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We compute the electrical conductivity of quark-gluon plasma in a strong magnetic field B with quantum
field theory at finite temperature using the lowest Landau level approximation. We provide the one-loop
result arising from 1-to-2 scattering processes of which the kinematics are satisfied by the (1 4 1)-
dimensional fermion dispersion relation. Because of the chirality conservation, the conductivity diverges in
the massless limit and is sensitive to the value of the current quark mass. As a result, we find that the
conductivity along the direction of the magnetic field is quite large compared with the value at B = 0,
mainly because of the small value of the current quark mass. We show that the resummation of the ladder
diagrams for the current-current correlator gives rise to only subleading contributions beyond the leading-
log order and thus verify our one-loop result at the leading-log accuracy. We also discuss possible

implications for the relativistic heavy-ion collisions.
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I. INTRODUCTION

The relativistic heavy-ion collision programs at the
Relativistic Heavy lon Collider and LHC have been
providing successful results for the creation of quark-gluon
plasma (QGP) at high temperature, and various properties
of QCD at the extreme condition have been investigated. It
was also suggested that an extremely strong magnetic field
(B) is induced in the noncentral collisions by the Ampere’s
circuital law [1,2] (see Ref. [3] for recent reviews). The
magnitude of the magnetic field is estimated to be of the
order of or larger than the QCD scale Agcp (AéCD < eB,
with e being the coupling constant in quantum electrody-
namics). Since such a strong magnetic field has not been
realized in other terrestrial experiments, the heavy-ion
collisions provide us with a unique opportunity to inves-
tigate the properties of QCD matter at the high temperature
and in the strong magnetic field. Understanding the proper-
ties of QCD matter in strong magnetic fields can be also
useful for neutron star and magnetar physics, in which a
strong magnetic field and a high-density state are expected
to be realized.

In recent years, the strong magnetic field induced by
the heavy-ion collisions have attracted a number of
interests. The anomaly-induced transport, the so-called
chiral magnetic effect [1], triggered not only intensive
theoretical studies but also experimental efforts (see
Refs. [3-5] for reviews). While significant progress has
been made, the interpretation of the experimental results

“koichi.hattori @riken.jp
'dsato @th.physik.uni-frankfurt.de

2470-0010/2016,/94(11)/114032(16)

114032-1

appears to be still controversial due to the uncertainties
such as the lifetime of the magnetic field, the distribution
of the axial charges, the background of the experimental
signal, etc. Therefore, deeper understanding of various
aspects of the QGP in the strong magnetic field has been
becoming important to achieve the consistent dynamical
modelling.

In this perspective, the transport coefficients are impor-
tant quantities. Preceding studies addressed effects of the
magnetic field on, e.g., the electrical conductivity [6—13],
the shear viscosity [12,14-16], the heavy-quark diffusion
constant [16,17], and the jet quenching parameter [18] by
various methods and with different assumptions for the
hierarchy of scales. Since there has been much progress
also in the dynamical modelling of the anomalous charge
separation [19], the magnetohydrodynamics [20-22], and
the Langevin dynamics for open heavy flavors [23], it is an
urgent task to compute the transport coefficients from the
microscopic theories.

In this paper, we focus on one of the most important
transport coefficients in the magnetohydrodynamics, that
is, the electrical conductivity of QGP. This quantity is
interesting from the phenomenological point of view; if the
conductivity is large enough, it is expected that the
magnetic field induced by the heavy-ion collision persists
longer in time [3,24-26].

Also, from the theoretical point of view, we will find a
drastic change of the relaxation dynamics in the strong
magnetic field limit. This change originated from the
Landau-level quantization for the periodic cyclotron
motion; the quark spectrum in the magnetic field (applied
in the z direction) is discretized as
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€, = \/pg + m} + 2nleB

, (1.1)

where my is the current quark mass and p, is the z
component of the quark momentum. Therefore, the low-
energy fermion dynamics is dominated by the (1 + 1)-
dimensional ground state (n = 0), i.e., the lowest Landau
level (LLL). This is the quantum system realized in the
strong magnetic field limit where the magnitude of the
magnetic field is much greater than the other energy scales
of the system such as temperature. On the other hand, the
electrically neutral gluons are not coupled to the magnetic
field at the leading order in weak-coupling theories, so they
move in the three dimensions. Thus, we need to consider
the transport process with the fermions moving in one
dimension and the bosons moving in three dimensions.
This is an intriguing system which is quite different from
both the usual (3 4+ 1)-dimensional theory and the (1 + 1)-
dimensional theory where there are no dynamical gluonic
degrees of freedom and the fermions suffer the confine-
ment. In fact, the effect of the strong magnetic field opens
novel 1-to-2 scattering processes (see Refs. [27,28] for the
study at T = 0), which were forbidden by the kinematic
reason when B = 0. In addition, in the massless limit
(my = 0), the chirality conservation forbids the scattering
process [29] so that the conductivity, which diverges
without scatterings, is expected to be very sensitive to
my even when the mass is quite small. It makes a striking
contrast to the computations of the transport coefficients
without a magnetic field [30-34], where we could safely
neglect the current quark mass at the high temperature
T > my. While the conductivity in weak magnetic fields
has been evaluated by lattice QCD [6], AdS/CFT corre-
spondence [7], and the Boltzmann equation [8—11], this
strong-field regime has not been explored.

We will evaluate the electrical conductivity in strong
magnetic field at finite temperature and vanishing chemical
potential. As discussed shortly, we use the LLL approxi-
mation, and our calculation is performed at the leading-log
accuracy. It is known that the transport coefficients,
including the electrical conductivity, can be consistently
obtained from the kinetic equation [34] and the diagram-
matic method [30-33]. However, in the presence of the
magnetic field, the ordinary kinetic equation will not be
directly applicable due to the quantum nature of the Landau
levels, and one needs to elaborate the construction of the
kinetic equation. In an accompanying paper [35], one can
find the formulation of an effective kinetic equation and the
evaluation of the conductivity beyond leading-log accuracy.
In this paper, starting out from quantum field theory, we
show that a consistent conclusion is drawn by using the
diagrammatic method and briefly discuss an equivalence to
the kinetic equation in Appendix D.

This paper is organized as follows. In the next section,
we introduce how to evaluate the electrical conductivity in
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the real-time formalism. By performing one-loop-order
analysis, we obtain the expression of the conductivity
written in terms of the quark damping rate and explicitly
evaluate the damping rate generated by the 1-to-2 scatter-
ings in Sec. III. Section IV is devoted to explaining the
features of the result for the conductivity. In Sec. V, we
discuss the resummation of the ladder diagrams. We briefly
discuss possible implications of our results for the heavy-
ion collision experiments in Sec. VI. In Sec. VII, we
summarize this paper and give a few concluding remarks.
In the four Appendixes, we discuss the gauge-fixing
independence of our result, the integration range with
respect to the energy of the scattering particle in the
1-to-2 scattering process, the consistency of our diagram-
matic scheme to the Ward-Takahashi identity, and the
equivalence of our scheme to the approach with the kinetic
equation, respectively.

Prior to going into explicit computations, we would like
to discuss the characteristic energy scales involved in the
problem and specify our hierarchy assumed throughout this
paper. In the analysis below, a few characteristic energy
scales appear. The largest energy scale, v/eB, is due to the
magnetic field. Because we work in the strong magnetic
field regime, we assume that it is much larger than the
temperature, \/eB > T. This condition justifies the usage
of the LLL approximation, i.e., neglect of the higher
Landau levels. We also have the current quark mass
(my). In most calculation at the QGP phase, this quantity
has been neglected because it is of order ~1 MeV, while
T ~ 100 MeV. When infrared divergence appears, it is
regulated by thermal masses of quarks and gluons.
However, in the LLL approximation, we cannot neglect
m; because the scattering processes are forbidden if
m; = 0 due to the chirality conservation [29], as we will
discuss later. On the other hand, the gluon also dynamically
gets a screening mass (M), which is of order gv/eB (g:
QCD coupling constant) [17,36]. Because we are interested
in the case in which the finite-7" effect is significant, we
consider the case of my, M < T, where the quarks and
gluons are thermally well excited. Summarizing, we work
in the regime my, M < T < VeB. As for the ordering of
m; and M, we consider both of the cases: my;> M
and my < M.

II. ELECTRICAL CONDUCTIVITY IN
REAL-TIME FORMALISM

In this section, we introduce how to evaluate the
electrical conductivity in the real-time formalism. We begin
with a formal introduction of the electrical conductivity.
Consider the situation in which the system is initially
at equilibrium of which the temperature is 7' in magnetic
field B and then external electric field E disturbs the system
and induces electromagnetic current j*. Because of the
linear response theory, the retarded current correlator
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TR (x) = i0(x°){[j*(x). j* (0)])

determines the induced current in the momentum space,

(2.1)

JH(p) = -TI**(p)A,(p), (2.2)

where A, is a vector potential that creates E. When E is
homogenous in space, we have p = 0 and E = iwA, and
thus j'(w) = I*(w)E/ (w)/(iw). By taking the @ — 0
limit, we have j' = 6/ E/, where we have introduced the dc
conductivity tensor,

, . MRi(w
o’ = lim — ( )
w—0 110)

(2.3)

Thus, the dc conductivity can be evaluated by calculating
the current correlator in the low-energy limit at zero
momentum, the expression of which is called the Kubo
formula.

This expression can be rewritten as follows in the real-
time formalism: by using ng(w) = T/w for o <« T, where
ng(w) = [e#” — 1]7! is the Bose distribution function with
p=1/T, we have

P i

o' =Sy (w = 0),

0 (2.4)

where  TI5(x) = (Teh(0)4(0) = (*(0)/*(x)) and
P (p) = 2ImIT**(p) is the spectral function of the cur-
rent, which satisfies I} (p) = ng(w)p*(p). Here, we have
introduced the contour in complex time drawn in Fig. 1,
where the limits 7, — —oo and 7; — oo are taken. T¢ is an
ordering operator on this contour, and j/ /o 18 a current
operator of which the time belongs to C, /,. For more details
of the real-time formalism, see Refs. [37,38].

Here, we write the current correlator in terms of quark
field for evaluation. The current operator is defined as

J(x) = EZCI/'V_/f(x)V”lI/f(x)’
f

(2.5)

where f is an index for flavor, g, is an electromagnetic
charge for the quark and v is a quark operator. In the LLL
approximation, the quark field reads [39]

PHYSICAL REVIEW D 94, 114032 (2016)

3

L
to Cy tf
‘1 >
C t-ie

to-ifp

FIG. 1. The contour in complex time plane. The part C, is on
the real axis, and C_ is below that axis by e.

wrle) = [ e IR (s = ),
pL.p

(2.6)

where we have adopted the Landau gauge considering the
case in which B is along the z axis, in which A2, = Bx!
with A%, the vector potential that yields the magnetic
field. We have also introduced d’p, =dp®dp®, p, =
(p°,0,0,p%) and [, = [dp/(2x), rl,=-p*/B;, By =
eqsB, and ;(; ,(pr) is the quark operator at the LLL. We
note that p? here does not mean the square of 4-vector p*,
(p°)2 —p% but the y component of p*. PL=(1+
sgn(By)iy'y?)/2 is a projection operator into a state
with spin aligning with B. H(x—r/) = [|B|/x]"/* x
exp|—|Bf|(x — r/)?/2] is the normalized harmonic oscil-
lator function coming from quark wave function in the

transverse plane at the LLL. In this approximation, the
current operator becomes

e—ixL'(kL—PL)eixz(kz—Pz)

x H(xl - rf,z)H(xl - 42))?;2(pL)7MZ£2(kL)'
(2.7)

The current correlator can be written in terms of the four-
point function of the quark:

Map =00 =S aar [ @0k = )28 (K = ) 2a)a(P = )(2a)5 (1~ 1)
K qm gt rery

1f

x [ / dx"H(=x" = P YH(=x" = ) | H(=rf R (=l ) (Te o (ke )] (a2 ()7 2, (rn)

= &> qs4p / oy, P )Py ()T ()73 ()

If
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where we have used [dx[H(x)]> =1. When we use
the symmetry in the color space and neglect the flavor-
changing process, which will be justified in the analysis
later since we will consider only the ladder diagrams,
the four-point function above has the structure

<Tc)?jl‘kz (kL)}’”)({ﬁ(kL))_f;ﬂ(lL)7D)(§12(lL)> = Nc5ff’Gl1lY]2Cz X
(k,k,1,1), with the four-point function G**J, (k. k,1,1) =
(T o (ki ) o (ki )2 (1)7" (1)) Here, the color
summation in G/*}, has been done. We further assume that

[ G**)(k, k. 1,1) does not depend on k2, which also will
be justified later. Then, IT|5 can be written as

151

H’f;(p =0)= ezz(qf)zN" 27 Jiex, Glﬁ/;z(k’ kL),
f , L

L

(2.9)

where we have used fp[7-[(—rj,;)}2 = |By|/2x.

For later convenience, we move to an r/a basis. By
introducing y" = (y' + 4?)/2 and y* = y' — 42, the four-
point function can be written as

1
Gl 122 — Grrrr + 5 (Garrr + Grarr - Grrar - Grrra)

X (G = G — G
4 aarr arar arra
- Gruar - Gram + Grraa)

1
=+ g (_Gaaar - Gaara + Gama + Graaa)’ (210)

where we have omitted the Lorentz/flavor indices
for simplicity, introduced G, = (T x 7y xi) with
i,j,k,l=r or a, and used G,y =0. By using the
generalized fluctuation-dissipation theorem [30,40,41], this
expression can be rewritten as

G1122 = Gaarr + aZGaaar + aSGaara + a4Garaa
+ aSGraaa + a6Garra + a7Garar
+ ﬁl G:arr + ﬂZGZaar + ﬁ?aGZara + ﬂ4GZrau

+ ﬁSGtaaa +ﬂ6G2rra + ﬁ7GZrar’ (211)
where we have introduced the Fermi distribution function
np(E) =[5 + 17" and ay = 1 = np(k°)[1 = np(k°)].
We do not write the other coefficients explicitly because
they will be found to be irrelevant to the leading-
order calculation. The bar above G means the inter-
change between the quark and the antiquark: (_}’i‘;’kl =
(Tcxjr*xidiv*xr)- Neglecting the irrelevant terms in
Eq. (2.11) and using G, (k. k,1,1) = Gy (k. k, L 1),
which can be shown by using the definition of G,
we get

PHYSICAL REVIEW D 94, 114032 (2016)
G122 = 2np(K°)[1 = np(k°)|ReG,,,, + (other terms).

(2.12)
It makes Eq. (2.4) as
o = S g PN [ i)
7 2 Sk, 0,
x [1 = np(k°)ReGH, (k. k, 1,1), (2.13)

by using Eq. (2.9).

III. ONE-LOOP ANALYSIS

In this section, we examine the four-point function in the
LLL approximation, which is necessary for computing the
electrical conductivity. While we work at the one-loop
order, we use the dressed quark propagator in which the
quark damping rate is resummed. We also explicitly
evaluate the quark damping rate, taking into account the
1-to-2 scattering in both of the two cases, my> M
and my < M.

A. Four-point function of the quark

We evaluate the four-point function at the one-loop
approximation. By using Wick’s theorem, the four-point
function becomes

Gy (k. k. 1.1) = = (2m)3(K* = 1) (225 (k= 1)

X Trly" S (kp )y"S™ (k. )]. (3.1)

where we have introduced the quark propagators in an r/a

basis, §(p,) = <Tc)(;,z (PL))?;,z (pL)), where i,j=r, a,
and omitted flavor indices for simplicity. We note that this
quantity becomes independent of k? after integrating over
I?, so the assumption we made above Eq. (2.9) is justified.
It also implies that the k* integral in the right-hand side of
Eq. (2.9) can be trivially performed thanks to 5(k> — I?), so
that there remain only k; and [, integrals. This property
manifests the gauge invariance. The other terms with
different indices in Eq. (2.11) vanish because § = 0.
This contribution corresponds to the one-loop diagram
drawn in Fig. 2. As we will see later, S(k; ) is proportional
to (k, +m;)P_, so G* vanishes when y, v = L (1 or 2)

FIG. 2. The current correlator G’;Z{,(k, k,1,1) at one-loop level.
The solid line represents the quark propagator.
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because P, y+P, = ytP_P, = 0. Therefore, we consider
the case of u, v =0 or 3 from now on.

If we naively use the quark propagator in the free limit in
the expression above, we would have a divergence, which
is called pinch singularity [30-33]. To regulate this singu-
larity, one needs to resum the damping rate of the quark
(§p). The resummed quark retarded/advanced propagator
(SR/A = j§ra/ary at the LLL approximation reads

¥ p) = (L +m)P AT (p). (32)
where AN (p)=-[p? - m7 £ 2iE,p°]7!, with pj =
(p°)* = (p*)* and my is the current quark mass. The free
part of the expression above is given in Ref. [39], for
example. We note that the modification of the quark mass
my due to the interaction effect is not necessary at the
leading-order calculation because the modification to m is
suppressed by the factor of gsz/ T, at most [42]. This
point is quite different from the B = 0 case, where the
quarks move in three dimensions so that the scattering
process is finite even at my = 0, and thus the thermal mass
is independent from m (it is of order g7 [43]) when T is
large enough. By using this expression, Eq. (3.1) becomes

Gl (k. k, 1 1) = (2m)8(k* = I*)(27)26 (k, — 1)

k”k”

5 0 Ps(kl_) (3-3)

where we have evaluated the trace by using Tr[(k; +
mg )Py (ky + mg)P,y*] = 4kj k%, which is obtained by
using the on-shell condition k7 = m% We have also
introduced the spectral function of the quark related to
ARIAL pg(pr) = —i[A§(pr) = AS(pL)],  which  satis-
fies A§(pL)AS(pL) = ps(pL)/ (4E,p°).

Using this resummed propagator, Eq. (2.13) fori=j=3
becomes

33 E 2 5 % dKOdi3
¢ Zf:(qf) Ne 271/ T

g (O =m0 S 5002 — ). (3.9
&l "1
where we have used the approximation
ps(kp) = (2)sgn(k%)5(kf — m3). (3.5)

We see that Eq. (3.4) is proportional to &', so it diverges
when &; — 0. This is the pinch singularity, and physically it
corresponds to the fact that the conductivity diverges when
the quarks do not scatter with other particles so that the
mean free path becomes infinitely large.
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FIG. 3. The quark self-energy at one-loop level (left panel) and
the matrix element of the 1-to-2 scattering (right panel), which
corresponds to the imaginary part of the self-energy. The curly
line represents the gluon propagator.

B. Quark damping rate

We need to evaluate the quark damping rate for proceed-
ing the calculation. The contribution from the one-loop
diagram, which is drawn in the left panel of Fig. 3, is

2
gZCF/Vﬂ(lL +mf>7)+}’u/77)( —Dps(1L)

X [RI (k| — 1) [np(I°) + np(I° — k%)),
(3.6)

ImZR (kL) -

where we have introduced k| =(0,k',k%,0), Cr =(N2-1)/
(2N.), the form factor R/ (p ) = exp[—p? /(4|B/|)], and
the gluon spectral function p (k) =2ImDR®* (k) with
DR (k) the retarded gluon propagator. We note that we
have used the Ritus basis [39,44], in which the momentum
of the form factor is that of the gluon instead of the quark,
and the Schwinger phases were canceled and thus did not
appear in the expression above. Again, this absence of the
phases is a manifestation of the gauge invariance. It yields
the damping rate

1
el = _ETr[(kL + my)ImER (kp ) [0t

gch L L
= - 4 /Tr[(kL + mf>}/ﬂ (lL + mf)P+YV]

x pp (k=Dps(lL)
X [Rf(ki - h)] [n

P(10) + np(1° = k)]s

(3.7)

where we have introduced et = ,/(k*)? + mjzf which is
the on-shell energy of the quark with longitudinal
momentum k>.

We need to know the gluon propagator for evaluating the
damping rate. In the LLL approximation, the self-energy of
the gluon coming from the quark loop has the tensor
structure [17] Q" (k) = Q(k)P|"(k.), where P|"(k.) =
—[gy — ki k¥ /k3] with ¢ = diag(1,0,0,—1). The self-
energy coming from the gluon/ghost loop is much smaller,
so we neglect it in this work. The resultant gluon retarded
propagator is, in the covariant gauge [17,28],
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UL U v
DR () = — Py (k) _Po (k) = Py (k)
K>+ iek® — Q (k) K> + iek®
k* k¥
—_—, 3.8
T ey (3:8)
where a is a gauge-fixing parameter and Py’ (k) = —[¢" —

k*k¥ / k). We note that the denominators in P, and Py also
contain iek®. The second and the third terms are shown not
to contribute to the damping rate in Appendix A, so we
omit them from now on. Thus, the gluon spectral function
reduces to

Pp (k) = P\"(ky)pp(k), (3.9)
where  pp(k) = ~2Im(1/ (K2 + ick? — @, (K))].  Then,
Eq. (3.7) becomes
cte = P Com} [ polk-+ Dps(l)

X [RV (k. + 1)) [np (1) + ng(I° + K0)]|po—et.
(3.10)

where we have evaluated the trace by using Tr[(k, +m ) x
v (L +mp)Poy[|P|" (ky—1.)=—4m7, which is obtained
by the on-shell conditions k7 = I; = m7. We also flipped
the sign of [ for future convenience.

1. my > M case

We start with the case in which the current quark mass is
much larger than the gluon screening mass, m, > M. In
this case, the current quark mass regulates all the infrared
singularities as will be found later, so we can safely neglect
the gluon self-energy:

po(K) = (2m)sgn(k)5(K2). (3.11)

By using this equation and the spectral function of the free
quark, Eq. (3.5), Eq. (3.10) becomes

d*l
el = QZCFm%/ (27)
x 8([k + 1*)8(17 — m7)
< [RI(k L+ 1) P[np(l) + ng(l + k)] ot

200 2
g Cme
zT/dlosgn(lo)sgn(ei + lo)éﬂtl

O((10)? — m;)e(m; el — sk J(10)? - m;)

7 (27)*sgn(1°)sgn(k® + 1)

X

(IO = ni2

x [np(I°) + ng(I° + €b)], (3.12)
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where we have performed the integrations for 13 and * by
using the two delta functions. Because the distribution
functions give the ultraviolet cutoff at the scale 7 in [°
kJ_+lJ_|2:2[m}20—|—€£lo—sk3 (lo)z—mjzf] ,5
T? < eB as long as |k?| is of the order of or much smaller
than 7. Therefore, we have approximated the form factor as
unity. We note that s = sgn(l*), so s shows the direction of
the movement of the antiquark of which the momentum
is /*. The integration range is shown to be I° > my in
Appendix B, so we arrive at the expression.'

integration,

g*Cpmy; /oo 0 np(I°) + ng(l° + €b) '

L
€k =
s (1) — m?

(3.13)

The distribution function factor can be rewritten as
np(1 4+ ng) + ng(1 — ngp), which shows that the physical
process that yields the damping rate above is the pair
annihilation of the quark and the antiquark and its
inverse process, which is drawn in the right panel
of Fig. 3.

As we will see later, the dominant contribution to the
electrical conductivity comes from the quark of which the
momentum is of order 7. Thus, we focus on the case in
which |k*| ~ T. In this case, Eq. (3.13) can be evaluated at
the leading-log order” as

(eﬁ)} /mj dlo\/ﬁ

2 2
g Cpmy [1 . T
=2  J |- In( —
4n LJrnB(ek)} n<mf>’

where we have used [dI’/\/(I°)* =m}=1In(I’+

QZCFmJZr 1+
4z |27 "

L ~
ekfk =

(3.14)

(I°)*> = m7) and the fact that the dominant contribu-

tion comes from the energy region [ < 7. We see that
the energy of the quark is el ~7T and that of the
antiquark is [ < T, which makes the gluon energy
ek +10~T
L .

2. my <M case
Next, we consider the opposite case, my < M. In this
case, we need to take into account the gluon screening
mass,

pp(k) = (27)sgn(k®)8(k* — M?), (3.15)

'The term containing ny was already given in Ref. [42].

2Leading—log approximation means that we regard In(e™!),
where € is a small quantity, as a large number and approximate
In(e™") + O(1) = In(e™"). In the current case, € is m/T.
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where

| —
S

Zz—f (3.16)
f

Here, we note that the dispersion relation above has a
non-negligible correction when k < m, [17]. Nevertheless,
such a low-momentum region is found to be irrelevant in
the current calculation because the gluon energy is
el +1°> T, where we have used ¢ ~T. By using this
gluon spectral function, Eq. (3.10) becomes

4
et = o [ 5 ()sen(t0(0 = )
x (27)sgn(k® + 19)8([k + 1]> — M?)
(R (k. + 1)l (19) + gt + ) o

2Cpm2~ 0
T g ! / %Sgn(l")sgn(ei +10°)
L M2
i )
0)2 _ 2
xg%%_lhAM+@m+¢» (3.17)
-

where we have approximated R/ (k| +1,) = 1.

Let us consider the case |k?| < k. first, where k, =
M*VA/(2my) ~ M?/m; with A = 1 — 4m?/M?. The inte-
gration range is shown to be [, < [° for s = +sgn(k?) in
Appendix B, where [, is defined in Eq. (B4). Because
I, ~M>T/m7 > T, the contribution from s = sgn(k’) to
Eq. (3.17) is exponentially suppressed due to the Fermi/
Bose distribution functions. Thus, Eq. (3.17) becomes

L GCrmi o dl® np(I°) + ng(l° 4 €b)
Cker = 4 . (27) (1902 — m?
- mf
*Cpmi [1 T
=7 81:1' / [5"‘”3(5]1;)} In - -
I+ /() —m;
20 0
g Cme 1 T
=~ |:§+n3(€£):| lnM, (3.18)

where we have used I_ = M?*[1 + (K*/k.)?]/(4|K}|) < T
for [k*| ~ T > m; and performed the leading-log approxi-
mation in the middle line. This expression is the same as
Eq. (3.14) except for the infrared cutoff in the log; when
my < M, the screening mass of the gluon gives the cutoff
instead of the current quark mass.

Next, we consider the case of |k*| > k.. Appendix B
shows that the integration range is m; < 1° <I_and [, < [°
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for s = —sgn(k?) and m, < I° for s = sgn(k®). Again, the
contribution from /, < [° can be neglected, and Eq. (3.17)
becomes

ke zM -/Z' +/°°_ dl° np(l°) + ng(I° + €k)
k Sk 8” LS my my | \/m
2 2 -
9 Cme L 5 5
B _5"‘”3(%)_ lnm_f (l +4/(12) _mf>
2 2 - _
g Cme 1 T
= 27 nB(eé)_ LvE (3.19)

at the leading-log accuracy. Unexpectedly, the expression is
the same as the other case, Eq. (3.18).

IV. RESULTS

Let us evaluate the conductivity by using the expression
of the quark damping rate. First, we work in the my > M
case. By using Eq. (3.14), Eq. (3.4) yields

_ v |Bilp
ezz ‘2w
. KR — it
0 0 0
x/ Ao (1)1 = (1) Y

. /n " dkOn2 (kO)[1 = np (k)]

B/| AT
~ g2 2N ‘—f ,
¢ ;(qf N, FCrm2n (T/my)

(4.1)

where we have used the fact that the integrand quickly
becomes small at kK < T so that we can safely change the
lower bound of the integral to zero in the last line. The
integrand is suppressed exponentially also in the k° > T
region. Therefore, the dominant contribution of the integral
above comes from the energy region k° ~ 7. We also used
the formula [ dkkn?(k)[1 — ng(k)|/ng(k) = =T?n%(k) x
[e¥/T(k/T + 1) + 1] in the last line.

Equation (4.1) is one of the central results of this paper.
Several remarks on this expression are in order:

(1) The conductivity is proportional to |B| ~ eB, which
is larger than any other scales that have dimension of
(energy)?. It is because of large Landau degeneracy
of the quark at LLL in the transverse plane.

(2) The g dependence of the conductivity is o g2, in
contrast to the B =0 case («x g‘4 [32,34]). It is
due to the fact that the 1-to-2 scattering process
instead of the 2-to-2 process, which is the leading
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r(a) r r a
a

FIG. 4. The ladder diagrams with one kernel (left panel) and more kernels (right panel) for G, The (blue) square is the kernel K,
introduced later. The two brackets in the right panel represent the two cases indicated in the text.

contribution in the B = 0 case, is responsible for the
determination of the conductivity.

We can understand how this process is allowed
when B is strong as follows. Let us consider the 1-to-
2 process in which a gluon becomes a quark with
momentum k and an antiquark with momentum /.
When B = 0, these particles have dispersion rela-

tions in three dimensions, k*=1*= mjz, and

(I +k)> = 0. By using the first equation, we see
that the last equation cannot be satisfied Physically,
it is clear because a massless particle cannot become
two massive particles. By contrast, when we have
strong B, the quarks have a one-dimensional
dispersion relation while the gluon’s dispersion

relation is still three dimensional: ki = I = m}

and (k +1)7 = (k +1)3. We note that these equa-
tions are similar to those at B = 0, except for the
right-hand side of the last equation. These equations
can be satisfied, as was seen from the calculation we
have done. It is because the transverse momentum of
the gluon, k| + 1, plays arole of gluon mass in the
last equation so that the gluon can decay into two
massive particles.

(3) The conductivity is proportional to m;z, so it
diverges in the massless limit. Physically, it is
because that the scattering process is forbidden
when my = 0 [29]; in the 1-to-2 scattering process
drawn in Fig. 3, the quark and the antiquark moving
in the opposite direction along B in the initial state
have the same chirality. On the other hand, the gluon
in the final state has no chirality, so the chirality
conservation law forbids such a process in the
massless limit. Since m is much smaller than other
energy scales, this dependence makes the conduc-
tivity quite large.

(4) The component of the conductivity other than o
vanishes as was discussed after Eq. (3.1). Physically,
it is because that the quarks in the LLL can only
move along the direction of the magnetic field, so

3

3Stn'ctly speaking, this equation is satisfied when k and 1 are
parallel. However, such configuration would be impossible if the
screening effect were taken into account [45].

that the electric charge cannot move in the trans-
verse plane.

(5) In(T/my) can be understood from the fact that the
ultraviolet cutoff of the energy of the antiquark
coming from the medium is of order 7', while the
infrared cutoff is given by my, as can be seen
from Eq. (3.14).

Next, we proceed to the case my <K M. Because the
quark damping rate is the same as that in the m, > M case
except for the argument of the log, the conductivity is
obtained by changing the infrared cutoff of the log in
Eq. (4.1), from my to M:

B/| AT
B2 vy 1Bl .
e zf:(qf) ¢ 2z ¢*CpmiIn(T/M)

(4.2)

V. LADDER DIAGRAM SUMMATION

In the calculation of the electrical conductivity without
magnetic field, all the ladder diagrams were found to
contribute at the leading order [30-33]; the suppression
of the ladder diagrams by the positive power of g from the
kernel is cancelled by the negative power of ¢ from the
pinch singularity. The maximum cancellation happens
when the ladder diagram with n kernels contains (n + 1)
pinch singularities. Because of this cancellation, the order
of the magnitude of the ladder diagram does not depend on
n. This situation persists also in the presence of strong
magnetic field, so we need to sum all the ladder diagrams
for completing the leading-order calculation.

We start by showing that the terms with a, ~@; and
P> ~ B71in Eq. (2.11) do not contribute at the leading order.
Let us consider G,,,, as an example. As was shown in the
previous subsection, this quantity vanishes at one-loop
order. Switching to the ladder diagram, we consider the one
with one kernel (K ;) shown in the left panel of Fig. 4. The
properties S,, = 0 and K,,,, = 0 determine all the indices
in this diagram as in the figure. The two propagators at the
left of the kernel have a pinch singularity because there
appear S,, and S, with the same momentum, but the ones
at the right do not have the singularity since a pair of §,,
appears. Therefore, the number of the pinch singularity and
that of the collision kernel are equal (1 in this case).
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It is the case also in the diagram with more kernels. We
consider the diagram shown in the right panel of Fig. 4. As
in the previous diagram, both of the indices in the left part
of the leftmost kernel are r. There are two patterns of the
configuration of the indices in the right part of the leftmost
kernel. One is the case in which both the indices are a
(K ,r40), Wwhich makes the left part of the indices of the next
kernel r. The other case is that one of the indices is r and the
other is a. Also in this case, both the indices of the left part
in the next kernel are r, in order to have pinch singularity.
From the expression

(k) = (5= e ) ) 570) = 57 (R)) (5.1

we see that §™" contains both §™* and S*". Since the pinch
singularity appears from the pair of " and S, the pair of
the propagator we are considering should be S and S*"
because we cannot have S and S%. Therefore, the two
indices in the left part of the kernel are r in each case. In the
same way, we can apply this argument to the next kernel
and find that the indices of the left part in the rightmost
kernel are r. Then, one can see that the number of the pinch
singularity and that of the collision kernel are equal, by
using the argument used in the case of one kernel. The
situation is the same also for terms other than G,

Now, let us discuss for G,,,,, by taking a look at the
diagram drawn in Fig. 5. In the same way as in G,,,, the
leftmost kernel is K,,,, or K, and to have pinch
singularity, the indices of the left part of the next kernel
are (rr). By repeating the same argument, we can list all the
configurations of the indices as in the figure. In any of these
configurations, we see that there are (n 4 1) pinch singu-
larities for the ladder diagram with n kernels. Thus, we see
that G,,,, is much larger than G,,,, and the other terms
in Eq. (2.11).

Now, we can proceed the calculation. For the conven-
ience to check the Ward-Takahashi identity, we introduce
the quark-photon vertex function I'*(k), which is related to
the four-point function as

/ Gl (k k1, 1) = Tr[y#SA (k T¥(k)SR (k). (5.2)
2.1,

(@ @)

r a r r /a
() ()
FIG. 5. One of the ladder diagram for G,,,,. The four brackets
represent the two cases indicated in the text.
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a r
m - a
a r

FIG. 6. The relation between G, and I". The (red) square
represents G,,,.. The black blob represents a vertex function I'*.

which is represented diagrammatically in Fig. 6. From
this figure, one sees that this vertex function has the
indices (rra) in an r/a basis. The integral equation
(Bethe-Salpeter equation) that is used to sum all the
ladder diagrams, the diagrammatic expression of which is
in Fig. 7, reads

D) =7+ [ 5 [Kpupl DS (1T (0)S7(1)

afp=r.a

(5.3)

We note that the kernel K,,,; generally has a spinor
structure. Also, notice that only the vertex with the
indices (rra) appears. One may think that the other
nonzero vertex, which has the indices (aaa), can appear
in the second term in the right-hand side. Nevertheless, in
that case, the property S** = 0 forces us to set the indices
of the kernel as K,,,., which vanishes identically, so only
the vertex with the indices (rra) appears in the equation
above. By using Eq. (5.1), we pick up only the pairs of
S.(Iy) and S,,(I;), which generate pinch singularity, in
the summation of a, f above:

o) =+ [ Kottt
+(§—mu%)mamer—Kmxkoﬁ

x sw(zgw(z)sm(zg} . (5.4)

The kernel is given by the one-gluon exchange process at
the leading order (lower panel of Fig. 7). With this kernel,

Eq. (5.4) becomes
r r
a
>vvv + :I}IW
r r

FIG. 7. Bethe-Salpeter equation (upper panel) and the explicit
form of the kernel for the one-gluon exchange (lower panel).

i
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00 = - 2 Cr [ IRk - w{ Dk - 1)
[

+ (5= mele)) 08000 - D886 )
1SS ()1

=1+ 2Cr [ 1S WS e k= 1)
(1 (—10) 4 (K = PR (s =L, (55)

where we have used D} (k) = —i[1/2 + ng(k)][D% (k) —
D) (k)]and D}, = —iDl, in the last line. This equation
is shown to be consistent with the Ward-Takahashi (WT)
identity in Appendix C. We note that only the on-shell
gluon appears at the integral above. We decompose the
spinor structure as S (k. )T%(k)S®(k,) = (kp 4+ my) %
P.ps(ky)A#(k)/2, where A# does not have a spinor
structure. Then, the integral equation for A# becomes

SN (K) = k= 7 o [ p1)po(k = DAA()

x (np(=10) + np(k® = I°))[RY (kL —1,)]?,
(5.6)

where we have used Eqs. (3.2), (3.9), (k,+m)y*(k; +
my) =2kt (ky+mys), and  y,(l + mf)yﬁPﬁﬂ(k -1) =
—(k,, + my), which are valid for the on-shell k; and ;.
From the expression above, we see that

A3 k) = —A3(K0, k3 k| ) = —A3 (K0, P k)
(5.7)

by looking at the integral kernel. By changing the sign of /
and using this property and the expression of the damping
rate (3.10), Eq. (5.6) for u = 3 becomes

K = PCpnt / ps(l)pp(k + DA (k) — A3(D)]

< (np(I%) + np(k + )[R/ (kL +1,)]. (5.8)
This is the integral equation that is necessary for the
complete leading-order analysis. From the definition of
the A#(k) below Eq. (5.5), the relation to the four-point
function is

/ G (kok, 1) = ps(k KA (K).  (5.9)
2,

One can see that these equations are equivalent to the
linearized Boltzmann equation in Appendix D.

Now, we perform iteration in Eq. (5.8) to see the
effect of the ladder diagram summation. In the

PHYSICAL REVIEW D 94, 114032 (2016)

my > M case, from Eq. (3.14), the zeroth-order solution
reads

(0) (k) = gkw

- 87[k3nF(kO)
g Cpming(K°) In (T /my)”

(5.10)
By iterating it into Eq. (5.8), we have

g Cen [ ps(i)on(k-+ DA (D)

x (np(I) + np(k® + )[R/ (k +1,))?
1

T In(T/my) &=

”F(lo)
”B(ZO) ’

x /°° A (np(1°) + np(KO + 1) (5.11)

which is found to be zero after summing over s,
corresponding to the cancellation of the contributions
coming from positive and negative [°. Therefore, the
ladder summation is not necessary at the leading-order
calculation.

On the other hand, in the my <K M case, the zeroth-
order solution is A}y (k) =87k’ny(ef)/[g>Crming(ef) x

In(7/M)], and the first iteration reads

g Cro [ ps(t)on(k-+ DA (D)
< (mp (%) + np(k + )[R (k. +1,)

) np 0
:m /l dr° nBSO; (np (%) + np(k2 + 1)),

(5.12)

where we have considered the case |k}| < k. and retained
only the s = sgn(k®) term. The integral above does not
contain any infrared singularity, so this quantity is of order
T/In(T/M). This is smaller than the left-hand side of
Eq. (5.8), k¥ ~ T, by the factor of [In(T/M)]~!, so taking
only the zeroth-order solution (5.10) is enough at the
leading-log accuracy. One can show that the ladder sum-
mation is unnecessary also in the |k| > k. case in the
same way.

Finally, we verify the assumption made above Eq. (2.8);
that is, the integral [, G{%,(k, k, 1, 1) does not depend on
k*. According to Eq. (5.9), this verification would be
accomplished if one could show that A¥(k) does not depend
on k%. In both of the my>M and my < M cases, the
zeroth-order solution A7 (k) does not depend on &°. In the

former case, this completes the confirmation because
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A(30>(k) is already the full solution at the leading order. In

the latter case, we see that iteration does not yield k>
dependence by looking at Eq. (5.12), so the assumption is
valid also in this case.

VI. IMPLICATION IN HEAVY-ION COLLISION

In this section, we briefly discuss possible implications
for the heavy-ion collisions from our results obtained in the
previous section. We evaluate the value of the conductivity
by using typical values of 7, B, g, and m realized in the
heavy-ion collision and make a comparison with the
preceding results at B =0. We also discuss the back-
reaction from the induced current to the electromagnetic
field. Furthermore, we discuss the effect of magnetic field
on the production rate of soft dileptons.

A. Evaluation of conductivity

Having the heavy-ion collisions in mind, we use the
values for the parameters,

2

_9 _
o = 1y 0.3,
m;=3MeV(u),  5MeV(d). 100 MeV(s)
eB = 10m2 = (443 MeV)?, (6.1)

where m, = 140 MeV is the pion mass. To highlight the
effect of the magnetic field, we have taken the very large
value for eB. With these parameters, the gluon screening
mass (3.16) is approximately M = 140 (160) MeV in the
Ny =2 (3) case. Because it satisfies m; < M, we use our
results (4.2) in the case my < M from now on.

First, let us compare the parametric behaviors of our
result at finite B and of the result at B = 0. From Eq. (4.2),
the conductivity along the magnetic field is parametrically
evaluated as 67 /e? ~ eBT/[g*m7 In(T/M)]. On the other

hand, the parametric estimate for B =0 is op_y/e> ~
g~*T(Ing=")~! [32,34]. Thus, their ratio is given by

B
63 o5~ g = 8.2 x 10%, (6.2)
ny

where we have neglected the log factor and used the
parameters given in Eq. (6.1). We see that the conductivity
in the strong magnetic field is much larger than that without
the magnetic field, mainly because of the small value of the
current quark mass.

To show our results in a more useful form for the
phenomenology and to explicitly indicate the region of
validity of our calculation, we show a plot of % as a
function of T for two- and three-flavor cases (N ; =2 and 3)
in Fig. 8. In Eq. (4.2), we take N, = 3 and e? = 0.092 from

a = e*/(4r) = 1/137. The values for g, m;, and v/eB are

PHYSICAL REVIEW D 94, 114032 (2016)

4.
10 3—flavor, eB = l()mf,, @,=0.3
103; \ 2—flavor, eB = lﬂ/ni‘ @=0.3
102,
= 10"
3 F
b 1t
10-" - e ° . ° )
2l D
10 2; —e—e— BAMPS [3—flavor, 2—2, @,=0.3]
10_3: —e——— 2—flavor Lattice QCD [Brandt, et al.]
0.2 0.3 0.4 0.5 0.6
T [GeV]

FIG. 8. The orange and blue curves show our results (4.2) for
two- and three-flavor cases, respectively. The parameters, g, m £
and eB, are set to the values given in Eq. (6.1). The red (purple)
area in the left (right) part shows the temperature range that does
not satisfy v/a,eB < T (T < v/eB). The red points are the result
of BAMPS at B = 0 for the massless three-flavor case [46], in
which a; is fixed with the value in Eq. (6.1). The green points
with statistical error bars are the result of two-flavor lattice QCD
at B = 0 with pion mass ~270 MeV [47].

given in Eq. (6.1). The red and purple areas are shown
to exclude the temperature ranges in 7 < \/a,eB and
VeB < T, respectively, where our assumption M < T <
VeB is not valid. Therefore, our result is expected to be
reliable only in the window in between, and there are
crossover transitions to the regions of other hierarchies near
the boundaries. The reference results at B = 0 are taken
from the numerical solution of the Boltzmann equation4
(BAMPS) [46] for massless three-flavor quarks with
2-to-2 collision effects and from the two-flavor lattice
QCD simulation [47] as an example of nonperturbative
calculations. Though there is a deviation between these two
reference results by a factor of ~10, both of them are almost
constant in all the temperature range, which is consistent
with the parametric behavior informed from the perturba-
tive calculations discussed above. Compared with the result
of BAMPS (lattice) at B = 0, our result is larger by a factor
~10* (~10%) in all the temperature range. Thus again, we
see that the strong magnetic field significantly increases the
conductivity. Nevertheless, when T is as large as or much
larger than v/eB (the purple area in the figure), the higher
Landau level, the scattering process of which is not sup-

pressed by m% is expected to contribute to the conductivity.

Therefore, 63* in such a temperature region is likely to be

much smaller than our result, so that the smooth crossover
from our result to the perturbative result at B = 0 (BAMPS)
is realized.

“We could not find the numerical prefactor of the conductivity
at B =0 in perturbative QCD, so instead we plot the value
obtained with this model.
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We also comment on the contribution from the s quark.
Our result (4.2) is proportional to m72, which is therefore
quite sensitive to the current quark mass when it is small.
Because of this enhancement, the contributions of the u and
d quarks dominate over the s-quark contribution. In Fig. 8§,
we confirm that the two-flavor result is barely changed by
adding the s-quark contribution.

B. Backreaction from induced current to
electromagnetic field

We briefly discuss the effect of the induced current on
the dynamics of the electromagnetic field. The Maxwell
equations read

VxE =-0,B, (6.3)

O,E' = (VxB) —6VE/. (6.4)
When ¢/ = 66", which is the case when E and B are weak,
these equations lead to VB = (0? + ¢0,)B. If ¢ is large
enough, it reduces to
V2B = 60,B. (6.5)

This expression indicates that the lifetime of the magnetic
field is parametrically 7 ~ 6L%, where L is the characteristic
length of the system [24-26].

On the other hand, when ¢ = 6335638/3, which is
realized when B is quite strong, we get the following
equation for B? from the Maxwell equations:

V2B? = 9?B°. (6.6)

This equation does not contain 633, so the backreaction to

the 3-component of the magnetic field is found to be absent
in the LLL approximation. For the current to have the
transverse components, the transitions between the Landau
levels need to be activated. Therefore, more quantitatively,
the other components of ¢/ are suppressed by the

Boltzmann factor e~V¢B/ T so also the backreaction from
the induced current to B> should be suppressed by the same
factor. This suppression persists until the magnetic field
becomes weaker and becomes of order \/eB ~ T in the
time evolution of the heavy-ion collision.

C. Soft dilepton production rate

It was discussed that the conductivity and the production
rate of the soft dilepton are related in the case of B =0
[48]. We apply the same argument to our case, B # 0. The
production rate of the dilepton with momenta p; and p,
reads

PHYSICAL REVIEW D 94, 114032 (2016)
dar a

E = _Wgﬂvnlll;(p>’ (6.7)
where p = p; + p, is a momentum of the virtual photon
that decays into the dilepton. When p is large enough so
that the effect of B on the virtual photon is negligible, we
expect that this expression is reliable. This condition is
parametrically, p > ev/eB, whose right-hand side is the
energy scale of the photon self-energy due to the magnetic
field [36].

The current correlator has a form II*(p) = Il (p) x
P\"(p) for general p at the LLL approximation [28,36].
Because we have Eq. (2.4) in the |p| = 0 limit, we have

1, (0.p = 0) = 276, (6.8)

We also need to assume p < & ~ g°m7/TIn(T/M) to

apply this result, in which the collision effect is essentially
important.

Summarizing these expressions, we obtain the result for
the dilepton production rate at p = 0 as

dar a

- T 33’
&p - 1270 °

(6.9)

for w satisfying eveB < w < g?m%/TIn(T/M). Here,
we have used gWP’l‘l”( p) = —1. This expression shows that
the production rate is proportional to the conductivity,
which is a large value, so it suggests that the production of
the soft dilepton may be significantly enhanced by the
magnetic field.

We note that there are difference of factor 3 compared
with the expression for the B = 0 case [48]. It is because
the conductivity tensor is isotropic when B = 0 so that
there are three nonzero components (x, y, and z), while it
has only one nonzero component (z), the direction of which
is along the magnetic field, in the presence of strong
magnetic field.

VII. SUMMARY AND CONCLUDING REMARKS

We computed the electrical conductivity of QGP in
magnetic field by using LLL approximation, starting from
quantum field theory by taking into account the 1-to-2
scattering process for the m; > M and my; < M cases. We
showed that the one-loop approximation suffices at the full
leading order for the m > M case and at the leading-log
approximation for the m; << M case. We found that the
conductivity tensor is nonzero only in the (33) component,
and it is quite a large value mainly due to the small current
quark mass. We also discussed possible implications to the
heavy-ion collision experiment, such as the backreaction of
the induced current to the electromagnetic field and the soft
dilepton production rate.
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Our result suggests that ¢ is also enhanced by the
large degeneracy factor of eB/(2z), when B is strong
enough. This behavior is in contrast with the results from
the lattice QCD [6] and the Boltzmann equation [10,11] for
weak B, which suggest that the conductivity is independent
of B.

Here, a few remarks on the implications of our result
are in order. As was mentioned in the Introduction, the
electrical conductivity is an important quantity in the
magnetohydrodynamics. Implementation of theoretical
prediction of this quantity, including ours, needs to be
done in the numerical simulation. Also, it was suggested
that the anisotropy of the conductivity tensor yields the
elliptic flow (v,) of the photon [49]. Our result shows very
strong anisotropy, so it may have a large effect on the
photon »,. Another application is directed to the Dirac
semimetal realized in the condensed matter experiment
[50]. The quasiparticles appearing in this material have
properties of a chiral fermion with the relativistic dispersion
relation. The energy scale of the magnetic fields applied in
the experiments is much larger than the temperature: 7 =
20 K and B=2~9 T are realized in Ref. [50], so the
energy scales for the temperature and the magnetic field are

kgT = 1.7 x 1073 eV and VeBhc?> = 11 ~ 23 eV, respec-

tively. Thus, our assumption (kzT < V eBhc?) is expected
to be satisfied, and our formalism may be applicable to this
system, though the explicit expression for the quark
damping rate may need to be modified depending on the
specific form of interactions.

We have not gone beyond the leading-log approxima-
tion, for which one needs to fully evaluate the quark
damping rate and solve the integral equation (5.8) for
the my < M case. We also need to consider the 2-to-2
scattering effect at this order.” Also, to explore the
intermediate regime v/eB ~ T, one needs to go beyond
the LLL approximation. Finally, analyzing the backreaction
from the induced current to the electric field and the
transverse components of the magnetic field (B', B?)
would be an interesting task. We leave these interesting
tasks to a future work.
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APPENDIX A: GAUGE-FIXING PAREMETER
INVARIANCE

The gluon spectral function generated from Eq. (3.8) is
oy (k) = 2zsgn(kO)k# k¥ | 5(k7) S + Re;
b Pkt K —Q(k)

k3

where we have used Im[(k° + ie)? —k?] =2 = zsgn(k°)&' (k?).
We note that they are generated from the gauge-fixing term
and the denominator of the projection operators in
Eq. (3.8). We see that all the terms are proportional to
k'k¥ as long as p, v =0, 3, which is the case in the
calculation of the quark damping rate in the LLL
approximation. Therefore, the trace in Eq. (3.7) becomes
proportional to

Tr(k + my)yy (L + mp)Pyy| (k= DF (k= 1)
1
= S Trlkeyiloys + miyays) (k= D (k= D)*

= 2{2[ky - (k= D) ][l - (k= 1).]

— (k- l)%[kL = mzf]} (A2)
which vanishes by using the on-shell conditions for k; and
[;. Therefore, only Eq. (3.9) contributes to the quark
damping rate, and the other terms in the gluon spectral
function do not.

The contribution to the ladder summation [Eq. (5.5)] is
also found to be zero in the same way.

APPENDIX B: INTEGRATION RANGE IN 1-TO-2
SCATTERING PROCESS

We evaluate the range of the [ integral in the collision
kernel of the 1-to-2 scattering process in this Appendix.

1. my; > M case

We start with the m > M case. The two step functions
in Eq. (3.12) determine the integration range. The first one
gives

l() < mf, mf < lo. (Bl)

The second one leads to
U0 =mi 4+ egl° = sk (I°)? =m7 >0, (B2)
where s is the sign of /. The solution of f = 0is [* = —ek
when s = —sgn(k*) and does not exist when s = sgn(k?).

It shows that f(1°) does not cross the y axis at positive I, so
the properties f(m;) = ms(m;+ ¢ef) >0 and f(c0) = oo
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lead us to the result that f({°) is larger than zero for positive
I°. For negative [, we have the properties f(—m) =
—m(ek —my) < 0and f(—o0) = —co. At most, only one
solution of f = 0 exists in the negative I° region, so the
properties above show that f(I°) <0 for negative [°.
Summarizing these observation and considering
Eq. (B1), we see that the integration range is [0 > my.

2. my <M case

Next, we evaluate the integration range in the case of
my < M. In this case, the function f is modified by the
effect of M as

MZ
JU0) = mi +epl0 = sk [(1°)? = mj ——.

> (B3)

Its value at a few specific points is f(do0) = +oo and
f(Emy) = m7 £ mpep —M?/2. f(—my) is always nega-
tive because of M > my, and f(m/) is negative (positive)
when [k <k, (k| > k.), where k.=M>VA/(2my)
withA=1- 4m]2c/M2.

a. |k*| < k, case

When |k?| < k,, the solution of f(I°) = 0is I° = I, for
s = +sgn(k?), where

m {%(1 _27’"5‘) " |k3|\/K]. (B4)

l:t = B
me

Combining this property and the behaviors above, we see
that the range where f(I°) > 0 is satisfied is

I, <1 (BS)

for s = +sgn(k?).

b. |k3| > k, case

When |k3| > k., the solution of f(I°) = 0is I = [, and
I=1_ for s =sgn(k?), and there is no solution for
s = —sgn(k?). Combining this property and the behaviors
above, we see that the range where f(I°) > 0 is satisfied is

(for s = —sgn(k?)),
my <10 (for s = —sgn(k?)).

mp <0<, I, <°

(B6)

APPENDIX C: WARD-TAKAHASHI IDENTITY

We show that Bethe-Salpeter equation (5.5) that is
used to sum all the ladder diagrams is consistent with
the WT identity. The identity for the vertex function
reads [51]
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p ¥ (k+ p. k) =[S (k)™ = [SR(ky + pr)] ™" (C1)

where I'*(k + p,k) is a vertex function where the two
quarks have momenta p+k and k and p is the
momentum of the photon. This equation reduces to
p I (k) = —2iImZR (k) (C2)
at p — 0.
By multiplying Eq. (5.5) with p,, we get

Pﬂrﬂ(k) =p+ QZCF / }’a[SR(lL) - SA(IL)]YﬂPZﬁ(k - l)

< (np(=1%) + np(k® = ) [RY (ky —1,)]%,
(C3)

where we have used the WT identity (C1) in the right-hand
side. By taking the limit p — 0, the right-hand side
becomes

ig*Cp /1 YollL + mf)PJrﬂs(lL)YﬁP%ﬁ(k -1)

x(np(=10) + np(k® = ) [RI(k —1)2. (C4)
which is found to be equal to —2ilmXZR(k;) by using
Eq. (3.6). This equation is none other than the WT identity
in the small p limit, Eq. (C2), so we see that the Bethe-
Salpeter equation is consistent with the WT identity.

APPENDIX D: EQUIVALENCE TO LINEARIZED
BOLTZMANN EQUATION

We show that our summation scheme of the quark
damping rate and the ladder diagrams is equivalent to
the linearized Boltzmann equation in this Appendix. We
start with the Boltzmann equation in an electromagnetic
field for the distribution function of the LLL quarks in the
one spatial dimension [35],

[0 + v30; + eqyE3(T, 2)p)n/ (K. T, Z) = Cln], (DI)

where n/ (k®, T, Z) is the distribution function for the quark
with flavor index f of which the momentum is k* and
space-time position is (T,Z), v* = dek/(0k>) = k3 /€,
and C[n] is the collision integral, the expression of which
will be given later.

We linearize the distribution function in terms of E as
n/ (K>, T,Z) = np(ek) + on/ (kK*, T, Z). Then, the linear-
ized version of Eq. (D1) reads

eqr B (T, Z)pr*np(eb)[1 = np(eb)] = Clon’ (. T. Z)].
(D2)

Here, we consider the case in which the electric field is
constant and homogeneous so that 5n/ does not depend on
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T and Z. The induced current is given by the distribution
function as

B| [ dk®
3 _ | f 35,1 (13
J(T,Z) =2e Ef q¢N. o / o vént (kK°,T,Z), (D3)

where we have taken into account the color, Landau, and
quark/antiquark degeneracies.

First, we examine the relaxation time approximation,
Clon'] = —7;'6n/, with 7, being the relaxation time. Then,
the current reads

, |B/| o dk3
]3 = ezzf:q%NC 2—;4/”33/ —(03)2%

0 2r

x np(eb)[1 — np(el)]

2 o0
= ezz | f| ﬂE3/ dkvt,

x nF(kO)[l —np(K%)]. (D4)
By using j* = 6P E3, we get
633282261% | f’2ﬁ dko :
f
< np(K0)[1 = nF(kO)]‘ (Ds)

By comparing this expression with Eq. (4.1), we see that
the diagrammatic result at the one-loop order agrees with
the result obtained from the Boltzmann equation in the
relaxation time approximation, if we identify & = 7;!/2.

Let us go beyond the relaxation time approximation and
evaluate the collision integral. For the 1-to-2 scattering, the
collision integral is given by

Ctnl = 57 [ ook Dps(1)IMPIRI(k, + 1)

2e;;
x {ng(ep + 1)1 = n! ()1 = n/ (7))

= [L+ npeg + Dn! (k) ()}, (Do)

where the matrix element is given by
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IM|* = QZCFPLID(]‘ + DTr(({,

—mg)yPo(ky + my)y"]
(D7)

The linearized version of Eq. (D6) is

Clon] = M [ polb+ DpstiIR e, 1,7

x{on! (k%) [ng(ex + 1) + np ()]

= on/ (P)[ng(eg + 1) + np(eg)]. (D8)
where we note that 6n/(I°) has a minus sign because the
deviation of the antiquark distribution function from the
equilibrium value has an opposite sign compared with that
of the quark. The first term becomes —7;'6n/ (k*) in the
relaxation time approximation. By comparing this expres-
sion with Eq. (3.10), we see that it reproduces the result of
&, in the diagrammatic calculation.

By introducing W, that satisfies on/(k}) =
eqpnp(ef)[l — np(ef))WE®/2, Eq. (D2), the left-hand
side of which is replaced with Eq. (D8), becomes

FCem? / po(k+ Dps(1)[RI (k. +1,)]2

X Wi = Wilng(eg +1°) + np(I°)] =K. (D9)

where we have used np(I°)[1 —ng(I°)][ng(ek + 1°) +

np(ep)] = np(ep)[1 = np(eg)][np(eg +1°) + np(I°)]. The
relation to the current is, by using Eq. (D3),

|B | o dk”
] _eZZ 2N f E’%ﬁ .

my

np(KO)[1 = np(k°)]Wy
(D10)

By comparing this expression with Egs. (2.13) and (5.9)
and Eq. (D9) with Eq. (5.8), we see that solving the
linearized Boltzmann equation taking into account the full
collision integral corresponds to the summation of the
ladder diagram in diagrammatic analysis, by identify-
ing W, = A3(k).
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