrite the function IβN , the Dirac
neutrino mass matrix elements was expressed in terms of its
singular values and its group variables. The group variables
for UR were integrated over straightforwardly while the
group variables for UL (minus the phases, hence the
prime) remain due to their complicated coupling with
the singular values. Finally, the change of variables xi ¼
m̂2

D;i and UL ¼ U were done to simplify the integral IβN .
Note that integration over the light neutrino group

variables Uν in (3.14) is straightforward, as in (3.6),
leading to

Pνðm̂νÞdm̂ν ¼ Cβ
νNI

β
Nðm̂ν;1;…; m̂ν;NÞ

Y
1≤i<j≤N

jm̂β
ν;i − m̂β

ν;jj

×
Y

1≤i≤N
jm̂ν;ij−ðβNþ1Þdm̂ν;i; ð3:17Þ

for the singular value PDF, with the normalization constant
(3.15). From (3.14), the PDF for the group variables Uν is
thus uniquely determined by the appropriate group (Haar)
measure (minus the phases). This behavior is problematic
since there must be a correlation between the neutrino
masses (i.e. the singular values of M̂ν) and the neutrino
mass eigenstates (i.e. the singular vectors of M̂ν which are
given by the columns of the neutrino mixing matrix Uν).
For example, the mostly electronic neutrino must be the
lightest (normal hierarchy) or the second lightest (inverted
hierarchy). This simple observation has important conse-
quences in the analysis of the physical case appropriate for
the SM.
For general N, the function (3.16) makes the analysis of

the seesaw ensemble PDF (3.17) quite intricate since it is
not only a random matrix theory PDF, it is a random matrix
theory PDF that cannot be written as an analytic function
(apart for the N ¼ 1 case, to the best of our knowledge).
For real matrices, none of the group variables in (3.16)

can be straightforwardly integrated. For complex matrices
however, the integration over group variables does not

include some of the phases, hence the prime as explained in
Appendix A. This can also be seen by using an adequate
parametrization of the matrixU in (3.16). Indeed, following
in part [13], it is possible to parametrize any N × N unitary
matrix as

U ¼
Y

1≤j<k≤N
expðiϕjkPkÞ expðiθjkΣjkÞ

Y
1≤j≤N

expðiφjPjÞ;

where the matrices Pj and Σjk are given by

Pj;ik ¼ δjiδjk; Σjk;il ¼ −iδjiδkl þ iδjlδki;

and the range of the N2 mixing angles θjk and phases ϕjk

and φj are

θjk ∈ ½0; π=2Þ; ϕjk ∈ ½0; 2πÞ; φj ∈ ½0; 2πÞ:

With this parametrization it is clear that the integrand in
(3.16) is independent of the N phases φj, explaining why
they are not integrated over in (3.16).

IV. PROPERTIES OF THE SEESAW ENSEMBLE

This section discusses the general properties of the
seesaw ensemble PDF (3.17). The asymptotic behaviors
at m̂ν;i → 0 and m̂ν;i → ∞ are investigated. Moreover,
the N ¼ 1 case as well as the large N case are studied
analytically.

A. Asymptotic Behaviors

First, being a PDF, (3.17) implies the following identity
for β ¼ 1 or β ¼ 2:Z

∞

m̂ν;min

IβNðm̂ν;1;…; m̂ν;NÞ
Y

1≤i<j≤N
jm̂β

ν;i − m̂β
ν;jj

×
Y

1≤i≤N
jm̂ν;ij−ðβNþ1Þdm̂ν;i ¼

1

Cβ
νN

;

where m̂ν;min ¼ −∞ for β ¼ 1 (eigenvalues) and
m̂ν;min ¼ 0 for β ¼ 2 (singular values).
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The PDF (3.17) is difficult to study analytically for
general N since the function (3.16) is hard to evaluate
generally. It is nevertheless possible to investigate the
asymptotic behaviors of the PDF (3.17) for general N as
follows.
First, as m̂ν;i → �∞ for a fixed i, one has

Pνðm̂νÞ ¼ k∞jm̂ν;ijβðN−1Þ−ðβNþ1Þ½1þOðjm̂ν;ij−1Þ�
¼ k∞jm̂ν;ij−ðβþ1Þ½1þOðjm̂ν;ij−1Þ�:

Therefore, as long as the asymptotic expansion converges
uniformly, the average singular value (and all moments
greater than 1) is not well defined for β ¼ 1 while the
standard deviation (and all moments greater than 2) is not
well defined for β ¼ 2. Here the constant k∞ depends on
the other singular values and on N and is thus difficult to
calculate analytically.
The limiting behavior at m̂ν;i → 0 is obtained from the

function IβN . From (3.16) and the rescaling xj ¼ jm̂ν;ijyj,
one gets

IβNðm̂ν;1;…; m̂ν;NÞ ∼ jm̂ν;ijβNð2Nþ1Þ=2
Z
U∈Vβ

N

Z
∞

0

Y
1≤j<k≤N

jyj − ykjβe−2m̂
2
ν;ij
P

1≤l≤N
m̂−1

ν;lUljUlkj2yjyk

×
Y

1≤j≤N
yβðNþ2Þ=2−1
j e−jm̂ν;ijyjð1þjm̂ν;ijj

P
1≤k≤N

m̂−1
ν;kU

2
kjj2yjÞdyjðU†dUÞ0;

and that implies that for m̂ν;i → 0, the PDF behaves as

Pνðm̂νÞ ¼ k0jm̂ν;ijβNð2N−1Þ=2−1½1þOðjm̂ν;ijÞ�:

Therefore the PDF vanishes at m̂ν;i ¼ 0 unless N ¼ 1.
Again the constant k0 is a function of the remaining
singular values and N that is hard to evaluate exactly.
With the help of both asymptotic behaviors, it is

straightforward to conclude that the most probable singular
value is a finite number different than zero, unless N ¼ 1.
In other words, for N ≥ 2 the seesaw ensemble prefers the
lightest neutrino to be massive.

B. The N = 1 case

For now, the only analytic case with finite N corresponds
to N ¼ 1, for which the joint PDF is given by

Pνðm̂νÞdm̂ν ¼
π1−β=2

2β=2þ1

Γð3β=2Þ
½Γðβ=2Þ�3 jm̂νjðβ−2Þ=2

×Uð3β=4; 1=2; m̂2
ν=4Þ; ð4:1Þ

where Uða; b; zÞ is the confluent hypergeometric function
of the second kind. The joint PDF (4.1) can be obtained
analytically because the function (3.16) is simple in the
N ¼ 1 case. The plot of (4.1) is shown in Fig. 1 along
with numerical results. The agreement between the two
approaches is clear.
Figure 1 shows that the most probable value for the

singular value is m̂ν ¼ 0. This is easily verified by looking
at ∂Pνðm̂νÞ=∂m̂ν which is always negative (positive) for
positive (negative) m̂ν. Moreover, for β ¼ 2, the PDF of the
light neutrino phase is the Haar measure which is flat and
therefore uninteresting. Also, from the limiting behaviors,
which can be obtained directly from

FIG. 1. Probability density function for the seesaw ensemble with N ¼ 1. The red curve corresponds to the analytic result while the
histogram corresponds to numerical results (with 5 × 104 dimensionless light neutrino mass matrices generated). The left panel shows
matrices with real elements (β ¼ 1) while the right panel shows matrices with complex elements (β ¼ 2).
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Uð3β=4; 1=2; zÞ ¼
(
z−3β=4½1þOðz−1Þ� for z → ∞

π1=2

Γ½ð3βþ2Þ=4� ½1þOðz1=2Þ� for z → 0
;

none of the moments exist except for the average value of
the singular value for β ¼ 2. A simple computation using
the following Mellin transforms:Z

∞

0

zλ−1Uða; b; zÞdz ¼ ΓðλÞΓða − λÞΓðλ − bþ 1Þ
ΓðaÞΓða − bþ 1Þ

for maxðb − 1; 0Þ < λ < a;

shows it is given by hm̂νiβ¼2
N¼1 ¼

ffiffiffi
π

p
. Since (4.1) is an even

function of m̂ν, one can nevertheless formally define the
average value for β ¼ 1, and it is hm̂νiβ¼1

N¼1 ¼ 0. These
observations agree with the general analysis of Sec. IVA.

C. The large N case

For usual Gaussian ensembles, both the N ¼ 1 PDFs and
the level densities at largeN are simple. Indeed, for the usual
Gaussian randommatrix theory, one can show the celebrated
Wigner’s semicircle law using the moment method or the
resolvent method. It is therefore plausible that the level
density at large N for the seesaw ensemble is also a simple
analytic function. Moreover, from the 1=N expansion, the
large N case could shed some light on the physical case of
N ¼ 3 neutrinos, as occurs for example with quantum
chromodynamics. It is however impossible here to use the
moment method or the resolvent method since both methods
rely on the computation of the moments and most moments
do not exist for the seesaw ensemble, as argued above.
Another option is to translate the problem to a Coulomb-

like gas and take the thermodynamic limit, which effec-
tively corresponds to the limit N → ∞. To do so, the
singular value PDF (3.17) is reexpressed as a thermal

system e−H
β
νN where the temperature is fixed. In this picture,

the Hamiltonian for the seesaw ensemble is obtained from
(3.17) and is given by

Hβ
νN ¼ −

X
1≤i<j≤N

ln jxβi − xβj j þ ðβN þ 1Þ
X
1≤i≤N

ln jxij

− ln IβNðx1;…; xNÞ; ð4:2Þ
where the positions of the N charged particles are given by
xi. It is important to note that the Hamiltonian (4.2)
corresponds to a Coulomb gas only for β ¼ 1. Indeed,
the characteristic logarithmic two-dimensional Coulomb
potential occurs only for β ¼ 1.
The thermodynamic limit is computable with the help of

the level density of singular values ρβνNðxÞ, which is defined
as the following correlation function:

ρβνNðxÞ ¼ N
Z

Pνðx; m̂ν;2;…; m̂ν;NÞ
Y

2≤i≤N
dm̂ν;i;

such that
R
ρβνNðxÞdx ¼ N the number of charged particles.

Assuming the distance between charged particles decreases
as N tends to infinity, the Hamiltonian (4.2) in the large N
limit can be approximated by a continuum of singular
values with Hamiltonian,

Hβ
νN ¼ −

1

2

Z
dxdyρβνNðxÞρβνNðyÞ ln jxβ − yβj

þ
Z

dxρβνNðxÞVβ
νN;

Vβ
νN ¼ ðβN þ 1Þ ln jxj þ � � � ; ð4:3Þ

where the ellipses represents the contribution from the
integral IβN to the potential Vβ

νN . Extremizing the
Hamiltonian (4.3) with respect to the level density of
singular values subject to the constraint

R
ρβνNðxÞdx ¼ N

leads to an equation for the level density of singular values
which can usually be solved analytically. This is done in
Appendix B for real and complex arbitrary matrices as well
as real and complex symmetric matrices with Gaussian
ensembles. This is however not the case here due to the
complexity of the integral IβN . Indeed, for usual Gaussian
ensembles, the potential Vβ

N ∝ x2 depends only on one
variable and extremization of the Hamiltonian is straightfor-
ward (see Appendix B). For the seesaw ensemble however,
the potential Vβ

νN is a complicated integral function of
several variables, thus extremizing the Hamiltonian is not
so simple. Moreover, since e−1=x

2

does not have an expan-
sion around x ¼ 0, it is not possible to compute the first
contributions to the potential from the integral IβN .
To proceed, it is proposed to approximate the problem by

computing the level densities in the thermodynamic limit
for both the Dirac and Majorana neutrino mass matrices
first, and then marginalizing to get the level density of
singular values for the seesaw ensemble. Since interchang-
ing the order of the steps gets rid of all complications
related to the group variables, this technique can at best
give an approximation to the true level density of singular
values. Although a comparison between the analytical
approximation obtained with this technique and numerical
results shows that the approximation is quite good, it will
be argued that the results are wrong.
The level densities for the Dirac (arbitrary) and Majorana

(symmetric) matrices are given in (B5). Following the
same procedure as in Sec. III C and marginalizing with
the approximation x̂R ¼ x̂2D=x̂ where x̂≡ x̂ν, which is the
analog of M̂R ¼ −M̂T

DM̂
−1
ν M̂D, gives

ρ̂βνNðx̂Þ ¼
Z

dx̂Dρ̂Dðx̂DÞρ̂Rðx̂2D=x̂Þj det Ĵj:

Here the normalized quantities x̂ ¼ x=
ffiffiffiffi
N

p
and ρ̂ðx̂Þ ¼

ρðxÞ= ffiffiffiffi
N

p
are introduced in Appendix B. Moreover, the
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change of variables leads to the Jacobian j det Ĵj ¼ x̂2D=x̂
2. The solution to the marginalization procedure of the two level

densities is given by

ρ̂βνNðx̂Þ ¼

8>>>>><
>>>>>:

β3=4

10π5=2jx̂j1=2
h
Γ
�
− 1

4

	
2

3F2

�
− 1

4
; 1
4
; 3
4
; 1
2
; 9
4
; x̂

2

4β

	
− 10

21

jx̂j
2β1=2

Γ
�
1
4

	
2

3F2

�
1
4
; 3
4
; 5
4
; 3
2
; 11
4
; x̂

2

4β

	i
for jx̂j < 2

ffiffiffi
β

p

β3=2

πx̂2 3F2

�
− 1

2
; 3
4
; 5
4
; 3
2
; 2; 4βx̂2

	
for jx̂j ≥ 2

ffiffiffi
β

p
: ð4:4Þ

The continuity at x̂ ¼ 2
ffiffiffi
β

p
and the normalizationR

dx̂ρ̂βνNðx̂Þ ¼ 1 of the level density (4.4) can be verified
exactly by using generalizations of the Gauss’s identity

2F1ða; b; c; 1Þ ¼ ΓðcÞΓðc−a−bÞ
Γðc−aÞΓðc−bÞ for c − a − b > 0. The level

density for the seesaw ensemble (4.4) is shown in Fig. 2
with a comparison to numerical results. The behaviors of
the level density around zero and infinity (more precisely
jx̂j ≳ 2) match the numerical results quite well while the
intermediate regime is not as good. The agreement is
nonetheless satisfying considering the approximations
made.
The limiting behaviors at x̂ → 0 and x̂ → �∞ are

ρ̂βνNðx̂Þ ¼
8<
:

β3=4Γð−1
4
Þ2

10π5=2jx̂j1=2 for jx̂j → 0

β3=2

πx̂2 for jx̂j → ∞
;

and they imply that none of the moments exist although the
level density is integrable. This is consistent with the results
obtained in Sec. IVA from the full PDF for β ¼ 1 but not
for β ¼ 2. It is therefore expected that the match between
the approximated level density (4.4) and numerical results
is better for β ¼ 1 compared to β ¼ 2. Although both the
real and complex cases seem to agree with the numerical
results as seen in Fig. 2, it is clear from the difference in the
moments that the level density at large N (4.4) is wrong for
β ¼ 2. The error originates from all the simplifications

made, most likely from the Jacobian of the transformation.
Indeed, the expected β dependence of the Jacobian, as in
(3.10), does not occur due to the approximations, making
the analogy with the full PDF possibly correct only for
β ¼ 1. Hence computing the level densities at large N for
the Dirac and Majorana neutrino mass matrices and then
marginalizing to obtain the level density at large N for the
seesaw ensemble do not commute for β ¼ 2.
Furthermore, contrary to usual level densities, the level

density for the seesaw ensemble does not have compact
support due to the inverse Majorana neutrino mass matrix
that appears in the marginalization. Hence there are
arbitrarily large singular values, although the level density
and the mean level spacing, given by 1=ρ̂βνNðx̂Þ, show that
large singular values are rare and far apart from each other.
Finally, apart from the fact that the approximated

analytic level density seems wrong, it seems ill advised
to work back and compute the potential for the seesaw
ensemble from the level density since it is already known
that Vβ

νN depends on more than one variable.

D. Comparison between N = 1 and large N

Before concluding, it is interesting to compare the results
for N ¼ 1 and large N. Indeed, although those regimes are
as far apart as possible, by definition the PDF for N ¼ 1 is
the N ¼ 1 (normalized) level density. Hence, (4.1) can be
compared directly with (4.4), allowing a qualitative

FIG. 2. Level density at large N for the seesaw ensemble. The red curve corresponds to the approximated analytic result while the
histogram corresponds to numerical results (with 103 singular values generated from 50 × 50 matrices). The left panel shows matrices
with real elements (β ¼ 1) while the right panel shows matrices with complex elements (β ¼ 2). Although the fits seem good, the
approximated analytic result for β ¼ 2 is without a doubt not correct.
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understanding of the dependence on N. Moreover, this
comparison will help show that the analysis of the previous
section is most likely wrong even for β ¼ 1.
In the usual Gaussian ensemble, the comparison is

between a Gaussian distribution for the PDF and
Wigner’s semicircle distribution for the level density at
large N. It is clear that the agreement between the two
functions is poor. Nevertheless, comparing qualitatively the
distributions shows quite strikingly that the support of the
normalized level density changes from being noncompact
at N ¼ 1 to being compact at large N.
For the seesaw ensemble, it is convenient to discuss the

real and complex cases separately.
For the complex case (β ¼ 2), it is already known that

the approximated analytic level density at large N is not
correct, hence it is only possible to compare the analytic
PDF (4.1) with the numerical results in Fig. 2 at large N.
The comparison as shown in the right panel of Fig. 3
demonstrates that the PDF at N ¼ 1 agrees well with the
level density at large N for x̂≳ 2 only. This shows
qualitatively that the first moment of the level density at
large N exists, as expected. Moreover, it is clear that as N
increases, the number of normalized singular values around
zero changes from a constant for N ¼ 1 to possibly become
infinite at large N. Finally, as already mentioned, the
support stays noncompact even as N → ∞.
The real case (β ¼ 1) is more interesting. Since the

approximated analytic level density at large N is consistent
with the moments and the numerical results, it is possible to
compare the analytic results of (4.1) and (4.4) as well as the
numerical results of Fig. 2, as shown in the left panel of
Fig. 3. A quick glance at Fig. 3 is enough to realize that
although the PDF at N ¼ 1 and the approximated analytic
result for the level density at large N are quite alike, the
former is an even better fit to the numerical results for the
level density at large N. Hence the normalized level density
at large N is well approximated by the PDF at N ¼ 1 (4.1)!
This observation implies that the normalized level density

does not change much as N increases. It would be
interesting to investigate this behavior in more detail.
In summary, the action of first computing the PDF for the

seesaw ensemble from the Dirac and Majorana neutrino
mass matrices and then obtaining the seesaw ensemble
level density at large N is not the same than first obtaining
the level densities at large N for the Dirac and Majorana
neutrino mass matrices and then computing the seesaw
ensemble level density at N → ∞. The simplifications
made by interchanging the order of the steps are too
extreme to generate a useful result. From the numerical
analysis, one can nevertheless conclude that ρ̂β¼1

νN is well
approximated by Pν at N ¼ 1 while ρ̂β¼2

νN ðx̂Þ most likely
behaves as x̂−1=2 when x̂ → 0 and x̂−3 when x̂ → ∞.1

V. DISCUSSION AND CONCLUSION

This paper investigated the seesaw ensemble originating
from the anarchy principle with the help of random matrix
theory. The starting assumption was an extended SM with
the type I seesaw mechanism, although the same analysis
can be done for the type III seesaw mechanism since the
light neutrino mass matrix is analogous.2 It is shown that
the seesaw ensemble joint PDF for the singular values is a
complicated function of the singular values and that it
decouples from the seesaw ensemble joint PDF for the light
neutrino mixing angles and phases which is simply given
by the appropriate group (Haar) measure. The fact that the
light neutrino mass PDF and the light neutrino mixing
matrix PDF are statistically independent is important when
comparing with actual neutrino physics since it restricts the

FIG. 3. Comparison between the probability density function at N ¼ 1 and the level density at large N for the seesaw ensemble. The
red curve corresponds to probability density function, the black curve corresponds to the approximated analytic result while the
histogram corresponds to the same numerical results as in Fig. 2. The left panel shows matrices with real elements (β ¼ 1) while the right
panel shows matrices with complex elements (β ¼ 2).

1The behavior of the PDF around zero suggests that the level
density vanishes at zero. If the level density peaks very close to
zero before reaching zero as x̂ decreases, this feature would be
lost in the numerical analysis due to the finite binning.

2Type II seesaw mechanism is trivial since the light neutrino
mass matrix would be generated by a Gaussian ensemble.
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predictive power of the anarchy principle. Its implications
are briefly discussed below.
The asymptotic behavior of the PDF at large mass values

suggests that, apart from the average value for complex
matrices, none of the positive moments exist. The N ¼ 1
case, for which the complicated function simplifies, is
studied analytically. The level density at large N is then
approximated but it is shown afterwards that the technique
used to reach a simplified analytic result is most likely
wrong. Moreover, the numerical behavior of the level
density at large N found here does not seem to match
with the answer found in [5] where an ansatz was used.
Although the physical case of complex 3 × 3 matrices

will be discussed extensively elsewhere [10], the analysis
presented here is sufficient to lay out some physical
implications of the seesaw ensemble:

1. The seesaw ensemble prefers three massive light
neutrinos, a massless neutrino is forbidden.

2. In the seesaw ensemble, there does not exist a
correlation between the light neutrino mass eigen-
states and themixing angles and phases,which results
in a lost of predictive power when comparing with
observations.

3. This lack of correlation implies that the distribution
of light neutrino mixing angles and phases is simply
the appropriate Haar measure, as pointed out in [3],
and hence near-maximal mixings observed exper-
imentally are highly probable although the connec-
tion with the mass eigenstates is lost.

4. The absence of a correlation also implies that the
spectrum of light neutrino masses can exhibit the
normal hierarchy, the inverted hierarchy or some-
thing else (contrary to the claim of [5]), as the mostly
electronic neutrino could be the heaviest one, in
conflict with observations.

The last two observations can be answered quantitatively
with a thorough investigation of the seesaw ensemble PDF
for N ¼ 3 and β ¼ 2, an analysis that will appear in
subsequent work [10].
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APPENDIX A: MEASURES

This appendix rederives important results on the singular
value decompositions of the measures encountered in the
computation of the seesaw PDF. Note that these measures
were already discussed in [3], yet their derivation relied in
part on some heuristic arguments that led to conjectures
for matrices of arbitrary dimensions. This appendix presents
complete proofsmakinguse of thewedge product technique.

1. Stiefel manifold

In constructing the measures from the singular value
decomposition theorem, a recurrent quantity of interest is
the volume of Stiefel manifolds [12]. The volume of the
Stiefel manifold Vβ

N ≡ Vβ
N;N is a well-known result and is

simply given by

VolðVβ
NÞ ¼

Z
U∈Vβ

N

U†dU ¼ 2NπβNðNþ1Þ=4Q
1≤i≤NΓðβi=2Þ

: ðA1Þ

This quantity helps define the group measures that appear
in the singular value decomposition.

2. Singular value decomposition

With the knowledge of Stiefel volumes, it is now possible
to obtain the measures (3.4) and (3.5) using the power of the
wedge product approach. Because of its anticommutativity,
the wedge product approach allows us to obtain Jacobians
simply. However, since each singular value decomposition is
different [14], in the following each of the four cases (real
symmetric, complex symmetric, real arbitrary and complex
arbitrary) are proved independently. Note that overall minus
signs are not important in the wedge product approach since
only the absolute value of the Jacobian is of interest.

a. Real and complex symmetric matrix

For a real (complex) N × N symmetric (denoted by the
subscript S) matrix M, the eigen (singular) value decom-
position theorem states that there exists a real (complex)
matrix U satisfying U†U ¼ 1 such thatM ¼ UDUT where
D is real diagonal, i.e. D ¼ diagðλ1;…; λNÞ, with λN >
λN−1 > � � � > λ1 and λ1 > 0 (λ1 > −∞). Thus, one has

dM ¼ dðUDUTÞ ¼ dUDUT þUdDUT þUDdUT:

ðA2Þ

Multiplying (A2) by U† on the left and by U� on the right
leads to

U†dMU� ¼ ðU†dUÞDþ dDþDðU†dUÞT
¼ ðU†dUÞDþ dD −DðU†dUÞ�

¼


dλi þ λi½ðU†dUÞii − ðU†dUÞ�ii� for i ¼ j

λjðU†dUÞij − λiðU†dUÞ�ij for i ≠ j
;

ðA3Þ

where the second and last equalities come from
U†dU ¼ dðU†UÞ − dU†U ¼ −ðU†dUÞ†. From (3.9), the
wedge product on the lhs of (A3) is simply the wedge
product of dM, i.e. of its independent elements, hence
using the wedge product on the rhs for a real symmetric
matrix one gets
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ðdMÞ≡ ⋀
1≤i≤j≤N

dMij

¼ ⋀
1≤i≤N

dλi ⋀
1≤i<j≤N

ðλj − λiÞðU†dUÞij

¼
Y

1≤i<j≤N
ðλj − λiÞ ⋀

1≤i≤N
dλi ⋀

1≤i<j≤N
ðU†dUÞij;

while for a complex symmetric matrix one obtains

ðdMÞ≡ ⋀
1≤i≤j≤N

dReMij∧dImMij

¼ ⋀
1≤i≤N

dλi∧2λiImðU†dUÞii ⋀
1≤i<j≤N

ðλj−λiÞ

×ReðU†dUÞij∧ðλjþλiÞImðU†dUÞij
¼2N

Y
1≤i≤N

λi
Y

1≤i<j≤N
ðλ2j−λ2i Þ ⋀

1≤i≤N
dλi ⋀

1≤i≤j≤N
ðU†dUÞij:

Hence, the measure is

dM ¼ cβSN
Y

1≤i<j≤N
jλβi − λβj j

Y
1≤i≤N

λβ−1i dλiU†dU; ðA4Þ

where the normalization constant is

cβSN ¼ 2ðβ−1ÞN

2NN!
¼ 1

2ð2−βÞNN!
; ðA5Þ

and the integration region is extended to −∞ < λi < ∞
(0 < λi < ∞) for all eigen (singular) values [hence the
factor of N! in the denominator of (A5)]. The extra factor
of 2N in the denominator of (A5) accounts for the
remaining freedom in the eigen (singular) value decom-
position M ¼ UDUT where U is replaced by US with
S ¼ diagð�1;…;�1Þ. This factor implies the integration
region for the group measure is the full region with the
Stiefel volume mentioned above.

b. Real and complex arbitrary matrix

The proof of the measure for an arbitrary (denoted by
the subscript A) matrix is mostly equivalent. For a real

(complex) N × N arbitrary matrix M, the singular value
decomposition theorem implies that there exist real (com-
plex) matrices U and V satisfying U†U ¼ 1 and V†V ¼ 1
such that M ¼ UDV† where D is real diagonal, i.e.
D ¼ diagðλ1;…; λNÞ, with λN > λN−1 > � � � > λ1 > 0.
Therefore, one has

dM ¼ dðUDV†Þ ¼ dUDV† þUdDV† þUDdV†: ðA6Þ

Multiplying (A2) by U† on the left and by V on the right
leads to

U†dMV ¼ ðU†dUÞDþ dDþDðV†dVÞ†
¼ ðU†dUÞDþ dD −DðV†dVÞ

¼


dλi þ λi½ðU†dUÞii − ðV†dVÞii� for i ¼ j

λjðU†dUÞij − λiðV†dVÞij for i ≠ j
;

ðA7Þ

where the last two equalities come from V†dV ¼
dðV†VÞ − dV†V ¼ −ðV†dVÞ†. Again, the wedge product
on the lhs of (A7) is simply the wedge product of dM.
Hence using the wedge product on the rhs for a real
arbitrary matrix one obtains

ðdMÞ≡ ⋀
1≤i;j≤N

dMij

¼ ⋀
1≤i≤N

dλi ⋀
1≤i≠j≤N

½λjðU†dUÞij − λiðV†dVÞij�

¼ ⋀
1≤i≤N

dλi ⋀
1≤i<j≤N

½λjðU†dUÞij − λiðV†dVÞij�

∧½λjðV†dVÞij − λiðU†dUÞij�
¼

Y
1≤i<j≤N

ðλ2j − λ2i Þ ⋀
1≤i≤N

dλi ⋀
1≤i<j≤N

ðU†dUÞij

∧ðV†dVÞij;

while for a complex arbitrary matrix one gets

ðdMÞ≡ ⋀
1≤i;j≤N

dReMij∧dImMij

¼ ⋀
1≤i≤N

dλi∧λiIm½ðU†dUÞii − ðV†dVÞii� ⋀
1≤i≠j≤N

½λjReðU†dUÞij − λiReðV†dVÞij�∧½λjImðU†dUÞij − λiImðV†dVÞij�

¼ ⋀
1≤i≤N

dλi∧λiIm½ðU†dUÞii − ðV†dVÞii� ⋀
1≤i<j≤N

½λjReðU†dUÞij − λiReðV†dVÞij�∧½λjReðV†dVÞij − λiReðU†dUÞij�

⋀
1≤i<j≤N

½λjImðU†dUÞij − λiImðV†dVÞij�∧½λiImðU†dUÞij − λjImðV†dVÞij�

¼
Y

1≤i≤N
λi

Y
1≤i<j≤N

ðλ2j − λ2i Þ2 ⋀
1≤i≤N

dλi∧Im½ðU†dUÞii − ðV†dVÞii� ⋀
1≤i<j≤N

ðU†dUÞij∧ðV†dVÞij:

PROBABILITY DENSITY FUNCTION FOR NEUTRINO … PHYSICAL REVIEW D 94, 115004 (2016)

115004-11



Therefore, the final measure becomes

dM ¼ cβAN
Y

1≤i<j≤N
jλ2i − λ2j jβ

Y
1≤i≤N

λβ−1i dλiðU†dUÞ0ðV†dVÞ0;

ðA8Þ

where the normalization constant is

cβAN ¼ 1

2ð2−βÞNN!
; ðA9Þ

and the integration region is over all non-negative singular
values, i.e. 0 < λi < ∞. Again, this accounts for the factor
of N! in the denominator of (A9). The other factor of
2ð2−βÞN in the denominator of (A9) accounts for the
remaining freedom in the singular value decomposition
M ¼ UDV† where U and V are replaced respectively by
US and VS with S ¼ diagð�1;…;�1Þ. For a real arbitrary
matrix, this factor implies the group measure is integrated
over the full region with the Stiefel volume mentioned
above. For a complex arbitrary matrix, the remaining
freedom is already taken care of by the fact that not all
diagonal elements of U†dU and V†dV appear in the
measure (A8) but only the specific combination
Im½ðU†dUÞii − ðV†dVÞii� does. This observation is denoted
by a prime on U†dU and V†dV. Although it is counter-
intuitive to have more integration parameters on the rhs
than the lhs of (A8), it is always possible to introduce the
missing integration variables [for example, ImðU†dUÞii]
and compensate by dividing the measure by the appropriate
volume, i.e. ð2πÞðβ−1ÞN . This trick allows integrating over
the full Stiefel volumes of both U and V in the complex
case also, as in Sec. III A.

APPENDIX B: CIRCULAR LAW

In this appendix the different circular laws for Gaussian
ensembles are rederived from the Coulomb gas approach.

1. Level density

The level density ρðxÞ for real (β ¼ 1) and complex
(β ¼ 2), symmetric (S) and arbitrary (A), matrices M
with usual Gaussian ensembles for the singular values λi
given by

PSðλÞdλ ∝
Y

1≤i<j≤N
jλβi − λβj j

Y
1≤i≤N

jλijβ−1e−λ2i dλi;

PAðλÞdλ ∝
Y

1≤i<j≤N
jλ2i − λ2j jβ

Y
1≤i≤N

λβ−1i e−λ
2
i dλi;

[compare to (3.6)] can be computed from the associated
Coulomb-like gas with Hamiltonians

HS ¼ −
1

2

Z
dxdyρβSNðxÞρβSNðyÞ ln jxβ − yβj − ðβ − 1Þ

×
Z

dxρβSNðxÞ ln jxj þ
Z

dxρβSNðxÞx2;

HA ¼ −
1

2

Z
dxdyρβANðxÞρβANðyÞ ln jx2 − y2j

−
�
1 −

1

β

�Z
dxρβANðxÞ lnðxÞ þ

1

β

Z
dxρβANðxÞx2:

ðB1Þ

Extremizing (B1) with respect to the level density, subject
to the normalization constraint

R
dxρðxÞ ¼ N, leads to

ξS ¼ −
Z

dyρβSNðyÞ ln jxβ − yβj − ðβ − 1Þ ln jxj þ x2;

ξA ¼ −
Z

dyρβANðyÞ ln jx2 − y2j −
�
1 −

1

β

�
lnðxÞ þ 1

β
x2;

ðB2Þ
where ξ is the constant Lagrange multiplier. Deriving (B2)
with respect to x gives

0 ¼ −βxβ−1P
Z

dy
ρβSNðyÞ
xβ − yβ

−
β − 1

x
þ 2x;

0 ¼ −2xP
Z

dy
ρβANðyÞ
x2 − y2

−
�
1 −

1

β

�
1

x
þ 2

β
x; ðB3Þ

where P denotes the principal value. At this point, it is
convenient to rescale the variables such that the thermo-
dynamic limit withN large can be easily taken. This is done
with the help of x ¼ ffiffiffiffi

N
p

x̂ and ρðxÞ ¼ ffiffiffiffi
N

p
ρ̂ðx̂Þ which

change (B3) to

0 ¼ −βx̂β−1P
Z

dŷ
ρ̂βSNðŷÞ
x̂β − ŷβ

−
β − 1

Nx̂
þ 2x̂;

0 ¼ −2x̂P
Z

dŷ
ρ̂βANðŷÞ
x̂2 − ŷ2

−
�
1 −

1

β

�
1

Nx̂
þ 2

β
x̂; ðB4Þ

and the normalization condition to
R
dx̂ ρ̂ðx̂Þ ¼ 1. In the

thermodynamic limit, the second term in each equation of
(B4) is negligible and can be discarded. From now on the
normalized level density is easily obtained from the usual
treatment and is given by

ρ̂βSNðx̂Þ ¼
2

π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β − x̂2

q
ðβ − 2Þ

ffiffiffi
β

p
≤ x̂ ≤

ffiffiffi
β

p
;

ρ̂βANðx̂Þ ¼
2

βπ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2β − x̂2

q
0 ≤ x̂ ≤

ffiffiffiffiffi
2β

p
: ðB5Þ

Note that the small differences between the circular laws
obtained here and the usual ones come from the different
normalizations used.
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