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Positronium decay into a photon and neutrinos
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We determine the rates and energy and angular distributions of the positronium decays into a photon and
a neutrino-antineutrino pair, Ps — yv,v,. We find that both positronium spin states have access to this
decay channel, contrary to a previously published result. The low-energy tails of the spectra are shown to be
sensitive to the binding effects and agree with Low’s theorem. Additionally, we find a connection between
the behavior of the soft photon spectrum in both o-Ps — yv,, and 0-Ps — 3y decays, and the Stark effect.
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I. INTRODUCTION

Positronium (Ps), the bound state of an electron and its
antiparticle, is a metastable leptonic atom. It is the lightest
known atom and in many ways resembles hydrogen. Like
hydrogen, Ps can form two spin states: the singlet para-
positronium (p-Ps) and the triplet orthopositronium (o-Ps).
The lifetimes of Ps are determined by the electron-positron
annihilation rate at rest, ete™ — 2y, for p-Ps [1] and
eTe™ — 3y for o-Ps [2].

Decays of Ps can be precisely described within pure
quantum electrodynamics (QED), the only limitation being
the computational complexity of the higher orders in the
expansion in the fine structure constant & = 1/137. Despite
this complexity, many corrections in higher orders have
been calculated [3-15].

In addition to purely photonic decay modes, weak
interactions can transform Ps into final states involving
neutrinos [16-21]. Recently, Ref. [22] examined the exotic
decay of Ps into a photon and a neutrino-antineutrino pair
Ps — yv,U,, and claimed that only p-Ps can decay in this
way. On the other hand, Ref. [16] stated that o-Ps can decay
into such a final state and even estimated its branching
ratio.

To address the apparent contradiction of [22] and [16],
we calculate the Ps — yv, 7, decay rates and photon spectra
for both p-Ps and o-Ps (Sec. II). We find that both p-Ps and
0-Ps have access to the Ps — yv, iU, decay mode. In
addition to establishing a nonzero o-Ps rate, we find
differences between our calculated p-Ps rate and spectrum
and those of Ref. [22]. We calculate the angular distribu-
tions of Ps — yv,v, decays in Sec. IIL

It is easy to mislead oneself into thinking that only one
Ps spin state can decay into yow, since none of the
previously studied final states was accessible to both. In
pure QED, o-Ps can decay into an odd number of photons
and p-Ps into an even number only, by the charge-
conjugation (C) symmetry. However, the weak bosons
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couple to both the C-odd vector and the C-even axial
current. Thus, p-Ps can decay into a photon and a neutrino
pair by a vector coupling (analogous to its main yy decay)
while 0-Ps can decay into the same final state through an
axial coupling.

In three-body channels, the energy of decay products has
an extended distribution. Its low-energy tail is sensitive to
binding effects; such effects have been determined in the
three-photon decay of o-Ps [23-26]. We find analogous
phenomena in the Ps — yv, v, decay. In the present case
one can compare the low-energy behavior of p-Ps and o-Ps
decays, unlike in case of the 3y final state, accessible only
to 0-Ps. In Sec. V we employ the nonrelativistic effective
field theory (NREFT) methods of [24-26] to explain how
binding effects connect the linear behavior of the spectra
found in Sec. II with the cubic behavior at extremely low
energy, predicted by Low’s theorem [27] (Sec. IV).

II. DECAY RATES AND SPECTRA

The relevant e*e™ — yv, b, annihilation graphs for
Ps —» yv,v, decays are presented in Fig. 1. The photon
is emitted off the initial electron or positron before the et e~
pair annihilates into a neutrino-antineutrino pair via Z- or
W-boson exchange. The s-channel Z-boson exchange
[Fig. 1(a)] contributes to the amplitude for all lepton flavors,
¢, while the t-channel W-boson exchange [Fig. 1(b)]
contributes to the amplitude only when £ = e. The photon
can also be emitted off of an internal charged W boson
[Fig. 1(c)]; since this process is suppressed by an additional
factor of m? /M3, < 1 where m is the electron mass and My
is the W-boson mass, it is ignored in our calculations.

We begin by calculating both Ps — yv,v, decay ampli-
tudes. The initial incoming four-momenta of the electron
and positron are denoted by p; and p, while outgoing four-
momenta are denoted by k; where k; is the four-momentum
of the neutrino, k, the anti-neutrino and k, the photon.
Since the Ps binding energy is small, O(ma?), compared to
the rest mass of the initial leptons, their average kinetic
energy is negligible. Therefore, we take the initial electron
and positron to be at rest with four-momentum

© 2016 American Physical Society
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FIG. 1. Feynman graphs that contribute to the annihilation e
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e~ — yv, v, amplitudes relevant for the Ps — yv,v, decays where

¢ = e, yu, . For both (a) and (b), there is an analogous graph where the photon is emitted off the positron leg. Both (b) and (c) only

contribute to the amplitude when 7 = e.

p1 = p, =p = (m,0). Similarly, the momenta of the
virtual Z and W bosons are also negligible compared to
their rest masses and their momentum is neglected in the Z
and W propagators. To account for the bound state nature of
Ps, we include p-Ps and o-Ps projection operators in the
spinor trace of the amplitudes along with a factor of
wo(0)/y/m where y,(0) is the Ps ground state wave
function. With these considerations, the Ps — yv, v, decay
amplitudes are

W\O/(%O) iw(ky)y,(ve = asy’)v(ks)

S TI.\ij/o <yﬂ(1}f - afys)

k,—p,+m
WV"(W—‘M’S)) (1)
v

—m

iM,o = —4\/2ieGgm

ﬁl—ky—l—m &
(pr—k)>—m> 7

+¢5

where Gp = 1.166 x 107°/GeV? is the Fermi constant
[28], @ =1/137 is the fine structure constant, €, is the
photon polarization and W,,, are the p-Ps and o-Ps
projection operators of Ref. [29]. Here, v, and a, describe
the electron vector and axial-vector couplings induced by
Z- (¢ = e, u, ) and W- (£ = e; a Fierz transformation is
understood [17]) boson exchange,

[

— 4 sin’fy forf =e
Vy = (2)

— —sin%6yy, for £ = pu,,

N

1

agzz. (3)

Since the weak mixing angle, 0y, is such that sin® Oy, =
0.238 [30] (numerically close to 1/4), the vector
coupling is suppressed for £ =y, 7. We find the total
decay rates

2Gim’a*v?
973

for=e

for £ = pu, 1,

Fp = F(p-PS — ]/I/gl?f) =

~
~

3.5 x 10714571
{ @)

2.1 x 10717571

Wz 12 x 10714 ¢!
2773 ' '

(5)

The branching ratios are small, as expected for weak
decays,

[, =T(0-Ps — yv,i,) =

['(p-Ps — yv,v,)

Br(p-Ps — yuo) &

I'(p-Ps — 2y)
{4.3 x 107 for/=e ©)
T 126x102 for £ = p,z,

I'(0-Ps — yv,0p)
['(0-Ps — 3y)
~1.7x1072" for £ =e,p, 7. (7)

Br(o-Ps — yup) ~

We find that the o-Ps not only can decay radiatively into
neutrinos, but also that since it can decay into all three
flavors with equal probability, its total decay rate into
vuy is in fact slightly larger than for the p-Ps.

Equation (7) shows that the o-Ps branching ratio was
overestimated by 2 orders of magnitude in [16]. The
estimate of Ref. [16] has the correct powers of the universal
constants, Gg, a, and m,

F(O-PS - ]/l/fl]f) « <Gpm2>2 ~ 10_19 (8)

I'(0-Ps — 3y) a

However, the missing factor 4a2/(37%(z* —9)) ~0.01
reduces the branching ratio by 2 orders of magnitude.

In Ref. [22], o-Ps is claimed not to decay into yvv,
contrary to what we find. On the other hand, the decay rate
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FIG. 2. The photon spectrum of p-Ps — yv,v, (solid), o-Ps — yv,v, (dashed) and o-Ps — 3y (dotted) decays plotted over (a) the full
energy domain of the photon x, € (0,1) and (b) over the low-energy domain x, € (0,0.1).

of p-Ps into this final state seems to be overestimated by

about a factor 60. The authors’ result, presented as
4sz5

['(p-Ps = yu,b,) =° 5 Y(sin? Oy ), has the correct
dependence on coupling constants and the mass, but the
function of the weak mixing angle X(sin? #y,) seems to be
an error. This can be seen in Eq. (11) in [22] that describes
the decay into muon neutrinos. Only the Z boson contrib-
utes in this channel, so the amplitude should be propor-
tional to the vector coupling of the Z to electrons and vanish
when sin® @y, — 1/4; the expression in that equation does
not vanish in this limit.

For the photon spectra we find very simple expressions,

dr:

1

F_p@p =onll=x). ®)
1dr, 3

8o 2o 10
T, dx, 2% (2= %), (10)

where x, = E,/m € (0,1). These spectra are shown in
Fig. 2. Since there is some similarity between Ps — yv, v,
and o-Ps — 3y decays, the o-Ps — 3y spectrum (first
calculated by Ore and Powell [2]) is also included in
Fig. 2 for comparison. When the photon reaches the
maximum energy, x, = 1, the neutrino (left handed) and
the antineutrino (right handed) move collinearly in the
direction opposite to the photon. Their spins cancel and the
angular momentum of the system is carried by the photon’s
spin. Clearly, this is possible only for o-Ps; for this reason,
the p-Ps spectrum vanishes at x, = 1 [Fig. 2(a)]. This
spectrum also vanishes at x, = 0. However, the p-Ps
spectrum of Ref. [22] vanishes at neither x, = O nor x, = 1.

The p-Ps spectrum is maximal at x, = 1/2, different
from the maximum x, = 2/3 predicted in [22]. On the
other hand the o-Ps spectrum is maximal at x, = 1 when

the photon carries the whole angular momentum of the
system.

We also note that the spectra we have found (neglecting
binding effects) are linear in the low-energy limit
[Fig. 2(b)]. Since Low’s theorem [27] predicts the low-
energy behavior of the spectrum to be cubic rather than
linear, we determine how binding effects modify the results
(9) and (10) (Sec. IV).

III. ANGULAR DISTRIBUTIONS
OF Ps - yv,v, DECAYS

In Sec. II, we calculated the decay rates and spectra for
p-Ps and o0-Ps, and found that both can decay into a photon
and a neutrino-antineutrino pair. To better understand these
decays, we calculate the angular dependence of the Ps —
yvv, amplitudes (Sec. III A) and then use those amplitudes
to determine the angular distributions of Ps — yv,v,
decays (Sec. III B).

A. Angular dependence of the decay amplitudes

The angular dependence of the decay amplitudes is most
easily found by reformulating the three-body decay
Ps — yv,U,, in terms of a two-body decay Ps — yZ*, where
Z* is a massive vector boson of polarization € and four-
momentum ¢. Specifically, the three-body phase space of the
decay rate is factorized into two two-body phase spaces (one
for Ps — yZ* and one for Z* — vp) and an integral over the
invariant mass squared of the Z* boson. After integrating
over the neutrino momenta, the Ps — yv, v, decay rate can
be written as the integral of the Ps — yZ* decay rate
(multiplied by a factor from the Z* — v phase space) over
the invariant mass of Z* squared (Appendix A),

Gi

_ dg’ 2
- 27%a

7 q F(p/o)—Ps—»yZ*7

(11)

p/o
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TABLEIL. The p-Ps — yZ* decay amplitudes, 'Am’y nt, Jvse?, asa
function of the spherical angles 6 and ¢. Since p-Ps is odd under
parity, A_,/_,; = —A,;,, ; therefore, only the my, = +1 ampli-
tudes need be tabulated.

mz

m, +1 0 -1
+1 0 0 41'/\/5
where ¢ = k| + k, is the Z* four-momentum and

1 1 lwo(0)1?
Uip0)-ps—yze = §2mps / Ay (p1 + paig. k) — -

X_ Z |M (p/o)—Ps—yZ* 2 (12)

spm/pol

Here, g is the number of polarizations of the initial Ps state.

From (11), it is clear that the three-body problem Ps —
yVeU, can be described in terms of the two-body problem
Ps — yZ*. The Z* couples to the electron current through
both vector and axial-vector coupling with the Feynman
rule ie¢*(v, — ayy°) at each e*Z* vertex.

To construct the angular dependence of the Ps — yZ*
decay amplitudes on the spherical angles € and ¢, we first
determine the decay amplitudes to final states where the
photon moves along the +z-axis and the Z* boson moves
along the —z-axis. The angular dependence is then deter-
mined by rotating the initial state and considering decay
along the new z'-axis [31]. Alternatively, one can obtain the
angular dependence using the helicity basis formalism of
Refs. [32-35].

The p-Ps — yZ* decay amplitudes are isotropic and
given by

Am’y,m’z (97 ¢) = Am;,m’z & 5m’7.—m’zv (13)
where m, € {1} and m}, € {£1,0} are the spin projec-
tions of the photon and Z* along the z’-axis. The z’-axis
points along the photon trajectory defined by the spherical
polar angles € and ¢ in the original unrotated frame. The
p-Ps amplitudes were calculated and are listed in Table I.

The o-Ps — yZ* amplitudes must be calculated for each
initial polarization of 0-Ps. In the initial frame before decay,
the o-Ps atom is in a state of definite angular momentum
with some spin projection along the z-axis. We let |A)
represent this initial state. The o-Ps atom subsequently
decays along the 7’-axis with the amplitude AZ;\m; where
my € {£1, 0} is the initial spin projection of o-Ps along the
z-axis. The o-Ps amplitudes are derived in Appendix B and
are listed in Table IL

To validate the amplitudes in Tables I and II, we use them
to calculate the decay rates and photon spectra, and
compare these with those obtained in Sec. II. To do this,

PHYSICAL REVIEW D 94, 113012 (2016)

TABLE II. The o-Ps — yZ* decay amplitudes, .A o, / aye?, as
a function of the spherical angles € and ¢ evaluated at
q=-k,,E; =2m—E, The my =—1 amplitudes can be
obtained from the m, = +1 amplitudes by the replacment § —
0+ and ¢p > —¢.

my
my +1 0 -1
+1 41 0 V2(1+cosb)e [ /T—x, —2isinfe’
-1 2isinge™ —V2(1—cost)e'? /| /T=x, 0
0 +1 0 2sin6/\/T—x, 4icos6/v/2
-1 —4icos6/v2 —2sin0//1—x, 0

we first derive the spin averaged amplitudes squared. For
p-Ps, this task is simple,

1 5 16v%e*
g Z |Amymlz|q=—k,~EZ=2m—Ey = 3 ’ (14)
iy

To obtain the o-Ps spin averaged amplitude squared, it is
convenient to first sum over m, and m,

my my
Z ’A’"/+ q=-k,.E;=2m-E, Z'AmV_ q=-k,,E;=2m-E,

mAmy m\my
= 8aZe*, (15)
16 2,4
D) 9
q*—k Ez=2m-E, m — E}/
m\my

Then completing the sum over m), and dividing by the
number of o-Ps and Z* polarizations yields the spin
averaged amplitude squared,

16afe4 2-x,

Z | m m7 q*—k \E;=2m—E, 9

l—xy'
m@m ym'y

(17)

The decay rates and spectra are calculated by substituting
Egs. (14) and (17) into (11). Since the spin averaged
amplitudes squared are independent of € and ¢, the angular
integrations of (11) are easy and yield

4G2m3 o vix, (1 —x
e L dx{ (1 =) } (18)
37° 0 azx,(2 - x,)/3

4G mS ( v2/2
_ GFagm vy/ , (19)
97 2a2/3

where the top (bottom) line in the curly brackets is used for
the p-Ps (0-Ps) decay rate. The decay rates (19) are identical
to (4) and (5). The spectra are the integrands of Eq. (18) and
are also equal to the spectra (9) and (10). Thus, the
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TABLE L. The angular distributions for o-Ps — yv,, decays, (dZFZ,‘m, /dx,dcos 8)/T,. The m, = —1 distributions can be obtained
from the m, = +1 angular distributions by the replacement § — 6 +7’and qb — —¢.
my
my m, +1 0 -1
+1 +1 0 27 cos*(6/2)x,/8 27sin” Ox,(1 — x,)/16
-1 27sin” 0x,(1 — x,)/16 27sin*(6/2)x,/8 0
0 +1 0 27 sin” Ox,/16 27 cos® Ox, (1 —x,)/8
-1 27 cos? 6x,(1 —x,)/8 27 sin* Ox,/16 0

amplitudes of Tables I and II are consistent with our results
from Sec. IL

While it is evident that p-Ps and o-Ps cannot decay into
the same final states (even though they have the same
constituent particles), we confirm the orthogonality of the
p-Ps and o-Ps decay amplitudes. The o-Ps amplitudes,
A > are trivially orthogonal to the p-Ps amplitudes (13)
because p-Ps cannot decay into a longitudinally polarized
Z* and photon. To check the orthogonality of A;";‘jF, with

(13), we take their inner product,

[ a0 (A2 00) [ @@z 0. 20

't4(0,¢) are proportional to et or cosf

(dependmg on m,), the inner products vanish proving
orthogonality; this is as expected because A" ( ,P)
(Table II) are p-waves while the p-Ps amphtudes are s-
waves (Table I).

Thus, the p-Ps — yv,v, and 0-Ps — yv,v, decays do not
have access to the same final state despite the fact that the
final states contain the same constituent particles.

Since

B. Angular distributions

The angular distribution for a specific y + Z* final state
is found by differentiating the decay amplitude (11), where
the squared amplitude corresponding to the specific final
state (Tables I and II) is used in place of the spin averaged
amplitude squared, by x, and cos 6.

Since the p-Ps amplitudes are isotropic, the p-Ps — yv, v,
angular distributions are also isotropic [9T",x, (1 — x,)/2 for
m, = +1]. Thus, p-Ps is equally likely to decay into a
photon and a neutrino-antineutrino pair where the photon is
emitted in any direction.

The o-Ps — yv, v, angular distributions are determined
to be

1P, 27 ’

2 -x,) [
T,dx,dcosd 647 7 | 27

mmz

61/62

’

a=-k,.E;=2m-E,
(21)

and are tabulated in Table III. Since Z* is a mathematical
convenience, the physical angular distributions for a given

o-Ps polarization m, and photon helicity ), are obtained
by averaging over the Z* polarizations. For a o-Ps atom
initially polarized in the m, = O state, the angular distri-
butions for decay into a photon of helicity m;, £ 1 are
9I', (sin? 6x, + 2 cos® Ox,(1 — x,))/16 and nonzero for all
6. The angular distribution for o-Ps initially polarized in the
my = +1 state decaying into a photon of helicity m;, = +1
is 9T, (2cos*(0/2)x, 4 sin® Ox, (1 — x,))/16; since this
angular distribution vanishes for @ = z, an o-Ps atom in
the m, = +1 state cannot decay into a photon of helicity
m;, = +1 along the —z-axis. Similarly, a 0-Ps atom initially
polarized in the m, = +1 state cannot decay into a photon
of helicity mj, = —1 along the +z-axis.

The photon spectrum for a specific y + Z* final state is
calculated by integrating the corresponding angular dis-
tribution by dcos 6. These spectra are listed in Tables IV
and V and provide further insight into Eqs. (9) and (10).

The photon spectrum of decays to final states with m, =
+ and m, = 7 is proportional to x,(1 — x,) and vanishes
as x, = 1. On the other hand, the photon spectrum of
decays to final states with m), = + and m’, = 0 is linear and
maximal at x, — 1. The o-Ps photon spectrum is maximal
at x, =1 because the o-Ps decay has access to two
additional final states with a longitudinally polarized Z*;

TABLE 1V. p-Ps — yv,D, photon spectra, (dI',/dx,)/T,, for
specific y + Z* final states. Since [ A, [* = [ A, >, only
the m), = +1 decay rates need be tabulated.

myz

m, +1 0 -1
+1 0 0 9x,(1 - x,)
TABLE V. o-Ps — yv,0, photon spectra, (dI',/dx,)/T,, for
specific y + Z* final states and any m,.

my
m, +1 0 -1
+1 0 9x,/4 9x,(1 —x,)/4
-1 9x,(1 —x,)/4 9x,/4 0
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these add to the linear term in the spectrum. The A’}
amplitudes contain a factor of 2m/q =1/,/T—x, from the
longitudinal polarization of Z*. This factor enhances the
amplitude for high-energy photons and cancels the factor
q* (1 —x,) in the dg* integral of (11). In the high-energy
limit, x, — 1, the longitudinal polarization of Z* represents
a final state where the neutrino and antineutrino are
collinear.

IV. LOW’S THEOREM AND THE SOFT PHOTON
LIMIT OF THE SPECTRA

Low’s theorem [27] places constraints on the amplitude
of any radiative process and predicts the spectrum in the
soft photon limit. In Sec. II, the tree level electroweak
photon spectra, Egs. (9) and (10), were found to be linear in
the low-energy limit, similar to the Ore-Powell o-Ps — 3y
spectrum. However, it was pointed out by Ref. [23] that the
Ore-Powell spectrum is in contradiction with Low’s theo-
rem. Therefore, it is important to reconcile Egs. (9) and (10)
with Low’s theorem.

Low’s theorem states that the O(E;") and O(E?) terms
in the Laurent expansion of the radiative amplitude,
X — Y +y, are obtained from knowledge of the nonradia-
tive amplitude, X — Y [23,24,27]. Expanding the radiative
amplitude, €M, in a Laurent series in the photon energy,
we obtain

M, = M,EL (22)
P

where M is the coefficient of the O(E/™") term of the
Laurent series. The coefficients M and M, are indepen-
dent of E, and determined by the nonradiative amplitude,
its derivatives in physically allowed regions and the
anomalous magnetic moments of the particles involved
in the reaction [27].

The M, coefficient is proportional to the nonradiative
amplitude multiplied by the factor —Q;e - p;/k, - p;, which
arises from the emission of a photon by an outgoing or
ingoing particle [24]. The M, coefficient vanishes when
there are no moving charged particles in the initial and final
state of the nonradiative process or when the nonradiative
amplitude is 0. The coefficient M is a function of the
magnetic moments of the particles as well as the non-
radiative amplitude and its derivatives with respect to
energy and angle [27].

By combining the behavior of the radiative amplitude
and the phase space, we find that the low-energy photon
spectrum has the form

ar A
— — 2 {B+CE,+DE+O(E), (23
iE, " E, v 7 v

where

PHYSICAL REVIEW D 94, 113012 (2016)

A= |M0 2,
B = MgM; + M M;,
C= |M1|2 + M()M; + MQME;,

D = MoM; + MM+ MiM; + MoM;. (24)

If M, vanishes, then A =B =0 and the soft photon
spectrum is of order E,dE,. If both M, and M, vanish,
then A = B = C = D = 0 and the soft photon spectrum is
of order E;dE,.

For p-Ps — yv,v,, the nonradiative p-Ps — v,v, ampli-
tude vanishes [17]; application of Low’s theorem yields
M, 1 = 0 for the radiative decay, p-Ps — yv,¥,. Since the
radiative o-Ps — yv,v, decay proceeds only via axial-
vector coupling while the nonradiative o-Ps — v,v, ampli-
tude is proportional to vector coupling [17], Low’s theorem
requires that the O(E; ") and O(EY) terms of the radiative
0-Ps — yv,, amplitude vanish (i.e., M ; = 0). Thus, for
both Ps — yv,v, decays, Low’s theorem predicts that the
photon spectra are cubic in the low-energy limit in apparent
contradiction with Egs. (9) and (10).

Equations (9) and (10) were calculated using the tree
level electroweak amplitude for the ete™ — yv, v, anni-
hilation multiplied by the probability density for the eTe™
pair to be at the origin. This calculation assumes that the
electron and positron are initially free and at rest, and
therefore neglects the binding effects in Ps. Binding effects
are of order ma?®. For photons with comparable energies,
binding effects become important and Egs. (9) and (10) are
no longer accurate.

To resolve the contradiction between Egs. (9) and (10),
and Low’s theorem, we must include binding effects in the
soft photon spectrum of Ps — yv,r, decays. To do this we
employ the NREFT methods developed in Refs. [24-26].

V. SOFT PHOTON DECAY SPECTRA

NREFTs provide a systematic way of incorporating
binding effects in the computation of bound state decay
amplitudes. One computes the decay amplitudes in electro-
weak theory. Then a NREFT Hamiltonian is constructed to
reproduce the soft photon limit of the electroweak ampli-
tudes when ignoring binding effects. In other words, the
effective theory dynamics (ignoring binding effects) are set
equal to the low-energy limit of the electroweak dynamics.
The soft photon limit of the electroweak amplitudes are
calculated in Sec. V A. They are used in Secs. VC and VD
to calculate the matching condition used to verify that the
effective theory amplitudes (without binding) are indeed
equal to the soft photon limit of the electroweak
amplitudes.

Once this matching has been performed, the NREFT
Hamiltonian is used to calculate the effective theory
amplitudes and subsequently the soft photon spectra.
The effective theory amplitudes are calculated using
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time-ordered perturbation theory and have both long
(Coulomb) and short distance (annihilation into a v,0,
pair) contributions.

The Coulomb (H,) and Coulomb interaction (H;y)
Hamiltonians describe the bound state dynamics of an
eTe” pair interacting with a quantized electromagnetic
field. Following Ref. [25], we argue that the dipole approxi-
mation of the Coulomb interaction Hamiltonian is valid in
the energy range £, << m (Sec. V B). In the dipole approxi-
mation, the Coulomb Hamiltonians are

H:HC+Hint’ (25)
2
He="-%, (26)
m r
Hyy = —ex-E —yul6, +06,]- B, (27)

in terms of the center of mass variablesp = (p; — p»)/2 and
X = X; — X, where the subindices 1, 2 refer to the electron
and positron [24]. Here, 6, are the Pauli matrices acting on
the electron (¢) and positron (y) spinors. The electric, E, and
magnetic, B, fields are evaluated in the dipole approxima-
tion and H;,, can induce both E1 and M1 transitions within
the Ps atom.

The Coulomb Hamiltonian H ¢ is the leading term in the
velocity of the electron v <« 1. The Coulomb interaction
Hamiltonian, H;,, is higher order in » and taken as a
perturbation. The (p/o)-Ps annihilation amplitude is given
by the first order v expansion of the electroweak ete™ —
v,U, annihilation amplitude calculated in Appendix C.
While the neutrino energies are of order O(m), a non-
relativistic treatment is still valid since the annihilation into
a neutrino-antineutrino pair is a short distance effect—the
neutrinos are not dynamical.

A. Soft photon limit of the tree level
electroweak decay amplitude

Using the standard Feynman rules, the Ps — yvv decay
amplitude (Fig. 1) is

ﬁl—k7+m &

M= =2/2iGrem(p) (Hve = ar’) DI
4

F I S a) Jup). (9
(ky -p 2) —-m
where J¥#(ky,ky) = ii(k;)y*(1 — y>)v(k,) is the neutrino
current, p; and p, are the electron and positron four-
momenta, k; and k, are the neutrino and antineutrino four-
momenta, k, is the photon four-momentum and e, is the
photon polarization.

We choose the Dirac representation for the electron and
positron spinors in (28). In this representation, the electron
spinor is

PHYSICAL REVIEW D 94, 113012 (2016)

o) == (""" o

where E = /m? + p?, ¢, is the two-component electron
spinor and the index s denotes the spin projection [36]. The
positron spinors are related to the electron spinors by

charge conjugation,
1 p-o
e o 30
\/E+m<E+m>X G30)

where y, is the two-component spinor of the positron.
Since the Ps binding energy is small, O(ma?), the typical
momentum of the electron is small and we neglect it
lie., p1 = p = (m,0)]. In the limit E, — 0, the neutrino
momenta are back to back (k;=-k,) and J°—0.
Factoring out the E, dependence and working with

k, =k,/E,, Eq. (28) becomes

v,(p) =

M =2/2Grey" (v, (k, x€,) - I+ as(e, x J) - 0),
(31)

where we choose €, to be real and transverse to k,.
Projecting the electron and positron spinors onto the
p-Ps (v'¢p = V2 and y'e¢p — 0) and o-Ps (y'¢p — 0 and
yiep — \/28) states, the low-energy limit of the electro-
weak amplitudes is

M, = 4Ggevs(e, x J) - k,, (32)
M, = 4GFeaf(€y xJ)-& (33)
where & is the o-Ps polarization vector.

B. Dipole approximation of the Coulomb
interaction Hamiltonian

While normally the dipole approximation is applicable
for photons with wavelengths much larger than the spatial
extent of the Ps atom, 2/ma (i.e., E, < ma), it has been
shown that the dipole approximation of the Coulomb
interaction Hamiltonian holds in the enlarged energy region
E, < m for the three-body decay o-Ps — 3y [25,26]. In
this energy region, amplitudes where the intermediate states
propagate via the Coulomb Green’s function are a series in
a/m/E, ~ \/a rather than integer powers of a. The main
contributions to the effective field theory amplitudes arise
from distances of order O(1/,/mE,), which are much

smaller than the Ps radius O(1/ma) [26]. We argue that the
same considerations apply to Ps — yv,0, decays and that
the dipole approximation holds in the extended energy
range £, < m.

Initially, the Ps atom is in either the 'S, or 3, states at
energy E, = —ma?/4 relative to the threshold. The p-Ps
(0-Ps) atom then emits a soft photon and the eTe™ pair
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N

(a)
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(b)

FIG. 3. Effective theory graphs for (a) p-Ps — yv,v, and (b) 0-Ps — yv,v,. The open square (circle) represents a M1 (E1) transition
while the solid star represents the annihilation of o-Ps into a neutrino-antineutrino pair.

propagates nonrelativistically in the Coulomb field in a
C-odd (C-even) state of energy E, — E, before annihilating
into a neutrino-antineutrino pair (Fig. 3).

The Green’s function of the e™e™ pair, interacting via a
Coulomb field, G, describes the propagation of the pair
between the emission of the soft photon and the annihi-
lation into a neutrino-antineutrino pair. It satisfies the
equation

(He+5 )Gty =otx-y) (34

and has a factor exp (—xr) with —x?/m = E,. Therefore,
the virtual pair propagates over a distance of O(k~!) [25].
Since the spin-singlet state cannot annihilate into a
neutrino-antineutrino pair [17], the virtual C-odd (C-even)
state of Fig. 3(a) [3(b)] must be a triplet state of orbital
angular momentum L =2n (L =2n+ 1) for n a non-
negative integer. The amplitude for annihilation contains L
derivatives of the wave function at the origin and is
proportional to (k/m)L. Since the exp(—«r) dependence
of the Green’s function constrains the product E,r to
|

order 1, the contributions of the intermediate states of
Fig. 3 to the amplitude are proportional to (E,/m)".

Therefore, only the intermediate states with the lowest n
(i.e., n = 0) need to be considered for E, < m [25]. The
intermediate state of Fig. 3(a) is the o-Ps ground state, 135,
while the intermediate states of Fig. 3(b) are the L = 1 0-Ps
excited states, n3P0, 12- These states are reached from the
initial p-Ps and o-Ps ground states by M1 and El
transitions, respectively. Thus, the dipole approximation
is valid in the energy region E, < m.

C. Soft photon spectrum for p-Ps — yv v,

As noted in Sec. V B, p-Ps cannot decay into a v,v, pair;
therefore, p-Ps — yv,v, decay proceeds solely through an
MI transition. The M1 interaction flips the spin of either
the electron or positron and takes the initial p-Ps state, 1!,
to an intermediate o-Ps state. Within the dipole approxi-
mation, the only allowed intermediate state is the o-Ps
ground state, 13S.

In time-ordered perturbation theory, the effective theory
amplitude for p-Ps — yv,v,, Fig. 3(a), is

Meft — Z i<0|A§UM)|” (nliu(ey +6,) - B|p-Ps) — Z _i<0|12‘£yfpf)|13S1;mx>(13Sl;mS|i,u(o'¢7 +6,) - B|p-Ps)
P E

n EP_E"_ 14 my

where AE = E, — E, is the hyperfine splitting energy
difference, and E, and E, are the p-Ps and o-Ps ground
state energies. Here, Ag”” is the s-wave 0-Ps — v 0,
annihilation operator (derived in Appendix C),

AY) = 2\2iGemu,(J - 6). (36)

To simplify the effective theory amplitude, we begin by
evaluating the annihilation and magnetic matrix elements in
the numerator. Projecting the electron and positron spinors
onto the spin triplet state (y'o¢ — +/2€), the annihilation
matrix element becomes

, 35
AEy + E, (35)
l -
<O|A£W/)|13S1§ms> = 2V2iGpmu,J - (x'o¢)yo(0)
= 4iGpmv/J - &y (0), (37)
where y, is the Ps ground state wave function. The
magnetic matrix element is
(PSizm,lin(ey + o) - Blp-Ps)
€ > T *
= EEy(ky X 6}/) ’ ()( 64’)
=2 E/(k, xe,) - V2E". (38)

V2m
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FIG. 4. Log-log plot of the ratio of the effective theory amplitude to the tree level electroweak amplitude for p-Ps — yvv decays in
(a) the low-energy limit a® < x, < a* and (b) the high-energy limit o’ /5 < x, < 1. The vertical line in (a) indicates the hyperfine
splitting energy (x, = ¢ = 7a*/12) while the horizontal line in (b) is placed at 1 to indicate the region where the effective and full theory

spectra are equal.

Summed over the polarizations of the intermediate o-Ps
states in (35),

> ee = (39)
¢
the effective theory amplitude becomes
M3 = 4Grevayo(0)(e, x J) -k, An(E,).  (40)

where y, is the ground state Ps wave function. The
magnetic amplitude, A4, contains all of the dependence
on soft photon energy in the effective theory amplitude,
E Xy _ AEhfS

An(E,) = ! = ,
m(Ey) AEy+E, €+x, ¢ m

(41)

To ensure that the effective theory amplitude (40) is
consistent with electroweak theory, we consider x, > ¢
and neglect the hyperfine energy difference in the energy
denominator of (35) (i.e., A,, = 1). The effective theory
amplitude, ignoring binding effects, is therefore
M — 4Grev, o (0) (e, x J) - K, . (42)
Since (42) is equal to the soft photon limit of the tree level
electroweak amplitude (32), the M1 transition and annihi-
lation operator (36) fully account for the emitted soft
photon and v,7, annihilation in p-Ps — yv,v, decays.
Assured that the effective theory amplitude (40) is
consistent with the full electroweak theory, we use it to
calculate the low-energy photon spectrum. We need both
the three body phase space in the x, — 0 limit and the spin
averaged amplitude squared. In the x, — 0 limit, the three
body phase space is

L 5

1
[W dxldx},} o0 ~ m 2 dcos de},,

(43)

where 6 is the angle between the neutrino and photon. The
spin averaged square of the amplitude is

D OIMEP = "[4Grevepo(0) An(E, ) (e, x J) - K, |°

€y €y

x, > 0 = 128GEv2am’ | Ay (E,)|*(1 4 cos?d), (44)
where 3°, [(€, < J) k,?=16E3(1+ (k, k)?), k, -k, =
cos and E; —» m. Here, ﬁl and 127 are the unit
3-momentum vectors of the neutrino and photon.

The effective theory photon spectrum is obtained by
multiplying (44) by (43) and integrating over d cos @ where
the allowed integration range is —1 < cosf <1,

LdO\e 973 1 ox
- _r - - d 0—_}' eff |2
(rp dx) zmSa“G%y;/_l 287 2 €Z|M" |

= 6x,| AL (E,) . (45)

The spectrum is proportional to the square of the magnetic

amplitude, A,,,. The magnetic amplitude has simple asymp-

totic behavior; it is linear in x, for x, < e and approx-
imately constant for x, > e,

x,/e forx, <e

Anm 7 ! 46

" {1 for x, > e. (46)

Therefore, the effective theory spectrum (45) is cubic in x,
in the low-energy limit, x, <€, as required by Low’s
theorem. Above the hyperfine splitting, x, > ¢, the spec-
trum shifts from being cubic in the photon energy to linear.

The ratio of the p-Ps — yv, v, effective theory to the tree
level electroweak spectrum is plotted in Fig. 4. In the
intermediate energy region (¢ < x, < 1), the ratio plateaus
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near 1 (Fig. 4) indicating that the effective theory and tree
level electroweak spectrum (9) are approximately equal
(the two spectra intersect at x, ~ 5.75 X 1073). For high-
energy photons x, < I, the ratio spikes revealing that the
effective theory spectrum differs significantly from the
tree level electroweak spectrum and is no longer accurate
[Fig. 4(b)]. Below the hyperfine energy splitting, the ratio
in the log-log plot is linear with a slope of 2 since the
effective theory spectrum is cubic in x, while the tree level
electroweak spectrum is linear [Fig. 4(a)].

D. Soft photon spectrum for o-Ps — yvi

In o-Ps - yv,v, decays, the El transition takes the
initial o-Ps ground state, 1351, to the excited o-Ps states
n3Py 5 (n # 1), which then decay into a v,7, pair. The M1
transition takes the initial o-Ps state, 13S1, to the p-Ps
ground state, 1!, which cannot decay into a v, pair and
therefore does not need to be considered.

The effective theory o-Ps — yv,v, decay amplitude,
Fig. 3(b), is given by

. A (vely) .
i(0|A n){nliex-E|o-Ps
Mgff_E :< | p E|_><E|_E | >

n

(0](J X-€,|0-Ps

(47)
where A(W %) is the p-wave o-Ps — v,D, annihilation
operator (derived in Appendix C),

A = VG i) b @9

As in the calculation of the effective theory p-Ps — yv v,
amplitude (Sec. V C), we now demonstrate that the effective
theory amplitude (without binding) is equal to the soft
photon limit of the electroweak amplitude. To calculate the
effective theory amplitude, ignoring binding effects, we take
E, > ma* and ignore E,, — E,, in the energy denominator of
(47) which yields

M - 2V2iGrasey (0|(J x 6) - p|n)(n|x - €,|o-Ps)
= 2V2iGga,e(0|(J x o) - px - €,|0-Ps). (49)

The tensor operator p'x/ can be decomposed into irreducible
spherical tensor operators

N U pix/ — p/x!
I — . -
p X 3 p-x+ 3

1/ . . 2
+§ <p’x-’ +p/x — 55”13 : X)- (50)

PHYSICAL REVIEW D 94, 113012 (2016)

Since the initial o-Ps state is an s-wave, only the operator
with zero angular momentum [first term of (50)] gives a
nonzero matrix element. Additionally, we may take the
operator p to act only on x because x - Vi, vanishes at the
origin. With these considerations, the effective theory
amplitude (ignoring binding effects) (49) simplifies to

M~ 4Grea (I x€) B0 (51

Since this is equal to the soft photon limit of the tree level
electroweak amplitude (33), the E1l transition and annihi-
lation operator (48) fully account for the emitted soft photon
and v,v, annihilation in o-Ps — yv,U, decays. Thus,
Eq. (47) is the complete effective theory amplitude.

We now return to the general case, without any assump-
tions about photon energies. Expanding the inner products
of the effective theory amplitude (47), we find

M = 4GreasE,(J x §)'e]

/ Bxd?ys®) (x)0; (Z—é l?;'/y’Dy%(y)
= 4Ggea,E,(J x £)el

x / &[0 Ge(x. ¥, )lx_oywol) (52)

where —x*/m = E, — E, and G¢(x,y, k) is the Coulomb
Green’s function. The derivative selects the [/ = 1 partial
wave of the Green’s function [26],

[0\Ge(x.y.x)]

where the partial wave decomposition of the Coulomb
Green’s function can be found in Appendix C of Ref. [24].
Substituting (53) into (52) and preforming the angular
integrations yields the effective theory amplitude

€wo(0)A(E,).  (54)

Here, the electric amplitude, A., is determined to be

x=0 = 3y'G1(0.y.x). (53)

Meff 4GFeaf( E)

4nE 0o
E) = r dyy*G¢ (0, y;
AE) = 2 [ Gea 0,32 )
_(1=v)(3+5v)
 3(14w)?

201 _ _
MQFI 1,2—1/;3—1/;1/ ! s
32-v)(1+v) v+1

(55)
where v = In the first line of (55) we use the

a
integral representation of the electric amplitude from
Ref. [25]. The hypergeometric function ,F simplifies to
the so-called Hurwitz-Lerch ® function [37],
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1 v—1
—F/(1,2—-1v;3—-1;
2 -2 ‘< g ”u+1>
1 -1
- o[l 1.2-0
2—v v+1

— 1 v—1\"
_22—u+n<u+l> ' (56)

812 & 1 v—1\"
3+5 . (57
X{ i y+1+y;2—y+n<y+l) } (57)

At high energies, equivalent to x, > o* and v = 5 4= =0,
v
this amplitude can be expanded as a series in a/, /%,

20 (2-2In2)a?
+
3V 3x,
For x, > a?, the electric amplitude is thus approximately 1.
In this region the binding effects are relatively unimportant.
Indeed, the expression (54) agrees with the amplitude
obtained when binding effects are ignored, Eq. (51), when

we take A, — 1.
On the other hand, in the extreme soft photon limit

A=1-

+ . (x,>a?).  (58)

x, < a?, equivalenttor = 1 — % — 17, the electric ampli-
tude can be expanded as a series in x,/a’. The leading

behavior is

2x
a_zy + ... (x, < a?). (59)

A =

The leading term in the soft photon limit is linear in x, with
a slope of 2/a’.

To summarize, the electric amplitude is linear in the
photon energy below the binding energy and approximately
constant above it. The expansions (59) and (58) are
important when determining the behavior of the photon
spectrum in the limits x, < @* and x, > o>

It is instructive to look for a simpler way to derive the
leading low-energy term (59). In the soft photon limit, the
wavelength is large and the electric field of the wave is
approximately constant. This is similar to the situation in
the Stark effect. Since the first order correction to the ground
state energy for the Stark effect vanishes [E(V)
(wo|x - €,|yo) = 0], one evaluates the second order correc-
tion to the ground state energy,

po = S Wl Il )
n#0 EO - En

where H' « x - €, = rcos 6. The form of (60) is similar to

the low-energy limit of the effective theory amplitude where

E, = 0 in the energy denominator of (47),

PHYSICAL REVIEW D 94, 113012 (2016)

0[(Jxe)-p|n)(n|x-€,|o-Ps)
Eo_En .

Mt =-2V2iGreasE,y | <
(61)

Since Eq. (60) can be summed exactly using the method of
Dalgarno and Lewis [38,39], we can exploit the similarity
between Eqgs. (60) and (61) to evaluate the effective theory
amplitude in the soft photon limit.

Equations (60) and (61) can be summed exactly by
finding a function F that satisfies

[F, Holyo(x) = X - €,y0(x). (62)

For the unperturbed positronium Hamiltonian, H, the
function F is given by

m ar
F:—EX'€7<(12+7>. (63)
With F in hand, we evaluate Eq. (61),
M = —2\/§iGFeany<0|(J x &) - pF|o-Ps)

— —4GrearE (I x§)- [ @26V (Fyo(x)

2
= 4Greanyo(0)(e, x 3) 61 (64)

Thus, in the limit x, <a? the electric amplitude is A,~
2x,/ a®, which is equal to the first order term of the
expansion (59).

Similarly, the Stark effect can be related to the soft
photon limit of the El portion of the o-Ps — 3y decay
amplitude. The annihilation operator that contributes to the
El portion of the o-Ps — 3y decay amplitude is of the same
form as the o-Ps p-wave v,7, annihilation operator and
contains a p derivitive. A calculation, using the summation
technique above, reveals that in the soft photon limit,
A, z2xy/a2. This agrees with the soft photon limit of
the electric amplitude derived in [24,26] by expansion of
the p-wave Green’s function.

With this understanding of the electric amplitude, we
proceed to the photon spectrum. Both the spin averaged
square of the amplitude (54) and the three-body phase
space in the x — 0 limit are needed. Squaring (54),
summing over the photon polarizations and averaging over
the initial o-Ps polarizations yields

1 1
3D IMET =3 4Greasy(0)A(E))(€, < J) - &P
&e, &e,

1
x, > 0> 128Giaza*m’| A (E,)|? (1 —3cos29> :

(65)
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Log-log plot of the ratio of the effective theory amplitude to the tree level electroweak amplitude for p-Ps — yvw decays for

(a) the low-energy limit o* < x, < 0.1 and for (b) the high-energy limit a? < x, < 1. The vertical line in (a) indicates the binding energy
(x, = a?/2) while the horizontal line in (b) is placed at 1 where the effective theory and electroweak theory spectra are equal.

where Y. |(e, x J) - €%/3 = (16E})(1 - 3 (k, - k,)?),
lA(], .k, =cos@ and E; — m. Multiplying by the three-
body phase space in the limit x, — 0 and integrating over
cos 6 yields the effective theory spectrum

1dr et 274
I,dx,) — 8Gim’a*a’
x, 1
d 0 _J’_ eff
/_ OS85 2 3;
= 3x,|A(E,)[*. (66)

The effective theory spectrum is proportional to the square
of the electric amplitude and thus shares the same transi-
tional behavior at x, = a?. Substituting the leading term
from Egs. (59) and (58) into (66) we obtain the approximate
form of the spectrum in the limits x, < a” and x, > a?,

" 12
(i dF0> € ~ ? )C},
[, dx, 3

14

for x, <K a?

(67)
for X, > a?

Clearly, for photons with x, < a?, the spectrum is cubic in
the photon energy as required by Low’s theorem. For
photons in the energy range o < x, < 1, both the
effective theory and tree level electroweak spectra are
approximately linear with a slope of 3.

The ratio of the effective theory spectrum to the tree level
electroweak spectrum for o-Ps — yv,7, decays is plotted in
Fig. 5. The effective theory spectrum and tree level
electroweak spectrum are approximately equal in the
intermediate energy range x, ~ O(1072 — 107") (Fig. 5).
For high-energy photons the ratio spikes upward indicating
that the effective theory spectrum differs significantly from

the tree level electroweak spectrum and is no longer
accurate [Fig. 5(b)]. Below the binding energy, the ratio
in the log-log plot is linear with a slope of 2 since the
effective theory spectrum is cubic in x, while the tree level
electroweak spectrum is linear [Fig. 5(a)].

VI. CONCLUSIONS

We calculated the decay rate and photon spectrum of the
decay of Ps into a photon and a neutrino-antineutrino pair
(Ps — yv,v,). Both Ps spin states have access to the yv, v,
decay channel where the p-Ps and o-Ps final states are
orthogonal despite being comprised of the same particles.
The decay rates are given by (4) and (5) and the tree
level electroweak photon spectrum by (9) and (10). These
rates and spectra were further examined by calculating
the angular dependence of the decay amplitudes, angular
distributions and spectra for specific y + Z* final states
(Tables I-1V).

In principle, this decay could be observed. Experimentally,
this channel would appear as the decay of Ps into a single
photon if the neutrinos go undetected. Experimental detection
of this channel would however be very challenging given the
small branching ratios.

The soft photon limit of the tree level electroweak spectra
[Egs. (9) and (10)] was compared with that predicted by
Low’s theorem and found to be in disagreement. This
contradiction was resolved by including binding effects in
the computation of the soft photon spectrum using the
methods of nonrelativistic effective field theories. The
effective theory spectra are given by Egs. (45) and (66),
and are valid for photon energies much less than the
electron mass.

For photon energies much larger than the hyperfine
splitting yet still much smaller than the electron rest
mass (ma* < E, < m), the p-Ps — yv, v, effective theory
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spectrum approaches the tree level electroweak spectrum
(9). Below the hyperfine splitting (E, < ma*), the effective
theory spectrum is cubic in the soft photon energy as
required by Low’s theorem. In the dipole approximation of
the Coulomb interaction, soft photon p-Ps — yv,U, decays
proceed only by the magnetic M1 transition.

The o-Ps — yv, v, effective theory spectrum approaches
the tree level electroweak spectrum (10) for photon
energies much larger than the binding energy but still
much smaller than the electron rest mass (ma? < E, <m).
For photon energies much smaller than the binding energy
(E, < ma?), the effective theory spectrum is cubic in the
photon energy as required by Low’s theorem. In the dipole
approximation of the Coulomb interaction, soft photon
0-Ps — yv,U, decays proceed only by the electric El
transition.

Lastly, we find connection between the Stark effect and
the soft photon limit of the o-Ps — yv,v, spectrum and the
E1 contribution to the o-Ps — 3y spectrum.

|

v S Nou 71 -k, +m
X2 (proky) = Tr |2mW, o((ie)r* (v, — asr®) ( ‘

and J*(ky, ky) = it(k;)y*(1 — y°)v(k,) is the neutral weak
current. The p-Ps and o-Ps projection operators are given
by U, = (1+7°)7°/(2v2) and ¥, = (1 +7%)y - £/(2V2)
where € is the o-Ps polarization vector [29].

To calculate the Ps — yv, U, decay rate, we start from the
standard formula,

- wo(0)P

/ d®3(py + paski, ky k)

Z |Mp/0|2,

spin/pol

p/o = ZmPs

1
x; (A3)

where y(0) is the ground state positronium wave function
at the origin and g is the number of Ps polarizations of the
initial state [40].

Substituting the three-body
element squared,

Z |'A/lp/o‘2

spin/pol

G2 Q ok p
= Japura 5= XpjoXpfo Trlkar (1= 1Yoy (1 = 7°)];
(Ad)

spin averaged matrix

into (A3) and decomposing the three-body phase space as
detailed in Appendix A, yields

P1 _ky)z _m2
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APPENDIX A: FORMULATION OF THE
Ps — yv, 7, DECAY RATE IN TERMS
OF y AND Z*

The Feynman diagrams relevant for the Ps — yv, v,
decay are illustrated in Fig. 1. As in Sec. II we neglect
the 3-momentum of the incoming leptons and the virtual
W and Z bosons. With these approximations, the
(p/0)-Ps = yv b, amplitudes are

. iG . Y
iMyo = \/27:_& (€59 Tr[X 0 (P1. k)| IP (ki Ky), (AD)
where

k, — ﬁz +m
(~ie)y* + (mie)y* ————5—— (ie)y" (v — asr’)) |,
( ) (ky _ p2)2 _ m2 ) 4 4 )
(A2)
[
1 ds
r,,= —d®,(2py:k,,
p/o 2mPs/2ﬂ 2( P15y, CI)
« |WPS(0)|2gaﬂgﬂpgm G123 Xay Xﬁu *
m g dra’ P/op/o
x [ ds(aihi kol ko Tl (L= )y (1= 7)),
(AS)

where s = ¢ - g is the invariant mass of Z* squared and ¢ is
its four-momentum. The neutrino phase space integral can
be performed by writing the neutrino momentum product,
kiyko;, as a linear combination of the only available
tensors, ky,k»; = Aq*g,, + Bq,q,. The momentum con-
serving delta function in d®,(q; k,, k,) forces g = k; + k.
A system of equations for A and B is obtained by
contracting [ d®,(q; k1. ky)ky, ko, with ¢ and ¢"¢*, and
yields the solution A =1/12 and B = 1/6. Thus, the
neutrino contribution to the decay rate is

/ d®,(q; ky, ko )k ko Te[yy? (1= 7°)y*y (1 = p°)]

| 1
=3 0 -7 =1 q2;e’§ (9)es(q),  (A6)

where the sum over the polarizations of a massive vector
boson is given by
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FIG. 6. Sequence of rotations that transforms {x, y, z} (solid) to {x',y’, z'} (dashed).

S g)e(q) = LL e, (A7)

5 q

Substituting (A6) into Eq. (AS5), we obtain the Ps — yv, 0,
decay rate in terms of Ps — yZ*,

1 ds
T s L

% |WPS(O)|2%G71%X0W Xﬁu * 1

2 QZZ(ES)/;(G;)I/

m g 2ma’ PlOTR/O 34
|l//Ps(0)|

GE [d¢* ,( 1 2
= L dd,(2p; k,, q) L
2ﬂza/ 54 ZmPS/ 2(2piky.q)—

1
X 37.9 Z|M(p/o)—Ps—>yZ* |2>

pol

_ G
27ta

dq?

o qzr(p/o)—Ps—)yZ* . (A8)

APPENDIX B: DERIVATION OF THE o-Ps
AMPLITUDES WITH THEIR ANGULAR
DEPENDENCIES

Initially, the o-Ps atom is in a state of definite angular
momentum denoted by |A). Since o-Ps and its decay
products, y and Z*, are all spin-one particles, we abbreviate
the angular momentum states |1, m,) by |m,) where m is
the projection of spin along the z-axis. The massive Z*
boson has access to all three spin projection states (i.e.,
myz € {£1,0}) while the massless photon cannot access
the longitudinally polarized [0) state (i.e., m, € {£1}).
Conservation of angular momentum requires that the spin
projection quantum numbers satisfy m, +m; = m,; as a
result, there are four different modes in which o-Ps can
decay along the z-axis.

Consider |A) initially polarized in the state |+) along the
z-axis. Since the photon must have m, = +1, conservation
of angular momentum implies |y) = |+) and |Z*) = |0);
we assign the amplitude A ,  to this decay. If |A) is initially

polarized in the state |-), |[y) =|—) and |Z*) = |0); we
assign the amplitude A_, to this decay. Lastly, if |A) is
initially polarized in the state |0), m, = —m and therefore
ly) = |£) and |Z*) = | F); we assign amplitudes A, - to
these decays.

The o-Ps — yZ* amplitudes along the z-axis are

4e’a, [E, + E; e E,+E;
A== f[yq §'€i]ziﬁ : my o
(B1)
4ie%a . ie?
Ape == ﬂfs-z =+ 5omo (B2)

where €, are the transverse polarization vectors of the
photon and € is the o-Ps polarization vector. Here ¢ is the
momentum of the Z*.

To determine the angular dependence of the decay
amplitudes on the spherical angles, # and ¢, we consider
two coordinate systems {x, y, z} and {x', y’, z'}. The 7’-axis
is defined by the angles 8 and ¢ in the {x, y, z} coordinate
system and represents the decay axis. The angular depend-
ence of the decay amplitudes is constructed by rotating the
initial o-Ps state and then considering the decay into y + Z*
along 7'.

The combination of rotations required to bring {x, y, z}
onto {x',y’,z'} (Fig. 6) is determined to be

R =R (a)Ry(0)R:(9), (B3)
where R, () = ¢S is the operator for rotations about the
axis given by the unit vector, n, and S = (S,,S,,S,) is the
spin-one matrix operator [36].

Application of R to |A) yields the amplitude for |A) to be
in the state |m', ) along the z’-axis for each m/, € {£1,0}.If
|A) is initially polarized in the state |+), then |A) has an
amplitude of 1 (1 4 cos 6)e'®e’® to be in the state [+') (the
my = 1 state along the 7’ axis). If |A) is in the state |+'), it
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FIG.7. The e"e™ — v, 0, annihilation graphs for (a) Z-boson exchange and (b) W-boson exchange. The graph (a) contributes to the
Ps — v,v, amplitude for all lepton flavors £ = e, u, = while (b) only contributes to the amplitude when £ = e.

decays to [+'; k2'), ® |0'; —k2'), with an amplitude Ay,
where k is the magnitude of the photon momentum along
7. Thus, the total amplitude for the decay of a o-Ps atom
with spin projection m, = +1 into a photon moving along
+27/-axis with spin projection mj, = +1 is

A0, ¢) = L2 (1 + cos B)eie?.
Similarly, the amplitude for the final state |-;kZ’ >7 ®

(B4)

A 10y . .
ALy (0.9) = =% (1 - cos@)ei@ei?, (B5)
and the amplitudes for |+’; kZ’ )7 ® |F;—kz'), are
AL (0, ¢) = —=sin e, (B6)

We denote the o-Ps decay amplitudes with their full
angular dependencies as .A ,‘ , where m, € {:I:l 0} is the
initial spin pI‘O]CCthIl of o-Ps” along the z-axis, and, m;, €
{1} and m, € {£1,0} are the spin projections of the
photon and Z* along the z'-axis. The amplitudes, AO, >

are obtained using the method outlined above while Am '
z

is obtained from A, , by the prescription 0 — 0 + 7, ¢ —
vz

. my . .
—¢ and o — —a. The o-Ps amplitudes, Am, > A€ listed in

Table II where we have chosen the convention o = 0.

APPENDIX C: DERIVATION OF THE efe™ — vp
ANNIHILATION OPERATOR

In order to calculate the effective theory amplitudes
(Sec. V), we require the O(|p|/m) expansion of the
ete™ - v,0, annihilation amplitude (Fig. 7). The electron
and positron four-momenta are p; = (E,p) and p, =
(E, —p) while the neutrino and antineutrino four-momenta
are k; and k,. The amplitude of Fig. 7 is

D/l// ——l\/_GFU( ) (vf—aﬂs)”(p)

= 2V2iGpmy {((grsg 1)1/(1),5;—(1%/5) <¢r11)>:| ¢

2mc
:)('I‘A(Ufﬂf)gb’ (C1)
where
. J -J-c
AW = 2\/2iGem(32 1 )< 0 )
J -0 _JO
— 1
" < Vg af) <6.p> (C2)
—dy  Uyp m

is the v, v, annihilation operator. From momentum con-
servation, k; = —k,, and the time component of the neutral
weak current vanishes, J, = 0. Therefore, the v, anni-
hilation operator becomes

AW = 2\/2iGemv,(J - 6) — 2v2Gra,(J X 6) - p

(C3)

The first term of Eq. (C3), proportional to vector coupling,
is the s-wave o-Ps — v,0, annihilation operator,
AY") = 2\/2iGemu,(J - 6). (C4)
In the computation of the p-Ps — yv,, effective theory
amplitude, the s-wave annihilation operator takes the
intermediate s-wave o-Ps state into a neutrino-antineutrino
pair. The second term, proportional to axial coupling, is the
p-wave o-Ps — v,7, annihilation operator,
AV — _2\/2Gra,(J x 6) - p (C5)
In the computation of the o-Ps— yv, 0, effective
theory amplitude, the p-wave annihilation operator takes

the intermediate p-wave o-Ps states into a neutrino-
antineutrino pair.
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