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The decuplet baryons, Δ, Σ�, Ξ�, and Ω−, are studied in nuclear matter by using the in-medium QCD
sum rules. By fixing the three-momentum of the particles under consideration at the rest frame of the
medium, the negative energy contributions are removed. It is obtained that the parameters of the Δ baryon
are more affected by the medium against the Ω− state, containing three strange quarks, whose mass and
residue are not considerably affected by the medium. We also find the vector and scalar self-energies of
these baryons in nuclear matter. By the recent progresses at the PANDA experiment at the FAIR and NICA
facility, it may be possible to study the in-medium properties of such states, even the multistrange Ξ� and
Ω− systems, in the near future.
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I. INTRODUCTION

The investigations of the properties of hadrons under
extreme conditions have been the focus of much attention
for many years. Such investigations are very important in
the study of the internal structure of dense astrophysical
objects like neutron stars. The formation of neutron stars is
influenced by all four known fundamental interactions.
Hence, understanding of their nature can help us in the
course of unification of all fundamental forces within a
common theoretical framework, which is one of the biggest
challenges for physics. The recent observation of massive
neutron stars with roughly twice the solar mass [1,2] has
stimulated the focuses on the equation of state of the dense
nuclear matter (see for instance [3–6]). However, the
expected appearance of hyperons at about two times
nuclear density, called the “hyperon puzzle,” remains an
unresolved mystery in neutron stars (concerning the
appearance of hyperons in neutron stars, see, for example,
[7,8]). It has also been found that Δ isobars appear at a
density of the order of 2–3 times nuclear matter saturation
density, and a “Δ puzzle” exists, similar to the hyperon
puzzle if the potential of the Δ in nuclear matter is close to
the one indicated by the experimental data [9]. More
theoretical and experimental investigations on the proper-
ties of strange and nonstrange light baryons in a dense
medium are needed to solve such puzzles.
From the experimental side, the bound nuclear systems

with one, two, or three units of strangeness are poorly
known compared to that of the nonstrange states like
nucleons. The large production probability of various
hyperon-antihyperon pairs in antiproton collisions will
provide opportunities for a series of new studies on the
behavior of the systems containing two or even more units
of strangeness at the PANDA experiment at FAIR. By the
progresses made, it will be possible to study the in-medium

properties of the doubly strange ΛΛ-hypernuclei as well as
the multistrange Ξ−, Ξþ, and Ω− systems in the near
future [10].
From the theoretical side, the effects of a nuclear medium

on the physical parameters of the nucleon have been widely
investigated in the literature (see for instance [11–15] and
references therein). But, we have only a few studies
dedicated to the in-medium properties of hyperons and
decuplet baryons in the literature (for instance, see
[16–22]). In the present study, we investigate the impact
of nuclear matter on some spectroscopic parameters of the
Δ, Σ�, Ξ�, and Ω− decuplet baryons. In particular, we
calculate the mass and residue as well as the scalar and
vector self-energies of these baryons using the well-
established in-medium QCD sum rule approach. We
compare the in-medium results with those obtained at
ρ ¼ 0 or vacuum and find the corresponding shifts. To
remove the contributions of the negative energy particles,
we work at the rest frame of the nuclear matter and fix the
three-momentum of the particles under consideration.

II. Δ, Σ�, Ξ�, AND Ω− BARYONS
IN NUCLEAR MATTER

In this section we aim to construct sum rules for the
mass, residue, and vector self-energy of the decuplet
baryons and numerically analyze the obtained results. To
this end and in accordance with the general philosophy of
the QCD sum rule approach,we start with a correlation
function as the building block of the method:

ΠμνðpÞ ¼ i
Z

d4xeip·xhψ0jT½ημ;DðxÞην;Dð0Þ�jψ0i; ð1Þ

where p is the four-momentum of the decuplet (D) baryon,
jψ0i is the ground state of the nuclear matter, and ημ;D is the
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interpolating current of the D baryon. The general form of
the interpolating current for decuplet baryons in a compact
form reads

ημ;D ¼ ADϵ
abcfðqaT1 Cγμqb2Þqc3 þ ðqaT2 Cγμqb3Þqc1

þ ðqaT3 Cγμqb1Þqc2g; ð2Þ

where a, b, c are color indices; C is the charge conjugation
operator; and AD is the normalization constant. The quark
content and value of AD for different members are given in
Table I [23]. We will calculate the aforementioned corre-
lation function in two representations: hadronic and oper-
ator product expansion (OPE). By equating these two
representations, one can get the QCD sum rules for the
aimed physical quantities.

A. Hadronic representation

The correlation function in the hadronic side is obtained
by inserting a complete set of baryonic states with the same
quantum numbers as the interpolating current. After per-
forming the integral over four-x, we get

ΠHad
μν ðpÞ ¼ −

hψ0jημ;Dð0ÞjDðp�; sÞihDðp�; sÞjην;Dð0Þjψ0i
p�2 −m�2

D

þ � � � ; ð3Þ

where jDðp�; sÞi is the decuplet baryon state with spin s
and in-medium four-momentum p�, m�

D is the modified
mass of the decuplet baryon in a medium, and ... indicates
the contributions of the higher states and continuum. The
matrix elements in Eq. (3) can be represented as

hψ0jημ;Dð0ÞjDðp�; sÞi ¼ λ�Duμðp�; sÞ;
hDðp�; sÞjην;Dð0Þjψ0i ¼ λ�Duνðp�; sÞ; ð4Þ

where uμðp�; sÞ is the in-medium Rarita-Schwinger spinor
and λ�D is the modified residue or the coupling strength of
the decuplet baryon to the nuclear medium. Inserting
Eq. (4) into Eq. (3) and summing over the spins of the
D baryon, one can, in principle, find the hadronic side of
the correlation function. Before that, it should be stated that
the current ημ;D couples to both the spin-1=2 octet states
and the spin-3=2 decuplet states. In order to get only the

contributions of the decuplet baryons, the contributions of
the unwanted spin-1=2 states must be removed from the
correlation function. For this aim, we come next with the
following procedure. The matrix element of ημ;D between
the spin-1=2 and in-medium states can be decomposed as

hψ0jημ;Dð0Þj
1

2
ðp�Þi ¼ ðC1p�

μ þ C2γμÞuðp�Þ; ð5Þ

where C1 and C2 are constants and uðp�Þ is the in-medium
Dirac spinor of momentum p�. By multiplying both sides
of the above equation with γμ and using the condition
ημ;Dγ

μ ¼ 0, we immediately find the constant C1 in terms
of C2. Hence,

hψ0jημ;Dð0Þj
1

2
ðp�Þi ¼ C2

�
−

4

m�
1=2

p�
μ þ γμ

�
uðp�Þ; ð6Þ

wherem�
1=2 is the modified mass of the spin-1=2 baryons. It

can be easily seen that the unwanted contributions of the
spin-1=2 states are proportional to p�

μ and γμ. By ordering
the Dirac matrices as γμp�γν and setting to zero the terms
with γμ in the beginning and γν at the end and those
proportional to p�

μ and p�
ν, the contributions from the

unwanted spin-1=2 states can be easily eliminated.
Now, we insert Eq. (4) into Eq. (3) and use the

summation over spins of the Rarita-Schwinger spinor as

X
s

uμðp�; sÞuνðp�; sÞ ¼ −ðp� þm�
DÞ
�
gμν −

1

3
γμγν

−
2p�

μp�
ν

3m�2
D

þ p�
μγν − p�

νγμ
3m�

D

�
; ð7Þ

as a result of which we get

ΠHad
μν ðpÞ ¼ λ�Dλ

�
Dðp� þm�

DÞ
p�2 −m�2

D

�
gμν −

1

3
γμγν

−
2p�

μp�
ν

3m�2
D

þ p�
μγν − p�

νγμ
3m�

D

�
þ � � � : ð8Þ

To proceed, wewould like to mention that the in-medium
momentum and the modified mass can be written in terms
of the self-energies Σμ;ν and ΣS as p�

μ ¼ pμ − Σμ;v and
m�

D ¼ mD þ ΣS, where ΣS is the scalar self-energy. The
self-energy Σμ;v can also be written in a general form as

Σμ;v ¼ Σvuμ þ Σ0
vpμ; ð9Þ

where Σv is called the vector self-energy and uμ is the four-
velocity of the nuclear medium. In the mean-field approxi-
mation, the scalar and vector self-energies are obtained to
be real and independent of momentum and the Σ0

ν is taken
to be identically zero [11,24]. In this context, particles of
any three-momentum appear as stable quasiparticles with
self-energies that are roughly linear in the density up to

TABLE I. The value of the normalization constant AD and the
quark flavors q1, q2, q3 for the decuplet baryons.

AD q1 q2 q3

Σ� ffiffiffiffiffiffiffiffi
2=3

p
u d s

Δ0
ffiffiffiffiffiffiffiffi
1=3

p
d d u

Ξ� ffiffiffiffiffiffiffiffi
1=3

p
s s u

Ω− 1=3 s s s

K. AZIZI, N. ER, and H. SUNDU PHYSICAL REVIEW D 94, 114002 (2016)

114002-2



nuclear matter density [11,25]. We perform the calculations
in the rest frame of the nuclear medium, i.e., uμ ¼ ð1; 0Þ,
and at the fixed three-momentum of the D baryon, j~pj. We
get

ΠHad
μν ðp0; ~pÞ ¼ λ�Dλ

�
D

ðp − Σvuþm�
DÞ

p2 þ Σ2
v − 2p0Σv −m�2

D

×

�
gμν −

1

3
γμγν −

2

3m�2
D
ðpμpν − Σvpμuν

− Σvuμpν þ Σ2
vuμuνÞ þ

1

3m�
D
ðpμγν

− Σvuμγν − pνγμ þ ΣvuνγμÞ
�
þ � � � ; ð10Þ

where p0 ¼ p · u is the energy of the quasiparticle. After
ordering the Dirac matrices and eliminating the unwanted
spin-1=2 contributions, we get

ΠHad
μν ðp0; ~pÞ ¼

λ�Dλ
�
D

ðp0 − EpÞðp0 − EpÞ
½m�

Dgμν þ gμνp

− Σvgμνu� þ � � � ; ð11Þ

where Ep¼Σvþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j~pj2þm�2

D

p
and Ep¼Σv−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j~pj2þm�2

D

p
are the positions of the positive- and negative-energy poles,
respectively. One can write the above equation as an
integral representation in terms of the spectral density,

ΠHad
μν ðp0; ~pÞ ¼

1

2πi

Z
∞

−∞
dω

ΔρHadμν ðp0; ~pÞ
ω − p0

; ð12Þ

where the spectral density ΔρHadμν ðp0; ~pÞ, defined by

ΔρHadμν ðp0; ~pÞ ¼ Limϵ→0þ½ΠHad
μν ðωþ iϵ; ~pÞ

− ΠHad
μν ðω − iϵ; ~pÞ�; ð13Þ

is given as

ΔρHadμν ðp0; ~pÞ ¼ −
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m�2

D þ j~pj2
p λ�Dλ

�
D½m�

Dgμν þ gμνp

− Σvgμνu�½δðω − EpÞ − δðω − EpÞ�: ð14Þ

The next step is to exclude the negative-energy pole
contribution by multiplying the correlation function with

the weight function ðω − EpÞe
−ω2

M2 and performing the
integral over ω from −ω0 to ω0, i.e.,

ΠHad
μν ðp0; ~pÞ ¼

Z
ω0

−ω0

dωΔρHadμν ðω; ~pÞðω − EpÞe−
ω2

M2 ; ð15Þ

where ω0 is the threshold parameter and M2 is the Borel
mass parameter that shall be fixed later. After performing
the integral in Eq. (15), the hadronic side of the correlation
function takes its final form in terms of the corresponding
structures,

ΠHad
μν ðp0; ~pÞ ¼ λ�2D e−E

2
p=M2 ½m�

Dgμν þ gμνp − Σvgμνu�: ð16Þ

B. OPE representation

The OPE side of the correlation function is calculated at
the large spacelike region p2 ≪ 0 in terms of QCD degrees
of freedom. One can write the OPE side of the correlation
function, in terms of the involved structures, as

ΠOPE
μν ðp0; ~pÞ ¼ Π1ðp0; ~pÞgμν þ Π2ðp0; ~pÞpgμν

þ Π3ðp0; ~pÞugμν; ð17Þ

where the Πiðp0; ~pÞ functions, with i ¼ 1, 2, or 3, can be
written in terms of the spectral densities Δρiðp0; ~pÞ in the
OPE side as

Πiðp0; ~pÞ ¼
1

2πi

Z
∞

−∞
dw

Δρiðp0; ~pÞ
w − p0

; ð18Þ

where Δρiðp0; ~pÞ are the imaginary parts of Πiðp0; ~pÞ
functions obtained from the OPE version of Eq. (13). The
main aim, in the present subsection, is to find the
Δρiðp0; ~pÞ spectral densities, by use of which we can find
the Πiðp0; ~pÞ functions in the OPE side. To proceed, we
start with the correlation function in Eq. (1). By substituting
the explicit form of the interpolating current for the
decuplet baryons under consideration into the correlation
function in Eq. (1) and after contracting out all the quark
pairs using Wick’s theorem, we get

ΠOPE;Δ
μν ðpÞ ¼ i

3
ϵabcϵa0b0c0

Z
d4xeipxhf2Sca0d ðxÞγνS0ab0d ðxÞγμSbc0u ðxÞ − 2Scb

0
d ðxÞγνS0aa0d ðxÞγμSbc0u ðxÞ

þ 4Scb
0

d ðxÞγνS0ba0u ðxÞγμSac0d ðxÞ þ 2Sca
0

u ðxÞγνS0ab0d ðxÞγμSbc0d ðxÞ
− 2Sca

0
u ðxÞγνS0bb0d ðxÞγμSac0d ðxÞ − Scc

0
u ðxÞTr½Sba0d ðxÞγνS0ab0d ðxÞγμ�

þ Scc
0

u ðxÞTr½Sbb0d ðxÞγνS0aa0d ðxÞγμ� − 4Scc
0

d ðxÞTr½Sba0u ðxÞγνS0ab0d ðxÞγμ�giψ0
; ð19Þ
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ΠOPE;Σ�
μν ðpÞ ¼ −

2i
3
ϵabcϵa0b0c0

Z
d4xeipxhfSca0d ðxÞγνS0bb0u ðxÞγμSac0s ðxÞ þ Scb

0
d ðxÞγνS0aa0s ðxÞγμSbc0u ðxÞ

þ Sca
0

s ðxÞγνS0bb0d ðxÞγμSac0u ðxÞ þ Scb
0

s ðxÞγνS0aa0u ðxÞγμSbc0d ðxÞ þ Sca
0

u ðxÞγνS0bb0s ðxÞγμSac0d ðxÞ
þ Scb

0
u ðxÞγνS0aa0d ðxÞγμSbc0s ðxÞ þ Scc

0
s ðxÞTr½Sba0d ðxÞγνS0ab0u ðxÞγμ�

þ Scc
0

u ðxÞTr½Sba0s ðxÞγνS0ab0d ðxÞγμ� þ Scc
0

d ðxÞTr½Sba0u ðxÞγνS0ab0s ðxÞγμ�giψ0
; ð20Þ

ΠOPE;Ξ�
μν ðpÞ ¼ i

3
ϵabcϵa0b0c0

Z
d4xeipxhf2Sca0s ðxÞγνS0ab0s ðxÞγμSbc0u ðxÞ − 2Scb

0
s ðxÞγνS0aa0s ðxÞγμSbc0u ðxÞ

þ 4Scb
0

s ðxÞγνS0ba0u ðxÞγμSac0s ðxÞ þ 2Sca
0

u ðxÞγνS0ab0s ðxÞγμSbc0s ðxÞ − 2Sca
0

u ðxÞγνS0bb0s ðxÞγμSac0s ðxÞ
− Scc

0
u ðxÞTr½Sba0s ðxÞγνS0ab0s ðxÞγμ� þ Scc

0
u ðxÞTr½Sbb0s ðxÞγνS0aa0s ðxÞγμ�

− 4Scc
0

s ðxÞTr½Sba0u ðxÞγνS0ab0s ðxÞγμ�giψ0
; ð21Þ

and

ΠOPE;Ω−
μν ðpÞ ¼ ϵabcϵa0b0c0

Z
d4xeipxhfSca0s ðxÞγνS0ab0s ðxÞγμSbc0s ðxÞ − Sca

0
s ðxÞγνS0bb0s ðxÞγμSac0s ðxÞ

− Scb
0

s ðxÞγνS0aa0s ðxÞγμSbc0s ðxÞ þ Scb
0

s ðxÞγνS0ba0s ðxÞγμSac0s ðxÞ − Scc
0

s ðxÞTr½Sba0s ðxÞγνS0ab0s ðxÞγμ�
þ Scc

0
s ðxÞTr½Sbb0s ðxÞγνS0aa0s ðxÞγμ�giψ0

; ð22Þ

where S0 ¼ CSTC. Here, Su;d;s denotes the light quark
propagator and it is given at the nuclear medium in the
fixed-point gauge as [11]

Sabq ðxÞ≡ hψ0jT½qaðxÞqbð0Þ�jψ0iρN
¼ i

2π2
δab

1

ðx2Þ2 x −
mq

4π2
δab

1

x2
þ χaqðxÞχbqð0Þ

−
igs
32π2

FA
μνð0Þtab;A

1

x2
½xσμν þ σμνx� þ � � � ; ð23Þ

where ρN is the nuclear matter density,mq is the light quark
mass, χaq and χbq are the Grassmann background quark
fields, and FA

μν are classical background gluon fields. After
inserting Eq. (23) into Eqs. (19)–(22), we obtain the
products of the Grassmann background quark fields and
classical background gluon fields that correspond to the
ground-state matrix elements of the corresponding quark
and gluon operators [11]:

χqaαðxÞχqbβð0Þ ¼ hqaαðxÞqbβð0ÞiρN ;
FA
κλF

B
μν ¼ hGA

κλG
B
μνiρN ;

χqaαχ
q
bβF

A
μν ¼ hqaαqbβGA

μνiρN ;
and

χqaαχ
q
bβχ

q
cγχ

q
dδ ¼ hqaαqbβqcγqdδiρN : ð24Þ

Now, we need to define the quark, gluon, and mixed
condensates in nuclear matter. The matrix element

hqaαðxÞqbβð0ÞiρN is parametrized as [11]

hqaαðxÞqbβð0ÞiρN ¼−
δab
12

��
hqqiρN þxμhqDμqiρN

þ1

2
xμxνhqDμDνqiρN þ���

�
δαβ

þ
�
hqγλqiρN þxμhqγλDμqiρN

þ1

2
xμxνhqγλDμDνqiρN þ���

�
γλαβ

�
: ð25Þ

The quark-gluon mixed condensate in nuclear matter is
written as

hgsqaαqbβGA
μνiρN

¼ −
tAab
96

fhgsqσ ·GqiρN ½σμν þ iðuμγν − uνγμÞu�αβ
þ hgsquσ ·GqiρN ½σμνuþ iðuμγν − uνγμÞ�αβ
− 4ðhqu ·Du ·DqiρN þ imqhquu ·DqiρN Þ
× ½σμν þ 2iðuμγν − uνγμÞu�αβg; ð26Þ

where tAab are Gell-Mann matrices and Dμ ¼ 1
2
ðγμDþ

DγμÞ. The matrix element of the four-dimensional gluon
condensate can also be parametrized as
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hGA
κλG

B
μνiρN ¼ δAB

96
½hG2iρN ðgκμgλν − gκνgλμÞ

þOðhE2 þ B2iρN Þ�; ð27Þ

where we ignore the last term in this equation because of its
negligible contribution. The different condensates in the
above equations are defined in the following way [11,26]:

hqγμqiρN ¼hquqiρNuμ;
hqDμqiρN ¼hqu ·DqiρNuμ¼−imqhquqiρNuμ;

hqγμDνqiρN ¼
4

3
hquu ·DqiρN

�
uμuν−

1

4
gμν

�

þ i
3
mqhqqiρN ðuμuν−gμνÞ;

hqDμDνqiρN ¼
4

3
hqu ·Du ·DqiρN

�
uμuν−

1

4
gμν

�

−
1

6
hgsqσ ·GqiρN ðuμuν−gμνÞ;

hqγλDμDνqiρN ¼2hquu ·Du ·DqiρN�
uλuμuν−

1

6
ðuλgμνþuμgλνþuνgλμÞ

�

−
1

6
hgsquσ ·GqiρN ðuλuμuν−uλgμνÞ; ð28Þ

where, in their derivations, the equation of motion has been
used and the terms Oðm2

qÞ have been neglected due to their
ignorable contributions [11].
By substituting the above matrix elements and the in-

medium condensates, after lengthy calculations, we find the
expression of the correlation function in coordinate space.
Using the relation

1

ðx2Þn ¼
Z

dDt
ð2πÞD e−it·xið−1Þnþ12D−2nπD=2

×
ΓðD=2 − nÞ

ΓðnÞ
�
−
1

t2

�
D=2−n

; ð29Þ

we transform the calculations to the momentum space.
Then, with the help of the replacement

Γ
�
D
2
− n

��
−
1

L

�D
2
−n

→
ð−1Þn−1
ðn − 2Þ! ð−LÞ

n−2 lnð−LÞ; ð30Þ

we find the imaginary parts of the obtained results for
different structures called the spectral densities Δρiðp0; ~pÞ
in the OPE side in terms of ðp2Þn. After ordering the Dirac
matrices like the physical side, we set p2 ¼ p2

0 − j~pj2 and
replace p0 with w. In order to remove the contributions of
the negative-energy particles, we multiply the OPE side by

the weight function ðw − EpÞe−
w2

M2 like the physical side and
perform the integral

Πiðw0; ~pÞ ¼
Z

w0

−w0

dwΔρiðw; ~pÞðw − EpÞe−
w2

M2 : ð31Þ

By carrying out the integration over w, one can find the
Πiðw0; ~pÞ functions in the Borel scheme. By using
w0 ¼

ffiffiffiffiffi
s�0

p
, with s�0 being the continuum threshold in

nuclear matter, and making some variable changes, we
find the final expressions of theΠiðs�0;M2Þ functions. As an
example, we present the functionsΠiðs�0;M2Þ for Σ�, which
are obtained as

Πiðs�0;M2Þ ¼ Πpert
i ðs�0;M2Þ þ

Xk¼6

k¼3

Πk
i ðs�0;M2Þ; ð32Þ

where pert denotes the perturbative contributions and the
upper indices 3, 4, 5, and 6 stand for the nonperturbative
contributions. These functions are obtained as

Πpert
1 ðs�0;M2Þ ¼ 1

512π4
½3EpM2

ffiffiffiffiffi
s�0

p ðmd þmu þmsÞð3M2 − 4~p2 þ 2s�0Þ�e−
s�
0

M2

−
1

1024π4

Z
s�
0

0

ds
3Epðmd þmu þmsÞð3M4 − 4M2 ~p2 þ 4~p4Þffiffiffi

s
p e−

s
M2 ;

Πpert
2 ðs�0;M2Þ ¼ 1

640π4
½EpM2

ffiffiffiffiffi
s�0

p ð3M2 − 4~p2 þ 2s�0Þ�e−
s�
0

M2 −
1

1280π4

Z
s�
0

0

ds
Epð3M4 − 4M2~p2 þ 4~p4Þffiffiffi

s
p e−

s
M2 ;

Πpert
3 ðs�0;M2Þ ¼ 0; ð33Þ
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Π3
1ðs�0;M2Þ ¼ M2

ffiffiffiffiffi
s�0

p
24π2

½ð3ms þ 3md − 4mqÞhu†uiρN þ ð3mu þ 3ms − 4mqÞhd†diρN þ ð3mu þ 3md − 4msÞhs†siρN

− 2EpðhssiρN þ huuiρN þ hddiρN Þ�e
−

s�
0

M2

þ 1

144π2

Z
s�
0

0

ds
1ffiffiffi
s

p ½4EpðhdiD0iD0diρN þ huiD0iD0uiρN þ hsiD0iD0siρN Þ − 4EpðhdgsσGdiρN
þ hugsσGuiρN þ hsgsσGsiρN Þ − 12Epðmu þmsÞhd†iD0diρN − 12Epðmd þmsÞhu†iD0uiρN
− 12Epðmd þmuÞhs†iD0siρN − 6Epðmqms þmqmu −M2 þ 2~p2ÞhddiρN
− 6Epðmqms þmqmd −M2 þ 2~p2ÞhuuiρN − 6Epðmqmu þmqmd −M2 þ 2~p2ÞhssiρN
þ ð12mq − 9ms − 9muÞhd†diρN þ ð12mq − 9ms − 9mdÞhu†uiρN þ ð12mq − 9md − 9muÞhs†siρN �e

− s
M2 ;

Π3
2ðs�0;M2Þ ¼ M2

ffiffiffiffiffi
s�0

p
36π2

ðhu†uiρN þ hd†diρN þ hs†siρN Þ

þ 1

216π2

Z
s�
0

0

ds
1ffiffiffi
s

p ½4Epðhd†iD0diρN þ hu†iD0uiρN þ hs†iD0siρN Þ þ Epð27ms þ 27mu − 10mqÞhddiρN
þ Epð27ms þ 27md − 10mqÞhuuiρN þ Epð27mu þ 27md − 10mqÞhssiρN
− 3M2ðhu†uiρN þ hd†diρN hþs†siρN Þ�e

− s
M2 ;

Π3
3ðs�0;M2Þ ¼ M2

ffiffiffiffiffi
s�0

p
216π2

½−32ðhu†iD0uiρN þ hd†iD0diρN þ hs†iD0siρN Þ − 9Epðhu†uiρN þ hd†diρN þ hs†siρN Þ
þ 8mqðhuuiρN þ hddiρN þ hssiρN Þ�

þ 1

432π2

Z
s�
0

0

ds
1ffiffiffi
s

p ½12Epðhd†iD0iD0diρN þ hu†iD0iD0uiρN þ hs†iD0iD0siρN Þ

þ 32M2ðhd†iD0diρN þ hu†iD0uiρN þ hs†iD0siρN Þ − 8M2mqðhddiρN þ huuiρN þ hssiρN Þ
− 7Epðhd†gsσGdiρN þ hu†gsσGuiρN þ hs†gsσGsiρN Þ − Epð54mqms þ 54mqmu − 9M2 þ 18~p2Þhd†diρN
− Epð54mqmd þ 54mqms − 9M2 þ 18~p2Þhu†uiρN − Epð54mqmd þ 54mqmu − 9M2 þ 18~p2Þhs†siρN �e

− s
M2 ;

Π4
1ðs�0;M2Þ ¼ 1

128π2

�
αsG2

π

�
ρN

Z
s�
0

0

dw
Epðmd þmu þmsÞffiffiffiffi

w
p e−

s
M2 ;

Π4
2ðs�0;M2Þ ¼ 1

576π2

�
αsG2

π

�
ρN

Z
s�
0

0

ds
Epffiffiffi
s

p e−
s

M2 ;

Π4
3ðs�0;M2Þ ¼ 0; ð34Þ

Π5
1ðs�0;M2Þ ¼ 1

48π2
½4mqhs†iD0siρN þ 4mqhd†iD0diρN þ 4mqhu†iD0uiρN − 4hdiD0iD0diρN − 4hsiD0iD0siρN

− huiD0iD0uiρN − hdgsσGdiρN − hsgsσGsiρN − hugsσGuiρN �
Z

s�
0

0

ds
Epffiffiffi
s

p e−
s

M2 ;

Π5
2ðs�0;M2Þ ¼ 0;

Π5
3ðs�0;M2Þ ¼ −

1

72π2
½hd†gsσGdiρN þ hu†gsσGuiρN þ hs†gsσGsiρN �

Z
s�
0

0

ds
Epffiffiffi
s

p e−
s

M2 ; ð35Þ

Π6
1ðs�0;M2Þ ¼ 0;

Π6
2ðs�0;M2Þ ¼ 0;

Π6
3ðs�0;M2Þ ¼ 0: ð36Þ
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C. Sum rules for physical observables:
Numerical results

Having obtained the hadronic and OPE sides of the
correlation function, we match them to find QCD sum rules
for the mass, residue, and self-energies of the considered
decuplet baryons:

λ�2D m�
De

−
E2p

M2 ¼ Π1ðs�0;M2Þ;

λ�2D e−
E2p

M2 ¼ Π2ðs�0;M2Þ;

λ�2D Σνe
−

E2p

M2 ¼ Π3ðs�0;M2Þ: ð37Þ

Now, we proceed to numerically analyze the above sum
rules in the Δ0;Σ�;Ξ�, and Ω− channels, both in vacuum
and nuclear medium. The sum rules contain numerous
parameters, numerical values of which are collected in
Table II.
Besides the above input parameters, the QCD sum

rules depend also on two auxiliary parameters that should
be fixed: the Borel parameter M2 and the continuum
threshold s�0. The continuum threshold is not totally
arbitrary and it is correlated with the energy of the first
excited state with the same quantum numbers as the
interpolating currents for decuplet baryons. According
to the standard prescriptions, we take the interval
ðmD þ 0.4Þ2 GeV2 ≤ s�0 ≤ ðmD þ 0.6Þ2 GeV2. The stan-
dard criteria in calculating the working window of the
Borel parameter is that not only the contributions of the

higher resonances and continuum should be adequately
suppressed, but the contributions of the higher-dimensional
condensates should be small and the perturbative contri-
butions should exceed the nonperturbative ones. These
criteria lead to the following intervals:

1.1 GeV2 ≤ M2 ≤ 1.4 GeV2 for Δ0

1.5 GeV2 ≤ M2 ≤ 1.9 GeV2 for Σ�0

2.2 GeV2 ≤ M2 ≤ 2.5 GeV2 for Ξ�

2.6 GeV2 ≤ M2 ≤ 3.0 GeV2 for Ω−:

Making use of the working windows of the auxiliary
parameters and the values of other inputs, as examples, we

TABLE II. Numerical values of input parameters.

Input parameters Values

j~pj 270 MeV [11]
mu; md; ms 2.20.6−0.4 MeV; 4.70.5−0.4 MeV; 96þ8

−4 MeV [27]
ρN ð0.11Þ3 GeV3 [11,26,28]
hq†qiρN ; hs†siρN 3

2
ρN ; 0 [11,26,28,29]

hq̄qi0; hs̄si0 ð−0.241Þ3 GeV3; 0.8 hq̄qi0 [30]
mq 0.5ðmu þmdÞ [11,26,28]
σN 0.059 GeV [31]
y 0.04� 0.02 [32]; 0.066� 0.011� 0.002 [33]; 0.02(13)(10) [34]
hq̄qiρN ; hs̄siρN hq̄qi0 þ σN

2mq
ρN ; hs̄si0 þ y σN

2mq
ρN [11,26,28,29,35]

hq†gsσGqiρN ; hs†gsσGsiρN −0.33 GeV2ρN ; −y0.33 GeV2ρN [11,26,28,29,35]

hq†iD0qiρN ; hs†iD0siρN 0.18 GeVρN ;
mshs̄siρN

4
þ 0.02 GeVρN [11,26,28,29,35]

hq̄iD0qiρN ; hs̄iD0siρN 3
2
mqρN ≃ 0; 0 [11,26,28,29,35]

m2
0 0.8 GeV2 [30]

hq̄gsσGqi0; hs̄gsσGsi0 m2
0hq̄qi0; m2

0hs̄si0
hq̄gsσGqiρN ; hs̄gsσGsiρN hq̄gsσGqi0 þ 3 GeV2ρN ; hs̄gsσGsi0 þ 3y GeV2ρN [11,26,28,29,35]
hq̄iD0iD0qiρN ; hs̄iD0iD0siρN 0.3 GeV2ρN − 1

8
hq̄gsσGqiρN ; 0.3y GeV2ρN − 1

8
hs̄gsσGsiρN [11,26,28,29,35]

hq†iD0iD0qiρN ; hs†iD0iD0siρN 0.031 GeV2ρN − 1
12
hq†gsσGqiρN ; 0.031y GeV2ρN − 1

12
hs†gsσGsiρN [11,26,28,29,35]

hαsπ G2i0 ð0.33� 0.04Þ4 GeV4 [30]
hαsπ G2iρN hαsπ G2i0 − 0.65 GeVρN [11,26,28]

FIG. 1. The in-medium mass of the Δ baryon as a function of
M2 at different fixed values of the threshold parameter s0 and
central values of other input parameters.
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plot the in-medium mass m�
Δ, residue λ�Δ, and vector

self-energy Σν
Δ of the Δ baryon as functions of M2 at

different fixed values of the threshold parameter s0 and
central values of other input parameters in Figs. 1–3.
From these figures we see that the in-medium mass
and residue as well as the vector self-energy demonstrate
good stability with respect to M2 in its working
region. It is also clear that the results very weakly
depend on the threshold parameter s0 in its working
window.
In this part, we would like to briefly discuss

the dependence of the results on the values of the
three-momentum of the particles under consideration and
the density of the nuclear matter. We work at zero temper-
ature and, as is seen from Table II, we take the external
three-momentum of the quasiparticles approximately equal
to Fermi momentum, j~pj ¼ 270 MeV, in the numerical
analysis. However, our numerical results show that the
physical quantities overall do not considerably depend on
this parameter in the interval [0, 0.27] MeV (see Figs. 4–6).
This is an expected result. In the case of nucleons in nuclear
matter, each quasinucleon has its own quasi-Fermi sea;

hence, the external three-momentum of the quasinucleon is
set at the Fermi momentum at ρN ¼ 0.16 fm−3 ¼
ð110 MeVÞ3 [11,15]. For a similar reason, the external
three-momentum for the quasidecuplet baryons, especially
the strange members, can be easily set to zero. To see
how the results behave with respect to the nuclear matter
density, we show the dependence of the ratio of the
mass and residue of, for instance, the Δ baryon in nuclear
matter (m�

Δ, λ�Δ) to the mass and residue in vacuum
(mΔ, λΔ), as well as Σν

Δ=m
�
Δ on ρN=ρsatN , with ρsatN ¼

ð0.11Þ3 GeV3 being the saturation density used in the
analysis, in Figs. 7–9. From these figures we see that
the results depend linearly on the nuclear matter
density.
After numerical analyses of the results for all baryons,

using the values presented in Table II, we find the values of
the masses and residues both in nuclear matter and vacuum.
We also obtain the vector and scalar self-energies of the
baryons under consideration in the nuclear medium. Note
that the vacuum results are obtained from those of the in-
medium when ρN → 0. The average values for the con-
sidered physical quantities are presented in Table III. The

FIG. 3. The vector self-energy of the Δ baryon as a function of
M2 at different fixed values of the threshold parameter s0 and
central values of the other input parameters.

FIG. 4. The in-medium mass of the Δ baryon as a function of
j~pj at central values of all auxiliary and input parameters.

FIG. 5. The in-medium residue of the Δ baryon as a function of
j~pj at central values of all auxiliary and input parameters.

FIG. 2. The in-medium residue of the Δ baryon as a function of
M2 at different fixed values of the threshold parameter s0 and
central values of other input parameters.
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errors quoted in this table correspond to the uncertainties in
the calculations of the working regions for the auxiliary
parameters as well as those coming from the errors of other
input parameters.
From this table, first of all, we see that our predictions on

the masses in vacuum are in good consistency with the
average experimental data presented by PDG [27]. The
masses obtained in the nuclear medium show negative
shifts for all decuplet baryons. From the values of the scalar
self-energy (ΣS

D), demonstrating the shifts in the masses due
to finite density, we deduce that the maximum shift in the
masses, due to the nuclear medium, with the amount of
56% belongs to the Δ baryon and its minimum, 2%,
corresponds to the Ω− state. This is an expected result
since the Δ state has the same quark content as the nuclear
medium and is more affected by the nuclear matter. When
going from Δ to Ω−, the up and down quarks are replaced
with the strange quark. TheΩ− state, having three s quarks,
is less affected by the medium. The small shifts in the
parameters of Ω− may be attributed to the intrinsic
strangeness in the nucleons.
In the case of the residues, our predictions in vacuum

are overall comparable with those obtained in [36,37]
within the errors. The small differences may be linked

to different input parameters used in these works. The
values of residues are also considerably affected by
the medium. The shift in the residue of Δ with an amount
of 46% is the maximum. The residue of Ω− again is
minimally affected by the medium with an amount of
roughly 5%.
The value of vector self-energy is considerably large in

all decuplet channels. It is again systematically reduced
when going from the Δ to the Ω− baryon. Our results
may be confronted with the experimental data of the
PANDA Collaboration at the FAIR and NICA facility.
However, we should state that those experiments corre-
spond to heavy ion collisions and not exactly to a
nuclear medium. Hence, the appropriate way to make
such a comparison would be to present sum rules at finite
density but where the density is introduced through the
baryonic chemical potential. This offers the possibility of
exploring a wide range of densities. We worked with the
nuclear matter density since the in-medium condensates
are available as functions of nuclear matter density, not
chemical potential, and we extracted the zero-density
(vacuum) sum rules, as a means of normalizing the finite
density sum rules, to compare the results with the
available experimental data and other theoretical predic-
tions in vacuum.

FIG. 7. m�
Δ=mΔ versus ρN=ρsatN at central values ofM2 and other

input parameters.

FIG. 8. λ�Δ=λΔ versus ρN=ρsatN at central values of M2 and other
input parameters.

FIG. 9. Σν
Δ=mΔ versus ρN=ρsatN at central values ofM2 and other

input parameters.

FIG. 6. The vector self-energy of the Δ baryon as a function of
j~pj at central values of all auxiliary and input parameters.
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