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We derive the massive Wilson coefficients for the heavy flavor contributions to the nonsinglet
charged current deep-inelastic scattering structure functions F}/" (x, 0%) — F}" (x, 0?) and F¥" (x, Q%) —
FY(x,Q?) in the asymptotic region Q% > m? to 3-loop order in quantum chromodynamics at general
values of the Mellin variable N and the momentum fraction x. Besides the heavy quark pair production, also

the single heavy flavor excitation s — ¢ contributes. Numerical results are presented for the charm quark
contributions, and consequences on the unpolarized Bjorken sum rule and Adler sum rule are discussed.
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I. INTRODUCTION

The flavor nonsinglet charged current structure functions
FY;~""(x, 0?) can be measured in deep-inelastic neutrino
(antineutrino)-nucleon scattering and in high energy
charged lepton-nucleon scattering in ep or up collisions.
They are associated with the well-known unpolarized
Bjorken sum rule [1] and Adler sum rule [2] by their
first moment, the former of which can be used for QCD
tests measuring the strong coupling constant a; =
a,/(4r) = g2/ (4x)?. These structure functions also allow
for an associated determination of the valence quark
distributions of the nucleon. The massless contributions
to these combinations of structure functions have been
derived recently to 3-loop order [3]. In the present paper,
we compute the asymptotic heavy flavor corrections to
these flavor nonsinglet structure functions in the region
Q? > m? to the same order, with m the heavy quark mass
and Q7 the virtuality of the process, and present numerical
results in the case of charm quark contributions.'

We would like to point out that, contrary to some
folklore, the calculation of the massive Wilson coefficients
in the asymptotic region Q® > m? is not a massless
calculation, in which mass effects are just obtained by

"It would also be desirable to compute the heavy flavor
corrections to the combinations F}', """ (x, 0?). As it is well
known from Ref. [4], the 3-loop corrections to this combination
receive contributions from the massive operator matrix elements
Ay) and AP, the calculation of which still will need a longer
time to be completed. Both the — and + combinations form
observables and can be measured individually. These combina-
tions have to be formed to get the correct current-crossing
relations (see, e.g., [5]) and even have therefore a preference
compared to the individual structure functions.
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external scale setting identifying, e.g., the factorization
scale y*> with a heavy quark mass parameter m? in the
logarithms. The calculation in the region Q2 > m? uses
massive propagators for massive lines, and the respective
mass terms have a strong impact on the resulting Feynman
parameterization and the types of integral arising. This
holds not only for the intermediary terms but also for the
results, where iterated integrals appear (cf., e.g., [6-8]),
that are much more involved than the usual harmonic
polylogarithms appearing in massless Wilson coefficients
at 3-loop order. The only terms we will disregard in the
following are power corrections ~m?/Q?, which, however,
have been dealt with completely in the nonsinglet case in
Ref. [9] to 2-loop order. In the numerical illustrations, we
will account for these contributions.

The massless and massive QCD corrections at first
order in the coupling constant have been computed in
Refs. [10-13]* and in Refs. [4,15-18] to O(a2)’ The
massive O(a2) corrections were calculated in the asymp-
totic representation [19], which is valid at high scales Q2.
To obtain an estimate of the range of validity, one may
perform an O(ay) comparison with the complete result for
the process of single heavy quark excitation [12,13].
Likewise, a comparison is possible for the O(a?) correc-
tions, which were given in complete form in Ref. [9] for the
Wilson coefficient with the gauge boson coupling to the
massless fermions and assuming an approximation for
the Cabibbo-suppressed flavor excitation term s — c,
where the additional charm quark in the final state has
been dealt with as being massless.

The massive 1-loop corrections given in [14] were corrected
in [13]; see also [12].
3Some results given in [15] have been corrected in Ref. [4].
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The charged current scattering cross sections are given
by [20,21]

dc*¥) G2 M4 )
dfcdy 41:: (M2, + Q%)? {A+1=-y)HFY (x,0%

_yZFZVi(x’ Q2) + (1 _ (1 _y)z)ngVi(x, QZ)},

(1.1)

do') G2 M4 )
d;‘cdy 4x (M3, +Q2)2{( + (1 -y))FY (x. 0%

=V F T (x, Q%) £ (1= (1 = y)*)xFY " (x, 0%)},
(1.2)

where x = Q?/ys and y = ¢.P/I.P denote the Bjorken
variables, [/ and P are the incoming lepton and nucleon
4-momenta, respectively, and s = (I + P)>. Gp is the
Fermi constant and My the mass of the W boson.
F IWi (x,0%) are the structure functions, where the
+(—) signs refer to incoming neutrinos (antineutrinos)
and charged antileptons (leptons), respectively. We will
consider the combination of structure functions

Fly ™" (0, 0%) = F; (. Q%) - F15 (x. Q%) (1.3)

in the following. The longitudinal structure function is
obtained by

FL(X’ Qz)

The combinations (1.3) can be measured projecting onto
the kinematic factor Y, = 1+ (1 —y)? in the case of F,
for the differential cross sections at x, Q> = const and by
varying s in addition, in the case of F.

The main formalism to obtain the massive Wilson coef-

ficients in the asymptotic range Q° > m?, i.e., L;VL SWONS

and H)'; "™ has been outlined in Refs. [4,19.22]. They
are composed of the massive nonsinglet operator matrix
elements (OMEs) [23] and the massless Wilson coefficients

[3] up to 3-loop order. The following representation of the
structure functions is obtained:

= Fy(x, Q%) - 2xF,(x, Q). (14)

FIY" (x, 02) = 2x{[|V[P(d = d) + |V, [X(s = 5)
~V(u-m)]@[Cl, ;"

+ LY 4 (Ve P(d - 4)
HV Ps =5 @ HY, SN (15)
with one massless Wilson coefficient C W W NS and two

.
massive Wilson coefficients LZVL W NS and H;VL NS,

see Secs. Il and III. The coefficients V;; are the
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Cabibbo-Kobayashi-Maskawa [24,25] matrix elements,
where V, = |V, |> + |V,,|?, and the present numerical
values are [26]

IV, | = 097425, |V,,| =0.2253,
V| = 0.225, V,.| = 0.986, (1.6)
with
Uu—1u=u,, (1.7)
d—d=d, (1.8)
S—F~0 (1.9)

In the following, we will consider only the charm quark
corrections with m = m,. the charm quark mass in the on-
shell scheme. The transformation to the MS scheme has
been given in Ref. [23]. We note that the 3-loop asymptotic
charm quark corrections to the combination of structure
functions xFY " (x,0?) have been computed in
Ref. [27] and related corrections to the twist-2 contribu-
tions of the polarized structure functions g;,(x, Q?)
in Ref. [28].

A series of asymptotic 3-loop heavy flavor Wilson
coefficients have also been calculated for neutral current
scattering along with the transition matrix elements in the
variable flavor number scheme; see Refs. [29] for recent
surveys.

II. THE STRUCTURE FUNCTION F, (x,0?%)

The massive Wilson coefficients
logarithms

2 2
LM:1n<m—2>, LQ:1n<Q—2>.
H H

Here p denotes the factorization scale. For the Wilson
coefficients in Mellin N space, we consider the following
series in the strong coupling constant:

depend on the

(2.1)

N . +—W= NS, (k
LW (Lgv =60+ Z a]S(LZfz(Lv)V ", (2.2)
k=1
WH-W- NS _ . W+ =W~ NS,(k)
H o) = by + Z a{‘{'Hq-Z(U . (2.3)
k=1
CZZZ‘)”‘NS =0y + Z a's‘CW V)V_ NS0 (2.4)

In the following, we drop the arguments of the nested
harmonic sums [30] and harmonic polylogarithms [31] by
defining S;(N) = S; and H;(x) = H;.
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W+—-W-NS,(3)

The 3-loop contributions to the Wilson coefficient L, ; in Mellin N space are given by

N 64 64(19N2 + TN — 6 1285
L W.Ns,<3):cFT2F(2NF+1){L§29 | Q( ( + ) | ﬂ

(N+1) 2IN(N + 1)2 ONT I

e gy 352, (1088 o 128 o 128
ATERELTTO9(N 1) TNV )T P3N E D) T 3N+ )
256(N* + N + 1) 25 25
BAN-D)(N+1D(N+2) 3N+ )72 3(N+1) !
N 16P, 128 ;
21(IN=1)N*(N+13(N+2) N+17°
8(3N?+3N+2) 32
CiTr|L? - S
e F[ Q( NN+12 N+l ‘>
8(3N* +3N +2) 32
L3 - S
N M( 3N(N+1)2  3(N+1) 1)
8P, 320 64
L - S S
* M<9N2(N+1)3 TS AT Y 2)
L 128 32P, _16(N +10)(5N +3)
P3N )T TON - ONA N+ 1PN +2) ON(N 12
256 512(N>+ N +1) 512
VI TG - S, 1S,
3(N+1) BAN-D(N+1D(N+2) 3(N+1)
128 256 512 256
- S, — S_ S_
AN+ D)2 T 3N 3+3(N+1) 2’1+N+1C3>
2P, 896 160 32 03)
- S S, — S , 2.5
TN N ) o E D TN F 1) 3}+cq,L (2.5)

where ész = cfiz (Np+1) - CE;,Z (N) is the 3-loop massless contribution; cf. [3]. The color factors in the case of QCD

are Cy =N.=3, Cp, =(N2-1)/(2N,), Ty =1/2, and N, =3, and Ny denotes the number of massless flavors.
Except for &Si (Nr), the Wilson coefficient is expressed by harmonic sums up to weight w = 3. The polynomials P; above

read

Py =3N* + 6N° + 47N 4+ 20N — 12, (2.6)

P, = 36N% + 81N> — 125N* — 319N — 211N? — 14N — 24, (2.7)

Py = 219N® + 657N> + 1193N* + 763N3 — 40N? — 48N + 72, (2.8)
P, = 469N°® + 1143N> — 515N* — 2055N? — 746N? + 120N — 144. (2.9)
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By performing a Mellin inversion, the corresponding representation in x space is obtained, which reads

W W NS.(3 352x 16 128(2x3 + x> — 1)H, 64
Ly, ®) = €, CpTy {—LZ‘ngLLQ 57 (781x=312) + o °+§ng H_,

832 128 1088x 64 128

+TXH0—TXH31H0+ ( 9 +?XH%>H1—T)C2H(2)

128(2x3 +x2—1) 256 128 128 256

+ <_ ( 3x ) +TXH_1 +TXHO> HO,—I _T'XHOHO,I _T‘XHO,—L—I - 128XHO’0._1
128 256x2 128 128

+TXH0.0,1+ ( 3 —TXH—l—TXH1>C2>]

128x 128 512 256
+ CFT%NF |:L2QT - LQ (7 (25)6 - 6) + TXHO +TXH1>:|

64 64 256 128

——XHO ——XHI

8 2) 16 32
—I—C%TF[LZQ(S(X—FZ)—16xH0—32xH1>_|_L12W<(X;-) ! E )

32 8 16 64 320x 64
+LM<3 (x+3)H, —5(5335—56) —?XH%; +?XH0,1 + <— 9 —?XH0>H1>
32 256 256 32
+ LQ (—?(83x - 47) + <—3 XHI +—3 XH_l —?X(16x + 11))(2

256(2x3 + x> — 1)H, 128 256 16 16
—< (2x J;; ) O—i-TxH%)H_l+TxH31H0+3(89x—24)H0+?x(16x+7)H(2)

80 256 128 128

25623 + 22— 1) 512
+(—(sx—6)+—xHO——ng)Hl+—fo+( @ +x -1

_2 S H
3x 3 M-

9 3 3 3

256 256 512 256
—T)CHO HO,—I + 32X+T)CHO HO,] +TXHO’_I’_1 +256)€H0’0._1 _TXHO,O,I

2 16 8 8 896x 160 16
—5(653)6 - 872) +ﬁ(11)€ +42)H0 +§(x + 3)H% —§XH(3) + <—7—TX 0 —?XH(%)HI
160x 32 32 .
+ <9 +3XH()>H(),1 _3XH0,0,1:| +c513,)L‘ (210)

Here £, k € N, k > 2, are the values of the Riemann { function at integer argument. Except for ész (Np), the Wilson

coefficient is expressed by weighted harmonic polylogarithms of up to weight w = 3.
The contribution of the massive Wilson coefficient H,; is found by combining the massless Wilson coefficient C, ;
and L, ;:
q.L

Hq,L(x9 QZ) = Cq,L(NF’xa Qz) +Lq,L(x’ Qz) (211)

Equation (1.4) provides the relation to the Wilson coefficients of the structure function F;(x, Q?).
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III. THE STRUCTURE FUNCTION F,(x,0?)

W+—W~NS,(3)

02 in Mellin N space reads

The asymptotic massive 3-loop Wilson coefficient L

Y- 2008(3N? +3N +2 8(3N% +3N +2 2
LV W.Ns,(3):CFT%{_ ( + +2) L13v1< ( + + )_3_ 1)

7.2 243N(N + 1) ON(N + 1) 9
8P 320, 64 2P 896 160 . 32
LYt =85 4+ —8 |+ Ly e = =8 +— 5, — =
+ M(27N2(N+1)2 2721 2>+ M(81N3(N+1)3 s151 T 75279 %
8032 128¢, 32(3N? + 3N +2)¢3 1 4Py,
- i+ Ne+z ) oo
243 3 3N(N + 1) 2) [729N*(N + 1)

Ny 32(3N* +3N +2) 128 5 (16(3N* +3N +2) 64
2\ 27N(N +1) 277! M\ 27N(N +1) 277!
64 64 16P,, 32(29N? + 29N — 6)S1) ( 4P, 2176
p _

N e e
* Q(9 LT TN N1 2IN(NF 1) SIN(N 117 81 !

320, 64 16P3, 32P5 128 128
— TS+ —8 ) +L - =258 - =58
272" 3>+ Q<81N3(N+1)3+( BINZ(N + 1) T 9 °2)°1 737

_ 32(29N + 29N - 6)S} N 32(35N +35N —2)8, 1792 L 256
2IN(N + 1) ON(N + 1) 27 T g A
512¢; 24064\ o 128 640 . 128 128(3N? + 3N +2)¢3
27 729 )7t 81 P oer T 27 Y 2IN(N + 1)
P S 128
car a7 ———2L "2 (112N3 4+ 112N? — 39N + 18
O F{162N5(N+1)5 N*(N +1) 81 ( + +18)
1 2 16(3N* +3N +2)S; 32
Ly ———5=(3N*+3N +2) - Li2g2
* Q(N2(N+1)23( +3N+2) 3N(N + 1) T3
2P 2P 176 64 64
L3 - L 1o ——8, )8, 1683 +—S_3+—8
N Q( IN3(N + 1) (9N2(N—|—1)2+ 3 72)0! AR
4(107N° + 107N — 54)S; 443N + 3N +2)S, 128 128 64 ¢
IN(N +1) 3N(N +1) 3 oA 37N 3N(N+1)) 7

2
3

16(3N? +3N +2 32 2(N-1)P
(3N2 43N +2)? — (3N* 4+ 3N +2)$, 2> ( )Pas

1
2 () (—— _ AWV = DFas
* M( Q<N2(N+1)2 NN+ 1) 30 TAN(N I
2P, 80 4N-1)(N+2)$? 16 5 20(3N>+3N +2)S, 64
N(N +1) 3 3N(N + 1) 3

128 64 64 128 8P\, 64
i} Ppp—— . RO Ly(Lo( (-5 ——=5, )8
+<3 : 3N(N+1)) 23973 2~1>+ M< Q(( ON2(N+1)2 3 2) !

1 2 320 16(3N? + 3N +2)S$,
———— Z(BN? 43N +2)P, + —52

NN 1o OV NP TSI ST
Py 256 . 256 2P, 16(59N? + 59N — 6)S,
— (e TS, — 64 — : -
+9N4(N+1)4 ( 3 53 T3 S 04 IN3(N + 1) IN(N +1) :

32 4P 160 4P\5S 32(29N2 + 29N + 12)S; 256
+<— ! )S%— (i ) (29N + 29N + 12)8; _ 236

Sy—— iy o —
372 3NY(N +1)? IN2(N + 1) ON(N + 1) 3

S
9 4

_64(16N2 + 10N - 3) n 1280S 128 S 128S n 128
9N2(N+ 1)2 9 1 3 2 -2 —4

3 ot o
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64(10N* + 10N +-3) 128 128(10N? + 10N —3)S_», 128 +gs
9N(N—|— 1) 3 1 =3 -2.2 -2,1,1

ON(N + 1) 3 3
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1872 4882 — TS, 46482, 4+ ——S_
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64P;3 128(10N2 + 22N —9)S, 256 ., 256 )S 2
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— Sy
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Sr1o——S -——S_ - —S
N(N+ l) 9 2,1,-2 9 3,1,1 9 22,1 27N(N+ l) 9 2,1,1,1
1024 P
27¢3 }+ ~(3) 3.1)

—S_ s
g > T ognay )z T

where 6’(2% = 61(13,; (Np+1) - cf;; (Np) is obtained from the 3-loop massless Wilson coefficient in Ref. [3]. Except for
6‘52 (Nr), the Wilson coefficient is expressed by harmonic sums up to weight w = 5. The polynomials in the equation above

are defined as follows:
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Ps = TN* + 14N> + 3N? — 4N — 4,

Pg = 17N* + 34N3 4 29N? + 12N + 24,

P; = 19N* 4+ 38N — 9N2 — 20N + 4,

Pg = 28N* + 56N3 + 28N? + 2N + 1,

Py = 33N* 4 38N — 15N? — 60N — 28,
Py = 33N* + 66N> + 97N? + 40N — 12,
Py, = 5TN* + 72N3 4+ 29N? — 22N — 24,
Py = 112N* 4+ 224N3 + 121N? + 9N + 9,
P13 = 141N* + 198N3 + 169N? — 32N — 84,
Py, = 181N* 4 266N> + 82N? — 3N + 18,
Pis = 235N* + 596N3 + 319N? + 66N + 72,
Py = S0IN* + 750N> + 325N? — 188N — 204,
Py; = 561N* + 1122N? + 767N? + 302N + 48,
Pig = 113IN* + 1926N° + 1019N? — 64N — 276,
Pio = 1139N* + 3286N> + 1499N? + 504N + 828,
Pyy = 1199N* + 2398N3 + 1181N? + 18N + 90,
Py = 1220N* + 2251N?3 + 1772N? + 303N — 138,
Py = 3N’ + 1IN* 4+ 10N? + 19N? + 23N + 16,
Py; = 6N° —25N3 —45N? — 11N + 6,
Py, = 12N° + 16N* 4 18N? — 15N? — 5N -8,
Pys = 15N° + 39N* + 39N3 — 17N? — 32N — 20,
Pys = 27N’ + 863N* + 1573N? + 1151N? + 144N — 36,
Py = 648N — 2103N* — 4278N? — 3505N? — 682N — 432,
Py = —11145N® — 30915N% — 33923N* — 11449N3 + 1960N? — 1032N — 2088,
Pyg = —151N® — 469N> — 181N* + 305N> + 80N> — 88N — 56,
P5y = 155N® 4 465N° 4 465N* 4 155N3 4 108N? 4 108N + 54,
P5; = 216N° + 459N5 + 417N* — 3N3 — 125N% — 80N + 12,
Ps, = 309N® + 647N° + 293N* — 783N3 — 718N? + 68N + 216,
P33 = 525N% + 1575N° + 1535N* + 973N? + 536N? + 48N — 72,
Py, = 609N® + 1029N° + 613N* — 37N> — 74N? 4 300N + 216,
P35 = 868NS + 2469N> + 2487N* + 940N3 + 171N? + 207N + 144,
Pyg = 1407N°® + 3297N> + 2891N* + 727N3 — 514N? — 240N + 144,
P37 = 1770N® + 4731N° + 4483N* 4 749N3 + 55N? + 1440N + 756,
Psg = 7531N® + 26121N° + 27447N* + 8815N3 + 1110N? + 936N — 324,
P39 = —4785N% — 19140N7 — 18754N°® + 1320N° + 12723N* + 6548N3 + 4080N? — 648N — 1728,
Py = —45N® — 138N7 — 774N°® — 476N°> — 881N* — 762N> — 868 N> — 88N + 192,
Py = 3549N8® + 14196N7 + 23870N® + 25380N> + 15165N* + 1712N3 — 2016N? + 144N + 432,
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Py = —3456B,N*(N + 1)* 4+ 42591N® + 161388N" + 226848N® + 105790N>
—26735N* — 28666N> + 3560N2 — 3192N — 4464,
Py = 1944B,N*(N + 1)* — 10807N® — 43228N7 — 63222N% — 40150N° — 14587N* — 9018N?
— 7452N? — 2376N — 324,
P4y = 828N° 4 3456N® + 4539N7 + 2412N° + 1852N5 + 5026N* + 4703N3 + 2468N? — 324N — 576,
P,s = 8274N° + 39795N8 + 71627N” + 64189N° + 29919N5 + 8096N* + 5620N> + 5664N? — 1368N — 2160,
Py = —1944B,N*(N 4+ 1)*(3N? + 3N +2) + 165N'* + 825N° + 109664 N® + 331682N"
+ 457641N° + 346145N° + 219290N* + 86724N> + 13608N? + 14256N + 10368,
P,; = 864B,N*(N + 1)*(3N? 4+ 3N +2) — 18351N'" — 87156N° — 198195N® — 244182N’
— 184797N° — 70160N> — 23209N* — 8030N> — 984N? — 2328N — 2160.

Here the constant B, is given by

By = —44,In(2) + gln“(z) - g&t + 16Liy G) (3:2)

By performing the Mellin inversion to x space, one obtains

3
W —W-NS.(3) 44L13u 88LQ 34 16, 938 1645
Lqa _5(1_x){ A FTF[_ 9 9 + Ly 33 +L%~) 9 3

1595 13622 2724, 11032 320, 39223 1024¢5\ 52482  10045¢
+LM<_27+15+ o )Tle\m %7 73 T35 9 )71 sl
176@5

3245

——Czéz 243 834] + CAT, {6L§4LQ+6L +13 <T_ 10) +2LyLy

o <32g3 ~ 48> 1, <5 g, 112@) L, (368 L 64, 78403 1616§3> _ 660823

3 15 9 3 3 15 9 135

1368205 32 352¢s 2039 16L3, 32L3, 304L% 700L
+ C3+ CzC3+ Cs_ M o _ Q4 M
81 9 9 18 9 9 9 27
N 3248L, 128¢; N 4732 Lo 32L3 16L3, 813, 152Lj N 496L N 1624L,,
27 9 243 r 9 9 9 9 27 27
22475 3658 CpNpT3 [64L3, 128LY, . (928 256 128
- L} =+ =—Hy+—H
9 243” { 27 27 27 T Mot gt
(2176 320 32,0 Ll 7520 N 4288H, 128 e 1856H, N 256 ;o
M\81  277% 9 2\ 381 27 3 27 9 0!
128 256, 512@) 128Hy 320 ., 64, 512¢ 24064}

+ 1634] + CFNFT%{

1—x

—H2 — -
T it g o 9 81 g1 Ho~ g~ 729

N CrT% {128L13W +64L3Q 2 (320 64H0>

27 27 27 T 9

2(464 128 64 ) 1984L,
1)+

I —x 27 Tg oty 81
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3760 2144H, 64 928H, 128 64 128 2568,
Lo( 222 21 U HH, 4 HR Dy, -2
JrQ(znjL 27 T3 Mot T i i g o =g
64Hy 160 ., 32, 896(; 12064
81 81 % 81 %" 27 729
C,CrTr |32 4 32
pATEE o (X 2)Ho, — o (8000 = TT3)HG + 7 (94x — 121)0,
(1-x) 1781 81
CACrTy [ 1761}, 352LY /3104 704H, 16, 352H, 325\ ., (184 16 , 32,
- - (== 12 _) s (s 2
+ 1 —x { 27 27 + 27 9 * 3 + 9 3 M\ 9 * 3 3
30124 14144 1216 80 6208 704 16 352 32
+LQ<— s~ 57 Ho——g H} 3HO—THl 5 HOHl—?Hng 5 H2+3H0H2 64HH, _
704 32 128 128 128H 256
_T[—IOJ—F?HOHOJ—THIHOJ—|—128H0,0,_1—TH0,0,1+64H0,1_1+<192+ : °+64H1)§2— 3§3>
1240 1792H, 248 32 64 320 64
+LM( 31 T 7 0+TH2+ 9 Hy — 16HGH | +32HH _?HO,O,I + <—T—?H0>C2+96C3>
496 112 160 128 32 43228 32B 3256H, 496 16
-—Hy——H2+8H, ———HH, ——— H? 4 Oy " H}+ —H}
+( o7 Ho= g Hot 8BHy = =gmHoHy === Hy+ -5 Hy >€2 729 ~ 3 81 g0tz
2. 3R 160 , 112 . 8 . 64 . 368 16,
?Hl KHOHI —7HOH1 77 —= HyH, +9H Hj 27]-101'-1 +THOHO’1 —I—?HOHO_I —-8H Hy,
128 128 32, 1072 32 320
—THoHlH()l +7H1H0.1 _?HO,I —7H0.0,1 +§H0H0.0,1 +7H1H0.0,1 +24H
100 H 32H,H, 2 e+ 22 +—592¢% _11%6 | 160, 32,
g HoHora tHo11 = =g~ Hoorat =5~ Horwr +—3 =7 9 3
CiT 32 64 32 64 16 128
+1_F[L2LQ<16 0—3 >+L3 (16— HO—?H> @(22+16H0—? —81511—71510111
64¢, 334 32H, 80 , 856H, 320 2564,
— 16H? + L2 — —H2 —H\H 48H2
13 )+ ( 3 Frg Tyt Tyt 3
Lyl (B Oy P OOy Gy O g (B 200 1120 G
MEe\3 9 03 9 37003 Mo W03 T3 0 g
152H, 1424 160 160 32 64 784 128 64
+ 3 1+TH0H1+TH(2)H1+ 3 HT+— 3 HoH7 - 3 H0H0.1—<T+TH0+?H1)52—64C3>
2360 4508H, 160 224 4556 3680 512 320
Q<T+ 57 O—Tﬂg—T 8—7H1 5 —_HyH, — 128H2H TH%—lstOH%—TIﬁ
64 64 2608 832H, 448H,
+128H0H0.—1+48H0,1—?HoHo.l+?H1Ho,1—256H0,0,—1—64H0.1,1+< o T3 + )Cz
64B, 2488 1192 80 160 32 128 32 3262
320 — Hy+—H:+—H,——HyH H2 H —H
+ C3>+ 3 <27 T g Hot g o+ =g~ Hy =5 Holly === Hi + = 01>Cz >7 Ho
196 , 380 . 4 . 302H, 13624 1628 , 304 . 448 80 . 8 .
o HY o+ g Hy g Hy o+ b o HoHy = HH, + S HH) + = HY 4~ HoH7 — S HOH
128 5 112 1304 32 160 128 16 1184
t57 HoHy +—— 9 H0,1—7H0H0,1 3 T HiHoy +— 9 H0H1H0.1—7H1H0,1 9 Ho1+7Ho,o.1
128 256 32 64 128
— HoHoo. —TH 1Ho o1 —16H011—?H0H011+ 3 H\Hy,, - THO,O,OJ
—i—gH 3 1328¢3 3088 _@ 160H e 14197
3 00T ys 27 9 o7 SUos4 |,
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32 8 32 8
+ {C%TF {L@LQ (S(x + 1)H, + ?(x +1)H, - 3 (x+ 5)) + L (8(x + 1)H, + (x+ 1)H, - 3 (x+ 5))

4 8 128 32 32
+LyLy (5 (19x —85) + 5(13x +1)Hy + 8(x + 1)H3 + T(4x +1)H, + ?(x + 1)HoH,| — ?(x + 1)4?2)

64(x* + 1)H_{Hy 4(9%* +10x +9)H 16

64

3(x+1) 3(x+1) 3
64(x2+1)Hy_, 8 8(9x% + 10x + 9)¢, 4 88
—8(x+ 1)H? ——— 201 _ = 1)H, L2 (= (188x +157) ——(3x + 1)H
(x+ ) 1 3(x+]) 3(x+ ) 0,l+ 3(x+1) + (9} 9( x+ ) 3 ( x+ ) 0
64(x> + 1)H_,H, 16 4(21x% 4 34x + 21)H} 160
—24 1)H? ——(59x + 26)H, — 0 _ 1)HyH
3(x+1) (et DH =5 (39420, 3Gt 1) 3 W DM,
64(x> + 1)Hy_,  8(23x% + 38x +23)¢, 4
—8(x+ 1)Hy, — : Ly(=(171x =116
(x4 Do, 3+ 3(x+1) +Lu{3(171x = 116)
8(117x% 4+ 118x +81) 128(x>+ 1)H_;, 16(x+3)(3x+ 1)H, 32 4
= DH, |& — = (107x + 89)H,
( 9x+1) 3(x+1) 3(x+1) 3k DH )6 =3 (107x 4 89)Ho
256(4x +3x +4)H_|Hy 4(201x% +250x + 129)H3  32(x> + ) H_ H} 32(3x> +4x +3)H}
9(x+1) I9(x+1) 3(x+1) 9(x+1)

4 32 80 16 16
256(4x* +3x +4)H,_, . 280 ( 128(x> + 1)H_Hy, 32
— —(x _
9(x+1) 9 3(x+1) 3
128()C2 + I)HO,—I,I 64(x2 + I)HO,O.—I 16(3X2 - 2)C + 3)H0,0‘1 128()C2 + I)HO.I,—I 16()(2 + 14)( + 1)63
3(x+1) 3x+1) 3(x+1) 3(x+1) 3x+1)

+ 1>H0’1 - (x + I)HOHO,I

_64(36x° +61x” + 18x + 13)H_,H, N 64 (36x° +61x* + 18x + 13)H,
9 x+1 9 x+1

| 4(288° + 801 4 7420 + 309)HF (_g (723 + 199x2 + 180x +73)  64(7x2 + 6x + 3)H_,
9 x+1 9 x+1 3(x+1)

~ 16(35x% 4 66x + 35)H,

8
+Lg <— 57 (19253~ 284)

(186x% +211x +73)H, 64(7x* + 6x + 3)H?  H,
3(x+1) 9(x+1) 3(x+1)
32(9x2 + 13x + 9)H3 16

32(11x2 + 6x + 7)H_ H2 8
- — (425 434)H — (193 121)HyH
3G D +27( x+434)H, + o+ 1) +9( x+121)HoH,

+32(x— 3)H1)§2 42

32 32 160 16
+ (x+7)H3H, + £ (15x + 8)H? + 64(x + 1)HyH? + 5 (x+ 1)H; + 5 (61x + 13)Hy

128(7x> + 6x +3)H_Hy_, 128x(3x+5)HoHy_; 16 32
- L 4+ (2 VHyHy, — = H
3(x+1) 3(x+1) 3 (254 DHoHo, = (x+ HHo,
128(7x% + 6x +3)Hy_; .y  64(23x> +26x+T)Hpo_; 16
=L 2= (19x—5)H 4 1)H
3(X+1) 3<x+1> 3 ( 9x 5) 0,0,1 + 8()C+ ) 0,1,1
 32(21x% +38x +25)¢5 4(1619x> 4 1338x + 1511)  64(29x* + 18x +29)H_;  64(x* + 1)H?,
3x+1) 81(x+1) 27(x+1) 9(x+1)

A(147x% +298x —9)H, 64(x> + 1)H_Hy, 4(x+5)(5x+ DH2 16 16
— H, —— 1)YH\H
27(x+ 1) 9(x+1) 9(x+ 1) +9(X+9) 1 3(x+ JHoH,|

64 16 1 8 8(235x2 + 404x +409) 80
- NH? + — 1H, — —(131x% + 178x + 131)&% - —
g (xH DHT 43 (x4 1) 0’1)§2+x+145( x4 178x + 131)6; ( 27(x 1 1) Tyl

256(x> + 1)H_,  8(15x% +22x + 15)Hy\ . 32 1 (10159x + 8999)
- —2ZBy(x + 1) + — (1093x — 378) —
9(x + 1) 9(x + 1) G =3 Balr 1) + 25 (1093x - 378) 81 0

+])H1
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64(199x2 + 174x + 199)H_, H, 128(x% + 1)H3 Hy  2(4107x2 + 5327x + 3012) H3

64
j(x +1)H2 Hy +

81(x+1) 27(x+ 1) 81(x+1)
32(19x* + 18x + 19)H_ H}, 32(x2+1)HE]H(2)+ 1 (1503 — 3905:)H
- = - X
27(x + 1) 9(x+1) 27 !
2(903x% + 112 43)H3  64(x* + 1)H_H} (5122 )H: 32
2(903x* + 1126x + 543)Hy  64(x* + 1)H_Hy  (51x* +70x + 51) 0—3—(319x+190)H0H1
81(x+1) 27(x+1) 27(x+1) 81

152 8 8 4 64
57 (x+ 1)H}H, — 9 (3x +55)H? — 9 (9x + 1)HyH? + 5 (x+ 1)H}H} - > (x + 1)HoH3
64(199x% + 174x + 199)H,_; 128
81(x+1) 9
512(4x2 + 3x + 4)H_1H0‘1 16

16 64 80
M+ 1) +ﬁ(19x +52)HoH +?(X + 1)HGH,, +3(x - 1)HHy, —3(’5 + 1)HoH Hy

40
— 57 Blx + 16)HGH, ~

128(X2 + I)HEIHO,—I
9(x+1)

4
()C + l)H—lHO,—l +ﬁ(3llx +467>H0,1 —_

64
9
C64(19x2 + 18x + 19)Hy ;12803 + )H_Hyo | 64
27(x+1) 9(x+ 1) 9
2 2

128(x 94(;1111;;1}10_0,1 . 1;_8 5 D Hygy 4 1208 2J7r(ix++1é)l)H0’L_l B % (32 4+ Dy,

2 2 2
256(x 9‘2‘)613_11;;11{0,1,1 +13—6(x+ 1)HoHo, | —%(x 1) H Hyy - 256(x ;Exlll‘lloj—l.—l,—l B 256()69(‘: 31;1)0,—1,1,1

128(x% + 1)Hp 11 128(x* + 1)Hp 1.1 128(x? + 1)H 0.1 8(21x2 + 10x + 21)Ho 0.1

9(x+1) 9(x+1) 9(x+1) 9(x+1)
12802 + DHoo1 1 3278 + 6x + T)Hyo 11 256(x% + DHoy 11 256(% + 1)HO~1,1,_1}

9(x+1) 9(x+1) 9(x+1) 9(x+1)

8 128 256(x2 “F 1)H_1H0 —1.—1 512(4x2 + 3.X' + 4)H0 —1.1
1)H?’H = H?, ——— 1)H — T
(x+ ) 1440,1 +9(X+ ) 0,1 9 (x+ ) 0,—1,—1 + 9(x+ 1) 27(x+ l)

4(321x + 58x + 57)Hy 1
27(x+1)

+

(x+1)HoHg o +

4(83x—37) 32(x* + 1)H_ Hy  16xHj
9 3(x+1) 3(x+1)

88 176 32

32(}('2 + I)HO—I 32XC2 4 256 32(X2 + 1)H_1H0 16XH2
: — L2 == (997x 4 241) + =— 1)H 0
3(x+1) 3t ) " Lolgz 097 240 + 5= (v DHo +——7=7s 3(x+1)
176 32(x2+ )Hy_,  32x5, 4 16(3x2 + 14x - 9)
— )H, — 1 Ly | —= (4577x — 4267
Ty (DA, 3(x+ 1) 3(x+1) Ly |~ gy (4577 )+ 9(x+ 1)
64(x> + 1)H_, 16(3x* + 4x + 3)H, 128(4x* + 3x + 4)H_,H,,

16
3(x+1) 3(x+1) >52—E(29X—1O9)H0—

4(19x> + 4 25)H? 16(x* + 1)H_H?  32xH} 32
(19" +4x+25)Hy 16 + DH_ Hy 0422 (v~ DH, + 8(x + )H2H,

9(x+1)

9(x+1) 3x+1)  9(x+1) 3
128(4x2 + 3x + 4)H0_1 16 64(x2 + I)H—IHOI 64(x2 + 1)H0—1 1
L e 1)H 2 —16(x + 1)HyHy, — L
o+ 1) 3 (x+1)Hop; + 3+ 1) (x+ 1)HoH 30+ 1)
32(X2+ 1)H00_1 64.X'H001 64(X2+ 1)H01_1 32(x2—|—3x—|- 1)4‘3 4
2 L Sl i Lo( = (19751x — 2371
3(x+1) 3(x+1) 3(x+1) X1 Lo gy (19751 )
N 32(36x° +61x* + 18x + 13)H_Hy 32 (36x* +61x* + 18x + 13)Ho_; 8 (72x + 39x> — 89x — 36)Hj
9 x4+ 1 9 x+1 9 x+1
16 (72x3 + 37x* — 84x —29) 32(7x* +6x+3)H_; 16(3x* +8x+3)H, 64
16 )32 JH _ 16( MHo % g
9 x+1 3(x+1) 3(x+1) 3
N 32(401x? 4+ 556x + 137)H,  80xH)  32(7x> + 6x+3)H* Hy, 16(11x*> 4+ 6x +7)H_ H}
27(x+1) 9(x+1) 3(x+1) 3(x+1)
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8 352 8 176 16

208 64(7x* +6x +3)H_Hy_, 64x(3x+5)HoHy_, 16
— 1H, : = — —(11x = 1)H,H,
g et DHos + 3+ 1) T e 3 (1x =1 HoHy,
64 64(7)62 + 6X + 3)H0_1 —1 32(23X2 + 26x + 7)H00_1 32
— 1)H\Hy, — =L 2l 22 (Tx + 1DH,
+3(x+ JH H 3G+ 1) 3+ D) +3(x+ JHo0.1
64(3x2 4 16(174x% +209x — 1 2(29x% 4 1 29)H
(et 1)Hy s (3x2 4 5x + 4)¢5 6(174x> +209x — 189)  32(29x + 18x +29)H_,
3(x+1) 8l(x+1) 27(x+1)
32(x* + 1)H?,  8(63x2 +29x+6)H, 32(x*>+ 1)H_H, 8(3x>+ 8x+ 9)H}
9(x+1) 27(x+1) 9(x+1) 9(x+1)

8 80 64 16
—§(3X+ 14)H] +6(x+ 1)HOH1 +?(x+ I)H% —6(7)6%— 1)H0’1>€2

16 2(497x2 4+ 1102x + 1085) 16 128(x% + 1)H_,
————(36x% + 51x + 22)2 — (x4 V)H, +—— T -1
50 ) COF Tl )§2+< 27(x + 1) g e D+ 5
32(6x2 + 4x — 3)H, 16 4 32(199x% + 174x + 199)H_, H,,
—B 1) —— (995x — 2807)H, —
9x+1) G35 Balet 1) = g7 (995 JHo 81(x+ 1)
N 32 (x+ 1)H2, Hy - 64(x> + 1)H3 | Hy = 4(253x* +391x + 586)H3  16(x*> + 1)H? H}
9 27(x+1) 8l(x+1) 9(x+1)
16(19x% + 18x + 19)H_|H} ~ 8(22x> + 7x +25)Hy 32(x>+ 1)H_ H}  16xHj 8 (65x - 29)H
P— P— F— —_—— x_
27(x + 1) 81(x + 1) 27(x + 1) 27(x+1) 27 :

8 8 56
+5 (9x + 4)HoH, + 5 (14x + 3)H3H, +

4 8 4
> (x+ 1)H}H, — 9 (43x —46)H? — 9 (2x + 5)HoH? — ° (x + 1)H3H?

32 32(199x2 + 174x + 199)H,_, 64 64(x> + 1)H? Hy _,
— 1)HH3 L 1)H_H -0,
37 (r+ DHoH + 81(x 1+ 1) g W+ DHHo o +——577
8 256(4x> 4+ 3x +4)H_H, 16 8 8
— 55 (143x + 2)Hy, + ICE) ‘ 0"—3(13x+6)HOHOJ—§(x+1)1L13HOJ+§(11x+20)H11710,1
64 64 16 64 128(x* + 1)H_Hy_| _,
+3(x + 1)HyH Hy —?(x+ 1)H?H,, +3(7x + 1)H} | +E(x+ DHy_ - — 5+ 1)
256(4x2 + 3X + 4)H0’_1’1 32(19x2 + 18X + 19)H0’0._1 64(x2 + I)H—IHO,(),—I
27(x+1) 27(x+1) 9(x+1)
8(9X2 + 101x + 12)H001 64(x2 + I)H_IH()O] 16 160
= 2 (Ix+ 1)HyHyy ——— 1)H,H,
27(x+ 1) Ox+1) 9 (7x + 1)HoHo 9 (x+1)H Hyy,
256(4x2 + 3x +4)H0 1.—1 16 128(.x2 —|— I)H_]HOI 1 16
— e NHy 1 — S—— HyH, 1 1)H,H,
27+ 1) 9 (x+7)Ho1,1 o+ 1) 9( x+5)HoHy,; +16(x + 1)H Hy |
128(x* + 1)Ho 111 128(x* + DHy_y 11 640 + 1)Hog 11 64(x* + 1)Hpg 11 | 64(x* + 1)Hopp-1
9(x+1) 9x+1) 9(x+1) 9(x+1) 9(x+1)
N 64(5x° +6x = 1)Hogo1  64(x* + 1)Hogi 1 16(x* =2x=11)Hog1a  128(x* +1)Ho, 1.
9(x+1) 9(x+1) 9(x+1) 9(x+1)
128(x> + 1)Hy, -, 112 2
e 1H, — ———(108295x — 86681
o+ 1) 9 (x+ 1)Ho 111 729( x )
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64 32
+ CpT% {——L?W(x +1) == Ly(x+1) - L§4<

27 27 27

32 992 32

64

27

16 16 448 16
O (1x = DHZ +—(x + DH =~ (x4 1) + =
g = DHG + g7 (v DHG =52 (e D& + 255

27 27

16 64
+3(x+1)H3> +LQ<——1

128 64 128
- —(x+1)HyH; - — (x +

9 9

32 256 64

x4+ DHR 4+ 22 (x4 1) — —— (161x + 21 ).
+81(x+ ) 0t > (x+ 1)&s 729( 61x + 5):|}+Cq,2

Here the + prescription is defined by

A l dxg(x)[f (x)], = /O Ldxlgx) - gD (). (34)

The contribution of the massive Wilson coefficient H , »
is found by combining the massless Wilson coefficient C, ,
and L,, by

Hq,Z(x’ QZ) = Cq.Z(NF’x’ QZ) + Lq,Z(x’ QZ) (35)

S%(N ), the Wilson coefficients are expressed

by up to weight W = 4 harmonic polylogarithms. Note the
emergence of a denominator 1/(1 —x)? (cf. [23]), which
is properly regularized by its numerator function in the
limit x — 1. We note that we have applied the shuffle
algebra (cf. [32]), which leads to a reduction of the
number of harmonic polylogarithms compared to the
linear representation, making the numerical evaluation
faster.

Except for ¢

IV. NUMERICAL RESULTS

In the following, we illustrate the asymptotic charm
corrections up to 3-loop order to the charged current
nonsinglet combinations F}’, ™" (x, 0?) choosing the
renormalization and factorization scales u? = Q2. First
we consider the behavior of the corrections at small
and large values of the Bjorken variable x. For those
of the massless 3-loop Wilson -coefficients, see [3].
The limiting behavior for the two contributing

PHYSICAL REVIEW D 94, 114006 (2016)

32 32 32 64
—(Ilx=1) +?(x+ I)HO) +L2Q<ﬁ(17x+ 8) +§(x+ 1)H,

64 32

128

64 32 64 64
——(17x + 8)H, —?(x + 1)HoH, —§(x+ 1)H? —?(x + 1)Hoy +—— (x+ 1)@) +§(6x - 7)H,

9

32
(431x + 323)} + CpNpT% {——Lﬁ,,(x +1)

27

81 27

64 64 128 64 32 32
——Lz)(x—l—1)+L2Q(—(17x+8)+T(x+1)H0+E(x+1)H1>+LM<—(5x—73)—|——(11x—1)H0
128 64 , 128

256 128 32
1)H% —T(X‘F 1)H0’1 +T(X+ 1>€2> +§(6X—7)H0 —I—a(llx— I)H%

(3.3)

|

functions LZ,/;_W?’NS (Np+1) - Cy;_wf’NS (Ng) and
HZ;_W_’NS(NF +1) - C;‘,/;_W_’NS(NF +1) is the same;
see also [9].

For the 3-loop contributions, yet for general values of z?,
at low values of x one has

S R - 8
Loy S Wp 1) = C TS (NE) o ad S G (x).

(4.1)

LZ;—W',NS(NF + 1) _ éy;—W‘.NS (NF)

16 5
X a2{27 CACFTF —9C%:TF}1H4()C) (42)

and at large x

Ly, " S (WNp 1) = E W)

128 896
X a%CpTF —CFLan2(1 - x) + CF —_—
3 27
320 32 1088
+ TLM + ?Lﬁ4> +32CrLy + (—

80 128 256 128

Ty Gty Tt g Nl et

_¥CZCF>LQ] In(1 —x)},

Ca

(4.3)
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Ly SN+ 1) = EL TSN

320 In(1 —x
= “?CFTF{T Crlo <%)

9 3
352 512 64
i

448 160
+ [Cp <— +—Ly+ 16Lﬁ4> +48CrLj,

Tg T Gty

i (52) ).

Below, we plot the heavy flavor contribution to the
structure function F}" =% (x, ?) for the quark mass m, =
1.59 GeV in the on-shell scheme [33] and the scales
Q> = > =10, 100, and 1000 GeV? for the complete
structure function, including the massive and mass-
less terms.

In Fig. 1, the scale evolution of the structure function
xF" =W (x,0?) is shown in the range Q° € [10,1000] GeV?,
including the asymptotic charm quark corrections to
3-loop order.

Here and in the following, we refer to the parton
distribution functions [34]. As is typical for nonsinglet
contributions, the profile is shifted from larger to smaller
values of x with growing values of Q2. However, the effects
are much smaller than in the singlet case. As is well known,
the validity of the asymptotic charm quark corrections in
the case of F (x, Q%), and therefore for F, and in part for
xFy, is setting in at higher scales only due to the F;
contribution; for details, see [19]. We will discuss these
aspects in the following figures for xF'; and F,.

In Fig. 2, the corrections to xFY ="~ (x, 0?) are illus-
trated for Q? = 10 GeV? by adding the contributions
from O(a?) to O(a}), showing an increasing degree of

(4.4)

-0.05
0.1
I
= 0.15
+\
B
& -02 |
8 |
-0.25 |
o3| 1000Gev? —— \ /’
100GeV? ——
10GeV? ——
-0.35 . . . .
1074 1073 1072 1071 1

x

FIG. 1. The structure function xF}"" %" (x, 0?), containing the
3-loop corrections including the asymptotic corrections for charm
using mOMS = 1.59 GeV and the parton distribution functions
(PDFs) [34].
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-0.01 F

-0.02 F

-0.03 F

-0.04 F

-0.06 F

-w- )char1vl/(Fl‘V+—W" )toial

-0.07 F

wt
1

(

-0.08 F

power corr. incl. —-—-
L

-0.09

1074 1073 1072 10-1 1
xT

FIG. 2. The ratio of massive contributions to the structure
function xF}V" =" (x, Q%) over the complete structure function
for Q> = 10 GeV?, containing the 3-loop corrections including
the asymptotic corrections for charm using mOMS = 1.59 GeV
and the PDFs [34]. For the dash-dotted line, asymptotic correc-
tions at three loops and the complete heavy flavor contributions
up to O(a?) [9] are taken into account.

stabilization in the medium x range, while at small and
large values of x there are visible differences. Here the
3-loop corrections matter, in particular. We also present the
exact heavy flavor corrections to O(a2) [9], showing
deviations in the range x > 1072, while below there is
exact agreement. The latter effect is due to the sufficiently
large W? = Q?(1 — x)/x values through which the heavy
quarks are made effectively massless for this structure
function even at this low scale of Q?. The charm quark
corrections for xFV' =" (x, 0?) vary in a range of —8% to

-0.01 Q% = 100 GeV? /4
-0.02 F

-0.03 F

<F1W+4W‘ )charm/(FIVV+4V‘ ytotal
& =)
& £

-0.06
-0.07 }
N
power corr. incl. —-—- \?\\:7/
-0.08 . ) LS .
10~4 10-3 102 To-1 |
x
FIG. 3. The ratio of massive contributions to the structure

function xF}" =" (x, Q%) over the complete structure function
for Q> = 100 GeV?, containing the 3-loop corrections including
the asymptotic corrections for charm using mOMS = 1.59 GeV
and the PDFs [34]. For the dash-dotted line, asymptotic correc-
tions at three loops and the complete heavy flavor contributions
up to O(a?) [9] are taken into account.
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0

7
l/
2 _ 2 /
- -0.01 Q* = 1000 GeV /
= 002 f-
3
[
hS -0.03 F
2
5
= oo}
= 005 }
B
é‘ -0.06
)
-0.07 F
power corr. incl. —-—- S
-0.08 L L

1074 1073 1072 107! 1
X

FIG. 4. The ratio of massive contributions to the structure
function xF} =" (x, Q%) over the complete structure function
for Q% = 1000 GeV?, containing the 3-loop corrections includ-

. . . . OMS _
ing the asymptotic corrections for charm using m"> =

1.59 GeV and the PDFs [34]. For the dash-dotted line, asymp-
totic corrections at three loops and the complete heavy flavor
contributions up to O(a?) [9] are taken into account.

~0%, depending on x, with a maximal relative contribution
around x ~ 3 x 1072,

Figure 3 shows that at Q%> = 100 GeV? the asymptotic
corrections agree also in the case where we include the
power corrections to larger values of x ~ 0.3, and for Q% =
1000 GeV? (Fig. 4) the agreement is obtained in the whole
X range.

We turn now to the numerical illustration of the
structure function F¥ =W (x,0?%). In Fig. 5, we show
the scaling violations of FY =" (x,0?) in the region
Q? € [10,1000] GeV?, shifting the profile to lower values
of x with growing virtualities Q. Figure 6 shows the
contributions to FY' =" (x,0%) at Q% =10 GeV? for
growing order in the strong coupling constant up to

o1}
02}
L0}
i
Zoo04 |
05}

0.6 F  1000GeV? ——
100 GeV? —— \ |

10GeV? — \V

1074 1073 1072 107t 1
x

-0.7

FIG. 5. The structure function FY =" (x, %), containing the
3-loop corrections including the asymptotic corrections for charm
using mOMS = 1.59 GeV and the PDFs [34].
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001 fss- - Q% =10 GeV? /

O(af) —--~
O(af) - N /}'
power corr. incl. —-—- ~.~
-0.09 L - — .
104 1073 1072 107! 1

T

FIG. 6. The ratio of massive contributions to the structure
function FY¥" =" (x, 0?) over the complete structure function for
Q% = 10 GeV?, containing the 3-loop corrections including the
asymptotic corrections for charm using mO™S = 1.59 GeV and
the PDFs [34]. For the dash-dotted line, asymptotic corrections at
three loops and the complete heavy flavor contributions up to
O(a?) [9] are taken into account.

3-loop order. Except of very large values of x, power
corrections, known up to 2-loop order, do not introduce
corrections. At Q%> = 10 GeV?, by comparing the results
for 2xF, and F, the effect of F; (x, Q%) is clearly visible.
The asymptotic expression is not yet valid in the charged
current case, as the complete O(a?) charm quark correc-
tions show.

Again, the relative charm quark corrections vary in the
range [—8%,~0%)|. As shown in Fig. 7, the asymptotic
corrections agree with the case where the power corrections
are included, except for a small range at very large x values

-0.01 k Q? =100 GeV? !
-0.02 :: =
-0.03 b
-0.04
-0.05 |

-0.06 F

(F2W+4w" )chmm/(FZW' -w- )toml

-0.07

power corr. incl. —-—-
L L

-0.08

1074 1073 1072 1071 1
xT

FIG. 7. The ratio of massive contributions to the structure
function FY =" (x, Q%) over the complete structure function for
Q% = 100 GeV?, containing the 3-loop corrections including the
asymptotic corrections for charm using m%™S = 1.59 GeV and
the PDFs [34]. For the dash-dotted line, asymptotic corrections at
three loops and the complete heavy flavor contributions up to
O(a?) [9] are taken into account.
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-0.01 Q% = 1000 GeV? =

( 2w+4W‘ )charm/(szv* -w- )tatal

power corr. incl. —-—-
L

-0.08

1074 1073 1072 1071 1
x
FIG. 8. The ratio of massive contributions to the structure
function F¥' ="~ (x, 0?) over the complete structure function for
2 = 1000 GeV?, containing the 3-loop corrections including
the asymptotic corrections for charm using m®MS = 1.59 GeV
and the PDFs [34]. For the dash-dotted line, asymptotic correc-
tions at three loops and the complete heavy flavor contributions
up to O(a?) [9] are taken into account.

at Q% = 100 GeV?. Finally, this effect disappears for
0? = 1000 GeV?; see Fig. 8.

V. THE SUM RULES

For the combination of the charged current structure
functions being considered here, there exist sum rules
arising from the lowest Mellin moment. In the case of
FY “=W(x, 0?), one obtains the Adler sum rule [2] and for
FY'=W"(x, 0?) the unpolarized Bjorken sum rule [1], for
which also the target mass corrections have to be consid-
ered; cf. [9].

The Adler sum rule states

A PR (x,02) — P (. 0%)] = 201 + 5in?(0)]

X

(5.1)

for three massless flavors. Here 8. denotes the Cabibbo
angle [24]. The integral (5.1) receives neither QCD nor
quark or target mass corrections [21]; cf. also [35,36]. Up to
2-loop order, the vanishing of the heavy quark corrections
has been shown in Ref. [9]. Considering the limit of
large scales Q2 > m?, this is confirmed at 3-loop order,
since the flavor nonsinglet OMEs vanish for N = 1 due to
fermion number conservation [23] and the first moment
of the corresponding massless Wilson coefficient also
vanishes [37].
The unpolarized Bjorken sum rule [1] is given by

/ '[P (x, Q) — PP (x, 0%)] = Cuy(a). (5.2)

0
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with @, = a,/z. The massless 1-loop [10,11,38,39], 2-loop
[40], 3-loop [41], and 4-loop [42] QCD corrections have
been calculated:

Cupy(y), = 1 = 0.66667a, + 42(~3.83333 + 0.29630N 1)
+ a3(=36.1549 + 6.33125N — 0.15947N2)
+ a4(—436.768 + 111.873N — 7.11450N2
+0.10174N3.), (5.3)

setting u*> = Q? for SU(3),. The massive corrections start
at 0(a%) with the s’ = (|V4.|*d + |V,.|*s) — ¢ transitions
[12,13] and have been given in complete form in Ref. [9] to
2-loop order. The charm corrections at O(a2) are of the
same size as the massless O(a}) corrections. Reference [9]
also contains the target mass corrections. In the asymptotic
case, the effect of the heavy flavor corrections reduces to a
shift of N — N + 1 in the massless corrections, since the
massive OMEs vanish for N =1 due to fermion conser-
vation, which holds to all orders in the perturbation theory.

VI. CONCLUSIONS

We have derived the massive charm quark 3-loop
corrections to the charged current Wilson coefficients for
the structure functions FI, =" (x, 0%) in the asymptotic

region Q%> m?2 in both Mellin N and x space. The
corresponding contributions are composed of two massive

Wilson coefficients L)~ NS and H) "5 for which
the weak boson couples to either a massless (L) or a
massive quark line (H), here in the s’ — ¢ transition. The
massless 3-loop Wilson coefficients have been calculated in
Ref. [3], and the massive OMEs were presented before in
Ref. [23] as part of the present project to compute all
massive 3-loop corrections to deep-inelastic scattering at
high values of Q2. The results have a representation in
terms of nested harmonic sums and harmonic polylogar-
ithms only. The charm quark corrections in the case of both
structure functions amount up to ~8%, depending on x and
the 3-loop corrections. Comparing the 3-loop results to
those at lower order, there are some ranges with clearly
visible differences, pointing to the importance of these
corrections, for highly accurate measurements. At low
values of Q?, effects of power corrections are still visible,
which we have illustrated using recent complete 2-loop
results [9], while for Q? > 100 GeV? the asymptotic
representation is valid in a rather wide range of x.

We also discussed potential contributions of the present
corrections to the Adler and unpolarized Bjorken sum rules.
In the former case, in accordance with the expectation, no
corrections are obtained. For the Bjorken sum rule, the
charm quark contributions lead to a shift of N = 3 by one
unit in the massless result. There are no heavy quark
contributions due to fermion number conservation, which is
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expressed by a vanishing first moment of the operator
matrix element in the nonsinglet cases. Therefore, only the
massless terms contribute now with Ny — Np + 1.

The 3-loop charm quark corrections to the structure
functions F}, =" (x, 0?) will improve the analysis of the
HERA charged current data and are relevant for precision
measurements in deep-inelastic scattering at planned facili-
ties like the EIC [43], LHeC [44], and neutrino factories
[45] in the future, which will reach a higher statistical and
systematic precision than obtained in present experiments.

PHYSICAL REVIEW D 94, 114006 (2016)
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