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We investigate the branching ratios, the polarization fractions, the directCP-violating asymmetries, and the
relative phases in 20 nonleptonic decay modes of B → f1V within the framework of the perturbative QCD
approach at leading order with f1 including two 3P1-axial-vector states f1ð1285Þ and f1ð1420Þ. Here, B
denotes Bþ, B0, and B0

s mesons and V stands for the lightest vector mesons ρ, K�, ω, and ϕ, respectively.
The B0

s → f1V decays are studied theoretically for the first time in the literature. Together with the angle
ϕf1 ≈ ð24þ3.2

−2.7Þ∘ extracted from the measurement through Bd=s → J=ψf1ð1285Þ modes for the f1ð1285Þ −
f1ð1420Þ mixing system, it is of great interest to find phenomenologically some modes such as the tree-
dominated Bþ → f1ρþ and the penguin-dominated Bþ;0 → f1K�þ;0, B0

s → f1ϕ with large branching ratios
around Oð10−6Þ or even Oð10−5Þ, which are expected to be measurable at the LHCb and/or the Belle-II
experiments in the near future. The good agreement (sharp contrast) of branching ratios and decay pattern for
Bþ → f1ρþ, Bþ;0 → f1ð1285ÞK�þ;0½Bþ;0 → f1ð1420ÞK�þ;0� decays between QCD factorization and
perturbative QCD factorization predictions can help us to distinguish these two rather different factorization
approaches via precision measurements, which would also be helpful for us in exploring the annihilation
decay mechanism through its important roles for the considered B → f1V decays.
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I. INTRODUCTION

The studies on nonleptonic B meson weak decays are
generally expected to provide not only good opportunities for
testing the standardmodel (SM), but also powerful means for
probing both weak and strong dynamics, even different new
physics (NP) scenarios beyond the SM. It has been discussed
that the naive expectations of polarization fractions, i.e., the
longitudinal one fL ∼ 1 and the transverse two f∥ ≈ f⊥ ∼
Oðm2

V=m
2
BÞ [1,2] with mV ðmBÞ being the mass of the light

vector (B) meson, are violated mainly in the penguin-
dominated vector-vector B meson decays [3–7], e.g., fL ∼
fTð¼ f∥ þ f⊥Þ in the famous B → ϕK� process [8–10],
which has resulted in many investigations from various ways
based on different mechanisms, such as large penguin-
induced annihilation contributions [1], form-factor tuning
[11], final-state interactions [2,12], and even possible NP
[13], to interpret anomalous polarizations in those considered
B → VV modes. Analogous to B → VV decays with rich
physics involved in three polarization states, it is therefore of

particular interest to explore the B → VA; AV (A is an axial-
vector state) modes to shed light on the underlying helicity
structure of the decay mechanism [3] through polarization
studies. Furthermore, stringent comparisons between theo-
retical predictions and experimental data for the physical
observables may also help us to further understand the
hadronic structure of the involved axial-vector bound states
[14–18].
Recently, the Bd=s → J=ψf1ð1285Þ modes measured by

the Large Hadron Collider beauty (LHCb) Collaboration
for the first time in the heavy b flavor sector [19] motivated
us to study the production of 3P1-axial-vector f1ð1285Þ and
f1ð1420Þ states in the hadronic B meson decays, such as
B0
s → J=ψf1 [17] and B → f1P [18] within the framework

of perturbative QCD (pQCD) approach [20] at leading
order [for the sake of simplicity, we use f1 to denote both
f1ð1285Þ and f1ð1420Þ unless otherwise stated]. Now, we
will extend this pQCD formalism to nonleptonic B → f1V
decays, with B1 ðVÞ being the Bþ, B0, and B0

s (the lightest
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1It is noted that the pure annihilation-type Bc → f1V decays
have been studied by two of us (X. L. and Z. J. X.) in the pQCD
approach focusing on the predictions of the decay rates and the
polarization fractions [21].
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vector ρ, K�, ω, and ϕ) states, in which the B0
s → f1V

decays are studied theoretically for the first time in
the literature, although no data on these B → VA; AV
type modes has been released so far. Though many efforts
have been made to develop the next-to-leading order pQCD
formalism [22,23], because of a well-known fact that
leading order contributions dominate in the perturbation
theory, here we will still work at leading order to clarify the
physics for convenience. We will calculate the CP-
averaged branching ratios, the polarization fractions, the
CP-violating asymmetries, and the relative phases of 20
nonleptonic weak decays of B → f1V by employing the
low energy effective Hamiltonian [24] and the pQCD
approach based on the kT factorization theorem. Assisted
by the techniques of kT resummation and threshold
resummation, we can include all possible contributions
by explicitly evaluating the factorizable emission, the
nonfactorizable emission, the factorizable annihilation,
and the nonfactorizable annihilation Feynman diagrams
in the pQCD approach with no end-point singularities. The
overall consistency between pQCD predictions and exper-
imental data for the B → PP, PV, and VV decays is very
good and indicates the advantage and reliability of the
pQCD approach in estimating the hadronic matrix elements
of B meson decays.
In the quark model, the two f1 states, i.e., f1ð1285Þ and

its partner f1ð1420Þ, are classified specifically as the light
p-wave axial-vector flavorless mesons carrying quantum
number JPC ¼ 1þþ [8]. In analogy to the pseudoscalar
η − η0 mixing [8], these two axial-vector f1 states are also
considered as a mixture induced by nonstrange state f1q ≡
ðuuþ ddÞ= ffiffiffi

2
p

and strange one f1s ≡ ss in the quark-
flavor basis and can be described as a 2 × 2 rotation matrix
with mixing angle ϕf1 as follows [19]:

�
f1ð1285Þ
f1ð1420Þ

�
¼

�
cosϕf1 − sinϕf1

sinϕf1 cosϕf1

��
f1q
f1s

�
: ð1Þ

In fact, there also exists another mixing scheme called the
singlet-octet basis with flavor singlet state f1¼ðuuþddþ
ssÞ= ffiffiffi

3
p

and flavor octet one f8 ¼ ðuuþ dd − 2ssÞ= ffiffiffi
6

p
.

The corresponding mixing angle θf1 is related with ϕf1 via
the equation ϕf1 ¼ θi − θf1 , with θi being the “ideal”
mixing angle, specifically, θi ¼ 35.3°. It is therefore
expected that ϕf1 can measure the deviation from the ideal
mixing. Determination of the magnitude for the mixing
angle ϕf1 is one of the key issues to understand the physical
properties of the f1 states. Furthermore, it is essential to
note that ϕf1 also has an important role in constraining the
mixing angle θK1

, which arises from the mixing between
two distinct types of axial-vector K1Að3P1Þ and K1Bð1P1Þ
states, through the Gell-Mann–Okubo mass formula [8,25].
It is therefore definitely interesting to investigate the mixing
angle ϕf1 in different ways. However, the value of ϕf1 is
still a controversy presently [17,18], though there are

several explorations that have been performed at both
theoretical and experimental aspects. Of course, it is
expected that this status will be greatly improved with
the successful upgrade of LHC RUN-II and the scheduled
running of Belle-II experiments ever since the f1ð1285Þ
state, as well as the value of ϕf1 , has been measured
preliminarily in the B decay system [19].
Up to now, to our best knowledge, the nonleptonicBþ;0 →

f1V decays have been theoretically investigated by G.
Calderón et al. [26] in the naive factorization approach
and by Cheng and Yang [3] within QCD factorization
(QCDF), respectively. However, the conclusion that BrðB→
f1VÞ½Oð10−8−10−6Þ�<BrðB→ f1PÞ½Oð10−5Þ�, predicted
in Ref. [26], seems to contradict our naive expectation. As
pointed out in Ref. [3], the authors believed that, because of
the existence of three polarization states for thevectormeson,
the B → f1V decays may generally have larger decay rates
than theB → f1P ones correspondingly. Furthermore, due to
the similar QCD behavior between vector and 3P1-axial-
vector states [27], the analogy between B → f1V and
B → ðω;ϕÞV decays can be naively anticipated. For exam-
ple, if f1ð1285Þ is highly dominated by the f1q flavor state,
then BrðBþ → f1ð1285ÞρþÞ can be comparable with
BrðBþ → ωρþÞ. Actually, because f1ð1285Þ mixes with
the ss component around 20% (∼sin2ϕf1) based on Eq. (1)
and the preliminary value ϕf1 ∼ 24° given by the LHCb
Collaboration [19], it is therefore estimated that the decay
rate of Bþ → f1ð1285Þρþ may be somewhat smaller than
that ofBþ → ωρþ. As amatter of fact, the branching ratios of
Bþ → f1ð1285Þρþ predicted within the QCDF and pQCD
formalisms, as far as the central values are concerned, are
ð9–10Þ × 10−6 [3] and 11.1 × 10−6 in this work, respec-
tively, which are indeed comparative and slightly smaller
than that ofBþ → ωρþ, with updated values 16.9 × 10−6 [5]
and 12.1 × 10−6 [6] correspondingly. Moreover, the polari-
zation fractions for theBþ;0 → f1V channelswere also given
within the framework of QCDF [3]. But, frankly speaking,
lack of experimental constraints on the parametrized hard-
spectator scattering and weak annihilation contributions in
QCDF greatly weakens the reliability of predictions for
Bþ;0 → f1V decays, which will limit the hints to relevant
experiments, even to understand the physics hidden in
relevant modes. It is therefore definitely interesting to
investigate these aforementioned B → f1V decays in other
frameworks, e.g., the pQCD approach in the present work, to
clarify the discrepancies and further distinguish the factori-
zation approaches through experimental examinations with
good precision.
The paper is organized as follows. In Sec. II, we present

the formalism, hadron wave functions, and analytic pQCD
calculations of 20 nonleptonic B → f1V decays. The
numerical results and phenomenological analyses are
addressed in Sec. III explicitly. Finally, Sec. IV contains
the main conclusions and a short summary.
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II. FORMALISM AND PERTURBATIVE
CALCULATIONS

In this section, we first make a brief introduction to the
pQCD formalism at leading order. For more details, the
readers can refer to the review article in Ref. [20].
Nowadays, the pQCD approach has been known as one
of the important factorization methods based on QCD
dynamics to perturbatively evaluate hadronic matrix ele-
ments in the decays of heavy b flavor mesons. The unique
point of this pQCD approach is that it picks up the transverse
momentum kT of thevalence quarks in all the initial and final
states, as a result of which the calculations of hadronic
matrix elements free of end-point singularities always occur
in the collinear factorization theorem employed in the
QCDF approach [28] and soft-collinear effective theory
(SCET) [29]. Hence, all topologies of Feynman diagrams in
the hadronicBmeson decays are effectively calculable in the
pQCD framework, where three energy scales mW (mass
of W boson); mb (mass of b quark); and t ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbΛQCD

p
(factorization hard-collinear scale with ΛQCD, the hadronic
scale) are involved [20,30]. Note that, unlike the QCDF
approach [31], the annihilation contributions in the pQCD
formalism can be calculated without introducing any
parameters. When t is no less than the factorization scale,
i.e., ≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbΛQCD

p
, the running of Wilson coefficients CiðtÞ

will be perturbatively controlled through the renormaliza-
tion group equation. The soft dynamics below

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbΛQCD

p
will be described by hadron wave functions Φ, which are
nonperturbative but universal for all channels and usually
determined by employing nonperturbative QCD techniques
such as QCD sum rules and/or lattice QCD or extracted
experimentally from other well-measured processes. It is
worth emphasizing that the physics between mb andffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbΛQCD

p
will be absorbed into the so-called “hard kernel”

H and perturbatively evaluated in the pQCD approach. The
decay amplitude forB → f1V decays in the pQCDapproach
can therefore be conceptually written as follows:

AðB → f1VÞ ∼
Z

dx1dx2dx3b1db1b2db2b3db3

· Tr½CðtÞΦBðx1; b1ÞΦVðx2; b2ÞΦf1ðx3; b3Þ
×Hðxi; bi; tÞStðxiÞe−SðtÞ�; ð2Þ

where xiði ¼ 1; 2; 3Þ is the momentum fraction of the
valence quark in the involved mesons; bi is the conjugate
space coordinate of kiT ; t is the largest running energy scale
in hard kernel Hðxi; bi; tÞ; Tr denotes the trace over Dirac
and SU(3) color indices; CðtÞ stands for the Wilson
coefficients, including the large logarithms lnðmW=tÞ
[20]; and Φ is the wave function describing the hadroniza-
tion of quarks and antiquarks to the meson. The jet function
StðxiÞ comes from threshold resummation, which exhibits a
strong suppression effect in the small x region [32,33], while
the Sudakov factor e−SðtÞ arises from kT resummation,which

provides a strong suppression in the small kT (or large b)
region [34,35]. These resummation effects therefore guar-
antee the removal of the end-point singularities. The detailed
expressions for StðxiÞ and e−SðtÞ can be easily found in the
original Refs. [32–35]. Thus, with Eq. (2), we can give the
convoluted amplitudes of the B → f1V decays explicitly,
which will be presented in the next section, through the
evaluations of the hard kernelHðxi; bi; tÞ at leading order in
the αs expansion with the pQCD approach.

A. Hadron wave functions

The heavy B meson is usually treated as a heavy-light
system and its light-cone wave function can generally be
defined as [20,36]

ΦB ¼ iffiffiffiffiffiffiffiffi
2Nc

p fðP=þmBÞγ5ϕBðx; kTÞgαβ; ð3Þ

where α, β are the color indices; P is the momentum of B
meson; Nc is the color factor; and kT is the intrinsic
transverse momentum of the light quark in B meson.
In Eq. (3),ϕBðx; kTÞ is theBmeson distribution amplitude

and obeys the following normalization condition,
Z

1

0

dxϕBðx; b ¼ 0Þ ¼ fB
2

ffiffiffiffiffiffiffiffi
2Nc

p ; ð4Þ

where b is the conjugate space coordinate of transverse
momentum kT and fB is the decay constant of the Bmeson.
The light-cone wave functions of light vector meson V

and axial-vector state f1 have been given in the QCD sum
rule method up to twist-3 as [37,38]

ΦL
V ¼

1ffiffiffiffiffiffiffiffi
2Nc

p fmVϵLϕVðxÞþϵLPϕt
VðxÞþmVϕ

s
VðxÞgαβ; ð5Þ

ΦT
V ¼ 1ffiffiffiffiffiffiffiffi

2Nc
p fmVϵTϕ

v
VðxÞ þ ϵTPϕT

VðxÞ

þmViϵμνρσγ5γμϵνTn
ρvσϕa

VðxÞgαβ; ð6Þ
and [27,39]

ΦL
f1
¼ 1ffiffiffiffiffiffiffiffi

2Nc
p γ5fmf1ϵLϕf1ðxÞþ ϵLPϕt

f1
ðxÞþmf1ϕ

s
f1
ðxÞgαβ;

ð7Þ

ΦT
f1

¼ 1ffiffiffiffiffiffiffiffi
2Nc

p γ5fmf1ϵTϕ
v
f1
ðxÞ þ ϵTPϕT

f1
ðxÞ

þmf1iϵμνρσγ5γ
μϵνTn

ρvσϕa
f1
ðxÞgαβ; ð8Þ

for longitudinal and transverse polarizations, respectively,
with the polarization vectors ϵL and ϵT of V or f1, satisfying
P · ϵ ¼ 0, where x denotes the momentum fraction carried
by quarks in the meson; n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ
are dimensionless lightlike unit vectors; and mf1 stands for
the mass of light axial-vector f1 states. We adopt the
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convention ϵ0123 ¼ 1 for the Levi-Cività tensor ϵμναβ. Note
that the explicit expressions for all the above-mentioned
distribution amplitudes ϕðxÞ with different twists can be
found later in the Appendix.

B. Perturbative calculations in the pQCD approach

For the considered 20 B → f1V decays induced by the
b → qðq ¼ d or sÞ transition at the quark level, the related
weak effective Hamiltonian Heff can be written as [24]

Heff ¼
GFffiffiffi
2

p
�
V�
ubVuq½C1ðμÞOu

1ðμÞ þ C2ðμÞOu
2ðμÞ�

− V�
tbVtq

�X10
i¼3

CiðμÞOiðμÞ
��

þ H:c:; ð9Þ

with the Fermi constant GF¼1.16639×10−5GeV−2,
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements V,
andWilson coefficientsCiðμÞ at the renormalization scale μ.
The local four-quark operators Oiði¼ 1;…;10Þ are writ-
ten as
(1) Current-current (tree) operators

Ou
1 ¼ ðqαuβÞV−AðuβbαÞV−A;

Ou
2 ¼ ðqαuαÞV−AðuβbβÞV−A; ð10Þ

(2) QCD penguin operators

O3 ¼ ðqαbαÞV−A
X
q0
ðq0βq0βÞV−A;

O4 ¼ ðqαbβÞV−A
X
q0
ðq0βq0αÞV−A;

O5 ¼ ðqαbαÞV−A
X
q0
ðq0βq0βÞVþA;

O6 ¼ ðqαbβÞV−A
X
q0
ðq0βq0αÞVþA; ð11Þ

(3) Electroweak penguin operators

O7 ¼
3

2
ðqαbαÞV−A

X
q0
eq0 ðq0βq0βÞVþA;

O8 ¼
3

2
ðqαbβÞV−A

X
q0
eq0 ðq0βq0αÞVþA;

O9 ¼
3

2
ðqαbαÞV−A

X
q0
eq0 ðq0βq0βÞV−A;

O10 ¼
3

2
ðqαbβÞV−A

X
q0
eq0 ðq0βq0αÞV−A; ð12Þ

with the color indices α, β and the notations ðq0q0ÞV�A ¼
q0γμð1� γ5Þq0. The index q0 in the summation of the above
operators runs through u, d, s, c, and b.
From the effective Hamiltonian (9), there are eight types

of diagrams contributing to B → f1V decays in the pQCD
approach at leading order as illustrated in Fig. 1. The
possible contributions to the considered decays can be
easily obtained by exchanging the positions of f1 and V.
We calculate the contributions arising from various oper-
ators as shown in Eqs. (10)–(12). As presented in Ref. [16]
[see Eqs. (33)–(57) for details], we have given the analytic
B → VA decay amplitudes only with a B → A transition.
This part will be repeated in this work, in order to present
the analytically complete expressions for B → VA and AV
decays. It should be mentioned that, hereafter, for the sake
of simplicity, we will use F and M to describe the
factorizable and nonfactorizable amplitudes induced by
the ðV − AÞðV − AÞ operators, FP1 andMP1 to describe the
factorizable and nonfactorizable amplitudes arising from
the ðV − AÞðV þ AÞ operators, andFP2 andMP2 to describe
the factorizable and nonfactorizable amplitudes coming
from the ðS − PÞðSþ PÞ operators that are obtained by
making a Fierz transformation from the ðV − AÞðV þ AÞ
ones, respectively. Furthermore, before starting the

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 1. Typical Feynman diagrams contributing to B → f1V decays in the pQCD approach at leading order. The other diagrams
contributing to those considered decays can be easily obtained by exchanging the positions of f1 and V.
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perturbative calculations, a comment should be given: in
light of the successful clarification of most branching ratios
and polarization fractions in theB → VV decays by keeping
the terms proportional to r2V ¼ m2

V=m
2
B in the denominator

of propagators for virtual quarks and gluons with the pQCD
approach [6], we will follow this treatment in the present
work for 20 nonleptonic B → f1V modes, i.e., retaining the
similar terms with r2V and r2f1 ¼ m2

f1
=m2

B, which could be
examined by future measurements to further clarify its
universality.
For the factorizable emission (fe) diagrams in Figs. 1(a)

and 1(b), the corresponding Feynman amplitudes with one
longitudinal polarization(L) and two transverse polariza-
tions(N and T) can be written as follows:

FL
fe ¼ −8πCFm2

B

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBðx1; b1Þ

× f½ð1þ x3ÞϕAðx3Þ þ rAð1 − 2x3Þ
× ðϕt

Aðx3Þ þ ϕs
Aðx3ÞÞ�EfeðtaÞhfeðx1; x3; b1; b3Þ

þ 2rAϕs
Aðx3ÞEfeðtbÞhfeðx3; x1; b3; b1Þg; ð13Þ

FN
fe ¼ −8πCFm2

B

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBðx1; b1ÞrV
× f½ϕT

Aðx3Þ þ 2rAϕv
Aðx3Þ þ rAx3

× ðϕv
Aðx3Þ − ϕa

Aðx3ÞÞ�EfeðtaÞhfeðx1; x3; b1; b3Þ
þ rA½ϕv

Aðx3Þ þ ϕa
Aðx3Þ�EfeðtbÞhfeðx3; x1; b3; b1Þg;

ð14Þ

FT
fe ¼ −16πCFm2

B

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBðx1; b1Þ

× rVf½ϕT
Aðx3Þ þ 2rAϕa

Aðx3Þ − rAx3

× ðϕv
Aðx3Þ − ϕa

Aðx3ÞÞ�EfeðtaÞhfeðx1; x3; b1; b3Þ
þ rA½ϕv

Aðx3Þ þ ϕa
Aðx3Þ�EfeðtbÞhfeðx3; x1; b3; b1Þg;

ð15Þ

where, in this work, A will specifically denote the axial-
vector states f1ð1285Þ and f1ð1420Þ and CF ¼ 4=3 is a
color factor. For the hard functions h, the running hard
scales t, and the convolution functions EðtÞ, refer to the
Appendix in Ref. [6].
Sinceonly thevector part of the (VþA) current contributes

to thevectormesonproduction, hAjV − AjBihVjV þ Aj0i ¼
hAjV − AjBihVjV − Aj0i, we have

FP1

fe ¼ Ffe: ð16Þ

Because a vector meson cannot be produced via scalar
and/or pseudoscalar currents, then the contribution arising
from the ðS� PÞ operators is

FP2

fe ¼ 0: ð17Þ

For the nonfactorizable emission (nfe) diagrams in
Figs. 1(c) and 1(d), the corresponding Feynman amplitudes
are

ML
nfe ¼ −

16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞϕVðx2Þf½ð1 − x2ÞϕAðx3Þ

þrAx3ðϕt
Aðx3Þ − ϕs

Aðx3ÞÞ�EnfeðtcÞhcnfeðx1; x2; x3; b1; b2Þ − ½ðx2 þ x3ÞϕAðx3Þ
−rAx3ðϕt

Aðx3Þ þ ϕs
Aðx3ÞÞ�EnfeðtdÞhdnfeðx1; x2; x3; b1; b2Þg; ð18Þ

MN
nfe ¼ −

16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVfð1 − x2Þðϕv
Vðx2Þ þ ϕa

Vðx2ÞÞ

×ϕT
Aðx3Þhcnfeðx1; x2; x3; b1; b2ÞEnfeðtcÞ þ ½x2ðϕv

Vðx2Þ þ ϕa
Vðx2ÞÞϕT

Aðx3Þ
−2rAðx2 þ x3Þðϕv

Vðx2Þϕv
Aðx3Þ þ ϕa

Vðx2Þϕa
Aðx3ÞÞ�EnfeðtdÞhdnfeðx1; x2; x3; b1; b2Þg; ð19Þ

MT
nfe ¼ −

32
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVfð1 − x2Þðϕv
Vðx2Þ þ ϕa

Vðx2ÞÞ

×ϕT
Aðx3Þhcnfeðx1; x2; x3; b1; b2ÞEnfeðtcÞ þ ½x2ðϕv

Vðx2Þ þ ϕa
Vðx2ÞÞϕT

Aðx3Þ
−2rAðx2 þ x3Þðϕv

Vðx2Þϕa
Aðx3Þ þ ϕa

Vðx2Þϕv
Aðx3ÞÞ�EnfeðtdÞhdnfeðx1; x2; x3; b1; b2Þg; ð20Þ
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ML;P1

nfe ¼ −
16

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVf½ð1 − x2Þðϕt
Vðx2Þ þ ϕs

Vðx2ÞÞ

× ϕAðx3Þ − rAð1 − x2Þðϕt
Vðx2Þ þ ϕs

Vðx2ÞÞðϕt
Aðx3Þ − ϕs

Aðx3ÞÞ − rAx3ðϕt
Vðx2Þ − ϕs

Vðx2ÞÞ
×ðϕt

Aðx3Þ þ ϕs
Aðx3ÞÞ�EnfeðtcÞhcnfeðx1; x2; x3; b1; b2Þ þ ½x2ðϕt

Vðx2Þ − ϕs
Vðx2ÞÞϕAðx3Þ

−rAx2ðϕt
Vðx2Þ − ϕs

Vðx2ÞÞðϕt
Aðx3Þ − ϕs

Aðx3ÞÞ − rAx3ðϕt
Vðx2Þ þ ϕs

Vðx2ÞÞðϕt
Aðx3Þ þ ϕs

Aðx3ÞÞ�
×EnfeðtdÞhdnfeðx1; x2; x3; b1; b2Þg; ð21Þ

MN;P1

nfe ¼ −
16

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrAx3ϕT
Vðx2Þðϕv

Aðx3Þ − ϕa
Aðx3ÞÞ

× fEnfeðtcÞhcnfeðx1; x2; x3; b1; b2Þ þ EnfeðtdÞhdnfeðx1; x2; x3; b1; b2Þg; ð22Þ

MT;P1

nfe ¼ 2MN;P1

nfe ; ð23Þ

ML;P2

nfe ¼ −
16

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞϕVðx2Þf½ð1 − x2 þ x3ÞϕAðx3Þ

−rAx3ðϕt
Aðx3Þ þ ϕs

Aðx3ÞÞ�EeðtcÞhcnfeðx1; x2; x3; b1; b2Þ − hdnfeðx1; x2; x3; b1; b2ÞEnfeðtdÞ
× ½x2ϕAðx3Þ þ rAx3ðϕt

Aðx3Þ − ϕs
Aðx3ÞÞ�g; ð24Þ

MN;P2

nfe ¼ 16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVf½ð1 − x2Þðϕv
Vðx2Þ − ϕa

Vðx2ÞÞ

×ϕT
Aðx3Þ − 2rAð1 − x2 þ x3Þðϕv

Vðx2Þϕv
Aðx3Þ − ϕa

Vðx2Þϕa
Aðx3ÞÞ�hcnfeðx1; x2; x3; b1; b2Þ

×EnfeðtcÞ þ x2ðϕv
Vðx2Þ − ϕa

Vðx2ÞÞϕT
Aðx3ÞEnfeðtdÞhdnfeðx1; x2; x3; b1; b2Þg; ð25Þ

MT;P2

nfe ¼ 32
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVf½ð1 − x2Þðϕv
Vðx2Þ − ϕa

Vðx2ÞÞ

×ϕT
Aðx3Þ − 2rAð1 − x2 þ x3Þðϕv

Vðx2Þϕa
Aðx3Þ − ϕa

Vðx2Þϕv
Aðx3ÞÞ�hcnfeðx1; x2; x3; b1; b2Þ

×EnfeðtcÞ þ x2ðϕv
Vðx2Þ − ϕa

Vðx2ÞÞϕT
Aðx3ÞEnfeðtdÞhdnfeðx1; x2; x3; b1; b2Þg: ð26Þ

For the nonfactorizable annihilation(nfa) diagrams in Figs. 1(e) and 1(f), we have

ML
nfa ¼ −

16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½ð1 − x3ÞϕVðx2ÞϕAðx3Þ

þrVrAðð1þ x2 − x3Þðϕs
Vðx2Þϕs

Aðx3Þ − ϕt
Vðx2Þϕt

Aðx3ÞÞ − ð1 − x2 − x3Þðϕs
Vðx2Þϕt

Aðx3Þ
−ϕt

Vðx2Þϕs
Aðx3ÞÞÞ�EnfaðteÞhenfaðx1; x2; x3; b1; b2Þ − ½x2ϕVðx2ÞϕAðx3Þ þ 2rVrAðϕt

Vðx2Þ
×ϕt

Aðx3Þ þ ϕs
Vðx2Þϕs

Aðx3ÞÞ − rVrAð1þ x2 − x3Þðϕt
Vðx2Þϕt

Aðx3Þ − ϕs
Vðx2Þϕs

Aðx3ÞÞ þ rVrA

×ð1 − x2 − x3Þðϕs
Vðx2Þϕt

Aðx3Þ − ϕt
Vðx2Þϕs

Aðx3ÞÞ�EnfaðtfÞhfnfaðx1; x2; x3; b1; b2Þg; ð27Þ

MN
nfa ¼

32
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVrA
× ½ϕv

Vðx2Þϕv
Aðx3Þ þ ϕa

Vðx2Þϕa
Aðx3Þ�EnfaðtfÞhfnfaðx1; x2; x3; b1; b2Þ; ð28Þ

MT
nfa ¼

64
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVrA
× ½ϕv

Vðx2Þϕa
Aðx3Þ þ ϕa

Vðx2Þϕv
Aðx3Þ�EnfaðtfÞhfnfaðx1; x2; x3; b1; b2Þ; ð29Þ
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ML;P1

nfa ¼ −
16

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½rAð1 − x3Þðϕs
Aðx3Þ − ϕt

Aðx3ÞÞ

×ϕVðx2Þ þ rVx2ðϕt
Vðx2Þ þ ϕs

Vðx2ÞÞϕAðx3Þ�EnfaðteÞhenfaðx1; x2; x3; b1; b2Þ − ½rVð2 − x2ÞϕAðx3Þ
×ðϕt

Vðx2Þ þ ϕs
Vðx2ÞÞ − rAð1þ x3ÞϕVðx2Þðϕs

Aðx3Þ − ϕt
Aðx3ÞÞ�EnfaðtfÞhfnfaðx1; x2; x3; b1; b2Þg; ð30Þ

MN;P1

nfa ¼ −
16

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½rVx2ðϕv
Vðx2Þ þ ϕa

Vðx2ÞÞϕT
Aðx3Þ

−rAð1 − x3ÞϕT
Vðx2Þðϕa

Aðx3Þ − ϕv
Aðx3ÞÞ�EnfaðteÞhenfaðx1; x2; x3; b1; b2Þ þ ½rVð2 − x2ÞϕT

Aðx3Þ
×ðϕv

Vðx2Þ þ ϕa
Vðx2ÞÞ − rAð1þ x3ÞϕT

Vðx2Þðϕa
Aðx3Þ − ϕv

Aðx3ÞÞ�EnfaðtfÞhfnfaðx1; x2; x3; b1; b2Þg; ð31Þ

MT;P1

nfa ¼ 2MN;P1

nfa ; ð32Þ

ML;P2

nfa ¼ 16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½x2ϕVðx2ÞϕAðx3Þ

þrVrAðð1þ x2 − x3Þðϕs
Vðx2Þϕs

Aðx3Þ − ϕt
Vðx2Þϕt

Aðx3ÞÞ þ ð1 − x2 − x3Þðϕs
Vðx2Þϕt

Aðx3Þ
−ϕt

Vðx2Þϕs
Aðx3ÞÞÞ�EnfaðteÞhenfaðx1; x2; x3; b1; b2Þ − ½ð1 − x3ÞϕVðx2ÞϕAðx3Þ þ 2rVrAðϕt

Vðx2Þ
×ϕt

Aðx3Þ þ ϕs
Vðx2Þϕs

Aðx3ÞÞ − rVrAð1þ x2 − x3Þðϕt
Vðx2Þϕt

Aðx3Þ − ϕs
Vðx2Þϕs

Aðx3ÞÞ − rVrA

×ð1 − x2 − x3Þðϕs
Vðx2Þϕt

Aðx3Þ − ϕt
Vðx2Þϕs

Aðx3ÞÞ�EnfaðtfÞhfnfaðx1; x2; x3; b1; b2Þg; ð33Þ

MN;P2

nfa ¼ −MN
nfa; ð34Þ

MT;P2

nfa ¼ MT
nfa: ð35Þ

For the factorizable annihilation(fa) diagrams in Figs. 1(g) and 1(h), the contributions are

FL
fa ¼ −8πCFm2

B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3f½x2ϕVðx2ÞϕAðx3Þ þ 2rVrAϕs
Aðx3Þðð1þ x2Þϕs

Vðx2Þ

−ð1 − x2Þϕt
Vðx2ÞÞ�EfaðtgÞhfaðx2; 1 − x3; b2; b3Þ − ½ð1 − x3ÞϕVðx2ÞϕAðx3Þ þ 2rVrAϕs

Vðx2Þ
×ðx3ϕt

Aðx3Þ þ ð2 − x3Þϕs
Aðx3ÞÞ�EfaðthÞhfað1 − x3; x2; b3; b2Þg; ð36Þ

FN
fa ¼ −8πCFm2

B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3rVrAfEfaðtgÞ½ð1þ x2Þðϕv
Vðx2Þϕv

Aðx3Þ þ ϕa
Vðx2Þϕa

Aðx3ÞÞ

−ð1 − x2Þðϕv
Vðx2Þϕa

Aðx3Þ þ ϕa
Vðx2Þϕv

Aðx3ÞÞ�hfaðx2; 1 − x3; b2; b3Þ − ½ð2 − x3Þðϕv
Vðx2Þϕv

Aðx3Þ
þϕa

Vðx2Þϕa
Aðx3ÞÞ þ x3ðϕv

Vðx2Þϕa
Aðx3Þ þ ϕa

Vðx2Þϕv
Aðx3ÞÞ�EfaðthÞhfað1 − x3; x2; b3; b2Þg; ð37Þ

FT
fa ¼ −16πCFm2

B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3rVrAfEfaðtgÞ½ð1þ x2Þðϕv
Vðx2Þϕa

Aðx3Þ þ ϕa
Vðx2Þϕv

Aðx3ÞÞ

−ð1 − x2Þðϕv
Vðx2Þϕv

Aðx3Þ þ ϕa
Vðx2Þϕa

Aðx3ÞÞ�hfaðx2; 1 − x3; b2; b3Þ þ ½x3ðϕv
Vðx2Þϕv

Aðx3Þ
þϕa

Vðx2Þϕa
Aðx3ÞÞ þ ð2 − x3Þðϕv

Vðx2Þϕa
Aðx3Þ þ ϕa

Vðx2Þϕv
Aðx3ÞÞ�EfaðthÞhfað1 − x3; x2; b3; b2Þg; ð38Þ

FL;P1

fa ¼ −FL
fa; ð39Þ

FN;P1

fa ¼ −FN
fa; ð40Þ

FT;P1

fa ¼ FT
fa; ð41Þ

NONLEPTONIC DECAYS OF … PHYSICAL REVIEW D 94, 113005 (2016)

113005-7



FL;P2

fa ¼ −16πCFm2
B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3f½2rAϕVðx2Þϕs
Aðx3Þ − rVx2ðϕt

Vðx2Þ − ϕs
Vðx2ÞÞ

×ϕAðx3Þ�hfaðx2; 1 − x3; b2; b3ÞEfaðtgÞ þ ½2rVϕs
Vðx2ÞϕAðx3Þ þ rAð1 − x3ÞϕVðx2Þ

×ðϕt
Aðx3Þ þ ϕs

Aðx3ÞÞ�EfaðthÞhfað1 − x3; x2; b3; b2Þg; ð42Þ

FN;P2

fa ¼ −16πCFm2
B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3frAϕT
Vðx2Þðϕa

Aðx3Þ − ϕv
Aðx3ÞÞhfaðx2; 1 − x3; b2; b3Þ

×EfaðtgÞ þ rVðϕv
Vðx2Þ þ ϕa

Vðx2ÞÞϕT
Aðx3ÞEfaðthÞhfað1 − x3; x2; b3; b2Þg; ð43Þ

FT;P2

fa ¼ 2FN;P2

fa : ð44Þ

When we exchange the positions of vector and axial-vector states in Fig. 1, the amplitudes F0, M0, F0P1 , M0P1 , F0P2 , and
M0P2 arising from new Feynman diagrams can be easily and correspondingly obtained as follows:

F0L
fe ¼ −8πCFm2

B

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBðx1; b1Þf½ð1þ x3ÞϕVðx3Þ þ rVð1 − 2x3Þ

×ðϕt
Vðx3Þ þ ϕs

Vðx3ÞÞ�Efeðt0aÞhfeðx1; x3; b1; b3Þ þ 2rVϕs
Vðx3ÞEfeðt0bÞhfeðx3; x1; b3; b1Þg; ð45Þ

F0N
fe ¼ −8πCFm2

B

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBðx1; b1ÞrAf½ϕT
Vðx3Þ þ 2rVϕv

Vðx3Þ þ rVx3

×ðϕv
Vðx3Þ − ϕa

Vðx3ÞÞ�Efeðt0aÞhfeðx1; x3; b1; b3Þ þ rV ½ϕv
Vðx3Þ þ ϕa

Vðx3Þ�Efeðt0bÞhfeðx3; x1; b3; b1Þg; ð46Þ

F0T
fe ¼ −16πCFm2

B

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBðx1; b1ÞrAf½ϕT
Vðx3Þ þ 2rVϕa

Vðx3Þ − rVx3

×ðϕv
Vðx3Þ − ϕa

Vðx3ÞÞ�Efeðt0aÞhfeðx1; x3; b1; b3Þ þ rV ½ϕv
Vðx3Þ þ ϕa

Vðx3Þ�Efeðt0bÞhfeðx3; x1; b3; b1Þg: ð47Þ

For the hard functions hi, the running hard scales t0i, and the convolution functions Eiðt0Þ, refer to Ref. [6].
Since only the axial-vector part of the (V þ A) current contributes to the production of axial-vector states, then

hVjV − AjBihAjV þ Aj0i ¼ −hVjV − AjBihAjV − Aj0i, which means

F0P1

fe ¼ −F0
fe: ð48Þ

Analogously, because an axial-vector state also cannot be produced via scalar and/or pseudoscalar currents, then the
contribution from the ðS� PÞ operators is

F0P2

fe ¼ 0: ð49Þ

The rest Feynman amplitudes can be presented explicitly as follows:

M0L
nfe ¼ −

16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞϕAðx2Þf½ð1 − x2ÞϕVðx3Þ

þrVx3ðϕt
Vðx3Þ − ϕs

Vðx3ÞÞ�Enfeðt0cÞhcnfeðx1; x2; x3; b1; b2Þ − ½ðx2 þ x3ÞϕVðx3Þ
−rVx3ðϕt

Vðx3Þ þ ϕs
Vðx3ÞÞ�Enfeðt0dÞhdnfeðx1; x2; x3; b1; b2Þg; ð50Þ

M0N
nfe ¼ −

16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrAfð1 − x2Þðϕv
Aðx2Þ þ ϕa

Aðx2ÞÞ

×ϕT
Vðx3Þhcnfeðx1; x2; x3; b1; b2ÞEnfeðt0cÞ þ ½x2ðϕv

Aðx2Þ þ ϕa
Aðx2ÞÞϕT

Vðx3Þ
−2rVðx2 þ x3Þðϕv

Aðx2Þϕv
Vðx3Þ þ ϕa

Aðx2Þϕa
Vðx3ÞÞ�Enfeðt0dÞhdnfeðx1; x2; x3; b1; b2Þg; ð51Þ
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M0T
nfe ¼ −

32
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrAfð1 − x2Þðϕv
Aðx2Þ þ ϕa

Aðx2ÞÞ

× ϕT
Vðx3Þhcnfeðx1; x2; x3; b1; b2ÞEnfeðt0cÞ þ ½x2ðϕv

Aðx2Þ þ ϕa
Aðx2ÞÞϕT

Vðx3Þ
− 2rVðx2 þ x3Þðϕv

Aðx2Þϕa
Vðx3Þ þ ϕa

Aðx2Þϕv
Vðx3ÞÞ�Enfeðt0dÞhdnfeðx1; x2; x3; b1; b2Þg; ð52Þ

M0L;P1

nfe ¼ 16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrAf½ð1 − x2Þðϕt
Aðx2Þ þ ϕs

Aðx2ÞÞ

× ϕVðx3Þ − rVð1 − x2Þðϕt
Aðx2Þ þ ϕs

Aðx2ÞÞðϕt
Vðx3Þ − ϕs

Vðx3ÞÞ − rVx3ðϕt
Aðx2Þ − ϕs

Aðx2ÞÞ
× ðϕt

Vðx3Þ þ ϕs
Vðx3ÞÞ�Enfeðt0cÞhcnfeðx1; x2; x3; b1; b2Þ þ ½x2ðϕt

Aðx2Þ − ϕs
Aðx2ÞÞϕVðx3Þ

− rVx2ðϕt
Aðx2Þ − ϕs

Aðx2ÞÞðϕt
Vðx3Þ − ϕs

Vðx3ÞÞ − rVx3ðϕt
Aðx2Þ þ ϕs

Aðx2ÞÞðϕt
Vðx3Þ þ ϕs

Vðx3ÞÞ�
× Enfeðt0dÞhdnfeðx1; x2; x3; b1; b2Þg; ð53Þ

M0N;P1

nfe ¼ 16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrVx3ϕT
Aðx2Þðϕv

Vðx3Þ − ϕa
Vðx3ÞÞ

× fEnfeðt0cÞhcnfeðx1; x2; x3; b1; b2Þ þ Enfeðt0dÞhdnfeðx1; x2; x3; b1; b2Þg; ð54Þ

M0T;P1

nfe ¼ 2M0N;P1

nfe ; ð55Þ

M0L;P2

nfe ¼ 16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞϕAðx2Þf½ð1 − x2 þ x3ÞϕVðx3Þ

− rVx3ðϕt
Vðx3Þ þ ϕs

Vðx3ÞÞ�Eeðt0cÞhcnfeðx1; x2; x3; b1; b2Þ − hdnfeðx1; x2; x3; b1; b2ÞEnfeðt0dÞ
× ½x2ϕVðx3Þ þ rVx3ðϕt

Vðx3Þ − ϕs
Vðx3ÞÞ�g; ð56Þ

M0N;P2

nfe ¼ −
16

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrAf½ð1 − x2Þðϕv
Aðx2Þ − ϕa

Aðx2ÞÞ

× ϕT
Vðx3Þ − 2rVð1 − x2 þ x3Þðϕv

Aðx2Þϕv
Vðx3Þ − ϕa

Aðx2Þϕa
Vðx3ÞÞ�hcnfeðx1; x2; x3; b1; b2Þ

× Enfeðt0cÞ þ x2ðϕv
Aðx2Þ − ϕa

Aðx2ÞÞϕT
Vðx3ÞEnfeðt0dÞhdnfeðx1; x2; x3; b1; b2Þg; ð57Þ

M0T;P2

nfe ¼ −
32

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrAf½ð1 − x2Þðϕv
Aðx2Þ − ϕa

Aðx2ÞÞ

×ϕT
Vðx3Þ − 2rVð1 − x2 þ x3Þðϕv

Aðx2Þϕa
Vðx3Þ − ϕa

Aðx2Þϕv
Vðx3ÞÞ�hcnfeðx1; x2; x3; b1; b2Þ

×Enfeðt0cÞ þ x2ðϕv
Aðx2Þ − ϕa

Aðx2ÞÞϕT
Vðx3ÞEnfeðt0dÞhdnfeðx1; x2; x3; b1; b2Þg; ð58Þ

M0L
nfa ¼ −

16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½ð1 − x3ÞϕAðx2ÞϕVðx3Þ

−rArVðð1þ x2 − x3Þðϕs
Aðx2Þϕs

Vðx3Þ − ϕt
Aðx2Þϕt

Vðx3ÞÞ − ð1 − x2 − x3Þðϕs
Aðx2Þϕt

Vðx3Þ
−ϕt

Aðx2Þϕs
Vðx3ÞÞÞ�Enfaðt0eÞhenfaðx1; x2; x3; b1; b2Þ − ½x2ϕAðx2ÞϕVðx3Þ − 2rArVðϕt

Aðx2Þ
×ϕt

Vðx3Þ þ ϕs
Aðx2Þϕs

Vðx3ÞÞ þ rArVð1þ x2 − x3Þðϕt
Aðx2Þϕt

Vðx3Þ − ϕs
Aðx2Þϕs

Vðx3ÞÞ − rArV

×ð1 − x2 − x3Þðϕs
Aðx2Þϕt

Vðx3Þ − ϕt
Aðx2Þϕs

Vðx3ÞÞ�Enfaðt0fÞhfnfaðx1; x2; x3; b1; b2Þg; ð59Þ

M0N
nfa ¼

32
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrArV
× ½ϕv

Aðx2Þϕv
Vðx3Þ þ ϕa

Aðx2Þϕa
Vðx3Þ�Enfaðt0fÞhfnfaðx1; x2; x3; b1; b2Þ; ð60Þ
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M0T
nfa ¼

64
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1ÞrArV
× ½ϕv

Aðx2Þϕa
Vðx3Þ þ ϕa

Aðx2Þϕv
Vðx3Þ�Enfaðt0fÞhfnfaðx1; x2; x3; b1; b2Þ; ð61Þ

M0L;P1

nfa ¼ 16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½rVð1 − x3Þðϕs
Vðx3Þ − ϕt

Vðx3ÞÞ

×ϕAðx2Þ þ rAx2ðϕt
Aðx2Þ þ ϕs

Aðx2ÞÞϕVðx3Þ�Enfaðt0eÞhenfaðx1; x2; x3; b1; b2Þ þ ½rAð2 − x2ÞϕVðx3Þ
×ðϕt

Aðx2Þ þ ϕs
Aðx2ÞÞ þ rVð1þ x3ÞϕAðx2Þðϕs

Vðx3Þ − ϕt
Vðx3ÞÞ�Enfaðt0fÞhfnfaðx1; x2; x3; b1; b2Þg; ð62Þ

M0N;P1

nfa ¼ −
16

ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½rAx2ðϕv
Aðx2Þ þ ϕa

Aðx2ÞÞϕT
Vðx3Þ

þrAð1 − x3ÞϕT
Aðx2Þðϕa

Vðx3Þ − ϕv
Vðx3ÞÞ�Enfaðt0eÞhenfaðx1; x2; x3; b1; b2Þ þ ½rAð2 − x2ÞϕT

Vðx3Þ
×ðϕv

Aðx2Þ þ ϕa
Aðx2ÞÞ þ rVð1þ x3ÞϕT

Aðx2Þðϕa
Vðx3Þ − ϕv

Vðx3ÞÞ�Enfaðt0fÞhfnfaðx1; x2; x3; b1; b2Þg; ð63Þ

M0T;P1

nfa ¼ 2M0N;P1

nfa ; ð64Þ

M0L;P2

nfa ¼ 16
ffiffiffi
6

p

3
πCFm2

B

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBðx1; b1Þf½x2ϕAðx2ÞϕVðx3Þ

−rArVðð1þ x2 − x3Þðϕs
Aðx2Þϕs

Vðx3Þ − ϕt
Aðx2Þϕt

Vðx3ÞÞ þ ð1 − x2 − x3Þðϕs
Aðx2Þϕt

Vðx3Þ
−ϕt

Aðx2Þϕs
Vðx3ÞÞÞ�Enfaðt0eÞhenfaðx1; x2; x3; b1; b2Þ − ½ð1 − x3ÞϕAðx2ÞϕVðx3Þ − 2rArVðϕt

Aðx2Þ
×ϕt

Vðx3Þ þ ϕs
Aðx2Þϕs

Vðx3ÞÞ þ rArVð1þ x2 − x3Þðϕt
Aðx2Þϕt

Vðx3Þ − ϕs
Aðx2Þϕs

Vðx3ÞÞ þ rArV

×ð1 − x2 − x3Þðϕs
Aðx2Þϕt

Vðx3Þ − ϕt
Aðx2Þϕs

Vðx3ÞÞ�Enfaðt0fÞhfnfaðx1; x2; x3; b1; b2Þg; ð65Þ

M0N;P2

nfa ¼ −M0N
nfa; ð66Þ

M0T;P2

nfa ¼ M0T
nfa; ð67Þ

F0L
fa ¼ −8πCFm2

B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3f½x2ϕAðx2ÞϕVðx3Þ − 2rArVϕs
Vðx3Þðð1þ x2Þϕs

Aðx2Þ

−ð1 − x2Þϕt
Aðx2ÞÞ�Efaðt0gÞhfaðx2; 1 − x3; b2; b3Þ − ½ð1 − x3ÞϕAðx2ÞϕVðx3Þ − 2rArVϕs

Aðx2Þ
×ðx3ϕt

Vðx3Þ þ ð2 − x3Þϕs
Vðx3ÞÞ�Efaðt0hÞhfað1 − x3; x2; b3; b2Þg; ð68Þ

F0N
fa ¼ −8πCFm2

B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3rArVfEfaðt0gÞ½ð1þ x2Þðϕv
Aðx2Þϕv

Vðx3Þ þ ϕa
Aðx2Þϕa

Vðx3ÞÞ

−ð1 − x2Þðϕv
Aðx2Þϕa

Vðx3Þ þ ϕa
Aðx2Þϕv

Vðx3ÞÞ�hfaðx2; 1 − x3; b2; b3Þ − ½ð2 − x3Þðϕv
Aðx2Þϕv

Vðx3Þ
þϕa

Aðx2Þϕa
Vðx3ÞÞ þ x3ðϕv

Aðx2Þϕa
Vðx3Þ þ ϕa

Aðx2Þϕv
Vðx3ÞÞ�Efaðt0hÞhfað1 − x3; x2; b3; b2Þg; ð69Þ

F0T
fa ¼ −16πCFm2

B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3rArVfEfaðt0gÞ½ð1þ x2Þðϕv
Aðx2Þϕa

Vðx3Þ þ ϕa
Aðx2Þϕv

Vðx3ÞÞ

−ð1 − x2Þðϕv
Aðx2Þϕv

Vðx3Þ þ ϕa
Aðx2Þϕa

Vðx3ÞÞ�hfaðx2; 1 − x3; b2; b3Þ − ½x3ðϕv
Aðx2Þϕv

Vðx3Þ
þϕa

Aðx2Þϕa
Vðx3ÞÞ þ ð2 − x3Þðϕv

Aðx2Þϕa
Vðx3Þ þ ϕa

Aðx2Þϕv
Vðx3ÞÞ�Efaðt0hÞhfað1 − x3; x2; b3; b2Þg; ð70Þ

F0L;P1

fa ¼ −F0L
fa; ð71Þ

F0N;P1

fa ¼ −F0N
fa; ð72Þ

F0T;P1

fa ¼ F0T
fa; ð73Þ
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F0L;P2

fa ¼ −16πCFm2
B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3f½2rVϕAðx2Þϕs
Vðx3Þ þ rAx2ðϕt

Aðx2Þ − ϕs
Aðx2ÞÞ

×ϕVðx3Þ�hfaðx2; 1 − x3; b2; b3ÞEfaðt0gÞ − ½2rAϕs
Aðx2ÞϕVðx3Þ − rVð1 − x3ÞϕAðx2Þ

×ðϕt
Vðx3Þ þ ϕs

Vðx3ÞÞ�Efaðt0hÞhfað1 − x3; x2; b3; b2Þg; ð74Þ

F0N;P2

fa ¼ 16πCFm2
B

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3frVϕT
Aðx2Þðϕa

Vðx3Þ − ϕv
Vðx3ÞÞhfaðx2; 1 − x3; b2; b3Þ

×Efaðt0gÞ − rAðϕv
Aðx2Þ þ ϕa

Aðx2ÞÞϕT
Vðx3ÞEfaðt0hÞhfað1 − x3; x2; b3; b2Þg; ð75Þ

F0T;P2

fa ¼ 2F0N;P2

fa : ð76Þ

Thus, by combining various contributions from different diagrams as presented in Eqs. (13)–(76) and the mixing pattern
in Eq. (1), the total decay amplitudes for 10 nonleptonic decays of B → f1ð1285ÞV can be written as follows (the
superscript h in the following formulas describes the helicity amplitudes with longitudinal, normal, and transverse
polarizations, respectively):
(1) Bþ → f1ð1285Þðρþ; K�þÞ decays

AhðBþ → f1ð1285ÞρþÞ ¼ f½a1�ðfρFh
fe þ fBFh

fa þ fBF0h
faÞ þ ½a2�ff1qF0h

fe þ ½C1�ðMh
nfe þMh

nfa þM0h
nfaÞ

þ ½C2�M0h
nfegλduζf1q − λdt ζf1q

�
½a4 þ a10�ðfρFh

fe þ fBFh
fa þ fBF0h

faÞ þ ½a6 þ a8�

× ðfBFh;P2

fa þ fBF
0h;P2

fa Þ þ ½C3 þ C9�ðMh
nfe þMh

nfa þM0h
nfaÞ þ ½C5 þ C7�

× ðMh;P1

nfe þMh;P1

nfa þM0h;P1

nfa Þ þ
�
2a3 þ a4 − 2a5 −

1

2
ða7 − a9 þ a10Þ

�
ff1qF

0h
fe

þ
�
C3 þ 2C4 −

1

2
ðC9 − C10Þ

�
M0h

nfe þ
�
C5 −

1

2
C7

�
M0h;P1

nfe þ
�
2C6 þ

1

2
C8

�
M0h;P2

nfe

�

− λdt ζf1s

��
a3 − a5 þ

1

2
ða7 − a9Þ

�
ff1sF

0h
fe þ

�
C4 −

1

2
C10

�
M0h

nfe

þ
�
C6 −

1

2
C8

�
M0h;P2

nfe

�
; ð77Þ

AhðBþ → f1ð1285ÞK�þÞ ¼ λsuf½a1�ððfK�Fh
fe þ fBFh

faÞζf1q þ fBF0h
faζf1sÞ þ ½a2�ff1qF0h

feζf1q þ ½C1�

× ðM0h
nfaζf1s þ ðMh

nfe þMh
nfaÞζf1qÞ þ ½C2�M0h

nfeζf1qg − λst

�
½a4 þ a10�

× ððfK�Fh
fe þ fBFh

faÞζf1q þ fBF0h
faζf1sÞ þ ðfBFh;P2

fa ζf1q þ fBF0h;P2

fa ζf1sÞ
× ½a6 þ a8� þ ½C3 þ C9�ðM0h

nfaζf1s þ ðMh
nfe þMh

nfaÞζf1qÞ þ ½C5 þ C7�

× ððMh;P1

nfe þMh;P1

nfa Þζf1q þM0h;P1

nfa ζf1sÞ þ
��

2a3 − 2a5 −
1

2
ða7 − a9Þ

�
ff1qF

0h
fe

þ
�
2C4 þ

1

2
C10

�
M0h

nfe þ
�
2C6 þ

1

2
C8

�
M0h;P2

nfe

�
ζf1q þ

��
C3 þ C4 −

1

2
ðC9 þ C10Þ

�

×M0h
nfe þ

�
a3 þ a4 − a5 þ

1

2
ða7 − a9 − a10Þ

�
ff1sF

0h
fe þ

�
C5 −

1

2
C7

�
M0h;P1

nfe

þ
�
C6 −

1

2
C8

�
M0h;P2

nfe

�
ζf1s

�
; ð78Þ
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(2) B0 → f1ð1285Þðρ0; K�0;ω;ϕÞ decays
ffiffiffi
2

p
AhðB0 → f1ð1285Þρ0Þ ¼ fa2ðfρFh

fe þ fBFh
fa þ fBF0h

fa − ff1qF
0h
feÞ þ C2ðMh

nfe þMh
nfa þM0h

nfa −M0h
nfeÞg

× λduζf1q − λdt ζf1q

��
−a4 −

1

2
ð3a7 − 3a9 − a10Þ

�
fρFh

fe þ
�
−a4 þ

1

2
ð3a7 þ 3a9 þ a10Þ

�

× ðfBFh
fa þ fBF0h

faÞ −
�
2a3 þ a4 − 2a5 −

1

2
ða7 − a9 þ a10Þ

�
ff1qF

0h
fe −

�
a6 −

1

2
a8

�

× ðfBFh;P2

fa þ fBF0h;P2

fa Þ þ
�
−C3 þ

1

2
ðC9 þ 3C10Þ

�
ðMh

nfe þMh
nfa þM0h

nfaÞ þ
�
3

2
C8

�

× ðMh;P2

nfe þMh;P2

nfa þM0h;P2

nfa Þ −
�
C5 −

1

2
C7

�
ðMh;P1

nfe þMh;P1

nfa þM0h;P1

nfa þM0h;P1

nfe Þ

−
�
C3 þ 2C4 −

1

2
ðC9 − C10Þ

�
M0h

nfe −
�
2C6 þ

1

2
C8

�
M0h;P2

nfe

�
− λdt

�
−
�
a3 − a5 þ

1

2

× ða7 − a9Þ
�
ff1sF

0h
fe −

�
C4 −

1

2
C10

�
M0h

nfe −
�
C6 −

1

2
C8

�
M0h;P2

nfe

�
ζf1s ; ð79Þ

AhðB0 → f1ð1285ÞK�0Þ¼ λsuf½a2�ff1qF0h
feþ½C2�M0h

nfegζf1q −λst

��
a4−

1

2
a10

�
ððfK�Fh

feþfBFh
faÞζf1q þζf1sfBF

0h
faÞ

þ
�
a6−

1

2
a8

�
ðfBFh;P2

fa ζf1q þfBF0h;P2

fa ζf1sÞþ
�
C3−

1

2
C9

�
ððMh

nfeþMh
nfaÞζf1q þM0h

nfaζf1sÞ

þ
�
C5−

1

2
C7

�
ððMh;P1

nfe þMh;P1

nfa Þζf1q þM0h;P1

nfa ζf1sÞþ
��

2a3−2a5−
1

2
ða7−a9Þ

�
ff1qF

0h
fe

þ
�
2C4þ

1

2
C10

�
M0h

nfeþ
�
2C6þ

1

2
C8

�
M0h;P2

nfe

�
ζf1q

þ
��

a3þa4−a5þ
1

2
ða7−a9−a10Þ

�
ff1sF

0h
feþ

�
C3þC4−

1

2
ðC9þC10Þ

�
M0h

nfe

þ
�
C5−

1

2
C7

�
M0h;P1

nfe þ
�
C6−

1

2
C8

�
M0h;P2

nfe

�
ζf1s

�
; ð80Þ

ffiffiffi
2

p
AhðB0→ f1ð1285ÞωÞ¼ λdufa2ðfωFh

feþfBFh
faþfBF0h

faþff1qF
0h
feÞþC2ðMh

nfeþMh
nfaþM0h

nfaþM0h
nfeÞg ·ζf1q

−λdt

��
2a3þa4−2a5−

1

2
ða7−a9þa10Þ

�
ðfωFh

feþff1qF
0h
feÞ

þ
�
2a3þa4þ2a5þ

1

2
ða7þa9−a10Þ

�
ðfBFh

faþfBF0h
faÞþðfBFh;P2

fa þfBF0h;P2

fa Þ

×

�
a6−

1

2
a8

�
þ
�
C3þ2C4−

1

2
ðC9−C10Þ

�
ðMh

nfeþM0h
nfeþMh

nfaþM0h
nfaÞ

þ
�
C5−

1

2
C7

�
ðMh;P1

nfe þMh;P1

nfa þM0h;P1

nfa þM0h;P1

nfe Þ

þ
�
2C6þ

1

2
C8

�
ðMh;P2

nfe þM0h;P2

nfe þMh;P2

nfa þM0h;P2

nfa Þ
�
·ζf1q

−λdt

��
a3−a5þ

1

2
ða7−a9Þ

�
ff1sF

0h
feþ

�
C4−

1

2
C10

�
M0h

nfe

þ
�
C6−

1

2
C8

�
M0h;P2

nfe

�
·ζf1s ; ð81Þ
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AhðB0 → f1ð1285ÞϕÞ ¼ −λdt
��

a3 − a5 þ
1

2
ða7 − a9Þ

�
fϕFh

feζf1q þ
�
a3 þ a5 −

1

2
ða7 þ a9Þ

�
ðfBFh

fa þ fBF0h
faÞζf1s

þ
�
C4 −

1

2
C10

�
ðMh

nfeζf1q þ ðMh
nfa þM0h

nfaÞζf1sÞ

þ
�
C6 −

1

2
C8

�
ððMh;P2

nfa þM0h;P2

nfa Þζf1s þMh;P2

nfe ζf1qÞ
�
; ð82Þ

(3) B0
s → f1ð1285Þðρ0; K�0;ω;ϕÞ decays

ffiffiffi
2

p
AhðB0

s → f1ð1285Þρ0Þ ¼ λsufa2ðfρFh
feζf1s þ ðfBFh

fa þ fBF0h
faÞζf1qÞ þ C2ðMh

nfeζf1s þ ðMh
nfa þM0h

nfaÞ · ζf1qÞg

− λst ·
3

2
· f½a9 − a7�fρFh

feζf1s þ ½a7 þ a9�ðfBFh
fa þ fBF0h

faÞζf1q þ C10

× ðMh
nfeζf1s þ ðMh

nfa þM0h
nfaÞζf1qÞ þ C8ðMh;P2

nfe ζf1s þ ðMh;P2

nfa þM0h;P2

nfa Þζf1qÞg; ð83Þ

AhðB0
s → f1ð1285ÞK�0Þ ¼ λdufa2ff1qF0h

fe þ C2M0h
nfeg · ζf1q

− λdt

��
a4 −

1

2
a10

�
ððfK�Fh

fe þ fBFh
faÞ · ζf1s þ fBF0h

fa · ζf1qÞ

þ
�
a6 −

1

2
a8

�
ðfBFh;P2

fa ζf1s þ fBF0h;P2

fa ζf1qÞ

þ
�
C3 −

1

2
C9

�
ðM0h

nfaζf1q þ ðMh
nfe þMh

nfaÞζf1sÞ

þ
�
C5 −

1

2
C7

�
ððMh;P1

nfe þMh;P1

nfa Þζf1s þ ζf1qM
0h;P1

nfa Þ

þ
��

2a3 þ a4 − 2a5 −
1

2
ða7 − a9 þ a10Þ

�
ff1qF

0h
fe þ

�
C3 þ 2C4 −

1

2
ðC9 − C10Þ

�
M0h

nfe

þ
�
C5 −

1

2
C7

�
M0h;P1

nfe þ
�
2C6 þ

1

2
C8

�
M0h;P2

nfe

�
ζf1q þ

��
a3 − a5 þ

1

2
ða7 − a9Þ

�
ff1sF

0h
fe

þ
�
C4 −

1

2
C10

�
M0h

nfe þ
�
C6 −

1

2
C8

�
M0h;P2

nfe

�
ζf1s

�
; ð84Þ

ffiffiffi
2

p
AhðB0

s → f1ð1285ÞωÞ ¼ fζf1s · ða2fωFh
fe þ C2Mh

nfeÞ þ ζf1q · ða2ðfBFh
fa þ fBF0h

faÞ þ C2ðMh
nfa þM0h

nfaÞÞg

× λsu − λst

�
ζf1q ·

��
2C4 þ

1

2
C10

�
ðMh

nfa þM0h
nfaÞ þ

�
2C6 þ

1

2
C8

�
ðMh;P2

nfa þM0h;P2

nfa Þ

þ
�
2a3 þ 2a5 þ

1

2
ða7 þ a9Þ

�
ðfBFh

fa þ fBF0h
faÞ

�

þ ζf1s ·
��

2a3 − 2a5 −
1

2
ða7 − a9Þ

�
fωFh

fe þ
�
2C4 þ

1

2
C10

�
Mh

nfe

þ
�
2C6 þ

1

2
C8

�
Mh;P2

nfe

��
; ð85Þ
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AhðB0
s → f1ð1285ÞϕÞ¼ λsufζf1q · ða2ff1qF0h

feþC2M0h
nfeÞg−λst

�
ζf1s ·

��
a3þa4−a5þ

1

2
ða7−a9−a10Þ

�

× ðfϕFh
feþff1sF

0h
feÞþ

�
a6−

1

2
a8

�
ðfBFh;P2

fa þfBF0h;P2

fa Þþ
�
C3þC4−

1

2
ðC9þC10Þ

�

× ðMh
nfeþM0h

nfeþMh
nfaþM0h

nfaÞþ
�
C5−

1

2
C7

�
ðMh;P1

nfe þM0h;P1

nfe þMh;P1

nfa þM0h;P1

nfa Þ

þ
�
C6−

1

2
C8

�
ðMh;P2

nfe þM0h;P2

nfe þMh;P2

nfa þM0h;P2

nfa Þþ
�
a3þa4þa5−

1

2
ða7þa9þa10Þ

�

× ðfBFh
faþfBF0h

faÞ
�
þζf1q ·

��
2a3−2a5−

1

2
ða7−a9Þ

�
f1sF0h

feþ
�
2C4þ

1

2
C10

�
M0h

nfe

þ
�
2C6þ

1

2
C8

�
M0h;P2

nfe

��
; ð86Þ

where λdðsÞu ¼V�
ubVudðsÞ and λdðsÞt ¼V�

tbVtdðsÞ, and ζf1q¼
cosϕf1=

ffiffiffi
2

p
and ζf1s ¼ − sinϕf1 . Also, ai is the standard

combination of the Wilson coefficients Ci defined as
follows:

a1 ¼ C2 þ
C1

3
; a2 ¼ C1 þ

C2

3
;

ai ¼ Ci þ Ci�1=3; i ¼ 3–10; ð87Þ

where C2 ∼ 1 is the largest one among all the Wilson
coefficients and the upper (lower) sign applies, when i is
odd (even). When we make the replacements with
ζf1q → ζ0f1q ¼ sinϕf1=

ffiffiffi
2

p
and ζf1s → ζ0f1s ¼ cosϕf1 in the

above equations, i.e., Eqs. (77)–(86), the decay amplitudes
of other 10B → f1ð1420ÞVmodeswill be straightforwardly
obtained.

III. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we will present numerically the pQCD
predictions of the CP-averaged branching ratios, the
polarization fractions, the CP-violating asymmetries, and
the relative phases for those considered 20 nonleptonic
B → f1V decays. Some comments are essentially given on
the input quantities for axial-vector f1 states:
(a) f1qðsÞ state distribution amplitude

In light of the similar behavior between vector and
3P1-axial-vector mesons [27] and the same form for ρ
and ω distribution amplitudes in the vector meson
sector but with different decay constants fρ and fω, we
argue that the f1q distribution amplitude can be taken
with the same one as that of the a1ð1260Þ state with
decay constant ff1q ¼ 0.193 GeV [40]. While, for
simplicity, we adopt the same distribution amplitude
as the flavor singlet f1 state [not to be confusedwith the
abbreviation f1 of f1ð1285Þ and f1ð1420Þ mesons]

[17] for the f1s state with decay constant ff1s ¼
0.230 GeV [40].

(b) f1qðsÞ state mass and mixing angle
As mentioned in the Introduction, the value of the

mixing angle ϕf1 ¼ ð24.0þ3.2
−2.7Þ° has been measured

preliminarily by the LHCb Collaboration in 2013 in
the heavy b flavor sector [19]. Because of the good
agreement between this measurement and the latest
update ð27� 2Þ° in lattice QCD calculations [41], we
will adopt experimental data ϕf1 ¼ 24.0° to predict the
quantities numerically in this work. On the other
hand, as exhibited in Ref. [18], the predictions of
BrðBþ;0→APÞpQCD with the measured angle are gen-
erally consistent with those BrðBþ;0 → APÞQCDF based
on the same mixing matrix for the f1ð1285Þ −
f1ð1420Þ system with α3P1

∼ 18°, i.e., the second entry
θ3P1

∼ 53° in the flavor singlet-octet basis [14]. More-
over, for the masses of two f1q and f1s states, we adopt
mf1q ∼mf1ð1285Þ and mf1s ∼mf1ð1420Þ for convenience.

In numerical calculations, central values of the input
parameters will be used implicitly unless otherwise stated.
The relevant QCD scale (GeV), masses (GeV), and B
meson lifetime (ps) are the following [19,20,27,40,42]:

Λðf¼4Þ
MS

¼ 0.250; mW ¼ 80.41; mB ¼ 5.28;

mBs
¼ 5.37; mb ¼ 4.8;

ff1q ¼ 0.193þ0.043
−0.038 ; ff1s ¼ 0.230� 0.009;

mf1q ¼ 1.28; mf1s ¼ 1.42;

τBþ ¼ 1.641; τB0 ¼ 1.519; τB0
s
¼ 1.497;

ϕf1 ¼ ð24.0þ3.2
−2.7Þ∘: ð88Þ

For the CKM matrix elements, we adopt the Wolfenstein
parametrization at leading order [43] and the updated
parameters A ¼ 0.814, λ ¼ 0.22537, ρ ¼ 0.117� 0.021,
and η ¼ 0.353� 0.013 [8].
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A. CP-averaged branching ratios

For the considered B → f1V decays, the decay rate can
be written as

Γ ¼ G2
FjPcj

16πm2
B

X
σ¼L;N;T

AðσÞ†AðσÞ; ð89Þ

where jPcj≡ jP2zj ¼ jP3zj is the momentum of either the
outgoing axial-vector meson or vector meson and AðσÞ can
be found, for example, in Eqs. (77)–(86). Using the decay
amplitudes obtained in last section, it is straightforward to
calculate the CP-averaged branching ratios with uncertain-
ties for the considered decays in the pQCD approach.

The numerical results of the physical quantities are
presented in Tables I–X, in which the six major errors
are induced by the uncertainties of the shape parameter
ωb ¼ 0.40�0.04ðωb ¼ 0.50�0.05ÞGeV in the Bþ;0ðB0

sÞ
meson wave function; of the combined decay constants
fM from the 3P1-axial-vector state decay constants
ff1q ¼ 0.193þ0.043

−0.038 and ff1s ¼ 0.230� 0.009 GeV and
vector meson decay constants fV and fTV ; of the
combined Gegenbauer moments aMi from a∥2 and a⊥1 for
the axial-vectorf1q andf1s states and froma∥;⊥ð1Þ2V for the light
vector meson in both longitudinal and transverse polar-
izations; of the mixing angle ϕf1 ¼ ð24.0þ3.2

−2.7Þ∘ for the

TABLE I. Theoretical predictions of physical quantities of Bþ → f1ρþ decays obtained in the pQCD approach with mixing angle
ϕf1 ¼ 24° in the quark-flavor (f1q − f1s) basis. For comparison, we also quote the estimations in the framework of the QCDF approach
with mixing angle θ3P1

∼ 53° in the flavor singlet-octet (f1–f8) basis.

Decay modes Bþ → f1ð1285Þρþ Bþ → f1ð1420Þρþ
Parameter Definition This work QCDF [3] This work QCDF [3]

BR ð10−6Þ Γ=Γtotal 11.1þ3.2þ5.4þ6.0þ0.4þ0.2þ0.8
−2.5−4.0−4.8−0.6−0.3−0.9 8.9þ5.1þ0.4

−3.2−0.3 2.3þ0.7þ1.1þ1.2þ0.6þ0.0þ0.2
−0.5−0.8−0.9−0.4−0.0−0.2 1.3þ0.6þ0.2

−0.3−0.0

fLð%Þ jALj2 96.3þ0.2þ0.2þ0.4þ0.0þ0.1þ0.0
−0.1−0.2−0.3−0.0−0.1−0.0 90þ4

−3 90.5þ0.0þ1.7þ1.8þ1.2þ1.2þ0.7
−0.1−2.5−3.7−1.4−1.8−0.8 93þ4

−3

f∥ð%Þ jA∥j2 2.3þ0.0þ0.1þ0.2þ0.0þ0.1þ0.0
−0.1−0.1−0.2−0.0−0.1−0.0 � � � 5.5þ0.0þ1.3þ2.0þ0.7þ1.0þ0.4

−0.1−0.9−1.1−0.7−0.7−0.4 � � �
f⊥ð%Þ jA⊥j2 1.4þ0.1þ0.1þ0.1þ0.0þ0.1þ0.0

−0.1−0.1−0.1−0.0−0.0−0.0 � � � 4.1þ0.0þ1.1þ1.6þ0.6þ0.8þ0.3
−0.1−0.9−0.9−0.6−0.6−0.4 � � �

ϕ∥ (rad) arg A∥
AL

3.1þ0.0þ0.0þ0.0þ0.0þ0.0þ0.0
−0.0−0.1−0.1−0.0−0.0−0.0 � � � 3.1þ0.1þ0.1þ0.2þ0.1þ0.1þ0.0

−0.0−0.0−0.0−0.0−0.0−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
3.1þ0.0þ0.0þ0.1þ0.0þ0.0þ0.0

−0.0−0.0−0.0−0.0−0.0−0.0 � � � 3.2þ0.0þ0.0þ0.0þ0.0þ0.0þ0.0
−0.0−0.0−0.1−0.0−0.0−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ
−6.7þ0.1þ0.3þ2.1þ0.1þ0.5þ0.4

−0.0−0.2−2.9−0.0−0.5−0.3 − −3.7þ0.4þ0.7þ1.8þ0.3þ0.6þ0.1
−0.4−0.7−2.1−0.4−0.8−0.1 −

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
−7.0þ0.1þ0.1þ2.1þ0.1þ0.5þ0.4

−0.0−0.1−2.8−0.0−0.6−0.3 � � � −5.4þ0.7þ0.4þ1.8þ0.2þ1.0þ0.2
−0.6−0.4−2.1−0.2−1.4−0.3 � � �

Adir
CPð∥Þð%Þ f̄∥−f∥

f̄∥þf∥
0.7þ0.6þ2.8þ2.8þ0.7þ2.1þ0.0

−0.4−3.5−3.8−0.8−1.2−0.0 − 13.8þ1.6þ3.7þ10.9þ0.4þ0.8þ0.7
−1.8−3.7−11.0−0.6−0.6−0.8 −

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
1.3þ0.7þ3.0þ3.0þ0.7þ2.4þ0.1

−0.5−3.9−4.1−0.8−1.3−0.0 � � � 10.5þ2.5þ4.0þ11.9þ0.5þ0.5þ0.5
−3.2−3.9−12.2−0.6−0.3−0.6 � � �

TABLE II. Same as Table I but for Bþ → f1K�þ decays.

Decay modes Bþ → f1ð1285ÞK�þ Bþ → f1ð1420ÞK�þ

Parameter Definition This work QCDF [3] This work QCDF [3]

BR ð10−6Þ Γ=Γtotal 6.4þ0.5þ2.4þ1.6þ0.3þ2.1þ0.1
−0.3−1.7−1.3−0.2−1.2−0.0 5.7þ3.8þ21.4

−2.2−4.8 4.5þ0.7þ0.4þ1.3þ0.2þ0.8þ0.0
−0.6−0.4−1.2−0.3−0.5−0.1 15.6þ10.9þ10.4

−5.2−4.7
fLð%Þ jALj2 23.5þ0.8þ2.3þ4.8þ1.3þ1.8þ0.5

−0.5−1.6−3.2−1.0−1.3−0.5 47þ49
−45 69.3þ1.0þ0.9þ10.2þ0.5þ4.8þ0.4

−1.2−1.3−10.4−0.6−6.6−0.3 64þ37
−61

f∥ð%Þ jA∥j2 42.1þ0.2þ0.9þ1.8þ0.6þ0.8þ0.3
−0.4−1.2−2.4−0.7−1.0−0.2 � � � 16.5þ0.8þ0.8þ5.9þ0.4þ3.5þ0.2

−0.6−0.7−5.7−0.4−2.6−0.2 � � �
f⊥ð%Þ jA⊥j2 34.4þ0.2þ0.7þ1.5þ0.4þ0.6þ0.2

−0.4−1.1−2.4−0.6−0.8−0.2 � � � 14.2þ0.5þ0.5þ3.8þ0.2þ3.0þ0.2
−0.4−0.3−4.4−0.1−2.2−0.2 � � �

ϕ∥ (rad) arg A∥
AL

4.4þ0.0þ0.1þ0.1þ0.0þ0.1þ0.1
−1.3−0.2−1.8−0.0−0.2−0.1 � � � 3.6þ0.1þ0.2þ0.3þ0.1þ0.1þ0.1

−0.0−0.1−0.1−0.0−0.1−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
4.4þ0.0þ0.1þ0.1þ0.0þ0.1þ0.1

−1.3−0.2−1.8−0.0−0.2−0.1 � � � 3.6þ0.0þ0.1þ0.2þ0.0þ0.1þ0.0
−0.1−0.1−0.3−0.1−0.1−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ
−16.0þ0.9þ1.0þ4.4þ0.3þ2.3þ0.5

−0.9−0.9−4.2−0.3−2.2−0.5 � � � 13.9þ0.9þ3.0þ3.7þ2.0þ0.5þ0.5
−0.8−2.8−4.0−1.7−0.8−0.4 � � �

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
−94.5þ3.3þ7.3þ20.7þ4.1þ8.0þ1.4

−1.1−4.4−3.7−2.8−4.0−1.2 � � � 25.4þ1.1þ4.9þ2.3þ3.4þ1.5þ1.0
−0.9−4.7−3.7−2.8−1.1−0.9 � � �

Adir
CPð∥Þð%Þ f̄∥−f∥

f̄∥þf∥
8.2þ0.3þ0.5þ2.1þ0.1þ1.0þ0.3

−0.3−0.5−2.1−0.1−1.0−0.3 � � � −14.1þ1.1þ3.0þ4.9þ1.8þ2.2þ0.5
−1.1−2.9−5.6−2.1−2.1−0.6 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
7.9þ0.4þ0.6þ2.1þ0.1þ0.8þ0.3

−0.3−0.4−2.0−0.1−0.9−0.2 � � � −9.7þ1.0þ2.2þ4.1þ1.3þ1.5þ0.4
−0.9−2.0−4.0−1.4−1.4−0.3 � � �
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f1ð1285Þ − f1ð1420Þ mixing system; of the maximal run-
ning hard scale tmax; and of the combined CKM matrix
elements from parameters ρ and η, respectively. It is worth
mentioning that, though parts of next-to-leading order
corrections to two-body hadronicBmeson decays have been
proposed in the pQCD approach [22,23], the higher order
QCD contributions to B → VV modes beyond leading order
are not yet available presently. Therefore, as displayed in the
above-mentioned tables, the higher order contributions in this
work are simply investigated by exploring the variation of
hard scale tmax, i.e., from 0.8t to 1.2t (not changing 1=bi,
i ¼ 1, 2, 3), in the hard kernel, which have been counted into
one of the sources of theoretical uncertainties. It looks like the
penguin-dominated decays such as Bþ;0 → f1K�þ;0,
B0 → f1ϕ, and B0

s → f1ðK�0;ω;ϕÞ are more sensitive to

thepotential higher order corrections, as can be clearly seen in
Tables II,IV,VI,VIII,IX, and X, correspondingly.
(1) According to the effective Hamiltonian shown in

Eq. (9), the considered 20 nonleptonic B → f1V
decays contain two kinds of transitions, i.e., the b →
d one with ΔS ¼ 0 and the b → s one with ΔS ¼ 1
(here, the capital S describes strange flavor number),
inwhichBþ;0 → f1ðρ;ω;ϕÞ andB0

s → f1K�0 belong
to the former class, while Bþ;0 → f1K�þ;0 and B0

s →
f1ðρ;ω;ϕÞ are classified into the latter one. Also, in
principle, if the decays with these two kinds of
transitions are dominated by the penguin amplitudes,
it can be roughly anticipated that because jλdt j∶jλst j ∼
0.22∶1 in magnitude, BrðB→ f1VÞb→d is basically
less than BrðB → f1VÞb→s. Undoubtedly, the

TABLE III. Same as Table I but for B0 → f1ρ0 decays.

Decay modes B0 → f1ð1285Þρ0 B0 → f1ð1420Þρ0
Parameter Definition This work QCDF [3] This work QCDF [3]

BR ð10−7Þ Γ=Γtotal 1.1þ0.3þ0.5þ0.8þ0.1þ0.1þ0.1
−0.2−0.3−0.2−0.0−0.0−0.0 2.0þ1.0þ3.0

−1.0−0.0 0.7þ0.2þ0.1þ0.1þ0.0þ0.2þ0.0
−0.2−0.1−0.1−0.0−0.2−0.0 0.4þ1.2þ0.8

−0.3−0.0

fLð%Þ jALj2 90.5þ0.1þ1.6þ5.4þ0.0þ1.1þ0.7
−0.0−2.0−12.8−0.3−1.1−0.8 71þ9

−36 7.2þ1.8þ3.7þ5.6þ2.0þ4.1þ0.1
−1.1−2.4−1.7−1.7−2.6−0.0 87þ8

−40

f∥ð%Þ jA∥j2 4.5þ0.0þ1.1þ6.8þ0.2þ0.5þ0.4
−0.1−0.8−2.1−0.1−0.5−0.4 � � � 49.3þ0.4þ1.0þ0.9þ0.7þ1.3þ0.0

−0.9−1.8−2.8−1.0−2.1−0.1 � � �
f⊥ð%Þ jA⊥j2 5.0þ0.1þ1.0þ6.1þ0.1þ0.6þ0.4

−0.1−0.8−3.3−0.0−0.6−0.4 � � � 43.5þ0.7þ1.5þ0.7þ1.0þ1.3þ0.1
−0.9−1.9−2.8−1.0−2.0−0.0 � � �

ϕ∥ (rad) arg A∥
AL

3.3þ0.1þ0.3þ0.4þ0.1þ0.1þ0.0
−0.0−0.1−0.1−0.0−0.0−0.0 � � � 3.5þ0.0þ0.4þ0.2þ0.2þ0.1þ0.0

−0.0−0.1−0.4−0.1−0.0−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
3.3þ0.1þ0.2þ0.4þ0.1þ0.1þ0.1

−0.0−0.0−0.1−0.0−0.0−0.0 � � � 3.5þ0.0þ0.4þ0.2þ0.2þ0.1þ0.0
−0.0−0.1−0.3−0.1−0.0−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ
18.0þ12.9þ3.9þ40.6þ2.3þ1.6þ0.6

−12.0−4.5−27.5−2.6−1.4−0.6 � � � 24.1þ0.5þ7.5þ17.2þ4.5þ5.1þ1.1
−0.4−6.7−22.4−3.7−5.4−1.3 � � �

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
24.7þ13.7þ1.3þ39.2þ0.5þ3.0þ1.1

−12.7−1.5−32.5−0.5−2.9−1.0 � � � −72.5þ24.1þ27.2þ29.5þ16.1þ19.2þ2.8
−20.8−26.1−14.7−18.2−18.6−2.7 � � �

Adir
CPð∥Þð%Þ f̄∥−f∥

f̄∥þf∥
−56.6þ4.9þ31.4þ40.2þ19.5þ5.5þ2.6

−5.2−26.4−11.4−17.8−2.3−2.7 � � � 29.8þ0.6þ6.6þ20.4þ3.7þ3.1þ1.4
−0.6−6.2−23.3−3.2−3.4−1.5 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
−36.9þ6.2þ30.0þ27.3þ19.4þ7.0þ1.9

−6.6−30.8−11.8−20.3−3.5−1.9 � � � 33.6þ0.7þ7.0þ19.5þ4.1þ3.8þ1.7
−0.9−6.6−22.8−7.0−4.0−1.6 � � �

TABLE IV. Same as Table I but for B0 → f1K�0 decays.

Decay modes B0 → f1ð1285ÞK�0 B0 → f1ð1420ÞK�0

Parameter Definition This work QCDF [3] This work QCDF [3]

BR ð10−6Þ Γ=Γtotal 5.0þ0.1þ1.6þ1.3þ0.2þ1.7þ0.0
−0.2−1.3−1.2−0.2−1.1−0.1 5.1þ3.6þ20.0

−2.1−4.7 4.4þ0.6þ0.4þ1.4þ0.2þ0.7þ0.0
−0.6−0.4−1.2−0.3−0.5−0.0 14.9þ10.2þ10.1

−5.0−4.6

fLð%Þ jALj2 15.8þ0.9þ2.8þ5.8þ1.6þ0.7þ0.1
−1.0−1.8−2.4−1.2−0.2−0.1 45þ55

−50 71.0þ1.3þ1.7þ10.9þ1.2þ4.4þ0.1
−1.7−2.2−11.1−1.0−6.3−0.1 64þ38

−61

f∥ð%Þ jA∥j2 46.1þ0.5þ0.9þ1.3þ0.5þ0.1þ0.0
−0.5−1.4−3.3−0.8−0.4−0.1 � � � 16.0þ1.0þ1.4þ6.4þ0.8þ3.4þ0.0

−0.9−1.2−6.3−0.8−2.4−0.1 � � �
f⊥ð%Þ jA⊥j2 38.1þ0.5þ1.1þ1.1þ0.7þ0.1þ0.1

−0.4−1.4−2.6−0.8−0.3−0.0 � � � 13.0þ0.6þ0.9þ4.7þ0.5þ2.9þ0.1
−0.4−0.6−4.5−0.4−2.0−0.0 � � �

ϕ∥ (rad) arg A∥
AL

3.9þ0.1þ0.1þ0.5þ0.0þ0.1þ0.0
−0.1−0.2−0.4−0.1−0.1−0.0 � � � 3.7þ0.1þ0.2þ0.3þ0.1þ0.1þ0.0

−0.0−0.1−0.1−0.0−0.1−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
3.9þ0.1þ0.1þ0.5þ0.0þ0.1þ0.0

−0.1−0.1−0.4−0.1−0.1−0.0 � � � 3.7þ0.0þ0.0þ0.1þ0.0þ0.0þ0.0
−0.1−0.3−0.4−0.1−0.2−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ
−7.8þ0.8þ0.2þ2.0þ0.1þ1.2þ0.3

−0.9−0.0−1.8−0.0−1.0−0.3 � � � 4.7þ0.0þ0.9þ0.2þ0.6þ0.8þ0.2
−0.0−0.9−0.4−0.5−1.0−0.2 � � �

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
1.7þ0.0þ3.3þ6.0þ2.0þ2.7þ0.1

−0.2−2.6−10.6−1.7−2.4−0.0 � � � 3.4þ0.0þ0.9þ0.3þ0.5þ1.0þ0.1
−0.1−0.8−0.5−0.5−1.6−0.2 � � �

Adir
CPð∥Þð%Þ f̄∥−f∥

f̄∥þf∥
−9.3þ0.9þ0.5þ0.9þ0.3þ0.9þ0.4

−0.9−0.4−0.9−0.2−0.8−0.3 � � � 7.9þ0.3þ1.6þ2.0þ1.1þ0.7þ0.3
−0.4−1.6−1.8−0.9−0.8−0.3 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
−9.9þ0.8þ0.4þ0.7þ0.2þ1.0þ0.3

−1.0−0.5−0.9−0.2−1.0−0.4 � � � 8.0þ0.1þ1.2þ1.2þ0.8þ0.8þ0.3
−0.2−1.4−1.5−0.8−0.8−0.3 � � �
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tree-dominatedBþ → f1ρþmodes are exceptional. A
convincing example is directly observed from the
ratios between B0→ f1K�0 and B0

s → f1K�0 decay
rates. From the numerical branching ratios predicted
in the pQCD approach as given in Tables IVand VIII,
the ratios Rd=s

fð1285ÞK� and Rd=s
fð1420ÞK� can be written as

Rd=s
f1ð1285ÞK� ≡ BrðB0 → f1ð1285ÞK�0ÞpQCD

BrðB0
s → f1ð1285ÞK�0ÞpQCD

∼ 9;

Rd=s
f1ð1420ÞK� ≡ BrðB0 → f1ð1420ÞK�0ÞpQCD

BrðB0
s → f1ð1420ÞK�0ÞpQCD

∼ 13;

ð90Þ

where, for the sake of simplicity, only central values
are quoted for clarification. The difference between
these two ratios Rd=s

f1ð1285ÞK� and Rd=s
f1ð1420ÞK� is mainly

induced by the fact that f1ð1285Þ½f1ð1420Þ�
has a dominant uuþddðssÞ component with
cosϕ ∼ 0.9, which confirms somewhat large tree
contaminations in Bd=s→f1ð1285ÞK�0 decays. Nu-
merically, in terms of central values, BrðB0 →
f1ð1285Þ½f1ð1420Þ�K�0Þ varies from 4.96ð4.37Þ ×
10−6 to 5.08ð4.34Þ×10−6, while BrðB0

s→f1ð1285Þ
½f1ð1420Þ�K�0Þ changes from 5.47ð3.40Þ×10−7 to
1.99ð2.84Þ×10−7 byneglecting the tree contributions.

(2) Based on the theoretical predictions given at
leading order in the pQCD approach, as collected in
Tables I–X, large CP-averaged branching ratios

TABLE V. Same as Table I but for B0 → f1ω decays.

Decay modes B0 → f1ð1285Þω B0 → f1ð1420Þω
Parameter Definition This work QCDF [3] This work QCDF [3]

BR ð10−6Þ Γ=Γtotal 1.0þ0.2þ0.5þ0.3þ0.0þ0.1þ0.1
−0.2−0.3−0.1−0.0−0.0−0.0 0.9þ1.0þ2.2

−0.4−0.1 0.2þ0.0þ0.1þ0.0þ0.0þ0.0þ0.0
−0.0−0.1−0.0−0.0−0.0−0.0 0.1þ0.2þ0.3

−0.1−0.0

fLð%Þ jALj2 60.1þ2.3þ1.2þ8.1þ0.0þ2.4þ0.5
−2.4−1.3−7.6−0.1−1.6−0.6 86þ7

−62 45.3þ3.2þ3.9þ9.7þ2.3þ4.4þ1.4
−3.4−4.7−9.3−2.4−3.0−1.4 86þ4

−76

f∥ð%Þ jA∥j2 20.1þ1.3þ0.7þ4.0þ0.1þ1.0þ0.3
−1.2−0.6−4.2−0.0−1.3−0.2 � � � 28.3þ1.8þ2.5þ4.8þ1.3þ1.7þ0.7

−1.8−2.3−5.1−1.3−2.5−0.9 � � �
f⊥ð%Þ jA⊥j2 19.8þ1.1þ0.6þ3.5þ0.1þ0.6þ0.3

−1.1−0.6−3.9−0.1−1.1−0.3 � � � 26.5þ1.5þ2.0þ4.4þ1.0þ1.2þ0.6
−1.5−1.8−4.7−1.0−2.0−0.7 � � �

ϕ∥ (rad) arg A∥
AL

1.7þ0.1þ0.1þ1.5þ0.0þ1.3þ0.1
−0.0−0.0−0.1−0.0−0.0−0.0 � � � 3.2þ0.0þ0.0þ0.1þ0.0þ0.2þ0.0

−0.1−0.0−0.2−0.0−0.2−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
1.7þ0.1þ0.1þ0.3þ0.0þ2.9þ0.1

−0.0−0.0−0.1−0.0−0.0−0.0 � � � 3.2þ0.0þ0.0þ0.1þ0.0þ0.2þ0.0
−0.1−0.0−0.2−0.0−0.2−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ −59.3þ0.2þ1.6þ4.2þ0.6þ4.5þ1.8
−0.0−1.7−1.8−0.6−1.0−1.5 � � � −6.0þ2.8þ12.2þ18.7þ6.5þ9.2þ0.2

−2.7−11.2−17.3−6.7−6.5−0.3 � � �
Adir

CPðLÞð%Þ f̄L−fL
f̄LþfL

−88.7þ2.8þ1.2þ11.7þ0.8þ6.0þ1.6
−2.7−1.6−6.3−0.9−0.0−1.6 � � � −7.3þ5.6þ25.1þ17.9þ13.5þ24.2þ0.3

−4.5−19.5−20.3−12.6−13.8−0.4 � � �
Adir

CPð∥Þð%Þ f̄∥−f∥
f̄∥þf∥

−15.8þ0.0þ1.5þ5.2þ0.1þ0.4þ0.6
−0.1−1.7−3.8−0.1−0.3−0.7 � � � −4.3þ0.7þ3.7þ21.3þ1.2þ0.9þ0.2

−0.9−4.1−17.6−1.3−1.9−0.3 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
−14.3þ0.1þ1.4þ5.3þ0.1þ0.5þ0.6

−0.0−1.4−5.8−0.0−0.4−0.5 � � � −5.6þ0.7þ3.5þ19.7þ1.0þ0.8þ0.3
−0.9−3.9−16.2−1.1−1.9−0.4 � � �

TABLE VI. Same as Table I but for B0 → f1ϕ decays.

Decay modes B0 → f1ð1285Þϕ B0 → f1ð1420Þϕ
Parameter Definition This work QCDF [3] This work QCDF [3]

BR ð10−9Þ Γ=Γtotal 8.9þ1.8þ3.3þ3.4þ0.3þ2.2þ0.4
−1.4−2.3−2.2−0.2−1.4−0.3 2.0þ2.0þ9.0

−1.0−0.0 3.7þ0..2þ0.3þ2.6þ0.2þ0.9þ0.1
−0.4−0.5−2.1−0.3−0.9−0.2 0.8þ0.9þ0.9

−0.1−0.1

fLð%Þ jALj2 68.9þ0.9þ3.9þ19.5þ2.5þ1.7þ0.0
−0.9−3.3−17.7−2.1−2.4−0.0 90þ3

−71 85.9þ1.6þ5.7þ11.4þ3.6þ0.0þ0.0
−2.0−7.7−16.7−5.1−1.1−0.0 98þ2

−44

f∥ð%Þ jA∥j2 17.3þ0.5þ1.9þ9.9þ1.2þ1.3þ0.0
−0.4−2.0−10.5−1.3−0.9−0.0 � � � 7.4þ1.1þ4.3þ9.0þ2.8þ0.6þ0.0

−0.8−3.0−6.2−1.9−0.0−0.0 � � �
f⊥ð%Þ jA⊥j2 13.7þ0.5þ1.5þ7.9þ1.0þ1.2þ0.0

−0.4−1.7−8.5−1.1−0.8−0.0 � � � 6.7þ0.9þ3.5þ7.7þ2.3þ0.5þ0.0
−0.7−2.6−5.3−1.7−0.0−0.0 � � �

ϕ∥ (rad) arg A∥
AL

3.7þ0.0þ0.0þ0.0þ0.0þ0.0þ0.0
−0.1−0.1−0.1−0.0−0.0−0.0 � � � 4.3þ0.1þ0.0þ0.1þ0.0þ0.0þ0.0

−0.1−0.1−0.2−0.0−0.0−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
3.7þ0.0þ0.0þ0.1þ0.0þ0.0þ0.0

−0.0−0.0−0.1−0.0−0.0−0.0 � � � 4.4þ0.1þ0.0þ0.1þ0.0þ0.0þ0.0
−0.1−0.1−0.2−0.0−0.0−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ
∼0.0 � � � ∼0.0 � � �

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
∼0.0 � � � ∼0.0 � � �

Adir
CPð∥Þð%Þ f̄∥−f∥

f̄∥þf∥
∼0.0 � � � ∼0.0 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
∼0.0 � � � ∼0.0 � � �
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of the order of10−6–10−5 can be found in the channels
such as Bþ→f1ðρþ;K�þÞ, B0→f1K�0, B0→
f1ð1285Þω, and B0

s → f1ϕ, which can be detected
at the LHCb and Belle-II experiments in the near
future. Of course, relative to the B0

s → ϕϕ decay, it is
of particular interest to study the Bs − Bs mixing
phase and even possible NP through the detectable
B0
s → f1ϕ decays with large decay rates complemen-

tarily, which is mainly because these two modes
contain the tiny and safely negligible tree pollution.
More relevant discussions will be given below.

(3) From Table I, one can easily find that the CP-
averaged branching ratios of color-allowed tree-
dominated Bþ → f1ρþ decays are

BrðBþ → f1ð1285ÞρþÞpQCD ¼ 11.1þ8.7
−6.8 × 10−6;

BrðBþ → f1ð1420ÞρþÞpQCD ¼ 2.3þ1.9
−1.4 × 10−6;

ð91Þ

where various errors arising from the input param-
eters have been added in quadrature. It is known
that the Bþ → f1ρþ decays are induced by the
interferences between Bþ → f1qρþ and f1sρþ

modes. The values of the branching ratios indicate
a constructive (destructive) interference in the Bþ →
f1ð1285Þ½f1ð1420Þ�ρþ decay. In fact, due to the
dominance of f1qðf1sÞ in the f1ð1285Þ½f1ð1420Þ�
state, it is therefore naturally expected that

TABLE VII. Same as Table I but for B0
s → f1ρ0 decays.

Decay modes B0
s → f1ð1285Þρ0 B0

s → f1ð1420Þρ0

Parameter Definition This work QCDF This work QCDF

BR ð10−7Þ Γ=Γtotal 0.5þ0.2þ0.1þ0.3þ0.1þ0.1þ0.0
−0.1−0.0−0.2−0.1−0.0−0.0 � � � 2.5þ0.8þ0.2þ1.4þ0.1þ0.2þ0.0

−0.6−0.2−1.1−0.1−0.2−0.1 � � �
fLð%Þ jALj2 79.8þ0.3þ0.3þ1.9þ0.2þ0.2þ0.8

−0.3−0.0−3.6−0.1−0.1−0.8 � � � 80.8þ0.0þ0.1þ1.6þ0.1þ0.1þ0.8
−0.0−0.1−2.7−0.0−0.1−0.8 � � �

f∥ð%Þ jA∥j2 10.9þ0.1þ0.0þ1.9þ0.0þ0.0þ0.3
−0.2−0.2−1.0−0.1−0.1−0.4 � � � 10.4þ0.1þ0.1þ1.5þ0.1þ0.1þ0.4

−0.0−0.0−0.8−0.0−0.0−0.4 � � �
f⊥ð%Þ jA⊥j2 9.3þ0.1þ0.0þ1.7þ0.1þ0.1þ0.3

−0.1−0.1−0.8−0.1−0.1−0.3 � � � 8.7þ0.1þ0.2þ1.4þ0.1þ0.1þ0.4
−0.0−0.0−0.7−0.0−0.0−0.3 � � �

ϕ∥ (rad) arg A∥
AL

3.1þ0.0þ0.1þ0.1þ0.0þ0.0þ0.0
−0.0−0.0−0.1−0.0−0.0−0.0 � � � 2.9þ0.1þ0.0þ0.2þ0.0þ0.0þ0.1

−0.0−0.0−0.0−0.0−0.0−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
3.1þ0.0þ0.1þ0.1þ0.0þ0.0þ0.0

−0.0−0.0−0.1−0.0−0.0−0.0 � � � 3.0þ0.0þ0.0þ0.1þ0.0þ0.0þ0.0
−0.1−0.0−0.1−0.0−0.0−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ −26.4þ3.3þ2.2þ3.8þ5.2þ1.5þ1.0
−3.3−8.1−3.3−5.1−1.4−0.9 � � � 23.7þ2.0þ1.9þ15.6þ1.3þ1.8þ0.8

−2.0−1.6−9.4−1.0−1.9−0.8 � � �
Adir

CPðLÞð%Þ f̄L−fL
f̄LþfL

−30.6þ3.6þ2.5þ5.8þ6.4þ1.8þ1.1
−3.7−10.1−8.1−6.5−1.8−1.2 � � � 31.8þ3.0þ2.2þ17.2þ1.5þ2.2þ1.1

−3.0−2.0−10.4−1.3−1.5−1.1 � � �
Adir

CPð∥Þð%Þ f̄∥−f∥
f̄∥þf∥

−13.8þ2.5þ0.1þ12.7þ0.4þ0.5þ0.7
−2.9−0.8−7.2−0.5−0.6−0.8 � � � −9.6þ2.2þ0.1þ14.8þ0.1þ0.3þ0.5

−2.5−0.2−8.4−0.1−0.4−0.6 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
−4.2þ1.6þ1.2þ15.4þ0.8þ0.2þ0.2

−1.6−0.3−8.9−0.7−0.4−0.2 � � � −10.8þ2.4þ0.3þ13.8þ0.2þ0.1þ0.6
−2.4−0.2−7.6−0.1−0.2−0.6 � � �

TABLE VIII. Same as Table I but for B0
s → f1K̄�0 decays.

Decay modes B0
s → f1ð1285ÞK̄�0 B0

s → f1ð1420ÞK̄�0

Parameter Definition This work QCDF This work QCDF

BR ð10−7Þ Γ=Γtotal 5.5þ1.0þ2.2þ1.0þ0.0þ1.1þ0.3
−0.8−1.7−0.9−0.0−0.6−0.3 � � � 3.4þ0.6þ0.4þ1.8þ0.0þ0.6þ0.0

−0.5−0.3−1.3−0.0−0.4−0.0 � � �
fLð%Þ jALj2 39.2þ0.0þ1.6þ8.4þ0.4þ3.2þ0.9

−0.3−1.6−8.2−0.4−1.5−0.8 � � � 51.1þ2.7þ4.3þ12.0þ0.6þ5.2þ0.5
−2.8−4.5−15.5−0.7−6.5−0.6 � � �

f∥ð%Þ jA∥j2 31.8þ0.2þ0.9þ4.3þ0.3þ1.1þ0.5
−0.0−0.9−4.4−0.3−1.9−0.4 � � � 25.8þ1.5þ2.6þ8.2þ0.5þ3.6þ0.3

−1.4−2.5−6.4−0.4−2.8−0.2 � � �
f⊥ð%Þ jA⊥j2 29.0þ0.2þ0.6þ3.8þ0.1þ0.4þ0.5

−0.1−0.8−4.0−0.2−1.3−0.5 � � � 23.1þ1.3þ2.0þ7.4þ0.2þ2.9þ0.3
−1.2−2.0−5.7−0.2−2.4−0.3 � � �

ϕ∥ (rad) arg A∥
AL

3.0þ1.0þ1.1þ2.1þ1.3þ1.3þ1.3
−0.0−0.1−0.1−0.0−0.0−0.0 � � � 2.9þ0.0þ0.1þ0.2þ0.1þ0.1þ0.1

−0.0−0.0−0.1−0.0−0.0−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
3.2þ1.1þ1.2þ0.2þ0.1þ0.0þ0.1

−0.0−0.2−0.4−0.2−0.1−0.2 � � � 3.0þ0.0þ0.0þ0.2þ0.0þ0.0þ0.0
−0.0−0.2−0.3−0.1−0.1−0.1 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ −52.9þ4.2þ3.0þ12.7þ1.9þ7.5þ1.0
−2.7−2.2−13.2−1.5−4.4−0.9 � � � −5.9þ2.3þ5.0þ11.5þ2.2þ4.2þ0.1

−2.6−5.9−10.8−4.0−3.8−0.2 � � �
Adir

CPðLÞð%Þ f̄L−fL
f̄LþfL

17.7þ7.0þ11.3þ18.7þ6.9þ26.0þ0.7
−6.0−9.9−23.0−6.1−20.9−0.8 � � � −71.1þ1.3þ11.2þ23.8þ6.6þ2.4þ2.3

−0.5−10.0−26.2−7.0−3.2−2.1 � � �
Adir

CPð∥Þð%Þ f̄∥−f∥
f̄∥þf∥

−99.0þ2.4þ1.1þ3.4þ0.6þ1.0þ0.6
−0.0−0.5−1.3−0.2−0.4−0.5 � � � 61.7þ3.1þ5.1þ6.9þ3.3þ4.2þ1.8

−3.9−7.7−7.6−4.1−5.4−1.8 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
−97.8þ3.6þ1.9þ3.7þ1.1þ1.8þ1.0

−1.2−1.3−3.1−0.9−1.4−0.7 � � � 62.5þ2.5þ4.2þ6.0þ2.8þ4.2þ1.7
−3.4−7.3−7.4−3.9−5.5−1.8 � � �
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TABLE IX. Same as Table I but for B0
s → f1ω decays.

Decay modes B0
s → f1ð1285Þω B0

s → f1ð1420Þω
Parameter Definition This work QCDF This work QCDF

BR ð10−7Þ Γ=Γtotal 1.9þ0.5þ0.6þ0.7þ0.2þ0.7þ0.1
−0.3−0.4−0.3−0.1−0.4−0.0 � � � 3.5þ1.5þ0.2þ3.2þ0.1þ1.1þ0.0

−1.1−0.3−2.2−0.2−0.8−0.1 � � �
fLð%Þ jALj2 81.8þ1.1þ4.0þ10.0þ2.6þ0.1þ0.2

−1.4−4.8−9.9−3.0−0.5−0.3 � � � 50.9þ4.0þ0.6þ3.4þ0.4þ0.3þ0.6
−3.9−0.4−2.8−0.3−1.4−0.7 � � �

f∥ð%Þ jA∥j2 9.9þ0.7þ2.5þ5.3þ1.6þ0.3þ0.2
−0.6−2.1−5.5−1.4−0.1−0.2 � � � 26.5þ2.0þ0.3þ1.7þ0.2þ0.8þ0.4

−2.1−0.3−2.2−0.2−0.1−0.3 � � �
f⊥ð%Þ jA⊥j2 8.3þ0.6þ2.2þ4.5þ1.4þ0.3þ0.2

−0.5−1.8−4.6−1.2−0.0−0.1 � � � 22.6þ1.8þ0.1þ1.1þ0.1þ0.6þ0.3
−1.9−0.3−1.3−0.2−0.1−0.3 � � �

ϕ∥ (rad) arg A∥
AL

3.9þ0.0þ0.0þ0.4þ0.0þ0.0þ0.0
−0.1−0.1−0.3−0.1−0.1−0.0 � � � 2.7þ0.0þ0.1þ0.3þ0.0þ0.0þ0.0

−0.1−0.1−0.2−0.1−0.0−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
3.9þ0.0þ0.0þ0.4þ0.0þ0.0þ0.0

−0.1−0.1−0.3−0.1−0.1−0.0 � � � 2.7þ0.1þ0.1þ0.3þ0.1þ0.0þ0.0
−0.1−0.1−0.2−0.0−0.0−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ 10.9þ1.1þ0.9þ2.0þ0.5þ0.3þ0.4
−1.1−0.5−4.6−0.3−0.9−0.4 � � � 29.5þ2.0þ0.8þ13.9þ0.6þ3.9þ1.1

−2.2−0.7−7.6−0.4−4.6−1.0 � � �
Adir

CPðLÞð%Þ f̄L−fL
f̄LþfL

7.7þ1.1þ0.2þ2.2þ0.1þ1.5þ0.2
−1.1−0.1−3.8−0.0−2.2−0.3 � � � 34.3þ5.3þ1.4þ20.4þ1.0þ2.8þ1.2

−4.7−1.5−11.1−0.9−3.4−1.2 � � �
Adir

CPð∥Þð%Þ f̄∥−f∥
f̄∥þf∥

23.5þ0.1þ0.1þ5.3þ0.1þ4.7þ1.1
−0.1−0.0−3.7−0.0−5.2−0.9 � � � 23.9þ0.1þ0.0þ6.5þ0.0þ4.7þ1.0

−0.2−0.0−4.1−0.0−5.4−1.1 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
27.6þ0.0þ0.3þ7.6þ0.2þ5.3þ1.1

−0.3−0.4−5.0−0.3−6.2−1.2 � � � 25.4þ0.0þ0.1þ5.2þ0.1þ5.2þ1.1
−0.1−0.1−4.2−0.0−5.9−1.1 � � �

TABLE X. Same as Table I but for B0
s → f1ϕ decays.

Decay modes B0
s → f1ð1285Þϕ B0

s → f1ð1420Þϕ
Parameter Definition This work QCDF This work QCDF

BR ð10−6Þ Γ=Γtotal 14.7þ6.1þ3.3þ3.0þ1.7þ3.9þ0.1
−4.1−2.7−2.6−1.4−2.8−0.0 � � � 16.2þ5.9þ2.0þ7.4þ1.3þ1.8þ0.0

−4.1−1.9−5.7−1.6−1.6−0.0 � � �
fLð%Þ jALj2 56.7þ0.6þ2.4þ3.2þ1.5þ0.6þ0.1

−0.4−2.3−3.7−1.5−1.0−0.1 � � � 82.1þ1.8þ2.0þ3.2þ1.1þ2.4þ0.1
−1.9−1.8−3.1−0.9−3.6−0.0 � � �

f∥ð%Þ jA∥j2 23.7þ0.2þ1.2þ1.9þ0.7þ0.5þ0.0
−0.3−1.3−1.9−0.8−0.4−0.1 � � � 10.5þ1.1þ1.0þ1.8þ0.5þ2.1þ0.0

−1.0−1.1−1.7−0.6−1.4−0.0 � � �
f⊥ð%Þ jA⊥j2 19.6þ0.2þ1.2þ1.7þ0.7þ0.5þ0.1

−0.3−1.1−1.4−0.7−0.2−0.0 � � � 7.4þ0.8þ0.7þ1.4þ0.4þ1.5þ0.0
−0.8−0.9−1.5−0.5−1.0−0.0 � � �

ϕ∥ (rad) arg A∥
AL

2.9þ0.1þ0.0þ0.1þ0.0þ0.0þ0.0
−0.0−0.0−0.0−0.0−0.0−0.0 � � � 2.6þ0.0þ0.0þ0.2þ0.0þ0.0þ0.0

−0.0−0.0−0.0−0.0−0.0−0.0 � � �
ϕ⊥ (rad) arg A⊥

AL
2.9þ0.1þ0.1þ0.1þ0.0þ0.0þ0.0

−0.0−0.0−0.0−0.0−0.0−0.0 � � � 2.6þ0.0þ0.0þ0.2þ0.0þ0.0þ0.0
−0.0−0.0−0.0−0.0−0.0−0.0 � � �

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ
−5.3þ0.3þ0.7þ0.7þ0.4þ0.8þ0.2

−0.2−0.4−0.5−0.3−0.7−0.1 � � � 2.5þ0.1þ0.7þ0.4þ0.5þ0.2þ0.1
−0.1−0.6−0.4−0.4−0.3−0.1 � � �

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
−7.2þ0.5þ1.1þ1.2þ0.7þ0.9þ0.3

−0.4−1.0−1.1−0.6−1.0−0.2 � � � 2.4þ0.1þ0.6þ0.4þ0.4þ0.5þ0.1
−0.1−0.5−0.4−0.3−0.2−0.1 � � �

Adir
CPð∥Þð%Þ f̄∥−f∥

f̄∥þf∥
−2.7þ0.1þ0.3þ0.4þ0.1þ0.4þ0.1

−0.0−0.1−0.3−0.0−0.3−0.1 � � � 2.6þ0.1þ1.1þ0.2þ0.7þ0.3þ0.1
−0.1−0.7−0.4−0.4−0.2−0.1 � � �

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
−2.8þ0.0þ0.2þ0.4þ0.1þ0.4þ0.1

−0.0−0.1−0.4−0.1−0.4−0.1 � � � 3.1þ0.2þ1.1þ0.2þ0.9þ0.4þ0.1
−0.1−0.9−0.4−0.6−0.3−0.1 � � �

TABLE XI. The decay amplitudes (in units of 10−3 GeV3) of the Bþ → f1qρþ and Bþ → f1sρþ channels in the Bþ → f1ρþ decays
with three polarizations in the pQCD approach, where only the central values are quoted for clarification. Note that the numerical results
in the parentheses are the corresponding amplitudes without annihilation contributions.

Decay modes Bþ → f1ð1285Þρþ Bþ → f1ð1420Þρþ
Channels Bþ → ρþf1q Bþ → ρþf1s Bþ → ρþf1q Bþ → ρþf1s

AL
−2.217 − i3.790 −0.127þ i0.058 −0.987 − i1.688 0.285 − i0.131
ð−2.359 − i3.718Þ ð−0.127þ i0.058Þ ð−1.050 − i1.655Þ ð0.285 − i0.131Þ

AN
−0.166 − i0.424 −0.089þ i0.041 −0.073 − i0.187 0.201 − i0.091
ð−0.179 − i0.447Þ ð−0.089þ i0.041Þ ð−0.079 − i0.197Þ ð0.201 − i0.091Þ

AT
−0.224 − i0.757 −0.184þ i0.080 −0.107 − i0.331 0.413 − i0.180
ð−0.325 − i0.810Þ ð−0.184þ i0.080Þ ð−0.152 − i0.355Þ ð0.413 − i0.180Þ
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BrðBþ → f1ð1285Þ½f1ð1420Þ�ρþÞpQCD is more like
BrðBþ → ω½ϕ�ρþÞ. However, relative to Bþ → ϕρþ
decay, the Bþ → f1ð1420Þρþ mode receives an
extra and significant interference from the dominant
factorizable Bþ → f1q transition with a factor
ðsinϕf1Þ ∼ 0.4, which finally results in a larger
BrðBþ → f1ð1420ÞρþÞ than BrðBþ → ϕρþÞ as it
should be. Careful analysis of the decay amplitudes
with three polarizations presented in Table XI con-
firms the above-mentioned arguments.
The Bþ → f1ρþ decays have been investigated

within the framework of the QCDF approach [3].2

The branching ratios were predicted as follows:

BrðBþ → f1ð1285ÞρþÞQCDF¼ 8.9þ5.1
−3.2 ×10−6;

BrðBþ → f1ð1420ÞρþÞQCDF¼ 1.3þ0.6
−0.3 ×10−6; ð92Þ

where the errors are also added in quadrature. Note
that, as discussed in Ref. [18], the QCDF predictions
only with the mixing angle θ3P1

∼ 53.2° are basically
consistent with the pQCD ones for Bþ;0 → f1P
decay rates. Therefore, as listed in Eq. (92), we still
quote the theoretical predictions forB → f1V decays
with θ3P1

∼ 53.2° to make concrete comparisons with
those in the pQCD approach. One can easily observe
the good agreement of the Bþ → f1ρþ decay rates
predicted in both the QCDF and pQCD approaches
within uncertainties.

(4) According to Table II, the CP-averaged branching
ratios of Bþ → f1K�þ decays can be written as

BrðBþ → f1ð1285ÞK�þÞpQCD ¼ 6.4þ3.6
−2.5 × 10−6;

BrðBþ → f1ð1420ÞK�þÞpQCD ¼ 4.5þ1.7
−1.5 × 10−6:

ð93Þ

Here, we have added all the errors in quadrature.
For the former Bþ → f1ð1285ÞK�þ decay, our pre-
dicted branching ratio is in good consistency
with the value 5.7þ21.7

−5.3 × 10−6 derived in the QCDF
approach within theoretical errors. Generally speak-
ing, in light of the constructive or destructive inter-
ference between f1qV and f1sV states, the latter
BrðBþ → f1ð1420ÞK�þÞ is naturally expected to be
larger or smaller than BrðBþ → f1ð1285ÞK�þÞ in
principle. AlthoughBrðBþ → f1ð1285ÞK�þÞpQCD is,
in terms of the central values, somewhat larger than
BrðBþ → f1ð1420ÞK�þÞpQCD, the pQCDpredictions
of the Bþ → f1K�þ decay rates within errors are
approximately equivalent to each other in this work,
whichmake a sharp contrast to the pattern obtained in
the framework of QCDF. The authors predicted
the Bþ → f1ð1420ÞK�þ branching fraction as
BrðBþ→f1ð1420ÞK�þÞQCDF¼15.6þ15.1

−7.0 ×10−6 [3].
It seems that the predicted branching ratio for Bþ →
f1ð1420ÞK�þ indicates a strongly constructive (mod-
erately destructive) interference in QCDF (pQCD)
betweenBþ→f1qK�þ andBþ→f1sK�þ channels. In
order to understand the branching ratios of Bþ →
f1K�þ decays, different from those QCDF predic-
tions, the numerical values of decay amplitudes are
presented in Table XII explicitly involving three
polarizations within the pQCD framework. One can
easily see the dominated Bþ → f1qK�þðBþ →
f1sK�þÞ contributions induced by the dominance of
f1qðf1sÞ in the f1ð1285Þ½f1ð1420Þ� state [see Eq. (1)
with ϕf1 ∼ 24°] and the moderately constructive
(destructive) interferences between Bþ→f1qK�þ and
Bþ → f1sK�þ in the Bþ → f1ð1285Þ½f1ð1420Þ�K�þ
decays in the pQCD approach.
However, it should be pointed out that when the

very large errors are taken into account, BrðBþ →
f1ð1285ÞK�þÞQCDF ∼ BrðBþ → f1ð1420ÞK�þÞQCDF
can be observed. Moreover, objectively speaking, as
discussed in Ref. [5], different predictions ofB → VV
decays have been theoretically obtained by fitting
the parameters through different well-measured
channels such as B → ϕK� [7] and B → ρK� [3,5],

TABLE XII. Same as Table XI but for Bþ → f1K�þ decays.

Decay modes Bþ → f1ð1285ÞK�þ Bþ → f1ð1420ÞK�þ

Channels Bþ → K�þf1q Bþ → K�þf1s Bþ → K�þf1q Bþ → K�þf1s

AL
0.284 − i1.423 −0.679 − i0.791 0.127 − i0.634 1.524þ i1.776
ð0.292 − i0.832Þ ð−0.672 − i0.224Þ ð0.130 − i0.370Þ ð1.510þ i0.502Þ

AN
−1.078þ i0.436 −0.089þ i0.446 −0.465þ i0.188 0.200 − i1.003
ð−0.747 − i0.123Þ ð0.127 − i0.027Þ ð−0.318 − i0.060Þ ð−0.285þ i0.062Þ

AT
−2.166þ i0.866 −0.152þ i0.896 −0.965þ i0.386 0.340 − i2.013
ð−1.509 − i0.281Þ ð0.287 − i0.043Þ ð−0.672 − i0.125Þ ð−0.643þ i0.097Þ

2In light of the crude predictions given in Ref. [26] and the
consistent results presented in Refs. [14] and [18] for the
branching ratios of B → f1P decays, we will mainly focus on
the theoretical predictions of Bþ;0 → f1V modes obtained with
QCDF and make comprehensive analyses and comparisons in
this work.
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respectively, because of inevitable end-point singular-
ities in the framework of QCDF. This indefiniteness
may render misunderstandings of the dynamics in-
volved in these kinds of decays with polarizations. It
will be very interesting and probably a challenge for
the theorists to further understand the QCD dynamics
of axial-vectorf1 mesons and the decaymechanismof
B → f1K� with helicity in depth once the experiments
at LHCb and/or Belle-II confirm the aforementioned
decay rates and decay pattern in the near future.
Similar phenomena also occur in the B0 → f1K�0

modes (see Table IV), in which few contribu-
tions arising from the color-suppressed tree ampli-
tudes are involved. Specifically, the branching
ratios will numerically decrease (increase) from
6.43ð4.46Þ × 10−6 to 5.65ð4.61Þ×10−6 for Bþ→
f1ð1285Þ½f1ð1420Þ�K�þ decay, and increase (de-
crease) from 4.96ð4.37Þ × 10−6 to 5.08ð4.34Þ ×
10−6 for the B0 → f1ð1285Þ½f1ð1420Þ�K�0 mode,
when the contributions induced by tree operators are
turned off. The stringent tests on the CP-averaged
branching ratios for B → f1K� decays predicted in
the QCDF and pQCD approaches may provide an
experimental check on these two competing
frameworks.

(5) As discussed in Refs. [3,27], the behavior of axial-
vector 3P1 states is similar to that of vector mesons,
which will consequently result in the branching ratio
of B → f1ð1285Þ½f1ð1420Þ�K� analogous to that of
B → ω½ϕ�K� decays in the pQCD approach as
expected, if the f1ð1285Þ½f1ð1420Þ� state is almost
governed by the f1qðf1sÞ component. However,
from Tables II, IV, and XII, it can be clearly observed
that the predicted branching ratios of B →
f1ð1285Þ½f1ð1420Þ�K� decays in this work are larger
(smaller) than those of B → ω½ϕ�K� decays [5–8].
The underlying reason is that, for the B0 →
f1ð1285Þ½f1ð1420Þ�K�0 mode for example, a
constructive (destructive) interference arising
from B0 → f1s½f1q�K�0 (as can be seen in Table XII)
with a factor sinϕf1 ∼ 0.4 will enhance (reduce) the
amplitude of B0 → f1q½f1s�K�0, which finally leads
to somewhat larger (smaller) branching ratio
5.0þ2.7

−2.1 ½4.4þ1.7
−1.5 �×10−6 than that of B0→ω½ϕ�K�0,

with 2.0þ3.1
−1.4 ½9.3þ11.4

−6.5 �×10−6 in [7], 2.5þ2.5
−1.6 ½9.5þ12.0

−6.0 �×
10−6 in [5], 4.7þ2.6

−2.0 ½9.8þ4.9
−3.8 � × 10−6 in [6], and 2.0�

0.5½10.0� 0.5� × 10−6 in [8], respectively.
(6) The CP-averaged branching ratios for penguin-

dominated B0 → f1ρ0, color-suppressed tree-
dominated B0→ f1ω, and pure penguin B0 → f1ϕ
decays with the CKM suppressed b → d transition
in the pQCD approach have been given in
Tables III, V, and VI, in which only B0 →
f1ð1285Þω has a large and measurable decay rate,

1.0þ0.6
−0.4 × 10−6, and the other five decays have such

small branching ratios in the range of 10−9 − 10−7

that it is hard to detect them precisely in a
short period. Note that the ideal mixing has been
assumed for ω and ϕ mesons, i.e., ω
≡ðuuþ ddÞ= ffiffiffi

2
p

and ϕ≡ ss. By employing
the same distribution amplitudes but with slightly
different decay constants for ρ and ω, the corre-
sponding ðuu − ddÞ= ffiffiffi

2
p

and ðuuþ ddÞ= ffiffiffi
2

p
com-

ponents have dramatically different effects, i.e.,
being destructive (constructive) to B0 → f1ρ0ðωÞ
decays. Together with interferences at different levels
between f1qðρ0;ωÞ and f1sðρ0;ωÞ, we finally obtain
BrðB0→f1ð1285Þρ0ÞpQCD≳BrðB0→f1ð1420Þρ0ÞpQCD
and BrðB0 → f1ð1285ÞωÞpQCD > BrðB0 →
f1ð1420ÞωÞpQCD within uncertainties, but with a very
consistent decay rate and decay pattern as given in
the QCDF approach. Careful analysis shows that
B0 → f1ρ0 decays only include negligible color-
suppressed tree contributions. For the B0 → f1ϕ
mode, the CP-averaged branching ratios predicted
in the pQCD approach are 8.9þ5.5

−3.8 × 10−9 and
3.7þ2.8

−2.4 × 10−9, respectively, which are basically
consistent with but slightly larger than those obtained
in the QCDF approach.

(7) As shown in Tables VII–X, the B0
s → f1V

decays are studied for the first time in the literature.
The CP-averaged branching ratios of B0

s →
f1ðρ0;ω; K�0Þ predicted in the pQCD approach
are of the order of 10−7 within large theoretical
errors, apart from B0

s → f1ϕmodes with large decay
rates around Oð10−5Þ. In light of the measurements
of B0

d → KþK− with decay rate 1.3� 0.5 × 10−7

and B0
s → πþπ− with branching ratio 7.6� 1.9 ×

10−7 [8,44,45], it is therefore expected that the
above-mentioned B0

s → f1V decay modes can be
generally accessed at the running of LHCb and the
forthcoming Belle-II experiments with a large num-
ber of B0

sB0
s events in the near future. The interfer-

ences between B0
s → f1qV and B0

s → f1sV channels
lead to the following relations in B0

s → f1V decays
with errors:

BrðB0
s → f1ð1285Þðρ0;ωÞÞpQCD

< BrðB0
s → f1ð1420Þðρ0;ωÞÞpQCD;

BrðB0
s → f1ð1285ÞðK�0;ϕÞÞpQCD

∼ BrðB0
s → f1ð1420ÞðK�0;ϕÞÞpQCD: ð94Þ

Note that, unlike B0→f1ðρ0;ωÞ decays,
B0
s→f1ðρ0;ωÞ ones are all governed by the

penguin-dominated amplitudes with very small,
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color-suppressed tree contributions. Because of
dominant factorizable emission contributions with
a B0

s → f1s transition and no B0
s → ðρ0;ωÞ transi-

tion, BrðB0
s → f1ð1285Þðρ0;ωÞÞ is smaller than

BrðB0
s → f1ð1420Þðρ0;ωÞÞ as a naive expectation.

Relative to CKM-favored B → f1K� decays, the
B0
s → f1K�0 ones have significantly smaller branch-

ing ratios because they involve a suppressed factor
0.22 in the decay amplitudes. The penguin-
dominated B0

s → f1ϕ decays with negligibly small
color-suppressed tree amplitudes have the branching
ratios as 14.7þ8.7

−6.4 × 10−6 and 16.2þ9.9
−7.6 × 10−6, re-

spectively. When the tree contaminations are turned
off, the decay rates become 14.9 × 10−6 and
16.1 × 10−6, correspondingly, as far as the central
values are concerned. As shown in Table XIV, one
can easily observe that the overall constructive
(destructive) interferences in three polarizations
between B0

s → f1qϕ and B0
s → f1sϕ modes result

in the approximately equivalent CP-averaged
branching ratios as mentioned previously. Further-
more, the dominance of the B0

s → f1sϕ channel
leads to a decay rate of B0

s → f1ð1420Þϕ similar
to that of B0

s → ϕϕ [6], while the comparable B0
s →

f1qϕ and B0
s → f1sϕ with constructive effects make

BrðB0
s → f1ð1285ÞϕÞ highly different from

BrðB0
s → ωϕÞ, with a factor around Oð102Þ, which

will be tested by the near future LHCb and/or Belle-
II measurements. Because of the possibilities of new
discoveries, the search for NP in the Bs system will
be the main focus of the forthcoming experiments at
LHCb and Belle-II. Several charmless penguin-
dominated Bs decays such as B0

s → ϕϕ can provide
ideal places to search for NP. In light of the similar
behavior between f1 and ϕ and the comparable and
large decay rates between B0

s → f1ϕ and B0
s → ϕϕ,

it is therefore expected that the B0
s → f1ϕ decays

can provide effective constraints on the B0
s − B0

s
mixing phase, CKM unitary triangle, and even NP
signals complementarily.

(8) Frankly speaking, as can easily be seen in
Tables I–X, the theoretical predictions calculated
in the pQCD approach suffer from large errors
induced by the still less constrained uncertainties
in the light-cone distribution amplitudes involved in
both initial and final states. Here, we then define
some interesting ratios of the branching ratios for the
selected decay modes. As generally expected, if the
selected decay modes in a ratio have similar
dependence on a specific input parameter, the error
induced by the uncertainty of this input parameter
will be largely canceled in the ratio, even if one
cannot make an explicit factorization for this param-
eter. From the experimental side, we know that the

ratios of the branching ratios generally could be
measured with a better accuracy than that for indi-
vidual branching ratios. For the sake of the possibility
of the experimentalmeasurements, we here define the
following nine ratios out of the branching ratios of ten
decay modes, i.e., Bþ → f1ρþ, Bþ;0 → f1K�þ;0,
B0 → f1ω, and Bs → f1ϕ, with relatively large
branching ratios around 10−6:

Ru
f1ρ

≡ BrðBþ → f1ð1285ÞρþÞ
BrðBþ → f1ð1420ÞρþÞ

¼ 4.81þ0.21
−0.35 ;

Ru
f1K� ≡ BrðBþ → f1ð1285ÞK�þÞ

BrðBþ → f1ð1420ÞK�þÞ ¼ 1.44þ0.69
−0.56 ;

ð95Þ

Rd
f1K� ≡ BrðB0 → f1ð1285ÞK�0Þ

BrðB0 → f1ð1420ÞK�0Þ ¼ 1.14þ0.54
−0.47 ;

Rd
f1ω

≡ BrðB0 → f1ð1285ÞωÞ
BrðB0 → f1ð1420ÞωÞ

¼ 5.29þ0.58
−0.71 ; ð96Þ

Rs
f1ϕ

≡ BrðB0
s → f1ð1285ÞϕÞ

BrðB0
s → f1ð1420ÞϕÞ

¼ 0.91þ0.40
−0.30 ; ð97Þ

Ruu
ρ=K� ½f1ð1285Þ�≡ BrðBþ → f1ð1285ÞρþÞ

BrðBþ → f1ð1285ÞK�þÞ
¼ 1.72þ0.86

−0.88 ; ð98Þ

Ruu
ρ=K� ½f1ð1420Þ�≡ BrðBþ → f1ð1420ÞρþÞ

BrðBþ → f1ð1420ÞK�þÞ
¼ 0.52þ0.36

−0.32 ; ð99Þ

Rsd
ϕ=K� ½f1ð1285Þ�≡ BrðB0

s → f1ð1285ÞϕÞ
BrðB0 → f1ð1285ÞK�0Þ

¼ 2.97þ1.16
−0.94 ; ð100Þ

Rsd
ϕ=K� ½f1ð1420Þ�≡ BrðB0

s → f1ð1420ÞϕÞ
BrðB0 → f1ð1420ÞK�0Þ

¼ 3.71þ0.86
−0.90 ; ð101Þ

where the individual errors have been added in
quadrature. One can see from the numerical results
in the above equations that the total error has been
reduced to ∼10% for the ratio Ru

f1ρ
, but still remains

large, around ∼70%, for the ratio Ruu
ρ=K� ½f1ð1420Þ�.

These ratios will be tested by future precise Bmeson
experiments and could be used to explore the flavor
symmetry in these modes and to further determine
themixing angleϕf1 between f1q and f1s states in the
quark-flavor basis. Note that the variations of
hadronic parameters in ρ, K�, and ϕ distribution
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amplitudes are not considered in the last four ratios
for convenience.

B. CP-averaged polarization fractions
and relative phases

In this section we will analyze the CP-averaged polari-
zation fractions and relative phases for 20 nonleptonic B →
f1V decays in the pQCD approach. Based on the helicity
amplitudes, we can define the transversity ones as follows:

AL ¼ ξm2
BAL; A∥ ¼ ξ

ffiffiffi
2

p
m2

BAN;

A⊥ ¼ ξmVmf1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr2 − 1Þ

q
AT; ð102Þ

for the longitudinal, parallel, and perpendicular polariza-
tions, respectively, with the normalization factor ξ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

FPc=ð16πm2
BΓÞ

p
and the ratio r¼P2 ·P3=ðmV ·mf1Þ.

These amplitudes satisfy the relation

jALj2 þ jA∥j2 þ jA⊥j2 ¼ 1; ð103Þ

following the summation in Eq. (89). Since the transverse-
helicity contributions can manifest themselves through
polarization observables, we therefore define CP-averaged
fractions in three polarizations fL, f∥, and f⊥ as the
following,

fL;∥;⊥ ≡ jAL;∥;⊥j2
jALj2 þ jA∥j2 þ jA⊥j2

¼ jAL;∥;⊥j2: ð104Þ

With the above transversity amplitudes shown in Eq. (102),
the relative phases ϕ∥ and ϕ⊥ can be defined as

ϕ∥ ¼ arg
A∥

AL
; ϕ⊥ ¼ arg

A⊥
AL

: ð105Þ

As aforementioned, by picking up higher power r2i terms
that were previously neglected, especially in the virtual
gluon and/or quark propagators, the global agreement with
data for B → VV decays has been greatly improved in the
pQCD approach theoretically [6]. In particular, the polari-
zation fractions for penguin-dominated B → VV decays
contributed from large transverse amplitudes are well
understood with this improvement. In the present work,
we followed this treatment in charmless hadronic B → f1V
decays. The theoretical predictions of polarization fractions
and relative phases have been collected in Tables I–X
within errors. Based on these numerical results, some
remarks are given as follows:

(i) Overall, as can straightforwardly be seen in
Tables I–X, the decays with large longitudinal polari-
zation contributions include Bþ→f1ρþ, Bþ;0 →
f1ð1420ÞK�þ;0, B0 → f1ð1285Þðρ0;ωÞ, B0 → f1ϕ,
B0
s → f1ρ0,B0

s → f1ð1285Þω, andB0
s → f1ð1420Þϕ,

while the Bþ;0→ f1ð1285ÞK�þ;0, B0 → f1ð1420Þρ0,
and B0

s → f1ð1285ÞK�0 modes are governed by
large transverse contributions. The other channels,
such as B0

ðsÞ → f1ð1420Þω, B0
s → f1ð1420ÞK�0, and

B0
s → f1ð1285Þϕ, have longitudinal polarization

fractions around 50%, competing with transverse
oneswithin theoretical uncertainties. These predicted
CP-averaged polarization fractions will be tested at
LHCb and/or Belle-II to further explore the decay
mechanism with helicities associated with experi-
mental confirmations on the decay rates.

(ii) Theoretically, the pQCD predictions of polarization
fractions fL and fTð¼ f∥ þ f⊥ ¼ 1 − fLÞ for
Bþ → f1ρþ modes are

fLðBþ → f1ð1285ÞρþÞ ¼ 96.3þ0.5
−0.4%;

fTðBþ → f1ð1285ÞρþÞ ¼ 3.7þ0.3
−0.3%; ð106Þ

fLðBþ → f1ð1420ÞρþÞ ¼ 90.5þ3.1
−5.1%;

fTðBþ → f1ð1420ÞρþÞ ¼ 9.5þ3.5
−2.4%: ð107Þ

In the QCDF approach, the longitudinal polarization
fractions for Bþ → f1ρþ decays have also been
available as follows [3]:

fLðBþ → f1ð1285ÞρþÞ ¼ 90þ4
−3%;

fLðBþ → f1ð1420ÞρþÞ ¼ 93þ4
−3%: ð108Þ

It is obvious to see that the fractions predicted in
both pQCD and QCDF approaches are consistent
with each other within errors, which will be further
examined by combining with large CP-averaged
branching ratios through the LHCb and/or Belle-II
measurements in the near future. As a matter of fact,
the studies on color-allowed tree-dominatedB decays
in the pQCD approach usually agreewith those in the
QCDF one within theoretical uncertainties, e.g.,
B0 → ρþρ− [5,6]. But, it is not the case in penguin-
dominated and weak-annihilation-dominated modes.

(iii) For penguin-dominated Bþ;0 → f1K�þ;0 decays
with a b → s transition, one can find the polarization
fractions from Tables II and IV predicted in the
pQCD approach as follows:

fLðBþ → f1ð1285ÞK�þÞ ¼ 23.5þ5.8
−4.0%;

fTðBþ → f1ð1285ÞK�þÞ ¼ 76.5þ2.9
−4.1%; ð109Þ

fLðBþ → f1ð1420ÞK�þÞ ¼ 69.3þ11.4
−12.5%;

fTðBþ → f1ð1420ÞK�þÞ ¼ 30.7þ8.5
−8.0%; ð110Þ

and
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fLðB0 → f1ð1285ÞK�0Þ ¼ 15.8þ6.7
−3.4%;

fTðB0 → f1ð1285ÞK�0Þ ¼ 84.2þ2.5
−4.8%; ð111Þ

fLðB0 → f1ð1420ÞK�0Þ ¼ 71.0þ12.0
−13.1%;

fTðB0 → f1ð1420ÞK�0Þ ¼ 29.0þ9.4
−8.6%; ð112Þ

which show the pattern of polarization fractions in
the pQCD approach,

fLðBþ;0 → f1ð1285ÞK�þ;0Þ
< fTðBþ;0 → f1ð1285ÞK�þ;0Þ;

fLðBþ;0 → f1ð1420ÞK�þ;0Þ
> fTðBþ;0 → f1ð1420ÞK�þ;0Þ; ð113Þ

and

fLðBþ;0 → f1ð1285ÞK�þ;0Þ
< fLðBþ;0 → f1ð1420ÞK�þ;0Þ;

fTðBþ;0 → f1ð1285ÞK�þ;0Þ
> fTðBþ;0 → f1ð1420ÞK�þ;0Þ: ð114Þ

The decay amplitudes with three polarizations
presented in Table XII show that, for Bþ;0 →
f1ð1285Þ½f1ð1420Þ�K�þ;0 decays, the significantly
constructive (destructive) interferences in transverse
polarizations between Bþ;0 → f1qK�þ;0 and Bþ;0 →
f1sK�þ;0 finally result in somewhat smaller (larger)
longitudinal polarization fractions, correspondingly,
although the cancellations of the real (imaginary)
decay amplitudes occur at different levels in the
longitudinal polarization.
In Ref. [3], the authors predicted longitudinal

polarization fractions for the Bþ;0 → f1K�þ;0 modes
in the QCDF approach as follows:

fLðBþ → f1ð1285ÞK�þÞ ¼ 47þ49
−45%;

fLðBþ → f1ð1420ÞK�þÞ ¼ 64þ37
−61%; ð115Þ

and

fLðB0 → f1ð1285ÞK�0Þ ¼ 45þ55
−50%;

fLðB0 → f1ð1420ÞK�0Þ ¼ 64þ38
−61%; ð116Þ

which show the longitudinal polarization
fractions roughly competing with the transverse
ones for Bþ;0 → f1K�þ;0 and the relation fLðBþ;0→
f1ð1285ÞK�þ;0Þ∼fLðBþ;0→f1ð1420ÞK�þ;0Þ within
large theoretical errors, though, as far as central
values are concerned, the same pattern as in
Eqs. (113) and (114) can also be obtained in the
QCDF framework.

However, with the same b → s transition, the
almost pure penguin B0

s → f1ϕ decays are domi-
nated by longitudinal contributions with the polari-
zation fractions as

fLðB0
s → f1ð1285ÞϕÞ ¼ 56.7þ4.4

−4.7%;

fTðB0
s → f1ð1285ÞϕÞ ¼ 43.3þ3.3

−3.2%; ð117Þ

fLðB0
s → f1ð1420ÞϕÞ ¼ 82.1þ4.9

−5.5%;

fTðB0
s → f1ð1420ÞϕÞ ¼ 17.9þ4.0

−3.2%; ð118Þ

which are different from Bþ;0→f1K�þ;0 decays,
apart from the similar pattern fLðB0

s→f1ð1285ÞϕÞ<
fLðB0

s→f1ð1420ÞϕÞ. To our best knowledge, B0
s →

f1V decays in this paper are indeed investigated
theoretically for the first time in the literature. It is
therefore expected that these polarization fractions
combined with large CP-averaged branching ratios
of the order of 10−5 will be tested soon at the LHCb
and/or Belle-II experiments with a large amount of
events of BsBs production.

(iv) ForB0 → f1ðρ0;ω;ϕÞ decays with b → d transition,
the polarization fractions have also been predicted in
the QCDF and pQCD approaches. From Tables III,
V, and VI, one can observe that the pQCDpredictions
of longitudinal polarization fractions agree roughly
with those QCDF values within very large theoretical
errors. However, in terms of central values, it is noted
that the above-mentioned six modes are all governed
by the longitudinal contributions in the QCDF
approach, which is different from those given in
the pQCD approach to some extent.

For B0 → f1ω decays for example, the
leading-order QCD dynamics and the interfer-
ences between B0 → f1qω and B0 → f1sω make
fLðB0 → f1ð1285ÞωÞ¼ 60.1þ8.9

−8.3%, while fLðB0 →
f1ð1420ÞωÞ ¼ 45.3þ12.1

−11.7%, where, in terms of the
central value, the latter polarization fraction
presents a striking contrast to the value of
fLðB0 → f1ð1420ÞωÞ ¼ 86% obtained in the
QCDF approach. Due to the analogous behavior
between f1 and V and the dominance of f1q in the
f1ð1285Þ state, it is then expected that the longi-
tudinal polarization fraction fLðB0 → f1ð1285ÞωÞ
is more like that of fLðB0 → ωωÞ. The theoretical
prediction of fLðB0 → ωωÞ ∼ 66% made in the
pQCD approach [6] indeed confirms this similar-
ity. Of course, the analogy between fLðB0 →
f1ð1285ÞωÞ ∼ 86% and fLðB0 → ωωÞ ∼ 94% can
also be manifested in the QCDF framework.
Therefore, this phenomenology should be tested
by the near future measurements at LHCb and/or
Belle-II experiments to distinguish these two
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popular factorization approaches based on QCD
dynamics.
As we know, the color-suppressed tree-

dominated B0 → ρ0ρ0 decay is governed by large
transverse amplitudes, but with a too small
branching ratio to be comparable to the data at
leading order in the pQCD approach [6,46]. After
including partial next-to-leading order contribu-
tions such as vertex corrections, quark loop, and
chromomagnetic penguin [46], even the Glauber-
gluon factor [23], the predicted branching ratio
and longitudinal polarization fraction of B0 →
ρ0ρ0 decay are simultaneously in good agreement
with the existing measurements [45]. Of course, it
is noted that the small longitudinal polarization
fraction 0.21þ0.18

−0.22 � 0.13 [47] provided by the
Belle Collaboration cannot match with that given
by the BABAR [48] and LHCb [49] collaborations,
respectively. Therefore, it is important to make a
refined measurement at the forthcoming Belle-II
experiment to give a definitive conclusion. The
stringent measurements on the B0 → f1ω decays
are also sensitive to the color-suppressed tree
amplitude, which may tell us whether they have
the same issue as the B0 → ρ0ρ0 mode.
Moreover, for pure penguin B0 → f1ϕ decays,

although the central values of longitudinal polari-
zation fractions in the pQCD approach are some-
what smaller than those in the QCDF method, the
predictions of polarization fractions within large
theoretical errors are consistent with each other,
and B0 → f1ϕ decays are dominated by the
longitudinal polarization contributions in both
the pQCD and QCDF approaches. However, the
predictions of polarization fractions for B0 →
f1ρ0 decays in the pQCD approach show that
the B0 → f1ð1285Þ½f1ð1420Þ�ρ0 channel seems to
be governed by the longitudinal (transverse)
polarization amplitudes (see Table III for detail),
which indicates a significantly different under-
standing in the QCDF framework. In QCDF, the
B0 → f1ρ0 decays have similar and dominantly
large longitudinal polarization fractions. These
phenomenologies await precise measurements in
the future to further explore the unknown dynam-
ics in the axial-vector f1 states, as well as in the
decay channels.

(v) For B0
s → f1ðρ0;ω; K�0Þ decays, the pQCD predic-

tions of polarization fractions have been presented in
Tables VII, IX, and VIII, respectively. One can
easily observe that (a) the B0

s → f1ρ0 decays are
dominated by the longitudinal contributions with
polarization fractions fLðB0

s → f1ð1285Þρ0Þ ¼
79.8þ2.1

−3.7% ∼ fLðB0
s → f1ð1420Þρ0Þ ¼ 80.8þ1.8

−2.8%;

(b) the longitudinal amplitudes dominate the B0
s →

f1ð1285Þω mode with fLðB0
s → f1ð1285ÞωÞ ¼

81.8þ11.1
−11.5% and contribute to the B0

s → f1ð1420Þω
channel, almost competing with the transverse ones
with fLðB0

s → f1ð1420ÞωÞ ¼ 50.9þ5.3
−5.1%, respec-

tively; and (c) the B0
s → f1ð1285ÞK�0 decay is

governed by the transverse amplitudes, contrary to
B0
s → f1ð1285Þðρ0;ωÞ, with longitudinal polariza-

tion fraction 39.2þ9.2
−8.5%. However, similar to the

B0
s → f1ð1420Þω mode, the B0

s → f1ð1420ÞK�0
channel also has nearly equivalent contributions
from both longitudinal and transverse polarizations.
These predictions of B0

s → f1V decays in the pQCD
approach could be tested by future measurements at
LHCb and/or Belle-II, or even at Circular Electron
Positron Collider (CEPC) factories.

(vi) In this work, the relative phases (in units of rad) ϕ∥
and ϕ⊥ of B → f1V decays are also studied for the
first time in the literature and the relevant numerical
results have been given in Tables I–X. Up to now, no
data or theoretical predictions of these relative
phases in the considered 20 nonleptonic decays of
B → f1V have been available. It is therefore ex-
pected that our predictions in the pQCD approach
could be confronted with future LHCb and/or Belle-
II experiments, as well as the theoretical comparison
within the framework of QCDF, SCET, and so forth.

Again, as stressed in the above section, no results are
available yet for both theoretical and experimental aspects
of B → f1V decays. Hence, we have to wait for the
examinations to our pQCD analyses in the B → f1V decays
from (near) future experiments.

C. Direct CP-violating asymmetries

Now we come to the evaluations of direct CP-violating
asymmetries of B → f1V decays in the pQCD approach.
The direct CP violation Adir

CP can be defined as

Adir
CP ≡ Γ − Γ

Γþ Γ
¼ jAfinalj2 − jAfinalj2

jAfinalj2 þ jAfinalj2
; ð119Þ

where Γ and Afinal stand for the decay rate and decay
amplitude of B → f1V, while Γ and Afinal denote the charge
conjugation ones, correspondingly. It should be mentioned
that here we will not distinguish charged Bþ mesons from
neutral B0 and B0

s ones in Eq. (119) because we are only
considering the direct CP violation. Meanwhile, according
to Ref. [7], the direct-induced CP asymmetries can also be
studied with the help of helicity amplitudes. Usually, we
need to combine three polarization fractions, as shown in
Eq. (104), with those corresponding conjugation ones of B
decays and then to quote the resultant six observables to
define direct CP violations of B → f1V decays in the
transversity basis as follows:
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Adir;l
CP ¼ fl − fl

fl þ fl
; ð120Þ

where l ¼ L; ∥;⊥ and the definition of f is the same as that
in Eq. (104), but for the corresponding B decays.
Using Eq. (119), we calculate the pQCD predictions of

direct CP-violating asymmetries in the B → f1V decays
and present the results as shown in Tables I–X. Based on
these numerical values, some comments are in order:
(1) Generally speaking, the ΔS ¼ 0 decays including

B0 → f1ðρ0;ωÞ and B0
s → f1K�0 and the ΔS ¼ 1

decays such as Bþ → f1K�þ and B0
s → f1ðρ0;ωÞ

have large direct CP violationsAdir
CP within still large

theoretical errors, except for Bþ → f1ρþ, B0 →
f1ðϕ; K�0Þ, and B0

s → f1ϕ modes giving CP-
violating asymmetries less than 10%, because
of either extremely small penguin contaminations,
e.g., Bþ → f1ρþ, or negligible tree pollution, e.g.,
B0 → f1K�0. In particular, the B0 → f1ϕ modes
have zero direct CP asymmetries in the SM because
of pure penguin contributions. However, if the
experimental measurements of the direct CP asym-
metries of B0 → f1ϕ decays exhibit large nonzero
values, this will indicate the existence of new
physics beyond the SM and will provide a very
promising place to search for possible exotic effects.

(2) As can be seen in Tables I and III, the direct CP
asymmetries of B → f1ρ decays in the pQCD
approach are

Adir
CPðBþ → f1ð1285ÞρþÞ ¼ −6.7þ2.2

−3.0%;

Adir
CPðBþ → f1ð1420ÞρþÞ ¼ −3.7þ2.1

−2.4%; ð121Þ
Adir

CPðB0 → f1ð1285Þρ0Þ ¼ 18.0þ42.9
−30.5%;

Adir
CPðB0 → f1ð1420Þρ0Þ ¼ 24.1þ20.0

−24.3%; ð122Þ
in which various errors as specified previously have
been added in quadrature. One can find that the large
branching ratio of the order of 10−5 combined with
direct CP asymmetry around −9.7 ∼ −4.5% in
Bþ → f1ð1285Þρþ is expected to be detected in
the near future at the LHCb and/or Belle-II experi-
ments. With a somewhat large decay rate Oð10−6Þ,
the small direct CP violation in Bþ → f1ð1420Þρþ
may not be easily accessed. However, it is worth
mentioning that large direct CP-violating asymme-
tries exist in both transverse polarizations, i.e.,
parallel and perpendicular, as follows:

Adir;∥
CP ðBþ → f1ð1420ÞρþÞ ¼ 13.8þ11.7

−11.8%;

Adir;⊥
CP ðBþ → f1ð1420ÞρþÞ ¼ 10.5þ12.8

−13.2%; ð123Þ
which may be detectable and helpful to explore the
physics involved in Bþ → f1ð1420Þρþ decays. Note

that the B0 → f1ρ0 modes cannot be measured in the
near future due to their very small decay rates,
although the seemingly large direct CP violations
have been predicted in the pQCD approach.

(3) It is interesting to note from Tables II, IV, and X that
the direct-induced CP asymmetries for the penguin-
dominated Bþ → f1K�þ, B0 → f1K�0, and B0

s →
f1ϕ decays with contaminations arising from tree
amplitudes at different levels are predicted in SM as
follows:

Adir
CPðBþ → f1ð1285ÞK�þÞ ¼ −16.0þ5.2

−4.9%;

Adir
CPðBþ → f1ð1420ÞK�þÞ ¼ 13.9þ5.3

−5.3%; ð124Þ

Adir
CPðB0 → f1ð1285ÞK�0Þ ¼ −7.8þ2.5

−2.3%;

Adir
CPðB0 → f1ð1420ÞK�0Þ ¼ 4.7þ1.4

−1.5%; ð125Þ

Adir
CPðB0

s → f1ð1285ÞϕÞ ¼ −5.3þ1.4
−1.0%;

Adir
CPðB0

s → f1ð1420ÞϕÞ ¼ 2.5þ1.0
−0.9%; ð126Þ

which indicates that the former Bþ → f1K�þ
decays suffer from somewhat stronger interferences
induced by larger tree contributions than the latter
two modes.
By combining three polarization fractions in the

transversity basis with those of CP-conjugated B
decays, we also computed the direct CP violations
of the above-mentioned decays with a b → s tran-
sition in every polarization in the pQCD approach
correspondingly.

Bþ → f1ð1285ÞK�þ:

Adir;L
CP ¼ −94.5þ24.0

−7.7 %; Adir;∥
CP ¼ 8.2þ2.4

−2.4%;

Adir;⊥
CP ¼ 7.9þ2.4

−2.3%; ð127Þ

Bþ → f1ð1420ÞK�þ:

Adir;L
CP ¼ 25.4þ6.7

−6.8%; Adir;∥
CP ¼ −14.1þ6.5

−7.1%;

Adir;⊥
CP ¼ −9.7þ5.2

−5.0%; ð128Þ

B0 → f1ð1285ÞK�0:

Adir;L
CP ¼ 1.7þ7.6

−11.3%; Adir;∥
CP ¼ −9.3þ1.7

−1.6%;

Adir;⊥
CP ¼ −9.9þ1.6

−1.8%; ð129Þ

B0 → f1ð1420ÞK�0:

Adir;L
CP ¼ 3.4þ1.5

−1.9%; Adir;∥
CP ¼ 7.9þ2.9

−2.7%;

Adir;⊥
CP ¼ 8.0þ2.1

−2.4%; ð130Þ
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B0
s → f1ð1285Þϕ:

Adir;L
CP ¼ −7.2þ2.1

−1.0%; Adir;∥
CP ¼ −2.7þ0.7

−0.4%;

Adir;⊥
CP ¼ −2.8þ0.6

−0.6%; ð131Þ

B0
s → f1ð1420Þϕ:

Adir;L
CP ¼ 2.4þ1.0

−0.7%; Adir;∥
CP ¼ 2.6þ1.4

−0.9%;

Adir;⊥
CP ¼ 3.1þ1.5

−1.2%; ð132Þ

where the various errors as specified previously
have also been added in quadrature. These pQCD
predictions and phenomenological analyses of the
directCP violations ofBþ;0→f1K�þ;0 andB0

s → f1ϕ
decays could be tested in future measurements.
Furthermore, the Bþ→f1K�þ modes with large
branching ratios and large direct CP asymmetries
are likely to be detectedmuch easier in the near future.

(4) It is worth stressing that no theoretical predictions
or experimental measurements of the direct CP-
violating asymmetries of 20 nonleptonic B → f1V
decays are available yet. Therefore, examinations of
these leading order pQCD predictions have to be left
to LHCb and/or Belle-II, or even CEPC experiments
in the future.

D. Weak annihilation contributions in B → f 1V decays

As proposed in [1], a strategy correlated with penguin
annihilation contributions was suggested to explore the
B → ϕK� polarization anomaly in SM. The subsequently
systematic studies on B → VV decays combined with rich
data further confirm the important role of annihilation
contributions played, in particular, in the penguin-
dominated modes [3–7]. Here, it should be mentioned that,
up to now, different treatments on annihilation contributions
have been proposed in QCDF, SCET, and pQCD. For the
former two approaches based on the collinear factorization
theorem, both QCDF and SCET cannot directly evaluate the
diagrams with annihilation topologies because of the exist-
ence of end-point singularities. However, different from
parametrizing and then fitting the annihilation contributions
through rich data inQCDF[31], theSCETmethodcalculates
the annihilation diagrams with the help of a zero-bin
subtraction scheme and, consequently, obtains a real and
small value for the annihilation decay amplitudes [50]. As
mentioned in the Introduction, the pQCD approach based on
the kT factorization theorem, together with kT resummation
and threshold resummation techniques, makes the calcula-
tions of annihilation types of diagrams free of end-point
singularities with a large imaginary part [51]. Recently,
experimental measurements and theoretical studies on B →
PP;PV; VV decays, especiallyon thepure annihilation-type
decays such as B0 → KþK−, B0

s → πþπ− [44,52], indicate

that the pQCD approach may be a reliable method to deal
with annihilation diagrams in heavy b flavor meson decays.
Because of similar behavior between vector and 3P1-

axial-vector mesons, it is reasonable to conjecture that the
weak annihilation contributions can also play an important
role, as in the B → VV ones [3,5–7], in the B → AVðVAÞ
modes, in particular the penguin-dominated ones.
Therefore, we will explore the important contributions
from weak annihilation diagrams to B → f1V decays
considered in this work. For the sake of simplicity, we
will present the central values of pQCD predictions of the
CP-averaged branching ratios, the polarization fractions,
and the direct CP-violating asymmetries with mixing angle
ϕf1 ¼ 24° by taking the factorizable emission plus the
nonfactorizable emission decay amplitudes into account.
Some numerical results and phenomenological discussions
are given as follows:

(i) Branching ratios
When the annihilation contributions are turned

off, the CP-averaged branching ratios of B → f1V
decays in the pQCD approach then become

BrðBþ → f1ð1285ÞρþÞ ¼ 11.2 × 10−6;

BrðBþ → f1ð1420ÞρþÞ ¼ 2.3 × 10−6; ð133Þ
BrðBþ → f1ð1285ÞK�þÞ ¼ 1.4 × 10−6;

BrðBþ → f1ð1420ÞK�þÞ ¼ 2.7 × 10−6; ð134Þ
BrðB0 → f1ð1285Þρ0Þ ¼ 1.5 × 10−7;

BrðB0 → f1ð1420Þρ0Þ ¼ 7.5 × 10−8; ð135Þ

BrðB0 → f1ð1285ÞK�0Þ ¼ 4.3 × 10−7;

BrðB0 → f1ð1420ÞK�0Þ ¼ 2.5 × 10−6; ð136Þ

BrðB0 → f1ð1285ÞωÞ ¼ 7.7 × 10−7;

BrðB0 → f1ð1420ÞωÞ ¼ 1.4 × 10−7; ð137Þ

BrðB0 → f1ð1285ÞϕÞ ¼ 5.2 × 10−9;

BrðB0 → f1ð1420ÞϕÞ ¼ 1.0 × 10−9; ð138Þ

BrðB0
s → f1ð1285Þρ0Þ ¼ 5.0 × 10−8;

BrðB0
s → f1ð1420Þρ0Þ ¼ 2.5 × 10−7; ð139Þ

BrðB0
s → f1ð1285ÞK�0Þ ¼ 3.5 × 10−7;

BrðB0
s → f1ð1420ÞK�0Þ ¼ 2.2 × 10−7; ð140Þ

BrðB0
s → f1ð1285ÞωÞ ¼ 7.1 × 10−8;

BrðB0
s → f1ð1420ÞωÞ ¼ 3.5 × 10−7; ð141Þ

BrðB0
s → f1ð1285ÞϕÞ ¼ 14.7 × 10−6;

BrðB0
s → f1ð1420ÞϕÞ ¼ 15.4 × 10−6: ð142Þ
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(ii) Longitudinal polarization fractions
By neglecting the weak annihilation contribu-

tions, the CP-averaged longitudinal polarization
fractions of B → f1V decays in the pQCD approach
are written as

fLðBþ → f1ð1285ÞρþÞ ¼ 96.1%;

fLðBþ → f1ð1420ÞρþÞ ¼ 90.6%; ð143Þ
fLðBþ → f1ð1285ÞK�þÞ ¼ 42.9%;

fLðBþ → f1ð1420ÞK�þÞ ¼ 70.4%; ð144Þ

fLðB0 → f1ð1285Þρ0Þ ¼ 91.7%;

fLðB0 → f1ð1420Þρ0Þ ¼ 17.5%; ð145Þ

fLðB0 → f1ð1285ÞK�0Þ ¼ 2.8%;

fLðB0 → f1ð1420ÞK�0Þ ¼ 75.9%; ð146Þ

fLðB0 → f1ð1285ÞωÞ ¼ 46.4%;

fLðB0 → f1ð1420ÞωÞ ¼ 27.2%; ð147Þ

fLðB0 → f1ð1285ÞϕÞ ¼ 46.8%;

fLðB0 → f1ð1420ÞϕÞ ¼ 47.1%; ð148Þ

fLðB0
s → f1ð1285Þρ0Þ ¼ 80.2%;

fLðB0
s → f1ð1420Þρ0Þ ¼ 80.4%; ð149Þ

fLðB0
s → f1ð1285ÞK�0Þ ¼ 42.3%;

fLðB0
s → f1ð1420ÞK�0Þ ¼ 75.6%; ð150Þ

fLðB0
s → f1ð1285ÞωÞ ¼ 51.0%;

fLðB0
s → f1ð1420ÞωÞ ¼ 51.4%; ð151Þ

fLðB0
s → f1ð1285ÞϕÞ ¼ 54.6%;

fLðB0
s → f1ð1420ÞϕÞ ¼ 78.9%: ð152Þ

(iii) Direct CP-violating asymmetries
Without the contributions arising from annihila-

tion types of diagrams, the direct CP-violating
asymmetries of B → f1V decays in the pQCD
approach are given as

Adir
CPðBþ → f1ð1285ÞρþÞ ¼ −6.7%;

Adir
CPðBþ → f1ð1420ÞρþÞ ¼ −2.2%; ð153Þ

Adir
CPðBþ → f1ð1285ÞK�þÞ ¼ −15.0%;

Adir
CPðBþ → f1ð1420ÞK�þÞ ¼ 12.8%; ð154Þ

Adir
CPðB0 → f1ð1285Þρ0Þ ¼ −83.5%;

Adir
CPðB0 → f1ð1420Þρ0Þ ¼ 35.4%; ð155Þ

Adir
CPðB0 → f1ð1285ÞK�0Þ ¼ −2.1%;

Adir
CPðB0 → f1ð1420ÞK�0Þ ¼ 3.4%; ð156Þ

Adir
CPðB0 → f1ð1285ÞωÞ ¼ −50.8%;

Adir
CPðB0 → f1ð1420ÞωÞ ¼ −2.0%; ð157Þ

Adir
CPðB0

s → f1ð1285Þρ0Þ ¼ 15.2%;

Adir
CPðB0

s → f1ð1420Þρ0Þ ¼ 15.3%; ð158Þ

Adir
CPðB0

s → f1ð1285ÞK�0Þ ¼ 20.5%;

Adir
CPðB0

s → f1ð1420ÞK�0Þ ¼ −53.2%; ð159Þ

Adir
CPðB0

s → f1ð1285ÞωÞ ¼ 25.1%;

Adir
CPðB0

s → f1ð1420ÞωÞ ¼ 25.1%; ð160Þ

Adir
CPðB0

s → f1ð1285ÞϕÞ ¼ −5.1%;

Adir
CPðB0

s → f1ð1420ÞϕÞ ¼ 2.5%: ð161Þ

Note that because of the inclusion of pure penguin
amplitudes, the direct CP-violating asymmetries of
B0 → f1ϕ decays are still zero, which are not
presented here, even if the penguin annihilation
contributions are turned off in the SM. However,
it should be mentioned again that once the future
experimental measurements release evidently non-
zero and large direct CP violations, there might be
NP beyond the SM hidden in these two de-
cay modes.

Generally speaking, compared with the numerical
results by considering the weak annihilation contributions
in the pQCD approach as shown in Tables I–X,
the branching ratios and longitudinal polarization frac-
tions of Bþ → f1ρþ, B0 → f1ð1420Þρ0, B0

s → f1ρ0,
B0
s → f1ð1420Þω, and B0

s → f1ð1285Þϕ decays almost
remain unchanged when the annihilation contributions
are neglected, while the other channels are affected by
the annihilation decay amplitudes at different levels.
Particularly, the contributions induced by the weak anni-
hilation diagrams can make the B0 → f1ð1285ÞK�0 decay
rate (longitudinal polarization fraction) amazingly change
from 4.3 × 10−7ð2.8%Þ to 5.0 × 10−6ð15.8%Þ. From the
pQCD point of view, because the annihilation amplitudes
can contribute to CP violation as a source of the large
strong phase, the direct CP-violating asymmetries of B →
f1V decays without annihilation contributions will deviate
from the predictions presented in Tables I–X more or less,
except for the B0 → f1ϕ modes with still invariant zero
direct CP violations. Of course, the above general expect-
ations in the pQCD approach will be examined by the
relevant experiments in the future, which could be helpful
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to understand the annihilation decay mechanism in vector-
vector and vector-axial-vector B decays in depth.
In order to clearly examine the important contributions

from annihilation diagrams, we present the explicit decay
amplitudes decomposed as B → f1qV and B → f1sV for
Bþ → f1ρþ, Bþ;0 → f1K�þ;0, and B0

s → f1ϕ modes with
large branching ratios in Tables XI–XIV with and without
annihilation contributions on three polarizations. One can
easily find from Table XIII, for B0 → f1K�0 for example,
that the significant variations induced by weak annihilation
contributions mainly arise in the imaginary part of decay
amplitudes on every polarization. Furthermore, when the
annihilation decay amplitudes are not considered, then one
can straightforwardly see from the numerical results shown
in the parentheses that, combined with the dominant
ATðB0 → f1qK�0Þ amplitude, almost exact cancellation
of the longitudinal polarization and somewhat stronger
destructive interferences on the other two transverse polar-
izations between B0 → f1qK�0 and B0 → f1sK�0 modes in
the B0 → f1ð1285ÞK�0 decay resulted in a significantly
smaller branching fraction, about Oð10−7Þ, and a surpris-
ingly large transverse polarization fraction, around 97%.
Consequently, lack of a large strong phase coming from
annihilation contributions in the pQCD approach lead to a
much smaller directCP-violating asymmetry in magnitude,
around 2%. Contrary to B0 → f1ð1285ÞK�0 decay, because
of the dominance of B0 → f1sK�0 on the longitudinal
polarization in the B0 → f1ð1420ÞK�0 channel, the con-
structive interferences between B0 → f1qK�0 and B0 →
f1sK�0 modes on every polarization make the decay rate

somewhat smaller, with a factor of around 0.6, and the
longitudinal polarization fraction slightly larger than those
corresponding results shown in Table IV, although the
similarly large annihilation contributions are also turned
off, which can be easily seen from the decay amplitudes
given in Table XIII. Again, these important annihilation
contributions should be tested by future experiments to
further deepen our knowledge of the annihilation decay
mechanism in the heavy b flavor sector.

IV. CONCLUSIONS AND SUMMARY

In this work, we studied 20 nonleptonic decays of B →
f1V by employing the pQCD approach based on the
framework of the kT factorization theorem. The singular-
ities that appeared in collinear factorization were then
naturally smeared by picking up the transverse momentum
kT of valence quarks when the quark momentum fraction x
approaches the end-point region. Consequently, with the
pQCD formalism, the Feynman diagrams of every topology
can be calculated perturbatively without introducing any
new parameters, which is a unique point, different from the
QCDF and the SCET based on the collinear factorization
theorem. In order to explore the perturbative and non-
perturbative QCD dynamics to further understand the
helicity structure of the decay mechanism in B → f1V
decays, we calculated the CP-averaged branching ratios,
the polarization fractions, the direct CP-violating asymme-
tries, and the relative phases of those considered decay
modes, where the mixing angle ϕf1 ∼ 24° between two
axial-vector f1ð1285Þ and f1ð1420Þ states adopted from

TABLE XIII. Same as Table XI but for B0 → f1K�0 decays.

Decay modes B0 → f1ð1285ÞK�0 B0 → f1ð1420ÞK�0

Channels B0 → K�0f1q B0 → K�0f1s B0 → K�0f1q B0 → K�0f1s

AL
0.563 − i0.380 −0.647 − i0.814 0.251 − i0.169 1.454þ i1.829
ð0.602þ i0.197Þ ð−0.665 − i0.219Þ ð0.268þ i0.088Þ ð1.495þ i0.491Þ

AN
−0.934þ i0.649 −0.104þ i0.466 −0.416þ i0.289 0.235 − i1.047
ð−0.588þ i0.066Þ ð0.126 − i0.027Þ ð−0.262þ i0.029Þ ð−0.284þ i0.061Þ

AT
−1.949þ i1.296 −0.159þ i0.920 −0.868þ i0.577 0.358 − i2.067
ð−1.253þ i0.113Þ ð0.289 − i0.044Þ ð−0.558þ i0.050Þ ð−0.648þ i0.099Þ

TABLE XIV. Same as Table XI but for B0
s → f1ϕ decays.

Decay modes B0
s → f1ð1285Þϕ B0

s → f1ð1420Þϕ
Channels B0

s → ϕf1q B0
s → ϕf1s B0

s → ϕf1q B0
s → ϕf1s

AL
−1.624þ i0.044 −2.502 − i0.542 −0.723þ i0.020 5.621þ i1.218
ð−1.624þ i0.044Þ ð−2.463 − i0.139Þ ð−0.723þ i0.020Þ ð5.533þ i0.312Þ

AN
−1.077þ i0.093 −0.763þ i0.164 −0.480þ i0.041 1.714 − i0.368
ð−1.077þ i0.093Þ ð−0.813þ i0.081Þ ð−0.480þ i0.041Þ ð1.827 − i0.181Þ

AT
−2.245þ i0.163 −1.479þ i0.307 −1.000þ i0.073 3.322 − i0.690
ð−2.245þ i0.163Þ ð−1.576þ i0.169Þ ð−1.000þ i0.073Þ ð3.539 − i0.379Þ
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the first measurements of Bd=s → J=ψf1ð1285Þ decays in
the heavy b flavor sector.
From our numerical pQCD predictions and phenomeno-

logical analysis, we found the following points:

(a) The large CP-averaged branching ratios for Bþ →
f1ρþ, Bþ;0 → f1K�þ;0, and B0

s → f1ϕ decays are
predicted in the pQCD approach as follows:

BrðBþ → f1ð1285ÞρþÞ ¼ 11.1þ8.7
−6.8 × 10−6; BrðBþ → f1ð1420ÞρþÞ ¼ 2.3þ1.9

−1.4 × 10−6; ð162Þ

BrðBþ → f1ð1285ÞK�þÞ ¼ 6.4þ3.6
−2.5 × 10−6; BrðBþ → f1ð1420ÞK�þÞ ¼ 4.5þ1.7

−1.5 × 10−6; ð163Þ

BrðB0 → f1ð1285ÞK�0Þ ¼ 5.0þ2.7
−2.1 × 10−6; BrðB0 → f1ð1420ÞK�0Þ ¼ 4.4þ1.7

−1.5 × 10−6; ð164Þ

BrðB0
s → f1ð1285ÞϕÞ ¼ 14.7þ8.7

−6.4 × 10−6; BrðB0
s → f1ð1420ÞϕÞ ¼ 16.2þ9.9

−7.6 × 10−6; ð165Þ

which are expected to be measured at the running LHCb
and the forthcoming Belle-II experiments in the near future.
It is noted that the decay rates and decay pattern of Bþ →
f1ρþ predicted in the pQCD approach are very consistent
with those given in the QCDF approach within theoretical
errors. But, it is not the same case for the Bþ;0 → f1K�þ;0

decay modes. The future experimental measurements with
good precision for the branching ratios and the pattern of
Bþ;0 → f1K�þ;0 decays will be helpful for us to examine
these two different factorization approaches.
(b) In order to decrease the effects of the large theoretical

errors of the branching ratios induced by those input
parameters, we also define the ratios of the decay rates
among the ten Bþ → f1ρþ, Bþ;0 → f1K�þ;0,
B0 → f1ω, and B0

s → f1ϕ decay modes as given in
Eqs. (95)–(101), where the large uncertainties of the
predicted branching ratios are canceled to a large
extent in such ratios. The future experimental mea-
surements of these newly defined ratios will be helpful
to further determine the mixing angle ϕf1 between f1q
and f1s states for an axial-vector f1ð1285Þ − f1ð1420Þ
mixing system in the quark-flavor basis.

(c) The predictions of polarization fractions for the 20
nonleptonic B → f1V decays are given explicitly in
the pQCD approach. Furthermore, associated with
large branching ratios, the large longitudinal (trans-
verse) polarization fractions in Bþ → f1ρþ,
Bþ;0 → f1ð1420ÞK�þ;0, B0 → f1ð1285Þω, and B0

s →
f1ϕ [Bþ;0 → f1ð1285ÞK�þ;0 and B0 → f1ð1420Þω]
decays are expected to be detected at LHCb and
Belle-II experiments and to provide useful information
to understand the famous polarization puzzle in rare
vector-vectorBmeson decays, which will be helpful to
shed light on the helicity structure of the decay
mechanism.

(d) Some large direct CP-violating asymmetries of B →
f1V decays are provided with the pQCD approach,

such as Adir
CPðBþ → f1ð1285ÞK�þÞ ¼ −16.0þ5.2

−4.9%,
Adir

CPðBþ → f1ð1420ÞK�þÞ ¼ 13.9þ5.3
−5.3%, Adir

CPðB0 →

f1ð1285ÞK�0Þ ¼ −7.8þ2.5
−2.3%, and even Adir;∥

CP ðBþ →
f1ð1420ÞρþÞ ¼ 13.8þ11.7

−11.8% and Adir;⊥
CP ðBþ →

f1ð1420ÞρþÞ ¼ 10.5þ12.8
−13.2%, and so forth, which are

believed to be detectable at the LHCb, Belle-II, or even
the future CEPC experiments. At the same time, a
stringent examination of the zero direct CP asymme-
tries in the SM of B0 → f1ϕ decays is of great interest
to provide useful information for the possible signal of
the new physics beyond the SM. Moreover, the
theoretical estimations on physical observables of
Bs → f1V decays are given for the first time in the
pQCD approach, which can also be tested in the
future.

(e) The weak annihilation contributions play an important
role in many B → f1V decays. The near future
measurements with good precision on some decay
modes affected significantly by the annihilation am-
plitudes, such as Bþ;0 → f1K�þ;0 with large branching
ratios, can provide evidence to verify the reliability of
the pQCD approach on the calculations of annihilation-
type diagrams, and help us to understand the annihi-
lation mechanism in the heavy flavor sector.
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APPENDIX: MESONIC DISTRIBUTION
AMPLITUDES

As we know, mesonic distribution amplitudes in hadron
wave functions are the essential nonperturbative inputs in
the pQCD approach. Now, we will give a brief introduction
to these items involved in the present work.
For the Bmeson, the distribution amplitude in the impact

b space has been proposed as

ϕBðx;bÞ¼NBx2ð1−xÞ2 exp
�
−
1

2

�
xmB

ωb

�
2

−
ω2
bb

2

2

�
ðA1Þ

in Ref. [20] and widely adopted, for example, in [6,16–
18,20,22,23,53], where the normalization factor NB is
related to the decay constant fB through Eq. (4). The
shape parameter ωb was fixed at 0.40 GeV by using the rich
experimental data on the Bþ and B0 mesons, with

fB ¼ 0.19 GeV, based on many calculations of form
factors [36] and other well-known modes of Bþ and B0

mesons [20] in the pQCD approach. Here, the assumption
of isospin symmetry has been made. For the B0

s meson,
relative to the lightest u or d quark, the heavier s quark
leads to a somewhat larger momentum fraction than that of
the u or d quark in the Bþ or B0 mesons. Therefore, by
taking a small SU(3) symmetry-breaking effect into ac-
count, we adopt the shape parameter ωb ¼ 0.50 GeV, with
fB ¼ 0.23 GeV, for the Bs meson [53], and the corre-
sponding normalization constant is NB ¼ 63.67. In order to
estimate the theoretical uncertainties induced by the inputs,
we consider varying the shape parameter ωb by 10%, i.e.,
ωb ¼ 0.40� 0.04 GeV for Bþ and B0 mesons and ωb ¼
0.50� 0.05 GeV for the B0

s meson, respectively.

The twist-2 light-cone distribution amplitudes ϕV and ϕT
V

can be parametrized as

ϕVðxÞ ¼
3fVffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
�
1þ 3a∥1Vð2x − 1Þ þ a∥2V

3

2
ð5ð2x − 1Þ2 − 1Þ

�
; ðA2Þ

ϕT
VðxÞ ¼

3fTVffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
�
1þ 3a⊥1Vð2x − 1Þ þ a⊥2V

3

2
ð5ð2x − 1Þ2 − 1Þ

�
; ðA3Þ

in which fV and fTV are the decay constants of the vector meson with longitudinal and transverse polarization, respectively,
whose values are shown in Table XV. The decay constants can be extracted from V0 → lþl− and τ → V−ν [38,54]. The
Gegenbauer moments taken from the recent updates [38] are collected in Table XVI.

The asymptotic forms of the twist-3 distribution amplitudes ϕt;s
V and ϕv;a

V are [11,56]

ϕt
VðxÞ ¼

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð2x − 1Þ2; ϕs
VðxÞ ¼ −

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð2x − 1Þ; ðA4Þ

ϕv
VðxÞ ¼

3fV
8

ffiffiffiffiffiffiffiffi
2Nc

p ð1þ ð2x − 1Þ2Þ; ϕa
VðxÞ ¼ −

3fV
4

ffiffiffiffiffiffiffiffi
2Nc

p ð2x − 1Þ: ðA5Þ

TABLE XV. Input values of the decay constants of the light vector mesons (in MeV) [42,55].

fρ fTρ fω fTω fK� fTK� fϕ fTϕ

209� 2 165� 9 195� 3 145� 10 217� 5 185� 10 231� 4 200� 10

TABLE XVI. Gegenbauer moments in the distributions amplitudes of the lightest vector mesons taken at μ ¼ 1 GeV [38].

K� meson ρ and ω mesons ϕ meson

a∥1 a∥2 a⊥1 a⊥2 a∥2 a⊥2 a∥2 a⊥2
0.03� 0.02 0.11� 0.09 0.04� 0.03 0.10� 0.08 0.15� 0.07 0.14� 0.06 0.18� 0.08 0.14� 0.07
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For the axial-vector state f1qðsÞ, its twist-2 light-cone
distribution amplitudes can generally be expanded as the
Gegenbauer polynomials [27]:

ϕf1qðsÞ ðxÞ ¼
ff1qðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p 6xð1 − xÞ
�
1þ a∥2

3

2
ð5ð2x − 1Þ2 − 1Þ

�
;

ðA6Þ

ϕT
f1qðsÞ ðxÞ ¼

ff1qðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p 6xð1 − xÞ½3a⊥1 ð2x − 1Þ�: ðA7Þ

For twist-3 ones, we use the following form as in
Ref. [39]:

ϕs
f1qðsÞ ðxÞ ¼

ff1qðsÞ
4

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

½6xð1 − xÞða⊥1 ð2x − 1ÞÞ�; ðA8Þ

ϕt
f1qðsÞ ðxÞ¼

ff1qðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
3

2
a⊥1 ð2x−1Þð3ð2x−1Þ2−1Þ

�
;

ðA9Þ

ϕv
f1qðsÞ ðxÞ ¼

ff1qðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
3

4
ð1þ ð2x − 1Þ2Þ

�
;

ϕa
f1qðsÞ ðxÞ ¼

ff1qðsÞ
8

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

½6xð1 − xÞ�; ðA10Þ

where ff1qðsÞ is the “normalization” constant for both
longitudinally and transversely polarized mesons

and the Gegenbauer moments a∥ð⊥Þ
2ð1Þ can be found

in Table XVII.
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