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Overcoming the sign problem in one-dimensional QCD by new integration
rules with polynomial exactness

A. Ammon,4’* T. Hartung,z’T K. Jansen,l’JIE H. Letivey,3‘§ and J. Volmer"!
'NIC, DESY Zeuthen, Platanenallee 6, 15738 Zeuthen, Germany
*Department of Mathematics, King’s College London, Strand, London WC2R 2LS, United Kingdom
3Institut fiir Mathematik, Humboldt-Universitdit zu Berlin, Unter den Linden 6, 10099 Berlin, Germany

‘Ivu Traffic Technologies AG, Bundesallee 88, 12161 Berlin, Germany
(Received 12 August 2016; published 9 December 2016)

In this paper we describe a new integration method for the groups U(N) and SU(N), for which we
verified numerically that it is polynomially exact for N < 3. The method is applied to the example of one-
dimensional QCD with a chemical potential. We explore, in particular, regions of the parameter space in
which the sign problem appears due the presence of the chemical potential. While Markov chain
Monte Carlo fails in this region, our new integration method still provides results for the chiral condensate
on arbitrary precision, demonstrating clearly that it overcomes the sign problem. Furthermore, we
demonstrate that also in other regions of parameter space our new method leads to errors which are reduced

by orders of magnitude.
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I. INTRODUCTION

The sign problem in models of statistical and high-
energy physics constitutes one of the greatest challenges for
computational sciences, because of the difficulty of evalu-
ating such systems [1]. Many attempts using various
techniques have been developed but no general solution
to overcome the sign problem has been found so far [2]. On
the other hand, the sign problem appears in important
problems in physics. For example, in high-energy physics,
the sign problem prevents the full understanding of the
physics of the early Universe and the explaining and
interpreting of heavy ion collisions. In order to progress
with these questions, simulations within the framework of
lattice QCD with a nonzero chemical potential would be
required. However, these are impossible with present
techniques; see Refs. [3,4] for recent reviews. The reason
is that standard computations in lattice QCD employ
Markov chain Monte Carlo (MC-MC) methods which
need a positive integrand in order to be applicable.
However, in the problem just mentioned a chemical
potential is required, leading to a complex integrand and
therefore to an oscillating function. In particular, if the sign
cancellation errors due to the plural oscillations are of
significantly higher magnitude than the real integral value,
it becomes unfeasible to evaluate such systems.

Therefore, alternative approaches to MC-MC methods
need to be developed and in [5,6] we have proposed
and tested quasi-Monte Carlo and iterated numerical
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integration techniques. These methods can improve the
convergence of the involved integrations and also have the
potential to deal with the sign problem. However, in this
paper we discuss yet another method of numerical inte-
gration for generic systems with a sign problem. This new
method leads to an arbitrarily precise evaluation of the
involved integrals and is based on a complete symmetriza-
tion of the integrals considered.

This can be achieved through new integration rules on
compact groups, as developed in this article, which lead to
polynomial exactness. We test the method on the example
of one-dimensional QCD with a chemical potential, see,
e.g., [7], for which other approaches have already been
used to solve the sign problem [8]. Although one-
dimensional QCD is a model with an interest in its own
as the strong coupling limit of QCD [9], we consider it here
only as a benchmark model for testing our approach,
especially since it is possible to compute observables
analytically and, thus, check the numerical results directly.
In particular, we will compute the chiral condensate for a
broad range of action parameters, including values of the
chemical potential that are impossible (for all practical
purposes) to address with standard Monte Carlo techniques.

The idea to symmetrize the involved integrals in a MC-
MC simulation to achieve positivity and stable results has
also been proposed in Refs. [10,11]. However, in these
works only an incomplete symmetrization has been used
and still a large number of Monte Carlo samples were
necessary to obtain accurate results. In our approach, we
perform a polynomially exact integration avoiding the
MC-MC step. This way, we only need a very small number
of integration points. In fact, we can reach arbitrary (up to
machine) precision for the targeted physical observables
and avoid the MC error completely.

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.94.114508
http://dx.doi.org/10.1103/PhysRevD.94.114508
http://dx.doi.org/10.1103/PhysRevD.94.114508
http://dx.doi.org/10.1103/PhysRevD.94.114508

AMMON, HARTUNG, JANSEN, LEOVEY, and VOLMER

For our computations, we employ the compact groups
U(N) and SU(N) and give a description for a complete
symmetrization for N <3. As we will demonstrate, for
these cases with our new approach the sign problem is
completely avoided.

This paper is composed in the following way: In Sec. II,
we introduce the model of one-dimensional QCD, show
analytic results of the partition function Z, and demonstrate
the difficulty of computing Z for specific parameters
numerically. In Sec. III, we describe the polynomially
exact method based on completely symmetrized spherical
|
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where all empty entries are zero and the corresponding one-
flavor partition function

Z(m,u,G,n) = / (2)

where G = U(N) or G = SU(N), N € N, and hg is the
corresponding (normalized) Haar measure on G.

In order to reduce the numerical effort in calculating
det®d, we will first reduce the dimension using the
following theorem.

Theorem 1: Let U, :=U,, m; := m,

det D(U)dh?(U)

n

Vie2,n—1NN:m,;:=
JE2,n—-1] n; m+4ﬁ1j_1, (3)
and
_ 1 n—1 —1)itin-2j
Ay = m e+ (~ )j_l — 4)
Mp—1 j=11; Hk*l k
Then,
n n—1 *
det® = det<H ity + 27" e (H U,)
=1 =0
n—1
+(=1m2men ] U,). (5)
=0

The proof of this theorem can be found in Appendix A.
In particular, in the gauge satisfying U; = 1 except for
U, = U, Theorem 1 yields
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quadrature rules [12]. In Sec. IV, we explain our numerical
computations in more detail, show results for the partition
function and the chiral condensate, and explain their
behavior for different parameter values. In Sec. V, we
finally conclude the paper.

II. ONE-DIMENSIONAL LATTICE QCD

Let us consider the following Dirac operator (cf., e.g.,
[7]) for a lattice with n points

70,
SU;
(1)
_%U;—z m %Un—l
_%UZ—l m
|
n
det D = det (H vy 4 2 e MU (—1)"2‘"e"”U>
=1
=det(c; + cU* + ¢3U), (6)

with ¢; = [[}_; ), ¢ = 27"e™, and c3 = (=1)"27"e"™.

Mathematically speaking, (6) is an application of
“Fubini”' and translation invariance of the Haar measure
since det® only depends on H;’;(') U;. We will frequently
assume this form of D in analytic computations and we
have implemented this form of ® in order to reduce
computational overhead. Similarly, c¢;, ¢,, and c¢; are
standard notations in this paper. Since U € U(N) or U €
SU(N) det® is a polynomial of degree N.

As an observable of the model, we investigate the chiral
condensate

x(m,u,G,n) =0, InZ(m,u,G,n)

~ O0pZ(m,u.G,n) J O det Ddh
~ Z(m,u,G,n) [, detDdhg

(7)

Since det D is a polynomial of degree N and the derivative
0,, only acts on the term H;l: , m; in Theorem 1, 0, det D

is still a polynomial of degree N and 0,, H;?zl m; can be
computed using symbolic differentiation.

'Since all our groups are compact, they are unimodular and the
Haar measures satisfy hgyy = hg X hy and hguy = hg X hy
(cf., e.g., exercise 2.1.7 in [13]).
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Theorem 2 not only allows us to reduce numerical
overhead but we can furthermore calculate the partition
function (2) (and therefore also the chiral condensate)
analytically.

Theorem 2: Let ¢, :=][[7_;m;, c;=27"e™, and
c3 = (=1)"27"¢"" with /m; as in Theorem 1. Then,

Z(m,u,U(1),n) = [1(1) detD(U)dhyy(U) = ¢, (8)

Zm .02 = [ 4t D)y (V)
= C% — CC3, (9)

Z(m,p, SU(2),n) = / det D(U)dhsy(z) (U)
sUQ)

=+ —cre3+ 3, (10)

Z(m,u,U(3),n) = /U<3) det D(U)dhy3)(U)

= ¢} = 2c|cy03, (11)
and
Z(m,u,SU(3),n) —/ det@(U)thU@)(U)
SUQ)
=} —2cic05+ 03 + 3. (12)

For the proof of this theorem, see Appendix B.
In addition, we can deduce the behavior of Z for m™\,0.

. = 5 1 A
Corollary 1: Let m;:=m, m;:=m+ T =

| el (=1)it14 T =
m+m+21:1 W, and Cp = Hj:l m] Then,
, 2= p e 2N
lime; = . (13)
m\,0 0, ne2N-1
In particular,
21-n € 2N
IimZ(m,u,U(1),n) = , 14
tim (.1 U(1).) {O, DY)
3.2720 p 2N
IimZ(m,u,U(2),n) = , 15
lim (.. U(2). ) {_2_2,1, )
limZ 2
Jim, (m,p, SU(2),n)
_{3-2‘2"+2"2"cosh(2n,u), n € 2N (16)
L 22 sinh(2np) — 2721, ne2N-1
4.2°%  pe2N
IimZ(m,u,U3),n) = , 17
i Z(m. 1 U(3). ) {0’ e )
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FIG. 1. Failure of MC-MC methods. Comparison of the relative
error of the chiral condensate y using polynomially exact
(bottom) and Monte Carlo (top) quadrature rules for SU(2).
The polynomially exact rule used n = 8 integration points,
m = 0.25, u = 1.0, and the error bars have been computed from
20 independent repetitions.

limZ
m{‘r}) (m,u,SU(3),n)

n e 2N

ne2N-1

4.273n 4 21231 cosh(3nu),
::{ (3nu) (18)

21737 sinh(3np),

For the proof of this corollary, see Appendix C.

If ny is large and m small, we can see clearly why the
integrals in Theorem 2 are difficult to treat numerically,
especially the U(N) cases. If we assume a stochastic
approach, e.g., a Monte Carlo method, then each evaluation
of det® in the form (6) is a value in the vicinity of
leaN + |es|V & |5V = 27N1eNm 2 However, performing
the integration (or taking the limit of infinitely many
samples), there is a very high degree of cancellations to
be observed. Since discrete Markov chain Monte Carlo
methods perform poorly with respect to such cancellations,
they have to overcome an initial error in the vicinity of
eN™  In other words, as nyu grows larger, we need very good
algorithms to suppress the initial error and the convergence

constant

v/sample size

of Monte Carlo methods is simply not viable anymore. For
example, in Fig. 1, we compare a Monte Carlo method
(using reweighting) to our new, polynomially exact method
proposed in Sec. III (details of the numerical tests can be
found in Sec. IV). The error bars, the known rate of

convergence ——L___ and the relative error of order 1
\/ sample size

€Iror ~

2|c2|N + |C3|N — 2—Nne—Nn/4 + |(_1)Nn|2—NneNn/4 ~ 2—NneNn,u —
|e3|V, due to the fact that e¥ > ¢~ for x € R and the (anti)
symmetric shape of e* £ e™.
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seen here show that the Monte Carlo method cannot reach
the same level of precision with a reasonable number of
samples (note the different scales for the Monte Carlo and
polynomially exact results).

III. EFFICIENT QUADRATURE RULES OVER
THE COMPACT GROUPS

Consider Z(m, u, U(1), n) for the moment. As we have
mentioned before, the problem is that the integral
Joay(=D)"27"e"Udhy(y(U) in (8) vanishes but the

modulus of each evaluation |(—1)"27"e"U| is large.
However, if we were also to evaluate at —U (or, more
generally, at ¢ equally spaced points along the unit circle),
the two terms would cancel. However, the (geometric) idea
of taking opposite points or equally spaced points on circles
is not easy to formalize for SU(N) and U(N) with N > 2.
Instead, we should note that the quadrature rule

1 t+1 ssit
L FO ) = S 9)

k=1

is a spherical #-design (i.e., an equal-weight quadrature
rule with spherical polynomial degree of exactness ft;
cf. Example 5.14 in [14]). Since det® is a polynomial
of degree N over the matrix entries for U(N) and SU(N),
it suffices to consider 7-designs or “weighted” #-designs
(polynomially exact rules with possibly nonequal weights)
with t = N

In this section, we will discuss the construction of
weighted 7-designs for N > 1 and, especially, why we
base the U(N) and SU(N) quadrature on the quadrature
rules [12] for the spheres SV.

Since

U(N)

holds, where x denotes the (outer) semidirect product, we
may construct a (weighted) #-design Qy(y) over U(N) by

~ SUN)»U(1), (20)
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over SU(N) and U(1) correspondingly, and then
define the product rule Qyy) = Qsyv) X Quq)- It is clear
that by defining Q) as a product rule in this way, we
obtain a (weighted) 7-design over U(N). Since t-designs
over U(1) are easy to construct [see (19)], the entire
problem of constructing (weighted) #-designs for the
compact groups considered here reduces to the one of
constructing (weighted) 7-designs over SU(N).

Starting with SU(2), we have a measure preserving
diffeomorphism SU(2) = 3. An explicit mapping can be

given by
@ne (5 T) e

whose restriction d>|§3U @, §3 5 sU (2) is the mentioned
measure preserving diffeomorphism. Thus, for this case
we can resort to already well-known (weighted) #-designs
over the 3-sphere (see [12,15]) for obtaining (weighted)
t-designs over SU(2) trough the mapping P.

Moving on to SU(3), we note that there is a correspon-
dence’ between SU(3) and S5 x SU(2). More specifically,

and QU(])

o: C? - C2%

we consider first the covering ®;: [0,27)* x [0,%)? — $°
defined by

xi = cos(ay) sin(¢;)

xp = sin(a;) sin(¢;)

x3 = sin(ay) cos(¢p;) sin(g,)

x4 = cos(a) cos(g;) sin(¢,)

xs = sin(a3) cos(¢;) cos(¢,)

x5 = cos(as) cos(1) cos(n)

and note that the restriction ®;: [0,27)* x (0,%)* — 57,
=®,[[0,27)* x(0.%)?], is a diffeomorphism. Furthermore,
the set S5 := S°\ S} is a null set. On the other hand, we have

the mapping ®,: ([0,27)° x [0,%)?) x SU(2) — SU(3)

considering two different (weighted) #-design rules Qgy ) defined by
|
e cos(g;) 0 e sin(g,)
NG o | _ U o
®y((a.9). U) = | —esin(p))sin(p,) e cos(py) e cos(gy)sine) | | ) (22)

—e' sin(¢,) cos(¢)
whose restriction @, : ([0,27)* x (0,%)?) xSU(2) > SU(3),
with

SUG), = ®,[([0.22)* x (0.5)%) x SUQ)). (23)

*More precisely, SU(N) is a principal SU(N —
S?N=1 of , e.g., Eq. (22.18) of [16].

1) bundle over

_e—ia] —iay sin((p2)

e’ cos(gy) cos(¢)

is a bijection and the set SU(3),, := SU(3)\SU(3), is a Haar
null set. Thus, starting with a (weighted) ¢-design rule Qg
over $* and a (weighted) ¢-design Q 5 over § 3, such that each

point of O 53 lies in S3, and considering the mapping
(x.7) = (27! (x). B(y)).
(24)

Py ST xS > SUQ3);
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we obtain a quadrature rule Qg (3) over SU(3) by setting
Osu(3) = 03[0 X Q.

In fact, by considering (randomized) fully symmetric
interpolatory rules Q'3 and Q%) from [12] as weighted
t-designs Qg and QS:ls, we checked numerically that the

resulting quadrature rule Qgy3) is again a weighted
t-design over SU(3), for t <3. The latter observation
drove us to investigate a procedure in more detail for
constructing weighted r-design rules over SU(N), for
arbitrary positive integers N and ¢. This procedure is based
on a generalization of the mapping ®5 as stated above and
relies on the correspondence’ between SU(N) and
x5! $%/ 1. This new construction of quadrature rules over
SU(N) is subject of current research by the authors, but the
potential applications of this new method exceed the scope
of this article and will be not reported at this point.

Note that the procedure above is not the only way of
writing integrals over SU(N) as an integral over spheres.
For instance, using the eigenvalue decomposition of SU(N)
we obtain integrals over products of U(1). However, it
should be noted that the eigenvalue decomposition is not an
isomorphism and, thus, a functional determinant will
appear (which in itself is a polynomial). In other words,
the polynomial degree of the integrand will increase.
Nonetheless this is a viable approach to obtain polynomial
exactness, and using the points in Eq. (19) yields a method
equivalent to [17].

IV. NUMERICAL RESULTS

In this section we will provide a comparison of the
evaluation of the partition function Z and the chiral
condensate y using MC-MC and our new polynomially
exact integration rules. First we will concentrate on the
partition function Z. We will have a short look at the
behavior of the analytic values of Z before comparing them
to the quadrature results of Z using the Monte Carlo and
polynomially exact method in terms of a relative error. To
present the real power of the polynomially exact method,
we will show computational results for two different
floating point number precisions. Then we will investigate
the relative error behavior of the chiral condensate. Since
we compute the relative error as the deviation of the
quadrature result from the computation using analytic
formulas, we explicitly differentiate these ways of compu-
tation in the following using the terms Zgygraure and
Zanalytic'

As stated above, for the here-considered model both Z
and y can be computed analytically for the groups U(N)
and SU(N). In particular, the expression of the partition
functions in Theorem 2 for SU(N) can be related to the one
for U(N) through

4Induction over SU(j) being a principal SU(j— 1) bundle
over S%~! [see Eq. (22.18) of [16]] and SU(2) = S°.
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1080 : :
23" exp(3 n u; — X
Zanalytic(m' u, U(3), n X 1

1040 ZanalytictM, 1, SU(3), n) A %
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10% e

100 |
10_20 H II ‘ = VVVVVVVVV .;
10 107 10° 10"

FIG. 2. Order of the quadrature-rule point evaluation of the
partition function integrand, (27"¢"#)3, see (6), compared to the
analytic values of the partition functions for U(3) and SU(3) (see
Theorem 2), using n = 20, u = 1. As discussed in the paper, the
ratio Zynayiic/ 273ne3m  determines the relative errors of the
partition function and the chiral condensate to a large extent.
In particular, we identify three regions (I, II, and IIT) in which the
relative error exhibits qualitatively different behavior. (These
computations were performed with 1024-bit floating point
arithmetic.)

Zanalytic(m7 u, SU(N), n)
= Zanayic(m. p. UNN). n) + 5 + ff

= Zanalytic(mv/"’ U(N),n)
21=N1 cosh(Nnu),
{ —21=Nnsinh(Nny),

n € 2N

25
n€?2N-1. (25)

We note that for U(N) the partition function smoothly
approaches a much smaller value than c) + ¢} when
decreasing the mass parameter m, while for SU(N) it
approaches a constant near ¢} + 613\’ as given in Theorem 2;
see also Corollary 1. The behavior of Z,,yic (. 4, G, n)
as a function of the mass parameter m for G €
{U(3),SU(3)}, n =6, u =1 is shown in Fig. 2 and there
we can clearly see the different behaviors of Z;p,yc for
U(3) and SU(3) for m\0.

For the groups U(N) and SU(N) each point evaluation
of the quadrature rule is of order O(27V"eN™); that is, a
double precision computation cannot resolve values below
107102-N"eNmi_ Since the behavior of the partition function
in comparison to the constant ¢ + ¢ will be important
in order to understand the relative error |Zggrawre —
Zanalytic|/ Zanatytic: We also show the value of |3 + ¢3| »
273n¢3m in Fig. 2 (see discussion at the end of Sec. II
above, as well) for the examples of U(3) and SU(3).
In Fig. 2, we furthermore distinguished three regions
with different behavior, indicated in the following as
region I, II, and III.
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Let us first discuss the group U(3). For large values of m
(region III) 273" ™ is negligible compared t0 Zpyic. We
therefore expect a small deviation of Z,drature from Zgpayiic
and hence a small relative error. On the other hand, for
small values of m (region I) Z,,1yic becomes much smaller
than 273"¢3 and we expect a significant relative error due
to rounding errors. There is also a transition regime in m
(region II) in which the values of Zy,,1yic and 273"¢3" have
the same order of magnitude. Hence, we expect a signifi-
cant increase in the relative error while decreasing m, but
the smooth behavior of Z,,ysic for U(3) suggests that there
will be a similarly smooth increase of the relative error as a
function of m. As we will discuss below, this expectation is
indeed verified in our numerical tests.

In the SU(3) case, we have the additional constant ¢3 +
¢y which, for small m, is significantly larger than
Z natyic(U(3)), see (25). Looking at Fig. 2, we expect a
relative error similar to the U(3) case in region III. In region
I, though, the relative error should be much less now due to
the fact that the analytic value and order of magnitude of
each point evaluation are closer together than in the U(3)
case. In the transition region II, the behavior may be
different from U(3) as well, although this is not deduced
from the figure per se but from the differences in the
formulas of Z,payic (25). There, the m-dependent term of
Zanalyiic> the constant A+ c’3V , and the point evaluation in
the quadrature rules are of the same order of magnitude
O(27NneNmt) . Thus, this additional term c) + ¥, not
present at U(N), could lead to competing effects for the
relative error and, hence, an irregular behavior of the
relative error (at least in the MC-MC case).

Let us now move on to our numerical experiments.
In Fig. 3, we compare the quadrature rule

quadrarure (71 4. G 1)
1 #0¢
= [ detDdhg~— detD(U 26
| dermang m5d deniwy - 26)

where each Uy is chosen randomly in G (uniformly with
respect to the Haar measure) and the polynomially exact
version

quadrature

Zp()ly‘ eXﬂCt(m’ Hs G» n) = / det gth
G

z@é;a detD(VU,) (27

where U, is the U; sampled in the nonexact version in
(26).5 Here, we chose

*Any U, € G would be perfectly fine; in fact, choosing the
identity for U; would be a good canonical choice. However, we
chose U randomly (uniformly with respect to the Haar measure)
in order to approximate the error.
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double precision 1018 Uet)
|unadrature h Zanallytic| 108 | I 111
Zanalytic » §§5 < :

10
MCMC —x— Y STV XN NP \X

poly. exact —A&— 1g712 B
10 |-8UEQ) 10'8 £ V2)
s \ RO
12_9 A A 108 >§§
H N A\
\ 102 TN

10-12 : &
1015 ‘M’é‘%‘é%%%w"z 2

10° |-8U@) 018 W
-6

10 108 AL N X
107 | TRY

12 : 102 X
10 &

15 £ n sonam " =, 12
107 ' AL ARR S M1 0 { 8

102 102 10° 102
m m
FIG. 3. Comparison of the relative error of the used methods,

namely the polynomially exact and Monte Carlo quadrature rules
to calculate the partition function Z for SU(2) and SU(3) (left
column, top to bottom), and U(1), U(2), and U(3) (right column,
top to bottom) with n =20, ¢ = 1, m € [0.001, 100]. Averages
and standard deviations (error bars) have been computed from 50
independent computations. Here we used double precision to
carry through the numerical calculations. The different behaviors
of the relative error regarding different values of m are divided
into regions I, II and III, corresponding to Fig. 2.

(ke z,), G=U(1)
P[Qg], G=SU(2)
0= {€FUikez, Ue[0g]}. G=U(2)
‘1’3[st x Qg G=SU(3)
{FUkeZ,,Ue®3[05:x 0s]}, G=U(3)
(28)

where Q¢ and Q 53 are randomized fully symmetric rules of

polynomial degree 3 on S* and $° according to [12]. To
obtain the error estimates, we repeated each numerical
experiment 50 times.

Figure 3 shows the relative error of the partition function
computed according to (26) and (27). The same m-regions
(I, I, and III), as shown in Fig. 2, are indicated here as well
and we can see that the behavior of the relative error is quite
distinct for each of the three regions. For large values of m
(region III), both methods operate with double precision as
expected from the discussion above.

Regarding regions I and II, we will consider the U(N)
case first. As we move to smaller m, we enter the transition
region (II) and for U(N) the relative error increases
significantly but in a smooth way. As shown in Fig. 2,
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L 1
1024bit extended precision 100 2% i J 1
|zquadrature - Zanalyticl 40
Z 10
analytic u(1)
1029
MCMC —x— AA T
poly. exact —A— 10310 e N
. L X
107 525
40 Pl
1 froionnd froiond
R =TV B ue
107290 b} A
107310 | AAAL LM A B %u
0
10 V2, ; .
10740 oot
S101(C) I U(3) S
107290 A”g”g%
10310 s %QA&A—A
102 10 102 107 10°  10°
m m

FIG. 4. Comparison of the relative error as shown in Fig. 3 but
here using 1024-bit extended floats. Averages and standard
deviations (error bars) have been computed from 50 independent
computations for U(1), U(2), and SU(2), and from 10 indepen-
dent computations for SU(3) and U(3). Again n =20, u = 1,
and m € [0.001, 100] are used.

for very small values of m (region I) Z,ayic (m., . U(N), n)
is significantly smaller than 2=V hence, Znayic (1, p,
U(N), n) is negligible compared to the machine error and
we observe large relative errors in region I of Fig. 3. Note
that the polynomially exact computation still sums values
of magnitude 27V"eN; i.e., the relative error of the exact
method cannot be below 1076 times the error of the
nonexact method which is, indeed, what we see in Fig. 3.
Returning to Fig. 2 and the U(N) discussion above, the
observed smooth increase of the relative error in region II
matches our expectations.

In the SU(N) case, the relative error is comparable to the
U(N) case in regions I and III; we simply obtain smaller
errors in region I since 27V does not dominate Z,yygc
as is the case for U(N). However, in the transition region II
of Fig. 3, we can see a rather irregular behavior, the
possibility for which to occur we already mentioned in
the discussion of Z,yic above. This can be attributed to
the fact that the mass-dependent term of Z,naysic (7, 4,

U(N), n) and the constant c]2V + 013\' , see (25), as well as the
point evaluations in Zgygrawures are of the same order of
magnitude. Hence neither term can suppress the error of
the other, which we interpret as the cause of the peak in the
relative error.

Figure 4 shows the same comparison as Fig. 3 but
computations were performed with 1024-bit floating
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4 f
1024bit extended precision 10 I 1 Tl
10° ' =T
|Xquadrature - xanalyticl 104
Xanalyti u(1)
analytic 107300 :
MCMC —><— 310 | AADLR, |
poly. exact —A— 10 i
10* i
100 W W N N N E
. KAX TRAK

10 i i
15300 SuU(2) ; u2) ;

107310 S A

104 % R

10° % :

10 %Lx \:e«%
15300 SU(3) o U(3) e
10310 %A WS mﬁé A

10" 107 10* 10" 10?2 10" 107 10 107" 102
m m
FIG. 5. Comparison of the relative error of the chiral con-

densate y = 0,, In Z using polynomially exact and Monte Carlo
quadrature rules for SU(2) and SU(3) (left column, top to
bottom), and U(1), U(2), and U(3) (right column, top to bottom)
with n =8, u=1.0, and m € [10711,10°]. We use 1024-bit
extended floats. Averages and standard deviations (error bars)
have been computed from 50 independent computations for
SU(2), U(1), and U(2) and from 5 for SU(3) and U(3). The
different behaviors of the error regarding different values of m are
divided into regions I, II, and III.

point arithmetic,’ i.e., approximately 307-digit preci-
sion. Again, we observe that the polynomially exact
method operates on machine precision (as to be
expected). The averages and standard deviations of
the relative error were computed from 50 independent
computations for G € {U(1),SU(2),U(2)} and from
10 independent computations for G € {SU(3),U(3)}.
All computations were performed on an IBM laptop
in less than an hour.” The behavior of the relative
error, for both, Monte Carlo and polynomially exact
method, is very similar to the double precision case
in Fig. 3. Note that the polynomially exact integration
always leads to machine precision results even in this
extreme case of 1024-bit precision, whereas the
relative error of the MC-MC results does not notably
decrease in regions I and II when replacing double
precision floats in Fig. 3 with 1024-bit extended
floats in Fig. 4.

®These are 1024 mantissa bits; double precision (about 15-digit
precision) corresponds to 53 bits.

"For SU(3) and U(3) only, runtime was considerably longer
than a few minutes.
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In general, we observe in Figs. 3 and 4 that the poly-
nomially exact quadrature rule always provides machine
error results.

In order to test our new polynomially exact method
against an actual physical observable, Fig. 5 shows the
comparison of the relative error of the chiral condensate
(again using 1024-bit extended floats). The analytic values
of the chiral condensate have been obtained through
symbolic differentiation of the formulas in Theorem 2;
the numerical values by symbolic differentiation of (6).
We observe that the relative error follows the trend we have
already seen for the partition function in the three different
regions.

Let us discuss the relative error in Fig. 5 in a bit more
detail. A first observation is that the polynomially exact
method operates on the level of machine precision and,
as such, reduces the relative error by (many) orders of
magnitude for all values of m. Even more interesting
and striking is the size of the relative error of the chiral
condensate in the small-m region. As pointed out in [7],
in this region of parameter space there is a severe
sign problem. Indeed, for the MC-MC method the
relative error becomes O(1) for sufficiently small m;
i.e., no statistically significant result for the chiral
condensate can be obtained with standard MC-MC
calculations. [In Fig. 5, this behavior can only be seen
for U(N) but it is also present and was observed by us
for SU(N) for m-values smaller than the ones shown
here.’] This is a clear manifestation of the infamous sign
problem.

In contrast, our polynomially exact method again
provides results on machine precision. Thus, the
polynomially exact method completely overcomes the
sign problem and can lead to very accurate results
even in regions where MC-MC computations are
unfeasible.

V. CONCLUSION

In this work, we have developed and tested a new
integration method for the groups U(N) and SU(N).
As a major outcome of our work, we could in fact
provide a numerical verification that the method devel-
oped here leads to polynomial exactness of the integra-
tion for N <3. We have applied the method to the
one-dimensional QCD with a chemical potential where
for certain values of the action parameters a sign

$Here, the range of the regions differs from before.

The larger relative error > O(1) for SU(N) at small m
seen here is due to lim,,\ o¥anatyiic (7. 1. SU(N), n) = 0, because
limm\,OamZanalytic (mv H, SU(N)v }’l) =0 and liInm\‘OZanalytic
(m,u,SU(N),n) #0. Thus, the analytic result for some
small m is already at machine precision while the quadrature
result is not, such that division by this small machine
precision number yields a value which can be larger than one.

PHYSICAL REVIEW D 94, 114508 (2016)

problem appears with MC-MC methods. Using the
groups U(1),U(2),U(3) and SU(2),SU(3) we have
demonstrated that even for cases when the sign
problem is most severe, the chiral condensate of this
model can be computed to arbitrary precision with the
new method. In contrast, standart MC-MC methods
show large O(1) relative errors and do not give any
statistically significant result. For this comparison, we
even went to 1024-bit extended precision and were able
to show that our new method still achieves results on the
level of machine precision. We therefore conclude that
our polynomially exact integration method can com-
pletely avoid the sign problem. Furthermore, it is
important to point out that it also leads to errors reduced
by orders of magnitude compared to MC-MC even in
regions of parameter space where no sign problem
occurs.

The fact that our new integration method overcomes the
sign problem and leads in general to errors reduced by
orders of magnitude in the one-dimensional QCD consid-
ered here is certainly a very promising finding and stands as
a result by itself. However, this benchmark model can only
be regarded as a toy example. It will be necessary to
demonstrate that the method can also be applied in higher
dimensions. To this end, we are presently considering the
Schwinger model as an example of a quantum field theory
in two dimensions.

In addition, so far we do not have proof yet of the
polynomial exactness for the groups U(N) and SU(N) with
general N. Although we are very confident that our
integration method leads to polynomial exactness for
general N, we are working on a proof to substantiate this
statement.
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APPENDIX A: PROOF OF THEOREM 1

Let
(e o)
Y =
CcC D
be a block decomposition where A and D are square
matrices and A is invertible. Then,

(A1)

detY = detAdet(D — CA™'B). (A2)

Here, we are considering matrices of the form
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" "
my % U, eT U,
—H “
- ET UT my % U2
—H “
-5 U, m S Us
X p—
# H
- eT U, my_y % U,
“ —H
- e2 U’l - eT U:—l my
where all m; are positive. Choosing A to be the m; block in X, we obtain
H
my % U,
—<t LU
2 2 ms 2 Y3
—H "
- 62 Uf; my % U4
D p—
—<t m Ly
2 n-2 n—1 2 Yn-1
—H
- 57 U:(z—l my
and
N S Ut
—CA™'B=— 0 0 0
my e 1
- Un U1 0 —Z
In other words, D — CA~'B is of the initial form again and
detX = mY det(D — CA™'B)
1 . 22
mtk $0; Ui
» ”
— % Uz ms % U3
—H H
- eT U§ my % U4
= det
s "
-5 U, my— T U
2—2 2u
2 U, U,

L e 1
> U,_, m, +4m1
Let Uo = Un’ I’;ll =my,

and

- 1 (=1t
my = m, +

Then, we obtain inductively

114508-9

(A7)

(A9)



AMMON, HARTUNG, JANSEN, LEOVEY, and VOLMER PHYSICAL REVIEW D 94, 114508 (2016)

ﬁ1n—2 % Un—2 27(1—[»1 3 :2)# (Hn 2 U )
n—3 Jj=1
detX = [ [} det —-<'Ur, m,_ 2U, (A10)
J=1 n=29—(n-2) ,(n-2 -2j
(=1 2 (-2 -2 -2 eForrx -3 ( 1)/22
T?,;:H?:l Ujist =5 U, nt 250 w [
n—1 — n n
1))12 n I’lﬂ n
= ﬁ1Ndet<ﬁ1 L Ehaer U;_ _ < U, >> (Al1)
o J n H7 llm }_[ Hn 1 /l_Il

which finally yields

det X = det <H 1)n2-n e H Uj_y + 27" <H UJ_1>*>. (A12)

=1 j—l

APPENDIX B: PROOF OF THEOREM 2

Note that the U(1) case is trivial. Hence, we will start considering U(N) with N > 2 and use the notations

U?j = (U*)ij (Bl)
and
p—1 p—1
VpeNy, VI JeN:Uy=]]Up, AU =[]0, (B2)
k=0 k=0

Furthermore, we set Vp,g €Ny VY I,JeNL, V K, LeN%,,

(LJIK.L) = / , UisUkadhun (V) (B3)

and use abbreviations for empty sets or singletons similar to

(0, 1]) = ((0), (D0 O))- (B4)

The following identities are well known (cf., e.g., [18]):
i) p# 61 = (LLJIK,L) =0
(i) ([) =
i) (i, j|k, l>
For N = 2, we may expand the determinant in

6115/1(

/ det @d}lU(z) = / det (C1 + C2U* + C3U)th<2)(U) (BS)
U(2) UQ2)
1+ Uy + c3U Uy + c3U
:/ det( 1 2* 00 T ¢3U00 2Ug * 3Un )th(z)(U) (B6)
u(2) Uiy +c3Uyg c1+ Uy +aUn

directly and, using the identities above, we obtain
/ det gth(Z) = C% — CrC3. (B7)

UQ2)

Similarly, we can expand the determinant in
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c1 + caUgy + c3Uo

A3 det C2UT0+C3U10
<) C2U§0+C3U20

using Sarrus’s rule, which yields

/ det @d]’lU(g,) = C% - 2C1C2C3 (Bg)
U@3)

using the identities above.
For SU(N), we have
(i) p#q=(LJIK.L)=0

G (h=1

(lll) <.’ . ’ >:% 1)%ik 1)¢ik

@) (). (kDY = (0. ). (k. 1)) = =P =
in SU(2)

) (G o k), (Lomon)) = (i, k), (1m, n)[) = g
in SU(3).

Hence [analogous to the U(N) computations],

/ detgdhsu(z) = C% + C% — CyC3 + C% (BIO)
SU(2)

and

/ det Ddhgy3) = ¢} =2cicpe3+ 343 (Bl1)
SU(@3)

APPENDIX C: PROOF OF COROLLARY 1

By induction, we note for 2j < n

ity
lim =L — 1 and

(C1)

This is trivially true for m; = m and m, = m —l— - Then,
we observe for j > 1

. 1 1
lim 2271 _ TEN N (C2)
m\O0 jm m\0  jm m\0 j jm
1
4 — =2 1
1 1 4(j—1)m
— lim -~ + T (C3)
m\0 J jm
1 j-1
=+l =1 (C4)
J J
and
lim Tj: lim —— 7 11m4]m +— m__ (C5)

Thus, we obtain

o Up + c3Uqy
¢+ Ui +aUy
U3y + c3Uy

PHYSICAL REVIEW D 94, 114508 (2016)
Cy U82 + C3 U02

Ul +c3Up dhy3)(U) (BS)
¢y + Uy +c3Uyp
[
Ty My j_ L
lim s N0 T A k=2j-1
lmmkmkH — |
m\0 e m (j+D)m e
; ’111{2)4/:’ (H’Al)m 4jm k—2]
=1 i , -
aj k=2j
and for n € 2N
1]
: K C7
ml%cl ml{nmmn Hm21m2;+1 )
l/+]
— 21 nnllmmm (CS)
m\0
1 L (- 1)j+14_j
o 4,y =1 mHk |

n 2 n—1 j+14—j
Y "nhm( 2 +27( ) > (C10)
mNO\A,_y 1 j= 7112 g
( 1 (2j-1)+14-2j-1)
=2""n + lim
(2" m\‘OZ 2] 1) lmkmk+]
31 2j+14-2j
1)2i+14-2j
+ (_)1~) (C11)
j=1 Hk 1 My
1 p 41-2j
_ 2l—n __|_
2n =1 Hk llmm\o mkmkH
51 2
472
- 217, o (C12)
j=1 L5 lim,, o My
1 5 41-2j 3-1 2
— nl-n .
=2 n<2n+.21422’l_[] Z 12]H11k+1>
Jj= j=1
(C13)
1 &1 &l
—21‘”n<—+ i —> (C14)
2n ;4] ;4]
1 1
=2"""n{ 5=+ - Cl5
n<2n+2n> (C15)
=2 (C16)

Similarly, for n € 2N — 1,
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th] = llmm Hmzj lmzj

) ) (C17)
m\{ mN\{ e} !,_/

4\-|

41—2j

= lmHk | gy

7 4—2j
. (C18)

2j—1 ~ ~
j=1 m D mpmy

PHYSICAL REVIEW D 94, 114508 (2016)

1 T4l T 42
— 2 -n 1. - —_ n
0 (}ZI: 422 jm Z4l‘zfjm)

(C19)

=0. (C20)

Finally, the asserted identities for Z(m,u,G,n) with
Ge{U(1),8U(2),U(2),SU(3),U(3)} are a trivial cor-
ollary substituting lim,,\ gc; into the formulas given in
Theorem 2.
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