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Off-shell higher spin N ¼ 2 supermultiplets in three spacetime dimensions (3D) are presented in this
paper. We propose gauge prepotentials for higher spin superconformal gravity and construct the
corresponding gauge-invariant field strengths, which are proved to be conformal primary superfields.
These field strengths are higher spin generalizations of the (linearized) N ¼ 2 super-Cotton tensor, which
controls the superspace geometry of conformal supergravity. We also construct the higher spin extensions
of the linearized N ¼ 2 conformal supergravity action. We provide two dually equivalent off-shell
formulations for massless higher spin N ¼ 2 supermultiplets. They involve one and the same super-
conformal prepotential but differ in the compensators used. For the lowest superspin value 3=2, these higher
spin series terminate at the linearized actions for the (1,1) minimal and w ¼ −1 nonminimal N ¼ 2

Poincaré supergravity theories constructed in S. M. Kuzenko and G. Tartaglino-Mazzucchelli,
arXiv:1109.0496. Similar to the pure 3D supergravity actions, their higher spin counterparts propagate
no degrees of freedom. However, the massless higher spin supermultiplets are used to construct off-shell
massive N ¼ 2 supermultiplets by combining the massless actions with those describing higher spin
extensions of the linearized N ¼ 2 conformal supergravity. We also demonstrate that every higher spin
super-Cotton tensor can be represented as a linear superposition of the equations of motion for the
corresponding massless higher spin supermultiplet, with the coefficients being higher-derivative linear
operators.
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I. INTRODUCTION

In supersymmetric field theory, it is of interest to
construct off-shell supersymmetric extensions in diverse
dimensions of the (Fang-)Fronsdal actions for massless
higher spin fields in Minkowski [1,2] and anti-de
Sitter [3,4] spacetimes. In four spacetime dimensions
(4D), this problem was solved in the early 1990s. In the
N ¼ 1 super-Poincaré case, the off-shell formulations
for massless higher spin supermultiplets were developed
in [5,6]. For each superspin1 s ≥ 1, half-integer [5]
and integer [6], these publications provided two dually
equivalent off-shell realizations in N ¼ 1 Minkowski
superspace. At the component level, each of the two
superspin-s actions [5,6] reduces, upon imposing a
Wess-Zumino-type gauge and eliminating the auxiliary
fields, to a sum of the spin-s and spin-ðsþ 1=2Þ
actions [1,2]. The off-shell higher spin supermultiplets
of [5,6] were generalized to the case of anti-de Sitter
supersymmetry in [7]. Making use of the N ¼ 1 super-
multiplets constructed in [5–7], off-shell formulations
for 4D N ¼ 2 massless higher spin supermultiplets

were presented in [8,9].2 A pedagogical review of the
supersymmetric higher spin models proposed in [5,6] is
given in Sec. VI. 9 of [11].3 A comprehensive review of
the results of [5–7], including a detailed analysis of the
component structure of the models constructed, is given
in [12].
In this paper, we present off-shell N ¼ 2 supersymmet-

ric generalizations of the 3D (Fang-)Fronsdal actions and
derive their massive deformations. In principle, one may
construct all 3D N ¼ 2 massless higher spin supermultip-
lets by applying an off-shell version of dimensional
reduction d ¼ 4 → d ¼ 3 to the 4DN ¼ 1 supermultiplets

]5,6 ]. Such a procedure has been carried out in [13] to
obtain one of the four off-shell actions (given in [13]) for
linearized 3D N ¼ 2 supergravity (superspin s ¼ 3=2). In
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1In four dimensions, the massless multiplet of superspin s

describes two fields of spin s and sþ 1
2
; it is often denoted

ðs; sþ 1
2
Þ.

2An important by-product of the higher spin construction
given in [9] was the explicit description of the infinite dimen-
sional superalgebra of Killing tensor superfields of 4D N ¼ 1
anti-de Sitter superspace. This superalgebra corresponds to
the rigid symmetries of the generating action for the massless
supermultiplets of arbitrary superspin in 4D N ¼ 1 anti-de
Sitter superspace, which was constructed in [9]. A generaliza-
tion of the concept of Killing tensor superfields given in [9]
recently appeared in [10].

3Section 6. 9 of [11] also contains a pedagogical review of the
(Fang-)Fronsdal actions for free massless higher spin fields in 4D
Minkowski space [1,2], including a direct proof of the fact that
the massless spin-s action describes two helicity states �s.
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practice, however, naive dimensional reduction is not quite
efficient to deal with in the case of higher spin super-
multiplets. The point is that its application to a 4D super-
spin-s multiplet, with s > 3=2, leads to a superposition of
several 3Dmultiplets, oneofwhich carries superspin s and the
others correspond to lower superspin values.4 Some work is
required in order to disentangle the superspin-smultiplet from
the lower-superspin ones, which is actually quite nontrivial. It
proves to be more efficient to recast the 4D gauge principle of
[5,6] in a 3D form and use it to construct gauge-invariant
actions. This is our approach in the present paper.
In three dimensions, the massless spin-s actions of [1,2]

are known to propagate no local degrees of freedoms for
s > 1.5 Of course, this is consistent with the fact that the
notion of 3D spin is well defined only in the massive case
[14]. When speaking of a 3D massless spin-s theory, we
will refer to the kinematic structure of the field variables,
their gauge transformation laws, and the gauge-invariant
action. One reason to study such a theory is that it may be
deformed (say, by including auxiliary lower-spin fields and
adding mass terms) to result in a model describing a
massive spin-s field.
There have appeared two different constructions of

Lagrangian models for 3D massive higher spin fields
[15,16]. The approach of [16] has been used to formulate
on-shell models for massive N ¼ 1 higher spin super-
multiplets [17]. In this paper we will pursue an alternative
approach to address the problem of constructing off-shell
massive N ¼ 2 higher spin supermultiplets. Our approach
will be based on deriving a higher spin generalization of the
N ¼ 2 super-Cotton tensor6 [18,20] that can be used to
write down a topological mass term.
An important feature of 3D gauge theories is the

possibility to generate the mass for gauge fields of different
spin by adding to the massless action a gauge-invariant
Chern-Simons-type term of topological origin. This idea
has been used to construct topologically massive electro-
dynamics [21–23], topologically massive gravity [23], and
topologically massive N ¼ 1 supergravity [24,25]. The
latter theory admits generalizations with N > 1, including
the off-shell topologically massive supergravity theories
withN ¼ 2 [26] andN ¼ 3 andN ¼ 4 [27]. In the case of
3D supergravity theories, the topological mass term may be

interpreted as an action for conformal supergravity (see [28]
for a review of 4D conformal supergravity theories). The off-
shell actions for N -extended conformal supergravity theo-
ries were constructed in [29] for N ¼ 1, [30] for N ¼ 2,
[31] for N ¼ 3, 4, 5, and [32,33] for N ¼ 6.7 An arbitrary
variation of such an action with respect to a supergravity
prepotential is given in terms of the N -extended super-
Cotton tensor [20]. Thismeans that a linearized supergravity
action is determined by the linearized super-Cotton tensor,
WðHÞ. The corresponding Lagrangian is symbolically
LCSG ¼ H ·WðHÞ, where H is the linearized conformal
supergravity prepotential. The super-Cotton tensorWðHÞ is
a unique field strength being superconformal primary and
invariant under the linearized gauge transformations of
conformal supergravity.
Our construction of the linearized higher spin super-

conformal actions is analogous to that of the 3D higher spin
conformal gravity actions derived by Pope and Townsend
[34] (the 3D analogs of the conformal higher spin actions
pioneered by Fradkin and Tseytlin [28]). The Pope-
Townsend conformal action for the spin-s field makes
use of the linearized spin-s Cotton tensor (which can be
read off from the action (31) in [34]). The s ¼ 3 case was
studied earlier in [35]. For recent discussions of the
linearized higher spin Cotton tensors [34] and their gen-
eralizations, see [36,37] and references therein.
This paper is organized as follows. Section II is devoted

to general properties of transverse and longitudinal linear
superfields. Section III is concerned with on-shell massive
fields and N ¼ 2 superfields. Two series of off-shell
actions for massless half-integer superspin multiplets are
introduced in Sec. IV. Section V is devoted to a brief
discussion of the component reduction of the models
presented in Sec. IV. In Sec. VI we present N ¼ 2
superconformal higher spin actions and derive a higher
spin extension of the linearizedN ¼ 2 super-Cotton tensor.
Off-shell actions for massive higher spin supermultiplets
are presented in Sec. VII. Concluding comments are given
in Sec. VIII. The main body of the paper is accompanied by
four appendixes. Appendix A summarizes our notation and
conventions. Appendix B is devoted to the 3D (Fang-)
Fronsdal massless actions in the two-component notation.
The component structure of the massless superspin-ðsþ 1

2
Þ

model (4.9) is studied in Appendix C. Appendix D is
devoted to the proof of two fundamental properties of the
superconformal field strength (6.22).

II. LINEAR SUPERFIELDS

A symmetric rank-n spinor superfield, Γα1���αn ¼Γðα1���αnÞ,
is called transverse linear if it obeys the constraint

4In the case of a half-integer superspin s ¼ nþ 1=2, with
n ¼ 2; 3;…, one of the 4D dynamical variables [5] is a real
unconstrained superfield Hα1…αn _α1… _αn ¼Hðα1…αnÞð _α1… _αnÞ. Its di-
mensional reduction d¼4→d¼3 leads to a family of uncon-
strained symmetric superfields Hα1…α2n , Hα1…α2n−2 , � � �, H, of
which only Hα1…α2n is required to describe a massless
3D supermultiplet. In the supergravity case, s ¼ 3=2, dimensional
reduction d¼4→d¼3 leads to twomultiplets, an off-shellN ¼ 2
supergravity multiplet and an Abelian vector multiplet [13].

5See Appendix B for a direct proof.
6Upon fixing the super-Weyl and local Uð1ÞR symmetries, the

super-Cotton tensor derived in [18] reduces to that introduced
earlier by Zupnik and Pak [19].

7The component actions for N ¼ 1, 2 conformal supergrav-
ities [29,30] have been rederived within the universal superspace
setting of [31].
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D̄βΓβα1…αn−1 ¼ 0; n > 0: ð2:1aÞ

A symmetric rank-n spinor superfield, Gα1���αn ¼ Gðα1���αnÞ,
is called longitudinal linear if it obeys the constraint

D̄ðα1Gα2…αnþ1Þ ¼ 0; ð2:1bÞ

which for n ¼ 0 is equivalent to the chirality condition

D̄αG ¼ 0: ð2:2Þ

The constraints (2.1a) and (2.1b) imply that Γα1���αn and
Gα1���αn are linear superfields in the usual sense:

D̄2Γα1���αn ¼ 0; ð2:3aÞ

D̄2Gα1���αn ¼ 0: ð2:3bÞ

In the case n ¼ 0, the transverse constraint (2.1a) is not
defined, but its corollary (2.3a) can be used. In four
dimensions, the transverse and longitudinal linear super-
fields were introduced for the first time by Ivanov and Sorin
[38] (who built on the earlier results by Salam and Strathdee
[39] and Sokatchev [40] in the super-Poincaré case) as a
means to realize the irreducible representations of the
N ¼ 1 anti-de Sitter supersymmetry. As dynamical varia-
bles, such superfields were used for the first time in [5–7].
We assume that Γα1���αn and Gα1���αn are complex and the

differential conditions (2.1a) and (2.1b) are the only
constraints these superfields obey. The constraints
(2.1a) and (2.1b) can be solved in terms of complex
unconstrained prepotentials ξα1…αnþ1

¼ ξðα1…αnþ1Þ and
ζα1…αn−1 ¼ ζðα1…αn−1Þ according to the rules

Γα1…αn ¼ D̄βξβα1…αn ; ð2:4aÞ

Gα1…αn ¼ D̄ðα1ζα2…αnÞ: ð2:4bÞ

There is a natural arbitrariness in the choice of the
prepotentials ξ and ζ, namely,

δξα1…αnþ1
¼ Γα1…αnþ1

; ð2:5aÞ

δζα1…αn−1 ¼ Gα1…αn−1 : ð2:5bÞ

Here, the gauge parameter Γαðnþ1Þ is a transverse linear
superfield, and Gαðn−1Þ is a longitudinal linear one. As a
result, there emerge the transverse and longitudinal gauge
hierarchies:

ΓαðnÞ → Γαðnþ1Þ → Γαðnþ2Þ…; ð2:6aÞ

GαðnÞ → Gαðn−1Þ → Gαðn−2Þ… → G: ð2:6bÞ

Thus, in accordance with the terminology of gauge theories
with linearly dependent generators [41], any Lagrangian
theory described by a transverse (longitudinal) linear
superfield Γα1…αn (Gα1…αn ) can be considered as the theory
of an unconstrained prepotential ξα1…αnþ1

(ζα1…αn−1) with an
additional gauge invariance of an infinite (finite) stage of
reducibility.
Suppose we are given a supersymmetric field theory

described by a transverse linear superfield ΓαðnÞ and its
conjugate Γ̄αðnÞ, for n > 0, with an action functional
S½Γ; Γ̄�. Such a theory possesses a dual formulation,
SD½G; Ḡ�, described in terms of a longitudinal linear
superfield GαðnÞ and its conjugate ḠαðnÞ. The latter theory
is obtained by introducing a first-order action of the form

S½V; V̄; G; Ḡ� ¼ S½V; V̄� þ
Z

d3xd2θd2θ̄ðVαðnÞGαðnÞ

þ ð−1ÞnV̄αðnÞḠαðnÞÞ; ð2:7Þ

where the symmetric rank-n spinor VαðnÞ is a complex
unconstrained superfield. The first term in the action,
S½V; V̄�, is obtained from S½Γ; Γ̄� by the replacement
ΓαðnÞ → VαðnÞ. Varying (2.7) with respect to GαðnÞ gives
VαðnÞ ¼ ΓαðnÞ, and then the second term in (2.7) drops out,
due to the identity

Z
d3xd2θd2θ̄ΓαðnÞGαðnÞ ¼ 0: ð2:8Þ

As a result, the first-order action reduces to the original one,
S½Γ; Γ̄�. On the other hand, we can consider the equation of
motion for VαðnÞ,

δ

δVαðnÞ S½V; V̄� þGαðnÞ ¼ 0; ð2:9Þ

and the conjugate equation. We assume that these equations
are uniquely solved to give VαðnÞ as a functional of GαðnÞ
and ḠαðnÞ. Substituting this solution back into (2.7), we end
up with the dual action SD½G; Ḡ�.
A real transverse linear superfield Tα1���αn ¼ Tðα1���αnÞ is

characterized by the properties

T̄α1���αn ¼ Tα1���αn ; D̄βTβα1���αn−1 ¼ 0⇔DβTβα1���αn−1 ¼ 0:

ð2:10Þ

The second-order differential operator

Δ ¼ i
2
DαD̄α ð2:11Þ

acts on the space of such superfields. Indeed, ΔTα1���αn is
real and one may check that
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D̄βΔTβα1���αn−1 ¼ 0; DβΔTβα1���αn−1 ¼ 0: ð2:12Þ

III. MASSIVE (SUPER)FIELDS

In this section we discuss on-shell (super)fields
which realize the massive representations of the (super-)
Poincaré group.

A. Massive fields

Let Pa and Jab ¼ −Jba be the generators of the 3D
Poincaré group. The Pauli-Lubanski scalar

W ≔
1

2
εabcPaJbc ¼ −

1

2
PαβJαβ ð3:1Þ

commutes with the generators Pa and Jab. Irreducible
unitary representations of the Poincaré group are labeled by
two parameters, massm and helicity λ, which are associated
with the Casimir operators,

PaPa ¼ −m21; W ¼ mλ1: ð3:2Þ

One defines jλj to be the spin.
In the case of field representations, it holds that

W ¼ 1

2
∂αβMαβ; ð3:3Þ

where the action ofMαβ ¼ Mβα on a field ϕγ1���γn ¼ ϕðγ1���γnÞ
is defined by

Mαβϕγ1���γn ¼
Xn
i¼1

εγiðαϕβÞγ1���γ̂i…γn ; ð3:4Þ

where the hatted index of ϕβγ1���γ̂i…γn is omitted.
For n > 1, a massive field, ϕα1���αn ¼ ϕ̄α1…αn ¼ ϕðα1���αnÞ,

is a real symmetric rank-n spinor field which obeys the
differential conditions [15] (see also [42])

∂βγϕβγα1���αn−2 ¼ 0; ð3:5aÞ

∂βðα1ϕα2…αnÞβ ¼ mσϕα1…αn ; σ ¼ �1: ð3:5bÞ

In the spinor case, n ¼ 1, Eq. (3.5a) is absent, and it is the
Dirac equation (3.5b) which defines a massive field. It is
easy to see that (3.5a) and (3.5b) imply the mass-shell
equation8

ð□ −m2Þϕα1���αn ¼ 0; ð3:6Þ

which is the first equation in (3.2). In the case n ¼ 1,
Eq. (3.6) follows from the Dirac equation (3.5b). The
second relation in (3.2) also holds, with

λ ¼ n
2
σ: ð3:7Þ

B. Massive superfields

Let Pa, Jab ¼ −Jba, Qα and Q̄α be the generators of the
3D N ¼ 2 super-Poincaré group. The supersymmetric
extension of the Pauli-Lubanski scalar (3.1) is the following
operator [44]

Z ¼ W −
i
4
QαQ̄α ¼

1

2
εabcPaJbc −

i
4
QαQ̄α; ð3:8Þ

which commutes with the supercharges,

½Z;Qα� ¼ ½Z; Q̄α� ¼ 0: ð3:9Þ

Irreducible unitary representations of the super-Poincaré
group are labeled by two parameters, mass m and super-
helicity κ, which are associated with the Casimir operators,

PaPa ¼ −m21; Z ¼ mκ1: ð3:10Þ

Our definition of the superhelicity agrees with [44]. It is
instructive to compare the operator Z, Eq. (3.8), with the 4D
N ¼ 1 superhelicity operator introduced in [11]. The
massive representation of superhelicity κ is a direct sum
of four massive representations of the Poincaré group with
helicity values ðκ − 1

2
; κ; κ; κ þ 1

2
Þ. The parameter jkj is

referred to as superspin [44].
In the case of superfield representations, the super-

helicity operator may be expressed in the following
manifestly supersymmetric form:

Z ¼ 1

2
∂αβMαβ þ

1

2
Δ; ð3:11Þ

where the operator Δ is given by (2.11).
For n> 0, a massive superfield, Eα1���αn ¼ Ēα1…αn ¼

Eðα1���αnÞ, is a real symmetric rank-n spinor which obeys
the differential conditions [45]

D̄βEβα1���αn−1 ¼ DβEβα1���αn−1 ¼ 0 ⇒ ∂βγEβγα1…αn−2 ¼ 0;

ð3:12aÞ

ΔEα1…αn ¼ mσEα1…αn; σ ¼ �1: ð3:12bÞ

Due to the identity

□ ¼ Δ2 þ 1

16
fD2; D̄2g; ð3:13Þ

Eqs. (3.12) lead to the mass-shell equation

ð□ −m2ÞEα1…αn ¼ 0: ð3:14Þ
8The equations (3.5) and (3.6) proves to be equivalent to the

3D Fierz-Pauli field equations [43].
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One may also check that

ΔEα1…αn ¼ ∂βðα1Eα2…αnÞβ; ð3:15Þ

as a consequence of (3.12a). We conclude that Eα1…αn is an
eigenvector of the superhelicity operator (3.11),

ZEα1…αn ¼ mκEα1…αn ; κ ¼ 1

2
ðnþ 1Þσ: ð3:16Þ

For completeness, we also consider massive scalar
superfields. The massive multiplet of superhelicity κσ ¼
� 1

2
≡ 1

2
σ is described by a real scalar superfield Gσ ¼ Ḡσ,

which is constrained by

ΔGσ ¼ mσGσ; ð3:17Þ

with m > 0 the mass parameter. This equation implies that
Gσ is linear, D̄2Gσ ¼ D2Gσ ¼ 0. It follows from (3.17)
that ZGσ ¼ mκσGσ .
Constraint (3.17) is the equation of motion for a super-

symmetric Chern-Simons theory with action

SCS½V� ¼ −
1

2

Z
d3xd2θd2θ̄fG2 −mσVGg; G ≔ ΔV;

ð3:18Þ

with V the gauge prepotential of the vector multiplet.
The superhelicity κ ¼ 0multiplet is described by a chiral

superfield Φ, D̄αΦ ¼ 0, constrained by

−
1

4
D2ΦþmΦ̄ ¼ 0: ð3:19Þ

This is the equation of motion for the model

S½Φ; Φ̄� ¼
Z

d3xd2θd2θ̄ Φ̄ Φþm
2

�Z
d3xd2θΦ2 þ c:c:

�
:

ð3:20Þ

IV. MASSLESS HALF-INTEGER SUPERSPIN
MULTIPLETS

We fix an integer s > 1 and consider two sets of
superfield dynamical variables:

V⊥ ¼ fHαð2sÞ;Γαð2s−2Þ; Γ̄αð2s−2Þg; ð4:1Þ

V∥ ¼ fHαð2sÞ; Gαð2s−2Þ; Ḡαð2s−2Þg: ð4:2Þ

In both cases Hαð2sÞ ¼ Hðα1::::α2sÞ is an unconstrained real
superfield. The complex superfields Γαð2s−2Þ ¼ Γðα1…α2s−2Þ
and Gαð2s−2Þ ¼ Gðα1…α2s−2Þ are transverse and longitudinal,
respectively.

We postulate the following linearized gauge transforma-
tions for the dynamical superfields introduced:

δHαð2sÞ ¼ gαð2sÞ þ ḡαð2sÞ

≡ D̄ðα1Lα2:::α2sÞ −Dðα1L̄α2:::α2sÞ; ð4:3Þ

δΓαð2s−2Þ ¼
s

2sþ 1
D̄β1Dβ2 ḡαð2s−2Þβð2Þ

¼ −
1

4
D̄βD2L̄βαð2s−2Þ; ð4:4Þ

δGαð2s−2Þ ¼
s

2sþ 1
Dβ1D̄β2gβð2Þαð2s−2Þ þ is∂βð2Þgβð2Þαð2s−2Þ

¼ −
1

4
D̄2DβLβαð2s−2Þ

þ iðs − 1Þ∂β1β2D̄ðα1Lα2:::α2s−2Þβ1β2 : ð4:5Þ

Here the complex gauge parameter gαð2sÞ ¼ gðα1…α2sÞ is an
arbitrary longitudinal linear superfield. It can be expressed
in terms of an unconstrained complex parameter Lαð2s−1Þ ¼
Lðα1…α2s−1Þ by the rule

gαð2sÞ ¼ D̄ðα1Lα2:::α2sÞ: ð4:6Þ

The two sets of dynamical variables, V⊥ and V∥, give rise
to two gauge-invariant actions, transverse and longitudinal
ones, which are dual to each other.
Let us introduce unconstrained prepotentials, ξαð2s−1Þ

and ζαð2s−3Þ, for the constrained superfields Γαð2s−2Þ and
Gαð2s−2Þ according to the rule (2.4). The gauge trans-
formations of Γαð2s−2Þ and Gαð2s−2Þ are induced by the
following variations of the prepotentials:

δξαð2s−1Þ ¼ −
1

4
D2L̄αð2s−1Þ; ð4:7Þ

δζαð2s−3Þ ¼ −
1

2
D̄βDγLαð2s−3Þβγ þ iðs − 1Þ∂βγLαð2s−3Þβγ:

ð4:8Þ

In what follows, we will use the notation d3j4z ¼
d3xd2θd2θ̄ for the full superspace measure.

A. Transverse formulation

The transverse formulation for a massless superspin-
ðsþ 1

2
Þ multiplet is described by the action
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S⊥
sþ1

2

½H;Γ; Γ̄� ¼
�
−
1

2

�
s
Z

d3j4z
�
1

8
Hαð2sÞDβD̄2DβHαð2sÞ

þHαð2sÞðDα1D̄α2Γα3…α2s − D̄α1Dα2 Γ̄α3…α2sÞ

þ 2s − 1

s
Γ̄ · Γþ 2sþ 1

2s
ðΓ · Γþ Γ̄ · Γ̄Þ

�
:

ð4:9Þ

It may be shown that the action is invariant under the gauge
transformations (4.3) and (4.4). The requirement of gauge
invariance fixes this action uniquely up to a constant.
Consider an arbitrary variation of the action

δS⊥
sþ1

2

¼
�
−
1

2

�
s
Z

d3j4zfδHαð2sÞE⊥
αð2sÞ − δξαð2s−1ÞFαð2s−1Þ

− δξ̄αð2s−1ÞF̄αð2s−1Þg; ð4:10Þ

where we have introduced the gauge-invariant field
strengths

E⊥
αð2sÞ ¼

1

4
DβD̄2DβHαð2sÞ þDðα1D̄α2Γα3…α2sÞ

− D̄ðα1Dα2 Γ̄α3…α2sÞ; ð4:11aÞ

Fαð2s−1Þ ¼ −
1

2
D̄2DβHαð2s−1Þβ þ

2s − 1

s
D̄ðα1 Γ̄α2…α2s−1Þ

þ 2sþ 1

s
D̄ðα1Γα2…α2s−1Þ: ð4:11bÞ

The field strengths are related to each other by the Bianchi
identity

DβE⊥
βαð2s−1Þ ¼

1

4
D2Fαð2s−1Þ: ð4:12Þ

The equations of motion for the theory are

E⊥
αð2sÞ ¼ 0; Fαð2s−1Þ ¼ 0: ð4:13Þ

B. Longitudinal formulation

In accordance with our general discussion in Sec. II,
the theory with action (4.9) possesses a dual formulation.
It is obtained by considering the following first-order
action:

S½H;G; Ḡ; V; V̄� ≔ S⊥
sþ1

2

½H;V; V̄� − 2

s

�
−
1

2

�
s
Z

d3j4zfG · V þ Ḡ · V̄g

¼
�
−
1

2

�
s
Z

d3j4z
�
1

8
Hαð2sÞDγD̄2DγHαð2sÞ þHαð2sÞðDα1D̄α2Vα3…α2s − D̄α1Dα2 V̄α3…α2sÞ

þ 2s − 1

s
V̄ · V þ 2sþ 1

2s
ðV2 þ V̄2Þ − 2

s
ðG · V þ Ḡ · V̄Þ

�
: ð4:14Þ

Here Vαð2s−2Þ is an unconstrained complex superfield,
while the Lagrange multiplier Gαð2s−2Þ is constrained to
be a complex longitudinal linear superfield. With the
normalization of the Lagrange multiplier chosen, the action
(4.14) proves to be invariant under the gauge transforma-
tions (4.3) and (4.5) accompanied by

δVαð2s−2Þ ¼ −
1

4
D̄βD2L̄βαð2s−2Þ: ð4:15Þ

Varying (4.14) with respect to Gαð2s−2Þ gives Vαð2s−2Þ ¼
Γαð2s−2Þ, and then (4.14) reduces to the transverse action
(4.9). On the other hand, we can first consider the equation
of motion for Vαð2s−2Þ and its conjugate, which imply

Vαð2s−2Þ ¼ −
1

8
½Dβ; D̄γ�Hβγα1…α2s−2 −

i
2
s∂βγHβγα1…α2s−2

þ 2sþ 1

4s
Gαð2s−2Þ −

2s − 1

4s
Ḡαð2s−2Þ: ð4:16Þ

Using this and the conjugate relation, we can express the
action (4.14) in terms of the dynamical variables Hαð2sÞ,
Gαð2s−2Þ and Ḡαð2s−2Þ. The result is

S∥
sþ1

2

½H;G; Ḡ�

¼
�
−
1

2

�
s
Z

d3j4z
�
1

8
Hαð2sÞDγD̄2DγHαð2sÞ

−
1

16
ð½Dβ1 ; D̄β2 �Hβ1β2αð2s−2ÞÞ½Dγ1 ; D̄γ2 �Hγ1γ2αð2s−2Þ

þ s
2
ð∂β1β2H

β1β2αð2s−2ÞÞ∂γ1γ2Hγ1γ2αð2s−2Þ

þ i
2s − 1

2s
ðG − ḠÞαð2s−2Þ∂β1β2Hβ1β2αð2s−2Þ

þ 2s − 1

2s2
G · Ḡ −

2sþ 1

4s2
ðG ·Gþ Ḡ · ḠÞ

�
: ð4:17Þ

This action is invariant under the gauge transformations
(4.3) and (4.5). It defines the longitudinal formulation of
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the theory. By construction, the transverse and longitudinal
formulations, (4.9) and (4.17), are dual to each other.
Computing the first variational derivatives of the action

(4.17) with respect to the prepotentials, we obtain the
following gauge-invariant field strengths:

E∥
αð2sÞ ≔

1

4
DβD̄2DβHαð2sÞ

−
1

8
½Dðα1 ; D̄α2 �½Dβ1 ; D̄β2 �Hα3…α2sÞβ1β2

− s∂βð2Þ∂ðα1α2Hα3…α2sÞβð2Þ

− i
2s − 1

2s
∂ðα1α2ðG − ḠÞα3…α2sÞ;

Bαð2s−3Þ ≔ −i
2s − 1

2s
D̄γ∂βð2ÞHαð2s−3Þβð2Þγ

þ 1

s
2s − 1

2s
D̄γðG − ḠÞγαð2s−3Þ: ð4:18Þ

They are related to each other by the Bianchi identity

D̄βE∥
βαð2s−1Þ ¼

1

2
Dðα1D̄α2Bα3…α2s−1Þ− iðs−1Þ∂ðα1α2Bα3…α2s−1Þ:

ð4:19Þ

The equations of motion are

E∥
αð2sÞ ¼ 0; Bαð2s−3Þ ¼ 0: ð4:20Þ

C. Linearized supergravity models

For the case s ¼ 1, the longitudinal action (4.17) takes
the form

S∥3=2½H;G; Ḡ� ¼ −
1

2

Z
d3j4z

�
1

8
HαβDγD̄2DγHαβ

−
1

16
ð½Dα; D̄β�HαβÞ2 þ 1

2
ð∂αβHαβÞ2

þ i
2
ðG − ḠÞ∂αβHαβ þ 1

2
GḠ

�
; ð4:21Þ

where the compensator G is chiral, D̄αG ¼ 0. This action
proves to coincide with the linearized action for type I
supergravity [13] upon rescaling 3G ¼ σ. The action is
invariant under the gauge transformations

δHαβ ¼ gαβ þ ḡαβ ¼ D̄ðαLβÞ −DðαL̄βÞ; ð4:22aÞ

δG ¼ 1

3
DαD̄βgαβ þ i∂βð2Þgβð2Þ ¼ −

1

4
D̄2DβLβ; ð4:22bÞ

where gαβ ¼ D̄ðαLβÞ and the spinor gauge parameter Lα is
an unconstrained complex superfield.

Varying the action (4.21) with respect to the gravitational
superfield Hαβ, one obtains the gauge-invariant field
strength

E∥
αβ ¼

1

4
DγD̄2DγHαβ −

1

8
½DðαD̄βÞ�½Dγ; D̄δ�Hγδ

− ∂αβ∂γδHγδ −
i
2
∂αβðG − ḠÞ: ð4:23Þ

Since every chiral or antichiral superfield is annihilated by
the operator Δ, Eq. (2.11), from (4.23) we derive the
descendant

WαβðHÞ ≔ −ΔE∥
αβ ¼ Δ

�
2Δ2Hαβ þ

1

8
½DðαD̄βÞ�½Dγ; D̄δ�Hγδ

þ ∂αβ∂γδHγδ

�
; ð4:24Þ

which is constructed solely in terms of the gravitational
superfield Hαβ. The gauge-invariant superfield Wαβ proves
to be a linearized form of the N ¼ 2 super-Cotton tensor
[18,19]. The linearized expression (4.24) was recently
given in [46]. Our analysis shows that the gauge-invariant
field strength Wαβ naturally follows from the results of the
earlier work [13].
In the supergravity framework, the super-Cotton tensor

transforms homogeneously under the super-Weyl trans-
formations [18] (see also [20] for a more general super-
gravity formulation). A direct consequence of this result is
that the linearized version of the super-Cotton tensor Wαβ,
given by Eq. (4.24), is a primary superfield with respect to
the superconformal group.
It is an instructive exercise to show that

ΔE∥
αβ ¼−

1

2
Δf□Hαβþ∂α

γ∂β
δHγδþ2Δ∂γðαHβÞγg: ð4:25Þ

Using this relation gives an alternative expression for the
field strength (4.24).
Direct calculations show that Wαβ is transverse linear,

D̄βWαβ ¼ DβWαβ ¼ 0: ð4:26Þ

This relation is a linearized form of the Bianchi identity for
the N ¼ 2 super-Cotton tensor [20]. It follows from (4.26)
that the functional

SCSG ¼
Z

d3j4zHαβWαβðHÞ ð4:27Þ

is invariant under the gauge transformation (4.22a). This
functional is a linearized version [46] of the N ¼ 2
conformal supergravity action [30,31].
Let us now look at the transverse formulation for the

s ¼ 1 case. It is given by the following action:
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S⊥3=2½H;Γ; Γ̄� ¼ −
1

2

Z
d3j4z

�
1

8
HαβDγD̄2DγHαβ

þHαβðDαD̄βΓ − D̄αDβΓ̄Þ þ Γ̄Γ

þ 3

2
ðΓ2 þ Γ̄2Þ

�
; ð4:28Þ

which is invariant under the following gauge
transformations:

δHαβ ≔ gαβ þ ḡαβ ¼ D̄ðαLβÞ −DðαL̄βÞ; ð4:29aÞ

δΓ ¼ 1

3
D̄αDβḡαβ ¼ −

1

4
D̄βD2L̄β: ð4:29bÞ

The functional (4.28) coincides with the linearized action
for w ¼ −1 nonminimal N ¼ 2 supergravity [13].
Associated with the action (4.28) are the gauge-invariant

field strengths

E⊥
αβ ¼

1

4
DγD̄2DγHαβ þDðαD̄βÞΓ − D̄ðαDβÞΓ̄; ð4:30aÞ

Fα ¼ −
1

2
D̄2DβHαβ þ D̄αðΓ̄þ 3ΓÞ; ð4:30bÞ

in terms of which the equations of motion are E⊥
αβ ¼ 0 and

Fα ¼ 0. The linearized super-Cotton tensor (4.24) can be
expressed in terms of the field strengths (4.30) as follows:

Wαβ ¼
1

2
ΔE⊥

αβ þ
i
32

½Dðα; D̄βÞ�ðDγFγ þ D̄γF̄γÞ

−
1

8
∂αβðDγFγ − D̄γF̄γÞ: ð4:31Þ

V. COMPONENT ANALYSIS

The linearized gauge transformations (4.3)–(4.5) make
use of the longitudinal linear parameter gαð2sÞ, given by
Eq. (4.6), and its conjugate ḡαð2sÞ. The most general
expression for gað2sÞ as a power series in the Grassmann
variables θ and θ̄, is

gαð2sÞðθ; θ̄Þ ¼ eiH0fgα1…α2s þ θ̄ðα1ξα2…α2sÞ

þ θβυα1…α2s;β þ θ2fα1…α2s

þ θβθ̄ðα1λα2…α2sÞ;β þ θ2θ̄ðα1Σα2…α2sÞg; ð5:1Þ
where

H0 ≔ θαðγmÞαβθ̄β∂m ¼ θαθ̄β∂αβ ≡ραβ∂αβ; ραβ ≔ θðαθ̄βÞ:

ð5:2Þ
All component fields in (5.1) are complex and symmetric in
their α-indices. The components ϒα1…α2s;β and λα1…α2s−1;β

are not required to have any symmetry property relating

their α and β indices, which is indicated by a coma. In other
words, ϒαð2sÞ;β belongs to the tensor product ð2sþ 1Þ ⊗ 2
of two SLð2;RÞ representations.
As follows from the gauge transformation (4.3),

the component gauge parameters gαð2sÞ, ϒαð2sÞ;β and
fαð2sÞ in (5.1) can be used to choose a Wess-Zumino gauge
of the form

Hα1…α2sðθ; θ̄Þ ¼ iθθ̄Dα1…α2s þ θðβθ̄γÞEα1…α2s;βγ

þ θ̄2θβΨα1…α2s;β − θ2θ̄βΨ̄α1…α2s;β

þ θ2θ̄2Aα1…α2s ; ð5:3Þ

where the composite scalar θθ̄ ¼ θαθ̄α is imaginary. All
bosonic fields in (5.3) are real. So far no gauge condition
has been imposed on Γα1…α2s−2 . To preserve the gauge
condition (5.3), some of the gauge parameters contained in
(5.1) must be constrained as follows:

gα1…α2s ¼ −
i
2
ζα1…α2s ; ζ̄αð2sÞ ¼ ζαð2sÞ; ð5:4aÞ

fα1…α2s ¼ 0; ð5:4bÞ

υα1…α2s;β ¼ −εβðα1 ξ̄α2…α2sÞ: ð5:4cÞ

The first term in the third line of (5.1) can be
represented as

θβθ̄ðα1λα2…α2sÞ;β ¼
1

2
θθ̄Λα1…α2s þ

2sþ 1

2s
ρβðα1Λα2…α2sβÞ

−
2s − 1

2s
ρðα1α2Λα3…α2sÞ; ð5:5Þ

where we have introduced two irreducible components of
λα1…α2s−1;β by the rule

Λα1…α2s ≔ λðα1…α2s−1;α2sÞ; Λα2…α2s−2 ≔ λα2…α2s−2β;
β:

ð5:6Þ

We recall that the composite ραβ is defined by (5.2). It is
clear from (4.3), (5.1), (5.3), and (5.5) that the imaginary
part of Λαð2sÞ can be used to gauge away the component
field Dαð2sÞ thus arriving at the stronger Wess-Zumino
gauge

Hα1…α2sðθ; θ̄Þ ¼ θðβθ̄γÞEα1…α2s;βγ þ θ̄2θβΨα1…α2s;β

− θ2θ̄βΨ̄α1…α2s;β þ θ2θ̄2Aα1…α2s ; ð5:7Þ

in which the residual Λ-invariance is described by a real
parameter,
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Λ̄αð2sÞ ¼ Λαð2sÞ ≡ lαð2sÞ: ð5:8Þ

The real bosonic field Eα1…α2s;βγ transforms in the
representation ð2sþ 1Þ ⊗ 3 of SLð2;RÞ, while the com-
plex fermionic field Ψα1…α2s;β belongs to the ð2sþ 1Þ ⊗ 2.
The field Eαð2sÞ;βγ is a higher spin analog of the linearized
vielbein (or frame field), which becomes obvious if we
convert the spinor indies of Eαð2sÞ;βγ into vector ones by the
standard rule

Em
a1…as ≔

�
−
1

2

�
sþ1

ðγa1Þα1α2…ðγasÞα2s−1α2sðγmÞβγEα1…α2s;βγ:

ð5:9Þ

Here Em
a1…as is symmetric and traceless with respect to

the indices a1;…; as. This interpretation is confirmed
by the fact that the gauge transformation associated with
the parameter (5.4a) acts on Eα1…α2s;βγ as follows:

δEα1…α2s;βγ ¼ ∂βγζα1…α2s ⇔ δEm
a1…as ¼ ∂mζ

a1…as : ð5:10Þ

The gauge transformation generated by the parameter
(5.8) acts on Eα1…α2s;βγ as a higher spin counterpart of
the linearized local Lorentz transformation. Therefore the
tensor structure of Em

a…αs and its gauge freedom corre-
spond to the 3D massless spin-(sþ 1) gauge field, see e.g.,
[47]. In the framelike formulation for massless higher spin
fields [47], one introduces two independent gauge fields,
one of which is Em

a…αs and the other is a higher spin
analogue of the Lorentz connection. The latter is expressed
in terms of Em

a…αs on the equations of motion. However, in
the off-shell formulations for supergravity, no independent
Lorentz connection appears. And its higher spin analog
never appears in the framework of the off-shell higher spin
supermultiplets introduced in [5–7].
Recalling the gauge transformation law of Γαð2s−2Þ,

Eq. (4.4), one may see that the gauge freedom associated
with the parameters Λαð2s−2Þ in (5.5) and Σαð2s−1Þ in (5.1)
allows us to bring Γαð2s−2Þ to the following form:

Γα1…α2s−2ðθ; θ̄Þ ¼ eiθ
λθ̄ρ∂λρ ½θβωðβα1…α2s−2Þ þ θðα1Ψ̄α2…α2s−2Þ

þ θ2Bα1…α2s−2 þ θ̄βθγUðβγα1…α2s−2Þ
þ θ̄βθðβFα1…α2s−2Þ þ θ2θ̄βρðβα1…α2s−2Þ�:

ð5:11Þ

The fermionic fields Ψα1…α2s;β in (5.7) and Ψα1…α2s−3

appearing in Γ̄α1…α2s−2 constitute a complex version of
the massless spin-ðsþ 1

2
Þ field reviewed in Appendix B 2.

The complex fermionic fields ωαð2s−1Þ and ραð2s−1Þ in (5.11)
turn out to be auxiliary for the theory with action (4.9) in
the standard sense that they become functions of the other
fermionic fields on the mass shell. The real bosonic field

Aαð2sÞ in (5.7) and the complex bosonic fields Bαð2s−2Þ,
Uαð2sÞ and Fαð2s−2Þ in (5.11) are auxiliary for the theory
with action (4.9).
Now we can argue that, upon elimination of

the auxiliary fields, the theorywith action (4.9) is equivalent
to a sum of two massless (Fang-)Fronsdal models, one
of which is the bosonic spin-(sþ 1) model described
in Appendix (B1) and the other corresponds to two
identical fermionic spin-ðsþ 1=2Þ models described in
Appendix (B2). Equivalently, the fermionic sector
describes a complex massless spin-ðsþ 1=2Þ gauge field.
Indeed, consider the frame field in (5.7). It can be repre-
sented as the sum of three irreducible components,

ρβγEα1…α2s;βγ ¼ ρβγhα1…α2sβγ þ ρβðα1mα2…α2sÞβ

þ ρðα1α2hα3…α2sÞ; ð5:12Þ
where the irreducible components of Eα1…α2s;βγ are
defined by

hα1…α2sþ2
≔ Eðα1…α2s;α2sþ1α2sþ2Þ; ð5:13aÞ

mα1…α2s ≔ −
2sþ 1

sþ 1
Eðα1…α2s;βÞ

β; ð5:13bÞ

hα1…α2s−2 ≔
2s − 1

2sþ 1
Eα1…α2s−2βγ;

βγ: ð5:13cÞ

The field mαð2sÞ may be algebraically gauged away by the
generalized Lorentz transformation described by the
parameter (5.8). The remaining bosonic fields hαð2sþ2Þ
and hαð2s−2Þ correspond to the dynamical variables of the
Fronsdal spin-(sþ 1) model reviewed in Appendix (B1).
As follows from (5.10), their gauge freedom is equivalent to
that of the massless spin-(sþ 1) gauge field, see Eqs. (B2).
Since the requirement of gauge invariance fixes the
Fronsdal action modulo an overall numerical factor, we
are confident the theory (4.9) leads to the Fronsdal spin-
(sþ 1) model even without explicit calculation of the
component bosonic action. Such a calculation may be
carried out in complete analogy with the 4D case described
in [7]; it is given in Appendix C. Let us turn to the fermionic
sector and represent the higher-spin gravitino Ψα1…α2s;β in
(5.7) as the sum of two irreducible components,

Ψα1…α2s;β ¼ Ψα1…α2sβ þ εβðα1Ψα2…α2sÞ; ð5:14Þ

where the irreducible components are defined by

Ψα1…α2sβ ≔ Ψðα1…α2s;βÞ; ð5:15aÞ

Ψα1…α2s−1 ≔
2s

2sþ 1
Ψα1…α2s−1β;

β: ð5:15bÞ

These complex fermionic fieldsΨαð2sþ1Þ,Ψαð2s−1Þ as well as
Ψαð2s−3Þ sitting in Γ̄αð2s−2Þ constitute a complex version of
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the massless spin-ðsþ 1
2
Þ field reviewed in Appendix (B2).

Under the fermionic local symmetry generated by the
complex parameter ξαð2s−1Þ in (5.1), the gauge transforma-
tion law of these fields is equivalent to the complex version
of the transformation (B13) which corresponds to the
massless spin-ðsþ 1=2Þ field. Since the requirement of
gauge invariance fixes the Fang-Fronsdal action modulo an
overall numerical factor, we are confident the theory (4.9)
leads to the massless spin-ðsþ 1=2Þ model even without
explicit calculation of the component fermionic action. The
explicit calculation is carried out in Appendix C.
Instead of dealing with the gauge (5.7) and (5.11),

sometimes it is more convenient to work with an alternative
Wess-Zumino gauge defined by

Hα1…α2sðθ; θ̄Þ ¼ θβθ̄γhðβγα1…α2sÞ þ θ̄2θβΨðβα1…α2sÞ

− θ2θ̄βΨ̄ðβα1…α2sÞ þ θ2θ̄2Aα1…α2s ; ð5:16aÞ

Γα1…α2s−2ðθ; θ̄Þ ¼ eiθ
λθ̄ρ∂λρ ½hα1…α2s−2 þ θβΨðβα1…α2s−2Þ

þ θðα1Ψ̄α2…α2s−2Þ þ θ̄βϒðβα1…α2s−2Þ
þ θ2Bα1…α2s−2 þ θ̄βθγUðβγα1…α2s−2Þ

þ θ̄βθðβFα1…α2s−2Þ þ 2θ2θ̄βρðβα1…α2s−2Þ�;
ð5:16bÞ

with

ρα1…α2s−1 ¼ ρα1…α2s−1 −
i
4
∂βðα1ψα2…α2s−1Þβ

−
i
4
∂ðα1α2ψα2…α2s−1Þ: ð5:16cÞ

Here the bosonic fields hαð2sÞ, hαð2s−2Þ and Aαð2sÞ are real,
and the fields Bαð2s−2Þ, Uαð2sÞ and Fαð2s−2Þ are complex.

VI. SUPERCONFORMAL HIGHER SPIN
MULTIPLETS

In this section we develop a superspace setting for
linearized higher spin conformal supergravity. We start
with a review of the conformal Killing supervector fields of
3D N ¼ 2 Minkowski superspace [48,49], which are
defined in complete analogy with the 4D N ¼ 1 case [11].

A. Conformal Killing supervector fields

Consider a real supervector field ξ on Minkowski
superspace,

ξ ¼ ξBDB ≔ ξb∂b þ ξβDβ þ ξ̄βD̄β

¼ −
1

2
ξβγ∂βγ þ ξβDβ þ ξ̄βD̄β: ð6:1Þ

It is called a conformal Killing supervector field if it obeys
the equation

½ξþ KβγMβγ; Dα� þ δρDα ¼ 0 ⇔

½ξþ KβγMβγ; D̄α� þ δρD̄α ¼ 0; ð6:2Þ

for some Lorentz (Kβγ ¼ Kγβ ¼ K̄βγ) and super-Weyl (ρ)
parameters. We recall that the Lorentz generator Mβγ acts
on a spinor ψα by the rule

Mβγψα ¼ εαðβψγÞ ¼
1

2
ðεαβψγ þ εαγψβÞ: ð6:3Þ

The super-Weyl transformation of the covariant derivatives
is defined according to [13]

δρDα ¼
1

2
ð3ρ̄ − ρÞDα þ ðDλρÞMλα; ð6:4aÞ

δρD̄α ¼
1

2
ð3ρ − ρ̄ÞD̄α þ ðD̄λρ̄ÞMλα; ð6:4bÞ

where the parameter ρ is chiral,

D̄αρ ¼ 0: ð6:4cÞ

Equation (6.2) can be rewritten in the form [49]

½ξ; Dα� ¼ −Kα
βDβ þ

1

2
ðρ − 3ρ̄ÞDα: ð6:5Þ

The equation (6.2), or its equivalent form (6.5), implies

Dαξ
βγ þ 4iδðβα ξ̄γÞ ¼ 0 ⇔ D̄αξ

βγ − 4iδðβα ξγÞ ¼ 0; ð6:6Þ

and therefore the spinor components ξα and ξ̄α of ξ are
determined in terms of the vector ones,

ξα ¼ −
i
6
D̄βξ

αβ; ξ̄α ¼ −
i
6
Dβξαβ; ð6:7Þ

and the vector component ξαβ ¼ ξβα ¼ ξ̄αβ is longitudinal
linear,

DðαξβγÞ ¼ 0; D̄ðαξβγÞ ¼ 0; ð6:8Þ

and therefore ξαβ is an ordinary conformal Killing vector,

∂ðαβξγδÞ ¼ 0: ð6:9Þ

These relations imply that D2ξαβ ¼ D̄2ξαβ ¼ 0, and there-
fore ξα is chiral,

D̄αξ
β ¼ 0: ð6:10Þ

It follows from (6.2), or its equivalent form (6.5), that the
Lorentz and super-Weyl parameters, Kαβ and ρ, are
uniquely expressed in terms of the components of the
conformal Killing supervector field as follows:
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Kαβ ¼ DðαξβÞ ¼ −D̄ðαξ̄βÞ; ð6:11aÞ

ρ ¼ 1

8
ðDαξ

α þ 3D̄αξ̄αÞ: ð6:11bÞ

We also deduce from (6.2) that the Lorentz and super-Weyl
parameters are related to each other as

DαKβγ ¼ δα
ðβDγÞρ: ð6:12Þ

Using the properties (6.5)–(6.10), one can explicitly check
that ρ defined by (6.11b) is chiral.

B. Primary linear superfields

A symmetric rank-n spinor superfield Φα1…αn is said to
be primary of dimension 1

2
ðxþ yÞ if its superconformal

transformation is

δξΦα1…αn ¼ ξΦα1…αn þ nKβðα1Φα2…αnÞβ þ ðxρþ yρ̄ÞΦα1…αn

ð6:13Þ

for some real parameters x and y. The R-charge of ΦαðnÞ is
proportional to 1

2
ðx − yÞ.

Let Gα1…αn be a longitudinal linear superfield con-
strained by (2.1b). Requiring Gα1…αn to be primary fixes
one of the superconformal parameters in (6.13),

δξGα1…αn ¼ ξGα1…αn þ nKβðα1Gα2…αnÞβ

þ
�
xρ −

n
2
ρ̄

�
Gα1…αn : ð6:14Þ

Let Γα1…αn be a transverse linear superfield constrained by
(2.1a). Requiring Γα1…αn to be primary fixes one of the
superconformal parameters in (6.13),

δξΓα1…αn ¼ ξΓα1…αn þ nKβðα1Γα2…αnÞβ

þ
�
xρþ

�
1þ n

2

�
ρ̄

�
Γα1…αn : ð6:15Þ

An analysis of constrained primary superfields was given
by Park [48].
Now, let us come back to the gauge transformation law

(4.3). We postulate that the real gauge prepotential Hαð2sÞ
and the right-hand side of (4.3) are primary. Then it follows
from (6.14) that the superconformal transformation of
Hαð2sÞ is

δHα1…α2s ¼ ξHα1…α2s þ 2sKβðα1Hα2…α2sÞβ
− sðρþ ρ̄ÞHα1…α2s ; ð6:16Þ

and the dimension of Hαð2sÞ is equal to ð−sÞ.

Let Wα1…αn be a real transverse linear superfield,

DβWβα1…αn−1 ¼ D̄βWβα1…αn−1 ¼ 0: ð6:17Þ

Requiring it to be primary, we deduce from (6.15) that the
superconformal transformation of WαðnÞ is

δWα1…αn ¼ ξWα1…αn þ nKβðα1Wα2…αnÞβ

þ
�
1þ n

2

�
ðρþ ρ̄ÞWα1…αn ; ð6:18Þ

and the dimension of WαðnÞ is equal to ð1þ n=2Þ.

C. Linearized higher spin conformal supergravity

Consider an action of the form

S ¼ in
Z

d3j4zHα1…αnWα1…αn ; ð6:19Þ

where HαðnÞ is a real symmetric rank-n spinor superfield
with the superconformal transformation

δHα1…αn ¼ ξHα1…αn þ Kβðα1Hα2…αnÞβ −
n
2
ðρþ ρ̄ÞHα1…αn ;

ð6:20Þ

which coincides with (6.16) for n ¼ 2s. The action (6.19) is
invariant under the superconformal transformations (6.18)
and (6.20). Moreover, it is also invariant under gauge
transformations of the form

δHαðnÞ ¼ gαðnÞ þ ḡαðnÞ; δWα1…αn ¼ 0;

gα1…αn ¼ D̄ðα1Lα2…αnÞ; ð6:21Þ

where the complex gauge parameter gαðnÞ is an arbitrary
longitudinal linear superfield. The gauge invariance follows
from (6.17). This gauge transformation law reduces to (4.3)
for n ¼ 2s. We would like to realize WαðnÞ as a gauge-
invariant field strength, WαðnÞðHÞ, constructed from the
prepotential HαðnÞ. Then (6.19) may be interpreted as a
higher spin extension of the linearized conformal super-
gravity action (4.27).
Given a prepotential HαðnÞ ¼ Hα1…αn with the super-

conformal transformation law (6.16) and the gauge trans-
formation (6.21), we associate with it a gauge-invariant real
field strength WαðnÞðHÞ defined by
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Wα1…αnðHÞ ≔ 1

2n−1

X⌊n=2⌋
J¼0

��
n
2J

�
Δ□J∂ðα1

β1…∂αn−2J
βn−2JHαn−2Jþ1…αnÞβ1…βn−2J

þ
�

n
2J þ 1

�
Δ2□J∂ðα1

β1…∂αn−2J−1
βn−2J−1Hαn−2J…αnÞβ1…βn−2J−1

�
; ð6:22Þ

where ⌊x⌋ denotes the floor (also known as the integer part)
of a number x. One may check thatZ

d3j4z ~Hα1…αnWα1…αnðHÞ ¼
Z

d3j4zHα1…αnWα1…αnð ~HÞ;

ð6:23Þ
for arbitrary superfieldsHαðnÞ and ~HαðnÞ that are bosonic for
even n and fermionic for odd n. The field strength obeys the
Bianchi identities

DβWβα1…αn−1 ¼ 0; D̄βWβα1…αn−1 ¼ 0: ð6:24Þ

These Bianchi identities are compatible only with the
superconformal transformation law (6.18), and thus
WαðnÞ is a primary superfield. In Appendix D, we
prove (i) invariance of the field strength (6.22) under
the gauge transformation (6.21); and (ii) the Bianchi
identies (6.24).
In the case of the half-integer superspin transverse

formulation, the superconformal field strength Wαð2sÞ can
be expressed in terms of the gauge-invariant field strengths
(4.11) as follows:

22sWαð2sÞ ¼
1

2
∂ðα1

β1…:∂α2s−2
β2s−2∂α2s−1α2sÞðDγFγβð2s−2Þ − D̄γF̄γαð2s−2ÞÞ −

1

2

�
2s
2

�
∂ðα1

β1…:∂α2s−2
β2s−2E⊥

α2s−1α2sÞβð2s−2Þ

−
Xs

J¼1

�
2s
2J

�
Δ□J−1∂ðα1

β1…:∂α2s−2J
β2s−2JE⊥

α2s−2Jþ1:::α2sÞβð2s−2Þ

− 2
Xs−1
J¼0

�
2s

2J þ 1

�
∂ðα1

β1…∂α2s−2J−1
β2s−2J−1□JE⊥

α2s−2J:::α2sÞβð2s−2J−1Þ: ð6:25Þ

This gauge-invariant field strength is a higher spin exten-
sion of the linearized super-Cotton tensor (4.24).

VII. MASSIVE HALF-INTEGER SUPERSPIN
MODELS

We now consider a gauge-invariant deformation of the
transverse action (4.9)

S⊥ ¼ μ2s−1S⊥
sþ1

2

½H;Γ; Γ̄� þ λ

2
SCS½H�; ð7:1Þ

where SCS½H� denotes the Chern-Simons-type supercon-
formal term

SCS½H� ¼
�
−
1

2

�
s
Z

d3j4zHαð2sÞWαð2sÞðHÞ; ð7:2Þ

with the field strength Wαð2sÞðHÞ given by (6.22). The
coupling constant λ in (7.1) is dimensionless. In accordance
with (6.16), the dimension of Hαð2sÞ is equal to ð−sÞ. To
make the action dimensionless, the first term in (7.1) is
rescaled by an overall factor μ2s−1 with the positive
parameter μ of unit mass dimension.

In the s ¼ 1 case, the action (7.1) coincides with the
linearized action for topologically massive N ¼ 2 super-
gravity in the nonminimal w ¼ −1 formulation [26].
Since SCS½H� does not involve the compensating super-

field Γαð2s−2Þ and its conjugate, it follows that the corre-
sponding equations of motion are the same for both the
massive (7.1) and massless theories (4.9):

Fαð2s−1Þ ¼ 0 ⇒ DβE⊥
βαð2s−1Þ ¼ 0: ð7:3Þ

However, the addition of the Chern-Simons term results in
the following modification to theHαð2sÞ equation of motion
for the massive theory:

μ2s−1E⊥
αð2sÞ þ λWαð2sÞ ¼ 0: ð7:4Þ

This is a gauge-invariant higher-derivative superfield
equation.9

9As demonstrated in [42], the general second-order 3D
massive field equations for positive integer spin, and their
“self-dual” limit to first-order equations, are equivalent to
gauge-invariant higher-derivative equations.
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Once the equation of motion (7.3) holds, one can obtain
a simplified expression for Wαð2sÞ. It is

Wαð2sÞ ¼ −Δ□s−1E⊥
αð2sÞ: ð7:5Þ

Using this result, we can extract a “higher-superspin”
analog of the Klein-Gordon equation from the equation
of motion (7.4) as follows. First note that

0¼m2s−1E⊥
αð2sÞþλWαð2sÞ¼μ2s−1E⊥

αð2sÞ−λΔ□s−1E⊥
αð2sÞ⇒

0¼μ2s−1ΔE⊥
αð2sÞ−2λ□s−1Δ2E⊥

αð2sÞ¼ðμ2s−1Δ−2λ□sÞE⊥
αð2sÞ:

ð7:6Þ

This leads to

ð□2s−1− ðm2Þ2s−1ÞE⊥
αð2sÞ ¼ 0; m≔

μ

jλj1=ð2s−1Þ : ð7:7Þ

By making use of the Fourier transform of E⊥
αð2sÞ, we

deduce from (7.7) the ordinary Klein-Gordon equation

ð□ −m2ÞE⊥
αð2sÞ ¼ 0: ð7:8Þ

It then follows from (7.4) that

ΔE⊥
αð2sÞ ¼ mσE⊥

αð2sÞ; σ ¼ λ

jλj : ð7:9aÞ

It remains to recall that

DβE⊥
βαð2s−1Þ ¼ D̄βE⊥

βαð2s−1Þ ¼ 0: ð7:9bÞ

The equations (7.9a) and (7.9b) tell us that E⊥
αð2sÞ is a

massive superfield of superhelicity κ ¼ ðsþ 1
2
Þσ, in accor-

dance with the analysis given in Sec. III B.
The massive theory (7.1) possesses a dual formulation. It

is described by the action

S∥ ¼ μ2s−1S∥
sþ1

2

½H;G; Ḡ� þ λ

2
SCS½H�; ð7:10Þ

with the longitudinal action S∥
sþ1

2

½H;G; Ḡ� given by

Eq. (4.17). Since SCS½H� does not involve the compensating
superfield Gαð2s−2Þ and its conjugate, the equation of
motion for Gαð2s−2Þ is the same as in massless theory,
Eq. (4.20). Due to the Bianchi identity (4.19), we obtain

Bαð2s−3Þ ¼ 0 ⇒ DβE∥
βαð2s−1Þ ¼ 0: ð7:11Þ

However, the equation of motion for Hαð2sÞ becomes

μ2s−1E∥
αð2sÞ þ λWαð2sÞ ¼ 0: ð7:12Þ

This demonstrates that the massive models (7.1) and (7.10)
possess equivalent dynamics.
In the s ¼ 1 case, the action (7.10) coincides with the

linearized action for topologically massive N ¼ 2 super-
gravity in the minimal (1,1) formulation [26].

VIII. CONCLUDING COMMENTS

The main results of this paper are as follows. In Sec. IV
we constructed the two dually equivalent off-shell formu-
lations for the massless superspin-ðsþ 1=2Þmultiplet, with
s > 1, as 3D analogs of the off-shell 4D N ¼ 1 massless
multiplets of half-integer superspin [5]. In Sec. VI we
presented the linearized higher spin super-Cotton tensors
and the linearized actions for higher spin conformal super-
gravity. In Sec. VII we constructed the off-shell formulation
for massive superspin-ðsþ 1=2Þ multiplets, with s > 1, as
higher-spin extensions of the off-shell topologically mas-
sive N ¼ 2 supergravity theories [26].
This paper does not include any 3D analogs of the off-

shell 4D N ¼ 1 massless multiplets of integer superspin
[6]. We have constructed such extensions. However, they
do not admit massive deformation of the type described in
Sec. VII. That is why we will discuss these models
elsewhere. This paper does not include any 3D analogs
of the off-shell 4D N ¼ 1 higher spin supermultiplets in
anti-de Sitter space [7]. We have constructed such exten-
sions. They will be discussed elsewhere.
To the best of our knowledge, no off-shell 3D N ¼ 1

massive higher spin supermultiplet have appeared in the
literature. They can be derived by carrying out the plain
superspace reduction N ¼ 2 → N ¼ 1 to the models
presented in Sec. VII. This is an interesting technical
problem to work out.
Our results on the linearized higher spin super-Cotton

tensors provide necessary prerequisites for developing a
superspace approach to higher spin N ¼ 2 conformal
supergravity. We recall that the most general formulation10

for 3DN -extended conformal supergravity is the conformal
superspace of [20], which is a 3D analog of the 4D
conformal superspace formulations initiated by Butter
[52,53]. In this approach, it is the N -extended super-
Cotton tensor which fully determines the superspace geom-
etry of conformal supergravity. It is necessary to mention
that the program of constructing a superconformal theory of
massless higher spin fields in (2þ 1) spacetime dimensions
was put forward long ago by Fradkin and Linetsky [54] in
the component setting. However, it appears that superspace
techniques may offer new insights.

10As explained in [20], the conventional formulation for 3D
N -extended conformal supergravity [50,51] is obtained from that
given in [20] by partially fixing the gauge freedom. In this sense,
3DN -extended conformal superspace of [20] is the most general
formulation for 3D N -extended conformal supergravity.
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Our approach to constructing higher spin massive
supermultiplets is a generalization of topologically massive
(super)gravity. Recently, there appeared a conceptually
different way to generate 3D massive (super)gravity
theories—new massive (super)gravity theories [55–58]
and their generalizations; see [45,59] and references therein.
We believe that our results may be used to construct higher
spin analogs of these massive theories.
Our massive transverse supermultiplet (7.1) can be

coupled to an external source J αð2sÞ using an action
functional of the form

μ2s−1S⊥
sþ1

2

½H;Γ; Γ̄� þ λ

2
SCS½H�

þ
�
−
1

2

�
s
Z

d3j4zHαð2sÞJ αð2sÞ: ð8:1Þ

In order for such an action to be invariant under the gauge
transformations (4.3) and (4.4), the real source J αð2sÞ must
be conserved, that is

DβJ βα1…α2s−1 ¼ D̄βJ βα1…α2s−1 ¼ 0: ð8:2Þ

Such higher spin conserved current multiplets were con-
sidered in [60]. In 3D N ¼ 2 superconformal field theory,
J αβ describes the supercurrent multiplet [13,61].11 The
theory with action (8.1) possesses a dual longitudinal
formulation. It is described by the action

μ2s−1S∥
sþ1

2

½H;G; Ḡ� þ λ

2
SCS½H�

þ
�
−
1

2

�
s
Z

d3j4zHαð2sÞJ αð2sÞ; ð8:3Þ

where the longitudinal action S∥
sþ1

2

½H;G; Ḡ� is given

by Eq. (4.17).
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APPENDIX A: NOTATION AND CONVENTIONS

Our 3D notation and conventions correspond to those
introduced in [49,51].

The spinor covariant derivatives have the form

Dα ¼
∂
∂θα þ iθ̄βðγaÞαβ∂a ¼ ∂α þ iθ̄β∂αβ; ðA1aÞ

D̄α ¼ −
∂
∂θ̄α − iθβðγaÞαβ∂a ¼ −∂̄α − iθβ∂αβ ðA1bÞ

and obey the anti-commutation relations

fDα;Dβg¼fD̄α; D̄βg¼ 0; fDα;D̄βg¼−2i∂αβ: ðA2Þ

The generators of supersymmetry transformations are

Qα ¼ i∂α þ θ̄β∂αβ; Q̄α ¼ −i∂̄α − θβ∂αβ: ðA3Þ

We make use of the definitions

D2 ¼ DαDα; D̄2 ¼ D̄αD̄α ðA4Þ

such that the complex conjugate of D2V is D̄2V̄, for any
superfield V.
Most tensor (super)fields encountered in this paper are

completely symmetric with respect to their spinor indices.
We use the rules introduced in [47] and adopted in [7].

VαðnÞ ¼ Vα1…αn ¼ Vðα1…αnÞ; ðA5aÞ

VαðnÞUαðmÞ ¼ Vðα1…αnUαnþ1…αnþmÞ; ðA5bÞ

V ·U ¼ VαðnÞUαðnÞ ¼ Vα1…αnUα1…αn ; ðA5cÞ

VðαðnÞUβðmÞÞ ¼ Vðα1…αnUβ1…βmÞ: ðA5dÞ

Parentheses denote symmetrization of indices. Indices
sandwiched between vertical bars (e.g., jγj) are not subject
to symmetrization. Throughout the entire paper, we assume
that (super)fields carrying an even number of spinor indices
correspond to bosons, whereas (super)fields carrying an
odd number of spinor indices correspond to fermions.

APPENDIX B: MASSLESS HIGHER SPIN
ACTIONS IN THREE DIMENSIONS

In this appendix we briefly review the (Fang-)Fronsdal
actions for massless higher spin fields in three dimensions
[1,2]. We also show that these models describe no propa-
gating degrees of freedom, as a simple extension of the 4D
analysis in Sec. 6. 9 of [11].

1. Integer spin

Given an integer s > 1, we consider the following set of
real bosonic fields:

φi ¼ fhαð2sÞ; hαð2s−4Þg ðB1Þ
11The two- and three-point functions of the N ¼ 2 super-

current were computed in [62].
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defined modulo gauge transformations

δhαð2sÞ ¼ ∂ðα1α2ζα3…α2sÞ; ðB2aÞ

δhαð2s−4Þ ¼
1

2s − 1
∂βγζβγα1…α2s−4 ; ðB2bÞ

where the gauge parameter ζαð2s−2Þ is real. It may be
checked that the following action

Ss¼
1

2

�
−
1

2

�
s
Z

d3x

�
hαð2sÞ□hαð2sÞ−

1

2
sð∂βð2Þhβð2Þαð2s−2ÞÞ2

− ðs−1Þð2s−3Þ
�
hαð2s−4Þ∂βð2Þ∂γð2Þhβð2Þγð2Þαð2s−4Þ

þ4
ðs−1Þ

s
hαð2s−4Þ□hαð2s−4Þ

þ1

2
ðs−2Þð2s−5Þð∂βð2Þhαð2s−6Þβð2ÞÞ2

	�
ðB3Þ

is gauge invariant. The requirement of gauge invariance
determines the action uniquely modulo an overall constant.
The theory admits a formal limit to the case of three-
dimensional Maxwell’s electrodynamics. It is obtained by
setting s ¼ 1, removing the second field in (B1), and
switching off all the terms in the second through fourth
lines of the action (B3).
The equations of motion are

□hαð2sÞ þ
1

2
s∂βð2Þ∂αð2Þhαð2s−2Þβð2Þ

−
1

2
ðs − 1Þð2s − 3Þ∂αð2Þ∂αð2Þhαð2s−4Þ ¼ 0; ðB4aÞ

∂βð2Þ∂γð2Þhβð2Þγð2Þαð2s−4Þ þ 8
ðs − 1Þ

s
□hαð2s−4Þ

þ ðs − 2Þð2s − 5Þ∂βð2Þ∂αð2Þhαð2s−6Þβð2Þ ¼ 0: ðB4bÞ

We now show that the model under consideration has no
propagating degrees of freedom.
The gauge freedom (B2) allows us to gauge away the

field hαð2s−4Þ,

hαð2s−4Þ ¼ 0: ðB5Þ

In this gauge, there still remains a residual gauge freedom.
In accordance with (B2b), the gauge parameter is now
constrained by

∂βð2Þζβð2Þαð2s−4Þ ¼ 0: ðB6Þ

In the gauge (B5), the equation of motion (B4b)
reduces to ∂βð2Þ∂γð2Þhβð2Þγð2Þαð2s−4Þ ¼ 0 and tells us that
∂βð2Þhαð2s−2Þβð2Þ is divergenceless. In general, it holds that

∂βð2Þδhαð2s−2Þβð2Þ ¼ −
2

s
□ζαð2s−2Þ

þ ðs − 1Þð2s − 3Þ
sð2s − 1Þ ∂βð2Þ∂αð2Þζαð2s−4Þβð2Þ:

ðB7Þ

Under the two conditions that (i) the gauge parameter is
constrained as in (B6), and (ii) ∂βð2Þhαð2s−2Þβð2Þ is diver-
genceless, we are able to impose the gauge condition

∂βð2Þhαð2s−2Þβð2Þ ¼ 0; ðB8Þ

in addition to (B5). The residual gauge freedom, which
respects the conditions (B5) and (B8), is generated by a
gauge parameter constrained by

∂βð2Þζβð2Þαð2s−4Þ ¼ 0; □ζαð2s−2Þ ¼ 0: ðB9Þ

Due to (B5) and (B8), the equation of motion (B4a) turns
into

□hαð2sÞ ¼ 0: ðB10Þ
Since both the field hαð2sÞðxÞ and the gauge parameter

ζαð2s−2ÞðxÞ are on-shell, it is useful to switch to momentum
space, by replacing hαð2sÞðxÞ→hαð2sÞðpÞ and ζαð2s−2ÞðxÞ→
ζαð2s−2ÞðpÞ, where the three-momentum pa is lightlike,
pαβpαβ ¼ 0. For a given three-momentum, we can choose a
frame in which the only nonzero component of pαβ ¼
ðp11; p12 ¼ p21; p22Þ is p22 ¼ p11. Then, the conditions
pβð2Þhαð2s−2Þβð2ÞðpÞ ¼ 0 and pβð2Þζαð2s−4Þβð2ÞðpÞ ¼ 0 are
equivalent to

hαð2s−2Þ22ðpÞ ¼ 0; ζαð2s−4Þ22ðpÞ ¼ 0: ðB11Þ

We see that hαð2sÞ has only two independent components,
which are h1…1 and h1…12, and similar for the gauge
parameter ζαð2s−4Þ. The gauge transformation law (B2a)
now amounts to δh1…1 ∝ p11ζ1…1 and δh1…12 ∝ p11ζ1…12.
As a result, the field hαð2sÞ can be completely gauged away
for s > 1. The case s ¼ 1 is special. Here the field hαβ has
again two components, h11 and h12, while the gauge
parameter is a scalar, ζ. The latter allows us to gauge
away h11, since its gauge transformation is δh11 ∝ p11ζ.
The other component, h12, describes a propagating degree
of freedom. In the gauge h11 ¼ 0, it is proportional to a
single nonzero component of the gauge-invariant field
strength Fa ¼ 1

2
εabaFbc, where Fab ¼ ∂ahb − ∂bha.

2. Half-integer spin

Given an integer s > 1, we consider the following set of
real fermionic fields:
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ϕj ¼ fψαð2sþ1Þ;ψαð2s−1Þ;ψαð2s−3Þg ðB12Þ

defined modulo gauge transformations of the form

δψαð2sþ1Þ ¼ ∂ðα1α2ξα3…α2sþ1Þ; ðB13aÞ

δψαð2s−1Þ ¼
2s − 1

2sþ 1
∂βðα1ξα2…α2s−1Þβ; ðB13bÞ

δψαð2s−3Þ ¼ ∂βγξα1…α2s−3βγ; ðB13cÞ

where the gauge parameter ξαð2s−1Þ is real. It may be
checked that the following action

Ssþ1
2
¼ i

2

�
−
1

2

�
s
Z

d3x

�
ψαð2sÞβ∂β

γψγαð2sÞ

þ 2ψαð2s−1Þ∂βð2Þψβð2Þαð2s−1Þ

þ 4

2s − 1
ψαð2s−2Þβ∂β

γψγαð2s−2Þ

þ ðs − 1Þð2sþ 1Þ
sð2s − 1Þ

�
2ψαð2s−3Þ∂βð2Þϕβð2Þαð2s−3Þ

−
2s − 3

2sþ 1
ψαð2s−4Þβ∂β

γψγαð2s−4Þ

��
ðB14Þ

is gauge invariant. The field ψαð2s−3Þ is not defined in the
case s ¼ 1 which corresponds to the massless gravitino.
However, the last two lines in (B14), which contain all the
dependence on ψαð2s−3Þ, does not contribute in the case, due
to the overall factor of (s − 1). Thus the gravitino action
follows from (B14) by deleting the last two lines and then
setting s ¼ 1.
The equations of motion are

∂β
αψαð2sÞβ − ∂αð2Þψαð2s−1Þ ¼ 0; ðB15aÞ

∂βð2Þψαð2s−1Þβð2Þ þ
4

2s − 1

�
∂β

αψαð2s−2Þβ

−
ðs − 1Þð2sþ 1Þ

s
∂αð2Þψαð2s−3Þ

	
¼ 0; ðB15bÞ

∂βð2Þψαð2s−3Þβð2Þ −
2s − 3

2sþ 1
∂β

αψαð2s−4Þβ ¼ 0: ðB15cÞ

We now show that the model under consideration has no
propagating degrees of freedom.
The gauge freedom (B13c) allows us to gauge away the

field ψαð2s−3Þ,

ψαð2s−3Þ ¼ 0: ðB16Þ

In this gauge, there still remains a residual gauge freedom.
In accordance with (B13c), the gauge parameter is now
constrained by

∂βð2Þξβð2Þαð2s−3Þ ¼ 0: ðB17Þ

In the gauge (B16), the equation (B15c) reduces to

∂βð2Þψαð2s−3Þβð2Þ ¼ 0; ðB18Þ

which is preserved by the residual gauge transformations,
as a consequence of (B17). Due to (B17) and (B18), it
follows from the gauge transformation (B13b) that the field
ψαð2s−1Þ may be gauged away,

ψαð2s−1Þ ¼ 0: ðB19Þ

Under this gauge condition, there still remains some
residual gauge freedom. It is described by an on-shell
parameter ξαðs2−1Þ, which is constrained by

∂β
α1ξα2…α2s−1β ¼ 0 ⇒ □ξαð2s−1Þ ¼ 0; ðB20Þ

in addition to (B17). Under the gauge conditions (B16) and
(B19), the equations of motion (B15) amount to

∂β
α1ψα2…α2sþ1β ¼ 0 ⇒ ∂βð2Þψαð2s−1Þβð2Þ ¼ 0;

□ψαð2sþ1Þ ¼ 0: ðB21Þ

Since both the field ψαð2sþ1ÞðxÞ and the gauge parameter
ξαð2s−1ÞðxÞ are on-shell, it is useful to switch to momentum
space, by replacing ψαð2sþ1ÞðxÞ → ψαð2sþ1ÞðpÞ and
ξαð2s−1ÞðxÞ → ξαð2s−1ÞðpÞ, where the three-momentum pa

is lightlike,pαβpαβ ¼ 0. As in the bosonic case studied in the
previous subsection, we can choose a frame in which the
only nonzero component of pαβ ¼ ðp11; p12 ¼ p21; p22Þ is
p22 ¼ p11. Then, the conditions pβ

α1ψα2…α2sþ1βðpÞ ¼ 0 and
pβ

α1ξα2…α2s−1βðpÞ ¼ 0 are equivalent to

ψαð2sÞ2ðpÞ ¼ 0; ξαð2s−2Þ2ðpÞ ¼ 0: ðB22Þ

Thus the only nonzero components of ψαð2sþ1ÞðpÞ
and ξαð2s−1ÞðpÞ are ψ1…1ðpÞ and ξ1…1ðpÞ. The residual
gauge freedom, δψ1…ðpÞ ∝ p11ξ1…1 allows us to gauge
away the field ψαð2sþ1Þ completely. A minor modifica-
tion of the above analysis can be used in
the case s ¼ 1 to show that the massless gravitino
action does not describe any propagating degrees of
freedom.

APPENDIX C: COMPONENT REDUCTION

Here we shall elaborate on the component structure of
the massless superspin-ðsþ 1

2
Þ model in the transverse

formulation (4.9). The longitudinal action (4.17) can be
reduced to components in a similar fashion. Our approach
to the component reduction of (4.9) will be similar to that
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used in [5–7] for the off-shell higher spin N ¼ 1 super-
multiplets in four dimensions.12

It is useful to define the components fields of a superfield
using the standard bar-projection

Uj ≔ Uðx; θ; θ̄Þjθ¼θ̄¼0; ðC1Þ

for any superfield UðzÞ. Our definition of the component
fields of Hαð2sÞ and Γαð2s−2Þ will be consistent with the
Wess-Zumino gauge (5.16).
In the Wess-Zumino gauge (5.16), the component fields

of Hαð2sÞ are

hαð2sþ2Þ ≔
1

2
½Dðα1 ; D̄α2 �Hα3…α2sþ2Þj ¼ Dðα1D̄α2Hα3…α2sþ2Þj;

ðC2aÞ

Ψαð2sþ1Þ≔−
1

4
D̄2Dðα1Hα2…α2sþ1Þj ¼−

1

4
Dðα1D̄

2Hα2…α2sþ1Þj;
ðC2bÞ

Aαð2sÞ ≔
1

32
fD2; D̄2gHαð2sÞj: ðC2cÞ

The component fields of Γαð2s−2Þ are

γαð2s−2Þ ≔ Γαð2s−2Þj ¼ γ̄αð2s−2Þ; ðC3aÞ

Ψαð2s−1Þ ≔ þDðα1Γα2…α2s−1Þj; ðC3bÞ

Ψ̄αð2s−3Þ ≔−
2s − 2

2s − 1
DβΓαð2s−3Þβj; ðC3cÞ

ϒαð2s−1Þ ≔− D̄ðα1Γα2…α2s−1Þj; ðC3dÞ

Bαð2s−2Þ ≔−
1

4
D2Γαð2s−2Þj; ðC3eÞ

Uαð2sÞ ≔þ 1

2
½Dðα1 ; D̄α2 �Γα3:::α2sÞj; ðC3fÞ

Fαð2s−2Þ ≔
2s − 1

2s
DβD̄βΓαð2s−2Þj; ðC3gÞ

ραð2s−1Þ ≔
1

8
D2D̄ðα1Γα2…α2s−1Þj: ðC3hÞ

Introducing the superfield Lagrangian L⊥
sþ1

2

for the
transverse action (4.9),

S⊥
sþ1

2

½H;Γ; Γ̄� ¼
Z

d3j4zL⊥
sþ1

2

ðC4Þ

the component Lagrangian L is defined by

S⊥
sþ1

2

½H;Γ; Γ̄� ¼ 1

16

Z
d3xD2D̄2L⊥

sþ1
2

j ¼
Z

d3xL: ðC5Þ

The component Lagrangian naturally splits into its bosonic
and fermionic parts:

L ¼ Lbos þ Lferm: ðC6Þ

Below we analyze separately the bosonic and fermionic
sectors of L.

1. Bosonic sector

For the bosonic Lagrangian we obtain

Lbos ¼
�
−
1

2

�
s
�
2A · Aþ 1

8
ð∂ · hÞ2 − 1

4
hαð2sþ2Þ

□hαð2sþ2Þ þ A · ðU þ ŪÞ

þ 1

4
ið∂ · hÞ · ðU − ŪÞ − 1

2
ð∂ · ∂ · hÞαð2s−2Þγαð2s−2Þ

−
2s2 − 5sþ 1

s2
γαð2s−2Þ ·□γαð2s−2Þ −

ðs − 1Þð2s − 3Þð4s − 1Þ
2s2ð2s − 1Þ ð∂βð2Þγαð2s−4Þβð2ÞÞ2 −

1

2ð2s − 1ÞF · F̄

− i
s − 1

s
γαð2s−3Þρ∂ρ

βðF − F̄Þαð2s−3Þβ þ
ð2sþ 1Þ
4ð2s − 1Þ ðF · F þ F̄ · F̄Þ

�
; ðC7Þ

where the dot notation F · F̄ and ∂ · h stands for the contraction of spinor indices, for instance: Fαð2s−2ÞF̄αð2s−2Þ and
∂βð2Þhαð2sÞβð2Þ. Integrating out the auxiliary fields Fαð2s−2Þ; Uαð2s−2Þ; Aαð2sÞ and Bαð2sÞ, we arrive at the following Lagrangian:

12Further aspects of the component structure of the off-shell higher spin models proposed in [5,6] were studied in [63].
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L̂bos ¼
�
−
1

2

�
s
�
−
1

4
hαð2sþ2Þ

□hαð2sþ2Þ þ
sþ 1

8
ð∂ · hÞ2 þ 2s − 1

2
ð∂ · ∂ · hÞαð2s−2Þγαð2s−2Þ

þ 4ð2s − 1Þ
sþ 1

γ ·□γ þ ðs − 1Þð2s − 1Þð2s − 3Þ
2sðsþ 1Þ ð∂ · γÞ2

�
: ðC8Þ

The gauge transformations of the component fields hαð2sþ2Þ and hαð2s−2Þ can be read from the gauge transformations of
the Hαð2sÞ and Γαð2s−2Þ superfields, respectively, in terms of the longitudinal linear gauge parameter gαð2sÞ. In the Wess-
Zumino gauge, we have

δhαð2sþ2Þ ¼ ∂ðα1α2ζα3…α2sþ2Þ;

δγαð2s−2Þ ¼
s

2ð2sþ 1Þ ∂
βγζαð2s−2Þβγ: ðC9Þ

We recall that the real gauge parameter ζαð2sÞðxÞ originates as gαð2sÞj ¼ − i
2
ζαð2sÞ; see Eq. (5.4a).

We now compare (C8) with the Lagrangian corresponding to the massless action given in Sec. B 1 with spin s replaced
with sþ 1:

Ssþ1 ¼
1

2

�
−
1

2

�
sþ1

Z
d3x

�
hαð2sþ2Þ

□hαð2sþ2Þ −
sþ 1

2
ð∂βð2Þhβð2Þαð2sÞÞ2

− sð2s − 1Þ
�
hαð2s−2Þ∂βð2Þ∂γð2Þhβð2Þγð2Þαð2s−4Þ þ 4

s
sþ 1

hαð2s−2Þ□hαð2s−2Þ þ
1

2
ðs − 1Þð2s − 3Þð∂βð2Þhαð2s−4Þβð2ÞÞ2

	�
:

ðC10Þ

Clearly, the Lagrangians coincide if we make the identification

γαð2s−2Þ ¼ ð2sþ 1Þhαð2s−2Þ: ðC11Þ

In this manner, all terms in the bosonic sector agree with Fronsdal’s action.

2. Fermionic sector

For the fermionic Lagrangian we obtain

Lferm ¼ i

�
−
1

2

�
s
�
Ψαð2sÞβ∂β

γΨ̄αð2sÞγ þ ðΨ̄αð2sþ1Þ∂ðα2sþ1α2sϒαð2s−1ÞÞ þΨαð2sþ1Þ · ∂α2sþ1α2sϒ̄αð2s−1ÞÞÞ

−
2s − 1

2si
ðραð2s−1ÞΨ̄αð2s−1Þ − ρ̄αð2s−1ÞΨαð2s−1ÞÞ þ

2s − 1

2s
Ψαð2s−2Þβ∂β

ρΨ̄αð2s−2Þρ þ
2s − 1

2s
Ψαð2s−1Þ∂α2s−1α2s−2Ψαð2s−3Þ

−
2s − 1

2s
Ψ̄αð2s−3Þð∂ · Ψ̄Þαð2s−3Þ −

2s − 3

2s − 2

2s − 1

2s
Ψ̄αð2s−4Þβ∂ρ

βΨαð2s−4Þρ −
2s − 1

2s
ϒαð2s−2Þβ∂β

γϒ̄αð2s−2Þγ

þ 2sþ 1

2si
ðραð2s−2Þβϒαð2s−2Þβ − ρ̄αð2s−2Þβϒ̄αð2s−2ÞβÞ

�
: ðC12Þ

The fields ραð2s−1Þ and ϒαð2s−1Þ are auxiliary. Integrating them out leads to the following Lagrangian involving only the
dynamical fields Ψαð2sþ1Þ, Ψαð2s−1Þ and Ψαð2s−3Þ:

L̂ferm ¼ i

�
−
1

2

�
s
�
Ψαð2sÞβ∂β

γΨ̄αð2sÞγ −
2s − 1

2sþ 1
ðΨ̄αð2s−1Þ∂βð2ÞΨ̄αð2s−1Þβð2Þ þ c:c:Þ þ 4ð2s − 1Þ

ð2sþ 1Þ2 Ψ
αð2s−2Þβ∂β

ρΨ̄αð2s−2Þρ

−
2s − 1

2s
ðΨ̄αð2s−3Þð∂ · Ψ̄Þαð2s−3Þ þΨαð2s−3Þð∂ ·ΨÞαð2s−3ÞÞ −

2s − 3

2s − 2

2s − 1

2s
Ψ̄αð2s−4Þβ∂ρ

βΨαð2s−4Þρ

�
: ðC13Þ

It is useful to perform the rescaling

SERGEI M. KUZENKO and DANIEL X. OGBURN PHYSICAL REVIEW D 94, 106010 (2016)

106010-18



fΨαð2sþ1Þ;Ψαð2s−1Þ;Ψαð2s−3Þg →

�
Ψαð2sþ1Þ;−Ψαð2s−1Þ;

2ðs − 1Þ
2s − 1

Ψαð2s−3Þ

�
;

which leads to a massless fermionic action

~Sferm ¼ i

�
−
1

2

�
s
Z

d3x

�
Ψ̄αð2sÞβ∂γ

βΨαð2sÞγ þ
2s − 1

2sþ 1
ðΨ̄αð2s−1Þ∂βð2ÞΨαð2s−1Þβð2Þ þ c:c:Þ

þ 4ð2s − 1Þ
ð2sþ 1Þ2 Ψ

αð2s−2Þβ∂γ
βΨ̄αð2s−2Þγ þ

s − 1

s
ðΨ̄αð2s−3Þ∂βð2ÞΨαð2s−3Þβð2Þ þ c:c:Þ − 2s − 3

2s − 1

s − 1

s
Ψ̄αð2s−4Þβ∂γ

βΨγαð2s−4Þ

�
;

ðC14Þ

which proves to be invariant under gauge transformations of the form

δΨαð2sþ1Þ ¼ ∂ðα1α2ξα3…α2sþ1Þ; ðC15aÞ

δΨαð2s−1Þ ¼ ∂βðα1ξα2…α2s−1Þβ; ðC15bÞ

δΨαð2s−3Þ ¼ ∂βγξαð2s−3Þβγ; ðC15cÞ

with ξαð2s−1Þ a complex gauge parameter.
Note that the action (C14) involving the complex fields fΨαð2sþ1Þ;Ψαð2s−1Þ;Ψαð2s−3Þg is a sum of two actions involving

real fields. More precisely, let us define the action

SJ
sþ1

2

≔
i
2

�
−
1

2

�
s
Z

d3x

�
ψJαð2sÞβ∂γ

βψ
J
αð2sÞγ þ 2

2s − 1

2sþ 1
ψJαð2s−1Þ∂βð2ÞψJ

αð2s−1Þβð2Þ þ
4ð2s − 1Þ
ð2sþ 1Þ2 ψ

Jαð2s−2Þβ∂γ
βψ

J
αð2s−2Þγ

þ s − 1

s
ψJαð2s−3Þ∂βð2ÞψJ

αð2s−3Þβð2Þ −
2s − 3

2s − 1

s − 1

s
ψJαð2s−4Þβ∂γ

βψ
J
γαð2s−4Þ

�
; ðC16Þ

which is invariant under the following gauge symmetry:

δψJ
αð2sþ1Þ ¼ ∂ðα1α2ξα3…α2sþ1Þ; ðC17aÞ

δψJ
αð2s−1Þ ¼ ∂βðα1ξα2…α2s−1Þβ; ðC17bÞ

δψJ
αð2s−3Þ ¼ ∂βγξαð2s−3Þβγ; ðC17cÞ

with real gauge parameter ξαð2s−1Þ. Here the label J ¼ 1; 2
denotes two identical sets of real fermionic fields,
fψJ

αð2sþ1Þ;ψ
J
αð2s−1Þ;ψ

J
αð2s−3Þg. Each action (C16) is equiv-

alent to the massless spin-ðsþ 1
2
Þ model (B14), and the

precise identification is as follows:

ψJ
αð2sþ1Þ ¼ ψαð2sþ1Þ; ψJ

αð2s−1Þ ¼
2sþ 1

2s − 1
ψαð2s−1Þ;

ψJ
αð2s−3Þ ¼ ψαð2s−3Þ: ðC18Þ

It follows then that

~Sferm ¼ S1
sþ1

2

þ S2
sþ1

2

; ðC19Þ

with the complex fields Ψ related to the real ones ψJ by
the rule

ffiffiffi
2

p
Ψαð2sþ1Þ ¼ ψ

1

αð2sþ1Þ þ iψ2

αð2sþ1Þ; ðC20aÞ
ffiffiffi
2

p
Ψαð2s−1Þ ¼ ψ

1

αð2s−1Þ − iψ2

αð2s−1Þ; ðC20bÞ
ffiffiffi
2

p
Ψαð2s−3Þ ¼ ψ

1

αð2s−3Þ − iψ2

αð2s−3Þ: ðC20cÞ

APPENDIX D: PROPERTIES OF THE
SUPERCONFORMAL FIELD STRENGTH

In this appendix we prove (i) invariance of the field
strength (6.22) under the gauge transformation (6.21); and
(ii) the Bianchi identies (6.24).

1. Gauge invariance

The superconformal field strength (6.22) is constructed
from the superfields

XJ
αðnÞ ≔ Δ□J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2JHαn−2Jþ1…αnÞβðn−2JÞ;

ðD1aÞ
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ZJ
αðnÞ ≔ Δ2

□
J∂ðα1

β1∂α2
β2…∂αn−1−2J

βn−1−2JHαn−2J…αnÞβðn−1−2JÞ:

ðD1bÞ

which form a basis for the field strength. In order to prove
the gauge invariance of the field strength, it suffices to vary

(D1) and then impose the condition of gauge invariance.
The condition of gauge invariance generates a recursion
relation which is solved to give the binomial coefficients
appearing in (6.22). Alternatively, one can directly show
that WαðnÞ is gauge invariant as follows. First we compute
the variations of the basis superfields (D1). The results are

δLXJ
αðnÞ≔Δ□J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2JδHαn−2Jþ1…αnÞβðn−2JÞ

¼Δ
�

J
n=2

□
J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2J D̄αn−2Jþ1
L…αnÞβðn−2JÞþ

n=2−J
n=2

□
J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2J D̄jβ1Lβ2…βn−2J jαn−2Jþ1…αnÞ

�

¼ i

�
J
n
□

J∂ðα1
β1∂α2

β2…∂αn−2J
βn−2JDαn−2Jþ1

D̄2L…αnÞβðn−2JÞþ
n−2J
2n

□
J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2JDjβ1D̄
2Lβ2…βn−2J jαn−2Jþ1…αnÞ

�
;

0≤J≤⌊n=2⌋; ðD2aÞ
δLZJ

αðnÞ ≔ Δ2
□

J∂ðα1
β1∂α2

β2…∂αn−1−2J
βn−1−2JδHαn−2J…αnÞβðn−1−2JÞ

¼ Δ
�
−
n − ð2J þ 1Þ

n=2
□

Jþ1∂ðα1
β1∂α2

β2…∂αn−2J−2
βn−2J−2D̄αn−2J−1Lαn−2J…αnÞβðn−2J−2Þ

−
2J þ 1

n=2
□

J∂ðα1
β1∂α2

β2…∂αn−2J
βn−2J D̄jβ1Lβ2…βn−2J jαn−2Jþ1…αnÞ

�

¼ i

�
−
n − ð2J þ 1Þ

n
□

Jþ1∂ðα1
β1∂α2

β2…∂αn−2J−2
βn−2J−2Dαn−2J−1D̄

2Lαn−2J…αnÞβðn−2J−2Þ

−
2J þ 1

n
□J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2JDjβ1D̄
2Lβ2…βn−2J jαn−2Jþ1…αnÞ

�
; 0 ≤ J ≤ ⌊n=2⌋ − 1: ðD2bÞ

Note that the generalized binomial coefficient ðnkÞ has the following property,�
n
k

�
¼ 0; k > n; ðD3Þ

which allows us to take the sum from J ¼ 0 to ⌊n⌋2 for both basis fields in the field strength expression. Therefore, the
variation of the field strength (6.22) is given by

2nδWαðnÞ ¼
1

2

X⌊n=2⌋
J¼0

��
n
2J

�
δXJ

αðnÞþ
1

2

�
n

2Jþ1

�
δZJ

αðnÞ

�

¼ i
X⌊n=2⌋
J¼0

��
n
2J

�
J
n
□

J∂ðα1
β1∂α2

β2…∂αn−2J
βn−2JDαn−2Jþ1

D̄2L…αnÞβðn−2JÞ−
�

n
2Jþ1

�
n−2J−1

2n

×□
Jþ1∂ðα1

β1∂α2
β2…∂αn−2J−2

βn−2J−2Dαn−2J−1D̄
2Lαn−2J…αnÞβðn−2J−2Þ

þ
�
n
2J

�
n−2J
2n

□
J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2JDjβ1D̄
2Lβ2…βn−2J jαn−2Jþ1…αnÞ

−
�

n
2Jþ1

�
2Jþ1

2n
□

J∂ðα1
β1∂α2

β2…∂αn−2J
βn−2JDjβ1D̄

2Lβ2…βn−2J jαn−2Jþ1…αnÞ

�

¼
X⌊n=2−1⌋
J¼0

1

2

���
n

2Jþ2

�
2Jþ2

n
−
�

n
2Jþ1

�
n−2J−1

n

�
□

Jþ1∂ðα1
β1∂α2

β2…∂αn−2J−2
βn−2J−2Dαn−2J−1D̄

2Lαn−2J…αnÞβðn−2J−2Þ

�

þ
X⌊n=2⌋−1
J¼0

1

2

���
n
2J

�
n−2J
n

−
�

n
2Jþ1

�
2Jþ1

2n

�
×□J∂ðα1

β1∂α2
β2…∂αn−2J

βn−2JDjβ1D̄
2Lβ2…βn−2J jαn−2Jþ1…αnÞ

�
¼0;

ðD4Þ
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since for any positive integer n the following identities hold:

�
n

2J þ 2

�
2J þ 2

n
−
�

n
2J þ 1

�
n − 2J − 1

n
¼ 0; ∀J; ðD5aÞ

�
n
2J

�
n − 2J

n
−
�

n
2J þ 1

�
2J þ 1

n
¼ 0; ∀J: ðD5bÞ

2. Bianchi identities

We now prove that the field strength (6.22) obeys the Bianchi identities (6.24) This amounts to computing the following
relations:

DγXJ
γαðn−1Þ ¼ −i

n − 2J
4n

□
JD2D̄αn∂αn

βn−2J∂ðα1
β1…∂αn−2J−1

βn−2J−1H…αn−1Þβðn−2JÞ

− i
J
2n

□
JD2D̄γ∂ðα1

β1…∂αn−2J
βn−2JH…αn−1Þγβðn−2JÞ; ðD6aÞ

DγZJ
γαðn−1Þ ¼ þ i

n − 2J − 1

4n
□

Jþ1D2D̄γ∂ðα1
β1…∂αn−2J−2

βn−2J−2H…αn−1Þγβðn−2J−2Þ

þ i
2J þ 1

4n
□

JD2D̄αn∂αn
βn−2J∂ðα1

β1…∂αn−2J−1
βn−2JH…αn−1Þβðn−2JÞ; ðD6bÞ

and then using them to evaluate

2n−1DβWαðn−1Þβ ¼
X⌊n=2⌋
J¼0

�
n
2J

�
DβXJ

αðn−1Þβ þ
X⌊n=2⌋
J¼0

�
n

2J þ 1

�
DβZJ

αðn−1Þβ: ðD7Þ

This leads to essentially the same calculation as (D4), grouping the two independent types of structures that appear and
showing that the coefficients of each type of structure vanish. In particular, we arrive again at the relations (D5).
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